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Elementargeometrische Herstellung des Klein—Hilbertschen
’ Kugelmodells des hyperbolischen Raumes.

Von PAUL SZASZ in Budapest

In einer friiheren Arbeit') haben wir auf elementargeometrischem Wege
bewiesen, dal der Poincarésche Halbraum®) ein Modell des hyperbolischen
Raumes darstellt, wodurch ein elementargeometrischer Beweis fiir die Wider-
spruchsfreiheit der hyperbolischen Raumgeometrie erbracht wurde. In folgen-
dem wollen wir fiir das bekannte Klein— Hilbertsche Kugelmodell®) dasselbe
leisten. Dieses Modell kann mit Vermeidung des Begriffes der Kollineation in
volistindig elementargeometrischer Form angegeben werden, wie folgt.

Es sei im euklidischen Raume eine Kugel o als Fundamentalkugel vor-
gelegt. Die inneren Punkte dieser Kugel sollen Pseudopunkte, die im ihren
Innern liegenden Teile der sie schneidenden Geraden bzw. Ebenen Pseudo-
geraden, resp. Pseudoebenen heiien. Als Charakferistik “einer Pseudostrecke
P,P, (d. h. einer Strecke, deren Endpunkte P, und P, Pseudopunkte sind)
erklaren wir das Doppelverhaltms
_ =P, =P,

(_HHP]):~~——P2H “BH

wobei =, H die Schnittpunkte der Geraden PlP._, mit der Fundamentalkugel o

1) PauL. SZASZ Elementargeometnscher Beweis der Widerspruchsfreiheit der hyper-
bolischen Raumgeometrie mit Hilfe des Pomcareschen Halbraumes, Acta Math. Academtae
Scientiarum Hungaricae (im Erscheinen).

2) Vgl. H. Pomcare, Mémoire sur les groupes kleinéens, Acta Math. (Stockholm),
(1883), 49—92, besonders 55—56 oder QOeuvres, tome 1l (Paris, 1916), 258-—299, besonders
264—265.

3) F. KLew, Uber die sogenannte Nicht-Euklidische Geometrie, Math. Annalen, 4
(1871), 573—625, besonders 620—622, oder Gesammelte mathematische Abhandlungen 1
(Berlin, 1921), besonders 300—302; s. feiner D. HlLBERT Grundlagen der Geometrie, 1. Auﬂ
(Leipzig und Berlin, 1930) S. 38. .

Al



P. Szasz

[

sind, so bezeichnet, daB P, zwischen P, und H liegt (Fig. 1). Zwei Pseudo-
strecken sollen einander pseudokongruent oder pseudogleich heiien, falls sie
.dieselbe Charakteristik haben. Wird die Fundamentalkugel o von- der Ebene
eines Pseudowinkels <X (I, m) im Kreise k geschnitten und sind die Schnitt-
punkte von der Geraden [ bzw. m mit k die Punkte = und H, bzw. M und

N, so sei der Winkel derjenigen Kreisbogen ZH und NN in dieser Ebene,
die k rechtwinklig schneiden (Fig. 2), als die Charakteristik dieses Pseudo-
winkels erklart werden. (Die Durchmesser von k sind dabei als ihn recht-
winklig schneidenden Kreisbogen initgerechnet.) Dementsprechend sollen zwei
Pseudowinkel von gleicher Charakteristik einander pseudokongruent oder
pseudogleich heifien.

Fig. 1.

In der durch diese und durch die iibrigen ftrivialen Festsetzungen
erklirten Pseudogeometrie oder Bildgeomelrie sind .alle . Axiome der hyper-
bolischen Raumgeometrie giiltig, mit anderen Worten ist diese Pseudogeo-
metrie in "der Tat ein Modell (das Klein—Hilbertsche Kugelmodell) des hyper-
bolischen Raumes. Unsere gegenwirtige Aufgabe ist eben die Durchfiihrung
eines elementargeometrischen Beweises dieser Behauptung.) Dabei sei als
Axiomensystem der hyperbolischen Geometrie der Inbegriff folgender Axiome
zugrunde gelegt werden: die Axiome der Verkniipfung, der Anordnung und
der Kongruenz von D. HiLBERT’), die Negation des euklidischen Paralleien-
- axioms, endlich das Archimedische Axiom und das Cantorsche Stetigkeits-

" axiom.

4) Zum Beispiel im schonen Buche von G. Verwiest, Introduction a la géométrie non
euclidienne par la méthode élémentaire (referiert in diesen Acta, 14 (1952), 277—278) ver-
miBt man eben einen derartigen Beweis fiir die Widerspruchsireiheit der hyperbolischen
Geometrie. : . ' :

3) D. Huwserr, a.-a. 0. %), S. 3—14.
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Wir konnen uns auf den Beweis der Kongruenzaxiome 111, und Ii1,%)
beschrianken, da das bestehen aller {ibrigen Axiome unmittelbar einleuchtet.
Zu beweisen sind also fiir die obige Pseudogeometrie die beiden nachste-
henden Satze.

;. Es sei in einer Pseudoebene « ein Pseudohalbstrahl | sowie eine
bestimmte Seite der | enthaltenden Pseudogeraden gegeben. Dann gibt es zu
- jedem gegebenen Pseudowinkel einen und nur einen Pseudohalbstrahl m in der
Pseudoebene «, so daf3 der gegebene Pseudowinkel pseudokongruent dem
Pseudowinkel <t (I, m) ist und zugleich alle inneren Pseudopunkte des Pseudo-
winkels < (I, m) auf der gegebenen Seite der [ enthaltenden Pseudogeraden
liegen. (Der Zusatz, laut welchem jeder Pseudowinkel sich selbst pseudo-
kongruent ausfillt, ist trivial, auf Grund der Erklarung der Pseudokongruenz).

Ill,. Wenn fiir zwei Pseudodreiecke ABC und A\B,C, die Pseudokon-
gruenzen - ' '

(1) AB=AB, AC=AC, +«BAC=<BAC

~ gelten, so ist auch stets die Pseudokongruenz
(2) ) JSABC=<A,B,C,
erfiillt. '

Zum Beweise dieser Sitze schicken wir drei elementargeometrische
Hilfssdtze ) voran, die wir an dieser Stelle auch elementargeometrisch beweisen-

%) D. Hisert, a. a. 0.3), S. 13—14. :

) Vgl. PauL Szisz, Uber die Trigonometrie -des Poincaréschen Kreismodells der
hyperbolischen ebenen Geometrie, Acta Math. Academiae Scientiarum Hungaricae, 5 (1954),
2934, besonders 31—33, wobei die Hilfssédtze 1 und 2 angefiihrt und auf trigonometrischem
Wege bewiesen sind. '
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Hilfssatz 1. Ist X ein vom Mittelpunkt M verschiedener Punkt inr
Innern eines Kreises k und wird durch X ein Kreis gelegt der k in den Punk--
ten =,H rechtwinklig schneidet, so ist der Schnittpunkt Y der Geraden =H,
MX von der Wahl des durch- X gelegten Kreises unabhdngig.

Dieser Hilfssatz ist eine Folge des bekannten Satzes, laut welchem die
Potenzlinien dreier Kreise sich in einem Punkte schneiden. Die durch X ge-
legten und zu k orthogonalen Kreise haben namlich auch denjenigen Punkt -
X* der. Geraden MX gemein, der in Bezug auf k£ zu X invers ist (Fig. 3).

Hilfssatz 2. Ist auf einem Kreise der Bogeti, ZH ‘keiner als der
Halbkreis und bezeichnet M den Schnitipunkt der in = bzw. H an den Krezs

gelegten Tangenten, so ist bei beliebiger Wahl des szsc/zenpunktes X auf cH
fur den Schnittpunkt Y der Geraden =H, M X stets

. =Xy =y
® (5=
Zur Herleitung dieser Formel bezeichne:
Z den anderen Schnittpunkt des Kreises mit:
der Geraden MX (Fig. 4). Da bekanntlich
IXEM=<XZZ und ebenso <XHM="
= <L XZH ausfallt, soist A\MZX~ AMZ=
bzw. AMHX~ AMZH, also
=X Z=E' XH HZ
MX M=’ MX MH’
woraus mit Riicksicht auf M= =MH folgt
=X Z=
XH —HZ-
Weiter ist als Peripheriewinkel <ZHX=<I=ZX und in ahnlicher Weise
JIEHZ=<1=XZ, also NXHY~ANZEZY, baw. AHZY~ A XZY, und
somit

Fig. 4. (4)

XYy :EY XY HY
XH Z=Z’ X=  HZ’

- woher '
: XE ZY HZ
® XH THY ZE-

- Aus (4) und (5) folgt (3) durch Multiplikation.

Hilfssatz 3. Ist X ein vom Mittelpunkt M verschiedener Punkt im
Innern des Kreises k und sind =, H, die Schnittpunkte der Geraden M X mit
k, so bezeichnet, da3 X zwischen M und H, liegt, so gilt fiir den durch Hilfs-
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satz 1 bestimmten Punkt Y der Formel (3) entsprechend '

(‘_rox)?_' %

©) XA = VA

Zum Beweise legen wir durch X denjenigen Kreis k, der zu k ortho-
gonal ist und die Gerade MX zu Symmetrieachse hat (Fig. 5). Sind =, H
die’ Schnittpunkte von k& und_ k, so ist der Schnittpunkt der Geraden M X und

Fig.-5. ¥

=H der betrachtete Punkt Y. Es sei X* der zweite Schnittpunkt von MX
und & (d. h. der zu X inverse Punkt in Bezug auf k). Bezeichnet M bzw. N
den zweiten Schnittpunkt von k mit =X resp. =X* so ist MN ein Durch-
‘messer von k, da doch nach dem Satze des THALES <t X=X*=—90° ausfillt.
Da weiter. nach Voraussetzung k von MZ bertihrt wird, so ist INX"M=
<IM=X, und infolge MZ=MN ‘ist IMNZ=<MZN. Es ist aber
IMEXF<IMEN=—90° also zugleich <INX*M+<IMNZ=090°, folglich
is LX*MN==90°. Infolgedessen wird der Bogen Z,MH; von M halbiert und
somit ist =M die Winkelhalbierende von <L =, =H,, also bekanntlich

‘ —:()X‘; EOE

0 S ETER

Wegen =Y .| ZH, ist aber '
EOEQZE(DY'E()H(D; EHt-)): yHo'E(lHoy

also hat (7) die Formel (6) zur Folge. _
- Nun kann Satz Il aus Hilfssatz 1 gleich gefolgert werden. Es werde
ndmlich die Fundamentalkugel o von der Ebene der Pseudoebene « in dem
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Kreis k& mit dem Mittelpunkt M geschnitten, bezeichne Y den Anfangspunkt
des Pseudohalbstrahls [ und es seien =, H die Schnittpunkte der [ enthalten-
den Geraden mit k, wobei H den (nicht zugerechneten) Endpunkt von /

Fig. 6.

bezeichnen soll, ferner sei X der. Schnittpunkt
von MY mit dem zu k orthogonalen Kreis-
bogen ZR (Fig. 6). Durch X kann ein ganz
bestimmter Kreis gelegt werden, der & in M
und N ebenfalls rechtwinklig schneidet und
dessen Bogen XN mit XH nach der gegebe-
nen Seite der Pseudogeraden =H hin dem
Charakteristik des gegebenen Pseudowinkels
gleichen Winkel bildet. Nach Hilfsatz 1 geht
die Gerade MN durch den Punkt Y, also
hat der von der Strecke YN (N ausgenommen)

representierte Pseudohalbstrahl m und nur dieser, die verlangte Eigenschaft.

Damit ist Satz lll, bewiesen.

Wenden wir uns jetzt dem Beweise des Satzes lIf; zu. Es werde die
Fundamentalkugel o von der Ebene des Pseudodreiecks ABC im Kreise &

mit dem Mittelpunkt M geschnitten und es seien =, H die Schnittpunkte der
Geraden AB, 7, T die von BC, endlich P, die von CA mit &, so bezeich-
net, dal B zwischen A und H, C zwischen B und T, A .zwischen C und 2

liegt (Fig. 7). Konstruiert man die zu & orthogonalen Kreisbogen £H, ﬁ?P’!\?,
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so liegt im Sinne des Hilfssatzes 1 der Schnittpunkt P von ZH und PQ auf
der Geraden MA, der Schnittpunkt Q von :Lﬁ und ﬁ auf MB, end-
lich der Schnittpunkt R von 7T und PO auf MC. Ist P von M verschie-
‘den (was dann und nur dann der Fall ist, wenn schon A==M aus-
fallt), so ist M= P’ der Spiegelpunkt von P in Bezug auf einen bestimmten,
zu k orthogonalen Kreis ¢, dessen Mlttelpunkt mlt O bezeichnet sein moge.®)
"Es seien die inversen Flguren der Bogen = H ZT PO in Bezug auf ¢ der Reihe
nach die Bogen _’H’, 77 T, o (unter deren = und P’ in Durchmesser
von k ‘ausarten, da doch den Bogen fl:I bzw. 5.?2 enthaltender Kreis offen-
bar durch das Inversionszentrum O geht und P bei dieser Inversion in M
iibergefiihrt wird). Ferner sei die inverse Figur des Kreisbogendreiecks PQR
das Kreisbogendreieck P'Q'R’ (wobei also P'=M ist). Wird der Punkt
M==P" anderer Weise mit A*, der Schnittpunkt von MQ" und Z'T" mit B*,
der von MR’ und Z'T" mit C* bezeichnet, so sind die Pseudodreiecke ABC
und A*B*C* einander pseudokongruent! Das sieht man so ein. Infolge des
Hilfssatzes 2 ist -

® (EHBA)=(ZHQPY
und im Sinne des Hilfssatzes 3 ist
(9) (:IH/B*A*)_(:IH/QIP')'_!

Da aber =, H, P/, Q" die Splecelpunkte von =, H, P, Q in Bezug auf den
Kreis ¢ sind, so ist auch
| (FHQP)=EHQP).))
(8) und (9) ziehen daher die Gleichung
(EHBAY=(='H' B"A")

s

%) Beziiglich dieses Kunstgriffes vgl. Howarp Eves und V. E. Hocoatt, Hyperbolic
trigonometry derived from the Poincaré model, The American Math. Monthly, 58 (1951),

» . 469—474, besonders 470—471.

9 Der Beweis dieser bekannten Tatsaéhe 14Bt sich elementargeometrisch so fiihren.”
Infolge der Inversion ist es offenbar A OZP ~ AOP'Z und A OHP ~ AOP'H, also

ZP _EZP OP EZ'P OW

PH ~ OPPH 0z PH
Und da #nhlicher Weise AOZQ~ AO0Q E AOHQ ~ A OQ'H ausiillt, so ist
IQ_:Q 0Q ='Q OH
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nach sich. Demnach besteht die Pseudokongruenz

, AB=A'B".
In &hnlicher Weise er«nbt sich auf Grund der Hllfssatze 2 und 3 die Pseudo-
kongruenz

C'—A _ C‘A‘,
und durch Anwendung des- Hilfssatzes 2
BC=B*C".

Und da die Grofie der Winkel von Kreisen (die Gerade als eine Ausartung
des Kreises betrachtet) bei einer Inversion unverindert bleiben,) so sind die
Winkel des Kreisbogendreiecks PQR der Reihe nach gleich den Winkeln.von
R'QR": '
_ IP=<P, ¥Q=<Q, <IR= -<JIR’.

Das bedeutet aber fiir die Pseudodreiecke ABC und A*B* C*, daB <A und
<XA', <<B und <B*, <C und <LC* der Reihe nach von- gleicher Charakte-
‘]‘lStlk sind, d. h. bestehen auch die Pseudokongruenzen

: JA=<A", IB=<B", < C=<C".

Damlt haben wir die Pseudokongruenz dieser Pseudodreiecke nachgewiesen.
In derselben Weise entspricht dem Pseudodreieck A,B;C, ein ihm pseudo-
kongruentes AtBiCr, wobei Ai—=M,; der Mittelpunkt derjenigen Kreises k;
ist; in dem die Fundamentalkugel o von der Ebene A,B,C, geschnitten wird.
Infolge der Voraussetzung (1) bestehen fiir die so hergestellten Pseudodreiecke
A*B*C* und AiBiCr die Pseudokongruenzen: '

A'B*=A1B], A'C'=AICI, <IB'AC*=<BlAICH:

Da aber die Kreise einander dhnlich, um ihre Mittelpunkte in sich drehbar
und in Bezug auf eine Gerade durch den Mittelpunkt symmetrisch sind, so
folgt aus diesen Pseudokongruenzen offenbar die Pseudokongruenz
(10) ' <SA*B*C*=< AIBICr.

Andererseits gelten nach der Konstruktion die Pseudokongruenzen

» JABC=<A'B'C*, <AB.C=<AIBICl.
"Aus (10) folgt demnach die Pseudokongruenz (2), was zu beweisen war.
Solchergestalt ist das Klein—Hilbertsche Kugelmodell des hyperbolischen

Raumes (in der von uns gewihlter Form) auf elementargeometrischem Wege
hergestelit, und dadurch ein elementargeometrischer Beweis fiir die Wider-
spruchsfreiheit der hyperbolischen Raumgeometrie wieder erbracht. Wir meinen
damit eine methodische Liicke ausgefiillt zu haben.

(Eingegangen am 1. Juli 1954.)

1) Siehe z. B. H. Trieme, Die Elemente der Geometrie (Leipzig und Berlin, 1909),
§ 30, besonders S. 121—122. - :



On the number of isomorphic classes
of nonnormal subgroups in a finite group.

By NOBORU ITO in Nagoya (Japan).

Let G be a finite group. Let r(G) be the number of isomorphic classes
of nonnormal subgroups.in G and let t(G) be the number of distinct prime
factors of the order of G. Recently TROFIMOV [2]') obtained the following
results: (1) If r(G) <t(G)+2, then G is soluble. (2) If r(G)< 7, then G is
soluble. He remarked also the following: .If A; is the alternating group of
degree 5, then r(A;) =2HA)+1=T.

In this note we shall prove the following theorem, which contains the
results of TROFIMOV as a spec1al case. :

Theorem. lf G is insoluble and if r(G)< 2t(G)+2, then G is iso-
morphic to As.

: Proof. We prove this theorem by an induction argument. with respect
. to the order of the group.

: (i) G contains no normal p-subgroup P which is distinct from a p-Sylow
~ subgroup of G. In fact, otherwise, put G= G/P. Then G is insoluble and
+(G)=H(G). 1f G is not isomorphic to A;, then G contains at least 2¢(G)+-2 —
= 2#(G)+2 classes of nonnormal subgroups, and a fortiori G does so. Thus
Gis isomorphic to. A;. Then, as TROFIMOV remarked, G contains seven classes
of nonnormal subgroups. Let ¢ be a prime factor of the order of G distinct
from p and let Q be a ¢-Sylow subgroup of G. Then Q is nonnormal and
does not contain P. Thus G contains at least eight classes of nonnormal
subgroups. Since #(G)==23, this is a contradiction.

_ (ii) G contains no normal p-Sylow subgroup P. In fact, otherwise, by
ScHUR’s theorem [3, p. 125], there exists’ a subgroup H of G such that
G=PH and PnH=1. Then H is insoluble and {(H)=#G)—1. If H
is not isomorphic to A, then H contains at least 2¢#(H) 2= 2{(G) classes
of nonnormal subgroups. Let us consider the totality of products, each of

1) Though Trorimov uses the weaker. notion “conjugate classes” in his paper [2],
his proof remains valid under this stronger -notion “isomorphic classes”. Further the proof
in the present paper does not hold under the notion “conjugate classes”. The writer owes
this suggestion to Professor Repei and expresses his hearty thanks to him.

/
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which is a product of any one of such subgroups of A with P. Then it
occur new 2£(G) classes of nonnormal subgroups of G. Since {(G) =3,
this is a contradiction. Thus A is isomorphic to A,. As just above, we have
at least fourteen classes of nonnormal subgroups of G. Since t(G) =4, this
is a contradiction. Thus G has #(G) classes of nonnormal Sylow subgroups.

(iif) Any p-Sylow subgroup P of G is not contained in the centre of
its normalizer. In fact, otherwise, by BURNSIDE’s theorem {[3; p. 133], there
exists a normal subgroup A of G such that G==PH and PnH==1. Then
H is insoluble and t(H)=¢(G)—1. If A is not isomorphic to A,, then H
contains at least 2{(H)+42=2¢(G) classes of nonnormal subgroups. Further
there exist at least two distinct prime factors g, r of the order of H such that
the corresponding Sylow subgroups Q, R are nonnormal in H. Let N(Q) and
N(R) be the normalizers of Q and R in G respectively. Since H is normal
in G, we have xQx 'S H for every x¢ G. Thus, by Sylows’s theorem, there
exists an element y€H such that xQx'==yQy . Then y!'x¢ N(Q). This
“proves G=N(Q)H=N(R)H. By this and the normality of H one may
assume that Pc N(Q). Since Q is the only one g-Sylow subgroup of PQ,
if PQ is normal in G, the Q is normal in G. This contradicts “either (i) or
(ii). Hence the subgroups PQ and PR are nonnormal in G. Thus G contains
at least 2#(G)-}- 2 -classes of nonnormal subgroups, which is a contradiction.
Thus H is isomorphic to A;. Since H contains seven isomorphic classes of
nonnormal subgroups and three nonnormal Sylow subgroups to the primes
2,3,5 we have, as just above, that G contains at least ten classes of non-
normal subgroups. Since #(G)==4, this is a contradiction.

(iv) We consider any g-Sylow subgroup Q of G. Now let us assume.
that Q is abelian. Let N(Q) be the normalizer of Q. Then, from the fact. just
proved there exists at least one prime factor ¢ of the order of N(Q) such
that for a corresponding Sylow subgroup Q' of N(Q) the product QQ’ is not
abelian. Clearly QQ’ is nonnormal in G. Let us correspond to each prime
factor g of the order of G either QQ’ 6ra- maximal-subgroup Q, of Q accord-
ing as Q is abelian or not. Thus G has again t(G) classes of nonnormal
subgroups.

-(v) Let there exist a prime factor p of the order of G such that a correspond-
ing Sylow subgroup P is not abelian. Let P, be a subgroup of P of order
p. Since P, is nonnormal, G contains no class of nonnormal subgroups
except that of P, and the cases mentioned in (ii) and (iv). Therefore for
every prime factor ¢ of the order of G, distinct from p, a ¢-Sylow subgroup
Q of G is of order g. If Q is normal in a subgroup H of G then H is in
G nonnormal, for otherwise Q were normal in G and this is impossible.
Consequently the order of every subgroup QQ’ mentioned in (iv) is product
of two primes. By virtue of (iii), p is the least prime factor of the order of G.
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Assume that G contains two different p-Sylow subgroups P and P’, with
D=PnP ==1.From all such D’s we choose a maximal one. The-order of the
normalizer N(D) of D in G is divisible by p’q for some ¢ and N(D) contains D
as a characteristic subgroup [3; p. 102]. Since N(D) must be normal in G,
so is D normal in G too. This is a contradiction. Therefore Pn P’ =1 for all
P’=F P. If the normalizer N(P) of P in G is equal to P, then by a well
known theorem of FROBENIUS (G contains a normal subgroup H, such that
the factor group G/H is isomorphic to P. Hence G is soluble, and this
yields a contraction. Therefore N(P) contains P properly. If N(P) is normal
in G, then P is also normal in G which is a contradiction. Then N(P) is
nonnormal. This is again a contradiction. Thus every p-Sylow subgroup of
G is abelian of order at most p>. Now there exsists just one prime factor p.
of the order of G such that a corresponding Sylow subgroup is of order p".
In fact, if there exist no such prime factors, then G is soluble. If there exist
two such prime factors, then G contains at least 2f(G)+2 classes of
nonnormal subgroups, which is a contradiction. Further since G is insoluble,
-p should be equal to two.

_ (vi) Let M be any maximal subgroup of G. If M is normal in G, then
M is of prime index ¢ in G and therefore M is insoluble. Then ¢ is not
equal to two. Let Q be a g¢-Sylow subgroup of G. Then G=MQ and
" MnQ=1. Then Q is contained in the centre of its normalizer, which
contradicts (iii). Thus M is nonnormal and therefore M should be conjugate
to some QQ’ in (iv). Thus any non- -maximal subgroup of G is abelian and
G is simple. In other words, G is a simple group of Rédei type of even
order. Thus by REDEl's theorem [1] G is isomorphic to A,.
This completes the proof.

MATHEMATICAL INSTITUTE,
NAGOYA UNIVERSITY.

Literature..

{1] Ripe, L., Ein Satz iiber die endlichen einfachen Gruppen, Acta Math., 84 (1950),
129—153.
: [2] Trormov, P. I, O vhyanu ¢isla vseh klassov neinvariantnyh sopryaZennyh pod-
grupp na svoistva konelnoi nespecial’'noi gruppy, Mat. sbornik, 33 (75) (1953), 45—72.

[3] Zassennaus, H., Lehrbuch der Gruppentheorie. Bd. 1 (Berlin—Leipzig, 1937).

(Reée‘ived March 29, in revised form June 2, 1954.)
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Uber einseitige Approximation durch Polynome. L.
Von GEZA FREUD in Budapest.

Einleitung.

Die Grundlage der folgenden Untersuchungen bildet der folgende Satz
von H. WEvYL: _ : ,

Es sei f(x) eine in (a, b) definierte, beschrinkte und im Riemannschen
Sinne integrierbare Funktion. Dann gibt es zu jeder positiven Zahl ¢ zwei
Polynome p(x) und P(x), so daf '

) | PR =fX)=PR) - (@a=x=b)
und _ ‘

1P —p(01dx <

besteht. , _ . ,
. . H. WEvyL [13] hat diesen Satz auf Probleme der Gleichverteilung der

Zahlen modulo Eins erfolgreich angewandt. Spater hat L. FEJErR [2] denselben
Satz zum Beweise der Konvergenz positiver mechanischer Quadraturverfahren
-benutzt. Wie G. SzEGO [12] bemerkte, lassen sich die Resultate von L. FEJER
auf gewichtete mechanische Quadraturverfahren verallgemeinern, indem man
den Weylschen Satz folgenderweise verallgemeinert: '

Es sei. f(x) inbezug auf die monoton wachsende Funktion «(x) im
Riemann—Stieltjesschen Sinne integrierbar. Dann kann- man zu einer belie-
bigen positiven Zahl ¢ Polynome p(x) und P(x) finden, so daf3 (1) erfiillt ist,
Serner ' :

1P —p@] de(x) <&

u

besteht. .

Eine dritte Anwendung dieses Satzes war die von J. KARAMATA [8] gege- .
bene Herleitung des Tauberschen Satzes von G. H. HARDY und J. E. LitTLEWOOD,
Verfasser beschaftigte sich in einigen Arbeiten [3], [4], [5] mit dem Restglied
dieses letzterwidhnten Satzes. Um die entsprechenden Abschéatzungen zu erhal-
ten, war es erforderlich, fiir Funktionen f(x) von spezieller Art eine von &
abhingige Schranke des Grades der Polynome p(x) und P(x) zu erhalten.
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In dieser Arbeit wollen wir diese Siatze fiir allgemeinere Funktionenklassen
beweisen, ferner bringen wir einige weitere Anwendungen, und endlich wer-
den in einigen Fillen die Polynome vorgeschriebenen Grades konstruiert, die
die bestmogliche Approximation in der geschilderten Weise liefern.
Es sei besonders hervorgehoben, dafi die Polynome konstruiert werden,
die die bestmogliche Approximation fiir die Funktion
{0 fir0=x=§
F)= x! fir E<x=1
darstellen. Das ist genau die Approximationsfrage, die bei dem Karamataschen

Beweise des Hardy—Littlewoodschen Satzes auftritt. Die Gewichtsfunktion
kann dabei beliebig sein. : '

Definition. Es sei K,.die Klasse der Funktionen f(x), die im vorge-
schriebenen Intervall (a, b)) »—1-mal stetig differenzierbar sind, und fiir
‘welche f-D(x) die Integralfunktion einer Funktion f£,(x) von beschriankter
- Schwankung ist. Die Variation von f,.(x) bezeichnen wir mit V,.

Satz 1. Es sei f(x)€K,, dann gibt es Polynome px(x) und Px(x)
hichstens N-ten Grades, so” daf

| px(x) = /() = Px()
ist .zmd : o

0 dx AV,
® f [P —pr (] s <

besteht, -wobei A, eine nur von w'abha'}zgige Zahl bedeutet.

Fiir die Zahlen A, werden numerische Abschitzungen angegeben.
. Wie schon von ]. KOREVAAR bemerkt wurde, folgt aus einem Satze von
S. NikoLskij [10], daB (2) grofienordnungsméBig nicht verbessert werden kann.
Wir wiederholen den Beweis: Der Satz von NIKOLSKI] behauptet, daff falls
f(x) »—1-mal stetig differenzierbar ist und f@-V(x) die Integraifunktion
einer solchen Funktion ist, welche hiochstens Sprungstelien erster Art besitzt,
aber wenigstens eine solche Sprungstelle tatsdchlich besitzt, dann besteht fiir
- jedes Polynom ¢.(x) hochstens n-ten Grades die Ungleichung

‘Max

a=y=h

Jroax—a.m| =2,

wobei die Zahl H von n unabhéngig ist.‘) Es sei in diesem Satze

!

Ca.()=]|pxtyat  (a=N+1),

1) In dér Arbeit von NikoLsky wird auch die Abhéingigkeit der Zahl H von » und:
f(x) angegeben. Das ist aber fiir unsere Zwecke belanglos.
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dann ist wegen f(x) = px(x)

Max Hf(X)dV 9.9]= | 0 —ps(lax,

U=y=b

also besteht a fortiori

b

Jr =1 =5 4

x) (x—a) (N+1)’ -

mit H' = 2H/(b—a). _

Unter den Anwendungen behandeln wir zwei Fragen: die Fehler-
abschitzung von positiven mechanischen Quadraturen inierpolatorischer Art,
und Taubersche Sitze beziiglich der Laplace—Stieltjes-Transformation.

I. Beweis des Approximationssatzes.

Im weiteren konnen wir ohne Einschridnkung der Allgemeinheit voraus-
setzen, daff a==—1, b=-+1 ist. Der allgemeine Fall kann mittels einer
affinen Transformation auf diesen zuriickgefiihrt werden. Zuerst betrachten
wir die Approximation der Funktionen:

X L j0  fur —1=x=E

3 &% 8= (x—& fir E<x=1,

wobei » eine nichtnegative ganze Zahl bedeutet. Fir gerade » wurde die
einseitige Approximation dieser Funktionen schon in einer friiheren Arbeit
des Verfassers [4] behandelt. Hier wird die Methode vereinfacht und die
Rechnung bis zum numerischen Werte der auftretenden Konstanten verfolgt,
weiter wird die Frage auch fiir ungerade » geldst, wozu einige neue Kunst-
griffe benotigt werden. :

Es sei n >4 1 und wir bezeichnen mit

' 2(n— 1
4) Xy = COS —%H (k=1,2,...,n)
n .
die Wurzeln des Tschebyscheffschen Polynoms 7,(x). Es sei & eine feste

Zahl, —1 < &< 41, und wir wahlen ¢ = u(n) in der Weise, dab

(5) x,mr é E< x,u+1.n
- besteht?). Wir bezeichnen
v+1
6 =
© —"3

2) Wo Xow=—— 1, x,:1., = 1 bedeutet.
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Es sei f.(x) das Polyhom hochstens 2(n—r)—2-ten Grades®) fiir welches
die Gleichungen :

) fo) == falun ) =0, fulkusiz, ) =+ =F,(xw) =1,
fixv)y=-=fixw) =0,  filkusriz )= =Ffilxu) =0
bestehen. Ahnlicherweise sei F,(x) das Polynom ebenfalls hochstens

2(n—r)—2-ten Grades mit : '

® Fuxv)=-=FXur1,) =0, F(Xp)="--=F.(xu)=1,
Fi(x1) =" =Fi(Xu-r-1,,) =0, Fi(Xps1,n)="-=Fy(x)==0.
Diese Polynome wurden durch A. A. Markov [7] und T. J. STIELTJES

J11] ersonnen, und zum Beweise des Separationssatzes beziiglich der Null-
stellen von Orthogonalpolynomen angewandt. Bekanntlich gilt

. 0 fir x= X419,
© A=l ] i,
{10) O=f()=1 fif Xup, =X = Xpureo s,
' bzw. ‘
an Fi(x) ;% O far x= X,
T fir x> Xu,
und
{12) O=F.(x)=1 fir Xu,q,,=X= Xuu-
Wir betrachten jetzt die Polynome :
@ Vi (5, = (x—§/.(%)
und o : .
14 Lp(x, § = (x—§" Fu(x), -

deren Grad‘infolge (6) hochstens 2n—1 ist. Aus. den Ungleichungen (9—
(12) erhdlt man, falls v eine gerade Zahl ist, '

(15) (% =g0,(x,8) = [’,,,,‘(x, £).

Nach einem klassischen Resultat' von CH. HERMITE bestéht fiir ein beliebiges
Polynom [1>,-1(x) hochstens 2n—1-ten Grades die Relation ‘

dx TN _
Vl_x2 n %ﬂi’n—l(xlm)-

(16) | J 1L, 4(x)

Infolge der Definition der y,, und /7, ist

I.y'm' (xl.'n y ;:) = 7)11r (xlm > &)

[\
(1Y
)

8) Nach der Annahme n >» 41 ist n—r =1 und so ist 2(n—r)—



16 G. Freud

fir k=u—r—1 und k = w4r-42. Somit besteht

+1

—x

n-1 pirtl

28 e R 1S (Il

n k=p~r k=1

Wegen (4) und (5) ist
(1'7) |X1;)z;_5|<(r+-—,:)ﬂ p—r=k=u+r+1)

Aus (10) und (12) folgt somit

dx a(r+ 1))+
2 .
f1i—x n
Die Ungleichungen (15) und (18) ergeben das erstrebte Resultat fiir die .
Funktionen g,(x, &), wenn » eine gerade Zahl ist.
Der Beweis der entsprechenden Formeln fiir ungerade » ist -etwas

verwickelter. Wir betrachten das Polynom ¢,(x) hochstens 2(n—r)—I-ten
Grades mit

(19) Pn (xln) = == (Pn(x,u‘n.) = O; (Pu(xy-i-);%-l, n) == (Pn(xnn) == 1;
(P;z(xln} e == (,0;,: (x,uu) == O,- (P;L(X;H—'r-i-l, n) e/ (P;z (xmz) = 0_. .

Somit wurden n—r Nullstellen von ¢, (x) vorgeschrieben, ferner fallen infolge
des Rolleschen Satzes weitere n—r—2 Nullstellen in die Intervalle

+1
(]8) . J[r”"’ (x’ :&)_7111' 3 g
-1

(xln; x:]n);'- . s (xy—l, ny xy.n), (xu+r+l, ny xu+r+2, n); (xn—l, ny xun)-
Da der Grad von ¢;(x) hochstens gleich 2(n—r)—2 ist, gibt es keine weitere:
Nuilstellen von ¢; (x). Damit ist der Verlauf des Polynoms qz,,(x) bestimmt
(vgl Figur 1)

x,u.+r+l, n xy.+r+:'.’, n X

Figur 1.

_1‘ X1 Xa, n-1,n Xon +1

;m §
Das wesentliche ist, daf

Pn (X) = 0 fur X = x/in;

(20) Pu(x) =1 fir X = Xugrit,
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und _

n O=p(x)=1 fir Xu =X= Xpprit,n

bestehen. Weiter sei @, (x) das Polynom hochstens 2(/1—r)—i;ten' Grades mit
D(x1n) ="+ = Du(Xun) =0, D (Xppr, )=+ = D, (x)) =1,
D (x1) === D) (Xp-1,0) =0, D} (Xupri1, ) =+ = D (x) = 0.

Ex

—1 Xy, Xay : X X

1 ® My n A, e xu—], n Xan - + 1

Figur 2.
Eine dhnliche Uberlegung wie bei- ¢, (x) zeigt, daB die Kurve vori D, (x)
wie in Figur 2 verlduft, d. h.

b, (x) =0 fiir x é Xuny

(22) ' d)n(x) =1 fir x= Xutr, n
und : )
(23) X O g _(I),l (x) é 1 f{jr x[uL § X é x[-L+r, n

~ist. Es sei jetzt » ungerade, und-wir bilden die Polynome

(24) 7ur(X%, &) =(x—8 pu(x)
und
(25) (3%, 8) = (x— &) D,.(x).
Infolge (20) und (21) gilt _
(26) Yur (% 8) = g, (x, &) fir —1l=x=-+1."
Uber die Polynome I, (x,£) kann aber nur behauptet werden, daB
@7 G (G =D (6,8 flir X = Xu, X=Xy
und

s . . {rm\”
28)  |In(x, O = Max |x—E&" < (Xper, v —Xun)” < (7”) fir xuw = X = Xpir,

ist. Aus der Definition von y., und [, folgt, daB, analog zu (16),

+1
* dx 7] }Lﬁ : NP E
J[Ew(x, —7u(x, 5] == TE D G —8)" [P (%) — pu(x) ],
. - f=p+1
-1

A2
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also wegen (21) und (23)

+1

@ J'[F (59— 1un(x D) Vﬁjxi - (’_;’;)M

besteht.

Damit haber wir aber unseren Beweis noch nicht beendet, da im Intervall
{(Xuny Xtr, 1,) die Forderung g,(x, &) = I'v, (x, ) nicht erfiillt ist. Daher miissen
wirzu I, noch ein passend gewihltes Polynom addieren.

Wir bezeichnen mit [, (x) -die Lagrangeschen interpolatorischen Grund-
polynome, die zu den Tschebyscheffschen Abszissen (4) gehdren, d.h. L. (x)
ist das Polynom hochstens n—1-ten Grades mit

. [I;n (xl.'n) = 1 und Ilm (xv'u) - 0 . (l )

"Nach einem Lemma von P. ErDOs und P. TURAN ([1], S. 529) besteht
(auch fiir ein beliebiges Grundpunktsystem)

(30) . ll;n (x) + [l;+l,‘n (x) ~2_ 1 (xlm =Xx= xk+l, n)-
Es sei jetzt ' ;

n4r-1

0)7,(x) = 2, (D (X) + b, (x))

Dann gilt wegen (30) |
’ Wy, (x) = 1 fir Xyn =X= xu.;b','u

und o, (x) ist fiir alle Werte von x positiv. Unter Anwendung von (27) und
(28) erhilt man hieraus, daf das Polynom hochstens 2n—1-ten Grades

Lo (x, ) =170 (x,8)+2 (%r) @,(x)
die Ungleichung (15) befriedigt. Es mufi noch das Integral :

+1
oy dX

' rm'x,';:_.m' xri‘: -

Ut 9=t D) =

1 i

— j[] ‘,,'?. (x, D — (x, 9)]

o o

abgeschitzt werden. Dies wurde fiir das erste Glied an der rechten Seite in
Formel (29) erledigt. Zur Abschédtzung des zweiten~Gliedes beachte man, daB
nach der Definition von m,(x) : '

0 fiir k< " und K >u+tr,
fiir k=u und k=p-+tr,
2 fiir p<k<pr

gilt; m,(x) ist von hochstens 2n—2-tem Grade. Somit erhdlt man aus der

(L2 (xlw) =
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Hermiteschen mechanischen Quadraturformel (16):

+1 d 2
X roe
(X .= ,
J o )l/l—x"’ n
-1
. also ist nach (29)
(31 +l/ 5 re\r+!
@1) ﬁmaq mqud_<t_q_
’ -1
Zusammenfassend erhalten wir aus (18) und (31),.indem wir r= ‘V—ZH

beachten, daf Po]ynome Lw(x%,E) und 7..(x,E) -von niedrigerem Grade als
2n konstrujert wurden, fiir welche (15) besteht und

B 1 b “Ll
- dx 2 ((' —%_2_)1) fiir gerade »,
@) [ 10 9= 7o D2 < N
4 - ((7 ";n) ) fiir ungerade »

- gilt.
Der allgemeine Fall des Satzes | kann auf den somit erledigten spezi-
ellen Fall zuriickgefiihrt werden. Die Funktion f(x) € K, driicken wir mit der

Taylorschen Formel aus:

J=1(— 1)+f( =D ep 1yt (_1(1):) (x+1)"""+

@

+(1yh»¢Y%®m

Hierbéi "ist fo-Y(x) die Integralfunktion von f,(x), und diese letzte Funktion
ist von beschrinkter Schwankung. Mit einer partiellen Inteoratlon erhalt man

o lyfu SIRACY

a

e+, ju—aam>—

+1

PED iy 4 Y e nan®

,—l

f1(

und somit wird

+1

. ) . . » 1 > B
@) S =11, () + 1 [x, 917,69,
-1
wobei [1,(x) ein Polynom hochstens »-ten Grades bedeutet. Bekanntlich kann

f»(x) in der Form
fr() = llr(X)—he )
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dargestellt werden, wobei h,(x) und h,(x) monoton nicht abnehmende Funk-
tionen sind, deren gesamte Schwankung gleich der Schwankung V, von f.(x)
ist. Nun konnen wir die gesuchten Approximationspolynome px(x) und Px(x)

N+l}
2 )

explizit angeben: es sei N>v-1, n=[
+1

G =109+ o [ 7wl 9ARE — 1 [ Lunlx, Do)

-1
und
+1 +1

c 1 .
(3:)) P‘\'(x):[[',,(x)—l— J l)n (X k) dh (&)_— [/nq/(x &) dh (‘-.)
. - 4 :
HlCl‘bEl bedeutet (falls einige der x,, mit Sprungstellen von A, oder h, zusam-
menfallen)

+1 1” -0
[ @ (€)= | s 8y () +
-1
a6 ) P O)— B — O] | 700 D A ...
+0

"1n

Die iibrigen lntegrale in (34) und (35) sind ahnhcherwelse definiert.
Dann ist’ wegen (32)

+1

| [P«x) p\(X)] -

J1—x

(36) R B oy

=7—.HHF (% O — 7w (X, ~)] ———S[dh (E)+dh2(E)J ,+’,',

' -1 -1 .

wobei infolge n=[ﬁ,_2|_—l] n;N? und

‘ 7+1

&—_‘—VL')@“ (gerade »),

@37 = '

" '7’1'+l )
&—I—;—})L (ungerade )
ist. Damit sind wir mit dem Beweise fertig. Wir wollen den Satz I mit

Angabe. der Konstante nocheinmal formulieren:

Satz la. Es sei im Intervall [a,b] f€K, und es sei V, die totale
Schwankung von f,.(x) in [a,b]. Dann gibt es Polynome px(x) und Pxy(x)
von hdchstens N-tem Grade, so daf

(38) - () =F(x) = Pr(x)
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fiir a=x=b ist, und die Ungleichung

b

@ [p@—ne

dx o ’b—a)"’C.,,V,,
V(6—x) (x—a) :( 2 ) N™

«

besteht, wobei C, die in (3'7) definierfe Konstante bedeutet.

II. Fehlerabschitzung mechanischer Quadraturverfahren.

Es soll jetzt ein mechanisches Quadraturverfahren betrachtet werden,

welches das Integral
3

.rf(x) w(x) dx

(wobei w¢ L eine nichtnegative Gewichtsfunktion bedeutet) mit den Ausdriicken

0y

40) - . Q,.(f):k\éz,,.,,f(g,;,,) C r=12..)

approximiert. Es seien folgende zwei Voraussetzungen erfiillt:

a) Q.(f) ist interpolatorischer Art, d. h. es 'gibt eine monoton gegen
Unendlich wachsende Zahlenfolge s,, so dal Q.(f) die gewichteten Integrale
von Polynomen hochstens s,-ten Grades genau darstelit.

"b) Q.(f) sei positiv, d. h. es seien
@y CIw>0 (k=1,2,...,m; r=1,2..).

Aus einem Satze von L. FEJER [2] erhidlt man, daf§ unter diesen Bedin-
gungen fiir jede beschrankte und im Riemannschen Sinne integrierbare Funk-

tion f(x) | | ' '
lim Q)= | e w ax

besteht. (FEJER betrachtete nur den Fall w(x)=1, die Veraligemeinerung
bietet aber keine wesentlichen neuen Schwierigkeiten.)
Satz Il. Es seien
W(X) = ————M ’
J(x—a) (6—x)
FE€K,, und wir bezeichnen die Schwankung von f.(x) in (a,b) mit V,(f).
Dann ist : ‘

(42)

r+1
)

~(@3) ] Q(f)—jf(x)w(x)dx = (ﬁz_") e, YD

‘
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Beweis: Es seien p, (x) und P, (x) die Polynome hochstens s,-ter
Grades, die infolge Satz la (38) und (39) erfiillen. Wegen (42) ist

.f[Ps,(X)—ps,(x)i W(x)dx<(b; ) MC, V1(Tfl).

»
o

Ferner erhilt man unter Beachtung der Positivitat von .,

P W@ dx = Qu(p) = Q) = Q(P) = | P(x) w(x) dx,

woraus unsere Behauptung folgt.

Es sei eine Schar positiver mechanischer Quadraturverfahren interpola-
torischer Art besonders hervorgehoben. Es sei {t,(x)} die Folge der Ortho-
gonalpolynome, die zu einer Gewichtsfunktion w,(x) gehoren, und es seien
X1, X2, - .., Xy die Nullstellen von £,(x). Ferner seien {/..(x)} die zu- diesen
Grundpunkten gehorigen Lagrangeschen interpolatorischen Grundparabeln d. h.
die Polynome hochstens n—1-ten Grades, fiir die

0 (is=k),
)= 31 (i= k)

besteht. Verfasser zeigte [6], dafi die Beziehung

-1

(44) IA,,(x)»—/t;,. Zz‘ ()t (x)

besteht, wobei die A, die Cotesschen Zahlen der Gaufi— Jacobischen mechani-
schen Quadratur mit der Gewichtsfunktion w,(x) bedeuten:

b

5) L A= ’ Len(x) W, (x)dx > 0.

Es sei nun w(x)—¢q(x)w,(x) und wir betrachten das Quadraturverfahren rhit,
den Cotesschen Zahlen ' :

b

(46) . — ) L () W(x) dx.

Dieses Verfahren ist interpolatorisch mit s, —r—1. Infolge (44) ist

- b
r-1

Lie = s Zz‘ (xi) It,,(x)q(x) w(x) dx.
Die Summe an der rechten Seite ist nichts anderes, als die r—1-te Partial-
summe der Orthogonalentwicklung von ¢(x) nach dem System {f,(x)} an der
Stelle xi. Ist also g(x)=m>0 und ist die Orthogonalentwicklung in [a, ]
gleichmdfig konvergent, so sind alle Z, wemgstens fiir geniigend grofie r
positiv. Also gilt der
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Satz lll. Es sei o
W) =g@X)w(x), gx)=m>0  (e=x=b),
und die Orthogonalentwicklung von q(x) nach dem zur Gewichtsfunktion wy(x)
in (a,b) gehorigen orthonormierten Polynomsystem {t,(x)} sei in (a, b) gleich-
mdpig konvergent. Dann ist das mechanische Quadraturverfahren iiber die
Nullstellen von {t,(x)} mit den Cotesschen Zahlen (46) interpolatorisch mit-
s,=r—1, und wenigstens fiir geniigend grofie r positiv.

Besteht aufierdem (42), so kann also der Fehler des Quadraturverfahrens
fir r>R durch (43) abgeschatzt werden.

III. Bestimmung der bestmoglichen einseitigen
Approximation in einigen Fillen.

Es sei
o(x)=0o, :[][(X_-Vlzf)

ein Polynom wu-ten Grades, dessen sdmtliche Nullstellen 2, reell und kleiner
als a sind. Wir nehmen an, daB o(x) im [a, b] positiv ist. Es sei ferner
w(x)eL\ei'ne in (a, b) definierte, nichtnegative Gewichtsfunktion, die zuge-
horigen Orthogonalpolynome seien {¢.(x)}. Wir wdhlen eine Zahl A, so daf
simtliche Nullstellen :

T kL C
k], Sy e ey Sn

von f,- 1(x)—tn(x)+At,L ;(x) in (a,b) fallen. (Fir A=0 ist das sicher

erfiillt.) Wir konstruieren die Polynome r(x) und R(x) hochstens 2n 4+ n—2-
ten Grades, fiir welche

r(n)=0 '(i=1,2_,...,,u),'

7‘(gl) =7(:EZ) = E= 7(:E/.) :0, 7('§k+1) = = ?(:En) = ]7
FE)=7r@E)=""=F(E-1)=0, T'Eui)= =7 (E)=0,
bzw. ' B
R(n)=0 (i=1,2,. , 1),
RE)=RE)==RE-1)=0, RE)=--=RE)=
RE)=RE) = =RE)=0, REu)==RE)=1.

Dann hat die Derivierte 7'(x) n—1 vorgeschriebene Nullstellen, ferner |
muB es nach dem Satze von ROLLE im Inneren der Intervalle

("71’ 7]2); sy ("7#—1; '7][1); ("]u; ‘:EJ); (.EI) gz), ceey (‘E/c-l‘, Ek), (EI;+1, EI:+2),‘ ey (gu—l s Eu)
wenigstens einmal verschwinden; das sind insgesamt 2n -+ «—3 Nulistellen.
- Da der Grad von 7'(x) diese Zahl nicht iibersteigen kann, kann es weitere
Nullstellen nicht geben. Hiermit is der Verlauf der- Kurve von r(x) bestimmt;
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es ist
y 0 (x=8),

MW=gEE=] | (o

und anlicherweise
R(x) = go(x, &).
Hieraus folgt, daf die Polynome hochstens 2n—2-ten Grades
o R e
die Ungleichung .
47 r(x) = U(x, &) = R(x)

befriedigen, wo

O (x = (_Ek);
o7l(x) (x>8&)
bedeutet. Nun gilt fijr jedes Polynom /1, 2(x) hochstens 2n—2-ten Grades

(48) ’ Ux, &) =

K

J 2w () dx = /j l T, 2(5,),

wobei Z; die Cotesschen Zahlen der verallgemeinerten Gauﬁ—]acoblschen
mechanischen Quadratur mit den -Grundpunkten &. bedeuten. (Bekanntlich
sind sédmtliche 4. positiv; vgl. FEJER[2].) Ist 172, -2(x) = U(x, &), dann erhilt
mari hieraus infolge (47) (48) und der Positivitat der Cotesschen -Zahlen*)

[1a, 2 (x) w(x dx> }.,.
[ W dr= 3 1
und das Glelchheltszelchen findet statt, falls I75,-o(x)= R(x) ist. Ahnlicherweise
bekommen wir, daB fiir Polynome 175, _2(x) hochstens 2n—2-ten Grades, die
die Unglelchung 113, h(x) = Ul(x, &) befriedigen,

" 1
N

L
e E)

JU -9 (x)w(x) dx =
ist, und hier gilt fiir /15, 2(x)=r(x) ebenfalls das Gleichheitszeichen. Zu-
sammenfassend, besteht der folgende Satz:

Satz IV. Es sei {t.(x)} die Folge der Orthogonalpolynome, die zur
Gewichtsfunktion w(x) in (a, b) gehiren. Die Nullstellen &, von t,(x) -+ At,_1(x)
sollen sdmtlich im Intervall (a, b) liegen. Dann bestehen fiir alle Polynome
hochstens 2n—2-ten Grades .

»Il:l’n—Q(x) = U(x; gl)

4) Man beachte, daB aus (48) und der Stetigkeit von TT5,_s(x) folgt: Ty, _o(5) = o-1 ().
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bzw.
II; "—‘2(x) = U(X, Er:)
die Ungleichungen

b

[ [Ls -0 (x)— U(x, E)]w(x) dx = 4\;; - (lt ) —J LACIIN

(x)

«

bzw.
b b

J[U(x £)— IT2-2(x)] w(%) dx>f‘”((")) dx— ;;/, &3

und das Gleichheitszeichen gilt dann und nur dann, wenn Ils,-2(x)= R(x),
baw. 113, 2(x)=r(x) ist. v
‘Der genaue klemste Wert der Appro‘ximation von beiden Seiten ist also

J[flg,, o(X)— 15, (X)) w(x) dx = ( Y

Wir geben noch ein Bexsplel speziellerer Art, wo die bestmogliche
einseitige Approximation von |x| (allerdings nur von der einen Seite)
bestimmbar ist.

Es ‘sei (a,b)=(—1,1), w(x)€ L(—1,1) eine gerade, nichtnegative
Funktion und es seien #,(x) (n=0,1,...) die in (—1, 4+ 1) zur Gewichts-
funktion w(x) gehorigen Orthogonalpolynome. Die der Grofie nach -geordneten
Nullstellen von #,.1(x) seien

C—n < §—11+1 L EEERE gfl < C()=0<§| L K ;u-
‘Wir konstruieren das Polynom #(x) hochstens 4n—1-ten Grades mit
GC)y=—1, $C)=1, ¥C)=%E)=0 - (k=1,2,...,n).

Aus Symmetriegriinden wird $(0)=0.
. Der Verlauf dieses Polynoms ist im Wesentlichen derselbe, wie derjenige
von ¢,(x) in Gleichung (19) des [. Teiles dieser Arbeit, d. h.

()= —1 fir x<0,
H(x)=1 fiir x>0.
Es gilt also im ganzen Intervall (—1, +1):
(49) xI(x) = |x|.
Da der Grad von x$(x) gleich 4n, also kleiner als 4n+41=2(2n4 1)—1

ist, folgt aus der Gaufi—Jacobischen mechanischen Quadraturformel daB

+1
+u

Jx&(vc) w(x) dx = Z Ar|&]

he=-n

-1
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ist, wobei die />0 die Cotes—Christoffelschen Zahlen der Gaufi— Jacobi-
schen mechanischen Quadraturformel mit der Gewichtsfunktion w(x) bedeuten,
deren Grundpunkte & sind. AndererSeits, -ist /7,,,1(x) ein beliebiges Polynom
hochstens 4n - 1-ten Grades, welches die Ungleichung '
(50) j]:lni‘»l (x) é |xl

in (—1, 4+ 1) befriedigt, dann ist infolge der Positivitat der .,

+1

+n 4
1 lI—ln+l(x) W(x) ax = Z_/—lkl]:mq%l (gl;) = Z /Ilclgl.‘.l-
- h=-n h=-)

-1

Hieraus folgt der

Satz V. Es seien w(x) € L eine gerade nichtnegative Funktion, t:,.1(x) das
zur Gewichtsfunktion w(x) in (—1, --1) gehirige Orthogonalpolynom 2n+ 1-ten
Grades; die Nullstellen von to..i(x) seien 0 (k= —n,—n-1,...,n). Ist
11,,1(x) ein Polynom hochstens 4n -+ 1-ten Grades, welches die Ungletchung
(50) befnedtgt s0- besteht die Unglezchung

i

J (x| — 1T () w(x)dx = J |x|w(x)dx —7;;“/1,; 12l

Das Gleichheitszeichen gilt dann und nur dann, wenn 11y, glezch dem
oben definierten Polynom x3(x) ist.

IV. Restgliedabschiitzung Tauberscher Sitze.

Dieser Teil der Arbeit ist einigen Verallgemeinerungen fritherer Resul-
tate des Verfassers (G. FREUD [3], [4], [5]) gewidmet. In den erwihnten
Arbeiten wurden im Wesentlichen nur die Folgerungen von (32) behandelt,
hier wollen wir eine Konsequenz des Satzes [a betrachten. In den erwihnten
Arbeiten beschiaftigten wir uns mit speziellen-Mittelbildungen; im folgenden
wollen wir Taubersche Sitze untersuchen, die aus der Laplace—Stieltjes-
Transformation auf die Asymptotik von Mittelbildungen allgemeiner Art
schliefit. Der Ausgangspunkt ist der folgende Satz von J. KARAMATA [9].

Es sei «(f) eine in (0,c0) definierte, monoton nicht abnehmende Funk-
tion, fiir welche das Laplace-Integral

1) F(s)= | etde(t)
. ’ ) 0
fiir s>0 konvergiert, und es ‘sei

F(s) = AF(cz+1)
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Dann besteht fiir jede in [0, 1] im_ Riemannschen Sinne integrierbare Funk-

tion f(x) -

s} 1

. _L _i 1 -1
Jf(e ”’)e “do(l) > Ax® {(log —) f)du.
0 ] :
Wir zeigen, daf§ fiir f€ K, dieser Satz mit einer_ Res.tghedabschatzumT erganzt
werden kann.

‘Satz VI. Es sei f¢ K, und ¢= Jerner bestehe fiir das Laplace—

= 2 ,
Stieltjes-Integral (51) in der Ndihe von s=-+0 die Asymptotik

52) F&)=A"CED [y ofres))

wobei R(s) eine monoton wachsende - Funktion mit R( —{—.0)=0 bedeutet, fiir
welche fiir jedes positive s und eine passend gewdhlte positive Konstante c,

(53) ' R(ks)<eR(s)  (k=23,...)

besteht. Dann gill :
N-r-1y
)
R\ —|/ /-
x

Beweis. Infolge des Satzes la gibt es Polynome P,(x) und p.(x)
hochstens n-ten Grades mit

-1

f(log -]x—)a_lf(x) d?c +0

.0

(34) Jf e 'dr(t)—Ax"

- (55) . PX)=f(x) = Pu(x)
und o
1 dx — G
6) Jrw—rw = =
“Hieraus folgt wegen a;%
: . 1 a-1 : ¢,
(57) J[P,L(x) — pau(x)] (log —;) dx = =5

Aus (52), (53), (55) und (57) schliefit man ebenso weiter, wie in den Arbeitent
[3] und [4] des. Verfassers; die weiteren Einzelheiten des Beweises kann
man Schritt fiir Schritt aus [3] und [4] tibernehmen.
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Berlchtlgung zur -Arbeit
,,Uber einen Zusammenhang zwischen den Funktionen-
klassen Lip« und Lip (8, p).%%)

Von GEZA FREUD in Budapest.

Der angefiihrte Satz wurde von G. H. HArDY und J. E. LITTLEWOOD

sogar mit der scharferen Aussage gé€lip (ﬂ— %) bewiésen: A convergence

i

criterion for Fourier series, Math. Zeitschrift, 28 (1928), 612—634, insbeson-
dere S. 627—628. Eine Verallgemeinerung dieses Satzes befindet sich in der
Arbeit von Ya. L. GEronimus, Uber Anndherungen im Mittel und gleich-
mafiige Anndherungen, Doklady Akad. Nauk SSSR, 88 (1953), 597—599
(Russisch).

*) Diese Acta, 15 (1954), 260.
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- Uber affinzusammenhiingende Mannigfaltigkeiten
von Hyperﬂachenelementen,
insbesondere deren Aqulvalenz.

Von A. MOOR und GY. SOOS in Debrecen.

Einleitung.

Zu Grunde gelegt sei eine n-dimensionale Punktmannigfaltigkeit P, _
Die Punktmannigfaltigkeit P, werden wir nun dadurch zu einer Mannigfaltig-
keit von Hyperflaichenelementen H, erweitern, daf wir zu jedem Punkt x‘ von
P, alle den Punkt x° enthaltende orientierte Hyperflachenelemente u; hinzu-
nehmen. Das Grundelement (x!, #)) des Raumes -H, ist also das Hyperfla-
chenelement i, .mit dem Zentrum x’

Bei einer Koordinatentransformation

0, 1) Xi=X{(x", X% ..., x"),
die wir immer als umkehrbar und eindeutig voraussetzen, transformieren sich

die u;, wie. kovariante Vektordichten vom Gewicht —1. Es wird also bei der
Koordinatentransformation (0, 1)

©,2) d=d" gft u,,
wo
©,3) - 4—Det|-2X ‘”" , 47 =Det ‘7’;
bedeutet.
Existiert in H, eine metrische Grundfunktion
L= L(x, u),

die in den u: positiv homogen von erster Dimension ist, und die das Ober—
flachenelement in der Form

L(x,u) dx

" dO== T .dx!

13

definiert, so ist H, ein Cartanscher Raum. Die Geometrie der Cartanschen.
Réume hat L. BERWALD in einer fundamentalen Arbeit®) entwickelt. In einem.

1) Vgl. [1], Schriftenverzeichnis am Ende der Arbeit.
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Cartanschen Raum sind die Grofen, die das invariante und das kovariante
Differential der Vektoren und der Tensoren bestimmen, alle von der Grund-
funktion L(x, u) ableitbar.

Im folgenden wollen wir die Existenz einer metrischen Grundfunktion
in unserem H, nicht bedingen, wohl aber voraussetzen, daf} ein invariantes
Differential der Vektordichten existiert. Die Grundgrofien, die das invariante
Differential der Vektordichten bestimmen, bilden also die Fundamentalgrofien
des H..

H, ist also eine ,affine“ Erweiterung des Cartanschen Raumes. In die-
sem Raum treten neben den Tensoren auch Tensordichten auf, deswegen
werden wir in § 1 und § 2 fiir Vektordichten das invariante und das kova-
riante Differential angeben. In § 3 werden wir die fundamentalen Kriimmungs-,
und TorsionsgroBen dieses Raumes bestimmen, endlich in § 4 untersuchen
wir das Aquivalenzproblem der affinzusammenhidngenden Mannigfaltigkeiten
der Hyperflichenelemente. Das wird uns eine Moglichkeit geben, d1e charak-
terisierenden Invarianten des Raumes zu bestimmen.

Wir werden dieses Problem in analoger Weise behandeln, wie Herr
O. VARGA das entsprechende Problem der affinzusammenhingenden Mannig-
faltigkeiten von Linienelementen behandelt hat.?)

§ 1. Invariantes Differential von Vektordichten.

In diesem § werden wir das invariante Differential von Vektordichten
angeben. Die entsprechenden Formeln lassen sich dann leicht auch auf all-
gemeine Tensoren und Tensordichten erweitern. Samtliche Grofen von H,
sind erst in bezug auf -ein Hyperflaichenelement definiert; sie sollen in den
u; homogen von irgendwelcher ganzzahliger Dimension sein.

Die Formel des invarianten Differentials der Vektordichten ergibt auch das
invariante Differential der Vektoren, wenn darin p=0 gesetzt wird. Vom
invarianten Differential der Vektordichten fordern wir, daf es zu einer Vektor-
dichte vom Gewicht p eine ebensolche Vektordichte zuordne, und die Gesetze
‘des gewohnlichen Differentials befriedige.

Das invariante  Differential einer kontravarianten Vektordichte r’ vom
‘Gewicht p ist durch die Formel ‘

a,1) Dy =dy' + I dx" + 6"y du—py' ([Vvdx* + 6/ duy)
angegeben.”) Offensichtlich befriedigt die Operation ,D“ die Gesetze des
gewohnlichen Differentials; somit miissen wir nur noch zeigen, daB Dy’ eine
~ Tensordichte vom Gewicht p ist.

%) Vgl [4], § 4. :

%) Wir werden die Vektor- und Tensordichten, falls p & 0 besteht, mit gotischen
Buchstaben bezeichnen; wir bezeichnen nur das Grundelement u, mit lateinischem Buch-
staben.
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Dazu gehen wir jetzt iiber. Wir definieren die Transformationsformeln
der I/, G/ in bezug auf (0, 1) durch folgende Transformationsgleichungen::
Fio—rt 9x O_Y:_ _0;; g ] f’t Ofl’ 0}»" _—j))‘)c'_, g—
{1,2) ax* axt dx'_. 9x* ax" ax* ax"ox*
' PX-9x" ax"
T 9x"ext ox" 9x*

und
- 6" ve X gx¢ ()Y’
,3) 6" =dts 9x* 9xt gx-

Da das invariante Dxfferentlal (1, 1) einer Vektordichte sich mcht dndern
kann, wenn man die #; durch ou; (o > 0) ersetzt, miissen die 1., in den u;
homogen von nullter, die €.”" homogen von (—1)-ter Dimension und €,”" =0
.- sein. o : ,

Wir nehmen an, dass die 6.'* die Relationen
(1,4) - o 6 =u6/"
befriedigen, die in dem metrischen Fall, also im Cartanschen Raum immer
erfiillt sind. Dabei bedeutet das ,0“ jetzt und im folgenden stets die Uber-
schiebung mit ;. Aus (1, 2) folgt

. : x¢ ve A2yt ) PR
A9 Thergoer il 28,
bei der Herlentung von dleser Transformationsformel haben wir noch die
Relationen:

: A Aaxs . i oaxt .
(L6 ,%%=o}, %%:o‘ﬂ
benutzt, wo J}, das Kroneckersche Symbol bedeutet.
Aus (1,1)—(1, 6) folgt nun die Formel
D=4 py,
0x
«die ausdriickt, dal Dy’ eine Vektordichte vom Gewicht p ist, wie wir das
gefordert haben.

Fiir eine kovariante Vektordichte lautet das mvanante leferentlal
(1,7 Dyi= dyi— I vpod X — 6 vuduy— pri( e d X" +6/ "du).
Wie es schon bemerkt wurde, erhdlt man das invariante Differential der Vek-
toren aus (1, 1) bzw. (1,9), wenn man darm p=0 setzt. Es wird z. B. fiir

- .einen kontravananten Vektor &':
(1,8) © DE=dE 4+ I}, Fdx + 6" dd".

‘Wenn die 3, und G/ von einer metrischen Grundfunktion ableitbar
sind, also H, ein Cartanscher Raum ist, dann ergibt (1, 8) eben das invari-
ante Differential des Vektors & im Cartanschen Raum.
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Aus den Gleichungen (1,1) und (1, 7) kann man das invariante Diffe-
rential einer allgemeinen Tensordichte schon ableiten, was wir aber jetzt
nicht durchfiihren werden; wir verweisen aber darauf, daB die 77 und 6"
enthaltenden Glieder bei kontravarianten Indexen stets positive, bei kovarian-
ten Indexen dagegen stets negative Vorzeichen erhalten. Ahnlich fiir Vektoren.
Wir geben die folgende

Deflnltxon Eine Mannigfaltigkeit von Hyperflachenelementen heifgt
-affinzusammenhdngend, falls fiir sie Funktionen 1} und 6" definiert sind,
die den Transformationsgleichungen (1,2) und (1,3) und ferner dze Relatio-
nen (1,4) geniigen.

§ 2. Die kovariante Ableitung.

Die kovariante Ableitung spielt in der Tensorrechnung die Rolle der
partiellen Ableitung. Angewandt auf einen Tensor ldfit die kovariante Ab-
leitung die kovariante Stufenzahl des Tensors um eins wachsen. In Bezug auf
Tensordichten fordern wir von der kovarianten Ableitung:

1. sie soll die kovariante Stufenzahl einer Tensordichte vom Gewicht p
und homogen in den u; von v-ter Dimension um eins erhohen; .

2. sie soll das Gewicht p und den Homogenititsgrad » unveridndert
- lassen;
3. sie soll die gewohnlichen Differentiationsregeln befriedigen;

4. fiir einen Vektor &, der in den u, homogen von nullter Dimension
ist, soll - .

) . ’ 3 k¢ Oti, 0 £ s
@ R . R gt
sein, wo ,
(2, 2) Fs*ik - ['sil.-"‘ @sirrrok .

bedeutet. Aus den Formeln (1, 2)—(1, 4) folgt leicht, daf I," dieselbe Trans-
formationsformel besitzt, wie der Ubertragungsparameter eines affinzusammen-
hdngenden Punktraumes P,. Es ist also

' = s 9X® 0X' 9X° Px"  ax
(2,3) I "*F“ “9x® 0x® 9x* | 0X*9X* ax®

Nach (2, 3) folgt nach einer kurzen Rechnung sofort, daﬁ (2,1) einen Tensor
zweiter Stufe bestimmt.

Definiert man die kovariante Ableitung fiir Skalardichten, dann kann
man nach den Forderungen 1—4 die kovariante. Ableitung der Tensordxchten
explizite angeben.
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Fiir eine Skalardichte t, die in u; homogen von w-ter Dlmensmn und
vom Gewicht p ist, ist die kovariante Ableitung durch: :

24 tlem=gr g L5 DL

definiert. In der Definition der kovarianten Ableitung konnte man im letzten
Glied statt »t auch

a1
setzen. In dieser Weise definiert R. S. CLARK die kovariante Ableitung in all-
gemeinen metrischen Rdumen, deren Grundelement also eine Vektordichte vom
Gewicht —p ist.*) Die von ihm angegebene Definition stimmt im wesent-

u;,=rt.

lichen mit der unsrigen {iberein, wenn darin p=1 und ||°=ui0—u gesetzt
. o

wird.") Im metrischen Fall steht aber statt u; der Vektor /;.
Wir beweisen jetzt, dafi t|. die Forderungen 1—3 befriedigt, daB
also auf t|; in bezug auf die Transformation (O 1) die Transformationsformel:

2,5 - | t!;——d"t\

giiltig ist (fir 4 vgl. (0, 3)). Die Forderun0 3 ist offenswhtllch erfiillt. Beach-
tet man nun die Transformationsformel:

(2, 6) (5, ) =4"t(x, 1)

von t, ferner die aus (0, 2), wegen der Gleichungen (I, 6) folgenden Relatio-
nen:

X
@ u,=d g ~ i,
ax
und : _
du, ~ alogd Fxm o 9x
axc —  9xk s d ————r X gx" rra U,

hierauf die aus (2,6) und (2, 7) folgende Transformationsgleichung:

' at s Ot X"
. O gt g
(2, 8) aﬁk Ous 0xs ’

so bekommt man nach einfachen Rechnungen eben die Formel (2, 5), w. z. b. w.

Nebenbei bemerken wir, daB die Gleichung (2, 8) eine wichtige Tat-
sache ausdriickt: die partielle Ableitung einer Tensordichte nach u. erhoht um
eins die kontravariante Stufenzahl und auch das Gewicht; se]bstverstandllch
vermindert sich dabei der Homogenitatsgrad in der u; um eins.

1) Vgl. (2], Gleichung (l 10). )
) —p bedeutet bei Crark das Gewicht des Grundelementes dies ist in unserem
Fall —1.

A3
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Jetzt konnen wir die kovariante Ableitung einer Vektordichte bestimmen.
Wir nehmen an, daf die Vektordichte <¢ in der Form:
2,9) i =t¥
angegeben ist, wo t eine Skalarendichte vom Gewicht p und homogen »-ter
Dimension in den u, ist, & aber einen Vektor homogen von nullter Dime'n-
sion in den u; darstellt. Es wird nach der Forderung 3 und (2, 9): '

T =t &+ tEs,

und nach den Glelchungen 2, 1) und (2, 4) wird:
-izilk-— 0x, +W [ s A—f—r:'/:c—(P—f'q)mr.\ ke
‘Wie man sich aus den entsprechenden Transformationsformeln leicht iiber-
zeugen kann, befriedigt (2, 10) die Forderungen 1—4 auch dann wenn '
nicht in der Form (2, 9) darstellbar ist. :

In dhnlicher Weise kann man fiir eine kovariante Vektordlchte die
Formel:

(2, 10)

@1y =T 0N e e (p e
ax- ous
erhalten ®). Nach (2 11) bekommt man
ui|r =0, _
da u; eine Vektord.ichte vom Gewicht —1 ist; es ist also p=—1, v=1.

Mit Hilfe der Relationen (2,10) und (2,11) kann man schon auf
Grund der Forderung 3 leicht das kovariante Differential fiir allgemeine
Tensordichten ableiten. Es ist z. B.:

9Ty
au,

(2,12) = a},’+ L4 00— 10T e— (0 + ) T 0

§ 3. Charakterisierende Tensordichten des Raumes.

Zuerst werden -wir in diesem Paragraphen die Formel des invarianten
Differentials der Vektordichten, also (1, 1) bzw. (1,7) umformen, dann wie
gewdhnlich?), mit Hilfe von vertauschbaren Differentiationssymbolen die Tor-
sions- und. KriimmungsgroBen des Raumes ableiten, und zuletzt die Parallel-
iibertragung von Vektordichten untersuchen.

Das invariante Differential von u, ist nach (1,7) wegen p=—=—I1

w:({d)= Du, —du;—ﬂ *rdX 4wy, I},dx
die man nach (2, 2) und (1, 4) auch in der Form:
G oi(d) = du— I dX + u v d X"

%) p bedeutet in (2, 11), wie vorher, das Gewicht, » den Homocemtatsgrad in den u,.
7) Vgl [4], § 3, oder [1].
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schreiben kann. Mit Hilfe der konvarianten Ableitung kénnen wir dann (1, 1)
und (1,7) in der Form:

(3, 22) Dyl =i, dx" 4 1'% wm, (d)

(3, 2b) Dy = gilwdx" + i on(d).

schreiben,lwo , '

3,3a) o piit ar’ +@:L G
: - . dux

(3,3b) 5";103%;_@iﬂgr—P&'@tﬂ:

bedeutet,_Offenbar sind (3,3a) und (3,3b) Tensordichten vom Gewicht p+1.
Eine kleine Rechnung zeigt,r daB das invariante Differential noch in der Form

(3, 4a) Dy’ =di’' +1° ou(d)—pr' w(d)
bzw. ) '

(3,4b) Dgi=dy5-—-gta)$(d)—~pg;w:(d)
angegeben werden kann, wo ‘

3,5 ol(d) =1TI7"dx" + 6w, (d)
bedeutet. ~

Sind d und J miteinander vertauschbare Differentiationssymbole und D
bzw. 4 die zu ihnen gehorigen invarianten Differentiale, so ist durch

ddx*—D dx
in jedem Grundelement des Raumes ein kontravarianter Vektor definiert, da
dx'im wesentlichen einen kontravarlanten Vektor darstelit. Es w1rd
4dx'—D dxi = /i [dx’dx") + C”‘[dx wi(d)),

wo die eckigen Klammern die entsprechenden alternierenden Differentialfor- -
men bezeichnen®), und

: i 1 % i
3,6) v Qe (1))

ist. Die Transformationsformel (2, 3) zeigt sofort, daB die- £, einen schief-
symmetrischen Tensor bestimmen. 6;" ist nach (1,3) eine Tensordichte vom
Gewicht +1. Die GroBen £/, und G/* charakterisieren somit die Torsion
des Raumes. Verschwindet der Tensor 2/, so ist der Zusammenhang sym-
metrisch. Im metrischen Fall ist immer

Jlro

Wir bestimmen jetzt die Krummungsgroﬁen des Raumes ‘Dazu berech-
nen wir die Formel

 (UD—DMy,

8 Vgl. [1].
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wo 4 und D zwei invariante Differentiationssymbole und p; eine kovariante
Vektordichte bedeutet. Aus der Formel (3, 4b) erhdlt man nach einer lingeren
Rechnung

3.7 (AD—Ddyy;—=— ity + priosy,
wo w, die dufere Ableitung von o, bedeutet, und .
(3,8 Q] —[wiw]]—o!
ist; die Berechnung von (3, 8) ergibt
s m Vs m z 1 smk

(3, 9) . -(-)L L ml [dx dx ]"I‘(L [dx’ (Um] + 'E‘ 6:2 ’ [wm a)k];
woO
(3, 10) - Rismk - Izjsmk— % <)H mk )
mit - . '

‘ls ar:sm F:s a»rits;n ‘to

_Rimk: (,)x,‘; - 0axmk + au Fr E
(3,10% s '

- (Ol;,-h :O)IL+FL mrr I F;rk :sm;

s d [’;SI; e sl Orlftl s

§ ' — — (5. —
(3’ 11) ik 0”1)1 . LL e 0 Uy, Cl ll ’

-~ smk d @s‘s " ) @is " o Sm oo bk sk tm

= [ J— S O (Y S
(3,12) ' ST ow qu, TO GG
ist.

R ,» ist ein Tensor homogen von nullter Dimension in den- u;; R.°."
ist eine Tensordichte vom Gewicht 41 und homogen von (—1)-ter Dimen-
sion in den u;; €°™" ist endlich eine Tensordichte vom Gewicht 42 und
homogen von (—2)-ter Dimension in den u;.

In einem Cartanschen Raum hat der dritte Krijmmungstensor die Form

Cosmk ik gt p
Sis‘ﬂl \,= Atsﬂl AL __AtS AL ])L, AL.S‘ﬂl — C sm

Vg

Nach Uberschiebung mit I, wird
Siumkzo -
bestehen. Uberschieben wir (3, 12) mit u,, so wird nach (1.4)

0 @ss m B 9 @ssh
011]; 6”111

eyio-mk - () sm d m @:l _I_ i(

)_*_@ml Lm
Ist

~ ¢mk
&g " =0,

9) R r=Riru;; wir haben XS, geschrieben, weil die Uberschiebung mit u; eine
Tensordichte ergibt.
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so folgt, wenn wir /=m setzen und auf m summieren wegen (1, 4) und wegen
der Homogenitit (—1)-ter Dimension der €. in der u;:

(2_,1) Gssk: (S:mk m;
das ist im Cartanschen Raum immer erfiillt'®). Bei Beachtung von (3, 6) kon-
nen wir den folgenden Satz aussprechen: :
Satz 1. Die Veraligemeinerung des Cartanschen Raumes bildet derjenige
Raum H,, in dem die Relationen

--]I—O CoIm:O
erfiillt sind.

Nach der Gleichung (3, 8) wird das Glied o) in (3, 7) durch die FQrmel"

(1)::/': 07

=y

bestimmt sein. Statt der Gleichung (3, 7) bekommt man somit
3,13) (AD—DAyr;=— (2 +poi)r,.

Den Kriimmungstensor (3,10%*), der im folgenden noch eine wichtige
Rolle spielen wird, kann man auch mit Hilfe der Vektordichten und der
kovarianten Ableitung bestimmen. Aus den Gleichungen (2, 11) -und (2, 12)
bekommt man

G wld—slle= =R R 2200,
7

wo £2,°, durch (3,6) bestimmt ist.

Jetzt werden wir die Paralleliibertragung der Hyperflachenelemente und
der Vektordichten in unserem /, untersuchen. Die Paralleliibertragung defi-
nieren wir immer durch das Verschwinden des invarianten Differentials. Dem-
entsprechend ist die Paralleliibertragung der Hyperflachenelemente nach (3, 1)
durch die Differentialgleichung-

(3, 15) " wu(d)=0

festgelegt. Die Integrabilititsbedingungen dieser Gleichungen kann.man aus
dwr(d)—dwi(0)=0

bestimmen. Nach (3, 15) ist das gleichbedeutend mit
dwy(d)— Dw.(0)=0.

In Hinsicht auf (3, 15) erhalten wir als Integrabilititsbedingungen die Gleichung

(3, 16) O — iR =0.

Diese Gleichung beweist den

1) Vgl (1], GL (5 12). Im metrischen Fall steht aber statt der Tensordichte Gt
immer der Tensor A/%. ' ' .
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Satz 2. Ein absoluter (vom Wege unabhingiger) Parallelismus der
Hyperflichenelemente existiert in denjenigen affinzusammenhdngenden Mannig-
faltigkeiten von Hyperflichenelementen, wo die Gleichungen (3, 16) bestehen.

Die Paralleliiberiragung der Vektordichten - definieren wir durch die
Gleichung

(3, 17) . Dr:=0.

Wenn noch das Hyperflichenelement parallel mitgefiihrt wird, so mufl aufier
der Gleichung (3, 17) auch (3, 16) erfiillt sein. Die lntegrab1htatsbedmgungen
von (3, 17) lassen sich durch

(AD—DdA)y; =0

angeben. Nach (3,9), (3,13) und (3, 15) kann man den folgenden Satz-aus-
sprechen:

Satz 3. Existiert in H, ein absoluter Parallelismus der Vektordichten,
so mup

Rj il:l + p()',i- R, =0
erfiillt sein. Wegen der Willkiirlichkeit des Gewichtes p ist
R J ’:I;I =(.

§. 4. Die Aquivalenztheorie.

Es sein zwei verschiedene affinzusammenhidngende Mannigfaitigkeiten
von Hyperflichenelementen H, und H, angegeben. Die- beiden Mannigfaltig-
keiten 1:1,, und H, sind dquivalent, wenn es eine Transformation

(4, 1a) | X=X, ..., ), Gi=d4"'8 u,
(4, 1b) §=2% 47— Det _(
. oxt ax° _

existiert, durch die dieGroBen 6,7, I'y; von H, gemih den Transformatlonsfor—
meln (1,3) und (2,3) in 6,7, [n; von H, transformiert werden. Nebst S
filhren wir auch das zu §% inverse System SY durch -die Gleichurigen

“4,2) §iSi= ok
ein. Wegen (4, 1b) wird dann

X
ax*

sein; von der Transformation (4,1a) nehmen wir nimlich immer an, daf sie
umkehrbar eindeutig ist.

Si=



' Uber affinzusammenhidngende Mannigfaltigkeiten. 39

Die Aquivalenzbedingungen stellen wir nun in folgender Form zusammen.
Wegen (1, 6) wird :
FEE N T S
gx' 0N IX* 9x" 9xr  gxox

Mit Hilfe dieser Identitdt konnen wir die Gleichung (2, 3) umformen;es wird:

Fxt cxr AXF Y 0)_67 X+

Ox’o'xl’:rr "—O—?_FJ Faxt axr

~ Die Aquivalenzbedingungen sind:

0 -EI) ’ 0 xL )
4 o, X
( b 3) Oxt S d xl' S
(4, 4) . CS i S{:—_—A(Sl,mt S,;:l Slt,
) ?S Tl om ot
(4, 5) (ax, l—t) Ja S l m,t S_] S:-

Die Gleichungen (4, 4) und (4,5) sind also im wesentlichen dquivalent
mit (1, 3) und (2, 3). Zu diesen Gleichungen kommen noch die folgenden:

(4,6). 2o,
.
@D T
(4,8) S"gﬁf ot
oder nach (4, 2)
(4,8 | 3—j§j—=4“.§f, |
4,9 - ZZ’; s{‘ ,,+41")Sp S

Die Gleichungen (4, 8) und (4, 8") sind wegen (4, 2) &quivalent. Sie folgen
unmittelbar aus (0, 2). Auch die Gleichung (4, 9) folgt aus (0, 2) nach partieller
Ableitung nach x'. Wir miissen also die Integrabilititsbedingungen des Diffe-
rentialgleichungssystems (4, 3)—(4, 9) bestimmen. Dies wollen wir mit Hilfe

“eines fiir Punktmanningfaltigkeiten zu gleichen Zwecken verwendeten Satzes
von O. VEBLEN und J. M. THomas") iiber ein gemischtes Dlﬁerenhalg!el-
chungssystem durchfithren. Die bestimmenden Funktionen sind X', Z; und Sj,
die Verdnderlichen x/, u,. Unter den Differentialgleichungen unseres Systems
ist (4, 4) eine skalare Relation, zu der wir aber sofort noch eine hinzufiigen

1) Vgl. [3].
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konnen, denn wegen (4, 3) bestehen die Gleichungen
S Sk

: Xt g
die nach (4,5) und (3, 6) mit

(4,10) QS — 2,8 =0
gleichbedeutend sind.
~ Das Veblen—Thomassche Verfahren ist nun das folgende: wir miissen die
skalaren Relationen nach us, x° ableiten, bei den anderen Gleichungen der
ersten Gleichungskette (4, 3)—(4, 10) die Integrabilititsbedingungen bilden.
Somit erhalten wir eine neue Gleichungskette, von der man durch ein ent-
sprechendes Verfahren wieder eine neue Gleichungskette gewinnt, u. s. w.
Existiert nun eine Zahl N von der Art, daf3 die aus den N ersten Gleichungs-
ketten bestehenden Gleichungen vertriglich sind und jede ihrer Ldsungen die
(N4 1)-te Gleichungskette identisch befriedigt, dann ist a’as gemischte Diffe-
rentialgleichungssystem l0sbar. :

Differenziert man (4,4) und (410) nach u., so wird wegen (4, 8*)

ik mt
oaC/ Sp SI 7 0 CJ Sm Sf
p
oder nach Uberschiebung mit S
] 3‘]"‘ ) mit
(4, 1 1) 0 C;) \SI7 = 0 Cl Sm St Slq:
du,
und in dhnlicher Weise:
(4, 12) 0(;-;11 k SS'I 0(;- mn fST;S]f,:O.
. r 11

Die Ableitung von (4, 4) und (4, 10) nach x* ergibt wegen der Homogenitit in
den u; und nach : . '

aS! 08

(4, 13) = ’S,,, SIS =178 —1I7".85 8],
4,14) St u, = din,

die Relationen (vgl. §. 2) :

(4, 15) ;™ |, S 8] =d46""|. S\, I,

(4, 16) O, 1. S S) SE =9, 1S

(Die Gleichung (4, 12) folgt aus (4, 2), und (4,14) aus (4, 1a)).
Die Integrabilititsbedingungen von (4, 5) sind
S _ TS _
ox"ou,  du9xt
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und

Die erste ergibt nach (4,8%)

Iy o o ar;
0t gngt— gl

)
ad, ‘ du, S8t

4,17)
die zweite

@, 18) R.,S) S8 =R/, S..

Bei der Herleitung der Formel (4, 18) haben wir aufser den bisherigen
Gleichungen statt (4, 9)
ZL:C,I - g 1:)):;[ u” +r'*uf Sl d*l ].1.:01 Sj
benutzt, die aus (4, 1b), (4, 9) und (4, 13) unmittelbar folgt'.
Die Gleichungen (4, 6)-—(4,9) geben keine neuen I[ntegrabilititsbedin-
gungen, da diese entweder trivialerweise erfiillt werden, oder aus (4,18) fol-
gen. Z. B. die Integrabilitatsbedinvungen von (4,9) ergeben die Relation

-1 =
'-w he Sm SI Sl A :]llmul.'l-

Die erste Gleichungskette ist von den Gleichungen (4, 3)—(4, 10) gebil-
det worden. Die Gleichungen (4, 11), (4, 12), (4, 15)—(4, 18) bilden die zweite -
Gleichungskette. Wir miissen diese wieder nach u, und x’ partiell differen-
zieren. Wir konnen dann leicht verifizieren, dafl die partielle Ableitung unserer
Gleichungen nach u, immer solche Tensordichten ergibt, bei denen immer

4,19 p+r=0
“besteht, wenn p das Gewicht, » den Homogenitatsgrad in den «; bedeutet. Nach
der Ableitung nach x” erhilt man immer di¢ kovarianten Ableitungen der ent-
sprechenden Tensoren. Wegen der Relation (4,19) wird die kovariante Ablei-
tung der Tensordichten nach (2, 7) ebensolche Form haben, wie die kovan—
ante Ableitung eines Tensors.

Wir sind jetzt imstande die folgenden zwei Sdtze zu formulieren:

Satz 4. Zwei affinzusammenhdngende Mannigfaltigkeiten von Hyper-
flichenelementen sind dann und nur dann dquivalent, wenn es eine Zahl N
von der Art gibt, daf3 die N ersten aus (4,11), (4, 12), (4, 15)—(4, 18) durch
kovariante Ableitung bzw. gewohnliche Ableitung nach u, folgenden Gleichungs-
ketten ein vertriagliches Gleichungssystem fiir die x:, i,, S; als Funktion der

x* u, bilden und daf3 jede Losung dieses Systems die (N-+1)-te Gleichungs-
~ kette identisch befriedigt.

Die genannten Gleichungen ergeben noch den
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Satz

5.
. ol f .
sionstensor Q,',., die Tencordzchle ~——= und die daraus durch eine endliche

u"l

Der Kriimmungstensor RJ wn, die Torsionsdichte G;*, der Tor-

Anzahl gewéhnlicher Ableitungen nach den u; bzw. kovariante Ableitungen nach
den x* hervorgehenden Tensoren und Tensordichten bilden ein volistindiges
Invariantensystem.
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On a new type of radical.')
- By L. FUCHS in Budapest. |

§ 1. Introduction.

In the theory of noncommutative rings a central role is played 'by the
radical of a ring R. The radical was first defined only in case R satisfied
the minimum condition on one-sided ideals,”) but later it was extended in
different ways to rings without finiteness assumptions.’) In such rings most
definitions are based on the concept of nilpotency (either for ideals or ele-
ments) or quasiregularity. The main purpose of introducing a suitable radicatl
is to obtain some structure theorems for rings having no radical in one
sense or another. Hence one is inclined to feel the radical — to speak
roughly — a certain measure of “irregularity of the ring and therefore it is .
natural to expect that the radical should be zero if the ring is imbeddable in
a skewfield, or more generally, if it is free of zerodivisors. Although the
radical of N. JACOBSON has been proved to be the most useful radical in the
most general case and, besides, the Jacobson radical has also an important
group-theoretic interpretation,*) it may yet happen that in a domain of integ-
rity, moreover, in a discrete valuation ring, the. Jacobson radical does not
coincide with the zero ideal.”) Therefore, it is justified to say that, in spite
of its -usefulness, the Jacobson radical is in certain cases superfluously wide.

~ The present note has for its aim to present a new type of radical, one
which contains only zerofactors, but not necessarily exclusively nilpotent ele-
ments. We base our definition of radical on the concept of zerofactor, at first
introducing a new notion called left- and right-zeroid which is a rather special

1) This paper is an extended version of my previous note [10] published in Hungarian.
(Numbers in brackets refer to the. Bibliography given at the end of this paper.)

2) See KoTHE [14], DeurinG [8], ABert [1], van pEr Waerpen [21], Perus [20], Jacos-
“son [12], Artin—NEesBITT—THRALL [2), YeGoTapés [7].

3) See Baer [3), Jacosson [13), Brown—McCov [5].

4) See Fucus [11]. (In rings with one-sided identity the Jacobson radical corresponds
to the Frattini subgroup of its additive group considered as an operator-group whose ope-
rator-domain is the ring itseif.)

%) This is the case e.g. in the ring of all p-adic integers.
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case of left- resp. right-zerofactor. ‘Our radical will then be defined as the
meet of the join of all left-zeroid and the join of all right-zeroid ideals. Many
of the main properties of the known radicals retain their validity in the pre-
sent case, but it will turn out that zerofactors are not so easy to handle, and
therefore, our present treatment possesses mainly theoretical rather than
practical interest.

After the definition, we shall prove in § 3 that our radical (which may
be called the zeroid radical) is the intersection of certain (in general not all)
prime ideals of the ring. The next § 4 is devoted to discussing the con-
nections of the new radical with the old types. It .will turn out that the zeroid
radical in general properly contains the union of all nil ideals®) as well as
the McCoy radical, but from the point of view of inclusion it has nothing -
to do with the Jacobson radical. As regards the residue class ring with res-
pect to the radical, it remained an open question whether it is radical free
or not; we have proved only that it contains no nonzero nil ideal. In § 6 we
show that the minimum condition on one-sided ideals implies that the zeroid
radical coincides with the classical one (the join of all nilpotent left ideals).
The radical of a matrix ring will also be discussed; under a certain condi-

" tion it consists of all matrices whose elements lie in the radical of the underlying
ring. Finally, some remarks are added concerning the commutative case.

§ 2. Definition.

Let R be an arbitrary associative (but not necessarily commutative) ring.
An element @ in R is said to be a left-zerofactor (I-zerofactor) if there is .a
b==0 in R such that ab==0; b is then called a right-annihilator of a. If A
- is a nonvoid ‘subset of R, in particular an ideal’) of R, then we call A [-zero- -
Jactor if each element of A is a /-zerofactor, and call A annihilable from the
right if for some ¢==0 in R we have Ac=0.

If the ideal A has the property that A-B is a [- zerofactor whenever B
is a [-zerofactor ideal, then A will be called a [-zeroid (left-zeroid) ideal. It
is obvious that a /-zeroid ideal is necessarily a /-zerofactor. The existence of
l-zeroid ideals is guaranteed by the fact that in any ring the zero 1deal 0 is
a l-zeroid ideal.

The sum of two [-zeroid ideals is also one. For, suppose A and B are
two [-zeroid ideals and C is any [-zerofactor ideal. As B is [-zeroid, B4 C
is a [-zerofactor and hence, A being l-zeroid, (A+B)+C=A+4+(B4C)is a
l-zerofactor ideal. This proves that A+-B is [-zeroid, as stated.

6) An ideal is called a nil ideal if all of its elements are nilpotent. Observe that a
nil ideal is not necessarily nilpotent. ’

7) Ideal will throughout mean twosided ideal. For right- resp. leftideal we shall
write abbreviatedly r-ideal resp. /-ideal.
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Hence it is easy to conclude that the join of all /-zeroid ideals is again
a [-zeroid ideal. It will be called the leftf-radical of R and denoted by Z©.

Changing the roles of left and right, we may introduce analogously the
notion of r-zeroid ideals and then define the right-radical Z® of R as the
join of all r-zeroid ideals. :

The foliowing example will serve to illustrate that in general the left-
and right-radicals are -different, moreover, it may happen that one of them
properiy contains the other. Let R be a ring whose additive group R* is a
finite abelian group of type (2, 2); a and b will denote the generator elements
of the direct summands of R™ in some direct decomposition. Let the multipli-
cation in R be defined by ax==xand bx=xfor all xé R. Then (a-}-b)x=0
. for all x€R. It is readily checked that in R the associative law of multipli-
cation and both distributive laws hold, so that R is a ring of four elements.
Now a-4-b is a left-annihilator of R,'i. e. Z®”==R. On the other hand we
have ZO=1{0,a--b}(Z" is at the same time the maximal nilpotent ideal in
R), thus in this example Z) < Z) holds.?)

In order to obtain a radical which is left-right symmetric, we define the
radical Z of R as the intersection of its left- and right- radlcals D)

Z=7Z0NnZ",

Z is the join of all ideals which are both /- and r-zeroid.

It is evident that Z— R if and only if each element of R is both /- and
r-zerofactor. Such a ring may be called a radical ring.

For the connection of our radical with the known types of radical we
refer to § 4.

§ 3. The radical as the intersection of prime ideals.

W. KRrULL has proved [15] that in a commutative ring the sum of all
nilpotent ideals, i. e. the nilpotent radical is the intersection of all prime ideals
of the ring. This fact has been proved by McCoy in general rings for the
radical introduced by him [18]. A similar result holds for the Jacobson radical
in rings with onesided unit element [13]. The theorem we are going to prove
shows that these results have an analogue in the case of the zeroid radical;
indeed, Z is the intersection of certain prime ideals of the ring.

We call an ideal M maximal I-zerofactor (r-zerofactor) if it is maximal
.with respect to the property of being a [-zerofactor (r-zerofactor). ZORN’s
lemma ensures that every [-zerofactor (r-zerofactor) ideal belongs at least to
one maximal /-zerofactor (r-zerofactor) 1deal

. 8) The sign C is used to denote proper inclusion.
9) This definition is not entirely the same as given in [10]; there we have understood
by the radical what we now call left-radical.
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Theorem 1.°) The left-radical Z® of R is equal to the intersection of
all maximal l-zerofactor ideals M; these M are prime ideals.

Suppose Z® does not belong to some maximal [-zerotactor ideal M.
Then ZO4-M is no [-zerofactor, in violation of the fact that Z® is a [-zeroid
ideal. Hence Z® S M for all maximal [/-zerofactor ideals M.

Conversely, if X is the intersection of all maximal /-zerofactor ideals
and A is any [-zerofactor ideal, then some maximal /-zerofactor M contains
A, and therefore X+ AS M. This establishes that X+ A is a /-zerofactor, i. e.
X is contained in ZO, in fact.

What we have still to verify is the primeness of the’ maximal [-zerofactor
ideals M, by a prime ideal being understood an ideal P with the property
that the product of two ideals, X and Y, does not belong to P unless either
X or Y belongs to P. Now, if neither X nor ¥ belongs to M, then both X4+ M
and Y-+M contain elements x--m' and y-+m” (xé€X,y€Y,m',m”"¢cM),
respectively, which are not [-zerofactors. If XYSM, then the product
{x+m) (y+m"y=xy+m (m€M) must be a l-zerofactor, say, annihilated
by a from the right. Now either a is a right-annihilator of y-+m”, or, if this
is not ‘the case, then (y+m”)a==0 is a right-annihilator of x-+m’. This
contradiction establishes the prime character of the maximal /-zerofactor ideals.

Theorem 1 implies at once:

Theorem la. The radical Z of R is the intersection of all maximal
l-zerofactor and maximal r-zerofactor ideals which are necessarily prime ideals.

On account of the fact that the residue class ring with respect to a
prime .ideal does not contain annihilable ideals, it foliows from a general -
structure theorem of BIRKHOFF :')

Theorem 2. The residue class ring R/Z of R with respect to ﬂze radi-
cal is a subdirect sum of rings without annihilable ideals.

Calling a ring semisimple if its radical Z is 0O, we have

Corollary. A semisimple ring is a subdirect sum of rings without
annihilable ideals.

§ 4. Connections between the different radicals.

In this section the following known radicals will be considered: the
nilpotent radical N (the join of all nilpotent ideals), the nil radical U (or the
upper radical defined as the join of all nil ideals of the ring), the McCoy

1) In the commutative case this theorem may be found in [9], and in the noncom-
‘mutative case a similar result is contained in Cugmis’ paper [6].-
11) See Birknorr [4], McCoy [17] and Brown—McCoy [3].
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radical M (the set of all elements belonging to no m-system™) not containing 0)
and the Jacobson radical | (the join of all right-quasiregular r-ideals). Before
_entering into the discussion of the connection of the zeroid radical with the
mentioned radicals, we observe that in general rings the following inclusion
relations are valid:

) NcMcUC).

Indeed, the inclusion Nc M follows at once from the fact that M is the inter-
section of all prime ideals P of the ring,”) and therefore A*=0cC P implies
AcC P, i.e. all nilpotent ideals are contained in M. To prove the second
inclusion, observe that if for some a € R we have a"==0 (n=1, 2,...), then
-a maximal ideal P containing no power of a is prime. For, each proper
- overideal of P contains some power of a, and therefore the product of two
such overideals™) is never contained in P. Consequently, only nilpotent ele-
“ments may belong to M= ] P, and hence M& Ul‘) For-the last inclusion

all primes 1’
of (1) we refer to JACOBSON’s paper {13] where it is shown that each nilpotent
element is right-quasiregular.

As regards the zeroid radical Z, from Theorem la it results immedia-
tely: ME Z. Moreover, we may prove the inclusion relation USZ. To this -
-end, let & be a nilpotent element and A a [-zerofactor ideal. If A" =0, then

=(/1 +a)" (a€ A) belongs to A, because each term in the expansion is either 0
or contains a as a factor. Hence some b==0 annihilates o’ from the right. Let
1 be the least exponent for which & is a right-annihilator of (£--a). Then*)
{(h+a)-16=3=0is a right-annihilator of #+a, i.e. A-+a is a [-zerofactor. Con-
sequently, every nil ideal is I-zeroid, and similarly, r-zeroid. Hence US Z, in fact.

A simple example will show that in general Z does not coincide with
U, not even under the assumption of commutativity and maximal condition.
For instance, let P denote the ring of all polynomials in two indeterminates
u and v, with rational numbers for coefficients, and let R be the residue
class ring P/(u?, uv) of P with respect to the ideal («% uv). Then it is easy
to see that (u)/(u? uv) is the join of all nil ideals (= nilpotent ideals), while
{u, v)/(v®, uv) is the zeroid radical of this ring.

In order to make clear that the direction in which the nil radical was
extended by N. JacoBsoN to his radical is quite different from ours, we show
by examples that it may well happen that the zeroid radical Z properly con-

12) By an m-system S is meant a subset of the ring R with the property a bes
imply the existence of an x ¢ R such that axb€ S.

13) For this result see McCov [18].

14y Clearly, there is no loss of generality in confining ourselves to the overideals of P.

15) By Levitzki's result [16], M is the lower radical L of the ring in the sense of
Baer [3] and since L S U holds, the relation ME U follows immediately from these well-
known results. But it may easily be proved directly as shown in the text.

1) In case {==1, put here simply b. '



48 L. Fuchs

tains the Jacobson radical / as well as conversely, and in the most general
case neither contains the other. For the possibility /< Z the last example
will serve where J==(u)/(« uv). To illustrate the case Zc/, let us consider
the ring of rational numbers with odd denominators; a simple calculation
shows that /= (2), while Z is obviously O.

Before illustrating the most general case, we prove a lemma which has
its own interest too.

Lemma 1.%) If R is the direct sum of a finite number of nonzero
rings R, (which are ideals in R),
(2) R Rl + + Rn )
and 7 (Z) is the l-radical (r-radical) of R, then for the l-radzcal ZO of R
we have
R if Z®=R; for some i=1,...,n
7 ZO4 +Z0 if ZOLR, for all i—1,...,n
and the same for the r-radical Z" of R.

It suffices to verify the statement for the /-radical Z®. It is immediately
seen that an element a = a,4...+a, of R (a;€ R is a [-zerofactor if and
only if for at least one i/ the component a; is a I-zerofactor in R:. Hence it
results that if Z" — R; for some i, then every element of R is a [-zerofactor,
i.e. Z0=R. But if Z{ =R, for every i, then taking any [-zerofactor ideal
B; in each R;, we see that if an ideal A is /-zeroid, then A+ B; (where
Bi=R+...+Ri.1+Bi+Rii+...+R,) must be a [-zerofactor from which
we infer that A;+ B; (A; the ith component of A in decomposition (2)) is a
l-zerofactor, that is to say, A; is a [-zeroid ideal in R;. This implies the
second alternative of the statement. .

We also remark that if R is the (discrete) direct sum of an infinity of
its subrings then R is a radical ring. In fact, in this case every element of
R is a Il-zerofactor as well as a r-zerofactor.

Now, from the lemma and the fact that the Jacobson radical of a dlrect
sum of rings is the direct sum of the respective Jacobson radicals, we con-
clude that the direct sum of the two rings given as examples in the paragraph
last but one before Lemma 1 is an instance for a ring in which none of the
Jacobson radical and the zeroid radical contains the other.

What has been said about the connections of the different types of
radical implies - '

70—

Theorem 3. In general rings for the different radicals the following
situation holds :

J
cMcyUc
N_M_U._ e

17) Observe that Lemma 1 is not true for the radical Z in place of the [-radical.
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§ 5. The residue class ring with respect. to the radical.

The known types of radical have the property that the residue class
ring with respect to the radical has zero radical where, obviously, both radi-
cals are to be taken in one and the same sense. Whether or not the same-
result holds for the zeroid radical is an open questlon Here we prove the
followmo weaker result. <

Theorem 4. The nil radical of the residue class ring R/Z wit/zvrespect
to the zeroid radical Z of R is always zero.

We show that if some ideal C/Z in R/Z is a nil ideal then C/Z = Z/Z. Let
‘¢ ¢ Cand c* € Z. If A is a l-zerofactor ideal in R and a € 4, then (c+a): € Z+ A,
"i.e. {c+a) and thus also c+a is a I-zerofactor. Consequenfly, C is a l-zeroid
ldeal and analogously, a r-zeroid ideal, completing the proof.--

- § 6. The radical of a ring with minimum condition
on one-sided ideals.

Assume the ring R contains a unit element e and the r-ideals of R
satisfy the minimum condition. We shall prove that in this case the zeroid
radical Z contracts to the classical radical N, i.e. the join" of all "nilpotent
r-ideals.

Before entering into the proof of this statement, let us remark that
without the existence of a unit element e this assertion need not be true.”)
If R, R, are simple rings (w1th minimum condition on r-1deals) such that
(2=0 and Ri=R,, then the nilpotent radical of R+ R, (direct sum) is R,, .
while the zeroid radical coincides with the whole ring, in view of Lemma 1.

Recall that in a ring with minimum condition on r-ideals the nilpotent
radical and the nil radical coincide, so that they are equal to the intersection -
of all prime ideals P of the ring.") Therefore, if we can show that each
prime ideal P is a I[-zerofactor, then this will imply Z& ZO=nP =N (use
Theorem 1) whence by Theorem -3 we shall obtain Z = N and this will esta-
blish- our assertion.

Let P(+=R) bea(pnme) ideal in R Iwaere not a [-zerofactor, then, by the
minimum condition on r-ideals, there would be a minimal r-ideal Q, which
" is contained in P and is not a [-zerofactor. Let ¢ denote an element in Q-
which is not a [-zerofactor. Then, by minimality, we must have Q,=(c),,
"the r-ideal generated by c¢. Further, c(c), is a r-ideal in Q, and, since it con-

1¥) From the discussions of this section it will be clear that instead of assuming the
existence of an 1dent1ty element it will suffice to suppose the’ presence of a right 1dent|ty
in the ring. : .

1) Cf. Theorem 3.
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~tains ¢ it is neither a [-zerofactor; consequently, we have

c(¢)r==(C),. . .
This equality ensures the existence of an element g € (¢),= Q. such that
cq=c, that is, c(g—e)=0. The last equation shows that ¢ is a [-zerofactor,
for ¢ as an element of P is surely different from e. The contradlctlon com-
pletes the proof of

Theorem 5. In a ring with unit element and minimum condition on
r-ideals the radical Z coincides with the join of all nilpotent r-ideals.

In view of this theorem we see that a ring with unit element is semi-
simple in the classical sense (i.e. contains no nilpotent r-ideals other than O
and satisfies the -minimum condition on r-ideals) if and only if it contains
no zeroid. ideals different from O and satisfies the minimum condmon on
one-sided ideals.

Our last proposition may be generalized by demonstrating that a ring
which. is regular in the sense of ]. v. NEUMANN [19] has zero zeroid radical, i. e.
Z=0. The proof is carried out by showing at first that each (prime) ideal P
of a regular ring R is a [-zerofactor. If a € P then there is an x € R such that
axa=d. Since P==R, we have xa==e (the unity of R); consequently,
a(xa—e)==0, i.e. a isa [-zerofactor and hence Z= M (the McCoy radical).
By making use of Theorem 3, the proof will be completed by observing that
the nil radical U of a regular ring is necessarily 0O, for (a). :‘FO contams the
'1dempotent element ax. .

§ 7. The radical of a matrix ring.

We remember that the ring of all < n matrices over a ring R possesses

- the property that its nilpotent radical arises as the ideal of all matrices whose

elements lie in the nilpotent radical of R. We next intend to show that the
corresponding result for the zeroid radical can also be proved provided we
make a further assumption on R (see (%) below).

For convenience, we introduce the following notations. If S is any ring,
the complete matrix ring of order n over S will be denoted by S, and the
zeroid radical of S, by Z(S.). It is readlly seen that if A is an ideal in S
then A, is an ideal in S,.

We suppose the ring R under con51derat10n satisfies :

If A is a l-zerofactor (r-zerofactor) ideal and a,,...,a, is a finite
(*) subset of A, then there is an eleme(lt c:}:O in R with the property
' a;c=0 (resp. ca;=0) for i=1,.

In order to verify that under (¥) we have Z,=Z(R.), we first prove
a simple lemma. .
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Lemma 2. An ideal = in the complete matrix ring R, over R with

property () is a l-zerofactor if and only if z‘here exists a |I- zerofactm ideal
A-in R such that =< A,.

At first, in order to verify the sufficiency of the stated condition, sup-
pose A is a [-zerofactor ideal and ZCA,. If ¢ is a matrix in =, then the
set of all elements of «’is a finite set in A, consequently, by (%), there exists
an element ¢==0 in R which is a common right annihilator of this set. But
then the diagonal matrix {¢,...,c> of order n annihilates ¢ from the right.

We assume, conversely, that = is a [-zerofactor ideal in R,. Let-A be
the 'ideal in R generated by all the elements of the matrices in =. Plainly,
ZC A, and it is enough to show that A is a [-zerofactor. Let a® € A4, so that
d” —a{” + - +a%) where, without loss of generality, we may suppose that
a" is, say, an element standing in the (ja, ki) position of a matrix «f ¢ =.
If we denote by (x); the matrix with x in the (/, k) posmon and zeros else-
where, then the. matnces )

n ’ »
ﬂ?) = Z (x'l')sjir e ) iy

. are readily seen to be diagonal matrices of the type <x, a(’)y1 ) e (’)y >.
Al of 8", ..., 8% belong to =, so that the same is true for
ﬂ(’) ﬂ(")_‘_ _{_ﬂ(}‘:) — <x a(”)y1 S .. (7’)y >

and also for B=p04-... +80, i.e. § has a right anmhllator matrix y==0 .
in R,. Now, any nonzero element ¢ of y anmhllatesz X, aMy, from the right,

showing that the ideal RAR is a [-zerofactor. We mfer that A*(S RAR) and
hence A is a.l-zerofactor ideal in R. This completes the proof of Lemma 2.
~ As an immediate consequence of this lemma- we obtain that A, is a
l-zerofactor ideal in R, if and only if A is a Il-zerofactor ideal in R. This
-observation, together with the same on r—zerofactors is important in the
' demonstrahon of

"Theorem 6. If R saz‘zsfzes (%), then the radical of the ring- of all
matrices with elements in R consists of all matrices whose elements lie in the
radical of R.

Let == Z(R,) and A a [-zerofactor ideal in R. Thus A, is a l-zero-
factor ideal in R,. As =+ A, must be a [-zerofactor ideal, by Lemma 2 there
is some /-zerofactor ideal B in R such that = A, S B,,. Since A was arbitrary,
we conclude that =S Z9. By symmetry we have =< Z{ whence .= Z,.

%) x, and y, denote arbitrary elements of R.
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On the other hand, if H is any [-zerofactor ideal in R,, then by Lemma 2
we have H< B, for some [-zerofactor ideal B of R. Thus Z,+H<E Z,+ B, =
=(Z+ B).. Since Z+ B must-be a [-zerofactor, we are led to the conclusion
that Z,-+H is a [-zerofactor ideal in R,, i.e. Z,S ZD(R,). Slmllarly we
have Z,& Z®"(R,) and the theorem is proved.

§ 8. Remarks concerning commutative rings:

1. N. JacoBson has proved that in an algebra over a field @ the ele- -
ments of his radical are either nilpotent or are transcendental over @. A similar
result may be established for our radical in commutative algebras I provided

9 satisfies the trivial necessary condition of containing at least one regular
~ (i. e. no zerofactor) element.

Theorem 7. Let A be a commutative algebra over a field @, with at
least one regular element. Then besides the nilpotent elements only transcen-
dental elements over @ may belong to the radical Z of .

For, let a be algebraic over the underlying field @. Then the subalgebra
¥ generated by a has a finite basis ‘over @ and it follows at once the existence
of an integer n such that Ba"»= BVa*'. Assume a € Z, the radical of A, and
a™==0 for each positive integer m. Then there is a y in B, and so in Z,
satisfying ya*=gqa* with a regular element g €A. Thus (y—q)a*=0, i. e.
the ideal (y—gq) is a zerofactor. Since ()€ Z, we -obtain that the ideal

() +(y—q) is a zerofactor, which is absurd, g being a regular element
' belonging to it. This also shows that if A-is algebratc the radlcal of A is
. the totality of the nilpotent elements.

2. It is a well known fact that every ring can be represented as'a sub-
direct sum of subdlrectly irreducible rings.”) Therefore it-might be of some
interest to have information about the radical of a subdlrectly irreducible ring.
The result we find in the commutative case will show that the radical .of such .
a ring has a very simple structure. :

Theorem 8. The radiéal of a subdirectly zrreduable commutatzve ring
consists of the set of all zerofactors.

It suffices to prove that if both x and y are zerofactors, then the ideal
-'(x)—r(y) is a zerofactor But

C=0: [(X)+(J')]=0 xno: JI#O

since 0:x and O:y are ideals and the ring is by hypothesis subdirectly irre-
.ducible. Any nonzero element of C annihilates each element of (x)-(»).

21) See McCov [17], for instance.
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It is easy to prove that the radical Z has now a nonzero annihilator. In fact,
let y be-any nonzero element of the intersection of all ideals O:x where x
runs over all elements of Z; then Zy=20. It also follows that Z is a prime
ideal; indeed, it is the only maximal zerofactor ideal which- is prime by .
Theorem 1.
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Zur Theorie der faktorisierbaren Gruppen.
' Von J. SZEP in Szeged.

Alle Gruppen in dleser Arbeit, wenn nicht anderes gesagt wird, sollen
endlich sein. Mit o(G) bezeichnen wir die Ordnung einer solchen Gruppe G.
Stets werde G = AB angenommen, wobei A, B Untergruppen von G sind.
Diese Gruppen G nennen wir faktorisierbar. '

Bisher sind mehrere Arbeiten erschienen, welche die Nlchtemfachhext der -

faktorisierbaren Gruppen untersuchen [1]—[7]. Wir schliefen uns in dieser
Arbeit teils diesen Untersuchungen an, teils untersuchen wir gewisse fakton—
sierbare Gruppen mit Zentrum.

Das im unten folgenden Satz 1 geloste Problem hat uns freundhchst
Herr N. IT0 aufgeworfen.

Die Elemente einer vorgelegten Gruppe G= AB(=BA) konnen wir
als a;b, und bia, (a:, as € A; by, b € B) darstellen. Ist AnB=1, so durchlduft
"~ das Element a} in a;b=ba} (i=1,2,...) zusammen mit a; bei festem
- b (b€ B) alle Elemente von A. Man bezeichne im allgemeinen Fall mit [0]

das durch & eindeutig bestimmte System der b, in a;b—b;a; (i—1, 2 -3
dabei zdhlen wir die Elemente b; mit Multiplizitit. : »

Dem Satz 1 schicken wir zwei Hilfssatze voran. -

-Hilfssatz 1.. Ist be[b], so ist [b]={[b]..

Beweis. Wegen b ¢ [b] gilt eine Gleichung ab—ba (a,ad € A b beB)
Setzen wir das Element b —a-'ba’ in die Gleichungen a;b=b;a; (i==1,2,...)
ein, so bekommen wir die Gleichungen a;a7'b = b;aia’-!, aus welchen die .
Behauptung folgt. '

Hilfssatz 2. [b] enthdlt seine Elemente mit gleicher Multiplizitdt.

"Beweis. Es ist evident, dai & ¢ [6] gilt. Wir fassen die . Gleichungen
ab==ba; (i=1,2,...) unter allen Gleichungen a;6 = b:a; (i—=1,2,...) ins
Auge. Gilt b;=10 fiir alle /, so ist die Behauptung trivial. Es sei dann
akb—bka, eine Gleichung, wo b.==b gilt. Schreibei wir das Element
b=a; bea; in die rechte Seite jeder Glelchung ab=ba: (i=1,2,...) ein
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so bekommen wir die Gleichungen.a,a:b = bwaia; (i=1,2,...). Es folgt aus
diesen Gleichungen, daB die Multiplizitit von b in [6] nicht kleiner ist, als
die von b. Andererseits wahlen wir die Gleichungen a,b=b:a! (i=1,2,...) .
von den Gleichungen a;b= b:a! aus. Schreiben wir das Element b, — a,ba."
" in die Gleichungen &;b=b,d, (i—1,2,...) ein, so entstehen die Gleichungen -
a.'@ib—=ba'a; (i=1,2,...); also ist die Multiplizitit von & in [b] nicht
kleiner, als die von &;. Somit haben wir Hilfssatz 2 bewiesen.

Wir werden noch den folgenden bekannten Satz A beniitzen (s. [1}
oder [2]). ' '

Satz A. G=AB ist nichteinfach, wenn AnB einen Normalteiler - ==1
von A oder B enthdlt,

Satz 1. G=AB ist nichteinfach, wenn A abelsch ist, B ein Zentrum
(==1) hat und o(A) = o(B) gilt. : '

Beweis. Ist AnB=1, so ist AnB ein Normalteiler von A, also
ist G nach Satz A nichteinfach. Im iibriggebliebenen Fall AnB=1 sei
b(¥=1) ein Element des Zentrums von B. In den Gleichungen a,b=b;a;
(a:;,ai€A;b,b,€B;i=1,...,n;n=0(A)) sind wegen 0(A) = o(B) nicht alle
~ b; verschieden, folglich ist nach Hilfssatz 2 die Multiplizitit von & in [b]
mindestens_zwei. Die Gruppe A hat also zwei Untergruppen A, A'(Z=1), fir
welche b'Ab=A" gilt.

Wir unterscheiden zwei Fille:

Fall 1. [b] erzeugt nicht die Gruppe B. In diesem Fall ergibt sich (rmt
Verwendung des Hilfssatzes 1) A{[6]} ={[b]}A=A"c G ({...} bezeichnet die
durch die eingeklammerten Elemente erzeugte Gruppe), also ist G=A"B.
Wegen A'nB 3.6 (b ist ein Zentrumelement von B) und nach Satz A ist die
Gruppe G nichteinfach. '

Fall 2. [6] erzeugt die Gruppe B. Wir werden mehrere Unterfille unter-
scheiden: . _

“a) Gilt b;=b (i=1,...,n), so ist 6'Ab=A4, also ist A Normalteiler
von G.

b) Ist [b]abla‘:b so ist Ablb_l—blb A. Schreiben wir nimlich das
Element b=—a;'ba/ in Ab—bA’ ein, so ergibt sich Ab,=bA’". Aus dieser
Gleichung und aus Ab—=bA’ folgt die Behauptung. Man sieht auch, daf
A durch b,b" also auch durch alle Elemente von [b,67'] (i=1,...,n; b;€[b])
in sich transformiert wird. _

Man bezeichne mit B’ die durch die Elemente sidmtlicher [b;67]
(i==1,...,n) erzeugte Gruppe. 4 '

b,) Ist B'= B, so ist die Gruppe A Normalteiler in G.

b) Ist BB, so gilt BPb (wegen {[byd7'],...,[0.07"],6}2
{0,067, ..., 0,07, b}2{[b]} = B). Es ist ferner klar, dass {[6:67"], ..., [b.07']} {6} 2
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bbb, b7 Y{BY 2 (b)) =B gilt, also ist {[5:67Y, ..., [6.07]} {b} =B und
AB'=BA==G. Folglich gelten G=AB=(AB)(B{b}),AB'nB{b}=2~H".
Die Gruppe B’ ist Normalteiler in B’ {b}(= B), also ist G nach Satz A nicht-
einfach. Somit wurde Satz 1 bewiesen.

Bemerkung 1. In dem Beweis beniitzten wir nur die Eigenschaft der
Abelschen Gruppe A, dab jede Untergruppe von A Normalteiler in A ist. Der
Satz 1 gilt also auch im Fall, da A eine Hamiltonsche Gruppe ist.

. Bemerkung 2. In dem Beweis war die Bedingung o(A) = o(B) nur
beim Beweis der Existenz einer Gleichung AL =2A ausgenutzt (A, AcCA;
b ist Zentrumelement von B). Folglich ist Satz 1 auch fiir die unendlichen G

" richtig, wenn ,0(A) = o(B)“ durch folgende Bedingung ersetzt wird: A enthalt

zwei (nicht notwendigerweise verschiedene) Untergruppen, die durch ein

Zentrumelement von B ineinander transformierbar sind.

Satz 2. Man gebe die verschiedenen ~ Zentrumelemente der (endlichen
oder unendlichen) Gruppe G=AB (AnB==1) in der Form a,b,,a.b,,...
(a:€A;b,€B;i=1,2,...)yan. Dann bilden die verschiedenen ai,qy,...02w. 0., b, ...
je eine Gruppe A’ bzw. B’, und die quppe G={a,a,...,b,b,..}=AB
ist abelsch. -

Beweis. Den Satz werden wir in vier Schritten beweisen.

1. ES gl]t a,-bl-= biai wegen'a[l(aibi) aizaibi, (l= ], 2, .. )

2. Die a;, @, ... und die b, b,,... bilden je eine Gruppe ‘A" bzw. B,
da (a;b;) (acbi) = an(a:0) b = (ara;) (b:by), ((11'[);)71Z(biaj)_l2(1,-_11),-_1 ist.

3. Es ist AAB'=B'A’, da wegen b, = b:(arbi) by = (axb;) b;b;' also
B'A’S A’'B’ und dhnlich A’B’S B’A’ gilt. Folglich ist G’ = A’B’ eine Gruppe.

4. A, B’ sind Normalteiler von G’. Aus a;(arb:) = (brar)a; folgt nim-
lich b;'aiarbr=ara; (i, k=1, 2,...). Hiernach ist A’, desgleichen auch B',in
der Tat normal in G'. Also ist G’=A’B’ ein direktes Produkt. Einerseits
bekamen wir &;'a;a,b;, = a.a;, andererseits gilt ‘auch b;'aiaib, — a:a,, also
gilt a,a; = a:a;. Damit ist der Beweis beendet. :

Korollar. Ist G=AB" endlic.h mit AnB=1 und sind A, B ohne
Zentrum, so ist die Ordnung des Zentrums von G hdochstens | o(G).

In diesem Fall miissen namlich die al,Aa.z,’..., desgleichen auch die
b, b,, ... untereinander verschieden sein, denn ist z. B. b,=5b,=105 also
a,==a,, so hat A wegen a,b,b,'a;"' —aa:' ==1 ein Zentrum, was ein Wider-
spruch ist. Da also o(A")=o0(B)=o0(Z) gilt, wo Z das Zentrum von G
bezeichnet, so ist in der Tat o(Z)* = o0(A)-0o(B)=0(G).



Zur Theorie der faktorisierbaren Gruppen. 57

Literatur.

[1] O. Org, Contributions to the theory of groups of finite orders, Duke Math. journal, 5
(1938), 431—460.

2] L. Reper und J. Szér, On factorisable groups, diese Acta, 13 (1950), 235—238.

(3] J. Sztp, On factorisable not simple groups, diese Acta, 13 (1950), 239—241.

{4] N. ITo, Remarks on factorisable groups, diese Acta, 14 (1951), 83—84.

{5] H. Wieranot, Uber das Produkt paarweise vertauschbarer nilpotenter- Gruppen, Math.
Zeitschrift, 55 (1951), 1—1. .

6] B. Huppert, Uber die Auflésbarkeit faktorisierbarer Gruppen Math. Zeztschnft 59 (1953),

: 1—17.

{7] B. Hupperr und N. Ito, Uber die Auflosbarkeit faktonslelbarer Gruppen. I, Math.

Zeltschrtft 61 (1954), 94—99.

(Eingegangen am 1. August 1954)



On a class of infinite products
whose value can be expressed in closed form.

By MIKLOS MIKOLAS in Budapest.

-1. The familiar formula of WALLIS

' ' & (2m)*. o
(l)f - ‘ I] Cm—0)Qm+1) 2 ‘
gives a very simple, not-trivial example of an infinite product with well-
known -value. L. FEJER suggested the problem to find a possibly wide class
of infinite products, including the "WaLLis product, whose value can be
expressed in finite form by means of the elementary functions. :
In a previous paper’) | discussed the product

R . »+1
- ((I'n + [2 798| + e + an+1') v
@ - - =S
. P—=
. )l[.—_{ : anan+1 a 1470

for fixed » =1, 1a,L, meaning a strictly increasing sequence of posmve num-
Qnyy .
. bers; it was proved that P is convergent if and only if the SGI’IGSZ ( (’;*’ — 1)
. n=0
converges, and some formulae were deduced for the case of an arithmetical
progression.

2. Now let d, A and D mean flxed complex numbers :1‘—0 and let z be
a complex variable. We denote by %,.(z), ®,(z) the arithmetic and geometric
mean®), respectively, of z,z-+d,...,z4(¥—1)d, and consider, for a fixed
v = 2, the product ' '

| o (s
®) 9= J;I,m (é):g;) _o{!m z(z+£z) (§+'17)~:1d);

n= 01j

3y~

-;) Cf. M. Mikoris, Sur un produit iﬁfini,‘ these Acta, 12 A (1950), 68—72. — The

® 5
auxiliary function used here, € (t, a):g(l_zn—{t——aﬁ)’
T (@R (eI (a—1). '

2) Any value of the »th root may be chosen.

may - be written also in the form
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Q may be regarded plainly as a generalization of the WaLLIs product. — Let,
for the sake of brevity, 'a:%, r)‘==i, hzlz—l

We need the fo]lowmg well known facts from the theory of the gamma-
function : :

. 5 S R K ‘
(4) ‘ F(Z)=1]zl-1];lo z(Z—l—l)(Z—’,—n) (Z:;:Ol_l’__' ")’
(5) ' I+ 1)=2I'G) (220, —1,—2,..),
(6) o ' I@Ir(1—z=mcosecnz (20, & 1 +2, )
(7) ' ._-:2{1{%—&‘ )——(ZJQhw~ T(r2) (VZ#:O —1, —-2...%
furthermore ’ : _ :
(8) . rmy=m-—1)! (m=1,2,...),
© - r(-;_) V%

" Theorem L. The product (3) converges'if and only if neither of ﬂze':
numbers a-+hd, ¢ +ud (u=0,1,...,v—1) is O or a negative integer..
this case Q can be written in closed form by -means of the gamma-funcz‘zon
namely

(10) Q= I“(a)'l’(rr+()) F(a—}— v—1 ()) r (cf—}—/u))
Especially, if 6=1, we have for v=2 _ .
: ' I“(cc) N\
. Q — .
(11) _ o - 1
| (1 (“+7))

and for any v > 2

| (-7 —2) (@t r— 3P (e LA (L@t
2 Q= I IS R e 77 i 3 (,l’(cc+h) )’)

i 6:’17, (10) becomes

. 1 o ) .
13 Q=Qayv " _IL% ‘
) : r (a + —)

B v .

- in case ¢ +ho=1 we obtain by putting Op=1—(c+ud)
o [—”T’—l 7t () |
. — _ Tt

(14) - Q n=0 sin 7,[('_")# ! )
provided that neither of ©,,0,,...is an integer.

8) [r]) denotes the integer part of A. — If » is odd, the last factor in (12) (including
gamma-values) may be plainly omitted. -
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Proof. 1° If one of ¢«+hd,¢--ud (u=0,1,...,7—1) is zero or a
" negative integer, then the nominator or denominator -of

" (A+aD+hay
(15) ng(A+nD)(A+nD+d) (A+11D+I’—1d)
L (¢+hd+n)"

=r]—z((f+n)(c'+()+n) (n+w—1d+n)
vanishes for N sufficiently large, and so Qx has the vaiue O, or 1t has no

meaning, respectively.
Otherwise we write

{(cc—;—}l(f)(a—}—h()—i—l) {e+ho+N)}" -
cf(a-i—l) (¢ +N)-(¢+0) (@+0+1)o(a+0+N)-(a+r—10)- (6f+7'—1()+N)

(aT/za)(aJr/zaH) {a+ho+N) 3 NI N
NI Nathe i26 (e +upd)(e+ud+1)- (C’+LL()+N)

Here, by (4), every fractron has a limit as N— oc, moreover

-1
(ethd+n) —r(«+ha) ]]r(a u())

(19 Q‘L’()«,H)((,MM) (et+v—10+n)

2° Let 0=1. For »=2 the last formula becomes at once (11) because
of (5). — If »>2, we use the relation

() L T@=@—1)@=2 @D  (—1,2..),

arising from (5) by repetition; considering that : 4

T+ [A+p) =(c+H—1)- @+ DI @+ ) (p=1,2,:.., 2h—[A)),

C(eth—q) = {(e+[h—q)- -+ =D} "T(e+[r]) (g=1,2,...[A]),
(16) may be written in the form (12).

in (16)

and then to apply the multiplication theorem of GAUSS ), furthermore the -
functronal equations (5); (6), respectively.

. Concerning (13), (14), we have only to put ()'_— g— 1

3. In some particular cases it is possible to find for Q a finite expres-
sion - which is free from gamma-values. We have namely the following

Theorem II. Assume that neither of « +hod, ¢ +ud (u=0,1,...,7v—1)
is 0 or a negative integer. — On the basis of (5)—(9) exclusively, Q can-be
_ transformed into a closed analytical expression built from 2, 7, v, factorial
* numbers, and from ¢, 0 by means of rational operations, square roots and
the sine-function, if and only if at least one of the following conditions is-satis-
fied: 1) O is an integer and (v—1)0 is even, 2) 2¢ -+ (v—1)0=K, where
K means an integer different from zero and the negative even numbers.
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Proof. Let ¢, c:+d,...,a+(w——.1)()‘, «—+hd be complex numbers,

different from 0, —1,—2,.... o T '
10 Suppose that 4 and hJ are integers (i. e. (»—1)d=0 (mod 2)).

Then it follows by (17) (u=0,1,...,v—1)
(et 10=1) (e-+ud=2)-(e+hd)[(e+hd)  if (u—h)d>0,
(¢ Fpo)(e+ud+ 1)...(a+hd_.1)}‘1r(a+hd) if (u—h)0<0,
so that we obtain from (10) by substntutlon and simplification with I"(¢+ hd)”
a-finite and in ¢, d rational expression for Q

Let 2¢+(v—1)0 =K (K=1,2,3,...; —1,—3,—5,...). This implies
(ct. (3), (9))

(18) F(cc—hu()')*:

s—1)! for k=25 (s=1,2,..,
} K 2°Rs+ DN Ya ifK=2s+1 (s=0,1,2,..),

(9 I'(le - h0)=T" > = = s
_ (__z)s+1(2 +7”1)”1H( —(2s+1)(s=0,1,2,...).

Next consider the product
(20) (e + LL())F((C—{— y—u—1 0) == F(a + LL())F(K—-((—M())

with "an integer u, 0 = u = y—1; ; the second term -contains two factorial
numbers if ¢+ wd is a positive integer (cf. (8)), otherwise it can be repre-
sented, on the basis of (17) and (6), as a closed expression of '7t, «, 0 by
means of rational operations and sine-values.

 2° Now, we should like to know all the cases, in which the right-hand
side of (10) can be wrntten by using (5)—(9) in form requ1red above. As it

is at once to see, in-any case in question I'e+ho)”’ I[F(a+u()) must be

reducible by '(5), (6), (7) (m a definite number of steps) so that the closed
expression -obtained does mnot contain values of I'(z) except possibly those
1 3 5
w1thz_123 Z,J_r—z—,_—k—,.... . |
Concerning the factor F(a—}—hd) this implies plainly two possibilities :
1) it occurs only ‘apparently’, i. e. we can simplify with I’(«-Ad)” (after -

transformatlons permitted) in the product mentioned; 2) a-{—hd is a posmve

“integer or one of the fractions + ! j%, RS WYX
. K _ : :
cc+h()=—2— (K=123..,~1,-3—5,...).

The case 1) can be realised only if any of the values I'(«¢+ ud)
(u=0,1,...,v—1) can be written by (5) and (17), respectively, as a pro-
duct of (18) type; but such a relation between I'(¢+«d) and ['(¢+ ho)
assumes that («—#h)d, and therefore, in particular, (u41—h)0—(u—h)0=

3
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— ¢ and (w—l———h)d:%(‘r—l)o‘ are integers (w—0, 1,...,v—1). Thus
we have got the first condition of the theorem.

Inthe case 2)one has 2¢ + (v —1)0=K (K=1,2,3,...; —1,—3,—5,...),
i.e. the second condition must be fuifilled.

This completes the proof.

4. We give a few examples.
(11) becomes for »=2 and ¢=0=1

1 2
’,'l'

@n oy ==
and, .with a:%, d=1 the formula (1) of WaLLis.
From (13) it results. by putting cc=%
5 [@n 1)) 9T (e

C (2nw+1)(2nw+3)---(2m/+2w—‘r) =27 (r=23..)
while for ¢ =~ 2 + 2 we obtain _ B

i 241" b (WM)—
,,,]:{[(2114—1)‘1’4‘1][(2ﬂ+1)7’+3]"‘[(2”—,1-1)7’—{—27’— ]*(27) kg 2 )

hh .
(23) (Erht Cfor v=3,5,17,...;
_’I .
] 1 ( -)?(I'—.—])” for »=2,4,6,.
l]/2 v
Since we have, by (6) and (7),
»-1 Y -
24 o rsalE= . =23,
' 1=1 VvV 2
(14) transforms _itself for » =29, a——él- ()'=% (e=1,2,..)) into
T [(2n-1)ef 1 («c)" X

@ L Gre @13 Grerar—n ~ 2 L) G2

which is a remarkably simple generalization of (1) (o =1).
It may be mentioned that (25) follows easily also from (22) and 23)
if we take =20 and multiply the corresponding terms.

(Received January 21, 1955)
1
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HOBOE JIOKA3ATEJBLCTBO MPOCTOTHI
3HAKOINEPEMEHHO! TPYIIbI.

I Moanak (Ceren).

YnomsiHyTas B 3arjaBud TEOPEMA HMEET HECKOJbKO [O0Ka3aTeNbCTB (CM.
JiMTepaTypHblil ykasaTesb B KOHLE CTaTbM), HO, HACKOJIbKO HAM M3BECTHO, Mpefi-
JlaraeMoe B HacToAlleH paboTe [0Ka3aTeJNbCTBO SBJSETCS MEPBbIM, KOTOPOE
TIOJIb3YETCSl METOJOM MATEMaTH4ecKoM MHayKuuu. Teopema, KaK U3BECTHO, FJIACHT:

3nakonepemennasarpynnan-oro nopaaka %, (n=5) npocra.

HokasarenrcTroO. Cuavaia porawem, yrto rpynna 9; npocra. B camom
nene, nyctb N (:}: 1) —Hopmaubnbtit fesurens rpynist As u p €N (p==1). [opanox
P moxeT pausaThea 2,3 wim 5. Tak kak COBOKyrIHOCTb BCEX 3JIEMEHTOB OjiMHA-
KOBOTO MOPSIKA MOPOKAAET BCto rpynny A;, TO HAM AOCTATOYHO TOKA3ATh, YTO
BMECTE C p BCE IJIEMEHTBI TOro ke mopsuxa Bxomit B R. Ho ecim o(p) =3
w5, 10 3]O(N) cootsetctento 5|O(N) u Ttak kak 32y OQL), 524 OAs),
10 34 O(;/9) cooreercTBerHo 5 O(s/N). Otciona caegyer, 4t0 (hakTop-
rpynna s/ He CONEPIKUT DIEMEHTOB TPETHErO, COOTBETCTBEHHO MATOr0 MOPSKA,
4TO BJEYET 33 COGOM BEPHOCTb Haulero yrBepyueHus. Ecau ke p=(i,i,)(isiy),
To 9 copepwut BMeCTe C HUM M p' = (iyiols) p(isisiy) = (f2i) (ois) M TaK Kax
p v p’ nopoxkaaioT 4eTepHyio rpynmny Kneitna, 10 4|O(N), 8 ¥ O(As) 1 mbl moskem
MOBTOPUThL PACCY)KIAEHUs], TPUMEHEHHbIE B’ ciiyuae o(p)=3 um 5.

Paccmorpum tenepb A, (7 >5). Ipeanonoxum, uro "[,, 1 opocta U N—
HOpMaJIbHBIi fieauTens rpynnbsl ¥,. O6o3HauuM yepes AP, 3HAKONEPEMEHHYIO
rpyrmy NOJCTAHOBOK HOMEPOBR I, ..., i—1, z+1 ., n(i=1,..., n). Taxk kax

LN A, aenseTes HOPMAJbHBIM JIEIUTEJIEM B 9y 1, TO Bcnencmue MHYKLHOH-

HOTO TIPEAMONIOWEHHS BO3MONEH TOJILKO OlMH U3 ‘ciyvaeB

o 1 . :
NNAY, = o0, (1)

Jas kaxkporo i Ilyctb cHavana pas xaxkoro-wudyap ¢ umeer mecrto (1p). Toraa,
TaK kak npu n>5 pas j==i nmeer mecto A N AP <=1, o m N AP =1
‘u caenosatensho Take RO AT Ho AL, u AP CosmectHo yike mopoxpatoT
Bcio Ay, m nostomy N=73A,. Ecau e ,un;l BCcex i umeer mecto (1;), TO 3TO
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3HAYUT, YTO OTAHYHBIC OT TOXAECTBEHHON MOACTAHOBKH M3 N HE OCTABISIFOT HA
mecTe HU OfHOro Homepa. IlycTh Tenepb p€N, p==1 u

p = (ili'li?j tee il:]) et (il-‘,-(-l M iu—l"n)-

p' = (Il 12) (i%ln)p(ll 12) (iﬁin _
TOKE BXOAMT B 9! M MOXCTAHOBKA pp’ OCTaBAsIET HA MecCTe I, HO OHA HE paBHa
elMHuUe, TaK Kak OHA BBUAY 7n1>5 nepecrapiser /,. [Tosromy M ne mosxker
UMETh OTJUYMHBIX OT 1 3aaementoB. Tem cambiM Mbl pokaszanu, vto U, nmeer
TOJIBKO TPUBUANBHBIE HOPMAJIbHbIE JEJIMTENM, 4YTO U Tpe6OoBaNOCh.

Torpa
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Uber die starke Summation von Fourierreihen.

Von KAROLY TANDORI in Szeged.

§. 1. Einleitung.

Die Fourierreihe
S(N~3

der Funktion f(x) € L[0, 2-z] nennen wir stark summierbar in f-ter Ordnung,
oder einfacher H,-summierbar im Punkte x,, wenn

lim ——Z s, (f; X)) —f(x)|"==0

>

ist, wo s,(f; x) die »-te Teilsumme von €(f) bezeichnet.

G. H. Harpy und J. E. LirTLEwooD') haben bewiesen, dafi fiir
f(x) € L’[0,27] (p>1) S(f) in jedem Lebesgueschen Punkte p-ter Ordnung
von f(x) stark summierbar in beliebiger positiver Ordnung r ist. Im Falle
p=1 war die Giiltigkeit.dieses Satzes zweifelhaft gewesen, bis G. H.HARDY
und J. E. LiTLLEWOOD?) ein Beispiel einer integrierbaren Funktion gaben, die
im Punkte x=0 einen Lebesgueschen Punkt besitzt, aber deren Fourierreihe
hier nicht A,-summierbar ist; zugleich warfen sie das Problem auf, ob die
Fourierreihe einer beliebigen integrierbaren Fnnktion in einer gewissen Ord-
nung fast iiberall stark summierbar sei. J. MARCINKIEWICZ®) hat diese Frage
bejahend beantwortet; er hat gezeigt, dal die Fourierreihe einer beliebigen
Funktion f(x) € L[0, 2] fast iiberall H;-summierbar ist. Spater hat A. ZyGMUND*)
bewiesen, dafi die Fourierreihe sogar in beliebiger positiver Ordnung.r H,-
- summierbar ist.

il 5+ > (a; cos kx+ by sin kx)

1) G. H. Haroy und ]. E. Litrtiewoop, Note on the theory of series (IV.), On the
strong summability of Fourier series, Proceedings of the London Math. Society, 26 (1927),
273—286.

) G. H. Harov and J. E. Littiewoop, The strong summabxhty of Fourier series,
Fundamenta Math., 25 (1935), 162—189.

3) ]. Marcivkiewicz, Sur la sommabilité forte de séries de Fourier, Journal of the
~ London Math. Society, 14 (1939), 162—168.-

¥) A. Zvamunp, On the convergence and summability of power series on the circle
of convergence (ll), Proceedings of the London Math. Society, 47 (1942), 326—350.

AS
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Da die Fourierreihe einer integrierbaren Funktion nach dem erwihnten
Beispiel von G. H. HARDY und |. E. LITTLEWOOD in einem Lebesgueschen
Punkte nicht notwendigerweise Hi-summierbar, ja auch nicht H,-summierbar
sein braucht, kann man die Frage stellen, ob man eine einfache analytische
Bedingung fiir die Funktion angeben kann, die fast iiberall erfiillt ist, und
aus derem Erfiilltsein in einem Punkte x, die H>-Summierbarkeit der Fourier-
reihe der Funktion im Punkte x, folgt. Mit dieser Frage befassen wir uns in
der vorliegenden Arbeit. Auf analoger Weise kann man auch die Frage der
Hs.-Summierbarkeit (m positiv, ganz) behandeln, um einfacheres Rechnen
willen beschranken wir uns ]edoch auf den Fall der H,-Summation.

§ 2. Siitze iiber integrierbare Funktionen.

Satz I Ist J(H) nach 1 periodisch und JEL[O, 1], so ist in’ Jast
allen Punkten des Intervalls [0,1], gleichmdfig in k (> 0)

w+k

W jim +hkf|f<x+u> — i [If(x+o)—f(X)ldfo—0 (>0).
Zum Beweis haben wir die folcrenden zwei Lemmas von J MARCIN-~-
KIEWICZ") nohg

Lemma ‘I. Ist die Funktion f*(f) ¢ L[O, 1] ‘auf einer meﬁbaren Menge.
. E (€[0,1]) gleich 0, so gibt es fiir jedes positive v eine perfekte Menge FSE
und eine positive Za/zl M, so daff -

mes F=mesE —,

.ﬁf@+@Wu§Mk ueﬁy
und N - |
[IFr@)dv=MmesT,  (r=1,2,...)

e

gelten, wobei die I, die I(omplementar-lntervalle von F in (0 1) bezeichnen.

‘Lemma II. Sei FE[0, 1] eine perfekte Menge und seien L, (=1, 2,. ..)
- die Komplementdr-Intervalle von F in [0, 1]. Wenn die nicht-negative, nach 1
periodische Funktion ®(f) auf der Menge F gleich 0 ist, und ®(t)= mes/,
fiir tel, (w==1,2,...) ist, dann besteht in fast allen Punkten x des Inter-
valls [0, 1] S

a'f<c\

j@u+o

5) Siehe z. B. L. ¢.3).
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Beweis von Satz I. Ausfiihrlich werden wir nur-das Bestehen der
Relation '
! u+k

@ tm [|f<x+u> —f@du f fxH)—f@Idv=0  (2>0)
>0 +hk »

gleichmagBig in & (>0) in fast allen Punkten x zeigen. Auf Grund dieser ist

der Beweis von (1) leicht zu_vollbringen.

' Sei 7 eine beliebige positive Zahl, und wihlen wir » so grof, dab die

Menge E=fE[lf(t)| =w; 0=t = 1] der Bedingung

mes E=1—n
+ f(t) falls |f(1)] > w,
70 _; falls |f(t)] = o,

und sei f**(t)=f(t) —f*(¥).
Da auf der Menge E f*(f)=0 ist, gibt es nach Lemmal eine perfekte
Menge FC E und eine positive Zahl M, so da ‘ _

geniigt. Sei

3) _ mes F= mes E —n=1—2,
k : ) -
@) o 1ffG+v)de = Mk i xe F
-
und o
6 f}f“(q;)ldvéMmes L (r=1,2..)

1

gelten, wo die [, —(a7,b) (r=1, 2 ..) die Komplementér-lntervalle von F
in (0, 1) bezeichnen.
Se1 xOEF ein Punkt, fur den d1e -folgenden Bedingungen erfullt sind:

mes (Fn[x,—h, x,-h))

(6) - lim o —1  (h>0),
) A --,[ |G+ 1) — £ du=o(t)  (©<h—0),
¥ | J (D(x°+t) dt < oo

Ferner sei ¢ eine beliebige positive Zahl, und /,(>0) séi so klein, daB fiir .
‘0< h = hy(=1) die Ungleichung
I

© (1760t w)—feeldu < eh

besteht.
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Da f(t) = f*(t)4-f**(¢) und f*(x,)==0 ist, gilt die folgende Abschitzung:

J 1760+ ) —Fesolda | |f+-0)—Fx)ld =
flf(xn+u)—f(xo)|du ] 1 G o) o+

u+k

+ | o) —fx) e ] o+ 0) =" (k)| dv = 3+ 8.

Da |f"(t)|§w ist, folgt auf Grund von (9)
(10) : S =2wshk.
fir 0<h = /20

Aus (4) und (5) erglbt sich

utk

‘ Mk falls x,-+u€F,
| lf'(%—%p‘)ldv;J|f*(x0+u+,,,.)|d@-§ S XorU €

M(mesl,+ k) falls x,+u€l,,

also

wtk

NGt ) |dv = M{D(xo+ 1) + K,

wo @(f) die in Lemma Il definierte Funktion ist. Aus dieser Ungleichung
und aus (9) erhalten wir, fiir 0 <h = h,,
: . I

(1.1) Iy < Mehk+ M.‘. | f(xo+ u)—f(xﬂ)l (l).(x0 + uydu.

Offenbar haben wir
h

J 5 ) F50) PGt s = 1115+ ) F)| 2D

0

popLil S j(u — 5P @) da,

II/\

wo sich die Summation auf dle v bezieht, fiir die 1,_[xo,xo—i—h] ist.
Aus (6) folgt die Existenz einer positiven Zahl N=N(x,), fir die
" (by—x)/(@r—x)) = N (v=1,2,...) ist, und so gilt die fo]gende Abschitzung:

X _mes I,

Soe f(u K@) —flduz N 3 e j s )y

Da nach Defmmon der Funktion @(f)
1 .
§ mes 1, <J D(x,+1) it

r=1 br —x(])-) - t2
0
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ist, ergibt‘sich auf Grund der obigen
o

[1 76t )= 50| D 5o ) = e [ LoD

0
Daraus folgt auf Grund von (8), (9), und (11) fiir O)< i = A,
d < Ae(h'+ hk),

wo A eine von & h und k unabhdngige Zahl ist. Daraus und aus (10) be-
kommen wir endlich, daff im Punkte x, (2) erfiillt ist. Nach dem Lebesgue-
schen Satze und der Lemma Il sind (6), (7) und (8) in F fast -iiberall er-
fiillt, und so besteht auch (2) in F fast iiberall. Da 7 beheblg gewdhlt war,
gilt wegen (3) auch (2) fast tiberall.

Damit haben wir Satz I bewiesen.

‘Man sieht den folgenden Satz leicht ein:

dtf [fxo+u)—f(x,)|du.

Satz II. Sei f(t) € L[O, 1] eine nach 1 periodische Funktion. Ist (1) im
Punkte x, erfiillt, so ist der Punkt x, ein Lebesguescher Punkt der Funktion

1), d. h.

Elm [|f(xo+u)—f(x0)|du:0 (h>0).
_}, '
Beweis: Ist fast iiberall f(¢) —=f(x,), so ist die Behauptung evident.
Im entgegengesetzten Falle ist

a— ||f(1(.+1, —f(x0)|d1/>0

0

und so ergibt sich aus (1) fiir kzé

il-'r—

f|f<x0+u>—f<xo>|du——j|f<x0+u)~f<xo>ldu f k)~ o,

"_?

woraus die Behauptung folgt.

§ 3 Hq-Sumnuerbarkelt der Fourierreihe von integrierbaren
Funktionen.

Satz Ill. Sei f(x) eine nach 2= periodische Funktion, f(x)€ L[0, 2.
Wenn die Relation (1) im Punkte x, erfiillt ist, dann ist C(f) im Punkte xo
H,-summierbar.

Beweis. Zum Beweis beniitzen wir den Grundgedanken eines Auf-
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satzes von G. GRUNWALD®). Wir konnen offenbar annehmen, daf x,=0 und
f(0)=0 ist. Sei ¢ eine beliebige positive Zahl und () (0 < d < 7r) so klein, daB
im Falle 0 < £ = 2J die Bedingungen

utk

(12) [vw»muﬁﬂww»<dm+h@ (k> 0)
und . ’
(13) Hf(u)|du<e/1

erfiillt sind.-

Sei f,()=7/(t) falls || =0, und fi(f)=0 falls o < |t| =7, ferner sei
[:(&) = f()—f.(f). Nach dem Riemannschen Lemma ist
(14) , lim s,(f;;0) =

Da $5(f;0) = 2(s5 (f;;0) -+ 5, (f:; 0)), und da nach (14)
o +1,% (3 0)=0

ist, reicht es hin nur die H,- Summlerbarkelt der Fourierreihe G(ﬁ) in x=0 zu
beweisen. Da

5 8 sin (‘V —f——l-) u sin ('I/ -+ l),/
2(f- I ( 2 ' 2/ quds
SU0=0 | | f@sw ————duds
TS 2sin 5 sin é

ist, so haben wir

(15)

é

;0) J Jf(u)f(@) k. (u, v)dudv

-§ -6

2
Sy

mit

| 1 sin (n —{——;—) (u—w) sin (n +]7)(q + )
167"+ 1 sin—lisin z sin——u__v' B sin utv .
-2 2 2 _
Wir betrachten die Zerlegung .

k.(u, v) —

8 60 0 00"

3 ¢ , s 3 00 o
1 L F() F0) u(t, ) dud = ( Uj [+] [+] ]+] l ) F()f (o) ko (ut, v)dudv.

0 - 60 -6-

Um den Satz zu beweisen, ist es »genijgend zu zeigen, dafi alle vier Glieder

%) G. Gro~xwaLp, Uber die Summabilitit der Fourierschen Réihe, diese Acta, 10
(1941—43), 35—63.
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der rechten Seite im absoluten "Betrag kleiner als &-mal eine von & unab-
hangige Konstante sind, falls ‘n geniigend groff ist. Wir schétzen nur das

Integral
X ' $u
I= | | f@) @) ku(a, vy dudv=2 | | f(u) fo) kult, v) duds
6 0 - 00 .
ausfiihrlich ab. Die anderen Integrale konnen dhnlich abgeschitzt werden.
Sei n so groB, daf die Ungleichung 27r/n = 0 besteht, und betrachten

wir die folgenden Gebiete:
ERa/n=u=0; 0=v=un/n),

=E[0=u=2a/n; O<l/<[l] 7,
(e, ©) (u, v)
0, = ERan=u=0;, u—n/n=v=u], o0,— E 27 n=u=s; n/jn=v=u—r/n].
(1, v) : (i, 1) : )
In folgendem beieichnen ¢, Ca,... von n und von 0 unabhanglge Konstanten.
Es gelten die folgenden Ungleichungen’) ' ,
ant (u u) € o,
c‘zl,, fur (u,v) € 0y,
. u
Iku (u; "U)| é ) _1__ n N
’ Cs : fir (4,v) €0,
fir (u,v) € aq;.

nuv(u—uv)
Auf Grund dieser Ungleichungen- ist
|J|<2c1 g[f(u)f(o)]duda;—l—2c H 'f(")f(”)I dudv+

J@) f(v)] dudv— 571+%:j__,+53+5]4.'

(16)
Lo ” If(u)f(v)l dudv 2 ﬂ 'l,,/(u_q,)

Aus (13) folgt

. 2n/n " 2a/n
(1) do=2am | [f@ldu | 1f@)ldr<es.
’ 0 0 .
Auf Grund von (12) ergibt sich durch partielle l‘r.ltegratlon
. nfi
18  — ['f(")'du ﬁf( Mdo<2es f'f<”)’du<u
7n7n

Onfi

7) Siehe z. B. L. c. ).
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Da im Gebiet o, v = u—i[- = —2— besteht, ist .
9.=4 JLﬂu”du“ﬁf@Ndu
2n/n wu-n/n

Nach Einfithrung der Funktion

P ()= ||f(u)|du l | f()|dv

w-n/n

erhalt man aus (12) durch partielle Integration .

Jlf(ll)ldu J 76l _[W_(Q] +2J ”’(t)dt<

w-n/n 2afn 2nfn
é 8
<cs+2¢ [it /n dt<ce+237/nj%<css,
‘_’7;/11 2n/n
also ist
(19) : , 9, < cye.
Ist v =< 2 , S0 ist 4t —v = 2 , und es gilt fir J, die Abschatzung
) i~ n‘/n ) /2 .
s_2 I @l J W]y, - 4 [ 1@y, [ 1704,
n ) J v(u—v) v
(20) 2nfn n/n "n/n n/n
. u-nfn
|f(u)l f lf(”)l R
J (ll'-—b') dll——gl‘*‘(’)g.
°n/n uf2

Auf Grund von (13) ergibt sich durch partielle Integration
: -, : o
[ lf—(l:—)—ld u<cyée 1
. u v

Also folgt durch abermalige partielle Integration auf Grund von (13)'

4/2 6/2

oy s 4 (101, Jlf(tl)ld (VO

n/n njn
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Sei endlich p eine natiirliche Zahl, fiir die 2”.¢r’n§()'<21’“ﬂ/n ist
Dann gilt auf Grund von (12) die folgende Abschitzung:

ot+1 gy =27 i

=t 2 [ 10l (S [ U0l )<

"’n/n w-23+ gy

o+l gy, 7(—‘2-7.11/:4

22 2Jﬂ [ |f(w)|du J ()| dv <

=1 y=0. 22 T

ol njn w-274 1y

P 7-1 P

Aus dieser und aus (21) gewinnen wir nach (20) Ji<cge. So ergibt
sich- endlich auf Grund von (16), (17), (18) und (19) |J] < ¢ze, wenn n ge-
niigend grofy ist.

Damit haben wir Satz 11 vollstand1g bewiesen.

(Eingegangen am 10. Februar f955.)

k)
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Uber orthogonale Reihen.
Von KAROLY TANDORI in Szeged. .

Herrn Proféssor Lasxslé Kalmdr zum 50. Ceburtstﬁg. v

1. Es sei {g.(x)} ein orthoﬁonales und normiertes Funktionensystem ine

s }ntervall [a, ] Wir betrachten die Orthogonalrelhe

(1) Yahrp;.(x)

mit reellen Koeffizienten a;, die der Bedingung

) Z Qi < oo ; o ,
k=0
geniigen. Es sei gesetzt: ' '

su(x) = Z i (X),

und das n-te '(C, « >0)-Mittel der -Folge {[s,(x)— f(x)]} (ka ...y
bezeichnen wir mit 6 7([s,—fJ; x), d. h.

o (s —1T; ) — )SVWJ%A@~JQW,

AfLa v=0
@ (Mt
A=("7)

Ein bekannter Satz von A. ZYGMUND' behauptet - folgendes: wenn die
Reihe (1) im Intervall [a, b] fast iiberall zur Funktion f(x) (C, 1)-summierbar
ist, dann gilt in [a, ] fast. {iberall

 limof(fs,—/F; %) =0.)

n—> Q@

Es wirft sich die Frage auf, ob die starkere Behaup'tung gilt, dafl Dei
der selben Voraussetzung auch die (C, «)-Mittel (0<ae<1) der Folge
{Is,(X)—f())} (w=0,1,...) in [a, b] fast iiberall gegen O konvergieren. In

Zusammenhang mit diesem Problem beweisen wir den folgenden Satz:

1) A. Zvemunp, Sur Papplication de la premiére moyenne arithmétique dans la théorie
des series de fonctions orthogonales, Fundamenta Math., 10 (1927), 356 -362.
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Satz. Wenn die Reihe (1) im Intervall [a, b) fast iiberall zur Funktion
F(x) (C, D-suminierbar ist, dann besteht in [a, b] fa;St iiberall die Beziehung

hm o(“)([s1,—f] x) = k O<e<l).

2. Dem Beweise des SaAtzes schic_ken wir einen Hilfssatz voraus. Wir
definieren eine Indexfolge m, (»==0,1,...) folgenderwelse sei m,=0,

m,=1, und fir »>1, 2"<v = 2" sei m,=2".

Hilfssatz. Es gilt fast iiberall im Intervall la, b]

lim O’,Ll)([S,, —Su,J*; X) =0.

> @

. Zum Beweis des Hilfssatzes geniigt es nach einem bekannten Satz®) zu
zeigen, daff die Reihe '

& [s(x—s., WF

2
( ) p=1 V '
in [a, b] fast iiberall konvergiert. Da
b .
© _ 2 ® on+l. 2 . D]
Z J [31'(x) Sm,‘,(x)] dx — O Z Aynyq + —}—111, =
[ . 'V =0 =341 14
® . ';u+1 7 g{‘ s AN
é 2, n y (a2”+1 + +a;/) ‘S‘— 2, al:< oo
n=0 2 1,_)u+1 . ’ k=0

ist, so ergibt sich mit Anwendung des Konvergenzsatzes von B. Levi, dafl
die Reihe (2) fast iiberall konvergiert. Damit haben wir den Hilfssatz bewiesen.

3. Beweis des Satzes. Auf Grund der elementaren Ungleichung
(u+ ) = 2(>++7) erhilt man: :

5‘7.)([81,—f] x) = 205 ([sy— S, I X)+20m([sm —fF; x).

Nach einem bekannten Satze *) folgt aus-unserer Voraussetzung him s,,,(x) = f(x)

n->

fast iiberall in [a, b], also konvergiert das zweite Glied an der rechten Seite
fast tiberall in [a,b] gegen O, wenn n— co. So ist auf Grund der obigen
Ungleichung hinreichend zu zeigen, daf in [a, b] fast iiberall

3) . ' ' lim o,n([sy Sw, P53 X) =0

ist.

2) Siehe z. B. A. Zyomunp, Tligono.metrzcal series (Warszawa—Lwoéw, 1935), Seite 43.
3) A. N. Kowmogorov, Une contribution a ’étude de la convergence des séries de
Fourier, Fundamenta Math., 5 (1924), 96—97.
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Da bekanntlich A% ~ 2" und so A5 Y =c2'“? fir 0=v=2""
besteht, gilt die folgende Abschitzung:

([ 5m, ) X) = O(1) 01 ([8,— S, I3 X) +

1 2)1 ,
+ .A("‘) > (ffl Ve (x)— S, (X))
an g—an-lyy

Unter Anwendung unseres Hilfssatzes ergibt sich, dali das erste Glied der
rechten Seite fast iiberall in [a, b] gegen O konvergiert, wenn n— oc. Um
(3) zu beweisen reicht es also hin zu zeigen, da8 das zweite Glied auch gegen
0 konvergiert, fast iiberall in {a, b].

Hierzu geniigt es aber zu zeigen, da% die Reihe

@ 1 an

< (1) R
© 2 2 Al r
n= oit o=l )
in [a, b6 faét iiberall konvergiert. Da AP~ k4 1), gewinnen wir durch lied-
g g
weise Integration

b
on

) i/m N A(,‘Z I?J[s,,(x)—~s,,,1,(x)]'2dx:

n=1 Agn ,,_on-1,4

on

Z e S @ DT @b+

Cp=an-1py

Wir betrachten die folgende Abschétzung:

1 2! n -
znn Z (2 ~-/V'-i—'l) l(a,nl 1+ +a )—

p=0R— 1+1
on N

(a)n Te1 ) + - +a’“) e Z (2” v + 1)“--1 =

= 71111

1 an- 1

(avn Tn + +a>'l) 2" 4_, > K 1—0(1)(‘1’” 1y -+ +a7")

. k=1

Daraus ergibt 51ch auf Grund von (5)

b
foe) on

N’ S AT [5,(X) S ,(x)]'zdxéM S ai< o,
P A(ﬂ 21, 2 . )

nog—on—lyy

a

und so folgt mit Anwendunﬁ des B. Levischen Satzes, daB dle Reihe (4) in
[a, b] fast iiberall konvergiert.
‘Damit haben wir unseren Satz vollstindig bewiesen.

(Eingegangen am 10. Februar 1955)
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‘On abelian groups
whose subgroups are endomorphic images.

By L. FUCHS in Budapest, A. KERTESZ and T. SZELE in Debrecen.

To Professor Lisslo Kalmdar on his 50th birthday.

§ 1. Introduction. '

‘In a previous paper') [4] we have stated the prob]em of determining
all abelian groups G with

Property P. Every subgroup of G is an endomorphic image of G.

In paper [4] we have made the first step towards the solution of this
problem by determining all abelian groups in which every finitely generated
subgroup is an endomorphic image. A further progress was made by E. SasiaDA
[6] who has considered the same problem replacing the term “finitely gener-
ated“ by “countable®. Now, the present paper has for its aim to give the
complete solution of the general problem. We shall arrive at the solution by
making extensive use of the methods elaborated in [1], [2], [3], [8] and of the
results contained in these papers. However, the present paper may be read
also without being acquainted with the cited papers.

We state also the dual of our present problem: to find all abelian
groups G every factor group of which is isomorphic to some subgroup of
G. Here we omit this dual problem but we intend to dlSCLlSS it on another
occasion.

The solution of our present problem is almost trivial for torsion free
groups. In fact, it is easy to see that such a group G has property P if and
only if it contains a direct summand?) which is the direct sum of infinite
cyclic groups in number equal to the rank of G (see [6]); hence a torsion
- free group possesses “rarely“ the property P. On the other hand, the solu-
tion of the stated problem for torsion or mixed groups is far from being

1) Numbers in brackets refer to the Bibliography given at the end of this paper.
2) Thé group operation will be written as addition.
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trivial. This assertion is justified by the fact that we need a number of deep
results from the structure theory of these groups. Of fundamental importance
are in our investigations the basic subgroups of abelian p-groups, discovered
by L. Kurikov [5], as well as two recent results on basic subgroups accord-
ing to which a basic subgroup B of an abelian p-group G is always an
endomorphic image of G, resp. a direct sum of cyclic groups is a homo-
" morphic image of G if and only if it is a homomorphic image of B too ([3],
[8]). Without the concept of basic subgroups it seems to be impossible to
characterize all torsion and mixed groups with property P, so that also our
investigations show how important a structure invariant is the basic subgroup
in abelian p-groups. Some methods and results of [2] have also applications
in our discussions.

Considering that a torsion group is of property P if and only if every
primary component of it has the same property, the investigation of torsion
groups may be reduced immediately to p-groups. The solution leads in this
case to an interesting result. Namely, it will turn out that a p-group G is of
property P if and only if its final rank equals the final rank of its basic
subgroup ‘B, the “final rank“ being defined as the minimal cardinal number -
among the ranks of -G, pG; p*G, .... Thus the sought criterion is merely the
equality of two cardinal invariants of G (for which the sign = is true in
every p-group), and therefore the -possession of property P has no deep
effect on the structure of the group; consequently, a great variety of p-groups
has property P. In particular, a countable p-group almost always is of prop-
erty P, the only exceptions are the direct sums of a bounded group and of
~one or more groups of type p®. Hence it results that every countable p-group
is a homomorphic image of any countable unbounded p-group G of prop-
erty P. More generally, if G is an arbitrary p-group of property P, then
every p-group whose power does not exceed the final rank of G, is a homo- -
morphic image of G. This statement will be a simple consequence of the
fact that a p-group G is of property P if and only if B~G where B is a
basic subgroup G.%)

In case G is a mixed group of property P, in investigating the struc-
ture of G a great role is played by the torsion subgroup T of G and by
the factor group G/7, the latter being a torsion free group. It is worth while
noticing that a sufficient condition for G being of property P is that both T
and G/T have property P.*) However, this condition is not necessary: it is

) Since we have always G ~ B, therefore each p-group G of property P which is
no direct sum of cyclic groups yields a pair of groups, namely G and B, such that G~ B’
and B~ G, but G and B are not isomorphic.- ) _
4) Of course, a necessary and sufficient condition for G/T to have property P is
that G/T contain a direct summand of the form X C(oo), and this requirement is equi-

- v
valent to the same requirement on G in place of G/T. (v is the torsion free rank of G.)
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enough to know only of those primary components of 7 that they have prop-
erty P whose final ranks exceed the torsion free rank of G. Although this
result seems to be rather natural in view of the results on torsion and tor-
sion free groups, its proof is not easy at all, since it needs certain rather
deep results on mixed groups.

We may mention an interesting consequence of our results. We may
ask for all abelian groups G with

Property P'. Every subgroup, which is a dzreci sum of cyclic groups in
G, is an endomorphic image of G.

Evidently, a group G with property P has also property P’. Now our
results will imply that the converse is also true and so, for an abelian group,
the properties P and P’ are equivalent.

§ 2. Preliminaries.

By a group ‘we shall mean throughout an additive abelian group with
more than one element. Groups will be denoted by Latin capitals, their ele-
ments by the letters x,a,...,g, while i, j, k, m, n will mean as usual rational
integers, in particular, p a prime and the sequénce p,,ps, ps, ... the set of
all rational primes. Small Gothic types such as m;, p, t denote cardinal numbers.

By O(a) we denote the order of a group element a. For a subset S of
a group G,{S} and |S| will denote the subgroup generated by S and the
«cardinality of S, respectively. The sign ” - is used to denote (besides group
coperation) direct sum and, for a cardinal number m, .

M

m

means the (dlscrete) direct sum of m 1somorphlc copies of the given group M.

A group every element of which is of finite order is called a torsion
group. In the contrary case, namely if every element is of infinite order, the
group is said to be forsion free. A group which is neither a torsion group
nor torsion free is ‘a mixed group. In a mixed group G the elements of
finite order form a subgroup 7 called the torsion subgroup of G. A torsion -
group is the direct sum of its uniquely determined primary components,'
these being p-groups, i.e. groups in which the orders of the elements are
powers of a fixed prime p. If the torsion group 7 contains an element of a
~maximal order, then it is a bounded group, otherwise unbounded. A p-group
H is called p*-bounded .if it contains an element of order p but it contains
- no element of order p*+!,

The cyclic group of order s will' be denoted by C(s) for 1 <s=oe,
while C(p®) serves to denote the quasicyclic group (i. e. the group of type
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p®), the latter being isomorphic to the additive group of all rational num-
bers with p-power denominators, reduced modulo 1 (p a.fixed prime).
We shall denote by A, the direct sum of p groups, each isomorphic to

the direct sum of cyclic groups of order p,p* ... respectively, i. e.
) ‘ A= A4y(p) = 2 2 C(P)-

An arbitrary subset S={(a,) of a group G such that 0¢S is said to
bg independent if for any finite subset a,,...,a, of S a relation

na, 4 ---+ma.,=0  (n; rational integers)

implies n,a,="--- =ma, =0, i.e. ;=0 in case O(a;))=cc and O(a)|n:
in case Of(a;) is finite. By the rank of G, denoted by
() rank (G),

we mean the cardinality of a maximal independent system in G containing
but elements of infinite and/or prime-power order. (2) is an invariant of G
and it is easy to see that it is equal to |G| unless (2) is finite. By the forsion -
free rank of G we shall mean the cardinality of a maximal independent sys-
tem, containing but elements of infinite order, in G. This is again an invari-
ant of G, being equal to rank (G/T) where T is the torsion subgroup of G.

If G is a p-group, then the monotone decreasing sequence of cardinals,

rank (G) = rank (pG) = --- = rank (p" G) = - --

arrives (after a finite number of steps) at a minimal value, say, rank (p" G}
which we shall call the final rank of G and denote by

min rank (p* G).

In the remaining part of this section let G denote an arbitrary abelian
group containing elements of order p with a fixed prime p. We shall say that
H is a p*-regular subgroup of G if H is a p*-bounded p-group and for each
a ¢ H we have ‘ '

. pk H
ae D @' A
In {7] one of us has proved that a p*-regular subgroup H of an arbitrary
abelian group G is a direct summand of G if and only if

3) HNp*G=0>)
This result implies the existence of a maximal p*-regular direct summand of

any group G (having such a summand at all), since p*-regularity and pro-
perty (3) of a subgroup H are of inductive character. Applying this to

) Hence it follows easily that the p*-regular groups coincide with the groups X C(p*)
m

“where n is an arbitrary cardinal number,
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k=1,2,..., we obtain successively G=B,+D,=B,+B,+D,=
(4) G:Bl+82+"'+8m+Dm

where B is a maximal p*-regular direct summand of D;_; (or B,=0) (we
have put G=D,). Thus we get a subgroup of G,

®) B=B,+B,+---+B,4 -

which is a direct sum of cyclic p-groups, since B,= > C(p"), and is by de-
finition a maximal subgroup of G such that it is a "partial-wise* direct
summand of G in the sense that the "partial sums*“. B,+ B,+--- - B,, are
maximal p"-bounded direct summands of G. We emphasize that D,, in (4)

" has the property that d € D.,, O(d)=p imply d € p"D,,.

Any subgroup B of G with the above properties is called a bas:c sub-
group of the p-primary component 7, of the torsion subgroup T of G, or
briefly, a p-basic subgroup of G. 1t is not hard to show that any two p-basic
subgroups of (G are isomorphic (see e. g [8)). In case G is a p-group, then
its basic subgroup B can alternatively be defined by the following three prop-
erties: B is a direct sum of cyclic groups, it is a serving®) subgroup of G,
and the factor group G/B is a direct sum of groups C(p®). ‘

As we have mentioned in § 1, in our following investigations an im-
portant role is played by the basic subgroups. In particular, we shall often
make use of the following two lemmas: ' ’

Lemma 1. A basic subgroup B of an abelian p-group G is a homomor-
phic image of G.

Lemma 2. If a direct sum of cyclic groups is a homomorphic image
of an abelian p-group G, then the same direct sum is a homomorphic image
of any basic subgroup B of G.

For the proofs of these lemmas we refer to [8] (see also [3]).
In the description of the structure of mixed groups with property P we
shall need the following results.

Lemma 3. If the torsion subgroup T of an abelian mixed group G is
the direct sum of cyclic groups, then G has a decomposition G =G+ G, such
that G, is a torsion group and |G,|= max (v, N,) where v is the torsion free '
rank of G.

Lemm a 4. Each mixed abelian group G has a decomposition: G == G,+ G,
where G, is a torsion group whose p;-components are bounded and G, is a mixed
group such that, for each prime p;, the p;-component of the torsion subgroup of

%) H is a serving subgroup of G if for each a€ H, the solvabmty of an equation
nx==a in G implies its solvability in H.

A6
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G, has a rank not greater than any prescribed cardinal number m; which is =
max (p:;, 1, No) Where p; is the final rank of the p;-component of the torsion
subgroup of G and v is the forsion free rank of G.

Lemma 3 is a special case of Corollary in [2], p. 304; while Lemma 4
is an equivalent form of Lemma 3 of paper [2].
§ 3. The torsion groups with property P.

In this section we investigate the groups with property P and r==0, "
i. e. the torsion groups of property P. Obviously, such a group possesses

- property P if and only if every primary component of the group possesses

this property, so that there is no restriction in considering only p-groups G.
B will denote a basic subgroup of G.
Our ‘main result on p-groups is contained in

Theorem 1. For an abelian p-group G the following statements are
equivalent: ' :
«) G is a group with property P;
B) the fmal rank of G is equal to that of a basic subgroup B of G
(6) : mm rank (p" G) = mm rank (p" B)

v) G is a homomorphic image of B
Before proving this result, fet us consider some corollaries of this theorem.

Corollary 1. An abelian p-group G possesses property P zf and only
if every subgroup of G is a homomorphic image of B.

Indeed, property P of G implies by y) that B~G~H for any sub-
group H of G. The converse follows at once ‘from the homomorphism G~B
(see Lemma 2).

Corollary 2. An abelian p-group G of infinite final rank has property
P if and only if any abelian p-group K satisfying

) » ' (K| = mm rank (p" G)

_is a homomorphic image of G.

For, if G has property P, then by #) we have B~K, B being the
direct sum of cyclic groups, and therefore G~ B implies G~ K. Conversely,
if for each K satisfying (7) we have G~K, then, in particular, each sub-
group of G is a homomorphic image of G.

Corollary 3. A bounded p-group has propefty P.

This is obvious in view of Theorem 1.
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Corollary 4. A countable abelian p-group fails to have property P if
and only if it is the direct sum of a nonvoid set of groups C(p®) and of a bound-
ed p-group.

In fact, it is evident that a p-group

(8) ' G'=N+ZC(p°°) ' (m>0)

hiis

with a bounded subgroup N can not have property P. On the other hand,
_if a countable- p-group G is not of the form. (8), then either G is bounded
(see Corollary 3) or the basic subgroup of G is . unbounded In" both cases
G has property P.

Proof of Theorem I.

«) implies #). Denoting by m the final rank of G, «) ensures the
existence of a homomorphism

G~ Ci= ZC(p'") - (n a fixed integer),

so that by Lemma 2 we conclude B~ C, whence mm rank (p"B) = m. The
sign = being true here for each group G, we arrrve at B).

B) implies ). Supposing g), let us consider the representation (4) of G
for a natural integer m satisfying

rank (p" Dy) = m = mm rank (p* G)

‘Since each element of order p of D, belongs to pD.,., and since the ‘rank
of a p-group can alternatively be defined as the cardinality of a maximal
independent set of elements of order pin the -group, it follows

(9). : rank D,, = rank (p™ D,,) = .

On the other hand, representation (5) of B shows that for the group
F‘m = Bm-{—] + Bm+2 + --+ we have

(10) : m = rank (p™ B) = rank (p™ F\,) = rank F,.

F.. being a direct sum of cyclic groups, (9) and (10) imply F, ~ D, and
hence we obtain B=B,+ -+ +Bn+ Fu~ B4 --- 4+ B+ D,,= G, as stated..

y) implies ‘«). Let G be a p-gtoup with B~ G and H a subgroup of
G. Then we have B’~ H for a suitable subgroup B’ of B. But B being the
direct sum of cyclic groups, a homomorphism B~ B’ exists, so that G~ B
(Lemma 1) implies G~ B~ B ~H, i.e. G is a group with property P.
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§ 4. The mixed groups with property P.

In this section we suppose that the torsion free rank v of the group G
under consideration is greater than 0. Qur main purpose is to prove

Theorem 2. An abelian group G of torsion free rank v >0 possesses
property P if and only if
_ (i) in case v <N, the group G is of the form
) G=T+2, > C(0)

where T is a torsion crroup with property P (covered by Theorem 1);
(ii) in case v = N, the group G contains a direct summand

(12) 2 C(>=)

and in z‘lze torsion subgroup T of G each primary component T; of final rank
>t is a pi-group with property P.

. First, let us mentlon the following two 1mmed1ate corollaries.

Corollary 5. For a torsion free group G we have the trivial result.
that G has property P if and only if G is either a direct sum of a finite
number .of infinite cyclic groups or has a direct summand of type

Z C(oe).

i

Corollary 6. A necessary and sufficient condzz‘zon for a countable.
mixed group G to have properfy P is that it can be represented either in the
Sorm (11) with a finite v and with a forsion group T of property P (coverea’
by Corollary 4), or in the form

G= U+> C(e)

with an arbitrary countable abelian group U.

Proof of Theorem 2. Let us first consider the case Ny >rvr=r.
Now a group G in (11) surely possesses property P, for any subgroup of
G is the direct sum of a subgroup of 7 and of a direct sum of groups
C(c0) in number =r.

Assume, conversely, that G (with torsion free rank r< \'0) has property
P. Choose in G an independent system of elements g;,..., g, of infinite
order. By property P, there exists a homomorphism # mapping G onto its
subgroup {g}+---+1{g). If g} is an arbitrary inverse image of g; under
n (i=1,...,r) and T is the kernel of 7, then obviously

G=T+{gi}+ - +{g}.
r being the torsion free rank of G, T does not contain elements of infinite -
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order, i.e., T coincides with the torsion subgroup of G. In order to show
that T has property P, take an arbitrary subgroup 7 of 7. By property P
of G, there exists a homomorphism %" of G onto . 7"+ {gi}+---+{g/}. If
g/ is an inverse image of g; under % (i=1,...,r) and K is the set of all
elements of G sent into 77 by 7, then we get

G—K+{g'}+-+1e’}.

As before, we conclude K==T showing that ;" induces a homomorphism of
T onto 7', i.e. T is a group of property P, indeed.

Turning our attention to the case v = N,, suppose G has property P.
As before we can see that G contains a direct summand (12). Assume 7;
is a pi-primary component of the torsion subgroup T of G such that

(13) ' P = min rank (p} 7)) > r.

- We show that 7; has property P ,
For this purpose let us consider a suboroup A of T such that

A=A, (p) (see (1)), and let T; be the image of 7; under some fixed

homomorphism 7: G~ A. If we shall have proved the inequality -

(14) ' rank (p: T?) = p; (n=1,2,...),

then we shall be ready, for this ensures that A is’a homomorphic image of
T (since 77 is — as a subgroup of A — itself the direct sum of cyclic.
groups), and T;~ Ti~ A implies, owing to Lemma 2, B; ~ A where B; is
a basic subgroup of 7;; finally, hence we obtain that the final ranks of B;
and 7; are equal, i.e. 7; has property P (cf. Theorem 1).

Now, in order to establish (14), take into account that # induces a homo-
morphism 1, : pi G~ pi' A. Under 7, the whole torsion subgroup p}'T of pi'G
is mapped upon piT; (n=1,2,...), considering that 7 maps 7; upon T7;
and all other pnmary components of 7 upon 0. Hence 7, maps a coset of
pi G modulo p; T upon a coset of pi A modulo piT;. Since the cardinality
of the cosets of pi G modulo p; T clearly equals r, therefore the image of
pi G under 7, must be of power =rv-|p/Ti|. On the other hand, this image
pi A has, by the definition of A, the power p;, consequently,

pi=r|piT ’
whence by (13) we obtain (14), in fact. :

To complete the proof of Theorem 2, it remains to prove the suffxcnency
of the condition in case (ii). Assume the group G has a rank 1 = N,, contains
a direct summand G, of the form (12) and each primary component 7; of
its torsion subgroup 7 which has a final rank p; >1v is a pi-group of pro-

perty P. Put G=G"+4 G, where TE G and apply Lemma 4 to. G’ wnth
m; = max (p;, ) to obtain

(15) GZGl+Gz+Ga
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where G, is a torsion group with bounded p-components, G, has the property
that the pi-components of its torsion subgroup are of rank =m; and

G3=;7 C(=).

If H is an arbitrarily given subgroup of G, then its torsion free rank
8 is evidently =r and, for every primé p;, the final rank of the p;-component
U: of its torsion subgroup U is clearly =p;,. Now apply again Lemma 4
with the same m;=max (p;,r) to get a decomposition

(16) : _ H=H+H,

where H, is a torsion group with bounded p;-components and the p;-compo-
nents U of the torsion subgroup U’ of H, are of rank = m;. This property
‘of H, does not alter if we separate from H, those of its p,-components whose
rank does not exceed m; as well as those cyclic direct summands of the
other p,-components (H, is a direct sum of cyclic groups!) whose order
pr satisfies- rank (pi U;) =, and incorporate all these subgroups of A, into
H,. Then, denoting again by H, and H, the arising groups, H, becomes

~ isomorphic to some subgroup of G, and hence G, ~ H,. Therefore, it suffices
to establish the existence of a homomorphism G,+ G;~ H,. But H, is a
homomorphic image of the group

a7 St 3 Anm)

(the asterisk indicates that the summation is extended only over those primes
p: for which r < p;); in fact, each subgroup of G the p;~components of whose
torsion subgroup are of rank = max (r, p;) has a.generator system containing
at most v elements of infinite order and at most max (v, p;) elements whose
order is a power of p;, for each i. Thus it will be enough to show that (17)
is a homomorphic image of G,-+ G,, or more simply, that '
M= Z* APg(pi)
TPy

is a homomorphic image of G,.

By hypothesis, any 7; with final rank p;,>1r has property P, i. e a
‘basic subgroup .of 7; has the same final rank p;. Since on account of (15)
the final ranks of the p-components of the torsion subgroups of G and G,
as well as the final ranks of the respective basic subgroups are the same,
we infer that the pi-components T; of the torsion subgroup 7" of G, must
have properly P for each i with p; >, i.e. for these i we have

T;/QigApi
for some subgroup Q; of T:. Let
Q= 2"Q+ 2T

P>t Py
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then
TR 2 A,
1\pL
~is the torsion subgroup of Gq/Q Now 77/Q being the direct sum of cyclic
- groups, we may apply Lemma 3 to the group G,/Q and then obtain

G,/Q=X/Q+Y/Q
where X/Q is a subgroup of 7'/Q and hence again the direct sum of cyclic
groups, while Y/Q is of power =r. Consequently, the p;-components of
X/Q must have the final rank p; for the primes p; satisfying p; >v and thus
there exists a homomorphism X/Q~ M. Now X/Q is a direct summand of
G,/Q and therefore G,~ G,/Q ~ X/Q ~ M imply G,~M which completes
the proof of Theorem 2.

§ 5. The groups with property P’.

Having éolved the problem of characterizing all groups of property P
it is easy to get a complete solution of the problem of finding the. structure
of all abelian groups with property P. This problem is settled by the following

-Theorem 3. An arbitrary abelian group G has propertyi P if and
only if it has property P. Consequently, all groups with property P’ are covered
by Theorems 1 and 2.

1t suffices to verify that property P’ 1mp]1es property P.

An essential observation is that an arbitrary abelian group G contains
a subgroup H such that (i) H is the direct sum of cyclic groups, (ii)- the
torsion free rank of H is equal to the torsion free rank v of G; (iii) the
p-components T;, U, of the torsion subgroups 7, U of G and H respecti-
vely, satisfy: '
- (18) - rank (pi U,) = rank (p; T3) for all p, k,
unless the cardinal number on the right hand side is the finite final rank
>0 of 7; when the left hand side may vanish. In this exceptional case T:
is namely the direct sum of a bounded group and a finite number of groups
- C(p7), and it is clear that in all other cases the p-group 7; contains a
direct sum U; of cyclic p;-groups satisfying (18). Consequently, there exists-
_an H with properties (i)—(iii).

* Now assume that G possesses property P’. Then there exists an endo—
morphism G~ H where H is a group of the preceding paragraph. If the
“torsion free rank v is finite, then the final rank of 7 can not be a nonzero
‘integer, for then C(p:) + D) C(e0), if s is sufficiently large, can not be a homo-

¢

morphic image of G. Hence, in case of finite v, any subgroup F of G
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satisfies (ii) and (iii) with = 1n (18) (and with no exceptional case), and besides
G has the form G = T—i"é C(e0); consequently, F is a homomorphic

image of H. This shows that G has property P if its torsion free rank is
finite. : :

In case v > N,, each subgroup F of G satisfies-(ii) and (iii) with = in (18)
and therefore there exists again a homomorphism H~ F, q.e.d.

Bibliography.

[1] L. Fucss, A. Kertész and T. Szete, On a special kind of duality in group theory. I,
Acta Math. Acad. Sci. Hung., 4 (1953), 169—177.
[2] L. Fucns, On a special kind of duality in group theory. lI, Acta Math. Acad. Sci. Hung.,
4 (1953), 299—314.
[3] L. Fucus, On a property of basic subgroups Acta Math. Acad. Sci. Hung., 5 (1954),
' 143—144.
[4] A. Kerresz and T. Szeie, Abelian groups every finitely generated subgroup of which
is an endomorphic image, Acta Sci. Math. Szeged, 15 (1953), 70—76. _
[5] 1. 4. Kynuxos, K reopun abedesbix rpynn npou3BOAbHON MOUHOCTH, Mar.
CoopHuk, 16 (58) (1945), 129—162.
[6] E. Sasiaba, On abelian groups every countable subgroup of which is an endomorphic
~ image, Bull. Acad. Polonaise, Classe lll, 2 (1954), 359—362. )
[7] T. Szeie, On direct decomposition of abelian groups, Journal London Math. Soc., 28
: (1953), 247—250.
[8] T. SzeLe, On the basic subgroups of abelian p-groups, Acta Math. Acad. Sci. Hung,
' (1954), 129—141.

(Received Februdry 12, 1955)



89

Generalization of a theorem of Birkhoff ,
concerning maximal chains of a certain type of lattices.

By G. SZASZ in Szeged.;

To Professor L. Kalmidir on his 50th‘birthd(1y.

, Let L be any lattice and let @, b be any pair of its elements such that
a < b. Then the set of all elements x of L such that e =x=0bis a sublattice
of L and is called the closed interval [a, b]. If the inequalities a <x< b are
not satisfied by any x in L (i.e, if [a,b] consists only of the elements a
- and b), then we say “a is covered by b“ or b covers a“ and we write

a—<b or b>a. ' ' "
As usual, a finite chain

S Cra<a < <an (m finite)

of elements of L 1is called maximal (and of length m) if a;<ain
(i=0,1,...,m—1). But in this paper we shall use the term “maximal* also
for chains of infinite length in the following generalized sense: A chain C of
some elements of the lattice L is callbd maximal if it is not a proper sub-
chain of any chain C’ in L. Clearly, for finite chains our generalized defi-
nition is equivalent to the usual one. By the length of an infinite maximal
chain we mean the set-theoretical power of the set of its elements.

The problem of this paper is an extension of one considered by DEDEKIND
[3, p, 397], BIRKHOFF [1, p. 66] and also previously by the author [4, p. 240].
We recall these results in a modified and somewhat generalized form.
' BIRKHOFF has shown, on basis of the investigations of DEDEKIND, the
following important theorem : '

Theorem 1. Let [a,b] .be any closed interval of a lattice in which
the assumptions are safisfied: » ‘
(A) x=y and x,y>u (x,y,u€la,b]) imply xoy>x,y,
(B)) all chains in [a,b] are finite.
Then '
(8) all maximal chains between a and b.have the same length.
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It is known [1, p. 100] that for lattices of finite length (A,) is equiva-
lent to -

(Ay) xay—<y implies x—<xuy- (x,y¢€]la,b]),

and for lattices of infinite length it is a consequence of (A,). Since, by (B)),
the interval [a,b] is a sublattice of finite length in L, it follows that in
Theorem 1, (A;) may be replaced by (A.). _

. Two years ago, the author has shown in his above-mentioned paper
that in addition to (A,) it suffices to assume the following condition which
is considerably weaker than (B,):

(B.) there exists a finite maximal chain between a and b.

- In fact, the author has proved

Theorem 2. If a closed interval [a, b] of a lattice L satisfies (A,) and
(B.), then the length of any chain between a and b does not exceed the length
of the finite maximal chain of (B,). :

Consequently, statement (S) also holds in [a, b].

Now, our purpose is to discuss the maximal chains of such intervals
[a, b] of a lattice L.in which (B.) is not satisfied (i. e., in which all maximal
chains between a and b are of infinite length). Since for lattices of finite
length the property (A,) defines the semi-modularity, one would expect that
replacing (A,) by the general condition of semi-modularity [2, p. 204], (S)
remains valid even without (B,). However, this conjecture does not turn out
to be right. We prove the following, somewhat surprising theorem:

Theorem 3. Statement (S) of Theorem 1 is indép'endent (not onlj) of
the semi-modularity but also) of the distributivity of the sublattice [a, b)].

Proof. Since (S) obviously does- not imply the distributivity of [a, 8],
it suffices to i:onstruct a distributive lattice, naturally of infinite length, in
which (8) is not satisfied. For this purpose consider the set H of all couples
(x1, X,) in which x; resp. x, runs over all real resp. all rational numbers in
the closed interval [0, 1], and define a partial ordering in H as follows:

(X, X)= (1, ¥) if and only if X, =y, X, =».
Consequently, : : , .
(x;, ;)= (3, y,) ifandonlyif x, =y, x,=7y.
By this partial ordering H is made into a lattice which obviously satisfies
the distributive laws. Let now @ be the equivalence relation on H defined
as follows:
(X1, X2) = (1, )

(X0, x)=(y1, J’_)) (mod ©) means or x;=7y,=1.
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Then clearly (x,, x2)=(x1, x2), (31, )=, ¥5) (mod O) imply (x,, X2} o (31, Po)=
=(x1, x}) ()1, ¥}) (mod O®) and similarly for u; that is, @ is a congruence
relation on H. This means, that the set L of all residue classes (x;, xs)
mod @ forms again a distributive lattice ; the greatest element of L is the residue
class (x;, 1) (0=x,=1) and the least element of L is the residue class
(0,0). It is now easily shown that (S) does not hold in L. For, the chain

©, x)) (0O=x,=1; x, rational)

is a'maximal one between (0, 0) and (x1, 1) and it is countable, however the
chain consisting of the elements

(xl,O) O=x=1,

and .
(1 X;). (Oéxqé 1, x, rational)

is again a maximal one between the same elements of L, but is uncountable
Thus our theorem is proved.
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On the solvability of systems of linear inequalities.

By JANOS SURANYI in Budapest.

To Lis=zlé6 Kalmdr on his fiftieth birthday.

Introduction.

1. In what follows we shall "give some criteria for the solvability of
homogeneous and inhomogeneous systems of linear inequalities of the form?)

) () =aaxiFapxa+ - aux, =0 ((=1,2,...,m)
and . '
(2) L[(X)E[[(X)—}—b,‘=af1X1+aiQXQ+---—{—a,'nx,l—}—b;;O (i——=1,2,...,m),

respectively. By a solution of the systems (2) we mean any point.
£=(,,5,..., &) in the n-dimensional Euclidean space satisfying Li(§) =0
for i=1,2,..., m. In the case of system (1), however, we require of a solu-
tion & to satisfy not only L(E)=0 for i=1,2,...,m but also for some
J (1 =j = m) the strict inequality /;(§) > 0.

The problem of homogeneous systems can immediately be reduced to
that of inhomogeneous systems. In fact, the requirement that at least one of
the linear forms /;(x) should be positive, is equivalent to the inequality

w

D(x) > 0.

1=1
Owing to the homogeneity of the forms /;(x), the last inequality can be re-
placed as to solvability by the inhomogeneous one

. .
[,,,+1 (X) == \‘ 1,’()() —=ami1,1 X1 + 12 Xo + t + ity Xn = 1 s
=1 .

where ' : .
iy, =k + Qo + Tt + Qy; (k = 1, 2, ey n).
Now, setting : ' '

Lix)=li(x) for i=1,2,...,m; Lia(X)=lin(x)—1,

1) All the numbers of this paper are assumed to be real numbers.
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the solvability of the system (1) is equwalent to the solvability of the inho-
mogeneous system
(1%) A L;-’(x);O (i=1,2,.‘.,m+]).

2. In the present paper | shall give criteria for the solvability of sys-
tems of linear inequalities in terms of the coefficient-matrix. Qur results can
be easily obtained along the lines suggested by ‘the classical results and
" methods of the theory of linear equations. A criterion of this type was recently

found by L. M. BLUMENTHAL.?) He obtained his criterion (see theorem VI
below) .in terms of the symmetrical matrix consisting of the elements

¢ = Qudj+ aQpdp - A Qi Qjn (i,j; 1,2,...,m);
as to his methods, he emphasized their metrical character.

Starting from BLUMENTHAL’s preliminary note I have proved?®) BLUMEN-
THAL’S theorem by means of the notion of linear independence, i. e. by usihg
affine methods only. The methods used in my paper also furnished some
further criteria (theorems I and II) in terms of the original matrix (@i)mn, a
fact that seems to underline the adequacy of these methods.

Theorem Il was found independently by S. N. CERNIKOV*). The basic
geometrical idea of his proof is similar to mine, but the elaboration runs
along different lines. Therefore, we publish here our former proof in a sim-
plified form, but first we shall give another demonstration by induction.

3. Let us denote thé rank of the matrix

an Qe ... a1
. A: a2 Qa> ... Ay
Q1 A2+ . . Aun

by r. For the solvability (in the above sense) of the system (1), resp. (2), the
fo]lowmg criteria hold.

) L. M. BrumentHat, Two existence-theorems for systems of linear inequalities, Pacific
Journal of Math., 2 (1952), 523—530. Preliminary mnote: Abstract 286¢ in Bulletin of the
Amer. Math. Soc., 58 (1952), 380. — Tn. Motzkw, Beitriige zur Theorie der linearen Un-
gleichungen, Dissertation, Basel, 1936, dealing with various problems concerning linear -
inequalities, gave also criteria for the solvability, which seem, as the reviews of his paper
show, to be analogous to our theorem 1. His thesis was not accessible for me.

3) The new proof of BLumENnTHAL'S theorem was first presented in the seminary of
P. TurAn, August 1952, A form completed with new criteria was read at the ,Bolyai Janos
Mathematical Society“, January 31, 1953. See Matematikai Lapok, 4 (1953), 196, and pub-
lished in Hungarian: Egyenldtlenségrendszerek megoldhatésagarol, Az Edtvos Lordnd Tudo-
mdnyegyetem Természettudomdnyi Kardnak Evkonyve (Annals of the University. Edtvos
Lordnd in Budapest, Faculty of Nat. Sci.), 1952/53, pp. 19—25.

3) C. H. Yepunros, Cuctem AuHeiinelx HepaBeHcTB, Ycuexu MaTtem. Hayk, 8
. (1953), fasc. 2, pp. 8—73. See esp. pp. 17—29,
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Theorem 1. System (1) is solvable if and only if 2r—1 subscripts

i, s, ... 01, ki, ks, ..., k. can be found so that the determinants
Qi - ik,

) dj= @ _x, a:, Ve s e Qi ik (=12....m)
Ajx, ajr., o . Gk,

are either all non-negative, or all non-positive, but not all 0.

Theorem Il. System (2) is solvable if and only if 2r subscripts

iy lyy oo by Ky Koy ..o, ke can be found so that
Qi kg Qigiy - -« Ay,
Qi Aiyrey - - o Qigk
@ A= |k B0
iy Qivkey - -« Aiy1ey
and, for j=1,2,...,m,
@ik, Qipy - - - i, b,
Qi Qigr, - @ik, bi2
D; 1
. A iy, ik, - - 2 Qiry b;,.
aﬂ"x aj’" . afkr b]

By making use of our remark in 1 we can deduce Theorem I immediately
from Theorem II. Indeed, let us assume that Theorem II is already proved.
We shall see that, if system (1) — and so also system (1*) — is solvable,
then the subscript i, occurring in Theorem II may be chosen equal tom 1.
Indeed, one of the subscripts i, i, ..., I, is equal to m-1, for in the oppo-
site case we should have

Qi k, air, e 'ail,;, 0
Dm+1 - _]_ ’ : : : ’ : —_ 1
A 41, Qi . ik, o|—
Ay, ky am+l, Fr oo Aoyt ik, — 1

contrary to the requirements of Theorem II. Hence we may suppose m +1=i,,
because a permutation of the subscripts  has. the same effect on the sign of-
4 and that of the D;’s.

- Now, if i,=m+1, then- we have by (5)

Qi r, air, - Qi i, 0

ik Gk --- QG _x O|

D 1
Y

NN
v
o

am+1, ky am+l,l:z DRI am«}—l, Lr '—1

Ajr;, A, s oo Ak, 0
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for j==1,2,...,m. Thus the conditions of Theorem [ are also preved to be
necessary. - ’

Suppose now that the conditions of Theorem I are fulfilled, i. e.-all the
determinants 4; (1 =i = m) different from O have the same sign, and some
of them does not vanish. Since these determinants differ from each other but
in their last row,.we have

a‘.lr"x ail Ky .. a;l,;,_
m .
0> 4— - -,
. :%:% ¢ (1,}_11:l a”,_ll"ﬁ RN a,»r_l,.,r
Qi 1y am-{»—l; Ty o o Qumtl, By
Furthermore . |
. ai r i, i e Qi 0
Ai k. Qi ce. Gy, 1k iy Frp 1.
Z]j-—‘_—‘ o . air_ll:l afr—lka A air;]lfr 0 :Di
a; 17:1 a; 11:2 .. Qg 1’-" . ) )
. r— r—1"2 r— Qg ), 1y Aty By« + o Qs iy —1
A, Ajr, R ,
1 Iy ik ajl-'l _ajk2 e ajkr 0
for j=1,2,...,m, whence .
Di_ 4,
A 4 =

by the hypotheses of Theorem I. Thus the conditions of Theorem II hold
true for the system (1*) with the row-subscripts iy, i, ..., -1, m+4 1. This
means that system (1*), and so also system (1), is solvable.

In accordance with what has been said, we may restrict ourselves to
the proof of Theorem II.

First proof, by induction on r.

4. If r=0, i. e. all the coefficients_ vanish, then 4=1 and the condi- '
tions of Theorem Il reduce to 4;=0 (j=1,2,..., m), which are in fact
necessary and sufficient in this case. : :

"a) Suppose now that r >0 and the theorem is already proved for sys-
tems with coefficient-matrices of rank r—1. ’

Let us assume first that the system (2) is solvable and & is one of its
solutions. Then we can find also a solution for which some of the linear
forms L;(x) vanish, but not identically. Indeed, if this is not the case for the
original & then supposing a;, is a non-vanishing coefficient, we diminish
or augment the value of x;, according as a;, is positive, or negative, until
one of the linear forms vanishes. This happens for x,, =§&;, say. Put &=
=&, &%, 8oy & Bty 0, &), 1 we have e. g L (E) =0, then, express-
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ing &,, and substituting it into the other linear forms, we find that >the
system :

. oy . . o
Lf(y) = |ay— ——Qix, Vit + i pp-y— ———— —en i | Vi1 +
(2') ail Iy aqll
a; I+l a;
+ ((1,‘,} k1T —hr 1’1) Vi + + (am - _Lal“) y“+b —— a!’ = O
Qi 1, Qi atnh

(i=1,2,...,m) admits the solution
(6) (gl) g?; “ey gl.'l-l; EI.',—H, RS En)-

Since the coefficient-matrix of (2) has obviously the rank r—1, hence by
the induction hypothesis we can find subscripts &,..., 4, k., ..., k- for which

A, 1, Qi k,
Aiyre inky Qi — ai,r,
. . ailkl ai,l, :
, r_ 4
i ky L ky )
air/ al,«]l . ai,J,« - irky
ik iy kg
and
iy h ai.’vr i
Ay, — — iy Aiyiey— iky Oiy— —— ik,
vk ailkg iy ky
= — B e iy =
A’ ANV Qippey—— Qipiey + oo Qipiy— Qi bi— Qi | —
2 (B . L
. iy ky ik ailkl
ai,i i b;
g ke _Th
aJ’f2~— Qa: a.?"l aﬂ"r Ky b./ a”l
g ik a’:lkl
for j=1,2,.

But the determmants 4" and D; in (4) and (5) are equal to aj}, times
the determinants 4 and Dj in (4) and (5), respectively, and so the necessity
of our conditions has been proved.

_ b) Assuming again the theorem proved for r—1, suppose the condi-
tions (4) and (5) are fulfilled for a system (2) of rank r (r > 0). Ife. g. a;»,==0,

then the conditions (4), (5") also hold, and so the system (2) of rank r—1
admits a solution of the form (6). Let us choose -

Aik-1 e a,-,;..,+1 " Ain £ bi,

T €
Sy T T T ST T Gyl T T Sk T T TG o,
Qi iy ai,r, Aiyie, Qi aix,

then for §=(§,;..., &, - 1,~:1,E;,+1, ..., &) we have L, (§)=0, and the other
linear forms will assume the same value in the point§, as the. corresponding
linear form in the point (6). This completes the proof of the sufficiency of
the stated condition. '

5. The practical use of the criteria of theorems I and II can be facili-
tated by the following two remarks:
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Remark . If the conditions of Theorem I, resp. Theorem II, are satis-
fied for some r" <r, then the system (1) resp. the system (2) is solvable.

_Thus, e. g., if the non-vanishing coefficients of an unknown occurring
in system (1) are all of the same sign, respectively if none of the constants
b; in (2) is negative, then the corresponding system is solvable. )

To prove our remark, observe that if the conditions are satisfied with
the subscripts @, 6, ..., Lre1, Ky Koy ooy ke, TSP Ly loy oo, by Koy Koy ooy ke

. then the subsystems

Qi X, G+ et Qi Xy = 0 (l = 1, 2, ey m)
and '

Qi Xr, 4+ —}—ai;.-,.,x,,,.,—l-bi =0 - (l: 1, 2, ey ITI)
_ are solvable owing to Theorems | and I, respectively, and their solutions,
~ completed by values O for the further unknowns, furnish solutions for the
corresponding original system.

Even more useful is?)

Remark Il If the column vectors with subscripts ki, k., ..., k. in the
coefficient-matrix of rank r are linearly independent, then in looking for
deterininants satisfying the conditions of our theorems we may restrzct our-
selves to these columns with subscrlpts ki, kay .ol ke

Let us “denote by a,, a,...a,, b the column vectors; then the system's>
(1) and (2) may be written in the form

axax,t - +awx, >0,
resp.

ax+ax,+--+a,x.+~bh=0,

~ where uw=0 means that u is a vector without negative components in the
given coordinate system, and v> 0 means that v=0 and v has at least one
positive component.

By hypothesis, we have some vector equations

ai = Cr1ar, + C2ar, -+ -+ - + Crray, k=1,2,...,n).
Thus if & is a solution of system (1) or (2), then (0, m,..:, %) with
' No==C1o&1 4 C2o8+ - -~ —I—c,,gﬁ'n (e=12,...,01)
is a solution of the  system - '
‘ap ) -+ a,)s + - + al-'ryr > O!

a;,yl—}—a; y_+ —}-a; y,+b__0

respectwely Consequently, the conditions of the theorems must be satisfied
also for the columns in question, q. e. d.

or

) Cf. theorem IV of my paper quoted under 3), pp. 22—23, and the second note
to theorem 3 of the paper quoted under 4), pp. 27— 28

AT
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Second proof.

_ 6. Our Theorem If can be derived from the obvious inhomogeneous ana-
logue of H. MiNKOWSKI's®) classical result concerning homogeneous systems.
Although we restrict ourselves to Theorem II, we prove MINKOWSKI’S theorem '
for homogeneous systems too, because BLUMENTHAL’s result will be deduced
from this theorem. For the sake of completeness, we shall reproduce his
theorem together with the original proof. We shall employ the notations as
used above.

Theorem III (Minkowski). System (1) is solvable if and only if it
admits a solution & for which an independent system of r—1 linear forms

Ii‘(X), liﬂ(X), S, [;,,1(X)

exists, which vanishes at the point &.

‘ (This implies [;(§) >0 for every linear form [ independent from the
froms [, 1,...,,_,, for & has to be a solution of (1) in the sense given
in 1.) ' ' :

Theorem IV. System (2) is solvable if and only if it admits a.solu-
tion &, for which an independent system of linear forms

li, (%), L, (), - -, 4y (%)

‘ exists so that the corresponding mhomogeneous forms vanish:
| L(®=L,(E)==L,E=0.

Such a solution & will be called an extremal solution (‘“‘Gusserste
Losung” in the terminology of MINKOWSKI).

In the case of a homogeneous system, the geometrical meaning of the
theorem is as follows. Each inequality determines in n-dimensional Euclidean
space a closed half-space bounded by a hyperplane [n— 1-dimensional linear
manifold] through the origin. The solutions are the points common to all
the half-spaces, i. e. lie in a pyramid with its. vertex in the origin (for' r = n),
or in a “trough” with an “n-—r-dimensional edge”, through the origin. The
extremal solutions are the points of the n—r+ 1-dimensional boundary faces
of the pyramid or trough. In the case of an 1nhomogeneous system, the
situation is quite analogous.

_ In order to find an extremal solution, we approach, starting from an
arbitrary solution, to the boundary hyperplane of a half-space, until we reach
some boundary hyperplane. Then, remaining in this hyperplane, we approach
towards another, and so on, and thus we reach bbundary faces of lower and
lower dimensions. This argument shows the existence of an extremal solu-
tion. The following aloebranc proof rests on the same 1dea

%) H. Mixkowski, Geometrie der Zahlen, 2. Aufl. (Le1pzn 1910), pp. 39—45.
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7. The sufficiency of. the condition in Theorems IIl and IV is obvious.
Let us assume, conversely, that the system (1) admits a solution & We
<hoose a maximal linearly independent system .
A7) L (x), (%), ..., Li(x)
in -the set of all linear forms vanishing in the point & (If all the forms are -
* -positive in the point & then the set (7) is empty, s=0.)
Since for s—r all the linear forms would vanish in the point & hence
s cannot exceed the value r—1. For s=r—1 the solution & is already an
-extremal. solution, and the set (7) constitutes a desired set. -
In-case.s<.r—1, we choose a form [ (x). with ; (§)>0; L (x)is
clearly independent of the forms (7). Considering that s—|—1 <r, there exists
a further form /; (x) independent of / (x), fi,(x),...,4 (x) and, "conse-
.quently, different from 0 in the point & Proceeding-in thls way, we arrive at
a set of forms

(7) . l,-m (%), l:,~8+2(x), o 1 (%) .
which are all different from O in the point & (7) and (7’) form a maximal

independent system among the forms /i(x) (i=1,2,...,m). This implies that -
every [;(x) may be expressed in the form : :

l(x)—c,ll“(x)—lrc,ol )4+l (x) (i=12,...,m)
‘with approprlate constants c.. o

8. Let us consider the linear forms in #:

A;(t):c;,erlt—l—c}, s+gli,+9(§)—*— T —{—c,-,,‘l,-,(E) (l:‘— 1,2,.. .,ﬂl).
_For t_—_to:l;ﬂ"‘ (6) all these forms are positive, except those vanishing iden- -
tically. Since we have 4, (f)=1, at least one of these forms will diminish
-if we reduce the value of ¢, starting from the value #,. So proceeding until
one of them vanishes, we arrive at a value f=#¢, for which one of the
linear forms which were non-vanishing for £, will vanish; let one of these

be the form A, ().
In view of the linear independence of the set (7), (7), the system

lle,-l(x)_lh_,(x): c=1(x)=0, L, (x)=t, I, (=1 ,E),....Lx)=1E
is solvable. A solution'); of it is at the same time a solution of the system
- .of inequalities (1), since the inequalities /;(n) = 4; (t) =z0(@=12,..,m)
and £, (n)=1,(§) >0 hold. Since ;,(§) 5= 0,

. l’o(x)r I,I(X), l‘z(x): LN l,'S(X)' '
are linearly independent and all vanish in the'p'oint‘_ 7, thus the maximum
number of linearly independent forms among those vanishing in point # is

greater than the number of those vanishing in the point §. Repeating this pro-
cess a sufficient number of times, we obtain an extremal solution.
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For system (2) we may proceed just in the same way; here it is allow-
ed that all the forms L;(x) may .vanish, so that a solution required by
Theorem IV can also be found.

9, Theorem Il may be derived 1mmed1ately from Theorem IV. Let &
be an extremal solution of the system (2), :

Li(x), Li,(x), ..., Li,(x)
the corresponding linear forms, and 4 a maximal non-vanishing determinant

~ of their coefficient-matrix.
Let us put L(8)=T:, so that

T,=T,=--'=T,=0 and 7,20 forj=1,2,...,m
Since the system- of equations . o
GL1X1+(1,)X7+ +amxn T.—b; ‘ 4\

is solvable, thus bordering the determmant 4 (and using ‘the notahon adopted
in (5)) we obtain :

a'l;‘l aix’"z e a‘x’r —bin
Qiyr, Qi 0 Aoy, o —b;2
' _ — Tjd—D;=0,
iy, Qiry, 0 iy —b;,
G, iy o QG T—b;
.or
D,
— = T;=0.

" Thus the necessity of the conditions has been proved.
- If, conversely, the conditions (4) and ) hold then the system of
equations

| D . '
iy, X, —I— ity Xs + tee + Qi Xy == j _bi, . (l == ], 2, ey ITI)
is solvable. Denoting by (&, &,,...,&) a solution,
EZ(O: ceey 0) gln‘,; Oy cee) O; :EI.'Q; 0; ey O; gkr; O,.-.- .y O)

is a solution of system (2) too. In fact, we have

L =LE+b=2 ;o'

establishing the sufficiency of our conditions.
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Blumenthal’s criter_ioh.l

10. In order to prove BLUMENTHAL’s theorem, we need a simple con-
sequence of MiNkOWsKI’s Theorem 11 which has some interest in itself as well.

Theorem . V. System (1) is solvable, if and only if a maximal mde—
© pendent system of linear forms, '

L, (%), l,(x), ..., li(x)
exists such that in the relations _ ' _
(8) . L(x)y=cali,(x)+cal,(xX)4 - +cili{x) (=1,2,...,m)
the coefficiéﬁts cir of li,(x) are positive or-0, -
This condition is necessary. To see this we have only to choose an

~ extremal solution &, a corresponding independent system /;, (x), ,(x), . .., li,_. (%),
and a further form [, (x) independent of them. Thus, owing to

LE=1,E==1,_,=0, L(>0,
we have '

o 0= =cil,.(5),
and therefore, '

e

li(S).

‘C;,‘: [ (E) 20
If, on the other. hand, ¢;,, =0 for 1—1 '2,...,m then a solution & of
the system of equations, ‘ :
L)=l,x)="-=0,_1()=0, [ (x)=1

~ will also be a solution. of the system of inequalities (1), in view of the
inequalities

LE)=1(>0), ®=csli(®=crz=0 (=1,2,...,m).
11. In order to obtain a criterion in terms of the coefficients, we have

to do nothing else but to calculate the coefficients c¢; for each given i
(1=i=m) from the equation system arising from (8):

(9) ’ . ' ai‘kcq'l + azl_,I;Ci‘?. + T + A, ;;Ciyp == Qi . i (k: 1, 2, c vy ").

By a direct solution of the system (9), we arrive at theorem I .again. When,
however, we transform the system by using a procedure - applied to integral
inequalities by A. HAAR"), then we get BLUMENTHAL’s criterion concerning
the matnx _

(aij)mm with ¢ =anan + A2 + - + AinQjy.

7} A. Haar, Uber lineare Ungleichungen, these Acta, 2 (1923f24), 1—14.
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Theorem VL. System (1) is solvable if and only if for appropriate
subscripts i, i, ..., 1, : o

) Ciiy, Uiy .. Cl,'l[,.
(). _ (t,‘eil 665252 e Ctiz,', ~ 0,
((grgl Ct,',_.'2 oo Uy,

and substituting the last row by the corresponding elements of any row, the
resulting determinants are non-negative :

(cilil ‘ (é;l,',_, cee Wi,

Cigiy (L,‘l_,,;l cee Uiy -
o=|- - - -« - - - <=0 for i=12,...,m

C; 16 o; _1[_3 e (t,‘r_l ;r -

i, i, che @,

Indeed let us multiply the kth equahon of ) by a; . for-a glven 0o—
=1,2,...,r, and add the equations thus obtained; then we find that the
factors cu, €, ..., Cir satisfy the equations '

(10) . (t;l,'gy] + C(L'zigyg + s + a‘"igyr = ((L‘L'o (Q == 1, 2, PN r)..

Their matrix is identical with that of the quadratic form

» r r r "
‘g ZCC/ i UOU(T_Z y Za;o[ a; k”o”q—l_l (Z aLnkun) y

o=1 a_l k=1 o=1

which -is seen to be either posmve definite or semidefinite. However, _this
quadratic form must be definite, for in the opposite case the linear forms
L, (x), 1,(x), ..., I;,(x) would be dependent. Thus we get ¢ >0, and therefore
the system (10) admits a unique solution- which must c0mc1de with the
factors in question, in partlcular ,
0;

C[,~=(—)..
In view of 0 >0, and on account of Theorem V this completes the proof of
Theorem VI.

I am grateful to P. TURAN who kmdly drew my attention to the prob-
~lem of linear inequalities.

(Received February 5, 1955.)
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On the theory of quasi-unitary algebras.
By L. PUKANSZKY in Szeged. '

To Professor ‘L. Kalmdr on his 50th birthday.

1. Introduction. ]. DIXMIER has recently introduced the concept of
the quasi-unitary algebra, and developed various theorems clarifying its’
“structure, cf. [2]. This notion contains as special cases the unitary algebras
([6], [9]), and the group algebras of (not necessarily unimodular) locally
compact groups. Also the examples of factors given by ]. vON NEUMANN
in [8] can be interpreted from this point of view. It can be shown in virtue
of this circumstance, that while many properties of the unitary algebras can
be extended to the quasi-unitary case, the latter notion is more general also
in the respect that the corresponding left ring R’ need not be semi-firiite’),_
1. e. it can possess a nontrivial purely infinite component. This makes a
difficulty, in view of the role of the left rings in the investigation of the quasi-
unitary algebras. Thus it is of interest to obtain criteria for those quasi-unitary
algebras R for which R’ is a semi-finite ring, and to clarify their structure.

The present paper is devoted to this problem, -and in part continues
the investigations of Dixmier. Firstly, by continuation of his method we prove
that if R’ is semi-finite, then J=[M’'M "']%), where M is positive, self-adjoint,
. non-singular, nR*%), and M’=SMS (cf. Theorem 1, for the definitions and
notations cf. below 2). This result combined with DixmiER’s Theorem 2 shows
that the representability of / in the form [M'M~'] is a necessary and suffi-
cient condition for the semi-finiteness of RY, and then Q"';P’l. In other -

1) A ring of operators N is called semi-finite, if every projection PEN contains a
finite projection. We say that the projection P is finite if there exists no partial isometry
VEN with V*V=pP, VV*=Q < P.

2) Given two (in general unbounded) closed operators S, T defined on a Hilbert
space , we note by [ST] the minimal closed extension of the product ST (provided it
exists).

3) If T is a closed operator, we denote by TH N that T commutes with every oper-
ator of the commutant N' of N.
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words, Theorem-1 gives- a solution for DIXMIER’s hypothesis 1 (cf. [2] p.
283) in the semi-finite case. ‘

In Theorem 2 we prove, generalizing the corresponding results for
unitary algebras (cf. [6] Theorem 4 and [10] Theorem 18), that if RY is semi-
finite, then R’, M’ and the maximal extension of the canonical trace can be
prescribed. More explicitly, given a semi-finite operator ring N on a Hilbert space,
a positive, self-adjoint, non-singular operator #nN, and 'a maximal normal
trace ¢ defined on a two-sided ideal mE&N,*) there exists a quasi-unitary
algebra R such that R’ is *-isomorphic with N and, under this isomorphism,
M’ and the maximal extension of the canonical trace correspond to A and -
o, respectively. If R is a maximal, then we show that it is determined up
to an isomorphism by this choice (Theorem 3).

Next we investigate some properties of the quasi-unitary algebras with
a semi-finite R’. We show beside others that contrary to the unitary case
the canonical trace need not be maximal (cf. lemma 10 and the remark which
follows). Finally we give a proof for a theorem of DIXMIER about the quasi- -
central elements, which leads to somewhat more general result (Theorem 5 -
cf. Theorem 4 in [2]). : ‘

2. Defimtlons and preliminary results For the following cf. [2],
in particular chapters I, 1I, V—VII. A quasi-unitary algebra R is an algebra’
over the complex numbers, on which an involutive antiautomorphism x — x*,
an automorphism x — ¥/, and an inner product (x, y) are defined, such that
R becomes a pre-Hilbert space satisfying the following axioms:

(@) xs)=(x x),

(i) (x, ) =

(iii) (xy,2)= (y, xi°2),

(iv) the mapping x — yx with fixed y is-continuous,

(v) the linear combinations of the elements of the form xy—{—(xy)J
are dense in R (x,, z arbitrary in R)..

‘A unitary algebra is a quasn—umtary algebra with x’ =x.

Let Hr be the Hilbert space, which is obtained by completion of R.
By axiom (iv), for every x¢R there exists a bounded operator U, (resp. V.)
on Pr satisfying U.y=xy (resp. Voy=yx) for every y€R. The weak (or

4) We recall that a trace ¢ defined on a two-sided ideal m of an operator-ring N
is a positive linear form such that (A B)=g(BA) for A¢ni and BEN. ¢ is regular, if
@(T)=0 for T€m, T=0 implies T=0. A trace o is normal, if it has the following prop-
erty: let Tz be an increasing directed set of positive operators €m with a L. u.b. T7€m,
then we have ¢(T)=1u.b. (7). It is maximal, if it has no proper normal extension.

« .

If we say in the following simply a trace, we suppose that it is normal and maximal. In
the case of semi-finite rings this means, that it is also regular. Every (not necessarily
maximal) trace ¢ has a ‘maximal extension, which is uniquely determined, if N is semi-
finite and m is strongly dense in it. For a theory of traces cf. [1].
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strong) closure of the operators U, (resp. V.) is a ring of operators R’
(resp. R% on Hgr with unit operator. R’ (resp. R7) is called the left (right)
ring of R. The set of boundéd operators on Hr which commute with every
element of RY, coincides with R”; in other words, R? is the commutant of
R’: R” =R (Theorem of commutation). The minimal closed extension / of .
the correspondence x — x7 is positive, self-adjoint, non-singular, and it is.
equal to the minimal closed extension of its restriction to the linear combi-
nations- of the elements xy (x, y€R). Denoting by S the involution of Hr
obtained by the continuation of the correspondence x — x* over Dg, we have
] '=_SJS. The mapping T— STS (T€R’) establishes a conjugate linear
isomorphism between R’ and R?. An element a of Hg is called left bounded,
if there exists .an operator U, defined on g such that U,x= V.a for every
x¢R. Then U.€R’. If a is left bounded and T€R’, then Ta is left bounded
too, and UTa—TU U(,— U, (w1th b left bounded) if and only if a€D/

. and then b—S§/ 'a.

If J—[M’'M"], where MyR" is positive, self-adjoint, non-singular, and
M’ =SMS, then R’ is semi-finite. This follows from the fact, that the ele-

ments A=— Z U., Us. (a;, b; left bounded and € D) form a strongly dense

I‘—‘l
two-sided ideal mE R’, and ¢ (A)= > (Ma;, Mb,) defines a (not necessarily
=1

maximal) trace on m. This is the canonical trace for R’. The operator M is
not determined uniquely by the condition J—[M’M ']. If CyR’nR" is posi-
tive, self-adjoint and non-singular, then [CM] possesses this property too,
and conversely, if /=[M{M'], then there exists an operator CyR’nR" of
the same kind such that M,=[CM]. Therefore, the canonical trace is also
not uniquely determined. Denote by P the set of operators € R’ which
commute with /, and by Q° the set of operators € R’ which commute with
P'. Then from J—[MM™] it follows that Q'S P’; and conversely, if R’ is
semi-finite and Q"< P’, then J=[M'M™].

3. Theorem 1. Let R be a quasi-unitary algebra for which R’ is
semi-finite. Then |=[M ’M’l], where M')}R" is self-adjoint, positive, non-
singular, and M" = SMS.

From the proof of Theorem 3 in [2] we shall. use the following facts.
Let ¢ be a trace defined on the (strongly dense) two-sided ideal m of R’. Then
there exists a positive, self-adjoint, non-singular operator MnR? such that

a) if we denote by A the set of those left bounded elements ¢ Hyx for
1

which U, e¢m? %), then M is the minimal closed extension of its restriction to A4;

. 3) If m is a two-sided ideal in an operator-ring N, then W denotes the two-sided
ideal formed by the elemeénts TEN for which 7*T¢€m.
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b) if a,b¢c A then (Ma, Mb)=o(U.U;);

¢) if / commutes with M, then. puttmg M’ = SMS we have J==[M'M""]
(cf. [2] lemma 23).

Therefore in the following it suffices to show that in consequence of
a) and b) | commutes with M.%)

Before passing to.the. proof of this statement we -need some lemmas.

Lemma 1. For x¢ R there exists an operator T, such that T MEMV..
Proof: We note first that if a € A then V.a E A too, because V.a= U,x,
: :

and so Uy=Uy,= U.U, € m*. We define TiMa=MV.a for a€ A; T.is
densely defined. Since || T.Ma|! = ||MV.a|}=@U.U.UU) = Ke(U.U3) =
= K||Ma|]> where K depends only on x, T, can be extended by continuity
‘to a bounded operator T,. Finally, if a € Dy, then there exists a sequence
a, €A (n=1,2,...) such that lima,=a, lim V.a,= V .a, lim Ma,=Ma;

B @ H-—> O . H~>

hence from T.Ma,=MV.a. (n= 1 2,...) it follows “that V.a € Dy and
T.Ma=MV.a. '
1

We introduce for X, Y€m? the scalar product (X, Y)—~(p(XY‘) Then
with the involutive antlautomorphlsm X X" and the usual ‘product m?

becomes a unitary algebra, which we denote agam by m?, and its completion
by 9,3 . As it is shown in [6] (The01em 4) or in different form in [10]

(Theorem 18), the left and nght rings of m? can be obtained in the followmg

way. Let T¢R’ and X ¢ m?, then we have p((TX)* (TX)) = (X" T*TX) =
= ||T|| p(X* X), hence. the correspondence X — TX can be extended to a

bounded linear transformation L; defined on D, The totahty of these

operators Ly (T € RY) coincides with the left ring of m2. Similarly, we can
define for 7 ¢ R’ the operator Ry by extending the correspondence X — XT

to a bounded linear transformation on ";’.F‘-" and the totality of these - opera-
1 . .
tors forms the right ring of m?2.

_ Lemma 2. The correspondence Ma— U, (a € A) can be extended to
an isomorphism + between the spaces Dy ‘and 9,4, which carries R’ into the
: 1

left ring; and R* into the right ring of m2.
' X @
oy If H,:J ZdEY and H2=J 2dESY are two operators defined on a Hilbert space
o 0

$, we say that they commute, if Ef” and EY’ commute for 4,4 = 0. In this case [H,H,]
always exists, and is positive, self-adjoint. .
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"Proof: f:Xem? and y€R, Uxy= XU, €m?, hence Xy¢cA. Since
the set of the operators U, (y € R) forms a-strongly dense %-subalgebra of R?,
there exists, by a theorem of KAPLANSKY (cf. [7] Theorem 1), a directed set of
operators {U,_}ecr (¥<€R), which converges strongly and boundedly in norm to /.

¢ is normal, hence the mapping B— ¢ (X" XB) (B ¢R’) is continuous on

bounded sets of R’ in the strong topology (cf. [3] Corollary 8 of the Theo-

- rem 3). So we have lim ¢(X*XU. )=—=¢(X*X). From this it is clear that

the linear set of the operators U, (a € A) is dense in 9,7 Since (Ma, Mb) =

- =g(U.Up) (a, b€ A), the correspondence Ma—» U. can be extended to a
‘unitary mapping v between the spaces Hr and $ . If T€ RY (g, b € A), then

Cl\

(TMa, Mb) = (MTa, Mb):r;)(UTaUJ):q)(TUan). Hence the mapping v
1 .

carries Rv into the left ring of m?2. Since the right ring -is the commutant
of the left ring (Theorem of commutation), we see that ¢ maps at the same
: . 1 -
time R® into the right ring of m?.
We put in the following C= M+ i) M—iDn"; Cis umtary and € R
To prove that o and M commute, it suffices evidently to show this for / and C.

- Lemma 3. If a€ A then Ca€ A and Uco= U,C’, where C’ is a unit-
ary operator ¢ R’, which depends only on C. :

‘Proof: Since C¢R? there exists by ‘lemma 2 a unitary operator

. C'¢ R’ depending  only on . C such that v (CMa)=U.C" for a€A. If

U,,— C’ strongly and such that ||U, | = 1-(Theorem of KAPLANSKY), then

U.U., converges to U C’ in the metric of the space 9,77 Since w(MV,a)=
— U, U, we have lim MV, a=CMa= MCa, hence for y€ R by lemma 1

@«

l1mMVV aihmTMV a—TMCa—MV Ca. LetJidEA be the spectral

representahon of M Forevery 0>0 |(I—Es) V CaM_hm \'(/—Eo) vV, V. al=Kly|,

where K does not depend on J and «, because the operators Uuaw* UnU.,

are -uniformly bounded in norm. Since M is non-singular, we have
|V, Cal| = K||p|| for every y ¢ R. This proves. that Ca is left bounded, and
that UCa _ 1/1(M C(Z) = Ua C/

Lemma 4. For every left bounded a € Or, Ca is left bounded too,

and Ug,— U,C’ where C' is a unitary operator € RY whzch depends only on C.

W If TE e, HUa” =1, Ue— U strongly, and U is unitary, then TUs— TU in the
metrlc of the space EUNE SN | thls case we have namely :
{{)([TU TUa] [TU TU«]*)— .
~¢(TT*) + q;(TUa U*T*—2 Req)(TUa Urr* = 2(<p(TT*)— e(p(TUa U*T*)—0.
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L ,

Proof: If Tem? and a is left bounded, then . Tac¢ A, hence by

lemma 3 Ugre=Ur.C'=TU,C’, where C’ ¢ R’ depends only on C. If
. X

T.€m? and T.—/ strongly, then V,Ca=Ilim V, T.Ca=1im T.U.C'x = U, C'x

for every x ¢ R, which proves that Ca is left bounded and that U, = U, C’.-
Similarly, it can’ be proved that for every left bounded a, C*a is left
bounded too, and that U, = U,C”.

Proof of Theorem 1: We have by lemma 4 for every left bounded
a€Dy1: Us= (Ui C')* = C™ Usyu-1=Ugssya -1, which proves that Ca € Dy-1and
SJ7'Ca=C*SJ 'a. Substituting a by Sx (x € R), and putting C=SCS,C"=C"*, |
we get /Cx==C"Jxforevery xCR. If ais arbitrary € D;, then we can determine a
sequence x,€R such that x, —a and /x,— Ja, since / is the minimal closed
extensmn of its restriction to R. Therefore lim /Cx, — lim C"Jxy= C” Ja, which

proves that if aeD,, then Cae D, too. Replacing C by C* in the above reasoning,
and noting that C*—C", we get that acD, gives CaeD too. Therefore the
domains of -definition of the operators / and C*/C coincide, and since C”
is unitary, we have ||C ]Ca|| w||ja|| for a€D;. But as it is known, this
gives necessarily J=C ]C or J'—=C*J"'C, and so the proof of Theorem 1
is completed. :

Corollary. 1f R is a quasi- umtazy algebta with a semi-finite R, then
Q CP(?

Proof: This is an immediate consequence of our Theoxem 1 and of
Theorem 2 in [2]

‘4. Theorem 2. Given a.semi-finite ring of operators N defmed on a
Hilbert space ©, a positive, self-adjoint, non-singular operator HyN, a trace
@ defined on a two-sided ideal m of N, there exists a quasi-unitary algebra

R with the following properties : R’ is #-isomorphic with N; M’ (cf. Theorem 1) -
and the maximal extension of the canonical trace on R’, and H, ¢, respectively,
correspond to each other under tliis isomorphism.

Proof: Let [).dE;M (Ex €N) be the spectral representation of H. We
» o 0 . . . . .

denote by RS m? the #-subalgebra of N consisting of the operators Xem?,
for which there exists a projection E(A)=E,,—E;,, A= (2,7%), 0 <, < iy,
with X = E(A) X= XE(A). For such an interval 4 we say that it contains
the operator X, and we denote by R. the totality of operators € R contained
by 4. It is evident that for X, Y ¢ R there exists a A4 such that X, YeR.. v
We define an inner product between X, ¥ by (X, ¥)=¢{(XH'(4)) (XH ),
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where H~ W)= [/’ldE, 5) This is obviously independent of 4, provided

that it contains X and Y. It is not hard to venfy that with this definition R
becomes a pre-Hilbert space. To make a quasi- umtary algebra from R we
" define an automorphism of R by X' =H(4)XH'(4), and an involutive
antiautomorphism by X*— H'(A)X*H(A), where X ¢ Ra. To show that the
operation / gives an automorphism of R, we have to prove that (¢ X+ BY) =
=aXi+BYi for arbitrary complex numbers a, b, and that (XY)J—XJ Yi.
Suppose that X,Y¢Ry, then (@X+BY)=H(A)(aX+BY)H'(4)=
—aH(A)XH (A)+BH(A)YH '(4)=aX/4+BYi by the definition of X/
and V7. If X, Y¢R4, then (XYY = H(A) XYH  (d)=H(A) XE(A)YH ' (4) =
= H(A)XH (A H(A) YH ' (A4)= X/ Yi. The proof that X— X" defines an
involutive antiautomorphism of R is quite similar, and we omit it,

Lemma 5. With the above definifions R sm‘tsfzes axioms (1) (iv) of
a quasi-unitary algebra, enumerated in 2.

Proof: Ad (1) If X, Y6R4, then we have X%, Y ¢ R, too, and
(V' XY = o ([H () Y* H(A ™ ()] [H () X* H(A) H ™ (A)]) =
— o(H () V" XH ' (4)) = p([XH (D) VH (D)) =(X, V).
- Ad (ii): If X €Ra then
O, X) = p(H(A) XH ™ (DH (A [XH T (A)]) =

—@(HZ(A) XH () X" H? (1)) = 02)
Ad (iii): .
(XY, Z)=p([XYH (D) [ZH ()=
=¢([YH ' (DX ZH () = (Y, X" 2),
provided that X, Y, Z € R4, because .
: =H(A)[H () X*H(A)]H™ (A) =X".
"Ad (iv):
XY= (X YH (1) Y*X')-
= (YH (DI X" X[YH (D)) = Ko (YH (D] [YH (A)]) = K!IYH
where K depends only on X, and X, YER,.

"% In the following we put H"(A): f A“dE,, kZ0, for an interval A=(4, i),
N ‘/l . .

«©
0< ;<4 and for H= [AdE,.
: v

1

) Note that if A,Ben‘?, then AB€m and ¢(AB)= ¢(BA). Cf. for example [6F
lemme, 12. )
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The proof, that R satisfies also (v), will be given later (cf. lemma 7).

We take now the completion of R and denote it by Hr. Axiom. (iv)
allows to form the left multiplication operator Ux for every- X€ R. By axiom
(iii) Ux= Uxss, which shows, that the totality of these operators is %-invariant.
We denote its weak closure by R’.

Lemma 6. R’ contains the unit operator and is #-isomorphic with N.
Proof: As in lemma 2 we use again 'the unitary algebra formed by

1 .
aid of m?2, and denote its completion by £ ! . As we mentioned it, its left

w2

Y . : _ .
ring (m?) coincides with the totality of the operators of the form L;, T€ N,
and the correspondence 7 — Ly establishes obviously a «-isomorphism between

RAY; . i
N and ( ‘-’) Hence it suffices to show that there exists a unitary mapping

: ) ARY2 .
¢ between the spaces Hr and H 1 which carries RY into (m"). We define

now ' (X)= XH(A) for XER and A containing X. We have evidently
(X, V)= (y'(X), ¥ (V). (We denote by (,), the inner product in §_+ to
avoid the confusion with the inner product in Hgr.) Since R as a linear set
is dense in $r by definition, and; as it is easily seen,- so is in the space
© 1, and since ' (R)=R, ¢ can be extended to a unitary mapping v

m?

between these spaces. If 7, X, Y¢R, »
(UrX, V) =(TX, V)= @(TX), w(V)) = Lrp(X), (V)

oo 1\¢

- and since R as a *-subalgebra is dense in R’ and (11[ ) ,lemma 6 is proved. "’)
We denote by / the minimal closed extension of the correspondence

X—X/ in .s’wR, and by S the involution obtained by the extension of X=X

Lemma T. J=[M"M"), where M’'nR’ corresponds -to H under the
*-isomorphism between R’ and N, and M =SM'S. :

Proof: We denote by H’ the_operator in %, corresponding to -H

<mz
g

. 1

under the x-isomorphism between (m—) and N. Let S be the involution ob-
tained by the continuation of X—X* over 9,4, and H=S8SH'S. H and H
are commuting, selfadjoint, non-singular operators, hence [H’H '] exists. The
isomorphism v carries the correspondence X— X7/ (X¢R) in . Hg into the
linear transformation’ defined on RCSw”‘— by j’X:—H(A)XH"l(A) (XeR).
It is clear that /X —H H'X.

We prove now, that the minimal closed extensmn of J is identical with

[H'H™"], or, that the latter operator is the mm1ma1 closed extension of its

10) Observe that becausé of the max1ma]1ty of ¢, _mT is _strongly dense in N. _
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- restriction to RS e . But this is contained in the following statement: Let

X€$uit be in the domain of definition of H’H™', then there exists an element
X, € R such that X, and A'H' X, are arbitrarily near to X and H'H™' X,

: , I S Ly = =
respectively. To see this, we put H'= | AdE;\E, E,(m‘-’) ), and E,=SE;S.
y - N . . N

Then'there exists two intervals, 4, and Ag(,) of the form0 < 4, =/ =/, such that
E(A)E(A,) Xand H' H " E'(4,) E(4;) X are arbitrary near to X and HH'X
respectively, and an element X, € R, such that X, and H'H™' X, are arbitrary near
to E'(4)E(A4)X and A" H E’(/1 YE(A) X, respectively. If M”and M corres-
' pond in the space $r to H and H respectively, then we have obviotisly
J=[M'M"], MqR’, and evei M = SM’S. For this it suffices to observe that
for X¢R and a suitable interval A,

W(SX)=(H" (/I)X*H(A))H"‘(/l) (XH"(/I)) §¢(X),

i.e. S and S'correspond to each other under 4.
' So the proof of lemma 7 is completed.

To show that R satisfies also the ax1om (v) of the quasi-unitary alge-'
bras (cf. 2), we need the folloving

Lemma 8. J is the minimal closed extension of its restriction to the
linear set in Dy formed by the linear combination of the elements of the form
XY (XY¢R).

Proof: Passing by aid of the unitary mapping v to a problem in O 4+

clll 4

- it suffices to prove the following assertion: Given X€ R, there exists a pro-

jection P<E(/1) PEm-, such that PXe¢R is- arbltrary near to X in the
metric of 9 ;. In this case [AHPX= H(/l)PXH '(A) is arbitrary near

to [H’H ]X H(A)XH“(/I) and it was shown in the preceding lemma,
that [A'H™'] is the minimal closed extension of -its restriction-to R But this

follows from the fact, that E() is the .-u. b. of projections in m-’ 9, and
from the remark in the footnote’).

An immediate consequence of this lemma is that R satisfies also axiom
(v) in (2) By lemma 7 namely J is the ‘minimal closed extensmn of the
product of two commuting, positive, self-adjoint operators M~ “and M’, hence
it is itself positive, self-adjoint. So the range of /4 is Hr, which combined
with lemma 8 glves plainly that the elements(/ +j)X Y=(XY)4-(XY) (XYER)
span 9.

Summing up the above results it. can be seen from lemma 5 and from
the preceding remark, that with the definitions at the beginning of the pre—
sent section R becomes a quasi-unitary algebra. Lemma 6 shows that R’
%-isomorphic with N; by lemma 7 we have J==[M'M"'] with MyR", M= SM’S
and M corresponds to A under this isomorphism. To conclude the proof of



112 L. Pukanszky ‘

the Theorem 2 it remains only to show, that the maximal extension ¢’ of the
canonical trace in RY corresponds to ¢. If X, Y € R,, then one sees at once,
that X, Y€ Dy, and ¢ (UxUy)=MX, MY)=(XH(A), YH(A))=p(XY").
It suffices therefore to remark that the trace ¢ is uniquely determined by
its values on elements of the - form Xl" (X, Ve R). But if the pro;ectlons

P. ¢ R converges to l strongly, and X € mcm? CN then
(p(X)—]lm @(PeX)=I1im @(Pe X P.P.),

and P.XP.€R, qued

. In the followmg we consider a quasi-unitary algebra R with a semi- -
finite left ring and we denote by ¢ the maximal extension- of the canonical

tracé, and by mc R’ ‘the corresponding two- sxded ‘ideal. We recall that now

J=I M™'] (cf. Theorem 1) and we put M= ’ZdE;. (E:€RY) an_d M= J)dEA,
.EAMSE,SeRJ ' - — ’
1

Lemma 9. Suppose T¢€m? be such that TE'({)=T, Wwhere
E'(d)y=E;,—E;, 0<2,<2,. Then T=U,, where a ist left bounded. '

Proof: By the- theorem of KapLaNsky (cf. [7] Theorem 1) we can
choose a directed set of elements x, € R such that || U, ||=1, and
weak lim U, =1

(74

We need now the following result of DIXMIER (cf. [2] lemme 7.a): If a € D,-t
is left bounded and L ¢ R’ commutes with /, then SL*Sa is left bounded
too, and Usssu — U.L. We put TE(4)X, — a., and prove that these elements.
converge weakly to an element a € 9g. Applying the above lemma to the:
case a=X,, L—=M"'(A), we see that M~ (A)x. is left bounded and

Us1(g)s, = Us, M (A). Hence it follows that M‘I(A)aa TM ™ (A)x. is left

bounded too, and U1 yag =T Us-Y(ya, = T Us M” (4). So we have

lae [P = MM~ (d)ax | = ¢(Us-1ca, Ui Dag) =
— ¢ (TUs, M (U2, TY = || Us, [P M (/l)llfﬁ(TT)<K

where K does not depend on «. We have further 11m (@, xy)= lxm( I, X) =

= (Ty¥,x) for X,y € R, which proves our assertlon since the lmear combin-
ations of the elements xy (x, y€R) are dense in Hg. Finally
Tx = weak lim U, x = weak lim V.a,==V,a
for x ¢ R, from which lemma 9 follows immediately. |

We recall ([2]), VIII) that the quasi-unitary algebra R is a contmuatlon

of R, if R" is a subalgebra of R, the inner product, the automorphism and -
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the involutive antiautomorphism in R’ are the restrictions of the correspond-
ing notions in R, and finally R’ is dense in R. R is said to be maximal,")
-if it has no proper continuation. R is maximal if and only if it possesses the
following property: If for a € Yr J"a exists and is left bounded for every nZ0,
then a € R. Every quasi-unitary algebra is contained in a .(uniquely determi-
ned) maximal algebra.

Theorem 3. Let R, and R, be maximal quasi-unitary algebras, with
semi-finite "left rings R and R3. We put [y =[MiMi'] and J.=[MsM3'] (cf.
Theorem 1). Suppose there exists a %-isomorphism  between R} and R} such
that M{ and M3, the maximal extensions of the canonical traces ¢, and .,
correspond to each other respectively. Then R, and R, are isomorphic, i. e.
‘there exists a one to one mapping between them, which preserves the algebraic
operations, the inner product, the automorphtsm and z‘he mvoluttve antiauto-
morphism.

Proof: Denote by m,-the two-sided ideal belonging to ¢,, which is
strongly dense in R{. We put M; =J./‘.dE§,1’ and E\(A)=EP—EY, Ei(d4) =
— S,E(4)S, for an interval 4= (4, 2), 0< 4 <4 We denote firther by

! %

S, the totality of operators Té€m? for which there exists a 4 such that
ExA)T=TEi(4)=T.
Similarly, we denote by m, the two-sided ideal < RY belonging to ¢.,

and we put Mo= |;dz~: , Ex(d) = ”-E,‘?, Ei(A)==S:E5(A)S;. Let Sz be
1

the totality of' operators Tems, for which Eg(}l)T: TE:(A4)=T with a

suitable . ' '

If T€$S,, then by lemma 9 T==U,, where a is left bounded. The
reasoning of this lemma gives that E/(Ad)a= Ei(A)a=a for a suitable .
‘Since Jy==[M{M;'], we have a€D, for 20, and Jia=M{"(A)M{"(d)a:
This shows that the totality of these elements @ is a subset of Ry, which
we denote by Ri{. We have further for A= U,, B=U, € S;:

AB=U4€S, and «A-+ BB = Usup € S

for arbitrary complex numbers « and 8. This gives that R; is a subalgebra
of R;. Observing that S; is a %-subalgebra of R{, for a ¢ R{ we have
@* ¢ Ri, and since plainly ¢/ ¢ R{ -(n=0), we have a°€ Ri too. We form
also in a similar way the corresponding Réc1 Re.. If T€¢S, then o(T)€ Ss,

because from 7T € m? it followé that o(T) ¢ m?, and since w(E{(A4)) = Es (A),
E{(4)T=TE{ (/1) =T gives E: (/I)w(T) = m(T)Eg’ (4) = w(T). Define

11) In the terminology of Dixmier ,algébre quasi-unitaire achevée®.
A8
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now a correspondence ¢ between Ri and R: by Uuwmy=ow(U.), a€Rj.
Since @ (S))=S» we have w(R{)=R: too, and it is clear that v is one to
one. We have plainly yw(ca+86)=cw(a)+ 5y (b) and w(ab) =y(a)y(b).
To prove that vy defines -an isomorphism between Ri and R it remains to’
show that (i) ¥(a?) =y(a), (i) w(@)=1(a), (iii) (a, b) = (¥ (a), ¥(b)).
Ad (i): For a ¢ Rl we have, applying again the lemma 7a in [2]:
w(U, ;) = (D(UM;(A)M]'I(.A ya) =
= (Mi(A) UM (A)) = M3(A) UpyM5™ (A) = Uy, hencé (a?) = wi(a).

Ad (ii): o(Uw)=o(U2)=a(U)" = Upm=Uyisw, hence yp(a’*)= wf(a)
which combined with (i) shows that w(a®) = w*(a).
- Ad (iii): Since ¢, and ¢, correspond to each other under o we have
for a, b€ R and a suitable A:

(@, b)= (Mi M\ (A)a, My Mi' (A)b) = ¢, (Unr-'aye Usr-1ays) =
= G (UM () [U M ()F) = o UM () [V M~ (A)]) =
= (Ui U ) = (M M3 (A) (@), Mo M () (B)=(w (@), 94B)-

It is evident that R (resp. R¢) is dense in R, (resp. Ry). Since a quasi-
unitary algebra determines uniquely the corresponding maximal algebra, the
above isomorphism can be extended to an isomorphism between R, and R,,
qu. e. d. :

6. In this section we intend to give more precise information about the
structure of the space $ i introduced in 3,and its connection with the quasi-
unitary algebra R. The following lemma is in close connection with the ex-
tended Riesz—Fischer theorem (cf. [10] Theorem 13, for the techmques used
cf. [4], especially 5 and 6).

Lemma 10. Let N be a semi-finite operator-ring on the Hilbert space
9 and ¢ a trace defined on the two-sided ideal mc N. Let TnIN be a closed -

operator on 9 and let T—=VH be its polar representation, where H= . LdE,.
[

'Putting H,= J'i.dEA (n=1,2,...) and T,=VH, we consider the totality of

]

operators TyN, for which T, ¢ m? and hm (p(T,T

and denote

n

it by Q(N). Defining the addition f01 T, S € Q(N) as [T+ S], Q(N) becomes
a linear space, and with the scalar product (S, T) = lim ¢(S,T) even a Hilbert

n—->w

space.

Proof: By a result of R. PALLU DE LA BARRIERE (cf. his Thesis, cited
in [2] p. 293) there exists a family of elements {a.}«cr in », such that for
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‘Béem we have ¢(B) = Zucr(Bae, as). If T¢ Q(N), then for n—=1,2,...
(70 1) = Zuer | Tuae|f = im (T3 T) = [ TIE < + ex,

from which it follows at once that aaEDT («€F) and l|T||)~4,,E; | Taa ].
Obviously the converse is also true: If for T7yN, a. € Dr and Zecr|| Tao||’< 4+ o,
then lim (7T, T,) exists, hence 7¢ Q(N). If B= V]BI is the polar represen-

N> O
1

tation of B € m?, we have

9(BB) =9 (V|BFV)=o(V"V|BF) =¢(|B}) = ¢ (8" B),
from: which it is easily" ‘deduced, ‘that if 7¢ Q(N) then 7*¢ Q(N) too and
IIT|z=]T*|3. To prove that T+ S] exists we observe that the linear set A

of the elements X,crBia., where B; ¢ N and B.==0 only for a finite set of

values of «, is dense in . Otherwise because of the regularity of ¢ there
1

would exist a projection P==0, P 6 m?, such that Pa.=0 (¢€F). Then
¢(P)=0, and so P=0, which yields a contradiction. Since a,. & Dy.s and
4= Dyryse & Dirssyr, therefore T+ S and (7+ S)* are densely defined in £.
So [T+ S] exists, and plainly € Q(N). To prove the validity of the associative
law [R+[S+ TI]=I[[R+ S]-+ T], it suffices to show that 7€ Q(N) is equal
to the minimal closed extension 7; of its restriction to A. For this observe
first that 7, € Q(N) too, and we can suppose T to be positive hermitian. If
B¢ Nand T ¢ Q(N) then hm ¢(T.BB'T}) exists. Hence lim ¢(B" T, T,,B) exists

n—->»

too, which implies that BaaeDy, or that 7B is densely defined. Suppose’
now that the range of /--7; is not dense in §. Then there exists necessarxly
a projection P:i:O P¢N, such that O2P(/+ T;). We have

O=[PU+T' 20+ T)P2U+THP2(1+T)P.

By the former remark there exists an element. f==0, f¢€ 9, such that
Pf=7F and f€ Dy. Hence (I4- T)f=0, which is impossible if 7 is positive
hermitian. So the range of /4 7, is dense in @ which proves that 7, is
hermitian, and so T=17T;. :

It is easily verified that (S, 7) =1lim (S, 77) .possesses the propelties

n->m

of an inner product; to prove lemma 10 we have therefore only to establish

the completeness of this space with respect to the norm || |,.. Let L, be a

sequence € Q(N) such that

_ It is easily seen that by Sf=IlimL.f (f€ A) a (densely defined) linear
transformation S is given. We define sxmxlarly Sf=1lim L} f, fe A.Forf,g €A

we have

2__(.

(S£,8) =lim (L. £, 2) =lim (f, L.g)= (], .S £)
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This gives that S*2 8. Thus the minimal closed extension Sof S exists,
and plainly SyN. In particular Sa. =1lim.T,a. (« € F), from which it follows

H—>» Q@

that X, r||Sa.|?< 4 o and so S€ Q(N). Finally it is clear that lim || T,,—b||§:—¥

‘ —hm ~acF ” (7-n S)a«

n-> o

In the following we call the elements € Q(N) square integrable with
respect to ¢.

Lemma 11. Let R be a quasi-unitary algebra with a semi-finite R"
Suppose that J=[M’'M™'], and let ¢ be the maximal extension of the corres-

ponding canonical trace. Suppose that ¢ is defined on the two-sided ideal
. 1

mc R’ An operator T€w? is of the form U,, with- a left bounded and
a€ Dy, if and only if [TM'] exists and is square integrable -with respect to ¢.

‘Ptroof: (i) Suppose that- 7= U,, where a is left bounded. Let
ﬁjidEA and we put 44,,=(%§/‘<+oo) for n=1,2,.... Since

M (A,Z)ER‘I and it -commutes with /, M~ "(4,)a is left bounded too, and
Usage= UM (4,).1%) So we get

|| MM-] (‘/'l")a HZ - “ (I_El)a Hz : (P(UJ[ e UT’ _](Au)“) =

n

S = (TH T ANTH T ()] = 2 M A) Tl = llal

for n=1,2,..., provided that ¢(A)=>(Aa.,a.;) for Acwm. This gives
- ek )

that @ € Dy-17+, therefore M'"'T* is densely defined. Since (M ' T*y* 2 TM"}
is densely defined too, we see that [M'""' T*] exists. The series yHM’ 1T*ua“

converges, hence [M''T*] is square integrable w1th rescept to ‘¢. By a
remark made in the proof of lemma 10 the same is true for [TM'™'] = [M" ™' T*}*.

(ii) Suppose that [TM"™ l] exists, and is square integrable with respect
to ¢. Putting 4, = (% =i< -+ oo), E'(4))=S8E(4,)S (n=1,2,..)), we

have by lemma 9 TE’'(A.)= U., for each n, where a, is left bounded. We
prove now that the elements a, converge to an.element a.€ Hr. For this we '
observe first that for n=m Urue, = TE’(/I,.)E’(A,,,)— U.."), hence
. E(4,)a,—a,..-So we need only to prove that the sequence |{a.]| is bound-

i2) If TE P? and a is left bounded, then Ta is left bounded too, and Ure = U, ST*S,
also for an a not necessarily € D,—1. (If a€ D,-1, then the problem is settled by lemme
8a in [2]). For this we have to prove that V,Ta=U,ST*Sx for every x¢R. But by
lemme 8b in [2] V,Ta= Vsps.a, and by lemme 24 Vsras,a=U,ST*Sx, qu. e. d.
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ed. But .
el =1MM ™ (4.) @] =

. = (U= (400 Usr=" o) = @ (TM ™ (A)[TM” ‘(/I,I)])_HTM' i
for every n, which proves our assertion. We have further
V.a=lim V,a,= lim U,,x=1lim TE'(A4,)x = Tx

for every x¢ R, which shows that a is left bounded and U, ==T. Finally
we prove that a € D). To see this, observe that

|M () alf= | Ma,|f = g(U.,U%) = o(TT*)

for every n, from which our assertion follows immediately.

Remark. Lemma 11 shows 'immediately, that the canonical trace in
a unitary algebra constructed with M=/ is maximal. On the other side,
combined with Theorem 2 it gives possibility to construct various examples
of quasi-unitary algebras with a semi-finite R’ for which the canonical trace
is not maximal by any choice of M. Indeed, we can proceed as follows.
We choose a semi-finite ring N, a maximal trace ¢ with the corresponding
two-sided ideal m& N, and a positive, self-adjoint, non-singular HnN. For
a positive, ‘self-adjoint, non-singular CypNnN" we put H.=[CH]. Next we

n

consider the two-sided ideal a formed by the operators > A;B!, where
- =l o ’
1

A;, Bicm? are such that the operators [A;H:'),[BiHG] (i=1,2,...,n) are
square integrable with respect to ¢. Let R be the quasi-unitary algebra, which
corresponds by Theorem 2 to N, H and ¢. If a is properly contained in m
for any choice of C, then the canonical trace in R is not maximal. Consider
for example the ring B of all bounded operators in a 1Hilbert space O. It is

known that ¢ is determined up to a constant factor, m? consists of the oper-
ators of the Hilbert—Schmidt class, and, whith the inner product ¢(AB®),
the totality of these operators forms a complete Hilbert space. Suppose

further that H is bounded. Then it can be shown easily that [AH" ]ex1sts

and is square integrable if and only if A=TH, where T¢m?. If there exists

a two-sided ideal n properly contained in m, such that H*¢n, then evidently
1

the operators ZA;H‘-’B?, where A;,B: ¢m?, are in n, hence they do not
fz=1
constitute atl operators of m.

7. It is known (cf. [10] Theorem 19 and Corollary 19.1) that if R is a
unitary algebra and a¢€ g, then the operator defined by U;x= V,a for
x ¢ R has a minimal closed extension U, -and the totality of these operators
coincides with the set of square integrable ©Operators with respect to the
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canonical trace (constructed with M=1/7). Let now R be a.quasi-unitary
algebra with a semi-finite R’. Suppose that /=[M'M"'], and . denote .by ¢
the maximal extension of the canonical trace, and by m the corresponding
two-sided ideal < R’. If, for an element a € Hr, the minimal closed extension
of the operator defined by Uix=V.a for x€ R exists, we denote it by
U. again. We prove now the following

Theorem 4. Define a unitary mapping v of Y on the Hilbert
space L?,, (of the square infegrable operators with respect fo-q) by the con-
_ dition w(Mby= U,, where b is left bounded and ¢ Dy. Denote by T.€ L,
the operator corresponding to a¢ Hr. Then U, exists if and only if [T.M')]
exists, and then U,=[T.M’]. : '

@ 13

Proof: We put M= |4dE,, M, =|2dE: (n=1,2,...). Since £ € P*,
0 0

i. e. it commutes with /, E;x is left bounded and € Dy for any x € R. So
~ihe elements Mb are dense in $Hgr. To show that the same is true for the
. 1 .
operators U, in the space Li,, we observe that if T¢m?® and if U., (x.€R)
converges strongly and boundedly in norm to / (cf. [7] Theorem 1), then

TU,,= Ur., converges to T in the metric of L}z,,’), and the elements Tx.
. 1
are left bounded. Therefore it suffices to remark that if U, €m? and ¢ is left

bounded, then puttmg E,=SE.,S the operators U.E,==Uy,") converge to
U, in the metric of L;,. So there exists a unitary mapping v of g on
L, which satisfies w(Mb)—U,, for every left bounded b€ Dy. We divide
the following in two steps.

(i) We pr0ve that if U, exists, then [T.M’] exists too, and U(,?[T M}

Let U,=V|U.| be the polar decomposmon of U, and |U<,l=.| LdF,
g
|Udui=| 2 dF;, U =V|Ul|. and Mi=SM,S (n=1,2,...). We put F,—
= VF,LI(}* for n= ],2,...,‘then for xée R
UPx=F,U,x—F,V,a=V,F,a,
hence F,a is left bounded, and Uz,==U™. We show next that
U e ==[Fy TuMi)

for n,m=1,2,.... By the reasoning of lemma 10, [AT] and [TA] exist for
AcR’ and T¢ L,,,, and they are in Ly. We see easily that ||[[AT]|,=
=[ANIT]: and [ TAL—JA T = ANIT =] AJ| T}h. From this it

follows at once, that for every A € R’ there exist two bounded operators
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Ly and Ry in Ly, such that L, T=[AT], RaT=TA for T€L,. We have
Tﬁ(M,ﬁ M b) = w(MMm b) - UVmb = UbM1;L - RJ[”“ Ub;
and v
w(Rle) == 'l‘D(MF:nb) — U;‘,,b — El Ub = L 1_1',, Ub .

Since the elements Mb (resp. U,) are dense in Dr (resp. .Li), we have,

for every ¢ € Or, Y(M.c)= Ry, T. and yw(F.c)=Lr,T., hence
w(Mm ﬁla) il ",b (MELElrz a) = UI- SmFna = R?l’,,. L;‘,. 7‘(L = [Fn TuM),n]
(mn=1,2...).

Supposing that c€D1 w, Wwe choose a sequence c,LEhR such that
¢. €Dy, Eico=c, (n=1,2,..), and lim¢,=¢, lim M'¢c, = M’c. Since

it—>» n—>» o
Us, 7= UM E, therefore

(J/Em)cz llm Ulf,m)Cu:“im U)T‘"I-,‘,,,ucn = liln Fm TL[MA’ICH = lim F‘m 7‘(:Mlcn:

nw—r Q H-r —> . =
— Fm 7‘11 M/C- .
Hence lim U ¢= lim F,,T.M’c, - which gives at once c€ Dy, and

m—r0 nm—>

U,c= T, M¢c, consequently U,2[T.M']¥).
~ (ii) We prove now conversely, that if [7.M’] exists, then U, exists

©

too, and [T.M]2U.. We put T.—=V|T.|, |mﬁJ;d0;, 7" =V|Tulu,

G,=VG,V* (n=1,2,..). Similarly, as in (i), we get (G, M.a)= T M;,
(myn=1,2,...). By lemma 11 TUM, = U,, where E,a —da and a -is
left bounded. Since w(Ma')= T.\"M,,, we have necessarily Ma’' = M,, G.a=
— MG, E,.a, which shows that G,E.a is left bounded,  and UG, gpe ==
=TM, (n,m=1,2,...). If x¢ R we have -

lim V, F,,E,,,(l— lim 7'M, x,

n—> @ > @

therefore M, x € Dy, and V,E,a= T, M, x. Since T, M, 2[T.M'| E;,, we have
further

V.a = lim V.E.a= lim [T.LM'] Eyx,

ne— n—

clearly our statement.

Putting together the two parts, if U, exists then by (i) [1 M'] exists
too, and U,2[T.M'], but by (i) [T.M]SU., hence [T.M]=U,., and
conversely.

So the proof of the Theorem 4 is completed

13) Note that T.M’ is densely defined, since .M is dense]y defined forn=1,2,....
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8. In this section we give a new proof for a theorem of DIXMIER con-
cerning quasi-central elements, which leads to somewhat more general result
(cf. [2] Theoréme 4)."*) We recall that if R is a quasi-unitary algebra, an elem-
ent a€Hr is quasi-central, if for every x¢R we have U ja= V.a. One
verifies easily, that the set of these elements is a closed subspace of Hg,
and denoting by 9 the minimal subspace with a projection PE€R’ containing
it, we have PER’nR* too (for these cf. [2] VII).

Theorem 5. R’ is of finite class if and only if Mi= Hr.

Proof. The proof for the sufficiency of this condition is as in DIXMIER’s
paper. If G is quasi-central, then we have for x, y€R:
(U,U,a,0)=(U,a, U,za)=(U,a, V,0)= (U, V,.a,a)=(U,U,a, a).

y oo

- From this it follows by contmulty (STa,a)y=(TSa,a) for S, TER". Since
(Ta,a) (TeR’) is a positive linear form, it- determines a trace defined on
every element of R’. If, for T€R’, (T*Ta, a)=0 for every quasi-central a,
then by M = Hr we have necessarily 7=0. Therefore R’ has a complete
system of traces, so that ([5] lemme 12) R’ is of finite class.

Conversely, suppose that R’ is of finite class, and 9i==$Hr. Suppose
that J—[M'M™"], MyR’, M’=SMS (cf. Theorem 1). By central decomposi-
tion ([2] 1II) we can reduce the problem to the case, when 9 =0 and the
canonical trace ¢ is everywhere defined on R”. Since now /¢L5, there exists
an element a€Pg such that 7, =1/, hence by Theorem 4 U, ex1sts and~
: lja M. We put
= [/: dE{ and M;=[idE;  (n=1,2,..).

: 0 G . .
Then Ug' «= M, hence Sj'lE,fazE,ia for n==1,2,..., and so Sj‘laza.

Observe now, that if c€D; then for x€¢ R we have j‘ll/mjjc= V.c. To
prove this, we choose a sequence y,€R (n=1,2,...) such that limy,—¢c

n-—>Q

and lim Jy, —jc In this case

Hn—>om

V,C:llm V‘y,,:limj‘l 'rijyny

n—r @ n-—»>om

which shows that V ;/c€D,_, and ™' V7jC—VC
_ We have. now for x¢ R:

Va=Mx=M] " Jx=] " "Mjx=J"V ,a=V ] a

u) QIS P! is proved in our Theorem 1, and the axiom A’-5, loc. cit.,, will not be
used in the sequel.
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hence /'a=a, and so Sa=a. We have also
Via=M] x=Mx=8SMx"=8V,SSa=U,a.

This shows that a is quasi-central, and since obviou'sl'y a==0, we have a
contradiction, and therefore our theorem is proved.
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On weakly complemented lattices.
By G. SZASZ in Szeged.

1. Introduction. It is known that for any congruence relation K of a
lattice L with least element O (similarly as for any one of a ring) the set
S of elements L congruent to O is an ideal of L [2, p. 21] which is called
the kernel of the congruence relation K. But whereas in a ring every con-
gruence relation is determined by its kernel, this is not in general true in the
case of lattices with least element [2, p. 21].

-G. BIRKHOFF has proposed the very interesting problem to find neces-
~sary and sufficient conditions, securing that the correspondence between the
congruence relations and ideals (as kernels of the congruence relations) of a
lattice with least element be one-to-one [2, p. 161]'). This problem is still
“unsolved in general, but for distributive lattices it has been solved two years
ago by ARESKIN [1]. In order to characterize the distributive lattices with least
element for which the correspondence between congruence relations and their
kernels is one-to-one, he has-introduced the concept of ,weakly complemen-
© ted“ lattices in the following sense:

Definition 1. A lattice L with least element O is called weakly com-
plemented if for each pair of distinct elemem‘s u, v of L there exzsts at least
one elemerzt x in L such that : ~

xo(Uav)=20, XO(llUI/)>O

In accordance with the result of ARESKIN [1, p. 486], weakly comple-
mented lattices form a very important class of lattices; nevertheless, the pro-
perties of such lattices have not yet been studied. In this paper we shall be
-concerned just with such investigations: in section 2, we give a characteri-
zation of weakly complemented lattices, more simple than .definition 1;°
section 3, we discuss connections between the class of weakly Lomplememed :

lattices and some other important classes of lattices. ‘

1) At that time it was only known on basis of Stong’s theorem on the one-to-one
correspondence between Boolean algebras and idempotent rings with unit [4], that for--
distributive lattices with least element complementedness is a sufficient condition.
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2. New characterization of weakly complemented lattices. In
this section we -give, using the term ,sémi-complément”, a very simple cha-
racterization for weakly complemented lattices. The term ,semi-complement®
was introduced in a previous paper [5, p. 42] by the author, but it seems
useful somewhat to modify the original definition in the following manner:

Definition 2. By the semi-complement of an element x of a lattice L
with least element O is meant an element y of L such that xay = 0.

One sees immediately that O is a trivial semi-complement for all x(€L).
A semi-complement y of the element x distinct from O will be- called proper
semi-complement of x ). :
’ We recall also the following

Definition 3. A lattice L with least element is called semi-comple-
mented if all its elements distinct from the (eventually existing) greatest element
of L have proper semi-complements in L.

Now we prove

Theorem 1. A laftice L with least element O is weakly complemented if
and only if for each pair u, v of L such that u < v, there exists at least one semi-
complement x of u which is not a semi-complement of v (i. e, that uax = O but
vOX > O)

Proof. First, let L be a weakly complemented lattice with the least
element O, and let u, » be any pair of L such that # <. Then, by definition
1, there exists at least one element x in L such that

XO(lln'U)Z 0, XO(lluv) > 0.
Hence, by u < v, it follows
Xou=0, xav>O0,
which proves the necessity of the condition of theorem 1.

Conversely, let L be a lattice with the least element O in which the
condition of theorem 1 holds, and let u, » be any pair of distinct elements
of L. Since, by u==v,

: ‘ Unv <oy,
it follows by our assumptions that there exists an element x in L for which
Xo@av)y=0, xa@uwr)>O0.

2) That is, the difference between the original definition and the new one is only
that from now on we consider the-element O as a (trivial) semi-complement of all elements
of any lattice with least element O. For the advantage of this modification it suffices to
remark that, by the new definition, if the element x(€lL) is a semi-complement of a(el)
and y is an arbitrary element of L such that y<x, then yis also a semi-complement of a;
moreover, for any distributive lattice L with least element, the set of all semi- complements
of an arbitrary element is an ideal of L.
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This means just that the lattice L is weakly complemented, so that also the
sufficiency of the condition of theorem 1 is proved.

Consequently, weakly complemented lattices may be defined also as
follows:

Definition 4. A lattice L wit/z least element O is called weakly com-
plemented if for each pair u, v of its elements such that u < v, there exists at
deast one semi-complement of u which is not a semi-complement of v.

3. Further remarks on weakly complemented lattices. It is
easily seen that neither complementedness implies weakly complementedness®)
nor conversely. On the one hand, the lattice given by the diagramm

is obviously complemented, but, since the elements a and & have only com-
mon semi-complements (namely, the elements O and x), by definition 4 it is
not weakly complemented. On the other hand, one sees easily that the family
of all finite subsets of a countable set, partially ordered by set-inclusion, forms
. a weakly complemented lattice which is not complemented.

However, we prove

Theorem 2. Any weakly complemented lattice is semi—complémented.

Proof. Let L be any weakly complemented lattice with least element
O and let a be any element of L not equal to the (eventually existing) great-
est element of L. Then there exists an element & in L such that a <b.
Hence, by definition 4, there exists. a semi-complement x. of a which satisfies
the inequality :
- bax>0.
Consequently, x==0; that is, x is a proper semi-complement of a. Hence, by
definition 3, L is semi-complemented.

On the other hand we prove

Theorem 3. Any relatively complemented lattice with least element is
weakly complemented.

3) Hence, the term “weakly complemented” is not perfectly suggestive. Really, the
class of weakly complemented lattices is a generalization (not of the complemented, but)
of the relatively complemented lattices. (See theorem 3 below.)
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Corollary. Any complemented modular lattice is weakly complemented.

Proof. Let L be any relatively complemented lattice with least element -
O and let a, b be any pair of its elements such.that a <b. Further, let x
denote any relative complement of & in the closed interval [O, b] Then, by
the definition of the relative complement,

(1  O=x=b

(2 _ xna=O0,
3) . xuva=b.

Equation (2) shows that x is a ‘semi-complement of a. Therefore, by defini-
tion 4, it suffices to show that: x is not a semi- complement of b. But, (1)
implies

) ’ ‘ xXnb=x,
and (3) implies, by a==8, .
(5) : x> 0.

Thus, by (4) and (5) we have
xnb> 0,

completing the proof of the theorem.

For the corollary, it suffices to recall the well-known -result that any
complemented modular lattice is relatively complemented [3, p. 7). ‘
' We remark that, in the corollary, the condition of modularity cannot be
replaced by the weaker condition of semi-modularity. For, the lattice given by
the diagramm

is complemented and semi-modular, but it is not weakly complemented, be—
cause every semi- complement of a (namely, each of the elements 0, x, 3, 2»
is also a semi-complement of &.
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Eine Bemerkung zur starken Summi’erbérkeit
der Orthogonalreihen.

Von G. ALEXITS in Budapest.

Sei {i.(x)} ein Dbeliebiges Orthonormalsystem im endlichen Intervall
(a, b). Bezeichne 0,'(x) das n-te (C, «)-Mittel der Orthogonalreihe

) : pYAE

N =1

Die Reihe (1) heifit fast iiberall stark (C, u)-summlerbar wenn es eine Funktnon
S(x) glbt S0 daﬁ fast tiberall

3

Z [s()— ol @ =0(n)

m=1

zutrifft. Man konnte (1) fast tberall sehr stark (C @)- summlerbar nennen,
wenn sogar fiir jede wachsende Indexfolge {7.}

@ X 1569~ (O = o)

fast iiberall gilt, wo die"AuS'riaihme'm'e‘nge mit {»,} natiirlich variieren darf.
ZyGMUND?') hat bewiesen, dafi die fast iiberall stattfindinde Abelsche Sum-
mierbarkeit der Orthogonalreihe (1) unter der Bedingung Xch < oo schon die
fast tiberall stattfindende starke (C, ¢)-Summierbarkeit fiir alle ¢ > % nach
sich zieht. ZALCWASSER?) hat die Frélge gestellt, ob man in dieser Behauptung
die starke Summierbarkeit — zumindesten fiir die (trigonometrische) Fourier-
reihe — nicht etwa durch die sehr starke Summierbarkeit ersetzen darf. Er

1) A: Zyvemunp, Sur Papplication ‘de la premiére moyenne arithmétique dans la
-théorie des séries orthogonales, Fundamenta Math., 10. (1927), 356—362; Remarque -sur la
sommabilité des séries de fonctions orthogonales, Bulletin Intern. Acad. Polonaise Cracovie,
Sect. A, 1926, 185—191. . _ .

2) Z. Zaicwasser, Sur la sommabilité des séries de Fourier, Studia Math., 6
(1936), 82—88. ' :
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konnte aber nur beweisen, daB die Beziehung (2) fiir ¢ =1 und jede kon-
vexe Indexfolge {v,} fast iiberall besteht.

Wir wollen nun — den Zygmundschen Beweisgang folgend — zeigen,
daB diese Fragestellung unter gewisser Einschrankung der Grofienordung von
¢, bejahend zu beantworten ist.

‘Satz. Bezeichne {7, } eine positive, -monoton zunehmende Zahlenfolge mit

monoton zunimmt. - Die

konvergentem Xn"'7;', fiir welche die Folge

v

fast iiberall stattfindende Abelsche Summzerbarkett der Orthogonalrezhe (1)
impliziert unter der Bedingung

@ | &= 0|

fiir alle « >% die sehr starke (C, «)-Summierbarkeit fast iiberall..

Ist die Reihe f. ii. nach der Funktion s(x) Abelsch éummierbaf, so folgt aus .
dem eingangs erwihnten Zygmundschen Satz insbesondere lim o (x) =s(x)

f. ﬁ.(a>%), und so ist f.ii.

> [s()— 0%, (OF — o(n).

14

i

m

Also haben wir wegen

S s—ot O =23 [s()—ot, (F +22[ @ of, T

Tom=1 m=1

nur zu zeigen, dafl dle letzte Summe fast {iberall die Groﬁenordnung o(n) hat.
Nun ist aber.

S - ﬁ(A:‘,nlh) e
> Jl o ex = S5

m=1

wo A’ den v-ten Binomialkoeffizienten g-ter Ordnung bedeutet. Es gibt
bekanntlich von » unabhingige positive Konstanten -Ci, C; derart, daf
G = AL =G ist, folglich gilt die Abschétzung :

Vi

S‘(V,,,—k) Ke
2 [of; (x)—a, (X)f dx—omZ’

m=1 m m=1 mvu,

\‘ o

monotorn

&

Nach unserer Annahme (3) ist k2c2=0(7.k—). Da: die Folge
) vi
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Wéchst, folgt

I.) » > (Vm'_‘k)_a_

< 1 Vi 7.
g E J [01,”1 (X)_ 01 " (X)] dx o O(l) m>—1 m;nn . 'V;u ’
und wegen « > —:12~ ist Z (1/m S —— O(Vfl"‘]), also erhalten wir letzten
k=1 ’ . :
Endes '
. . .
ZLJ [o5! () =05, (F dx=001) 3 > o
m—1 I ” " m—= 2'7'711,

Daraus folgt bekanntlic_h die Konvergenz fast iiberall der Reihe der'Integrandcn,'
woraus sich nach einem oft verwendeten Kroneckerschen Lemma fast iiberall

i3

Z (07, (Y)-— o5, (O = o(n)

ergibt, w.z.b. w. _ : S

~ Bekanntlich ist ¢, (log log n)2 < oo eine hinreichende Bedingung fiir die
(C, 1)-Summierbarkeit fast iiberall?). Aus unserem Satz ergibt sich mxthm
das folgende

Korollar. Ist die Grifenordnung der Koeffizienten c, 'durc/z die
" Beziehung ' '

2 1 '
G=0 (n/m(log log n)’ )
emgeschlankz‘ so ist dze Orthogonalreihe (1) fast iiberall sehr stalk (C, a)—

summierbar fiir alle ¢ > %

(Eingegangen am 3. April 1955,)

%) D. MencHorr, Sur ‘les séries de fonctioﬁs orthogonales. 1, Fundamenta Math., 8
(1926), 56—108, und S. Kaczmarz, Uber die Summierbarkeit der Orthogonalreihen, Math.
Zeitschrift, 26 (1927), 99—105. . » '

A9
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Paul Turan, Eine neue Methode in der Analysis u-nd deren A_nwendungen, 196

Seiten, Budapest, Akadémiai Kiado, 1953.

Im vorliegenden Buch befaBt-sich ‘der Autor mit vielen weit auseinander-liegenden
Gebieten der Ana1v51s und der analytischen Zahlentheorie. Das Inhaltsverzeichnis nennt:
fastperiodische Funktionen, Potenzreihen und Dirichletsche Reihen mit Liicken, Randwerte
analytischer Funktionen, Verschiebung ganzer 'Funktionen, Differentialgleichungen, angeni-
herte Aufldsung-algébraischer Gleichungen, uRestvhed der- Primzahlformel, Rlemannsche und
quasi-Riemannsche Vermitung, usw.

Wie der Titel des Werkes erwarten I46t, besteht das Bindeglied der bunten Menge
von Problemen, die in diesem Buch beriicksichtigt werden, in der gemeinsamen Methode,
mit deren Hilfe sie gelést oder diskutiert werden. DemgemdB zerfallt das Buch in zwei-
Teile : die Fertigstellung des Apparates, d. h. die Aufstellung einer- Reihe von Sitzen, die
das Wesentliche der Methode zum Ausdruck bringen (I) und die Anwendungen auf die
vielen Probleme (l1).

Derartiges wiirde kaum moglich sein, wenn mcht die Probleme selbst ein gemein-
sames Element aufzeigen wiirden. Im vorliegenden Werke liegt ein solches bindendes
Element in dem Auftreten gewiler trigonometrischen Polynome der Gestalt

(1) A et/l _l_A et}.t_I_ +Ael7,,f

oder verwandter Ausdriicke, die in bestimmter Weise abgeschitzt werden sollen. Ein
bekannter Satz aus der Bohrschen Theorie der fastperiodischen Funktionen lehrt, daB wenn

die komplexen Koeffizienten A; samtlich dasselbe Argument haben und die 4, reell sind,
“der Absolutwert des Ausdrucks (1) beliebig nahe an sein triviales Maximum

1A 4 Aol 4+ 14, |

gebracht werden kann und Fwar fiir-unendlich-viele Werte des reellen Parameters f — oo. -
Ein anderer bekannter Satz lehrt, dab dasselbe der Fall ist bei beliebigen A,, wenn nur
die 4, 45, ... linear unabhéngig sind i. B. auf 'die rationalen Zahlen. Beide Sitze haben

ein arithmetisches Aequivalent in klassischen Sdtzen aus der Theorie der Diophantischen

Approximationen, namlich in den Siétzen von Dirichier, bzw Kro~ecker iiber die’Anndherung

von Zahlensystemen .

. (A1X, 29X, ..y AX) (x=12.) )
modulo Eins an des System (0,0,...,0), bzw, an Systeme («,a,,..., e,). Der Natur
dieser beiden Approximationssitzte gemiB, lassen sich die gesuchten #- oder x-Werte im-
ersten (Dirichletschen) Fall gut lokalisieren, im zweiten (Kroneckerschen) Fall dagegen
nicht. : .

Von diesen zentralen Gedanken aus nun baut der Verfasser in I seine Methode auf,
- indem er eine Reihe von Sitzen entwickelt, in denen unter “wechselnden Voraussetzungen,
gewisse mit (1) verwandte Ausdriicke im obenangedeuteten Sinne abgeschitzt werden.

Wihrend er dabei manchmal absichtlich darauf verzichtet dem Absolutwert des betrachteten -

“Ausdrucks den groBmoglichen Wert zu erteilen, sondern sich mit geringeren Werten zufrieden
gibt, gelingt es ihm, oft auf iiberraschende Weise, d1e Lokalisation der betreffenden
Losunvswerte t erheblich zu verschérfen.
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- Bei der Anwendung dieser Sitze in Il enfstand auf diese Weise, trotz des reich-
haltigen Inhalts, eine einheitliche Darstellung einer grofien Reihe interessanter. Ergebnisse,
die bisher in der Literatur. zersireut waren und teilweise auch neu sind. Auch in den
Fillen aber, wo die Ergebnisse schon bekannt waren, verdankt man sie oft dem Verfasser,:
der ja' im letzten Jahrzehnte zu der Literatur Vieles beigetragen hat, das jetzt im Rahmen
dieses klar geschriebénen Buches systematisch seinen Platz findet. DaB nicht alle- Fragen
.restlos gekldrt werden kénnten, erhoht nur den Reiz dieser Arbeit, die an verschiedenen
Stellen zu neuen Untersuchungen ahregt. Fir Kenner und Anfinger .bietet .sie deshalb
gleich wertvolles Material. Es ist hier nicht am Platze, Ergebnisse zu zitieren ; dazu wire
auch die Wahl zu schwer. Jedem aber, der in der analytischen Zahlentheorie und den
angrenzenden Gebieten der Analysis oder der Zahlentheone interessiert ist, sei die Lektiire
* .dieses Buches wirmstens ‘empfohlen. '

Der Druck ist klar, Das Werk ist zwar nicht ohne einige Druckfeh]er aber es wird
durch diese nicht wesentlich entstellt. :

Der Verfasser hat mir die folgende Liste von stéhrenden Druckfehlern und Ungenau-
igkeiten- mitgeteilt, die ich dieser Besprechung beifiige.

© Sy stait F@F) lese F(H? : S.85;  statt fiir u >+ oo lese fiir u>+oo

S.201  statt (2.3.1) lese (2.1.1) S.101, statt ...+ a,, lese ...+ a,y
8.22;  statt |b; {2 lese |a;P . S.105, .statt fy(x)=0 lese fi(2)=0
$.23,, statt |z |=1 lese Rw;=0 - © S.17y, vertausche die Zeichen = und ==
S.44, statt h(z) lese f(z) - S8.123,; statt nahe zur lese weit von
S.56,  statt...<uy lese ...< g < S.125;,ystatt (k—1) lese (k--1)

S64, statt z, lese 2. - Sa6l statt 1(1324) lese: (1:124)
$.8512  statt a < xy < b lese a<x< b . 5.1864 statt — lese + 1264

S8 statt Nach Quadrierung... lese Wenn o geniigend groﬁ ist, ist dle linke Seite po's‘i-

tiv; nach Quadrierung. ..
S.39'-2 im Exponenten von e statt (K—I[—1) .lese (K—2i)
. o k= kx .
S$.39 -in Forinel (5.2.6) statt — lese —
- o . S 2m. m
S.47,, streiche die Worter-und willkiirliche Koeffizienten b; =
S.60,; statt- max (1,{a{,..., |a,[) lese max(l,la],...,|a.l)
S.71 - in Formel (23'4) setze immer f statt . F :
S.14 statt 2mk2=x<2x(k+1)2 lese 2zn>=x<2a(n+1)
S.85t  statt folgt f(x)— . lese folgt z. B. im Falle a=—x, b~-}—oo f(v)—O
S.91-95 an mehreren Stellen stait z; lese 1
S.98 ‘an mehreren Stellen statt Ay lese |44}
S.1’12p das - Zitatum lautet richtig, wie folgt: ... Those famlhar with the theory of- Rlemann '
. . zetafunction in connection with the dxstnbutnon of primes.
S.116  in Formel (9.4.11) statt logk: lese logtT

" n .
N7 citlogy AN ~itlogj
a.e > ae
— J
J=1

S.120  in Formel (1().1.?) statt
: =

lese log

J. F. Koksma (Amsterdam)

_ Gaston Julia, Cours de Géométrie Infinitésimale. Deuxiéme édition entiérement
refondue. Premiére fascicule. Vecteurs et Tenseurs, 103 pages, Paris, Gauthier-Villars, 1953..

Cette deuxiéme édition  différe de la premiére trés sensiblement sous - plusieurs
regards. La théorie des tenseurs de deuxiéme ordre est présentée d’une facon nouvelle et
plus géométrique. On-a ajouté un nouveau paragraphe sur les tenseurs en coordonnées
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obliques. Il y a aussi beaucoup d’autres amélioriations et additions, ainsi que des résultats
nouveaux, publiés pour la premiére fois.

On constate avec satisfaction que le livre ne fait pas emploi de la méthode des
quantités infinitésimales, dont I'élégance et efficacité ne sont qu'apparentes.

Table des matiéres: I. Vecteurs. Notions Elémentaires. 1. Tenseurs du second ordre.
IIl. Compléments d’Analyse vectorielle et tensorielle. IV. Notions sur les vecteurs et les

tenseurs en coordonnées cartésiennes obliques.
Gy. Soos (Debrecen)

Székefalvi-Nagy Béla, Valos fiiggvények és fiiggvénysorok (Béla Sz.-Nagy, Fonc-
tions et séries de fonctions réelles), 307 pages, Budapest, Tankonyvkiadd, 1954.

Ce livre contient la matiére des cours de méme titre de l'auteur, professés a I'uni-
- versité de Szeged. Dans I'arrangement d’une partie de la matiere, il fait usage des idées
et des méthodes dues a F. Riesz et publiées dans les trois premiers chapitres de leur
ouvrage commun, “Lecons d’analyse fonctionnelle”. Ces méthodes permettent -notamment
d’introduire: 'intégrale de Lebesgue sans s’occuper d'avance de la théorie de la mesure et,
de cette facon, fournissent la voie la plus courte et la plus commode, sinon la plus mtul-
tive, pour arriver aux beaux résultats de la théorie de Lebesgue.

Apres une introduction qui donne un aspect général du développement de la théorie
des fonctions réelles et de son role joué dans I'analyse moderne, le premier chapitre résume
les notions fondamentales de la théorie des ensembles abstraits et de celle des ensembles
de points d’un espace euclidien. Le deuxiéme chapitre s’occupe des propriétés des fonctions
continues et semi-continues, des différents types de convergence de suites de fonctions, des
problémes d’approximation des fonctions continues par des polynomes, et des propriétés
des fonctions i variation. bornée. Il est a remarquer que, auprés des théorémes classiques
d’approximation de Weierstrass, leur généralisation récente due 2 Stone est démontrée,’
- elle aussi, et elle est appliquée a la démonstration du théoréme de Tietze sur le prolon-
gement des fonctions continues Les quatre chapitres qui suivent traitent des problémes de
dérivabilité, des propriétés des fonctions d’intervalle, de P'intégrale de Lebesgue et de celle
de Stieltjes, & peu prés dans le méme ordre d’idées que Vouvrage cité de lauteur et de
F. Riesz, y compris, comme applications ultérieures des méthodes, un exposé de Iintégrale
de Riemann et de P'intégrale de Lebesgue sur les ensembles abstraits. Le septiéme chapitre
contient les propriétés fondamentales de I'espace L2 et des systémes orthogonaux, avec les
plus importants exemples des systémes de ce type. Le huitieme chapitre est consacré a la
théorie de convergence des séries de Fourier; en dehors des théorémes classiques on y
trouve les théoremes de Pringsheim et de Lukdcs sur la série conjuguée. Le. dernier
chapitre s’occupe des questions de sommablllte des séries de Fourier.

Le style concis et tres clair de 1’ouvraore contribue a l’mfluence éducative exercée
par I'élégance des méthodes employées. '

Akos Csdszdr (Budapest)‘

Henri Milloux et Charles Pisot, Principes. Méthodes générales (fasc. 1 du tomel
du “Traité de théorie des fonctions”, publié sous la direction- de M. Caston ' Julia),
VIll 4- 300 pages, Paris, Gauthier-Villars, 1933.

C'est le premier volume d’'une série congue, avec le concours de M. G. VaLirox, par
M. G. Juu, sur le plan d’'un “Traité de théorie des fonctions de variable complexe”. D’aprés
la préface par M. Juua, ce traité a pour but de permettre au lecteur pourvu de la cuiture
mathématique d’un-bon licencié, d’acquérir sur les idées, les méthodes, la technique de la
théorie des fonctions, des connaissances suffisantes pour pouvoir lire ta littérature moderne.
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Le premier tome de la série est I'oeuvre de MM. MiLoux et Pisor, il sera constitué
de deux fascicules, le second devant suivre sous peu. Ce premier fascicule comprend une
matiére riche, trés soigneusement exposée, et allant dans ces détails bien au dela les
cadres indiqués par le titre.

Voici les chapitres: 1. Introduction. Généralités. (Ensembles, intégrales, séries, etfc.)
— II. Fonctions holomorphes. Fonctions élémentaires. Premiéres notions sur les fonctions
multiformes. — III. Théorémes de Cauchy. Principes de maximum. Lemme de.Schwarz. (Le
théoréme de Cauchy est démontré sous sa forme forte. Le lemme de Schwarz est utilisé
systématiquement pour obtenir la formule limitée de Taylor, le théoréme de Liouville, les
propriétés des domaines de détermination infinie des fonctions’ entiéres; etc. Unicité de la
représentation conforme. Théoréme de Julia-Carathéodory.) —. IV. Fonctions uniformes:
Premiéres études, (Calcul des résidus, avec applications aux développements trigonométri-
ques. Formule de Jensen. Théoréme de Blaschke.) — V. Familles de fonctions et représen-
tation conforme. (Théorémes- d’Arzela—Montel et de Stieltjes—Vitali, application a la
démonstration du théoréme fondamental de Riemann sur les représentations conformes.) —
VI. Fonctions analytiques. Représentations. Prolongements. (Séries de Taylor et de Laurent.
Séries de polynomes. Transformations de Laplace. Séries de Dirichlet. Produits infinis de
Weierstrass et séries de fonctions rationnelles de Mittag-Leffler.) — VII. Intégrales de fonc-
tions” analytiques. Principe de la symetrle et applications a la représentation conforme.
Théoréeme de Picard. (Théorémes de Schottky, Julia, Bloch, etc.)

Béla Sz-Nagy (Szeged)

G Hoheisel, Partielle Differentialgleichungen. Dritte, neubearbeitéte Aufiage (Samm-
lung Goschen, Bd. 1003), 129 Seiten, Berlin, Walter de Gruyter & Co., 1953:

Daf} dieses Biichlein binnen 25 Jahren schon zur dritten Auflage kam, zeigt, daB es
sich gut bewihrt hat. Der Umfang hat sich im Vergleich mit der. in 1928 erschienenen
ersten Auflage im ganzen um 30 Seiten vermindert. Am meisten wurde die Behandlung von
‘Beriihrungstransformationen und zum Teil die der Charakteristiken zusammengedringt.
Dagegen werden jetzt auch Randwertaufgaben behandelt, ohne aber die Differentialgleich-
ungen der mathematischen Physik mit besonderer Beachtung zu wiirdigen. Auch der vek-.
torielle Standpunkt hat sich hier mehr durchgesetzt. Die lineare Gleichungen werden in
jedem Kapitel dieser Auflage in separaten Paragraphen untersucht.

Die sechs Kapiteln der ersten Auflage wurden in vier zusammengezogen: In den-
erstenzwei Kapiteln werden Differentialgleichungen erster Ordnung mit zwei bzw. n Ver-
Anderlichen behandelt, wo u. a. das vollstindige Integral, das Cauchysche Problem,
Pfaifsche Gleichungen, Charakteristiken und Involution, sowie kanonische und Beriihrungs-
transformationen eingefiihrt werden. — .Die zwei weiteren Kapiteln behandeln Gleichungs-
systeme und den Spezialfall den die Gleichungen zweiter Ordnung darin bilden. Sieben

Nachtrige befassen sich mit ,nwmerischen® bzw. speziellen Erdrterungen. Es ist zu begriis- . °

sen, daf} die Neuauflage auch einen kurzen Sachregister enthilt, dessen Erweiterung aber
noch wiinschenswert zu sein scheint. _

Wie aus den zahlreichen Hinweisen zu sehen ist, bildet diese Arbeit mit den
,Gewodhnlichen Differentialgleichungen und der ,Aufgabensammlung zu den gewdéhnlichen
und partiellen Differentialgleichungen” desselben Verfassers (dieselbe Sammlung No. 920,
bzw. ‘1059, Berlin, 1951) eine organische Einleit. .

Dieses geschickte, knappgefafite Einleitungswerk wird sich wohl auch in seiner neuen
Form fiir die in diesem Qebiet erste Orientierung suchenden Mathematikern als niitzlich
erweisen. :
J. Aczél (Debrecen)
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Karl Menger, Géométrie générale (Mémorial des Scnences Mathemathues fascicule -
174), 80 pages, Paris, Gauthier-Villars, 1954. .

" Ce fascicule des ,Mémoriaux® est un résumé de certaines recherches géométriques
fondées sur la notion abstraite de la distance, recherches dont K. Mencer était Iinitiateur
et qui se développaient surtout autour de son ancien cercle de Vienne. L’idée essentielle
de ces recherches consiste dans le développement méthodique des propriétés intrinséques
de divers espaces, en se servant uniquement de la notion générale de distance. Coordon-
nées et représéntations paramétriques n’intervenant pas dans la conception de Iespace,

" les résultats obtenus par cette voie atteignent un degré de généralité trés élevé et éclair-

cissent en méme temps l'essentiel géométrique de beaucoup de propriétés recherchées
auparavant par des moyens du Calcul infinitésimal. L’auteur et les savants qui se sont
associés a ces recherches générales ont réussi a démontrer que souvent 'usage des coor-
données et des représentations paramétriques est peut-étre un moyen utile, mais leur
introduction- exige des restrictions considérables qui, pourtant, ne sont pas du tout de carac-
tére logique; au contraire, la possibilit¢ dintroduire la conception de l'espace par les
méthodes classiques de la Géométrie infinitésimale est une conséquence directe de la
structure métrique intrinséque de I'espace abstrait considéré. Ainsi p. ex. A. WaLp a réussi
it y a 20 ans, de caractériser les surfaces de Gauss uniquement par des relatlons métriques
concernant les quadruples de points d'un espace compact.

Dés que M. Me~cer a commencé de développer les fondements de cette conceptlon

.générale de la Géométrie (Math. Annalen, 100 et 103), les recherches d'un grand nombre

d’auteurs ont conduit & des résultats quelquefois profonds dont une partie est en contact
avec d'autres conceptions géométriques générales, ainsi p. ex. avec les recherches de
A. D: ALexanprov ‘concernant les corps convexes. -

.Dans ce fasmcule, Pauteur cherche & donner une image claire des diverses dlrectxons
de recherche ergendrées par son initiative. L’ouvrage est divisé en sept chapitres: 1. La
géométrie dans les espaces metriques, ll. Théorie générale de la courbure, IlI. Analyse et

" généralisations de la notion d’espace métrique, IV. Calcul des variations et Géométrie

métrique, V. Une théorie générale de la longueur, . VI. Espaces vectoﬁels généralisés.
VII. Esquisse d’une Géomeétrie métrique aléatoire.
La présentation de la matiére traitée est trés suggestive et d’ ine clarte logique bien

'caractensthue aux résumés présentés auparavant par M. MENGER.

- G. Alexits (Budapest)
- C. Truesdell, The Kinematies of Vorticity (Indiana Univérsity Publications Science
Series No. 19), XV 232 pages, Bloomington, Indiana University Press, 1954.

The theory of vorticity, this important chapter of classical hydrodyriamics," has been
recently much elaborated by several authors using different, but elementary methods of

- analysis. TruespeLL's monograph gives a critical review of these investigations from the
" unified point of view supplemented by the author’s investigations published in the post-

war years. The review is concenfrated on a.general theory of the kinematics of continuous
media. Namely, it is known that the dynamical properties of fluids, and the flow of a
fluid, whether perfect or viscuous, may be defined by purely kinematical conditions. On this
account the greatest contributions to practical Huid dynamics were preceded by kinematical
analysis belonging to pure mathematics rather than to mechanics or physics. Many theorems
generally regarded as dynamical can be found in this monograph in a purer kinematical
form and, based on this point of view, many old results-are derived in a new way. All
dynamical statements have been relegated by the author to parenthetical sections, appen-
dices, or footnotes, to let the argument course freely and to leave the propositions free
for applications to such special dynamical situations as may be of interest. '
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After sonmie geometrical and extensive kinematical plellmmarles the definition of the
vorticity and its five interpretations based on the work of several authors is given; in the
following chapters the different theorems of balance supplémented by the possible generali-
sations are discussed: The detailed study of the Bernoulli theorems, the convection, and
the diffusion of vorticity deserve particular interest. Finally, in the last chapter, the circu-
lation-preserving motion of the fluid is .discussed, which topic affords the 31mplest and
most elegant applications of the general theory.

The ‘monograph contains a detailed and complete blbllography Also the accurate
historical remarks’in the footnotes are very interesting. (We learn e. g. that Stokes’ theo-
" rem was discovered by Keivin) Extensive application of the dyadic, mstead of the more:
" generally adopted tensor symbolism -makes the-book for not quite easy -reading.

: ' ' J. 1. Horvith (Szeged)

H. Poincaré, Electricité et optique. La lumiére et les théories électrodynamiques,
Deuxiéme édition, revue et com'plétée (nouveau tirage), X - 641 pages, Paris, Gauthier-
Villars, 1954. ‘

Ce livre, contenant le résumé des lecons professees par Poxrcare 4 la Sorbonne en
1888, en 1890 et.en 1899, peut étre consxdere. comme un des plus importants traités
@électrodynamique depuis Maxwell. On I'étudie méme aujourd’hui avec beaucoup d’intérét,
et cela non seulement pour sa valeur historique, mais aussi parce qu’une bonne partie de
ses chapitres a conservé toute son actualité. C’est ainsi, entre autres, pour les chapitres -
sur Pélectrodynamique. phénoménologique des diélectriques et sur 'optiquée des cristdux,
et tout partlcuherement pour les chapitres résumant les théories plerelatlwstes de I'électro-
«dynamique des corps en mouvement.

J- 1. Horvdth (Szeged)

. Paul Appell, Traité de mécanique rationnelle. Tome V. Eléments de calcul
“tensoriel. Applications géométriques et mécanigques, par René Thiry. Detxiéme édition
(nouveau tirage, revu et corrigé), X 4 202 pages, Paris, Gauthier-Villars, 1954.

-La premiére impression de la seconde édition date de 1933, tandis que la -
- premiére édition est parue en 1925, D’aprés lintention originelle de Paul Appell,
son célébre Traité de la Mécanique Rationnelle aurait du contenir aussi une étude
.de la Mécanique Relativiste, et le présent -volume était destiné a servir d’introduction -
mathématique a celle-ci, traitant du calcul tensoriel et de la géométrie de ngmann. Aprés
un chapitre résumant les éléments de la théorie des transformations linéaires et des formes
-quadratiques en un nombre fini de variables, suit le chapitre le plus vaste et le plus
intéressant du llvre, traitant du calcul tensoriel. Un résumé, trés utile, des regles et for-
mules de ce calcul est ajouté a ce chapitre. Le troisiéme chapitre traite des applications
A la géométrie de I'espace euclidien a trois dimensions et a de problémes de la Mécanique
classique : ‘mouvements d’un corps solide, déformations d’un milieu continu, etc. Les deux
chapitres suivants sont consacrés a I'étude de la géométrie de Riemann et des géométries
pseudo-euclidiennes a n.dimensions. On y trouve entre autres des paragraphes sur les
coordonnées normales de Riemann, et sur les espaces & courbure constante, concepts de
_grande importance dans I'appareil géométrique. de la -Théorie de-la Relativité Générale. Le
chapitre VI commence par une. ¢étude des fondements géométriques de la. théorie de H.
~Weyl. On y fait connaitre aussi les premiéres tentatives de A. Eddington et de E. Cartan
pour généraliser la géométrie de Riemann. Le dernier chapitre contient un apercu trés
instructif des géométries non-euclidiennes, en particulier des géométries- Cayleyennes.
S . J. 1. Horvdth (Szeged)
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Béla Kerékjarts, mort prématurément, est auteur d’'un ouvrage en deux volu-
mes sur-les fondements de la géométrie. Le tome premier, édité en hongrois en 1937,
traite de la construction axiomatique de la géométrie euclidienne.-Le second volume
a pour sujet la géométrie projective et, en connection avec celle-ci, les géométries
non-euclidiennes.

Le systéme d’axiomes, pris comme base par l'auteur, coincide danslessenhel
avec -celui de Hilbert. Neanmoms, une différence sensible existe entre le livre classi-
que de ce dernier et le présent ouvrage, & savoir que Kerékjarto méne de maniére
conséquente, jusqu’au bout -et dans ses moindres détails, la construction de la géo-
métrie ayant pour point de départ les axiomes. La différence essentielle qui existe
entre le-systéme de Kerékjarté-et celui de Hilbert consiste dans la -fagon dont Kerék-
jarté traite les congruences, ce dernier n’utilisant comme concept fondamantal que
Pégalité des segments, tandis que 1’égalité des angles est définie par des axiomes et
des théorémes se rapportant & I'égalité des segments. L’auteur montre en méme
temps que les axiomes qu’il a soulevés sont équivalents & ceux de Hilbert. A I'aide
de la notion de fa famille des droites il traite d’'une fagon originale les points remar-
quables des triangles, sans recourir a I'axiome des paralléles. Le chapitre consacré
aux axiomes de continuité est également trés instructif; il contient I'analyse précise
des résultats pouvant étre déduits des axiomes de continuité sais recours aux axiomes
de congruence. L'auteur traite encore en détail des résultats & déduire a l'aide des
axiomes de congruence, sans adméttre -Faxiome des parall¢les. Les axiomes de
continuité quil emploie au lieu de Vaxiome “d’intégralité” de Hilbert, axiome
critiqué avec raison, sont tous-des axiomes concrets. En outre, ce livre met con-
séquemment” en_ relief les points de vue de la théorie des groupes, qui se sont
avérés si fertiles en vue des investigations géométriques.
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