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On the stability of the zero solution of certain second order
non-linear differential equations

By L. HATVANI in Szeged

Introduction

In this paper we shall study the equation
(E) ' X" +a(t)gx, X)x +b(t)f(x) = 0
under the foilowing assumptions:’

(A)) a()EC0, =), a(t)=0; b(1)€C'[0, =), b(1)>0;
(A2) W) € C(— <o, <), uf(w) =0 (u=0), and Ijlimo .F(u) = oo, where

H@;/ﬂ@h;

(A,) g(u, v) is continuous and non- negative on the (u, v) plane;

(A,) for arbitrary 1, =0, x4, x5, (E) has a unique solution x(¢) =x(; to, Xo, xo)
in an appropriate interval (t,—¢&, 1, +&)(E=0) with x(f,)=x, and

X(t)) =x3.

The zero solution of (E) is said to be stable in the sense of Liapunov if for every
£>0 there is a §=3(¢) >0 such that every solution x(#) = x(¢; t,; x4, xo) of (E) for
which (x)? +(x5)? = 9, satisfies the inequality [x(2)]? +[x'(2)]* = & for ¢ =¢, also.
We say that the zero solution of (E) is globally asymptotically stable if every solu-

tion x(¢t) =x(t; o, xo, xo) of (E) satisfies the relations

(R) o lim x(#) = limx’(2) = 0.

In these definitions it is understood that solutlons startmg near the. origin exist

on the whole interval f5=1< oo,

J. S. W. WonG [1] obtained a condition sufficient for the stability of the zero
solution- of (E). He also raised the question of finding conditions guaranteeing the
global asymptotical stablhty of the zero solution of (E) We shall give an answer to-

this question.

1 A



2 . L. Hatvani

In Sec. 1 we prove two lemmas concerning continuation, boundedness and -
oscillation of the solutions. In Sec. 2 we establish a necessary condition for the
- global asymptotical stability of -the zero solution of (E) and a sufficient condition
for the same property in case b(¢) is bounded on [0, =). In Sec. 3 we investigate the
case lim b(t) = co.- ' |

I am deeply indebted to L. PINTER for the help he has offered to me in the prep-
aration of this paper.

Let x(¢) be a solution of (E) and set

wOP

(1.1) v(r) = 70)

It is easy to see that

(1.2) V(t) =

+2F(x(n)).

X' (P

b@)[mam&axxo»+”@

b))
‘The non-negative function v(¢) will be called the Liapunov function belonging fto the

solution x(t).
For the sake of brevity, we shall use the notation

b'()
b(t)

q:(t) = 2la() +— =

.

where ! is an arbitrary real number.

Lemma 1. 1. Suppose that
(1.3) S au@)_dt <=,
. B 0]

where k denotes the infimum of g(u, v) on the plane (u, v). Then

a) every solution x(t; ty, xq, x5) of (E) exists in [0, o);

"b) v(t) is a function of bounded variation on [0, =), and consequently tends to
a finite limit as t - oo. '

Proof. a) Suppose that x(z; ty, Xo, xp) is a solution of (E) and [¢,, T) is the
maximum interval to theright in Wthh the solutlon x(t) can be continued (ro <T=oo).
. By (1.2) we have on [t,,T)

b'()
b(t) I+

(1.4) V() = v(t)[ 2ka(t)— = v(t) [g: ()],
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therefore .

I ey IO
i.c. 'o ©
(1.5) : () éu(zo) eXp(f[qk(s)]_ ds) =C,

thus v(z) is bounded consequently the functions x(¢), x'(¢) also are bounded on ‘
every finite subinterval of [to, 7). :

Suppose now that T <. Then x(t) and x’(t) are bounded on [ty, T) and by
virtue of (E) x”(¢) is bounded too on the same interval. But x(¢) cannot be extended
to the right of T, therefore lim x(¢) and lim x’(¢t) cannot both exist, and thus
either x’(t) or x"(t) is unbounded on [ty, T) The assumption T<oo has led to a
contradlctlon i.e. x(r) exists in [tg, =).

Likewise, x(¢) can be continued to the left of #,.

b) (1.4) and (1.5) imply [0(¢)]+ =C,[g.(t)]-. Since v(z) =0, we have

f[u'(z)]_ dt = v(0)+ fm[u'(r)]'+ dt = v(0)+C,,
0 0 .

where C, = C, [ [g(t)]- dt; hence
L :

oo

T @lde = [ ('O, +1 ©)_) de <o,

0

i.e. v(¢) i1s a function of bounded variation on [0, ).

Corollary 1. 1. If (1. 3) holds, then every solution x(t) of(E) and x' (1)[b()]*
also, are bounded.

Proof. In view of b), assumption (A,) and (1. 1), the sfatement is obvious.

Lemma 1.2. Every solution x(t) of (E) is either oscillatory or monbtanic on
an appropriate interval [T, o).

Proof. The zero solution of (E) obviously satisfies the statement of the lemma.
Suppose now that X(t)zo. Then, as a consequence of the uniqueness of the zerd
solution of (E), x(#) and x’(¢t) have only zeros of multiplicity one and these zeros
form a discrete set in every finite interval. Now to prove the lemma it is sufficient
to show that between any two consecutive zeros of x’(¢z) there is one and only one
zero of x(2).

l.
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Let ¢’, t” be two consecutive zeros of x'(¢f). By virtue of (E) we have x(¢")x"(t") <0,
x(")x"(t") <0, and therefore x(f) has successive extremal values in ¢’, ¢”, thus
one of them is a maximum point, the other is a minimum point of x(¢). Consequently,
x"(¢’) and x”(¢t") are of opposite signs. Hence x(¢") and x(¢”) are also of opposite
signs, and therefore x(z) vanishes at some point of (¢, ¢”). If x(¢) vanishes at least
twice on (¢’, t”), then x’(t) also has a zero.in the same interval. This contradicts the
fact that ¢/, t” are two consecutive zeros of x'(¢).

Theorem 2. 1. If
Q.1 . liminf b () = 0

and the zero solution of (E) is.globally asymptotically stable, then

[ lge®), dt ==,

where K is an arbitrary real number -greater than g(0,0).

Proof. Let x(¢) be an arbitrary solution of (E). The zero solution being globally
" asymptotically stable, it follows from (R) and (2. 1) that v(r) tends to 0 as 7 —ee.
Since K >g(0, 0) and g(u, v) is continuous, there exists a § >0 such that if u* +v* < §
then g(u, v) < K. Furthermore, because of (R) there exists a 70 such that if =T
then [x(#)]* +[x"(1)]* < §, and hence g(x(), x' (1)) <K, provided t=T. Thus, by
(1.1), (1.2) and assumptlon (A,), we have

b'(1)
b(0).

V(D) _ - [XOP
vt) v(f) b(r)

2a (t)g(x(t) x (t))+

Hm]

[2Ka(t) + b)),

on [T, =), and therefore

t

'fggm;mf”> jmumm

on the same interval. Since v(¢) tends to 0 as f - oo,

STk ds = [ lax(s)]s ds =
0 T

holds, which was to be proved.
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Theorem 2.2. Suppose that a(t) and b(t) are bounded on [0, <), furthermore
(1.3) and (2. 1) are sattsﬁea' ]f

2.2) | . f (D)) dt =

holds on every set S = D (a,, b,) such that
n=1 .

o~

0=a,, a,<b,<a,.., b,,—a,} =6=0 (n=1,2,3,..),

I/Ien the zero solution of (E) is globally asympiofzca// 'y stab/e

Remark 2. 1. If, say ¢,(¢) satisfies [q,‘(t)]+ Za=0 on [0, <), or it is non-
negative, periodic and does not vanish identically on any subinterval of [0, o), then

(2. 2) is obviously satisfied.
It is easy to prove that (2.2) and thé fo]lowmg statement are equivalent: for

every 0 >0
t+é6 .
lim Lnft [ 1gu()1. ds > 0
is valid.

Proof. Let x(z) be a solution of (E). By Lemma 1.1 x(¢) exists in [0, )}
x(t) and u(t) ={x’(¢)]? [b(t)]' are bounded and v(¢) is a function of bounded varia-

tion on [0, ).
First, we shall prove that.

@3y limu(z) = 0.
Suppose (2. 3) is false, i.e.

2.4) _ lim sup u(t) =1=0,

t->o0

and consider the open unbounded set
:(2.5) H = {t:t=0, u(t)>-3~ .

Asv(t)isa function of bounded variation, we have

©.6) oo>f[u (z)] dt >fu(f) /,(,)

a=t [ f (90,
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and therefore, as a consequence of (2. 2), H does not contain an interval of the type
(T o), and hence

2.7 hmmfu(t) ; '

Inequalities (2. 4) and (2.7) imply that there exists a sequence of intervals w, =
=, thcH (m=1,2,3,..) such that

4 ” ’ ’ ) “ 1y ).,
(28) In<lpy=< tm+1’ u(tm) = u(tm)= ? (m=l’ 2y 3) ):

lim 1, =< and for every m there exists a T € @, With

’ 2
(2 9) ; . u(Tm) = ? ;".
From (2. 6) and (2. 8), by assumption (2. 2), we obtain
(2.10) liminfmes(w,) = 0.

m-»oo

Since v’ = v =2[F(x)]’, (2. 8) and 2.9) imply

b'(¢)
()

+2 [l fx@)de (m=1,2,3,..);

dt 4+

2a(t) +g(x(1), ¥

2.11) 131—_ [ (t)[dts fu(t)

[

moreover, in view of (2. 6) and (2. 8) we have
b'(2)
b()

By virtue of assumption (2. 1), and the boundedness of x(z) and x (t)[b(t)] 1.
we get

(2.13) lf(x@)j<Cy, - ¥ (O] <C, (0§:<oo).

2.12) lim f u(t) 2a(t)g(x(1), ' (1)) + -2 | dt = 0.

From (2. 11) we obtain, in view of (2. 10), (2. 12) and (2. 13), the inequality
2 ) :
3= "(I)JfZC?C’wf_dS (m o),

which, as a consequence of (2. 10), contradicts the fact that 1>0; consequently
(2. 3) is true. Then, in view of assumption (2. 1), it follows

@.14) - ‘ lim x'(1) = 0.
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It remains to verlfy that x(¢) tends to 0 as 7 — oo,
By Lemma 1.1 v(¢) tends to a finite limit as ¢ — oo, therefore it follows from
(2. 3) that thm F(x(1)) also exists; thus taking assumption (A,) into consideration

it is easy-to see that lim x(t) = v exists too. By Lemma 1.2 x(¢) is either oscil-

latory or monotonic for t large enough. In the first case we have obviously v=0;
- thus it is sufficient to- study the second case.

Suppose that x(¢z) is monotonic for ¢ large enough and v30. Then, by vrrtue
of (2.1) and (A,), we get

2.15) lim 1nfb(t) \ f(x(t))| > 0.
" Since a(t) is bounded and g(u, v) is continuous, in view of (2. 14) we have
. (2.16) tl_l.rnoa(t)g(x(t), x'(#)x'(t) = 0.

Using (2. 15) and (2. 16) we deduce from (E) that lim inf [x"(2)| > 0 which con-
tradicts the fact that x(¢) is bounded. Thus v =0, and thls concludes the proof of
the theorem.

Remark 2.2. By taking g(x, x’)=1 and f(x)éxz"fl, Theorem 2. 2,Acontains
as a special case a sharpened form of a theorem of J. Jones (Theorem 4 of [3]).

Theorem 3.1. Suppose that
3.0 tlim b(t) = <o, 1nf 8w v) =k >0,

— oo <y,

and for any positive number C

sup g(u,v) = K¢ <o,

. ul<C, ~c0o<p<oo

If : _
. gx(t) (LIQ)
(3.2) 11}1_};11f [b( G >0 and lrrninf @) >0,
.then for every solution x(t) of (E) we have
thrno'x(t) = lim [Z (E’)])% =0

Proof. This is similar to that of Theorem 2. 2.
- Let x(¢) be a solution of (E). By virtue of (3.2) we have [¢,(¢)]- =0 on an
appropriate interval [T, =), thus by Lemma 1. 1 x(¢) exists in [0, «); furthermore
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x(t) and z)(t)=[x’(t)]2[b(t)}__1‘ are bounded and v(¢) is non—negaﬁve and decreas-
ing on [T, <o).. '
First we shall prove that

(3.3) | limu(r) = 0.

Suppose that (3. 3) is false, i.e. (2. 4) holds, and consider the set H defined by
(2. 5). In view of (3. 2) there exists a positive number ¢ such that if T (T=T,) is
large enough, then

3.4 o(T) = f|u’(t)] dt = u(t) [2a(t)g(x(t) ¥ (,)) b(t) di >
' T

>

é [ s

HOUT, )

hence by (3. 1) we get that mes (H) < . Thus, the present assumptions also imply
(2.7) and there exists a sequence of intervals w,CH (m=1,2,3,...) with (2.8)
and (2. 9). Combining (3.2) and (3. 4) we obtain the estimate

o(T) > f|v(t)|dt 2 ] fl 0 [‘,’,"(ﬁ’); azed] [ woa,

HO[T, )

from which it follows that

3.5 o m fW@ld=o0.

From (2. 11) using (2. 12), (3. 5) and the boundedness of x(¢) we get the ihequality

W >~

= o()+2C, [Ix' () di=o(l)  (m—e),

which contradicts the fact, that A=0. Thus, (3.3) is true.

It remains to verify that x(¢) tends to 0 as ¢ —eo.

Similarly as in the proof of Theorem 2. 2, we may restrict ourselves to the case
where x(¢) is monotonic for ¢ large enough. Denote by v the limit of x(¢) as ¢ — oo,
(as x(t) is bounded, v is finite), and suppose v#0. Then lim inf [x’(1)] = 0, from

Wthh it follows that for the functlon w(t)=x'(¢) x(r)]"

(3. 6) - : llm;nflw(t)l =0
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holds too. On the other hand, (E) implies that w(r) satisfies thce relation

. ! 2 . i :
R L e O e

for ¢ large enough. In consequence of (3.3) and v#O, we have

Iim w(t) =
=S BOF T
thus (3. 1), (3.2), (3. 7), (A,) and assumption v=0 imply that
(3.8) ’ lim [/ (1) = <.
This contradicts (3. 6). Therefore we have v=0.
- This concludes the proof.

Corollary Suppose b(t) is mcreasmg on an interval [T, oo) and llm b(t)=oo.
If there exist posztzue constants k, K, ¢, C, T, such that

b
a(t)

-

(G.9) k<gv)<K (—o<uv<o), ¢ SC (T=T,st<e),

then for every solution x(t) of (E) we have

X))
[b(f)]* B

11m x(t) = hm

Proof. If 1€[T,, =), then

@) _ [Zk (t)+b’(t)] = 220

[P [b(t ) b(2) L10)

thus (3.9) implies (3. 2); therefore the assumptions of the theorem are satisfied.
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Uber die unbedingte Konvergenz der Orthogonalreihen

Von KAROLY TANDORI in Szeged

1. In der. Arbeit [5] haben wir eine notwendige und hinreichende Bédingung
fiir die unbedingte Konvergenz der,Orthogonalréihei

a - 200,90

angegeben, wobei {a,} eine reelle Koefﬁznentenfolge und {¢,(x)} ein orthonormxertes
Funktionensystem (kurz ONS) ist; in Folgendem — wenn es nichts anderes gesagt
wird — nehmen wir fiir das Orthogonalititsintervall immer das Intervall (0, I).
Die Reihe (1) konvergiert fast iiberall unbedingt, wenn sie in jeder Anordnung

¥))] : . - ’_Z; Ay (1yPn ) (%)

fast tiberall konvergiert (die Menge der Divergenzpunkte kann von der Anordnung
abhidngen, darum folgt aus der ,,unbedingten Konvergenz fast iiberall” die ,,absolute
Konvergenz fast iiberall” nicht).

Zur Abfassung des erwahnten Resultates bilden wir d1e Summe

1

oo v(k+1) 2
= 2 2> day*login| ,

n=v(k)+1

wobei v(k)=2%* (k=0,1, ...) ist, und {a}} eine derartige Anordnung der Folge
{a,} bezeichnet, fiir die |a}|=--- =|a}| = - gilt. (Ist {g,} €%, d.h. gilt ZaZ <<, dann
existiert eine solche im absoluten Betrag monoton abnehmende Anordnung; im
Falle {a,}¢ /* soll man S=-c setzen. Es.ist moglich, daB fiir eine Folge {a,} ver-
schiedene solche Anordnungen existieren; fiir verschiedene solche Anordnungen
sind aber die Werte S dieselben.) Die erwiihnte Bedingung lautet folgenderweise. -

A. Dafur dafi die Reihe (1) fiir jedes ONS {0, (x)} fast diberall unbedingt konver-
gzert ist S < oo notwendig und hmrezchend
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Die Notwendlgkelt der Bedmgung S<oo erglbt sich aus der folgenden Be-
haptung

B. Ist S=-o, dann gibi es ein ONS {®,(x)} derart, daf3 die Reihe

® 3 a,0,(:)

in gewisser Anordnung ihrer glieder fast iiberall divergiert.

2. Der Beweis dieser Behauptung geht mit einer direkten Konstruktion, und
das entsprechende ONS 'ist unbeschrinkt. In dieser Arbeit werden wir zeigen, daf3
in dieser Behauptung das ONS {&,(x)} beschriinkt angewihlt werden kann: Genauer
zeigen wir den folgenden Satz.

Satz I. Es sei K>1. Ist S=-co, dann gibt es ein ONS {®,(x)} mit
) L eWI=K O=xs1; n=12,.)

derart, daf} die Reilie (3) in gewzsser Anordmmg ihrer Glieder in (0, 1) fast tiberall
divergiert.

Ein Funk_tionensystem {#,(x)} mit der Eigenschaft (4) nennen wir ein K-be-
schriinktes System.

Da nach der Behauptung 4 aus § << folgt, dal die Reihe (1) fiir jedes ONS
{®,(x)} fast Gberall unbedingt konverglert erhalten wir nun unmlttelbar auch den
folgenden. Satz.

Satz II. Es sei K>1. Dafiir, daf die Reihe (1) fiir jedes K-beschrinkte ONS
{0, (x)} fast iiberall unbedingt konvergiert, ist S<oo notwendig und hinreichend.

Die allen ONS-¢ und die K-beschriinkten ONS-e verhalten sich also vom Ge-
sichtspunkt der unbedingten Konvergenz &hnlicherweise. Fiir den Fall der gewShn-
lichen Konvergenz wurde es auf diese Erscheinung mehrmals aufmerksam gemacht
(s [2], 141, [8]).

Aus dem Satz IT und aus der Behauptung A ergibt sich z. B. folgendes. Ist die
Reihe (1) fiir jedes K( > 1)-beschrinkte ONS {p,(x)} fast iiberall unbedingt konvergent,

dann konvergiert die Reihe (1) auch fiir jedes ONS fast iiberall unbedingt. -
' Es soll betont werden, daB fiir den Fall K=1 der Satz I noch nicht bewiesen
"ist. Fiir 1-beschrinkte, oder m.a.W. vorzeichensartige ONS-e anstatt des Satzes I
. ist nur ein schwicheres Resultat bekannt [9]. Da fiir vorzeichensartige ONS-e konnte
man bisher auch die hinreichende Bedingung S <o nicht abschwichen, ist also
die ,,genaue” Bedingung der unbedingten Konvergenz fiir die Entwicklungen nach
vorzeichensartigen ONS-en noch unbekannt.
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Der originallen Beweis der Behauptung B ist sehr kompliziert und langwierig.
Den stirkeren Satz I werden wir im Folgenden ziemlich einfacher beweisen.

3. Der Beweis des Satzes [ beruht auf einem Hilfssatz. Im Folgenden bezeichnen
Ay, A,, ... positive, absolute Konstante und C,(K), C,(K),.... nur von K abhingige
vpositive Konstante. Eine Funktion nennen wir Treppenfunktion in einem Intervall 7,
wenn es eine Zerlegung von I in endlich viele Teilintervalle derart gibt, daB die '
Funktion in jedem Teilintervall konstant ist; eine Menge nennen wir einfach, wenn
sie die Vereinigung endlichvieler Intervalle ist. Das Lebesguesche MaB einer mefB--
baren Menge H bezeichnen wir mit m(H). Unter log verstehen wir im Folgenden
den Logarithmus mit der Basis 2. Der erwihnte Hilfssatz lautet folgenderweise.

Hilfssatz I. Es seien K=>1,(Co(K) =)k, <k, ganze Zahlen (die positive nur von
K abhingige ganze Zahl Co(K) wird spéiter bestinunt) und

@) (2 = vl +1, oy ()

eine im absoluten Betrag monoton abnehmende Folge. Dann gibt es ein K-beschrinktes
ONS von Treppenfunktionen ¥ (x) (n = v(ky)+1, ..., v(k,)) und eine einfache Menge

v{ky)
E*(S(0, 1)) mit m(E*)=C,(K) derart, daf die Summe Z’z a, Yk (x) eine An-
' vk) =v(k) - n=viky) +1
ordnung ZZ ayyma (%) besitzt, fir die
= A '

1=i=svka)—vk)) I=1

&) 'A : max 2}4 am (1)‘/’m(1)(x) =

© vk D—v(k)

k2
= C,(K) k_Zk [af(k) 1+
erfillt ist.

‘ z
a3 +1log? l] (x€E™)
4. Fiir eine Koeflizientenfolge {a,} bilden wir die ,,Norm”

Iar); =1 = sup sup { f (sup (@i + -+ +a,0,()) ) =

1=isj

= lim max sup max (a;¢;(x)+ - +a;0;(x))?) dx
N—>co P {0,} {J(IStSjSN( / ) }
wobei sup, bzw. max bedeutet, daB das Supremum, bzw. da'_s Maximum des ent- .
P ;

. sprechenden Ausdruckes fir jede Anordnung der Folge {a,} (n=1,2,..)), bzw. -
der Folge {a,} (n=1, ..., N) gebildet ist, weiterhin 5up bedeutet, das das Supremum

des entsprechenden Ausdruckes fir Jedes ONS {0, (x)} gebildet ist.
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" Es sei K=1. Fiir eine Koet’ﬁzwntenfolge {a,} konnen wir auch eine andere
,»Norm” bilden:

Hau}s KI* = sup sup { f sup (a0 (0)+ -+ +a;0,0) )dx}

loal=K 1=izj

= lim max sup {f( max (a;o; (x)-l- “+a; (p,(x))z) dx}lz,

N—oo P o, =K 1=isj=N

wobei sup bedeutet, daBB das Supremum fiir Jedes K-beschrinkte ONS {0,(x)}

lont=K
. geblldet wird. Offensichtlich gilt
©) - Ha)s KH*< H{a,}; =li*.
Fir eine Koeffizintenfolge {a,} setzen wir weiterhin
vik+1) Ji
]al\ +la21+ 2 > d*login
k=0 \n=v()+1 ’

(zur Definition von dieser Grosse siehe die Bemerkung nach der Deﬁmtlon von S).
In der Arbelt 7 haben wir

(7 A, S1§”{an}§ o||*=4, 5,
bewiesen.

Nun beweisen wir die Ungleichung
®) - Maps KiF=C5(K)S, - (K=1).

. Darum einfilhren wir einige Bezeichnungen. Fiir .eine Funktion f(x) und fir
ein endliches Intervall 7= (a, b) (< (0, 1)) setzen wir

xXxX—al..
U %) = f[lT——a] (a=x<b),

0 sonst;

weiterhin fiir eine Mehge H (£(0, 1)) bezeichnet H(I) diejenigé Untermenge von
(a, b), die aus H mit der linearen Transformatlon y=0B—ax+a entsteht Aus
dem Hilfssatz I folgt

Hilfssazt I'. Es seien K>1, ko(=Co(K)) eine ganze Zahl und -
Aa,} (n=1, ..., viky))

eine im absoluten Betrag monoton abnehmende Folge. Dann gibt es ein K-beschriinktes
ONS von Treppenfunktionen ,(x) (n=1, ..., v(ko)) und eine einfache Menge
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E(S(0, 1)) mit m(E) >C4(K) derarr daf die Suinme 2 a lﬁ (x) eine Anordnung

v(ko) -
,‘_Z'l a,yV¥aq(x) besitzt, fiir die

) . max Z a, (z)%(t)(x) =
1=Asv(ko) I=

py
vk+1)—v(k) 2

. ko—1 ‘
= C5(K) [|a1|+]azl+k§' [a_%(k)u'i‘

erfu/lt ist.

< afu‘)ﬂ log? l]

] (x€E),

Beweis des. Hllfssatzes I'. Wir setzen y, (x) = sign @, r,(x)

(r,(x)=sign sin 2"nx; n= 1. v(Co(K))).

Es ist .
. v(Co(K)) ¥(ColK)) . _
(10) D @M= 2 lal  (x€(0, 1/27CokMy)
n=1 n=1

Wir wenden den Hilfssatz I fiir die Folge {a,} (n = v(CO(K))+1, ooy (ko)) im
Falle k, = Cy(K), k, =k, an. Dann ergibt sich ein K-beschrinktes ONS von Treppen-
funktionen ¥} (x) (n = v(CO(K))+1 ., v(ko)), eine einfache Menge E*(&(0, 1))

viko) .

mit m(E¥) = Cy(K) derart daB die Summe 20 - a,P¥(x) eine Anordnung
n=v(Co(K))+1

v(ko) — v(Co(K)) ’

_ 2 '
(11) max - 2 @y¥mpy(x) =

1=A=v(ko)—v(Co(K)) I=1

am(,)t,bm(,)(x) besitzt, fiir die

’ 1
koot f WhEDov®) 5 2
= C(K) 2 |aluyes+ aj g+ log? ! (x€E™)
k=Co(lQ

erfillt wird. Wir setzen

zv(Co(K)) 1 § - l 1
Yal¥) = Z Vi [[ 2 C®) > ZCoED +_2"(C0(K))+1];x]_,

2¥(Cy (KD . s—1 A 1 e
- s;; v 2V(C0(K))+2V(C0(K))+1’ 2% (C(K))

(n = W(Co(K)) +1, ..., v(kg)). Offensichtlich bilden die Treppenfunktionen ,(x)
(n=1, ..., v(ko)) ein K-beschrinktes ONS. Es sei E = E*((0, 1/2"©®&+h); E
ist einfach, und gilt m(E) = m(E*)[2"C&Y+1 = C,(K) auf Grund des Hilfs-
satzes I. Wir definieren eine Anordnung der -Folge 1, ..., v(ko); es sei n(l)=1I
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{I=1, .., v(CO(K))) n(l) = m(l—v(Co(K))) (l = vW(Co(K)) +1, ..., v(ky)). Aus.(IO)
und (11) folgt '

(12) T max Sage@ =

1=Asv(ko) I=1

s
i

. . v(Co (K) ko—1 2 v(k+1)—v(k) 2' ) 2 '
=Ce(K)| 2 Ia [+ 2 |@wet 2 Ay +1log? 1 (xeE).
n=1  k=Co(K) 1=2
Durch einfacher Rechnung erhalten wir
¥(Co (K)) koot Wkt D=v®) ) 2
a+ 2> AGyay+1 T 1221 gy +rlog?l| =

n=1 k=Co(K)

k=0 \n=vk)+1

1 v(k+1) %
= C(K) [lall+lazl+2 [ > a,%log%z] ;

und so aus (12) erglbt sich (9).
Aus dem Hilfssatz I erhalten wir (8) unmittelbar. Aus (6), (7) und (8) folgt

3) ' C3(K)S, =|{a,}; KI*=4, S, (K=1).

Eine #hnliche genaue Abschitzung fir [[{a,}; K||* ist im Falle K=1 noch nicht
bekannt (s. die Bemerkung in 2). Nach (7) und (13) haben also [[{a,}; «|* und
il{a,}; KlI* (K= 1) dieselbe ,,Grossenordnung”. Diese Tatsache spricht der folgende,
aus (6), (7) und (13) sich ergebende Satz aus. ‘

Satz IIL Ist-K=1, dann besteht fiir jede koeﬁ?ziel7renfolge {a,}

Cy(K) sup sup f (sup (a9 (x)+ +.aj'-(pj(x))2) dx =

{o i=isj

= sup sup f(sup(ago(x)—i— -+a;0; x)))dx<

P Iq’..ISK 6 I1sisj

= sup iup /( sup (a;9; (v)-]— c+a;0;(x))?) dx.
. 1=i=j.

. 5. Zum Beweis des Hilfssatzes I soll es einige Vorbereitungen vorausschicken.
Tn der Arbeit [8] haben wir fiir eine Koeffizientenfolge {b,} noch eine weitere ,,Norm”
-definiert. .
Es sei K=1. Fiir eine endliche Folge {b,} (n=p, ...,'q; 1 =p =gq) setzen wir die -
Funktion _ N
I(b,,...,b,; K) = sup f ( max (i (x)+ -+ b;0,(x))?) dx,

lon|=K¢§ psisjsq
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und fiir eine beliebige Folge {b,} sei

o 1 :
I{a}; Kl = SUPk;‘;IZ(b'u(k)Ha o byaays K,

wobei das Supremum fiir jede unendliche Indexfdlge O=)u0)<---<puk)<--- ge-
bildet wird. - o
Wir haben bewiesen, daBl im Falle [ {b,}; K| <<

1
I{6a}; Kl = Lim I%(by, ..., by; K)
. Nevoo
gilt. (Siehe [8], S. 135.) Da fiir eine endliche Folge {,} (n=1, .... N) [[{b,}; K| <<
offensichtlich besteht, ergibt sich also

ay BT Kl = 1By, ., s KO,
Weiterhin wurde die folgende Behauptung gezeigt ([8], Satz I): Ist K>1 und
|by|=---=|b,|=---, dann besteht
, } . y
(15 Co(K) [bf+ 2 b} log? rt] < I{ba}; K.
. n=2 '
Aus (14) und (15) ergibt sich also: "
. Hilfssatz IL Ist K=1, und gilt |b,|=--- =|by|, dann besteht
1
. Z
(16) sup {f( max (b10,(X)+ - +b,0:;(x)?) dx} >

lpal=K

(S

> Cyo(K) [b%-s—l_zz b7 log? 1] _ (Cro(K) < 1).

Hilfssatz II1. Es seien K>1 und {b,} (n=1, ..., N) eine Zahlenfolge. Dann
gibt es ein K-beschrinktes ONS von Treppenfunktionen ,(x) (n=1, ..., N) und eine
einfache Menge G(Z(0, 1)) mit m(G)=C,(K) derart, daf

max 2b|/1(x)>A Iz(bl,...,bN;K) (x€G; A;<])

1=i=Nn=
erfiillt wird.

Beweis des Hilfssatzes III. Mit einer in der Arbeit [8} angewandten Methode
bekommen wir ein K-beschranktes ONS von Treppenfunktlonen An (x) (n=1, ..., N),
fiir welches

an 4= {f(max(blxl(x)+ +b.x,(x))2)dx} P by K
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gilt. Ohne Beschrinkung der Allgemeinheit konnen 'Wir'
18) . A=Y2

annehmen; im entgegengesetzten Falle beweisen -wir nihmlich den Hilfssatz I
fiir die Folge {V2b, /A}, woraus die Behauptung auch fiir die Folge {b,} sich
ergibt. Weiterhin, auch ohne Beschrankung der Allgememhelt konnen wir '

19) F(x) = maxNIbl;(,(x) e +biXi(x)| = maxN(blll(x)+ +biXi(x))
1si= 1=i=

annehmen. Im entgegensetzten Falle betrachten wir das System ¥ (x) = y,(x)G (x)
(n=1, ...,.N); Wobei G(x) folgenderwelse definiert 1st es sei z(x) die kleinste posmve
ganze Zahl fiir die o

max Ibl /l(x)+ +tht(x)I - ]bIXI(x)+ +bx(x)/1(x)(Y)[

ISI

gllt und wir setzen .
G(x) = sign (bl_Xl(x)+ oo by oy Xy (%))

Da die Funktionen ,(x) Treppenfunktionen sind, sind auch die Funktionen z(”(x) -
-dieselben. Diese Funktionen bilden offensichtlich ein K-beschrinktes ONS, und fiir
diese bestehen schon (17) und (19).

~ Da die Funktionen y,(x) Treppenfunktlonen sind, gibt es eine- Zerlegung von
(0, 1) auf endlich viele Intervalle Jy, ..., J, derart, daB jede Funktion y,(x) in jedem
J, konstant ist. Den Wert von F(x) im Intervall J,=(a,, d,) bezeichnen wir mit
w, (r=1, ..., 0). Aus (17) und (18) folgt S

(20) ' 2 wim(J)y=2.
r=1
Es seleﬁ (\1 Sl)rl .- <r, (= o) diejenige Indizes (1 =r=yp), fiir die w,=1 :g'ijlt;vdie
tibrigen Indizes r (1 =r= o) bezeichnen wir mit Sy <=8y Aus (20)"e_rha]ten wir
X
1) o 2mlJy) =1, (2=) 2’ wim(J,) > 1.
s = : \ =1 o . -

l=1
Wir setzen
!
w= 3 wimd,)  (=0,...,k),
S p=1 vd . . .

. IR
LIS PP !
L AT

) .- B .
U = uk+ 2 rn(‘]sp) (l= ]9 srey %)7
p=1

i,(x) =-{Wr-,IXn((x_u.,;l)/Wrz,'*ian), (x€uzr,u);. 1=1, .0 k),
" In(x—u+a;) (x€Qu, uppy); 1=k, .k +x—1)
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(n=1, ..., N). Offensichtlich bilden die Treppcnfunktiohen i) (n=1, ..., N) ein
K-beschrinktes ONS im Intervall (0, u,.,), weiterhin gilt nach (17) und (18)

@) max (b7 @+ BE) = 1(=AN2) | (x€0,m)).

Es sei nun D(K) dlejenlge positive Zahl fiir die
@ . DR (-DIR)K =1

‘besteht. Offensnchthch hat dleser yon K, aber auch - von der Folge {b,} und von
dem’ System {,(,,(vc)} abhanglge Wert eine nur’von K abhanglge obere Schranke:

@ . .. 1=)DE)= C,Z(K)

. Wir setzen , o
lﬁ ( ) - {Zn(D(K)uk+xx) : B (XE(Oy D_I(K)))s
"= ki (- D R~ DK)) (ke (DEK), 1))

(n=1,.., N ) Nach..(23) bilden diese Treppenfunktionen ein K—beschranktes ONS.
Da nach (21) Uy 4, =<3 ist, folgt es aus (17), (22) und (24) daB alle. Erforderungen

des HilfSsatzes TIT mit G=‘(O,‘ 1/3D(K)) und 43 = 2—1/5 erfiillt s;nd.

Hilfssatz IV. Unter der Bedingung des Hilfssatzes I1I gibt es ein K-beschrinktes
ONS von Treppenfunktionen Y, (x) (n=1,- N) Indizes. (1 =)i()=-;-=i(N)(=N)
und paarweise disjunkte, einfache Mengen E,( €, 1)) mit m(E,) = C1(K)/16N
(=1,...,N) und ‘ . L A

ih . .
Z b lpn(x) =, A I (bl7 "')bN;K) (xEEl; l=15 "-7N)’

wobei Ay und C1 L (K) die Konst&nten im Hilfssatz I1 sind.

Beweis des Hilfssatzes 1V. Wir brauchen die Bezeichnungen vom Hilfs-
satz III. Es sei G'(SG) eine einfache Menge mit m(G") = Cu(K) Weiterhin be-
zeichnen wir mit E; die Menge derjenigen’ Punkte x(€G’), fiir die i(x)=1 besteht
(i=1,...,N). Es seien (1 <)j(l)< - <j(v)(= N) diejenige Indizes i, fiir die m(E;) =
= Cll(K)/2N gilt. Dann ist : ST

oL R S Z ;(1)) ——;C11(K)/2

und glbt €s posmve ganze Zah]en &, mit _ »
% Cy(K)2N = m(Ej )= (0‘1 DC (K)2N (=1..,).

2%
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Es sei E7, eine einfache Untermenge von Ej, mit m(E},) = &C,(K)/2N
({=1, ...,v). Dann gllt :

Z (Ef) = S8 )I.lea,zcn(K)m

Nach Verminderung gewisser 24, erhalten wir positive ganze Zahlen o, (=1, ..., N)
mit oy + -+, = N. Es sei Ej(,) eine einfache Untermenge von E7 ;) mit m(E](,)) =
= ,Cy;(K)/16N (I=1, ..., N). Wir teilen die Menge E,, in o, einfache Unter-
menge vom Mass C,,(K)/16N ({=1, ..., v) ein; die soeben sich ergebenden Mengen
bezeichnen wir mit E, (/=1, ..., N). Offensichtlich werden die Behauptungen des
Hilfssatzes TV mit gewissen i(/) erfiillt. '

Hilfssatz V. Es sei K>1, {b,} (n=1, ..., N) eine Zahlenfolge mit |b,| ="
=\|by| und : '
3

@9) VCL IR C1o(K) 45 [b%+ 3 b7 log? n] [2= [ zb]

wobei Cyy(K) die Konstante im Hilfssatz II, A5 und C,,(K) aber die Konstanten im
Hilfssatz III bedeuten. Dann gibt es ein K-beschrinktes ONS von Treppenfunktionen
V.(x) (n=1, ..., N). Indizes (1 =)i(1), ..., iCN)(=N) und eine Zerlegung des Inter-
valls (0, Cy,(K)/8) auf paarweise disjunkte Intervalle I, ..., Ly, fiir die

C11(K)/8 1
(26) [ vu@dx=0, [ y,xdx=0 (@=1,..,N),
0 C11(K)/8 . .
27 m(L) = C,,(K)16N  (m=1, ...,2N),
und i :
. N . _12_
by (x)+-- +bi(m)lpi(m)(x) = C3(K) bi+ Z br? logn
(x€ly; m=1,..,N),
. | o 3
(28) b,-(,,,)l//,-(,,,)(x)+ o byPy(x) = C:(K) b+ Z; b2 log?n
. n= /
(xel,; m=N+1,..,2N)
“erfillt sind. '

Beweis des Hilfssatzes V. Durch Anwendung der Hilfssitze II und I
ergibt sich ein K-beschrinktes ONS von Treppenfunktionen yx,(x) (=1, ..., N) und
eine einfache Menge G mit

(29) . m(G) = Cy1(K)
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derart, dass

Nt

(30) max 2 buxa(x) > C;o(K)A [ i+ ZN bﬁlogzn] (x€G)

1=i=Nn=1

erfiillt ist. Wir setzen zur Abkiirzung:

N

[b%—l- > bt log? n] ;

n=2
Es sei _
N
G, = {x:O =x= 142 by.(x) > C,O(K)A3B/2}.
n=1
Da

‘ 1( N N2 N
m(G) Cho(K) A3 B2/ = [ [Zb,.x..(x)] dx= 32
0 n=1 u=1

gilt, erhalten wir auf'Grﬁnd von (25)

@31 ' m(G,) = Cy,(K)/2.
Offensichtlich ist G, = G\ G, einfach, und gilt nach (29) und (31)
(32) . . m(Gy) = C(K)/2.

Weiterhin aus (25), (30) und aus der Definition der Menge G, erhalten wir:

(33) - max Zb,.xn(x)>Cm(K)A B (x€G),
1=i<Nn=1
N
(34 min > b,y,(x) < _CIO(K)ASB/Z (x€Gy).
: 1<isNn=i

Es sei i(x) die kleinste positive ganze Zahl (<N), fiir die

max 3 by, () = 2 b (x€G))

1=i<Nn=1

besteht witerhin bezeichnen wir mit H, (CGZ) die Menge derjemgen Punkte x,
fiir die i(x)=i (i = 1, ..., N—1) ist. Seien (1 =)j(1)<:- <j(v)(<N) diejenige In-
dizes i, fiir die m(H,) = C;;(K)/AN besteht. Weiterhin anstatt der Menge H, )
nehmen wir eine einfache Menge Hj(,)(g H ;) mit

m(H; ) = “:C11(K)/4N (=1,...,v),
wobei die positiven ganzen Zahlen &, mit

#Cy1(K)/AN = m(H o) < @+ DCy(K)/AN (=1,...,v)
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bestimmt sind. Fiir die Mengen H gilt

f jrn( H;q) = C“(K) Z; 1= ' C“(K) 1212“1 C“(K)/S

=1

auf Grund von (32) und der Definition von g,. N'ac.'h Verminderung gewisser 24,
erhalten wir positive ganze Zahlen o, (=1, ~w, V) it

35 @+ +a)/N=1

Es sei nun F, eine einfache Untermenge von ﬁj(!) mit

(36) » m(F) = 0,C((K)BN  (I=1, ..., v).

Die Menge F, teilen wir in a, einfache Mengen vom Mass C,,(K)/8N (/=1, ..., v). =

Nach (35) und (36) bekommen wir also paarweise disjunkte, einfache Mengen; be-
zeichnen wir diese in Reihe nach mit F} (/=1, ..., N).
Wir setzen

¥,(x) = 2a(00, 1/2); x) — 2, ((1/2, 1); x) (n=1,..., N),
F,=F(0,1/2) (=1,...,N), F = F(1/2,1) (=N+1,...,2N).

Diese Treppenfunktionen bilden ein K-beschinktes ONS; diese einfachen Mengen
sind paarweise disjunkt; nach (33) und (34) gelten

37 ig:) b,;'pn(x) = C10(K)AsB (xﬁﬁ.nZ m=1, --'-, N),
(38) Z bW, (%) >C10(K)A Bj2 (x€F,; ‘m’:N+‘1, ..., 2N)

mit gewissen Indxzes i(m), weiterhin gelten

(39) () = CLK)I6N,
“w I = cawps.
Die Menge "

2N
Gy = (O, D\UF,
1=1
ist auch einfach, also gilt eine Darstellung

Gy =

s

1ICa

Jos
1
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‘wobei J paarweise disjunkte Int_ervélle sind. Weiterhin gilt
F = Ulis(ii U=1,.20)
Pt : . .
mit paarweise disju_nkten Intervallen I (/). Wi»r Setzen‘ _

{=1 s=1

.m:[j, Sm@o) > 3 m@m)|  m=1,..,28),

-1 9p _ s—1 __ I-1 o, - N -
L) = [Z 2 m(I(p)+ > m(I;(0), Z 2 m(I(p)+ Z m(I;{)
p=1g=1 j=1 p=1lg=1 j=1
( ; [=1, ..., 2N). Weiterhin seien J, paarweise disjunkte Intervalle mit
U= (€, 1), mU)=md@)  (s=1,..,0);

auf Grund von (40) konnen wir die Intervalle J; derart anwéhlen. Auf Grund von
(39) ergibt sich (27), und nach (40) folgt, daB die Intervalle I, eine Zerlegung des
Intervalls (0, C,(K)/8) bilden. :

Mit T bezeichnen wir dicjenige umkehrbar eindeutige Transformation, ‘die die
Intervalle J; auf J; und die Intervalle I_SV(I) auf I,(/) linear abbildet; die inverze
Transformation von T bezeichnen wir mit 7-1. Wir setzen endlich

V() =¥, (T %) (n=1,...,; N).
Offensichtlich bilden diese Treppenfunktionén ein K-beschrinktes ONS, und auf
Grund von (37), (38) sind auch die Ungleichungen (28) erfiillt, wobei C,,(K) =
= C,¢(K)A45/2. (26) ist nach der Konstruktion offensichtlich. Damit haben wir
Hilfssatz V bewiesen.

Wir werden noch einen Hilfssatz anwenden.

Hilfssatz von Menchoff. ([2], S. 104.) Es seien dundqposi‘iive ganze Zahlen
O<d<gq. Zu jedem Indexpaar (i,7) mit 1 =i, j=q und |i —j| = d soll eine von Null
verschiedene Zahl o; ; zugeordnet werden; wir bezeichnen mit B, das Maximum der
absoluten Betrige der Zahlen «; ;. In jedem Intervall (u, v) mit v—u > 2, kiénnen

dann Treppenfunktionen ¢,(x) (I=1, ..., q) derart definiert werden, daf die JSolgenden
Bedingungen erfiillt sind:

o) =1 (<x<v; I=1,...,q),
Jo®exdx=—a,; (i—j|=4d; 1=i,jsg),

Joe;xdx =0  (i=j; li—jl#d; 1=ij=q).
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Die positive ganze Zahl CO(K)_, die im Hilfssatz I erwdhnt wurde, bestimmen
wir folgenderweise: Cy(K) sei die kleinste positive ganze Zahl, fiir die

(41) VG (K) Cyo(K) 4326 M4 = 1
besteht (fiir die Bedeutung der Konstanten Az, Cio(K), C;,(K) siche den Hilfs-
satz V).

Bei dem Beweis des Hilfssatzes I werden wir zwei Fille unterscheiden.

v

6. Erstens nehmen wir

(42)

1 ka—1 v(k+ 1)~ v(k) 2z ka—1 vik+1)—v(k) _IZ

5 2 alay+1+ Z a&(k)+110gZI] = Z |y eyl | 1+ 10821]
k=ki+1 =2 k=kit1 p

an. Wir setzen
cn=a, (n = vik)+1, ..., vk, +1)),

C=8ygrry (n = v+ 1, o, v(k+1); k= ky+1, .k, —1).
Aus (42) folgt '

] tast VO D= v () \:
2 2 '
(43) 5 2 |@wsit @ 4iloghl| =
k=ki =
k2—1 vik+1)—v (k) ) %

2 2
§k2 Cyy+1 T+ Cyy+rlog?l| .
=k =

Dann gibt es eine ganze Zahl s (0 =s5=2) mit

v(3i+s+1)—v(3i+s) '%
(44) Z [C3(3i+s)+1.+ Z 63(3i+s)+110g21 =

i 1=2
k1=3id+s=ka—1

1

v(k+ 1)—v(K) z
2 .
Cv(k)+110g2 1] >

1 k2—1
2
= 3 2> [Cv(k)+1+
k=ky

die Indizes (k,=)3i+s(<k,) bezeichnen wir der Reihe nach mit r; <---<r;,
weiterhin set ro==ky, r; ;, =k;.

Durch vollstindige Induktion werden wir zeigen, daB fiir jedes i (1 =i=j,) kann
man ein K-beschrinktes ONS von Treppenfunktionen y,(x) (n =wro)+1,...,v(r;4 1))
im Intervall (0, 3) mit folgenden Eigenschaften bilden: gibt es paarweise disjunkte,
einfache Mengen E,(i)(S(0, 1)) (/ = 1, ..., v(r; + 1) — v(r)) mit

45y m(E()) = C (K)/16(v(r;+ 1) —v(ry) (= 1,., v+ D=v(r)),
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weiterhin gibt es eine Anordnung

v{(r; 4+ 1)—v(ro)

Cngt, i) Y, @,i) (x)

=1
v(risq) .
der Summe > ¢,¥,(x) derart, daB
n=ro+1 . P
({1, 1) v(rj+1)—v(ry) Z
3(K) ! !
(46) Z(’ Cie,iy ¥ a0y (%) > ! Z: [Cv(r,)+1 + 122’ cf(,j)HIOgZI
t=i l = P

(XEEI(i))

- mit gewissen Indizes .
A=) =0 D= ving)—vi) (=1, v(r+ 1) —v(r)
‘besteht.(Cls(K) = C,o(K)A43/2). '

Es sei

r,(x—2) (x€(2 3)),

sonst (n=v(ro)+ 1', ...,.v(rx)).

¥ (x) = {

25

(Im Falle ro=r, ist dieser Schritt tGberfliissig.) Dann wenden wir den Hilfssatz 1V’

mit b, =¢ )4, (0 = 1, ..., v(ry + 1)—v(r,)). So bekommen wir ein K-beschrinktes.
ONS von Treppenfunktionen &,(x) (n = v(ry) +1, ..., v(ry +1)) im Intervall (0, 1)

und paarweise disjunkte einfache Mengen E;(1)(S(0,1)) mit m(E(l)) =

= C, (K)16(v(ry+ D) —v(r)) (I = 1, ..., v(ry + 1) — v(ry)) derart, daB mit gewis—

sen Indizes i(/) (v(ry) < i(l) = v(r; +1))
CR r
’ 2 Cn¢n(x) = A3I (cv(r1)+1a sy Cv{r;+1); K)

n=v(r))+1
(x€E(D); I=1,.,v(r; +1)—v(r)),

oder nach dem Hilfssatz I1

() _ R MmN v
CY) (2;+1 €, Pu(x) > C1o(K) A, Cep+1t '22 G+ log?!
n=v(ry =

(x€E(); I=1,...,v(r +1)—v(r))
erfillt sind. Wir setzen
&, (x)/V3 (x€(0, D),

Vo) = | re—DY3 (x€(1,2)), (n=v(r)+1, ..., v(ry + 1),
=23 (x€@2,9)

W, (x) = {r W(x—2) (xe, 3)) (= +D+1, ., v(r).

sonst
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‘Die Treppenfunktionen ,(x) (n = v(ro)+1, ..., v(ry)) bilden offensichtlich ein

C,o(K)A
K-beschranktes ONS in (0, 3), und aus (47), wegen C:(K) = —10—(Zl~3— folgt

1

LY 2 2 L
Crerpy+i 1082l =

2 () > C5(K) {c\z;(r,)+1+

n=v{r;)+1

v(ri+1)—v(r1)

1

>

Cis(K) [, .- v+ )?
3 Cyep+1 Tt 1_22 03(r1)+110g21

(xeE(1); I=1,...,v(r;+1)—v(ry)

‘mit gewissen Indizes i(/) (v(r,) < i(/) = v(r, +1)). Damit haben wir di¢ Treppen-
funktionen ,(x) (n = v(ro)+1, ..., v(ry)) und die paarweise disjunkte einfache
Mengen E(1) (£(0, 1)) derart definiert, da8 diese Funktionen ein K-beschriinktes
‘ONS in (0, 3) bilden, weiterhin (45) und (46) — in origineller Anordnung — im Falle
4=1 erfiillt werden.

Es sei i (1 =i<j,) ein Index, und wir nehmen an, daB die Treppenfunktionen
Y, (x) (n = v(re)+1,...,v(r;+,)) und die paarweise disjunkte einfache Mengen
EG(EO, D) (I=1,..,v(r;+1)—v(r)) schon definiert sind, derart, daB diese
Funktionen ein K-beschrinktes ONS in (0, 3) bilden, weiterhin (45) und (46) in
-gewisser Anordnung fiir 7 erfiillt werden. o

~ Es seien

N'Z (\’(r,-+1 +1)—v(ri, 1))/2(V("i+ 1)— V("i))"("i'l' 1),
(48) M = (v(rie ) =i — D) 200 (ri+ D=y (R)V(ri+ 1),
P = (vCiny + D=y (rif N Cis )= V(e — D)

-diese sind ganze Zahlen, und gilt PM =N. Es sei

‘bn= cv(r,+1)+(p—1)(\'(r1+1)-v(r,-+1-—1))+1 (”=(P—1)M+1;~,PM§ p:l’__,’ P)

«(In diesem Falle sind die Koeffizienten ¢, (n = v(r;4 ) +1, ..., x;(r,i+1 +1)) gleich.
Solche Definition von b, ist darum zweckmaissig, weil wir den Fall (79) ganz dhn-
licherweise betrachten kdnnen; dann werden aber nur die Koeffizienten c,
'(” =v(ri ) +(p— 1)(V("i+1) —v(Figy — 1)) +1, o v(rie ) +P(V("i+1) —V(rip1— 1)))
gleich (p=1, ..., P); im Folgenden werden wir nur diese Tatsache ausniitzen.)
Wir wenden den Hilfssatz V fiir' die Folge {b,} (n=1, ..., N) im Falle N=N an.
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Auf Grund der Definition der Folgen {c,}, {6,} und M gilt

1

VCM(K)/Z C10(K)A3-[b%l+ ZN’ br%-lng ”]_ /2 = VC11(K)/2 Cio(K)A4;5-

[ %)

n=

. ' M2 M M N 2 .
.{bf—l—Z b2logn+log2— > bi+log?M D) b,f] /2%
n=2 2 w=Mzt1 n=M+1
: : 'M : N \Z
= JC1 1 (K)2C,0(K) 4, (—log Z/Jn‘f‘lngM 2 b,?] /25
n=M-+1
1
2

ONTY 1oM(E,
= VCL(K)Coo(K) A5 7 log 5| 2,63 =

> VCIO(K) C10(K)A3 2C°(A)[sz] s

und wegen (41) besteht (25). Den Hilfssatz V konnen wir also anwenden. Darin be- -
kommen wir ein K-beschrinktes ONS von Treppenfunktionen y,(x) (n=1, ..., N)
und paarweise disjunkte Intervalle 1,,(S(0, C,,(K)/8) (m=1, ..., 2N) derart, daB

, C11(K)/8 1 ' _
(49) [ w®de=0, [ zn®dx=0 (@=1,..N),
: o Ci11(K)/8 | ] : '
(50) - m(I) = C,(K)JI6N  (m=1,...,2N)
“und
¥ %
by (x)+ - +bi-(rn)Zi(rn)(x) > C53(K) [b%‘l‘ ;; b2 log? n]
(x¢I,; m=1,...,N), ,
1
N 2
1) bi gmy Ai my(X) + -+ + by gy (x) > C13(K) [bfﬁF ‘_22 b} log? n]
(x¢l,; m=N+1,...,2N)
mit gewissen Indlzes i(m) (1 =i(m) =N) erfiillt werden.
Wir setzen
I %a () (XE(O Cu(K)/S)) @) _ Xn(x) (xE(Cu(K)/S 1)
) = { sonst, ¥ = sonst

(n=1, ..., N). Da die Funktionen ¥,(x) (1 = v(rg) + 1, ..., v(ris1)) Treppenfunk-
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tionen, und .die Mengen E(i) (! = 1, ..., v(r;+1) — v(r)) einfach sind, gibt es Zer-
legungen : '

mm::@}xn (=1, v(+ D= v(r)),

1,2)=UJ,, 23 = Lj-pr

auf paarweise disjunkte Intervalle derart, daB in jedem Teilintervall jede Funktion
Y, (%) (n = v(ro) +1, ..., v(r;1,)) konstant ist. Fiir jedes p seien J,(/) paarweise dis-
m(J,)

_— 7 . Es sei weiterhin
v(r+1)—v(r)

junkte Teilintervalle von J, mit der Linge

J;(I)(ng(l)) ein Intervall mit
m(J,() = Cy (K)m(I)16(v(r;+1)—v(r))

(p=1,..,9; I =1, .., v(r; +1)—v(r)). Wir setzen die Funktionen

’ : q q
V2= 1) v (it 1)+ o= 1yv it D40 (X) = 21 YOI WM); x)+ 2;‘#32)(-’;(1);)‘)
: p= =

(n=1,..,v(r+1)),

qi

: q
JZ =D Nv(ri+ D)+ Rv(ri+ D+ @-1)v(ri+ 1)+n(x) = 2 lpusl)(lp(l), x)+ Z; '1152)(‘];1(1)5 X)
op= p=

-

(n=1,...,v(r+1)
(=1,..,v(r;+ 1) —v(r); u = 1,...,N). Nach (49) ist

2
(52) f )P (x)dx =0 (1§k§"(’i+i+1)—"('i+1); V("o)<l§v("i+1))-
0

Offensichtlich gilt

(52) SI@F () dx =0

(2U—=1D)Nv(r; + D<t=2Nv(r;+1), 20— DNv(r,+ D) <1t=2ANv(r;+ 1), 5% 2).

Fiir ein / bilden wir

%, (1) = flpr(x)kv,(x)dx QU=DNv(r,+1)<t, t=2INv(r;+1)).
0
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“Dann gilt ' .
(54)
[ cu(K>/8(v(r +1)~v(r))
(t,reQU—=DNv(r;+ 1)+ —1v(r;+1),2( = ) Nv(r;+ 1)+ vv(r; +l)]ﬂ
a. (D=1 NEU-DNv(r,+D)+Nv(r,+1D+@—Dv(r+1), 20— DNv(r:i+ 1) +
+Nv(ri+ D+ ov(r;+1D];v=1, ..., N), '
0 sonst.

Cii(K)3v(ri+1)

* Bt D ()
satzes Treppenfunktlonen 0, (x) (n-= 1, .., v(riyy + 1) — v(ri4)) in (2, 3) definieren,
derart, daf ’

(55) le,(x)=1 (x€(2,3); n=2(—-DNv(r;+D+1,..,2INv(r; + 1)),

< 1 ist, kénnen wir auf Grund des Menchoffschen Hilfs--

(56) [ e o.(x)dx = —a, . ()
. 2

 QU=DNv(r+ )<t téélNV(r,-%— 1)

erfiillt sind (/ = 1, ..., v(r;+ 1) — v(r).
Durch Rekursion definieren wir Treppenfunktionen
(_ﬁ"(x) (n = 1’ "'a_v(ri+1+l)—v(ri+1))s

fiir die )
(57) B, =1 (x€@2 3;n=1,..., 2ANv(r,+1)),

(58) : .
-0, (A) QA-1DNv(r;+1)<t,t=2ANv(r,+1);4=1, ..., 1),
3 — -

= 0 (2A—1)Nv(r;+1)<t=2ANv(r,+1),

(%) P (x) dx = AR ol = ;
2-/. ! 20=1D)Nv(r;+ 1) <t=2INv(r;+1);

A=, 1=2,1=1),

(59 [e®E.dx =0 (vW(ro)<k=v(ri,); |=Sn=2Nv(r;+1))
2 .
fir jedes I (I = 1, ..., v(r,+1) — v(r)) erfiillt sind.

Die zwei Halfte von J, bezeichnen wir mit J,, bzw. mit J}, (p—l . g). Wir
setzen

Pu(x) = Ié; on(J, x)—- Z' Ty x (n= 1,....,2Nv(r; + 1)). |

Aus (55) und (56) folgt, daB (57), (58), (59) fir /=1 erfillt sind. Es sei [,
(1 =1, < v(r;+1)—v(r)) eine ganze Zahl. Wir nehmen an, daB die Treppenfunk-
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21yNv(r;+1)) schon definiert sind derart, daB (57), (58)
.,{q) eine Zerlegung

tionen @,(x) (n =1, ...,
(59) fiir /=1, erfiillt sind. Dann gibt es fiir jedes p (p=1

g (p)

auf paarweise disjunkte Intervalle derart:, daB jede Funktion

G (n=1,..., 20,Nv(r; +1))

in Jedem J*(p) konstant ist; die zwei Hilfte von J*(p) bezeichnen wir mit; J*’(p)

bzw. mit J*"(p)). Wir setzen

S Pa(x) = Ié g’l PSS (P); x)—gi =Z1 a5 (P); %)

(1= 2o+ D+ 15 ooey 20+ DR+ 1).

Auf Grund von (55) und (56) erhalten wir, daB (57), (58), (59) auch fiir / = [, +1
bestehen. Durch vollstindiger Induktion bekommen wir also Treppenfunktionen
o V(riy g + 1) = v(rsy ) fiir die (57),(58) und (59) bei Jedem I =1,

@@@=1
S+ 1) — v(r) erfiillt werden.

Wir setzen.

o[ xe@2). |

| Ya(x) = {(ﬁ,,(x) (xE(Z, 3)) (”— Lo, v(rg + ])_V(ri+1))'

Auf Grund von (52), (53), (54), (57), (58) und (59) folgt

(v(r0)<ksv(ri+1)' I=l=v(re  + D) —v(risy)

@)/%@%@h=o
0
v(rl+ 1))

(61) fl//k(x)lﬁt(x)dx— 1+ Cy (KB (v(ri+1)—v(r)) .
(k=1; ISk l<v(r,+1+1) v(r,H))

0 (=l 1=k I=v(ry +1)—

Es sei n(k) (k =1, v(z,Jr1 +1)—v(r;+y) eine Anordnung der Folge
v(r,+1)+l v(r,+1 + 1) dle spater definiert wird. Wir setzen endlich 4 :
.(k= ---,V("i+1+])_v("i+1))~

Yogy(x) = !ﬂk(X)/Vl +C11(K)/8 (V(r + 1) V(r))
Aus (605 und (61) folgt, dafi die Treppenfunktionen

¥, (%) (n = v(ro)+1, ...?‘v(ritl-'i—l)) _‘

ein K-beschrianktes ONS im Intervall (0, 3) bilden
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Mit T(p, [) bezeichnen wir diejénige lineare. Transformation, die das Intervall.
(0, €1 (K)/8) auf I,(I) abbildet; die Bildmenge von 1,, mit dieser Transformation.
bezeichnen wir mit 1,(/, m). Es sei

R a . _
Eq_1y2R+m = l_Jl L(I; m) (=1, ,v@r+D=v();m=1,..,2N).
’ p= . S .
Nach (45) und (50) ist

mEa-spnan) = Cin BN (it 1= v(r)).
Wir teilen jede einfache Menge Eq—1)anim in'v(r; + 1) paarweise disjunkte einfache-
Teilmenge vom gleichen Mass; diese bezeichnen wir der Reihe nach mit
E(l—iﬁNv("’,+1)+(r;l';i).\i(r,:+'l)+s(i+ 1 |
(I=1,..,v@E+D)—v(r); ;n‘:‘l, , 2N; s =1,.., v(r.,;+1)).

Auf Grund von (48) ergibt sich

m(E(i+ 1) = Coy (R16(v iy s + D=Vt ) (= by v + D= V(i )-
Also ist fiir die einfachen, paarweise disjunkten Mengen, E;(i+1) (45) auch fiir
i+1 erfiillt. Weiterhin aus (51) und aus der Definition’ der Funktionen y,(x) -
(v(ris)) < n = v(rip +1D))und der Mengen E,(i4+ 1) (1 = 1 = v(rie + 1) —v(rie )
wegen V1+C,,(K)/8(v(r;+1)—v(r)) <2 folgt, daB - ' :

(62)

j'a, my '%

N
. ) Ci3(K) |2 2 :
Z: bW 20— YR+ 1)+ RvGit 1) (0= 1)t 1) nx)= 3 bi+ Z bZlog?n
v= . . . = 3

n=2

m=

63) . ‘
N

. '._._Nv(r,-+l) ’ . .
C|x€ ~U~1 Egzsy2mei+ nam @+ D,
: 1

L Cy3(K) > :
bu%(zu—1)Nv(r,-+1)+(u—'1')v<n+ 1+ 1)(x)§ _132“‘— [b%+ Z;bf log?n

v=j"(l, m)

. 2Nv(ri+1): | : .. - . .
x€ U Eq_1ymv i yem(i+1)

m=Nv(r;+1)+1

mit gewissen Indizes 1‘*§‘j"(l," m), j(I, m)éﬁ (l = ],, \{(r,--i-; 1) — v(r)) erfiillt sind. -
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Aus der Definition der Folge {b,} und aus (48) ergibt sich durch einfacher Rech-

nung
1

. ' N 2z
(64) 16v(r,-+1)[b§+ > b?log? n] =
n=2
2 R CPST S EY C 2 2 z

Z |G+t T A i log?l| = Ciyy.
“Wir setzen _
{(65) nk) = (p—1) (Vs ) =i — D+ 20— D) My(ri+ 1) +j
fiir ‘

k=20-DNv(@r;+1D)+2(p—DMv(r;+1)+j
(I=1, .9+ D=v(r); p=1,..., P; j =1, .., 2Mv(r;+ 1)).

Nach (48), weiterhin nach der Definition der Folgen {b,}, {n(k)} und von
4, (x) erhalten wir aus (62), (63) und (64), daB

20— DNv(r;+ 1)+ Nv(r;+ 1)+ (I, m)v(r;+1)
: Cn(k)llfn(k)(x) =
o m k=2(—-1Nv(r;+ 1)+ Nv(r;+1)+1 .
Ji,m - C (K)
13
=v(r+1) Z bu‘//.,(z(t—1)1Vv(n+1)+Nv(ri+1)+(-‘;~1)v(r.»+1)+1)(x)é 32 Civ1
. v=1

Nv(r;+1) . .
xE_ U1 Ey_1yamviei+ nem(+ D],

2(1—1)Nv(r;+ 1)+ Nv(r;+1)

! CniyWn (%) =
k=2(I— DNv(r; + 1)+ (1, m)v(r;+ 1)+ 1
. .
Ci3(X)
=v(r+1) 2 bo‘l’n(2(l—1)Nv(r,+1)+(u—1)v(n+1)+1)(x)5 eV} Civ1 .

v=Jj"(l, m)

2Nv(r;+1) .
X€ U Eq_1y28vir+ n+mG+ D],
m=Nv(r;+1)+1

also sind
P
3 Ci3(K)
(66) 2 Cato¥na () > —55=> Cisy
k=2(I—1)Nv(r;+1)+Nv(r;+1)+1 .
Nv(r;+1) .
x€ L_Jl E(z-i)z)vv(r.~+1)+‘m(l+1) >
2(—1)Nv(r;+1)+Nv(r;+1) C K
(67) Z C'n(k)‘//n(k)(x) = l;; )Ci+1
k=i ()

2Nv(r;+1) ’ .
x€ U Eq_sy2Rvri+ y+m(i+1)
m=Nv(r;+1)+1
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’

mit gewissen Indizes 2(/— )Nv(r;+ D) +Nv(r;+1) < i,,,(l) = 2INv(r; +1),
2(0—=DNv(r;+1) < iX(l) = 2(/ - )Nv(r;+ 1)+ Nv(r;+ 1) erfiilt sind.

Da die Funktionen ,(x) (n = v(r0)+1 .., ¥(r;+1 +1)) Treppenfunktionen
sind, gibt es eine Zerlegung

ey=U1

des Intervalls (2, 3) auf paarweise disjunkte Intervalle 7, derart, daB jede Funktion
U, (x) (n = v(ro)+1, ..., v(rixy +1) in jedem [, konstant ist. Wir setzen endlich

T

Vo) = D rain) (1= 9y s ooes V(i 2)).

t=1

Offensichtlich bilden die Treppénfunktionen Yo (x) (n = v(rg) +1, ..., v(riyp) ein
K-beschrinktes ONS in (0, 3).
Durch Rekursion werden wir zeigen folgendes fiir jedes 4

A=1,.., v(r,.-{-l)—— v(r))
gibt es eine Anordnung :

v(r; 4 )—=v(ro)+2ANv(r;+ 1)

(68) . ' kZ; Crm (k, ;.)"//m *, ).)(x)
der Summe .
: v(r;+ )+ 2iRv(r;+1) '
(69) ' 2 Cntin(x)
n=v(rg)+1 ’

derart, daB mit gewissen Indizes 1 = s'(4, I)év s"(A, D = v(ri+1)+2)~N\f(r'i+1)

i (A0 . it
C;(K
(70) Z Cm(k,z)!//m(k,z)(x) = ____13( ) Z Cj
k=s'(l, m) . 32 Jj

(x€E(i+1); [=1,...,2ANv(r; + 1)),

und mit gewissen Indizes léi'(i, I)<'”(/I D=Ev@rL )+ 2le(r +1)

57040 '
(71) . . 2 m(k /)Illm(l\ J)(x) C13(K) Z C

k=54, 1

(x€E () I =241, v+ D) —v(r)).
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v(r; 2 )+ 2Nv(ri+ 1)

Wir nehmen fiir die Summe Z ¢, ¥, (x) die Anordnung
X n=v(ro)+1

V(':i+ D+2Nv(r;+1)

“ Cn (k,1)¢m (k,l)(x) =

= o1,y Wnqr,n(X)+-o +¢n(i’(l,i)—1,i)'//n(i’(1,i)—1,i)(x)-+
+cn(1)'//n(1)(x.)+ ot Cu Wy (it 1)) Vi By (i 1) (X) F
+Cniir iy Va1, (X) + 5 +Cn(i’f(l,i),i)‘/’_n(i”(1,i),.‘)(X)+
+Cn(N\'(ri+ O+ DY nEv s 1+ 1)+ o +cn(2Nv(r.-+ll))'pn(ZNv(r,--iv 1y () +
+ i (ip+ 1,0 ¥nir (1, +1,n (D + F s =y ror ¥ (ris D —v ro2 iy (X

wobei die entsprechenden Anordnungen, bzw. die entsprechenden Indizes in (46)
im Falle 7, bzw. in (65) definiert sind. Aus (46) im Falle 7, aus (66) und (67), weiter-
hin aus der Definition der Funktionen y,(x) ergibt sich, da (70) und (71) im Falle
A =1 bestehen. . o

Es sei A(=1) eine ganze Zahl. Wir nehmen an, daB es eine Anordnung (68)
der Summe (69) derart gibt, daB3 (70) und (71) fir 2 erfiillt sind.

w(ris )+ 234+ DNv(r+1)

Dann setzen wir fiir die Summe ¢, ¥, (x) die Anordnung
n=v(rp)+1

Vri e D+ 20+ DN+ 1) ,
] Cm(k,it-i—l)‘pm(k,}.—fv"l)(x) =
= Crn(l,l)l//nr(l,l)(x)+ +Cm(§' (A, A+ 1)-1,1)¢m(§' (;.,/1+1)—1,;.)(x)+
+Co2aRvrit 1)+ DY @Ry (et 1)+ 1)) F
A Ch2aRy (i + 1)+‘Nv(r.-+ 1)V 248y (ri+ 1)+ By et 1)) (X) +
T Cm s (A, A+ 1), 1) Vo & i, X) T+ G 2+ 1, ¥m " i+ 1,1 (X)+
+ Ca@aRvri+ 1)+ Rvirit 1)+ DY n@ARveri+ 1) + Byt 1+ 1) () + o
. a2 e DNy et 1) Wn 2 Gk 1y Ry it 1y (X) +
+Cneae 1,0 ¥me 24 41,0 F o

+ Cm(v(r,-+,)+2().+ DNv(ri+ 1))¢m(v(r.~+l)+2(/l+ DNv(ri+ l))(x)a

wobei die entsprechenden Anordnungen, bzw. Indizes in (65), bzw. in (70) und (71)
definiert sind. Aus (66), (67), (70), (71) und aus der Definition der Funktionen y,(x)
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ergibt sich, daB fur diese Anordnung (70) und (71) im Falle A+ 1 bestehen.  Durch
vollstandiger Induktion bekommen wir also die Anordnung

v(r; 41+ 1)—v(ro)
Cn(r,i+1)¢n(r,i+1)(x) .

t=1
v(ri+1+1) ' .
der Summe >, ¢,¥,(x) derart, daB mit gewissen Indizes 1 = i'(/,i+1) =
n=v(ro)+1

=i i+ 1) = vy, +1D—v(r)

Cogtyie yWnq,iv 1)(X) > (x€E(i+ 1))

=i, i+ 1)

Qi) , i+l .
Ci3(K)
32 Z Cj

(=1, v(riey + D)= v(rey)) erfiillt st Wir  setzen n(f, i+ 1) = v(ro) +¢
(t = vy, +D+1, .., v(r,-+2)). Damit bekommen wir eine Anordnung '

v(ry 5 2)—v(rg)

Cott, i+ 1)Wn(r,i+1)(x)

t=1
v(ri+2) )
der Summe > ¢, ¥,(x) derart, daBl (46) im Falle i+ 1 besteht. Durch voll-
n=v(rg)+1
vik2)=v(ky)
stindiger Induktion erhalten wir also eine Anordnung > Couy W@y () der
. k=1
vik2)
Summe Dy, (x) derart, daB
n=v(k)+1
C,;(K ~
) max 3 cyihna () = S22 2 ¢ (xeh)
vik))<i=vk2)I=1
besteht, wobei .
_ Sv(rjo+ D=v(rjy) .
4 E= zl—J E(jo)
ist. Nach (45) ist
a3 - m(E) = C,,(K)/16.
Es sei C,,(K) diejenige positive Konstante, fiir die
(74) L 13CL (K + (1= 1/Ca(K)K? = 1
. 3K2—1 . .
gilt [C14(K) = m} Wir setzen endlich
o (x) = {%(3(514(1()76) C (x€(0,1/C4(K))),
! Kry(x—1/C 4 (K))/(1 = 1/C1a(K))  (x€(1/C14(K), 1))

3#
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(n = v(k)+1, ..., v(k,)). Nach (74) bilden diese Funktionen ein K-beschrinktes
ONS. Es sei F(S(0, 1)) diejenige Menge, die aus E mit der linearen Transformation
¥ = x/3C4(K) entsteht. Aus (74) folgt

(75)  m(F)=C,5(K).

Weiterhin aus (72) erhalten wir

- (76) rﬁax Z Cm (I)Xm(l)(x) = CIG(K) Z C;

vk))<Asvik) =1

[x_e F; Co(K) = 9#]

-Aus der Definition von ¢,, weiterhin aus (43), (44), (75) und (76) folgt

1 .
R 2 .
(77) 1 (Cm(l): MRS cm(v(kz)—\'(k,))s K) =

1
k2—1

>C17(K) Z [ \2'(k)+l~:|'

v(k-+ 1) —v(k)

Y
< ' af(k)J,,logzl] .

Da nach der Definition der Folge {c,} Ic, o = la, | (I = 1, ..., v(ky) — v(k))) gilt,
nach einem bekannten Resultate ([8], Hilfssatz II) ergibt sich

2 1
2 . 2 .
(78) 1 (am(l)’ Tt am(v(kz)—-v(kl))v K) = ClB(K)I (cm(l)’ e Cm(\-(kz)—v(h:l)), K)

Aus (77) und (78) bekommen wir

1

2
2
av(k)+110g2 1] .

k2—1

1 - v(k+ 1)— v(k)
p) . . 2
1 (ﬂm(l)a oo D (v (hy) —v (k1)) 2 K) = C9(K) ‘ZA [a\'(k)+1+
=,

Daraus mit Anwendung des Hilfssatzes 111 erhalten wir den Hilfssatz I im Falle (42).
7. Endlich betrachten wir den Fall
(79)

k2—1 vk + 1)— v(k) 1 kz—1 v(k+ 1)— v(k) z
a5 Z af(k)+1+ aimﬂlog’ [] = Z' Iav(k+1)|[l+ 2 log? /] .
k=ki+1 k=ki+1 (=2
Wir setzen c, =a, (n = vk +1, o vk 1), €, =060 1 00 m—va- 1)

(= v(k)+(p—l)(v(k)-—v(/\—l))-l-l V(&) +p(v(k) —v(k—1);
=1, (k) =) —v(k—1)), k= ky+1, . ky—1).
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Aus (79) folgt durch einfacher Rechnung
ka—1 ’ S+ D)= v(k) 3 v+ D—v(k1) RS
2 2 '
Z [a\%(k)+1+ a3y 4 1og? l] = [Cv(k,)+1'+ el k,y+1 1082 l] +
=k . ) )
L 1
k2—1 v(k)—v(k—1) Z ka—1 . v(k+ 1)—v(k) 2
+ 2 [av(k)[[l+ 2> 10321] + 2 [Cvz(k)+1+ Cf(k)+110g21] =
k=ki+1 . = k=k;+1 ’ . .
_ ' Vlky+ D= (k1) T k-t vk 1) — v(k) 3
. 5 A
§2[¢'v(k,)+1+ 122’ Couyy+1108? 1] +k Z lav(k+l)l [1+ 2, - log? 1]
N = . = l =
ka—1 v(k+ 1)~ v(k) Jz‘
+ 2 [Cf(k)+1+ €3y +1 1082 l] =
k=ki+1
ka1 ik 1) —v(k) 3
= 2k2k' [Cvz(k)+1+ Y +1108? 1] +
el < =
kz—l v(k+1)—v(k) %
+5 [af(k)+1+ alwy+1log? l] ,
k= klA : 1=2
woraus folgt '

ka—1 vik+ 1)—v(k) 1 ka—1

3 ik + 1) —v(k)
2 2 2 .
ka [av<k)+1+ IZZY a5y +1 108> 1] =4 2 [Cv(k)+1+ 1221
=, < <

1
2

£ Ce(.k)HIngl] .

=K1

Dann gibt es eine ganze Zahl s (0 =s5=2) mit

- kx—1
1 2

V3 k=Zk: [a\z-(k)+ 1+

v(k+ 1)~v(k) _:)2'

a4y +1 108> l] =

v(3i+s+1)—v(3i+s) Z
2 2 2 .
= 2 C@issy+1t 1227 CvGitsy+1108 l] ;
ki=3itssko— 1 ‘ - ‘
die Indizes (k, =) 3i+s (= k,—1) bezeichnen wir der Reihe nach mit r; < <rps
weiterhin sei ro =k, Tis +1—k2

Dann konnen wir den Beweis in 6 mit dieser Folge {c,} und mit diesen Indizes
r; wiederholen, und so bekommen wir den HilfssatzI auch im Falle (79)
Damit haben wir den Hilfssatz I vollstéindig bewiesen.

8. Endlich wérden wir Satz I mit Anwendung des Hilfssatzes I beweisen. Wir
nehmen §=cc an.

Ist {a,}¢ /%, dann divergiert dle Rademachersche Relhe

Zan’n(x)
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nach dem Khintchine—Kolmogoroffschen Satz in natiirlicher Anordnung ihrer
Glieder fast iiberall. :

Wir nehmen endlich §= <> und {a,}¢/* an. In diesem Falle konnen wir |a,| =
= |a,| = --- annehmen. Also ist

oo

Z [ag(k)+ 1+

v(k+ 1) —v(k)

H o f vkt 1) ¥
aﬁ(k)Hngz 1] = A4A20{ %ﬂ dr log” n} =5=-
(= n=vl

Dann konnen wir eine Indexfolge (Cy(K)=)x, <-:+ <u,<--- derart angeben, daB
N 1 :

1 .
af(k)+1log2 l] =1 (r=12,..)

=1 vik+1)—v(k)
(80) "Zk' [aﬁ(k)+1+~
besteht, v _
Durch Induktion werden wir ein K-beschrinktes ONS von Treppenfunktionen
{¢,(x)} und eine Folge von einfachen Mengen E,(ZS(0, 1)) mit folgenden Eigen-
schaften definieren: _ '
a) Die Mengen E, (r=1,2,...) sind stochastich unabhingig, und fiir jedes
roist.

@1 m(E)=C,(K).
b) Fiir jedes r gibt es eineé Anordnung
V(”r+|)
an(k)‘pn(k)(x)
k=v(q)+1
der Summe
¥(%, + 1)
a,®,(x)
n=v(x,)+1
derart, dal3
) j
(82) max 2: Gy Prago ()| = C(K)  (x€E,)
vl )<i=j=v(x, 4 ,) | k=i

gilt. (Co(K), C,(K) und C,(K) sind im Hilfssatz I definiert.)
"~ Essei -
‘ O, (x)=r,(x) (=1, ..., v(x)).
Wir wenden dann den Hilfssatz I im Falle ki=x,, k,=x,, {a,}

(n = v(e)+1, ..., v(x)
" an, die éntsprechenden Funktioﬁen, bzw. die entsprechenden Menge bezeichnen
wir mit @,(x) (n = v(x) +1, ..., v(x;)), bzw. mit E,. Da die Funktionen &,(x)

(n=1, ..., v(»,)) Treppenfunktionen sind, gibt es eine Zerlegung von (0, 1) in end-
lich viele paarweise disjunkte Intervalle 7, ..., I, derart,dall jede Funktion @,(x)
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(n=1,.., v(x,)) in jedem Intervall 7 konstant ist; die zwei Hilfte von 7, bezeichnen
wir mit I/, bzw. mit 1. Wir setzen

0,00 = SE00- SFUED (1= v+, v6)

und

E = U (E.0)NE @)

Offensichtlich bilden die Treppenfunktionen ®&,(x) (n=1, ..., v(%x;)) ein K-be-
schrinktes ONS; die Menge E, ist einfach; weiterhin, auf Grund des Hilfssatzes [
und (80) sind (81) und (82) fiir r =1 erfiillt.

Es sei ro( =2) eine natiirliche Zahl. Wir nehmen an, dall die Treppenfunktionen
®,(x) (n=1,...,v(x,)) und die einfachen Mengen E,, ..., E, _; schon derart
definiert sind, daB diese Funktionen ein K-beschrinktes ONS bilden, diese Mengen
stochastisch unabhéngig sind, weiterhin (81) und (82) fiic r = 1, ..., ro — 1 erfiillt sind.

Dann wenden wir den Hilfssatzl im Falle ky=x,, ky=ux ., {a,}
(n = v(x, ) +1,...,v(%, 1)) Die entsprechenden Funktionen, bzw. die entspre-
chende Menge bezeichnen wir mit &,(x) (n = v )t+1, ..., v(x,o+1)), bzw. mit
E, . Da die Funktionen &,(x) (n=1, ..., v(x, )) Treppenfunktionen und die Mengen
Ey, ..., E, — einfach sind, gibt es eine Zerlegung des Intervalls (0, 1) in endlich
viele paarweise disjunkte Intervalle J,, ..., J, derart, daB jede Funktion &,(x)
(n=1,..., v(x,)) in jedem J, konstant ist, und jede Menge E, (r = 1, ..., 7y —1)
die Vereinigung gewisser J, ist. Die zwei Halfte von J, bezeichnen wir mit J/, bzw.
‘mit J;. Wir setzen '

'@m=§@wm—§@wm’@=WJwamm»

und

E,= U (E,UDVE,@).

Offensichtlich bilden die Treppenfunktionen &,(x) (n=1, ..., v(x,o+1)) ein K-be-

schrianktes ONS, und die Mengen E,, ..., E, sind stochastisch unabhangig. Weiter-

hin, auf Grund des Hilfssatzes I und (80) folgt, daB (81) und (82) auch fiirr = r, + 1

bestehen. Das angekiindigte Funktionensystem {@,(x)} und die Mengenfolge {E,}

mit den erwihnten Eigenschaften ergibt sich also durch Induktion. :
Wir betrachten die in b) angegebene Anordnung

(83) . Zw' Ay iy P 1) (X) (fir 1=k=v(x,) ist n(k)=k)
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der Reihe (3). Ist x€ ...E_IE E,, so gilt (82) fiir unendlich viele r. Daraus folgt, daB die
Reihe (3) im Punkt x divergiert. Wegen der stochastischen Unabhéngigkeit der
Mengenfolge {E,} und wegen (81) folgt

m(ImE) =1

durch Anwendung des zweiten Borel-—Cantellischen Lemmas. Die Reihe (83) di-
vergiert also fast tiberall.
Damit haben wir den Satz I bewiesen.
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On the strong approximation of orthogonal series

By L. LEINDLER in Szeged

Introduction

Let {p,(x)} be an orthonormal system on the interval (a, b). We consider the:
orthogonal series . :

oo

(- D c,pa(x) with D) ¢? <eo.
' n=1

By the Riesz—Fischer theorem, the series (1) converges in L? to a square-integrable-
function f(x). Let us denote the partial sums and the (C, a)-means of the series (1)
by s,(x) and ¢3(x), respectively.

In [4] and [5] we proved among others the fo]]owmg theorems.

Theorem L If0<y<1 and

Ma

cEn? < oo,

(@

then

n

1l
-

S —0,(x) = 0,(n™")

almost everywhere in (a, b).

Theorem 11. If (2) is satisfied with some positive y then
2n—1

)= 3 5(x) = o0,a)

k=n

almost everywhere in (a, b).

G. SUNOUCHI {7] generalized Theorem I to strong approximation in the fol-
Jowing way:

Theorem 111, If (2) holds with 0<y=<1, then

1/k
{ = 2 AW, (x)l"} = 0,(n™)

v=0

holds almost everywhere in (a, b) for any o =0 and 0<k<_y”1‘, where A% = (n-’{;a) .
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In the first part of the present paper we continue this generalization and prove
the following theorems.

Theorem 1. Suppose that 0<y<1 and O<k <y~ and that

(3) D ein? <o,
n=1
.Suppose further that a(=0) and B satisfy the inequality .
. k

«4) minjl,«, 5> (1-pk.
Then we have

1k
) . { e 3 @t 1(x)|*} = 0,(n™7)

almost everywhere in (a, b).

Theorem 2. Suppose that 0 <k =2 and y=0, and that (3) is satisfied. Then
‘we have

. ) 1 2n 1/k
(6) o {F v;: lSv(X) —f(x)lk} = Ox(n—y)
-almost everywhere in (a, b).

It is easy to see that in the special case f=1Theorem 1 reduces to Theorem 1II.
In connection with very strong summability SunouUcHI [6] proved

Theorem IV. If

oo

(7) 2, c(loglogn)? <o,

n=

>

then

n

lim —o Am 27 A5, (%) =0

n—co v=0

‘holds for any a>0 and k=0, almost everywhere in (a, b), for any. increasing se-
«quence {k,}.

In the special case « =1 and 0 <k =2 this theorem was proved by TANDORI [8],
and this special case was generalized by us ([3], Theorem 1) as follows:

Theorem V. Under the condiiiqn (7) we have

lim —n— Z 5,09 =/ = 0

n-—co
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almost everywhere in (a, b) for any 0<k =2 and for any (not necessarily monotonic)
seguence {l,} of distinct non-negative integers.

Now we prove similar results for very strong approximation:

Theorem 3. Suppose that 0 <y <1,0 <k <y~ ! and a =0 and that (3) is satisfied.
Then we have :

n 1/k
b 2 A e-re] =00

almost everywhere in (a, b) for any increasing sequence {k,).

Theorem 4. If 0<y=1/2, 0<k=2, ky<1 and

s

®) > cin¥(loglogn)? <eo,
then " '

1 n 1/k
© {—Z Islv(x)—f(x)lk} = 0,(n™)

almost everywhere in (a, b) for any (not necessarily monotonic) sequence {l,} of dis-
tinct non-negative integers.

§ 1. Lemmas

The following lemmas will be required for the proofs of the theorems,

Lemma 1 ([1], p. 359). Let r=I>1, =0, a>7—1 and B=a+I"'—r~ %
Then . : ,
TS

> 1/r o
{2 (n+ 17 ‘,lff(x)"} =k {2 (n-+ 1y~ lr;f(x)l’} ,
where 1i(x) = (o2~ (x)— 0%(x)).

Lemma 2 ([7], Lemma 1). {f

c2n? <eo with O0<y<l,

\F

[
-

n

then

f {Z.Z(n-f- I)Zv—ljaz—l(x);o:(x)'.z} dx évKZ”:C,?nz’

a

N|r—-

Jor any o >

*) K, K, K,,... will denote positive constants not necesarily the same at each occurrence.
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Lemma 3 ([2], p. 162). Let {x/tk(x)} (k—-l 2, ..., N) be an orthogonal system
in (a, b) and let -

= f Yi(x)dx  (k=1,2,...,N).

Then there exists a function §(x) such that

W@ @] =600 (=12, .., N)
in {a, b) and . .

b N
[ 82(x)dx = Klog? N 2 a?.
a k=1
Lemma 4. Under the hypothesis of Theorem 1 we have the inequality

b Ky 1/k] 2 o
f { sup [r;a ZA“‘IIU" Y(x)— a”(x)]"] } dx = K D] c2n¥.
a n=1

O0=n<eo

Proof. By (4} we can give a positive number g(=1) such that
(1.1 o min[l», o, g] > 5 >(1—-pBk

holds. An easy computation using the inequalities (1. 1) gives that

/3>1—qu, pl—a)<1 and gk=>2,

where p = Ll Applying Hélder’s inequality with the above defined numbers p
q— : .

and ¢ and using p(l—a) <1 we obtain that
1.2) Z AT A =

§ K{Z;(V—!—])?qk—llfe(ank {Z(Aa—v)p(v'!'l)q } =
¢ 1/
K] 3ot v,
v=0

{IA

1
vkp

n L
L N AR V% el LY R =
v=0
n/2 n n/2 P n/2 B
5(2—!— Z’) sK D3 norl)s 4Kk 3 kenrge s
.v=0' v=nf2 v=0 k=1 )

) (a—l)p+l+ -vkp
= Kl(,l(a-l)p+(l-vk)p+,l ) = K nt=- 7")}7.
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1 .
Since f > 1——k— and gk =2 we can find «* such that both inequalities
q .

1

L3 = and Bottp-

1
2 gk '
hold. By (1. 3) and gk =2 the conditions of Lemma 1 are fulfilled with r=qk, =2,
§=1y, d=o* and B =p. Applying Lemma 1 we obtain that

o 1/ak _ ' 172
1.4 {Z(v+1)mk-1lr£(x)|qk} éx{é(\:+1>2v-1|ﬁ*(x)|z} .

v=0

By (1.2) and (1.4) we have

o . b e n 1K) 2
s f { sup [7 _Z()A::v‘lr’v’(x)l"] }dx§

O=n<oo

= K [ {3 v oo

Since a* > % and O0<y<1, by (1.5) and Lemma 2, we have

b kY 1/k) 2
S { sup [7 2 A3 311”(x)l"] } dx = K, ch 2,

a O=n<eo v=0
which is the statement of Lemma 4.
Lemma 5. Let {J,} be a monotonic sequence of positive numbers such that

(1.6) Z 3= Kida.
” - .

—_

2 c2AE <o,
n=0 ’
then we have
1.7 . 520 (X) —f(x) = 0. (A5")

almost euerywhere in (a, b).

Proof. An easy computatlon gives (1 7). In particular

2"‘l+l

2 f Ruls2a(x) —f(B)|? dx = 2’,12,2 D> ¢} =

m=ni=2"+1

2m+1

o am41 m oo
= Z [ Z C,2] ZA%:; =K 2 )uém Z Ci2 = e
i= 1

n=0 m=0 i=2m41
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Lemma 6. Let {A,} be a monotonic sequence of positive numbers with (1. 6). If

2R3, <o,
n=0
then we have .
l 2n . 1/k
(1.8) {; 2 15, () —f(x)lk} = 0.(4:")

almost everywhere in (a, b) for any 0 <k =2.
Proof. By an easy computation- we obtain that

Y

& | A2 2t
2| S s —fdx =
m=0 k=2m41
oo oo oo ’ 20 w4l
£ 2 B > A=K 2 B 3 el = chnz;h
m=0 i=2m m=0 j=2m4 g
Hence .
l%m+l Ly
lim =5 2 Is@ /G = 0

moo 2" ye

follows almost everywhere in (a, b), which implies (1. 8) for k£ =2. Hence the statement
(1. 8) for 0 <k =<2 can be deduced by Holder’s inequality.

§ 2. Proof of the theorems

(Theorem 1.) Theorem i1l with k=1 implies that
B () —f(x) = 0.(n7").

In view of this we have

Z A= 1o () — (O = 0, (n™™),

thus An v=o
2 ) —at= W = T 2 AT @ = W o, (17,

Next we show that the last sum is of order o (n~7%). For any positive &, we choose
N such that

2. Z cin? < 83

=N/4
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Now we consider the series

: - 5 ¢, for n=N,
(2.2 | =21 0,¢,(x) with a,= {(’) for n=>N,
-and
> . ) 0 for n=N,
2.3) | ngl b,,(x) with b, - {Cn. for n=N.

Let us denote by ¢?(a; x) and of (b;'x), respectively, the n-th Cesaro means of order
B of the series (2.2) and (2. 3). It is clear that ¢%(x) = o%(a; x) +6%(b; x). Since-
the number of the coefficients a, 0 is finite and yk <1 the sums '

yk N .' o
(2.4) T 2 Ainilodm (a; x)—of(a; W)
n v=0 .
converge clearly to zero almost everywhere in (a, b); Using Lemma 4 and (2. 1)
we obtain

b
ey n ' t/k)2
f{oiup [Aa _20Aﬁ:l10’3“(b;x),—0’v’(b;x)l"] } dx = K&
Hence

ky B

ek
3 it ool ot | = ef = ke
n v=0

meas {x |lim sup [

this and (2. 4) imply that the sums

< .
- 2 Az ef () — e (X))
An v=0

converge to zero almost everywhere in (a, 'b).
Collecting our results we obtain the statement of Theorem 1.

(Theorem 2.) Applying Lemma 6 with 1,=n" (y=>0) we obtain (6) imme-
(Theorem 3.) We set

diately.
K, 172
C, :-[ 2 c?]
: =k, +1

kn .
ct 2> cipi(x) for C,#0,
b, (x) = ‘l=k"_'+1 .
(ka—k,_)7'? 2 @i(x) for C,=0.

i=k, . +1 .

~and
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The system {&,(x)} is also an orthonormal one and the series £C, ®,(x) satisfies
-obviously

2 Cln?? <o,
n=4 .
Since

gqmm=%m,

—:applying Theorem 1 to the series 2C,®,(x), we get the statemeht of Theorem 3.

(Theorem 4.) Under the condition (8) we have by Lemma 5

‘(2 5) sZ"(x) —f(X) = Ox(z_'"y)y
. 2!1|+l

almost everywhere in (¢, b). We set C2 = > c2.
n=23m41

Now we define sequences of indices {u;(m)} for évcry m. We put o (m)=2",
If C,, 70 then let ;(m) (1 =i=N,,) be the smallest natural number for which both
dnequalities

nim) 2
03 m

n=p;_,(m)+1 n )

v

and p(m) = 2m+?

‘hold. It is clear that N,,=m. If C,, =0 then we set u, (m) =2"*!. Applying Lemma 3
“to the functions

VD) = Sum®) =S @) (=i=N,)

‘we have a function §,,(x) such that

= 6,,(x) (l=i=N,)

2.6 mwuw—&uhhrﬁgmma>
in (4, b) and

‘m 4L mel
2 2

b
2.7 fé,?,(x) dx = Klog? N, 22:“ ¢t =K, 221 1 clloglog? n.
a : n=2m n=2my

Then, by (8) and (2. 7), we have that

oo b
22my [ §2(x) dx < oo,
2,2 8
which implies, by (2. 6), that

2m lsm (m) (x) —Sm (x)l -0
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almost everywhere in (a, b). Hence, by (2, 5),
(2.8) IS, om () = /()] = 0,(27™)

holds almost everywhere in (a, b).
Now we define a new sequence of indices {u,}. lf wim)=1, <y (m) then -

let p,=p;(m), and if py (m) =1, < po(m+1) then let u,=py (m).
Then, by (2.8) and ky <1, we have

- DS = 5 D105 (R +5 Xl —f K =

logn

~Z 51,0 — 5., (O +5 2 2o, '"Vk)<—2|s,y<x> 5, (O + 0 (1), %)

From this point on the proof runs similarly to the proof of Theorem 1. Let us’
define N, {a,} and {b,} in the same way as under (2. 1), (2.2) and (2. 3); further-
more let s,(a; x) and s,(b; x) denote the nth partial sums of series (2. 2) and (2. 3).

Since s,(x) = s,(a; x) +.5,(b; x) we obtain

=t D [5,(0) = 8, (O = K=t 3 (15, (@5 X) =, (@5 20+ 53, (05 1) = 5,,, (65 2)[1).
: v=1 v=1] ’ '

By vk <1 the first sums converge to zero almost evérywhere in (a, b). To estimate’
the second sums we use Holder’s inequality and obtain

ak =t s (b x)— s, (b; D =
. v=1

=

n o K2 ([ n (1—2pyk_)1 k2
= prk-1 {Z: v s, (b; x)—s,,(b; x)|2} {Zl'v z—k}
V= v

v=

n : K2
= K{Z v27"|s,‘,(b;x)—s,,v(b;x)lz} .
v=1

Hence

b ' n 1/k} 2
2.9 - f{ sup [ny’“‘ le,‘,(b;x)—s,,v(b;x))"} } dx =
1 va=1

a =n<oo

b il )
= Kf [;1' \r27"11s,v(b;x)—suv(.b;x)IZJ dx

- *) The logarithm used is with basis 2.
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A standard computation gives that*)

oo

b
2, v [ s, (b5 X) =5, (b5 X)) dx =

v=1
o 1 oo 1
= 2wt 3= 3 30 e 3o
v=1 k=p,+1 m=02m=g <2m+1 k=p,+1
o0 C2 oo 2I7I oo
= 2 2 virmi=me X Dol s KO DT etk
m=[(log N} \2m=p <2m+! m m=[log N] \v=1 k=N/2

This and (2. 9) imply that

b n . 1/k)2 oo
f{ sup [n”"“1 D s, (b x)—s,,v(b;x)l"'] } dx = K D) c2k*.
a ‘ v=1

l=n<oo k=N/2
Hence '

. n 1/k . ‘
meas {xllim sup [ny‘“l > |51, (b5 x)—s5,(b; x)|"] > 8} = Ks.
v=1
Thus we obtain that '
n 1/k
[n“’_l 2 !Szv(x)—SyV(X)l"] = 0,(1)
v=1

holds almost everywhere in (a, b).
Collecting our results we obtain (9) almost everywhere in (g, ) and the theorem
is proved.
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‘On generahzed absolute Cesaro summability
of orthogonal series

By ISTVAN SZALAY in Szeged

As usual we denote by ¢ the nth Cesaro means of order « of a series Za,.
The following definition is due to FLETT [1]: A series Za, is said to be |C, a, y|,.
summable, where x = | and o > — 1, if the series Zn****~!|¢!® — ¢ " is convergent.

We prove the following theorems: -

“Theorem 1. Let o« > %, 0=y<1, 1 =x=2. The condition

) oo 2m+1 ®/2 -
M Zﬂ 2 Wﬁ}<m

m=0 n=2"+4+1

is necessary and suffcient that for any orthonormal system {@,(x)} on (0, 1) the series

® | 2, @,04()
be summable |C, o, y|, almost everywhere in (0, I).

This theorem reduces for o > 1, y=0and ¥ =1 to a theorem of LEINDLER [2]
which in turn contains a theorem of TANDORI [3], case a =1, y=0, x=1.
The sequence of ideas of our proof is similar to that of LEINDLER.

Theorem 2. Let 0§y%l and 1=x=2. Then the conditions

oo 2m+l x/z ]
Z { 2 n2g? logn} < oo [for o= —]
m=0 ln=2"+41 2
and

s 2m31 -x/2 l
Z{ 2, n‘”y‘z“af} <o [foi‘ —1<ac<—]
m=0 \n=2m+1 2

are sufficient that the series (2) be summable |C, &, 7l for any orthonormal systems
{0, ()} in (0, 1), almost everywhere in (0, 1).

In the special case =0 »x =1 this theorem was proved by LEINDLER ([2], p.
253). The proof is-similar to the proof of Theorem 1, so we omit it.

4%
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It is of some interest to remark the following corollary to Theorems 1 and 2
and to a theorem of FLETT (see [1], p. 359).

Corollary. Let 0=y<1 and x=2. The series Q) is |C, o, y|, summable for
any orthonormal system {¢,(x)} almost everywhere in (0, 1) in each of the following
three cases: '

. : 1 -
) cx>l———; and D n?a? < oo,

n=0

1 z
(i) « :'1_—;, and D n*allogn <o,

n=1

("?ii) a%ﬁ%—%——% [—l<[}<%] and

oo

D n' Mgl <o) 0=y < min(l, 1+ﬁ)

n=0

Proof of Theorem 1. Let A = [””:“] Then we have:

(a) i
3) 0<e@=" @  (m=0, a=-1),
Q) AR =0 (m=0, a>-1),
and
(5) AL > AD (m=0, a=0),
where ¢, («) and ¢, (a) are independent of m. (See ZyGMUND [4], p. 77.) We define
L'Saz' — r(la-f?l—v A:Sa—)v _ Argu—)v vo

AD AW T A nrl—v)(n+1+a)
From (3), (4) and (5) it easily follows that for anyn=1,2,...; v=0,1,...,n1a >—1,
a=0:

— )1
© 0<4m9i%¥fl§4mfd()

and

(n+ I —v) 1y
1+l
sgn L, = sgna,

‘where d, (¢) and d(a) .are independent of n. :

First'we prove the necessity of condition (1). Without loss of generality we may
assume that @y, =a, =0 and a, 0 for n =2. We define by induction a special ortho-
normal system of step functions {x,(x)} (#=0,1,...) in (0, 1). Let

Xn(x)zrn(x) (”:0, l, 2).1)

1) r(x) = sign sin 2"zx the n-th Rademacher function.
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Let s(=1) be any natural number. Suppose that the step functions y,(x)
(n=0, 1, ..., 2°) have been defined such that {y,(x)} (n =0, ..., 2°) is a H-type system
ie. 1,(X) 1. (x)=0 far any x€(0, 1), if 2*<n,m=2""' nzm and k =0,1, ...

.»§—1: Then the interval (0, I) can be dissected into subintervals J, (1 =¢=g,)
such that on any J, every z,(x) (n=0, 1, ..., 2%) is constant. We define the following

sequence
k

Qém) =0 and ngm) AAIV Zaz'"-l-n . (k: L. 2"'),
n=1

am+t #/2
where A4,, = { > af} (m=0,1,..)). Now we dissect every interval J,=(u,, v,)

n=2m41
into 2° intervals as follows:

L(s,J ) = WP, v),
where

uP = u,+pJ)ef2, and o = u,+p(J,)od k=1,...,29. %)

Then we .define
1/x Os

ook 00 = 22 S (53 (5 49)-)

254k o=

These functions y,(x) (2° =n §2‘+‘) are step functions and

1

/x§s+k(X)dX~ : Z r2(x; (s, J)) dx =
) 2-‘+kQ

0

A G, &
=32 ZW“(Ja)z Q;lv /) = 1.

A2st1ko=1

From the definition it is clear that the functions y,(x) (=0, 1, ..., 25+1) give rise
to an orthonormal system on (0, 1) and for every x€(0, 1) we have

Xn(x)lm(x)': (U (2 <n, m<2’+1 OS[Ss)
Hence, by induction, we get an infinite H-type system.

2) u denotes Lebesgue measure.
3) If I(u, v) is a finite interval and A(x) is a function defined on (0, 1), then

<h x—u if
h(x;l)={ v—uj)’ fou=x=v
0, otherwise.

1t is clear that fh(\' Ddx = p(l)fh(x)dx

"
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We consider the series
) . 20 @, 1 (X)-

Denote 6@ the n-th (C, «) means of series (7). Let us assume that the series (2) for
any orthonormal system is |C, «, y|, summable almost everywhere in (0, 1). Then
we have

2w G (x) = 60, ()] < oo

n=1

almost: everywhere in (0, 1).

Let &€ = min {1; 277 +3*+3) g¥(4) d*(a)}, where d,(x) and d,(«) are the same
constants as in (6). By the Egorov theorem there exists a measurable set £ with
#(E) = 1 —¢ and a positive constant K such that for every x¢ E

‘zl’ rrEE=1 l6r(ra)(x)__6l(l¢z—$l(x)lx <K
e

Hence

.é/‘nx}%x—lI&,Sa)(x)_&'(la_—ll)(x)lx = Kﬂ(E)

Let m and n be integers such that 2" <p=2""1 Then we put

2t+1t

R(cimm= >

v=214

L®a,x,(x) ~ (=0,1,...,m—1),
1 .

n
1 ) :
Rm(X; m, i’I) = Z LIS;.z’ava(x)’ Rm+1(X; m, n)‘: Wan+1th+1(x)'
v=2"+1 n+1
These functions R;(x;m,n) ({l = 0,1, ..., m+1) satisfy the conditions of the fol-
lowing

Lemma. (LEINDLER [2]) Let {R,(x)} (n=1,2,...) be a system of step Sfunctions
defined on (0, 1). Denote J,(n) (n=1,2,...; s=1,2,...,s,) the intervals on which
R,(x) is constant. If for every m=>n

fsignR,,,(x)dx=0 s=1,...,5,),

Js(m)

then for any sequence of numbers d, ..., dy there exists a set E, of subintervals such
that for any x€ E;, '

N
1_21 dR(%)| = ldy xRy« ()] (k=0,1,...,N~1)
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and

p(ENJ(N—k—1)) = (N~ k_vl))

2k+1

(k=0,1, ... N—1; s=1,2, ..., sy_x_13 J,(0)=(0, 1)).

We use this lemma in case N = m+1 and k=3. The suitable set £, will be
denoted by E;(m, n). Then we have:

oo

(8)‘ | > fn”Y+"_l|5.(.’)(x)~6,§°91(x)l"dx =

n=23+1

2m+l\

= Zm' Z nxy+x—1

4
dx =
m=3 n=2"+1

1
2 L®a,x,(x) +A(—a)1an+11n+ 1 (x)
n+ R

2am+1

.
=3 3 e |
m=3 n=2"+1
. E

oo 2-+1
L= D vt / IR, _ o (x;m,n)|*dx =

ENE3(m, n)

' oo 2m+l .
= 2 [ /— f JIR,,,,Z(x'; m,m)f*dx = §
m=3 p=2m41 .

E3(m,n) Es(m,n)—Es(m, n)NE
By the lemma we have:

m+1

Z Ry(x; m, n)

dx =

2m-— 1 x
'/!Rm—Z(x;m’ n|*dx = f , Z L,E"’va ()| dx =
v 2mi
E3(in, m) Es(m, )
am-1
= | 2 WErahmrds=
Es(m, 'l)
2m-? em-2 y
o= 2 L( ,2m- 2+k) a2m 2+k2 ___x"’;zdxé
k=1 azm—2+k
E3(m, N1, (m~2,Je)
-2 em-2
ully(m—-2,J7,)
= Z (L) A 22 Lc_____)z
2m=2 Om -2 a
m-2
Z (Ln 2m= 2+k) Am 2 2 2 2/x+k ) =
-1 Am 2 ’
1 2m-1

=57 2 (L@yAl3xad.

y=2m-241
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In order to estimate the sepond integral in (8) we apply the Hélder inequality:

2 x/Z
dx] =

2'" -1
L‘“va % (%)

y=2m-2 +1

2—3 2m-1 %2
= 2 [ 2 (L,s:‘z)%z&] ;

2—x
: IRm—Z(x;m’ n)]”dx =¢ 2 [
[}

Es(m, n)—E3s(m,m)NE

v=2'"‘2+1

Thus, by a standard computation, we obtain that

2m+ 1

Zm' Z nxy+x—1;

m=3 n=2M41

am-=1 . 2—x am—1 : x/2
{2 2 LEy it —e [ 2 Lmvas] }z
y=2m-241 ) v=2m=241

||V

2m-1

' R 1__ yll—l x
= D 27*dr@Anzir 2 rz’f”"“[—-~~-—-(n+ a+‘1) v] -

m=3 y=2m=-241 n

8

o 2m+1 22 2m-1 e—1,)2 Y2
Z > m***dl(a)w[ 2 [(’i—)—]a] =

=27 =amo24q

oo 2»[+1 x/Z
= dlx(a)z—(6+x+2xa—xy) Z{ 2 VZyae} ,
' =1 lv=2m+1
ie. the necessity of condition (1) is proved.
Next we prove that condition (1) is also sufficient. We suppose, as we may do
without loss of generality, that a, =a, =0. Applying (3), (6), and the Hélder inequality

we have:
1

any+x—1/la(a)(x) O.(a) (x)lxdx§
n=3 X

0
1

P 2m+1 . #/2
=0 > 2 n"”""‘[flaﬁﬂl(x)—a,ﬁ”(X)ldeJ =

m=0n=2"+41
o

o 2me1 ) n ”/2
1.
l) —EO 2xm(}’+i~) [ E [ E (l'(lal’)za?. ( (a) )2 an+ l]] _

=2m4 )

2m+1 n 20—2 ®[2 .
(nt1—v)7? vai| +
n2a+2 v

= 0(l) Z’ 2xm(y+-i-)[
m=0

n=2"+1v=0

2m+l+1
az

' =3 n/2 '
+O(1) 2 2o [_2 W] =0()(Z 1+ ).
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A standard computation shows that

[iA

22+ 2
m=0 n=2m41 =0 v=2f+1 . n

Sem 2ret o min 1) _N2a-2,2 ,2)%/2
21§0(1)22xm(y+%)[ > > > (n+1—v) v av]

2m+1 m min (21+1 n)

e ’ xf2
= 0(]) Z [zm(ZV—l—Za) Z 2 Z (”+1_V)2a~2v2a3] -
m=0 ’

n=2"M411=0 v=2i41

m 2041 2m+1

oo . x/2
]) 2 [2m(2y— 1-2a) Z 2 v2a§ Z (n+ 1 — v)Za-—Z] -
m=0

1=0v=2141 n=max (24 1,v)

) m 2'+l /2
éO(l)Z[ZZ"‘"‘” vza%] =
‘ m =0 v=2441
o 20+t %[2 oo oo 20+1 /2.
§0(1>22*'[ 2> ae] 22'""“*”=0<1)2[ 2 ]
=0 v=214+1 m=l 1=0 =20+1
and ' ' : '
. oo am+l az k/Z oo
22§0(1)22“'"‘“*’[ > n;;] +0(1) Z 2mem=Dag,, =
m=0 n=2"41
am+1 x/ 2m+l x/z
0(1)2[22” 2> a&] omZ[ 2 n a&] :
m n=2M41 ) m n=2m41

By the Beppo Levi theorem our proof is complete.
1
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On the divergence of rearranged Fourier series
of square integrable functions

By SABURO NAKATA in Toyama (Japan)

Introduction

K. Tanporr [3] gave an elementary proof to the statement of A. N. KoLmo-
GOROFF [1] that there exists a square integrable function whose Fourier series can
be rearranged so as to diverge almost everywhere. He {4] also proved the following -
theorem:

Theorem A. If {o(n)} is a sequence of positive numbers with

(1 . “o(n) = oYloglogn),

then there exists a sequence {c,} with £c2g*(n) < oo such that the Walsh series X, w,(x)
diverges almost everywhere in (0, 1) in a certain rearrangement of its terms.

Afterwards F. MoORricz [2] showed a generalization of [3] which can be considered
as a trigonometric series analogue of Theorem A. That is:

Theorem B. Suppose (1). Then there exists a square mtegrable Junction w/1ose
Fourier series X(a, cos nx + b, sin nx) is such that

) ‘ 2 (@ +b)e ) < =
.and wﬁich can be rearranged into an euerywhere divergent series

In the present paper we will sharpen Theorem B by refining the method of
ist proof.

Theorem. If {o(n)} is a sequence of positive numbers with
. A .
3) e(n) = o(Ylogn),

then there exists a square integrable function whose Fourier series fulfils (2) and wh:ch
can be rearranged into an everywhere dwergent series.
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Corollary. Suppose (3), then there exists a square integrable function whose
Fourier series can be rearranged in such a way that the partial sums oy (x) of the re-
arranged series satisfy

s Jow(o)
iim sup ————
Nom' (V)

The author should like to express his hearty thanks to Prof. G. SuNoucHI
for his valuable advice and encouragement in the preparation of this paper.

> 0 everywhere.

§ 1. Lemmas

Consider a set £ = G J; satisfying J,NJ;=0 (i = j)') and max |/;|>0.%)
i=1 i

If each J; is an interval; then E is said to be simple, and we write E€ ¥ More generally,
if each J; is either an interval or a point, then E is said to be generalized simple,
and we write £€%*. Suppose E€ &*, then for 0 <g<max |J|/2, we set

E®@ = U [o+e pi—el
Bi—a;>2¢
where «; and f; denote the left and right end points of J; respectively. It is obvious
that E@¢ . ’

For a function a, cos vx+b,sin vx (# 0) we call v its frequency. Two tri-
gonometric polynomials are called disjoint if they have no terms of the same fre-
quency.

C,, C,, ... denote positive absolute constants which will be common in several
lemmas. ' ' ’

Lemma 1. Let E = U J,€ F* be a subset of [—n/12, n/12], 0 <e<max |J,|/2
and 0 <n =1 real numbers, and n a natural number such that n > C,len —1 (C, =n).
Then there exists a non-negative trigonometric polynomial P(x) with frequences 6v
(v=0,1, ..., n) such that

(7 _ P(x)=1 for x€E®,

(®) ~ ' P(x)=n for xe¢ [—7"2— %]—E
and A

) | | _[.PZ('x)dx = GE| [c2 =-241n4].

1y J; denotes the closure of J,
%) |J;| denotes the Lebesgue measure of J,.
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We can verify Lemma 1 with the aid of the proof of the similar lemma in [2]; .
s0 we omit its proof.

Lemma 2. Take the same. assumptions and notations as in Lemma 1, an let
N (= 12n+6) be a natural number divisible by 6. Furthermore set

0,(x) = (cos Nx) P(x),
(10) 0,(x) = —C;(cos 3x) (cos Nx) P(x)  (C, =2V2),
' 0;(x) = —Ca(cos 2N P(x)  (Cy = 3+412).

Then Q,(x), Q,(x) and Q5(x) are .murua[/y disjoint trigonomérric polynomials with
Sfrequences 3v having the following properties:

(1) N—6n—3=3v=N+6n+3 or 2N—6n=3v=2N+6n;

(12) 10,()+ 0, (x)+05(x0)| = Csn for "E[‘Tnz"%]—E

(Cs = 1+C3+Cy);

13 [10/0+0:()+ Qs dx = GlEl  (Cq = C2(1+C} +CD):;

—n

there exists a decomposition E® = E, + E, + E, such that

!
I
(14) > 0u(x) = 5 Jor x€E (=1,2,3)
k=1 .
In addition if
15 2n 2
(15) W=mgx|J,~l—e

is satisfied, then each E, contains an interval whose leng th is not smaller than n/3N
and E,¢* (I1=1,2,3). :

Proof. Itis easy to see that the frequencies of the terms of Q,(x) and Q;(x)
are divisible by 6, and those of Q,(x) divisible by 3 but not by 6. Moreover the fre-
quencies 3v of the terms of Q,(x) and Q,(x) satisfy the former inequalities of (11),
and those of Q,(x) only the latter ones. (12) and (13) are shown by simple calcula-
tions using (8) and (9), respectively. And in virtue of (7), the following estimates
hold:

1 i

1= =

Q,(x) = (cos Nx)P(x) = 3 5
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for ‘
- (c h 1 n 1 .
XEE] = E()ﬂk=q°° N‘[Zkﬂ——j], ﬁ[2kn+?]],
0, (x)+Q,(x) = (Cs cos 3x — 1) (—~cos Nx) P(x) = {%_1]%., = %
.for
x€E, = EON _D %[2/6714-%”]’ —1]\7[2k7r+%”]];
0\ () +0:(0+ 03(0) = (W)=~ 1@ ()| > F~Cy—1 = +
for ' .
| YL | 1(, 2=
xeEy=E®N U .[N[k“‘?]’ N[kn+T]]'

Now let us set |J; | = max |/;], and assume (15). Then in virtue of the definition

of E, (/=1,2,3), each E,ﬂJ,.(lf’ contains an interval whose length is not smaller
than n/3N. This completes the proof of Lemma 2.

Lemma 2°. Let P(x) be a trigonometric polynomial with frequencies 3v (v =n),
and N (= 6n+3) a natural number divisible by 3. Furthermore set

0,(x) = (cos Nx)P(x),
1oy - Q,(x) = — C5(cos x) (cos Nx)P(x),
0Q;(x) = — C,(cos 2Nx)P(x).

Then Q, (x), Q,(x) and Q;(x) are mutually disjoint trigonometric polynomials w:“rh
Jrequencies v having the following properties:

(1) N—=3n—1=v=2N+3n;
a3 [10,(0)+ 0, +0s@2dx = Cs [ P dx;

Jor every set E(C [—n/4, /4)) on which P(x) is positive, there exists a decomposition
E = E\+E,+ FE; such that

1l
(14%) kglgk(x)zig’i) for x€E, (/=1,2,3)
and .
(14”) ' Q,(x)zf—;x—) for x¢E, (I=1,2,3).

The proof of Lemma 2’ is quite in an analogy to that of Lemma 2.
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Lemma 3. If 0 <.& < n/6, then there exist mutually disjoint trigonometric:
polynomials R (x) and generalized simple sets

EQ ¢ [—a/12,7/12]  (k=1,2,..,3; i=0,1,..)

with the following properties:
(i) the frequencies occurring in RV (x) (k=1, 2, ..., 3') are divisible by 3 and
smaller than 6f;(g) where

C 1(1 1) R
file) = [ 7] 18 2 (C;=[128C,Cs]+1); %)

. ; 3¢ 2
(ii) f [Z R,gn(x)] dx = Cg [c8 = Q%];

(i) the sets E® (k=1,2, ..., 3") corresponding to the same value of i are dis--
Jjoint;
(iv) set
(i)

. gk
EP ="U J; and v;(g) = Zg(‘)’

=1
then v,(e) </,(e); ’
(v) set
'—[ 12 12] U ED,
then |F;| = e(1—1/2);
(vi) the trigonometric polynomials RY(x) (k=1, ...,3%; j=0, ...,'i) can be ar-
ranged into a sequence - .

(16) UP), UL ), -, Uiy (h() = G371 =D)/2),
such that
(17) ZU"’( )>lf4—1 for x€E®

with m" not depending on the particular point x¢ E® (k=1,2, ..., 3.

Proof. Define R (x)=1and E9 = [—n/12, n/12], then these satisfy (i)—(vi):
trivially. Setting »; = 1/2*%f(e) (i=0), no=1 and n; = 1/C54(3' —1) (i=1), we

take natural numbers
C,
L= i=0,1, ...
" [mm] (=01

and
N,E") = 2k—=D(2m,+6) - (k=1,2,...,3; i=0,1,..).

3) The integer part of a real number « is denoted by [«].”
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We have the following estimates:

(18) N —6n,—3 = 6n,+3 > 6 C;——l +3 = 36-21*2£,(e) =3 > 72£i(e)
. 5, =1 :

6 S (iz0);

(19) 2N§) 61, = {24(2-3 — 1)+ 6}m+12(2-3 1) =

= (48-3"—18)%2"+2f,.(e)c54-3"+24-3f—12 -

=6- 18"——~—1285‘Csﬁ(s)—6"‘»——28851(’151’,.(8)4(24.3"— 12 <
i [C :
<6-18 [?]f,-(e) =6-fii(e)  (1=0);
T .
(20) 2 2 12 =
‘ “E= S ry o
) u i (i=1).

24f,() ~ 8NGZD

Applying Lemma 2 to (E, x,¢, n,, 1, and N{), we get the mutually disjoint
trigonometric polynomials Q,(x) (/=1,2,3) and the decomposition E{?¢? =
= E, +E,+E;. Define R{V(x)=0Q,(x) and E{"=E, (k=1,2,3). Then we can
-easily check that (i)—(vi) hold for i=1. For example as to (iv), :

T _E
12 4

v,(e) = vy(e)+2 I = ’
2NO

= 34N [-;—-g] =343, [g-f{]éfl(em—s- 128C5 < £,);

and as to (vi), we set U{V(x) = RO (x), ULV (x) = RV (x), UV (x) =R (x), U (x) =
‘=R (x) and m{"” = 1+k (k=1, 2, 3). Furthermore, since |E®|—2x,e > n/6—
—n/12 > 2n/N{®, we see that each E{" (k=1,2,3) contains an interval whose
length is not smaller than 7/2N{? and that E{V € &*.
Now we suppose-that RY(x) and EP (k=1, ..., 3/; j=0, ..., i) are already
-defined and satisfy (i)—(vi), and that
Yo} _ max |J;| = ﬁ‘:F

1 =gt
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for each EY (k=1,2,...,3). Then by (20) and (21). '

2x;6 < max |/}
1=j=gl")

holds for each EQ (k=1,2, ..., 3)). By the application of Lemma 2 to each (E{,

%6 N, n; and N9P) (k=1, 2, ..., 3), we define the mutually disjoint trigonometric

polynomials ' .
R§GEB(x) = (cos NP x) PP (x),

2) . REED(x) = — C3(cos 3x) (cos N x) P (x),
REFD(x) = — Cy(cos 2N x) P (x)
and the decompositions
E’El)(x 18 E('k+—1) +E(z+l) +E§i"+l) (k____ 1’ 2, . 3,) .
In virtue of (11), the frequencies of (22) belong to 4, U B, where '
A, = [Qk+1DN® —6n,—3, (2k + DN +6n,+ 3],
B, = 2Qk+1)NP —6n,, 22k + )N + 6n,.
It is obvious that A4,NA4, =0 and B,NB, =@ for ksk’. Moreover we have
A,NB, = 0 (k#=k’) since, though |4,|/2+|B|./2 = (6n,4+3)+6n, < NP holds,
the distance of the middle points of A, and B, is not smaller than N®. Thus the
trigonometric polynomials RV*V(x) (k=1, 2, ..., 3'*!) are mutually disjoint.- And
we are going to show (i)—(vi) and (21) replacing i with i+ 1.
By (18) the frequencies occurring in R{* D (x)- are larger than those of R{’(x)
(k=1,2,...,39), gmd by (19) the property (i) is verified. As to (ii), we have

f [ > R(’“)(x)] dx = 2 (Rg'k+12’(x)+Rg;+13(x)+R<'+1>(x.3)2dx'=

= Sc i =c,E =y
, k=1 6
and as to (jii), it is obvious. As to (iv), setting
E{E® = =IO (k=1,2,...,3),

we have 160
@ = 0@+ 3 32 [ 1
k=1 1 W

2N3- Z ,E(:)(xla)i +20,(e) = 31'(8)+M[6 —-;—] < fi+ 1:(8),;

= v,(e) +
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and as to (v),

3.
v = [RU{ 0 e o)

1 1
:8[1 ] 2'+2f()f(8) { FT]
As to (vi), we define the sequence

U D(x), USH (), -, USED ()

by inserting RSF1(x), Rg‘}f’f(x), R{FD(x) after R "(x) (k=1,2,...,3) in (16),
and define m{*¥ (k=1,2,...,3"*") by

Updh(d) = RV (k=1,2,...,3*Y).

Then if x€ E$tY,,, 1=k=3" and 1=/=3, we obtain

= [Fi{+ 28+ v,(e) =

mit Y., , m 3k—3+1
2 Ui = 2 UPx) + Z R+ (x) =
j=1 J=1 , J

(l)

= Z UPx)+ Z REFY, () Z’ iR§‘+‘z’(x)+R§',+ ‘3(x)+Rg',+”(x)1 =
J =1

_ it 1 ; 4+ D+1
Finally by T 7 :
2n 2n 378
NP < Tfe T NGED <, e Wil 2

we get (21) for each E¢+1 (k = 1,2, ...,i+1). Thus the statement of Lemma 3 is
proved. :

Lemma 4. There exist mutually disjoint trigonometric polynomials . SP(x)
(G=12..,310)+3; i = Cy, Co+1,...)*") with the following properties:
(vii) the frequencies v occurring in S¥(x) satisfy 5 =y=5°+H1;

h(i)+
w5 s eamelont)

-1

#$? (), | -
(ix) > S = o for O0=x= -,
. j=“ii)(x) 8 12

 where 1 = p{(x) = p(x) = 3h(i)+3.

%) C, will be defined later on, see (26).
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"Proof. Fix the natural number /, and apply Lemma 3 to ¢ = 1/(i-+1). Then
we get the mutually disjoint trigonometric polynomials UP(x) (j=1,2, ..., ()
and the simple sets £ (k=1, 2, ..., 3). It is obvious that the frequencies occurring
in U$(x) are smaller than 6f;(¢;), and that (17) and

h(i)
(23) Z’ (U9 (x))? dx = c8 (+1)

i-18)

hold. Tn view of (iv), E(‘ U consists of g1 disjoint intervals, therefore £~ D
consists of at most g¢~") disjoint intervals too. Hence
= | — n (i) _ __L _zr__ 7 G=1)0ei-18)
Fi= [ 12° 12 kUlE [ 12712 kLJlE

consists of at most v;_, (¢;) + 1 disjoint intervals.

Let H;c [0, n/6] be-the symmetric set defined by H,N[0, n/12] = F,N][0, n/12],
then H; consists of at most f;_,(¢) disjoint intervals. Setting H;=2ZX[x, ],
& = &/2fi_,(e) and H] = {o—¢}, B+¢l), we see that H; [0, n/6], H/ €% and

l_]_ +8 = L

2 i+1°
Applying Lemma 1 to (H/, &, 1-and [C,/¢;]), we get the tngonometrlc polynomial
PO(x) with frequencxes 6v (v = 0,1, ..., [C,/e}])) such that

(24) PY(x)z=1 for x€H,cH®
and ' .
(25) /(P(')(x))2 dx = CZIH | = 2521 .
Now we suppose i=Cy so that the mequallty
l(l 1)
(26) 37ﬁ(e)_37C7(z+1)‘18 2 =

- 1g(z+;).2 si2+i{logis(i+1)+logis Cr— }+log|s37 - 8(l~+/1)i2 L

may hold. Setting N, —-5‘2+6f(£)+(3+(—l))/2 and N, —2N1+6f(s,)+
+6[C,/e]]+3, we define

0]
S(x) = (cos Ny x), Uil+(IX) ’
- - Uy
Siy+;(x) = = C5(cos x) (cos Ny x) === (X) |

it . ' U(') x
] Sgl}(iﬂ-j(x) C4(COS 2N, v) (l)

5%
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i=1,2, ..., h(i)), and
J

e PO (x
ngz(i)-{-— 1(0) = (COS N, x) ( ) s
S PO (x)
3@ +2(x) = —C3(cos x) (cos N, x)
P(')(x)

Sy 13(x) = —=Cy(cos 2N, x)

Then using (117) we easily see that SP(x) (j = 1, 2, ..., 3(i) + 3) are mutually dis-
joint trigonometric polynomials with frequencies v satisfying

5P =N —6fie)-1=v = 2N2+6[§1~].
And by. (26), !

2N2+6[§,—‘] = 45" 4 36/,(c) + 18 [%]+18 = 4-57 4 37(e) = 57 L.

By (13%), (23) and (25), we obtain

T

3h(l)+3 .
f [ _Z sw(x)] dx =

-
@ x

{ 3
= 21’ j IS,('i)(x)+Si(|'():)+1(x)+Szlii)i)_ntj(x)lzdx‘if f &~ dx =
J= =

h(i) . ; .l(,') 2 ~ 0 2
U2 (x) P (x) -
§,§ Co f[ il ] dx’“«cﬁ.f[ 7 &=

—_— . —z

C6 2C2 _ C10‘ .
i+1 i1

Ce .
= Grpr U DT
- ‘ / 3¢ R ) .
To prove (ix), suppose 0=x=n/12. Then x€ U’ £ or x¢ H;. We set ui’(x)=1
k=1 . .
and pf(x)=m{ for
1 1 )]
(i) 1 . Ld
x€E; ﬂ,_L_J_w A [2}7! 3] w [2_]7t+3]‘
'ﬂ(')(x) = h(i)+1 and pP(x) = h(i)+m® for

1 2] 1 4
(i) .
xCEy O,_LL, N, [27:—{—3] N, [zjn+3ﬂ]’

.o




Divergence of rearranged Fourier series 69

and pP(x) = 2h(i)+ 1 and pP(x) = 2/1(t)+m,§" for

1 1 2
(i)
ek n,_!m{/v, [’”3] N, [’”*3 ]]

Hence in the case of x¢€ EX, we get

m ,(( )

cos N,
U (x
i ,:Zl )
ns2 ) - —C;(cos x) (cos N, x) e @
2 S =qor AU
J=n{ (0
_ 2N mk :
or C,(cos x) Z U(" ).
i+1
Now using (14”) and (17),
m)
u$? (x) ] Z U,('i)(x) 1
() = J=1 ==
2 570 = .2 -8

j=n{" () .
In the case of x€ H,, we set 19(x) = 3h@) +1 and pP(x) = 3h()+1 or 3h(i)+2
or 3/(i) -+ 3. Then using (14’) and (24) we get the assertion of (1x) So the proof of
Lemma 4 is complete.

§ 2. Proof of the theorem

Define the sequence of natural numbers (Cy =)m; <m, <--- such that

- , )
@7 . G Lot nast
o Vlog5 n
Then by (vii), setting
3h(m1<)+3 5
(28) T(x) = 4_, S""k) [ (ki%n] = )
o 5mi+l q'"i+1 ] . |
= 2 (@cosmxtbysinnx) = Z  (a,cosnx+b,sinnx)  (k=1,2,..),
i 2
n=5"k "=5mk

© %) (k)24 denotes the remainder of k modulo 24.
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we consider the series > (a, cos nx.+b, sin nx). And we define the rearrangement
1 . . .

m my T
S( )[\__—IE] S( )[x_“ﬁ']‘}' +S3h(nu)+3[ Tz_]’{'

my 2 ma 2 m (k) T
+S( )[\*—1—2‘]+ +S.%h(mz)+3[x ]2]+ +S( k)[ %]‘F

which diverges everywhere in virtue of (ix). By (27), (28) and (viii), we get

trlk+1
1 5
21 (eh+51)*(n) = ZV"’” 2, @ +03) =
- R .
_ L yymitl /Tkz(x)'dx<— Ziﬁ
T =1 k k=

. —n
Thus, in accordance with the Riesz—Fischer theorem, the assertion of our theorem

is proved. ,
Next define (A, cos nx + B, sin nx) by

nV’nk+1

. , Bn _ bn ank‘{' 1 (Smk = mk“ k> 1)’

k

A4, =

and the proof of Corollary runs similarly to that of Theorem 2 in [2].
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Uber eine neué Klasse von Mittelwerten

Von LASZLO LOSONCZI in Debrecen

§ 1. Einleitung

Die bekannte Minkowskische Ungleichung behauptet, dal3

n tip n 1/p n o Y1p
_Z; (xi+y)” _Zlv xf ——21 4
m — = . + _— fur x;, y;€[0,00); p=1.
Eine Verallgemeinerung von (1) ist die Ungleichung
(2) ’ M(p(k (xb yi))j‘ = k(Mn// (xi)ga Mx(."i)h))

wobei @, x streng monotone stetige Funktionen, f; g, h positive Funktionen auf
einem Intervall [ sind, k:IXI—1I und '

3o (x)
A M (s Xy = M)y = ot [T

—_2"1 SCx)

In [I1] haben wir (unter geeigneten Bedingungen) notwendige und hinreichende
Bedingungen fiir (2) gegeben. Ebenda haben wir spezielle Ungleichungen vom Typ
(2) untersucht (s. noch [4], [5], [8]. ' '

In dieser Arbeit werden die allgemeineren Mittelwerte

3 o)
(4) . M(p('\.l! "'7xn)[j‘1, ..... 21— M(p(xi)fi = (P_l B

iémm

studiert, wobei £}, f5, ... positive Funktionen und ¢ eine streng monotone stetige
Funktion sind. In § 2 geben wir (unter gewissen Voraussetzungen) notwendige und
- hinreichende Bedingungen fiir die Ungleichung

M(p(k_(xi’ ) = /((Mll/(xi)gﬂ Mz(yi)lx;)'
In § 3 losen wir das Gleichheitsproblem der Mittelwerte (4), wihrend wir in §4 alle
quasihomogenen Mittelwerte vom Typ (4) bestimmen.
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§ 2. Eine allgemeine Ungleichung

Es sei I ein beliebiges Intervall, R bzw. R, die Mengen der reellen bzw. posi-
tiven reellen Zahlen. Der Kiirze halber fithren wir die folgenden Bezeichnungen ein
() ={f1f-I~R.},

D)= {p|p:I—~R, ¢ differenzierbar auf I, ¢’(x) 0 fiir x¢I}

D(I?)={klk:I1XI—~1I, k total differenzierbar auf IXI}
Liegt ¢ in D(I) so ist ¢ streng monoton.

Satz 1. Es seien (p,xp xED(I) fj,gj,hjéQ(l) (j=1,2,..), keD{?. Wir
. setzen ferner voraus, daff

(A) die Reihen 2 g;(x), 2 hj(x) fir xel dwergent sind,
(B) die ( endlzchen) Grenzfunktlonen

Zf(k(t S)) Zf,(k(t 5))
lim = = G(1,5), lim T = H(t, s)
" ,-gl g;i(t) T

2 hy(s)
i=1
fiir t, se I existieren. Die Ungleichung

&) M, (k(x;, y))y, = k(My (x5, M, (¥,)

(xi, y:€I; n=2,3,...) gilt dann und nur dann, wenn die Ungleichungen

o (k(u, v)) — @ (k(t, 5)) . 45
(6) (P’(k(f, S)) fl(k(u’ U)) -

V) —v ) 1 () —x(s)
) T(t)“g'(")‘;(’ ki(1,9) 4 OB )k 5)

fiir alle u,v, t,s€l (i=1,2,..)) erfiillt sind.

Beweis. Notwendigkeit. Substituieren wir in (5) n=i; x;=u, x;

=Xip ==X =L Y =0, Yy =
Funktion, so erhalten wir

™

. =2 =xi—1 =
=Y =Y ==y, =35. Ist ¢ eine wachsende

ik, 0)) [0 (ks ) — @ (k(T,, S]] =

= 3 () [0 (k(T,, S) 0 (k (1 )],
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WO

2,0y (u) + 2 o110
®) S T =y .
| .+ 2 g(1)

m@1@+ 37 hy()2(s)

Sp=1"" ,,
@)+ 27 hi(s)
i=1
und Z" a; = an a;—a;. Da ¢(x) und k(t, s) differenzierbare Funktionen sind, gilt:
j=1 i1
(9) (P(k(Tn’ Sn)) —(p(k(t, S)) =

=[e'(k(t, ) + o, ][k, (1, 5) + ) (T, — ) + (/"s(f, )+ w3)(S, — )},

wo w;~0 (i=1,2,3) fir (T,, S,)—~(t,s). Wegen der Bedingung (A) hat man
Ji»rg T,=1t, lim S,=s, die Funktionen w; geniigen also der Relation }}{E ;=0

(i=1,2,3). «
Es sei erstens u 1, dann ist T, = und

(10 lim (T, 1) 2 £k, s))_

n--co

g,(u) f(k(t S)) V() =y(1) l[/(u) v()
(T ) O

—t

= lim

g+ Z g;(t)

G(t,5)8:i(w).

Fir u=1t ist diese leesrelatlon'oﬁ"enbar richtig. Genauso erhalten wir, dall

(1) }lﬂ(S —s) Z’ f,(k(t 5)) = X(U)/ZJS(S)

gllt Auf Grund von (9), (10), (1 1) folgt (6) aus (7) mit 1 . Im Falle einer abnehmen—
den Funktion ¢ verlduft der Beweis ebenso.
Hinléinglichkeit. Setzen wir in (6) nacheinander

H (t, s) h,~(v)

U=Xy V=Y, t=M'Il(xi)gia s:Mx(yi).hi‘ \(‘.:1’---5’1) ‘

und addieren die gewonnenen Ungleichungen, so erhalten wir

o (Mo (ke y)) = 0 (k(,9) _
@' (k(1, 5)) 7

. (12)

woraus (5) folgt.
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Bemerkungen. 1. Steht in (5), (6) = oder = statt =, so ist der Satz | auch
giltig. )

2. Es bezeichne E; die Menge derjenigen (u, v, ¢, s), fiir welche in (6) das Gleich-
heitszeichen besteht. Aus dem Beweis der Hinldnglichkeit kann man einsehen, daB
-die Gleichheit in (5) genau dann besteht, wenn (x;, y;, 1, $)€E, fir i=1,2,...,n
gilt, wobei 1 =M, (x}), , s=M,(y), -

3. Mit k(x, y)=x erhalten wir aus dem Satz 1 notwendige und hinreichende
Bedingungen fiir die Ungleichung

7(13) Mq,(x,')f', = Mw(xi),“ (XIEI; 17:2, 3, ),
Im Spezialfall f;=f, g,=g (i=1,2,...) wurde diese Ungleichung in [6], [7], [10]
‘untersucht.

In Satz 1 kann die Gestalt der Funktionen G(t,s), H(t,s) sehr kompliziert
:sein. Hier geben wir einen Spezialfall an, bei welchem diese Funktionen einfach
ausgerechnet werden kénnen.

Satz 2. Es seien ¢, Y, y€ D), f;,8;, h;€QU) (j=1,2,..), ke D(I?). Wir
Setzen ferner voraus, dafi die (endlichen) Limesfunktionen :

lim f,(x) = /(x), lim g,(x) =g(x), lim () = h(x)

m-»~oo n—-oo i —oco

-existieren, und in Q([I) liegen. Die Ungleichung
M, (k(xi ) J’i))f,- = k(Mw (xi)_tl, > Mx(yi)h,.)
'(;\*,., v,€l; n=2,3,..) gilt genau dann, wenn die Ungleichungen
o (k@ )~ p(k(t, 9) fi(k(wv) _
@' (k(1, 5)) Sk, 5)) —

_Y@—y() g x(v) —x(s) h;(v)
=T g0 MO ey e 0
{u,v,t,s€l; i=1,2,...) erfiillt sind. ‘

Zum Beweis nehmen wir in Betracht, dal nach dem Satz von O. StoLz (siehe
z. B. [9]) die Relationen

2D k) k)

G(t,s) = lim

mee ﬁ’ g meco Gm(l) g(®) ’
H(, s) = lim M — i Ik 5)) _ (kG 5)

Moo m meoo  Hn(S) Ch(s)
h.
2 iy(5)

gelten. Da die anderen Bedingungen des Satzes 1 erfiillt sind, folgt Satz 2 aus Satz 1.
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§ 3. Das Gleichheitsproblem

Wir werden hier das Funktionalgleichungssystem
(14) M, (x)), =My (x),,
losen, wo @, y€D(), f;,g;€QU) (j=1,2,..), x,¢I (n=2,3,...). Wir setzen

ferner voraus, daB
4 (Al) die Reihe Z.a' g;(x) fiir x € I divergent ist,
=1 :
(B,) die (endliche) Grenzfunktion
2 f;(0)

. i=—1
lim <

T 2 )
j=1

=G@) (<)

existiert. Dann gllt der

Satz 3. Die Glezchhelt
(14) M(p(xi)f‘ = Ml[l(xi)g;

besteht bei beliebigen x,€{ (n=2,3,...) dann und nur dann, wenn

. ' _ap(x)+b
_ () V) = ot +d
und )
(16) &) = ki) (co(x)+d) (=12, ..),
wo a, b, ¢, d, k Konstanten sind mit den Einschrinkungen
7 . k(A +d¥H(ad—bc) =0 und
. d a .
(13) ——do), &Y, falls ¢#0.

Hier ist q)([) (bzw. ¥ (1)) der Wertbereich von ¢ (bzw. ¥) auf I.

Bemerkung. Im Spezialfall f;(x) =f(x), g;(x) =g(x) (=1, 2, ...) wurde dieser
Satz in [3] (unter Differenzierbarkeitsvoraussetzungen) und in [2] bewiesen. '

Beweis. Aus Satz 1 folgt, da (14) dann und nur dann gilt, wenn die Glei-

chungen .
‘ e —e() Y () -y (1)
(19) fi(ll)—W = gi(u)—l//(tT-'

erfiillt sind. Setzen wir in (19) t = t,€1, so erhalten wir

@ £ B () =g () ¥ (@) G (ty)

G(t)  (utel i=1,2,..)
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mit
' _ o —0(1) Y () — ¥ (to)
@b o = SETHE, v = VO,
Auf Grund von (20) wird
: Zfl(t)d’(’) Zg,(t)Y’(’)G(fo)
(22) GY®(t) = lim & —— = [im = - = Y ()G(to)

" Z g;(1) " 2 &)
i=t R ji=1 "
(G (1) #0, da sonst wegen (19) (1) = ¢ (1,) was unméglich ist.) Mit Hilfe von (20),
(22) ergibt sich aus (19)

P(u)—d(1) _
BrION (VW) =

Aus (23) folgt fiir u, t#t,

) —d(t) d)(t) Y w)— () Y ()
() oW Y@ ¥Y@)

Y-

0 YOPW) (4 tcl).

(23)

Setzen wir hier t=1,€1, t; #1,, so wird wegen (21)

- aqo(u)+b
@4 b =

wo die Konstanten a, b, ¢, d durch ¢(t), ¢ (r ), np(t) l,// ) (1_0 1) ausgedriickt
werden kénnen. Hier muf3

25 A+d* >0, ad—bc # 0

(u# ),

gelten, da sonst y(u) (eventuell auBer u=1,) nirgends endlich bzw. konstant wiire,
was unmdglich ist. Auf Grund der Stetigkeit gilt (24) auch fir u=t,. Damit ist
die Richtigkeit der Formel (15) bewiesen. Im Falle ¢=0 zeigt die Umschreibung

a ad—bc
V- T T de

von (15), daB} die Bedingung (18) gelten muB.
Setzen wir (15) in (19) zuriick, so erhalten wir

g 1 1

26 : = fir w#t.

(26) @ w@rd - Coem+d) !

Nehmen wir £=1y, t; in (26), so ergibt sich
'g"—(ul—;zkonstantzk¢0 (uel,; i#l,z,...),

Sfiw) co(u)+d
d.h. (16) und (wégen (25)) (17) sind erfiillt.
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Gelten (15), (16), (17) (18), so sieht man leicht, daB die Glelchungen (19) auch ‘

gelten.
" Damit haben wir den Satz 3 bewiesen.

“§ 4. Quasihomogene Mittelwerte

Es sei E eine beliebige Menge und
D(I) = {Q_]Q: EXI —I}.

Der Mittelwert M, (x,);, heiBt quasihomogen beziiglich der Funktionenfolge
Q,€D:(I) (i=0,1,2,...), falls '

_ 3@t %) (0, x) | 3o
QN . ot | — =0t t |2 —
PACXCED) - 2he

fir alle 1€E, x,€1; i=1,2,...,n; n=2,3, ... erfillt ist.
Im folgenden Satz werden wir voraussetzen, daB fiir alle festen 1€ E,
Qo(t, -)e D), ‘ '
(A,) die Reihe i fi(x) (xEI) divergent ist,
(B ) dle (endllche) Grenzfunktlon

2 f,(S? (t, x))
lim =¥ = F(t, x)
" 35
fiir 1€ E, x € I existiert.

Satz 4. Der Mittelwert M. o(x,)y, ist dann und nur dann quasihomogen beziiglich
der Funktionenfolge Q;€ Dg(I) (1—0 1,2, ...), wenn die Funktionen ¢, f; dem Funk-
tionalgleichungssystem .

' ()@ (x)+b(1)
Q t — T <
#(@:9) = (o +day

%) f(Q (1, x)) = k(t)f,(x) (c(t)(p(x)+d(t)) (i=1,2,...) .

[k(t)(c(t)2+d(t)2) (a(l)d(t)—b(t)c(t)) #0,

dr), a(t),

B0 AREI0)

Gdo(I) falls c(t)#O]

geniigen.
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Beweis. Fithren wir bei fixem ¢ E die Bezeichnungen

(29) Y@ =0(Q¥), g=f(Qx) (=1,2..)
ein, so erhalten wir aus (27)
Go) S My(x), =M, (%),

Laut Satz 3 besteht (30) genau dann, wenn-

ap(x)+b
' co(x)+d

8:(x) = kfi(x) (co (x) +d) (i=1,2,..)

Y(x) =
(3D

k(c?+d?) (ad—bc) = 0, —%w(z), %qw) falls ¢50

gilt, wo die ,,Konstanten™ a, b, ¢, d und k noch von dem bisher fix gehaltenen t ab-
hingen. Mit (29) geht so (31) in (28) iiber, w.z. b. w.

Es seien jetzt Qp=1x, Q,=t"x (r;7#0) (i:l,2; w3 1, x€(0, oo)=I) und wir
setzen voraus, dafy die Funktionen f;€ Q(I) stetig sind und ferner die Bedingungen
(A,), (By) (mit den obigen Q, (i=0, 1,2, ...)) erfiillen. Dann gilt der folgende Satz
(vgl. [2] Satz 3, wo die Homogenititsgleichung M, (tx,),=tM,(x,), gelost wurde).

Satz 5. Der Mittelwert M,(x,), ist genau dann quasihomogen beziiglich der
Funktionen tx, t"ix (rj #0;i=1,2,...;t, x€(0, =) =I) wenn Mq,(x,.)fi von der Gestalt

D=

T koxPtinx; |

,(32) M(p(xi)f.- = exp |-

n

2 ki xpn
i=1

oder von der Gestalt
’ ’ 1/a

’ ,Zkixfkrfx?
(33) My (x),, = |=——
ke xplr
=1

i
ist, wo a#0, p, k;,>0 (i=1,2,...) Konstanten sind.

Beweis. Nach dem Satz 4 geniigen die Funktionen dem Gleichungssystém

_a(e@+b@)
cOe@+d)’

35) fi(t"ix) = k@) i(x) (c(®) o (x)+d(1)) (i=12,..)

EON o)
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und den Nebenbedingungen
' k(z)(c(t)2+d(t)2) (a(2)d(t)—b(1)c(1)) # O,
_d() a(t)
c(1) c(t)

1. Betrachten wir erstens den Fall ¢(z)=0. Dann erhalten wir aus (34), (36)»
die Gleichung

(37 ¢(IX)=A(1)¢(X)+B'(t5 [x,t6(0,°°), A(t) =

(36)

—do(), —Sde() falls c(t)=0.

a(r) b(1)
d(r) a@))
Eine einfache Rechnung zeigt, daB die Funktion @(x) = ¢(x) — ¢ (1) der Funktional--
gleichung

(38) D(tx) = m(z)‘qﬁ(:é) + @ (1) + D (x)

#0, B(t)=

genligt. Wegen der Differenzierbarkeit von ¢ sind die Losungen der. Glenchung (38
die Funktionen :

P(x)=alnt (x=0), ‘P(A) a—a—l— (2 0)

(siche [1], Seiten 59—61). Daraus folgt, daB
(39) e(x)=alnx+b oder ¢@(x)= —x"-{-b

Mit den Bezeichnungen ¢ = s, k(s'")d(s'/") = D;(s) folgt aus (35)
Ji(sx) = Dy(s)fi(x)

und wegen der Stetigkeit von f; wird f;(x)=k,x" k,;>0. Weil f,(t"'x)/f,(x) von i
nicht abhéngt, so muf b,r;=p (konstant) sein und damit ist

(40) | ﬁ(x) = kixp/ri (l: Ia 2, )

Mit.den Funktibnen (39), (40) erhalten wir die Mittelwerte (32) Qnd (33).
II. Zweitens untersuchen wir den Fall c(¢)z0. Mit Hilfe der Bezeichungem

o= ‘s, k(stryc(s'my = Ci(s), k(s'r)d(s'm) = bi(s)
erhalten wir aus (35)
(A1) filsx) = GEVie X+ Di9)fi(x)  (5,x€(0, 0); i=1,2,...).

fi(s)

Das Einsetzen x=1 zeigt, daBl D;(s) = f(l)

—CGi(s)e (1)
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gilt. Setzen wir diese Formel in (41) zuriick, dann wird

Fi(sx) = Ci(s) Fi(x) (9 () = @ (1)) + Fi(s) Fi(x) [F.-(X) = ?%]
Wegen der Gleichheit F,(sx) = F,(xs) ergibt sich .

: - GOE®(ex)—0) = CGEE () (e(s)—0(1)),
«d.h. mit x=2 .

@2) ' Ci(s) = 4, F,(s)(p(s)— p(1)).

Hier sind die Konstanten A, von Null verschieden, da sonst Ci(é)—iO und ¢(r)=0
‘wire. Mit Hilfe der Formel (42) erhalten wir die Gleichung

(43) F,(sx) = Fy(s) F,(x) + 4,G,(5)G, (),

'wo G, (x) F,(x)((x)— go(l)) ist. :
Die stetigen Ldsungen von (43) kdénnen mit wohlbekannten Methoden (siehe
1}, S. 196—201) bestimmt werden. Diese Losungen sind

(@4) R = xm+ B) G = (rix S)
(45) Fi(x) = (a;Inx+ ) x%, Gi(x) = (y:Inx+8)x%;
(46) ' F;(x) = (o; sing;In x 4+ f; cos a, In x) x,

G(x) = (y;sina; In x + 8, cos a; In x) x";

'wo die Konstanten a;, b;, o;, f;, 7;, 6; noch gewisse Relationen erfiillen. Eine ein-

i Vi

fache Rechnung zeigt, daB die Funktionén (45), (46) der Bedingungen
47 ~F,.(1)=1,. G,(1)=0, F(x)=>0, G,(x)#0 fir x€(0,<), ~ i=1,2,..

und der Gleichung (43) gleichzeitig nicht geniigen. Aus (44) folgen nach (43), (47)
die Relationen B, = 1 —¢;, §, = —v;, 1=a,>0, y,#0, o? —a,+4;7> = 0. Wegen
@(x)—@(1) = G,(x)/F,(x) hidngt G,(x)/F,(x) nicht von i ab. Dies ist nur dann
moglich, wenn g, =a#0, | =¢,=«>0,y,=a#0 (i=1, 2, ...) gilt. Wir erhalten also

(v+a<p(1))x"+(1—a)<p(1) v
ax®+1—o

Sfi(x) =f,-(1.)x""(ozx"-{-1-—a) i=1,2,..).

Da laut Satz 3 die Mittelwérte M, (x,); gegeniiber einer Transformation der Gestalt
(15), (16) invariant sind, erzeugen

(49) )= S =kxn  (k=£() i=1,2,...)

{(48) o (x) =
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denselben Mittelwert, wie die Funktionen (48). Auf Grund von (35) hingt f, (" x)/f,.'(x)
nicht von i ab, also muBl b,r,=p (konstant) bzw. b, = p/r, sein. Mit den Funk-
" tionen (49) bekommen wir w1eder den Mittelwert (33). Damit haben wir den Satz 5
vollstindig bewiesen.
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Generalization of a theorem of A. and C. Rényi on peribdic :
functions

By W. H. J. FUCHS in Ithaca (N. Y.) and FRED GROSS in Washington (D.C.)*}

In memory of Alfred and Catherina Rényi

A. and C. REny1 proved {4]

Theorem A. If f(z) is an entire Junction and p(z) is a polynomial of degree
n =3, then f[p(2)] can not be periodic. '
We prove now the following generalization to meromorphic function:

Theorem. Let f(z) be a non-constant meromorphic function and let p(z) be a
polynomial of degree n. The function

F(z2)=f[p(2)]

can not be periodic unless n has one of the values 1,2, 3,4, 6.

If n=1, then F(z) can be any periddic, meromorphic function. If n=2, then
F(z) is obtained by simple changes of variable froné an even periodic function. If n=3
then F is an elliptic function and F(z) = g[(z+ ®)"] for a suitable meromorphic g
and complex o.

Lemma. Let _
pz)=az"+bz"""+ .. (v=2)

be a polynomial of degree n. If |z| is suﬁicienrly large (|z|>r,), then the roots ¢ of

pQ)=p(2)  (lz|=ro)
are given by
1
¢ = ka+O[T;], k=12, ...,n),

where
0= eZm’/n.

*) This research was partially supported by the National Science Foundation under gi'ant
numbers GP-13 875, GP 11 767.

(34
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Proof (Lemma): a simple application of the implicit function theorem to the
equation

T 1
(P) "= (p@@) "
1 1 '
regarding — and — as the basic variables.
z ¢

Praof (Theorem)..For n=1. there(ls npthmg to prove., For.n. =2 we have, com-
pleting the square :

f(p(2) = flaz> +bz+¢) = f[ [z+ ]-I—c—- b2/4a)]

and F(z) is an even function of z 4+b/2a. -
~ Suppose now that n=2 and that Fis perlodlc By a 51mple shift of ongm in the
z-plane we may assume

(z)—az +bz" T (v§2)

By replacmg z by yz we may also suppose F(z) = F(z +1). Choos,e, z quite arbitra rily
For a sufficiently large - integer m the equation

- pQ) =pz+m)
has a solution

(N ¢ = g(z+m)+‘o(1)~ (m — o).

Also, if m is sufficiently large Ig +m’| wxll be greater than ro (of the Lemma) for
every integer m’.
From. the properties of F

2 - F(c)=F(2).
Again, with ¢ as just defined

CpE) =plg+m)
has a root _ _ ) ] v ) .
¢ =o(+m)+o(l) = Q®z+0’m+om +o(l).  (m—eo)
Also , .
F('+m) = F(') = F(g) = F(2).
i.e. for given z the equation
3) F(w)=F(z)

has solutions

) w= gzz+g(gm‘+ m 4o 'tm)+o(l) (|m]=> My, .m’ arbitrary).’
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Now om-+o~ 'm4+m = (ZCOéZ%]M;M'.

' -2 ' o
If 2c0527 is 1rratlonal then [2 cos —HE] m-+m’ can be made arbitrarily close

to any real number ¢ for’ some arbitrarily large integer m and correspondmg suitable
m’. This means SRR o
F(922+0€)EF(Z) (~’°°<<§<°°)

and so F must be a constant, and the same is true of f.

2 . .
If « = cos — is rational, then the primitive n'h
n
0 —200+1 = 0. :
But the primitive »*" roots of unity obey an irreducible equation of degree
o(n), g(0)=0; g(¢) must divide o> —2ag+1, so that p(n)=1 or @n)=2.
We have ' '

root of unity g satisfies

th

«»(n)-n]][l——] [T -D.

pin
If @ (n) =2, the only possible prime factors of # are 2 and 3 and it is now immediate
that n=3, 4 or 6.
2 .
If 2 cos =z is rational, we can find arbitrarily large m and corresponding m’
n .

so that

2 cos 2—nvm+m’ =0.
n
Choosing m and m’ in this way and letting m - we find from (3) and (4)

F(0*2)=F(2).
In the same way, making :

> cosz—:—m+m' =1, F(@*z+0) = F(2) = F(2).

Therefore F has period ¢ and F is a meromorphic function with the perlods 1 and
o, i.e., an elliptic function. Also, by (1) and (2) :

_ F(oz+om+o(1)) = Floz+o(1)) = F(z).
In the limit m — o " :
'F(gz); F(z).

This shows that F is a function of z" orﬂy and the Theorem is proved.
This result proves a conjecture in [1] and resolves problems raised in [2] and [3].
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The value distribution of composite entire functions

By I. N. BAKER in London (England)

1. If the entire function F(z) is expressible in the form fog(z), where f and
g are transcendental entire functions, it is called composite; otherwise F(z) is said
to be pseudo-prime. OzAwA [3] proved various results about the value distribution
of composite entire functions, including the following:

If F (z) is entire and of ﬁm‘te order and if there exists a constant A such that F(z)= A
has only real roots, then F(z) is not composite.

Thus a composite entire function F(z) of finite order has none of its A-values
distributed entirely on a line and, a fortiori none is distributed on a ray. One can
strengthen this last statement and assert that there is no direction which is the sole
limiting direction of the A-points:

Theorem 1. If F(z) is an entire function of finite order and there exist complex
A and real o such that for any 6 =0 all but a finite number of roots of F(z) A lie in
the angle |arg z—a| < 8, then F(z) is pseudo-prime.

In Section 3 similar arguments to those used in the proof of Theorem1 are
apphed toa question of iteration theory.

2. Proof of Theorem 1. (i) Without loss of generality, we may suppose a =7."
Suppose - F(z) satisfies the conditions of the theorem and that, nevertheless, F=f{(g),
fand g are transcendental. Then by a result of PéLyA [4], f has zero order-and g .
has finite order (less than that of F).

Now f(w) =4 has an infinity of solutions w=w,, w,, ..., w,, ... and |w,] — .
For any 6 =0, the roots of g(z) =w, (n=>n,) all lie in the angle A(d): |largz— nl <4
and so g(z) omits the values w, in B(x—9): larg z| = n—9.

BIEBERBACH [2] has shown that if the entire function h(z) takes two different
finite values at most finitely often in an angle of aperture ax, then in every smaller
angle ' '

/@] =0{exp (Klz|''} -

for a suitable constant K.



88 : " 1. N. Baker

We deduce that g(z) is of order = irn/(n—4) in B(zr—26). Since g(z) is of
some finite order, say g, in the whole plane, in particular in 4(28) of aperture 49,
¢ arbitrary, it follows from the Phragmén—Lindel6f principle that g =1

(ii) Choose w;#g(0) and 0<§<r/16. Then g(z) may be expressed

2@ —w, =] ]][1——] P(z)n]"Y[I—Z—]'

05 A constant, P(z) polynomial. Since f(g(z,,)):A we may assume that for given
0=>0, z,€ A(0) when n=n,.

For.zeB[g—cS]: |arg z| < g—é and for nzn, we then have larg (—z/z,)| < ZE’

z
-
z

and so

> 1. Thus as z oo in B[;,—&], ]g(z)l "+ oo faster than aﬁ'yv pqwér
" of |z|. N
(iii) Next we show that for all large enough z, (|z| > K), i.e. in |arg z| <0, we
have for

M D= @e@-my= 3 2f(z—)
that - '
) o ID| >4r6=', |arg D|<25. o

-First note that the bilinear function ¢ = z/(z— ) maps the line joining f to
—B onto the real axis and the angle |arg z—arg (—pf)| < 20 into the region £
bounded by the two circular arcs joining 0 to 1 and making angles +2¢ w1th the
positive real axis at 0. Hence for n=n,, when z,€ A(d), t = z/(z—2z,) maps B((S)
which belongs to |arg z—arg (—z,)| < 26, into E, and so for each n=n,- .

3) ‘ [Im z/(z—z,)| = tan (28)-Re z/(z—z) in B(5). .

Since, for each fixed n, z/(z —z,) —~ 1'as'z oo, one hias for all z¢ B(9) with sufﬁcn-
ently large |z], that (3) holds for all n. Hence, from m, -

"~ |D|=Re D=4n6""!,
and : . . B
[Im D| < (tan 26)-Re D, |arg D| <26

e,

for z€ B(d), |z| =K, say.
(iv) Choose w,, n>n,, such that f(w,)=4 and so large that ]g(z) wk{

< |w, —w,| for |z| =K, where K is the constant which occurs in (iii). The component

C of the set {z: |g(z) —w,| < |w,— w,|}, which contains the origin, has a bounded

intersection with B(d) and this intersection contains B(6) N {|z| = K}." Then ‘the
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boundary of CN.B(d) contains an arc of a level curve y of g(z)~w, which joins a
~ point of arg z = —§ to a point of arg z=4 and lies in |z{>K. On"y one has (1) and
(2) of (iii). Hence the arc y contains no zeros of g ‘(2). If, moreover, an_ increment.

8z on y corresponds to an increment dw on |w—w,| = |w —wy under w = g(2).
then , :

T ow ‘0z Tzgl(z
@ +_=—-—AL{1+0(52)}

C(w—wy) z g)—
so that - :

and by (2) arg{ (g) (zzv } _5 < %, S0 the arc y'can be expressed as z—r(0)e"’
—0=60=/.
Putting w —w,. = |w —wk]e"", we have in (4)
i3 {1+ 0(00)) = {5’+ 50} {_%’_(EL} {1+ 0(30)}
8(z)—wi ’
- whence ‘
do|_ | 28 | oy o
%= gm0 O

As z traverses .y in the direction of increasing 0, w"t.raverses'.the circle
I': |w—wg] = |w,—w,| in the positive direction and @ increases by at least
476~1.26 = 8n. Thus w traverses the whole of I and in particularig(z)=w=w,
for some point z€yc B(5). But this contradicts the ‘fact, established in (i), -that
g(2)=w,,n>ng, has no roots outside A(5). Thus the assumption that F(z) is compos-
ite must be false.

3. A related question in iteration theory. Let f(z) be an entire function and
[1@=1@), f,@)=f(f()), ..., f,(2), ... be its sequence of iterates. Regarding the
Fatou set (/) of those points of the complex plane where {f,(z)} does not form a
normal family, it was shown in [1] that if f(z) is entire and transcendental, then
&) cannot be contained in any finite set of lines but on the other hand, for any
constant A=>0 there exists an entire transcendental function for which F(f) is
contained in the region {|lm z| <A, Re z=>0}.

The function used to show this last result was of mﬁmte order. In fact, using
the arguments of Section 2 we can show:

Theorem 2. If f is entire transcendental and for every 6 =0 the set ‘f\;( f)—
— {z, (arg z) < 8} is bounded, then f is of infinite order.



90 I. N. Baker: Composite entire functions ‘

Proof. Suppose f satisfies the hypotheses of .the theorem, but is of finite order.
& (f) has the properties (cf. [1]): :

(i) &(f) is non-empty and perfect,
(i) If f(z)=a €, then z€ §F.

We take two different values «, § in §(f) which are not Picard exceptional for
f(2). The solutions of f(z)=a, f lie in & and so, with finitely many exceptions in
larg z] < 6. Noting that §>0 is arbitrary and proceeding as in § 2 (i), we see that
J(2) has order at most %

The method of Sectlon 2 (ii)—(iv) then shows that in the angle B: |(arg z) —nl <&
obtained from larg z] <& by reflection in the origin, f(z) takes all arbitrarily large
values, in particular large values z, for which f(z,) =u, i.e. values for which z,€ §.
If f(t,)=z,, t,€ B, we have t,€§, since z,¢ §. Taking a sequence z,€ & for which
|z,] ~ <, we have |t,| ~< and hence § N B is unbounded or & —{z, |largz| < J}
is unbounded, against the assumptions of the theorem. Hence f must be of finite
order.

In Theorem 2 the transcendence of fiis essentlal Polynomials have bounded .
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Spectra of some Hausdorff operators

By B. E. RHOADES in Bloomington (Indiana, U.S.A.)

In a recent paper [2] A. Brown, P. HaLmos, and A. L. SHIELDS investigated
the Cesaro matrix of order 1 and its continuous analogoues as operators over the
Hilbert spaces /2, L*[0, 1], and L?[0, ). In this paper I investigate similar properties
for a class of totally regular Hausdorff matrices and their continuous analogues over
the spaces /7, LP[0, 1], and L?[0, <) for p=>1.

1. Discrete methods

Let u={u,} be a sequence, 4 the forward difference operator defined by
Ay = We— ey, A"e=404""1p); k=0,1,2,...; n=1,2,3,.... A Hausdorff

matrix H is defined by 4, = " A';"‘uk for k=n, h,, =0 for k=n. For a regular
. k

matrix (i.e., one that preserves limits for convergent sequences) we have the represent-
ation ' ‘

o
= [ @=0,1.2,.0)
o .

. where g€ BV[0, 1], g(0+) = g(0) = 0, ¢(1)=1, and g(u) = [g(u+0)+q(u—0)]/2
for 0<u<1. If in addition ¢ is nonnegative and nondecreasing over [0, 1], then
H is called totally regular. For other properties of Hausdorff matrices the reader may
consult [4, XI]. . '

First we shall establish some properties for all totally regular Hausdorff matrices
that are defined and bounded on /7, and then examine some of the specific methods.
Let |H||, denote the /” norm of such a matrix H. '

. .
Theorem 1. Set H(p) = [x~'?dg(x). Then |H||, = H(p). "
0

HARDY [3] shows that || Hs |? =[H(p)]" || s||? for any positive sequence s= {s5,} € /7. -
His result is clearly extendable to an arbitrary sequence s€/? by observing that

(-~ n p oo n p
| Hs|2 = 2]2 hes|" = 3 [ 3 hulsil]"- Hence 111, = H(p).
n=0]k=0 n=0 Li=o ,
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To prove the converse we use the argument on pages 48 and 49 of [3] to gét
H,(s) > (1—=n)?H(p)s,

1 ‘ 1
fors, = (n+1)7% v =—+sg, O <& <—, n>0and arbltrary This result leads
. ‘rp p aot N e
to [|H,= H(p).
Some of the well-known Hausdorff matrices which are bounded operators
over /7 are the Cesaro, Holder, Euler, gamma, and generalized-Cesaro. These are
listed below along with their generating sequences and mass functions.

-
\

Fa+1)r@+1)

Tntat+l) > gx) = 1—(L—x)%;

Coilty =

H,: u,

(1) 9 = g [ G010y dr;
SO

0, O=x<a<l
1, a=x=1;

(Esr)yip,=dar=( —_a)/a; q(x) {

Tip, = [niq] ;o q(x) =%!t“"‘(19g(l/t))““dt;
A F(a+a)F(ﬁ+a) . _ TI(a+) o a—1¢1 _ pya—1 .
Cot ty = Ir@rn+a+a)’ 9(x) = F(a)F(oz) 6/It .(1 0y dt.

From Theorem 1, with g satisfying 1/p + 1/q = 1, the corresponding /’-norms are:

ra +oc)F(l/q)

IS = =G E gy

IH, = g% I(E;s il = (1+r)'~'; 4

a ¥ oy — Tatol@—1jp)
e, = [awl/p] I

From the above it is clear that the operators are bounded for «=0, r=0,
a = 1/p. , .

We shall now show that F’ is not bounded for 0 < a = 1/p. If (h,,) denotes
F(a+1)F(n+1)

the corresponding matrix, then I'*(ey) = {h,0}, where h,, =
p ’ g a( 0) { 0} . 0 F(n+a+1)

r(n+1) ]

WS = I3y = 3 (o)t = (@ 1) Z’ [m

n=0
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Using the Gauss test one can show that the series diverges for 0 < a = 1/p. For the
c: matrrx . :
T(n+a)(a+o)

Irrn+a+ao)’

ho =

and, as "above, it can be shown that C7 is not bounded for 0 < a = 1/p.
Theorem 2. If H#1, the pomt specrrum of H is empty.

Proof. Suppose Hf )f for some ) Since H is totally regular, u, >0 for each
n. Thus H 1s not a left zero divisor i in /7 and A=0 is not possible. Define g(n) =

= Z h,,kf(k) for felP. Since g(0)=/f(0), we must have A=1 for anyfwnth

f(O);éO

Case 1. Assume f(O);éO Then A=1 and we have (H—I)f = 0. In partlcular
hiof(0)+ (hy,, —Df(1) = 0; ie.,
h1of(0)

S = =

But h,, — ((l))Auo = to—pty = 1 —hy, = 0. Therefore f(1)=f(0) and, by in-

‘duction, f(n)=/(0), n=1,2, ... . Since f(0)%0, f={f(0)}¢/".

Case 11. Assume f(0) =0. Then either there exists an integer N such that Uy=2
or else u, # 4 for any n.

Case 11A. f(0) = O and y,,¢) for any n. From the equation /110f(0)+h“f(1) =
= M(1) we get (A —ul)f(l) = 0 which rmplres f(l) 0. By mductlon f(n)=0;
n=0,1,2,.

CasellB. f(0)=0 and uy =21 for some N. If N=0, then A=1 and we must
have h,of(0) =/, f(1)=f(1); i.e., (1 —p)f(1) = 0. Since H#[ I ¢l Therefore
Sf(1)=0 and by induction, f(n) = 0 for n=2,3,4,.

Since p, >, for each r (a well-known property for totally regular Hausdorff
matrices-H: /), if N >0'then clearly f(0) =0 implies f(1) = f(2)y =---=f(N-1) =0
and f(N) remains undetermined. . ‘

If f(N)=0, then, as before, f=0.

If /(N) 0 we shall show by induction that .’

fIN+r) = [N+r]f(N), r=0,1,2, ...

This is trivially true for r=0. Assume the induction hypothesis. Then

N4+r+1

Z By srsrf (K) = iy f (N+r+ 1)
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or
N+r

(Un =My srs DS (N+1+ 1)' = ng hysri1pfk) = j%_hN+r+l,N+jf(N+j) =
=2 [N b 1»] A+ g, ) [N +’]f(N) =

j=ol N+j
—f(N)[N+r+]] Z[’*‘]Am v

=0\ J
r+1

1 . '
Note that Z [HI_ ]A’*‘”uNH is row (r+1) of the Hausdorff matrix

=0
with generating sequence {uy.,Jreo-
‘Therefore .
r+1) , '
Z[ ]A+l Tine; = Hy—Uysrer #= 0,
=\ J
N+r+1

N ]f(N) Moreover, |f(N+r+l)|>|f(N+r)]

“and we get f(N+r41) = [
so that f¢l7.

Theorem 3. For H1, H*— N has a total set of proper vectors corresponding
to proper values of modulus strictly less than N.

Proof. Define a family of sequences B, By, S, ... with f,=4"¢,, where
dey = ey —e,, A"eg=A(A""'e,). The set {B,, By, ...} is total over /%, g the conjugate
index of p. For m=n, H*,(m)=0. For m=n '

H* B, (m) = z’h B (k) = thk(—l)"[ ]=

k=m

k=m \M k=m

(R e

r+m

=3[ ammcrfs) - 5[;;] v S e 5 s -

- (1) 2 o, Z (ty
mj}j=o r=j

(n—m—n)jlr—pt

= cor[2) S [ E e () = o) = o,

j=0 5o

Therefore (H* - N)Bn = (/’ln - N)ﬂn'
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Based on the knownledge of the spectrum of C; for p=2, and Theorem 3,
one might conjecture that ¢(H) is the disk {A: |A—N| = N}. Unfortunately, the
conjecture is false, as the following example indicates.

From [2], a(Cl) ={1: JA—1] =1}. Letz = 1+ ¢ Then z* = 2(1 +cos f)e”®. Let.
w = x+iy = z°. Then putting w in polar form yields the cardioid r = 2(1 +cos 0).
Since ¢(C?) = ((I(Cl))2 o(C?) is the closed bounded region with the above cardioid.
as boundary.

There is, however, a class of totally regular Hausdorff methods H for which.
6(H) = {1:]A—N| = N}. This class includes the gamma methods of order I.

Theorem 4. o(I')) = {1:[A—N| = N}.
The operator N —I'! — 1 has moment generating sequence

-

a
n+a’

Hp = C—

where ¢ = N—A. Let ¢, = 1/u,. If it can be shown that H, is a bounded operator
over 7 for |A|=>N, then o(N—T}) & {4:]2] = N}. Hence o(I'}) S {4: |A—N|
= N}. Using the method of proof of (4) of [2, Theorem 2] one can show that if 1
satisfies [A—N| < N, then 4 is a simple proper value .of I''*. The fact that the:
spectrum is closed completes the theorem.

We shall now show that H, is as required. Indeed,

1.
1] ajc
=—|14+—].
En c[ +n+’a—a/c]

1
—H ] 2 ”H.sup,

Thus
\H, |, =

where 6, = —
n+a—ajc

Let x¢€l?. Then

1 Hyxll, = { Zg

, and the theorem reduces to showing that [|Hj|, is finite.

o X

Now

V’nk] = [ ]IA" ‘= [ ]’f fhracelesI(l_gyckdr| = .

. ] . ' . .
= [Z] f tk+a—Re(a/c)—1(l _’)n—‘kd,.
0 .
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Thus IlHaXII,, H|a|(P) llxllp, where

v—l-—-{—,'a—Re (a/c)—1

H|&|(P) f’ P S, S

provided the integral exists. It remains to show- that a— Re(q/c)A—]/p > 0.

—~N
Note that ¢ = N— A Thus a— Re(a/c) = a+a 3 2]
(@ N) +5 :
By hypothesns MI>N If we let /1 = a+1ﬁ then |i|=N is equivalent to
a*+p* > N2, which can be written in the form (o — N)? + 2 > AN(N — a) Hence

ao—N 1

@=NHp 2N
The proof is now complete, since 1 —1/2N = 1/ap.

2. Finite continuous methods

Theorem 5. Le‘t_T be an intégral Hqusdorﬂ transformation defined by
_ - | | - o ' :
a TG = [ enda),
F AR

where g is an absolutely continuous ibtally regu/dr mass function. T hen Jor each T
which is a bounded operator over LP[0, 1], |T|,= H(p).

Proof. From {5, p 243], 1711, =H(p)Ifll,, with equality holding only for
f=0or T=1

To prove the reverse inequality, let f,(x)=x"#, B > 1/p. Then fIEL”[O 1]
and (T1,)(3) =y~*H(p). Thercfore |7, = H(p)-

Th eorem 6. Foreach T#I,NI~T has a total set of proper vectors correspond-

ing to proper values of modules strictly less than N.
2

With f,(x)= x" n=0,1, 2 .., the famlly {fo,f1:/2, ...} is total over LP{0, 1],

" and (Tfn)(y)‘ f (xy)"dq(x) = ,y". Therefore ((N=T)f)(») = (N —p,) "

Since T* is playmg the role over L?{0, 1] that was played by H over /?, one
conjectures that 7* has empty point spectrum. The conjecture remains to be verfied
general, but is true in the following special cases.

Theorem 7. Foraa positive integer, the point spectrum of H *is empty.



Spectra of some Hausdorff operators ’ . 97

Proof. H} has kernel _
o 0, O<y=x

K (x,y) = 1 ‘et
yr(a)(og(y/X)) , O<x<y.

Suppose H}g = Ag for some nonzero g€ LI[0, 1], where g is the conjugate index
of p. Then we have

@ S J ;—[log %] g dy = g ().

If 2=0, then differentiating the above gives

f 46 [log ] dy = 0.‘

Diﬂ’erentiating «—1 more times Ieads to —g(x)/x = 0 or g=0, a contradiction.
With 40, (2) implies the diﬂ'erentiabi]ity of g. Differentiation yields

ORI 500 =~y [ [log "

Now let w=g’(x), and regard g as a function of r_, where t=log x.\_Then
xg'(x)=D,w. Differentiating (3) (« —2) more times yields AD*w+(—1)*"'w = 0,
‘which has solution '

gx) = 2 Ay x*s,
where each g, is a root of the auxrllary equation a*+(—1)**! = 0.
From (2) and (3) it is.clear that g and each of its first « —1 derivatives vanish
at x =1, giving rise to the system

kZ:A’FO; k_Zlak(ak—l)...(ak—j)Akzo (G=0,1, .., a—2),

which is equivalent to the system

ZakJAk =0 (j=0,1,..,a—1).
This latter system has a Vandermonde determmant Therefore each Ak—O and
g£=0. ‘
Theorem 8. For o a positive integer, the point spectrum of C¥ is empty.
The method of proof is similar to that of Theorem 7. The kernel for CJ is

0, - O<y=x

* — a—1 .
k*(x,y) =y « [1_%] . Omx=y.

TA
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The condition C}g = ig becomes

@ur=f%b—§}dﬂw@.

For 10, the corresponding differential equation is '
2x2g®(x)~ (= 1T (@ + 1 g(x) = 0,
which is of Euler-type, with solution
g0 = 2 Apx.
k=1 )
As before, each A, is zero so that g =0.
Theorem 9. I";* has empty point spectrum.

The kernel for I'}* is

'Q O<y=x .
K*(x,y) = i[i]a_l O<x—<y
yly)

The condition I''*g=1g leads for A0 to the differential equation Axg’(x) =
=[A(a—1)—a]g(x), which has solution g(x)=Cx*"!"%* Since g(1)=0, C=0,
and g=0.

Theorem 10. o(I'}) = {A:]A-N| = N}.

To prove o(I') & {A:]A—N| = N}apply the corresponding argument of Theo-
rem 4 to L?[0, 1]. : '
For the opposite inclusion, suppose

[1 —%F}] £&) = ).
The resulting differential equation has solution
f(®) = ¢, exp[—a(l —1/N(1 — 1)) log x].
It Ais a straightforward exercise to verify that if |A| <1, then f€ LP[0, 1]. There-
fore point spectrum of | 1 -71]— F;] contains the open disc {:]4] <1}. Hence 6(I"}) o

>{A:{A—~N| < N}. The proof is now complete since the spectrum is closed.
Specializing to L*[0, 1] we have the following result. Let be a continuous bounded
operator over L,[0, 1] with kernel , '
0, O<x=y

@ kG =11y A
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and adjoint kernel

. 0, O<y=x
k*(x,y) =1 1 [x]
—fl=1, O=<x=<y,
yf‘y y

wheré f is nonnegative and integrable over [0, 1].
Theorem 11. T* is hyponormal.

Proof.‘. The kernels for TT* and T*T are

1 min (x, y)
I, = fk(x, wWk*(u, y)dic = j f[ ] [ ]du

and

= [l k@i == [ geisem
s - -

min (x, p)
Hence

Li—I=— f f[ ] [ ]dz= J700f o) dv.

For any gEL2[0 1,

(Ui —1)g. g) = [ [2() [ fwx)fGwy)dwdy g(x)dx = [ (Fg, Fg) du,

wherg F(g)(w) = fg(y)f(WJ’) dy.

. Ifgis abso.]utely continuous then we may write g(x) = f hi(¢) dt. An elementary
0

change of variable in (1) will change /4 to the form-_in‘(4). Thus every totalAly regular
intggral method with absolutely continuous mass function will have its adjoint hypo-
normal. : :

3. Infinite continuous methods

Theorem 12. Let T be a bounded linear operator over LP[0, =) with kernel
deﬁned by (4). Then |T|,=H(p).

This theorem is a special case of [5, Th. 319].
Theorem 13. For o a positive inregér H, and HY have empty point spectra.

For a proof, combine the facts that ¢ (H,) =(a(H))* and that H = C, has empty
point spectrum The same applies to H*.

Theorem 14. For o a positive integer C, and C* have empty pomt spectra.

7*,
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For each operator the proof is similar to that of Theorem 8. In each case one
shows that the only solution function in the appropriate space is the zero function.

Theorem 15. I'! and T''* have empty point specn;a.
The proofs here parallel that of Theorem 9.
Theorem 16. o(I'}) = {A:[2—N| = N}.

To prove this theorem one follows the argument -of [1] using

. 1 t s a—1
PxX)(t)= —I~0fx(s)a[7] Ads
with
1 had .
Px(t) = fa‘x(st)s".‘-"O‘1 ds and Q,x(r) = l/ax(s)s"“‘“‘l ds
0 . K . 0
as the corresponding resolvents in the appropriate regions.
For p =2 we have the following result.

Theorem 17. Let T be a continuous bounded operato‘r over L,[0, 1] with kernel
as in (4) with f now integrable over [0, «). Then T* is normal.
The kernels corresponding to 77* and T*T are

ho= [res okt ndeo= 2T r [ 2] a
1“‘0 xsu) u,y u—xy P ; y u

and

z]dz;
X

The author takes this opportunity to acknowledge at least one valuable con-
versation with each of the following: A. BROWN P. HALMOs, DoNALD J. KERR, Jr.,
A. SHIELDS, and J. P. WILLIAMS: E :

oo ' min (x,y) ;
L= [ R Gk, yydu = - [ f[—y—]f[
g8

Xy g

“hence I, —1, = 0.
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Probabilistic version of Trotter’s exponential product formula
in Banach algebras

By A. LENARD in Bloomington (Indiana, U.S.A.)

1. introduction and results .

It is an elementary fact that the exponentlal function may be deﬁned by the
equivalent formulae

exp(x)_lnm{l—i— x]‘ Zw'

. oo

not ohly when x is a real or complex number but also when it is'a matrix with real
or complex entries or a bounded operator acting on a Hilbert space or a Banach
space or, even when it is an element of an abstract Banach algebra B with identity |
(for a definition of a Banach algebra see for instance [1]). If B is not commutative
then in general exp(x) exp(y) # exp (x +y). There is, however, a formula which
replaces' the addition law-of the exponential function, namely

(1 ' I H [exp [n]exp[ ]]"= exp(x+y)

n—co

and this holds regardless whether x and y commute or not. Formula (1) is capable
of further generalization; see ’TRQTTER [2]. Specifically,. x and y may be un-
bounded operators of a certain type, namely generators of continuous one-parameter
operator semi-groups. In the present paper we are not concerned with Trotter’s
generalization, but we shall still refer to (1) as the Trotter product formula. The
_symbols x, y, ..., a, b, ... shall generally denote elements of the Banach algebra B.
The norm of x¢ B is written ||x||. : ' :
Let X=(x;, X5, .., X, be any finite sequence of elements of B. Wxth any such

sequence we associate the product :

x,,,]

m

which will be.called its Trotter product. Note that“ it ',depend.s éssentialfy on the

T(X)_exp[ ]exp[;] ..e'xp[
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order of the factors, i.e. on X as a sequence, not merely as a set. We-also write, for

. 1 s
the mean of the elements of X, M(X) = - (x+x5+4 -+ +x,). Using this notation

we can express the Trotter product formula as follows: If X, (for k=1,2,...) is
the sequence of length 2k whose elements are alternatingly x and y, then '

@ - lim IT(X,) = exp (lim M (X,)).
koo ko0
We now raise the following question. Under what natural conditions on a sequence
X,, X,, ... (subject to the requirement that their lengths tend to infinity) will (2)
hold? ' '

We shall prove two theorems relevant to this quéstion. The first theorem gives
a rather general sufficient condition for an infinite sequence X,, X,, ... to satisfy
(2). The original Trotter formula is an obvious consequence of this condition. But
our theorem also shows that to a certain extent the order of the factors in the Trotter
product may be made subject to considerable rearrangement without destroying the
validity of (2). . _

For any X=(x,, x5, ..., x,) let us write ¢g=0(X)= Maxléj'ém'l[xjﬂ. Let =
denote a partition of the sequence (l,2,...,m) into successive -subsequences
(1,2, c,m), (my+1,m +2,...,m, +my), ... (m—m;+1,m—my+2, ..., m), and
let Y,, Y5, ..., Y, be the corresponding subsequences of X. For any element g€eB
we introduce a quantity d =4&(X, 7, g) which measures the closeness to which g
unifbrmly approximates the “partial means” of X induced by the partition =

Re) (X, 7,8) = Max, =2, IM(Y,) gl

We also define a quantity

x' 2
. m;
@ ’?:n(n):,;[m]'

If 5o = max, gz, [:n—n’], we have clearly
(5 nE=n=no,
so that n is a kind of a measure for the relative fineness of 7.

Theorem 1. Let X,,X,,... be an inﬁm"te sequence of finite sequences of
elements of B. Suppose that o(X,) is bounded. Suppose that g € B exists and a sequence
of partitions m, of X, into successive subsequences exists such that n(m,)—~0 and
(X, M, 8) =0 as k—oo. Then M(X,) —g and T(X,)—~exp(g) as k —~o.

Note that the quéntity 5(X,n, g) is independent of the order of the elements
x; within each of the subsequences Y; (j=1,2, ..., s). Thus our theorem formulates
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“mathematically the intuitive notion that the order of the factors in the Trotter
product T(X) is irrelevant “locally”” and only essential “in the large”.

Our second Theorem deals with the following problem. Suppose we consider
infinite sequences Z =(x,, X, ...) whose elements are all taken from a fixed finite
subset {a,, a,, ..., a,} of B. With any such infinite sequence we may consider the
sequence of its finite sections X; =(x,), X; =(x,, x,), ... . Is it possible to charac-
terize the extent of the set of those infinite sequences Z for which the general-
ized Trotter product formula (2) holds?

This question leads to measure-theoretic considerations, and can be naturally
formulated in probabilistic terminology.

Theorem 2. Let a,,a,, ...,a,€B, and let p,,p,, ..., p, =0, Z,p,=1. Sup-
pose an infinite (random) sequence Z =(x,, x,, ...) is formed by choosing, independ-
ently for each j=l, x;=a, with probability p,. Let g = p,a, +p,a,+--+p,a,
Then the probability is unity that M(X,)—~g and T(X,)—~exp (g) as -k —oo.

Thus in the sense of the given probability méasure defined on the set of se-

quences Z, for almost every sequence the generalized Trotter product formula
holds. ' '

2. An auxiliary inequality

Both theorems derive from an elementary estimate formulated as follows:

Lemma. Let X be a finite sequence of elements of QS, id aﬁy partition of it into
successive subsequences, and g € B. Let ¢ = o(X), n =n(n) and 6 =5(X, n, g) be defined
as above. Then

+Lne?ee

. - -1 2
IT(X)—exp (gl = eltalt (ea —%e 7 nligll + l),

In the proof of the Lemma we shall make use of the following facts
(A) If P(x,, x;, ..., x,) is a polynomial or a power series with non- negatlve
real coefficients then

“P(xl > X2 eeey xq)” éP(”xlll’ “X2||, e ”xq”)
for all x;€ B such that the right hand side is finite.

(B) For any =0, ¢—1—¢ = {1%e!

(C) For any 1=0, ¢ ¥ = | +¢ =

Let Y; (j=1,2,...,s) be the subsequences of X produced by the partition =,
J

and let m; be their respective length, m=2;m;. Let T(X)=yy,...y; where y;
is the product of those factors in the product, taken in their proper order, which
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involve the elements x, €Y;. Write y; = 1 +—_ g+r;, thus defining r;. For nota-
m
tional convenience we now consider j=1. We have

ry = [yl_l__M(Yl)] —[M(Y)—g].

The norm of the second term is bounded by TL d. To obtain a bound on the norm
. m .

of the first term we note that if

’ my l
Yi— "'—M(Yl) = eXP[ ]e p[ ] CXp[m] l—n—q(xl-l-«\‘z—i-"'-l-xm,)

is regarded as a power series in the x; (j=1, 2, ..., m;) it has non-negative coef-
ficients (the negative terms cancel!). Thus by principle (A) above we may replace
x; by [lx;ll, and then taking (B) and the definition of ¢ into account we get

Thus we have for j=1,2,...,s . _ :
2
6 I i[ﬁ] gPer+ 25,
Next, let z; = 1+—g, and con51der the difference 7(X)—2z,z5...z, =

=y, ¥ ys Z1Zy...24 As a polynomial in g and the r;, it has again non- negatnve
coefficients, so we apply principle (A). The norms of r; are majorized by (6), and so
by the inequality (C)

mj 1 (mj)2 mj
M ||gu+7[—’) etee+-L5

L+ 2L g+ ) = e "

and ~
mj 1 (m,) 3

m; — ligll—— ligh
—[I—I-W’Hglllé——e’" 2 ,

where in the last step we used Ll ||g||<]/;1 lgh=1. Thus we see that

. 5+%ie? ee —Lnugi2
V1Y e ys—2125 2] eloli(e 2™ 0 72",

Arguing analogously, we have also

—Lpign2
lexp(g)—2,2; .-z = eldl(l—e * ligh ).

The last two inequalities together imply the conclusion of the lemma.
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We note that Theorem 1 is an immediate consequence of the lemma, since the
estimate for | 7(X,)—exp (g)l] supplied by the lemma tends to zero as k — oo if the
hypotheses of the theorem are fulfilled.

3. Proof of Theorem 2

The idea of the proof of Theorem 2 is to find an appropriate sequence of parti-
tions m, (k=1,2,3,...) such that if we let 5,=0(Xy, m, g) then

7 P{lims, = 0} =

. _ oo

and at the same time such that

(8) : limy(m) = 0.
k0o

Indeed, if (7) and (8) are fulfilled then the conclusion of Theorem 2 follows from
Theorem 1.

Let C,<C, and <1 be three positive constants. We define the partition r; of
(1,2, 3, ..., k) into successive subsequences of lengths m; = m; (k) (j=12,..,s=s(k))
in such a manner that for all jand &

(9) C k! < m; < C k.
Since X;m; =k, it follows that .
(10) s=s(k)=0(k'~?),
and therefore
' A : s(k) m, 2 ]
an m=nn) = [7] = 0™,
i=

.so that (8) holds. Note that in our probabilistic set-up the partitions m, are not
random ‘variables (i.e. 7, is constant over the whole probability space).

' Next, we remark that, by virtue of the Borel—Cantelli lemma, in order to prove
(7) it is sufficient to prove that

(12)

for.any positive e . :
Let Y,, Y,, ..., ¥, be the successive subsequences of X, produced by the parti-

tion m,. Let N;; (j——] 2,...,8; v=1,2,..., 6) be the number of occurrences-of a,

among the elements of the subsequence Y;. The N;, are random variables subject

to the multinomial distribution determined by the probabilities p,, and for different

J they are independent. We have '

P{5 = &)} < o

M's_

k

I
-

O = Max, 4,

a va
2[ ’nj _Pv] av!

v=1

= ‘AMk,
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where
. & | N,
A = Max,la,| and M, = Max, <=, >, ——p,|.
A v=1| M
Thus we need to show
(13) K STP(M, = &) <.
. k=1
Since the following inclusion (implication) of events holds
s(k) N. s o e
M, = i—_v>8}CU { VE—}’
{ = } j= l{v;l' m; P j—l\L—Jl m; —f g

we obtain for the probabilities of the complementary events

!
<< —f =
a
s(. o
N
= H[I—Z’P{——Lv—p]
= v=1 Ile

The equality in (14) is due to the fact that we are dealing with the intersection (con-
junction) of independent events. . :

Suppose N is the number of “successes” in a sequence of m Bernoulli trials
with probability p for success. We have then the following fact [3]: given any o> 1,
for all sufficiently large m (depending only on o and p)

{ [N—mp| "
[mp(1—p)]'7?

It follows that for a‘ny £=>0

N
(15) . _ P{’—n——'P

s(k)y @ N
(14) P{M, <ej=P ﬂ N { a
ji=1v=1 mj

Bl

v=1

&
O'

5 = (2a log m)‘/z} —1;

m
=& < —

nm
for all sufficiently lérge m (depending only on g, o and p). If the inequalfty (15) is
used for the probabilities on the right hand side of (14) we obtain

s(k)
P{M,<¢e} = H

=1 m

which-is valid for all sufficiently large k, since (9) implies that then all the m; are
large enough. But (9) and (10) show that for suitable constants C and C’

Q16) C P{My<g) = (I—Ck— )T = 1 —O(k-7)

where y = afi+f —1. Since a>1 was arbitrary we may suppose y=1, so that
P{M,=c}=0(k"") and (13) follows. This concludes the proof of Theorem 2.
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-Hyperinvariant subspaces for n-normal operators

By T. B. HOOVER in Ann Arbor (Michigan, U.S.A.)*)

1. Introduction. Let $ be a complex Hilbert space and let £ ($) be the algebra

.of all bounded linear operators on 9. (In what follows, all Hilbert épaceé will be
complex, and-all operators under discussion will be. bounded and linear.) A closed
subspace M H is said to be hyperinvariant for an operator 4 in Z($) if it is non-
trivial and- is invariant for every operator which commutes with A4; that is, if M
is distinct from {0} and $ and B(M) M for every operator B in' ¥ (H) satisfying
AB=BA. : _
' The notion of hyperinvariant subspace was introduced by Sz.-NAGy and Folag
(under the name “‘ultrainvariant”) [10]; these authors and later DOUGLAS and PEARCY
[3], [4] characterized the hyperinvariant subspaces of certain types of operators and
gave a number of sufficient conditions for an invariant subspace to be hyperin-
variant.

The principal purpose of this paper'is to show (Theorem 5. 3) that every operator
which is n-normal, in a sense to be defined below, hasa hyperinvériant subspace.
cLet §" = HOHS - O H denote the orthogonal sum'of n copies of the Hilbert space
9. One knows that every operator in £ ($") can be written as an n X7 matrix (4,)] ;_,
where each A;; (1=i,j=un) belongs to £ (H). An operator B on a Hilber space &
is said to be n-normal if there is a Hilbert space $ and »* mutually commuting
normal operators 4;; (1 =/, j=n) acting on $ such that R =H" and B=(A,~j);',j=1'.

The class of n-normal operators may be defined equivalently using the concept
of von Neumann algebras, i.e. of weakly closed, self-adjoint algebras of operators
on Hilbert space, containing the identity operator. If &7 is an abelian vgn Neumann
algebra acting on $ then M, (&) will denote the von Neumann algebra consisting
of all nXn matrices with entries from & acting on $" in the usual fashion. It is
immediate that an operator 4 on a Hilbert space is #n-normal if and only if there

*) This paper consists of part of the author’s doctoral dissertation written at the University of
Michig_an under the directorship of Professor C. PEARCY. The author would like to thank Professors
C. Pearcy and R. G. DoucLas for their helpful observations and suggestions.
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exists an abelian von Neumann algebra &/ such that' 4 belongs to M, (s7). (It is:
- worth noting that there are operators which are #-normal in the sense of [7] but are
not n-normal in our sense. (See §6.) :
The proof that every n-normal operator has a hyperinvariant subspace is ac-
_ complished in two steps. First we show that if 4 and B are quasi-similar operators
. and if B has a hyperinvariant subspace, then so does 4. (See Section 2.) Next, the
algebra M, (&) is identified with an algebra of continuous matrix-valued functions
on an extremally disconnected compact Hausdorff space. Using this identification
and the techniques developed in [1], [2], and [8], every operator is shown to be quasi-
similar to an operator J in M (o) which is in “Jordan form”. These operators are
easily seen to be spectral operators in the sense of Dunford, and thus to have hyper-
invariant subspaces [5].

2. Quasi-similarity of operators. If 4 and B are operators on the Hilbert spaces
$H and 8K respectively, then A and B are said to be quasi-similar if there are bounded
linear operators R: 8 ~% and S: $—K which satisfy the following conditions:

1. SA=BS and AR=RB.

2. R and S have zero kernels and dense ranges.

In [11], Sz.-NaGy and Foiag prove that a quasi-similarity between an operator 4
and a unitary operator U induces a one to one, order preserving map of the lattice
of hyperinvariant subspaces of U into that of 4. Examination of. their argument
also yields the following:

Theorem 2. 1. If A and B are quasi-similar operators on Hilbert spaces $
and | respecnuely, and if B has a hyperinvariant subspace, then so does A.

Proof. Let R and S be the operators which invoke the quasi-similarity and .
let M be the subspace of K which is hyperinvariant for B. Define:

a@M)=REN) and bM)= {fe | S(f)eMm).

Because M =K and S has dense range, b(M) = H. Also, a(IM) = {0} since R is one
to one and M = {0}.
If T is an operator on $ which commutes with A4, then

BSTR=SATR=STAR= STRB.

Thus STR commutes with B and therefore STR(M) <M. It follows that Ta(IM) =
= TR(MY) < h(M). Define (M) to be the smallest closed subspace of § which contains
Ta(M) for every T in Z(H) that commutes with 4. Then {0};éa(9JI)Cq(8Jt)C
CbhbM)=H and ¢(M) is hyperinvariant for A4.

Examination of the above argument shows that if B has two distinct hyper-
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invariant subspaces M and 9N with NI, then g(N) < g(M). However, the follow-
- ing can be proved using the argument of [10, Proposition II. 5. 1]:

. Su,bpose A, B and q are as in- Theorem 2. 1 and suppose B is normal. If M and
9N are distinct hyperinvariant subspaces for B, then g(W)=q(RN).

3. Quasi-similarity in M,(X). In what follows, X will denote an extremally
disconnected compact Hausdorff space; i.e., the closure of eévery open subset of X
is compact and open. Such topological spaces are called Stonian spaces, and they
arise naturally as the maximal ideal spaces of von Neumann algebras. They may
be characterized as those compact Hausdorff spaces whose lattice of real continuous.
functions is complete [9], and they are known to have a base of compact open sets.
Let M, denoté the set of all n X n complex matrices viewed as the algebra of operators -
on n-dimensional complex Hilbert space. By M,(X) we will mean the algebra of’
all continuous M, -valued functions A(-) on X with operations defined pointwise and

1A = sup 4Gl

Tt is easy to verify that M,(X) is a C*-algebra.

Elements of M,(X) may also be viewed as n X n matrices with entries in C(X),
the algebra of all continuous, complex valued function defined on X. The algebras
M, (X) have been studied extensively by PEARCY and. DECKARD in [1], [2], and [8]-

A matrix R(-) in M,(X) is said to be quasi-invertible if whenever D(-} in M, (X)
satisfies D(-)R(-)=0 or R(-)D(-)=0 then D(-)=0. Matrices A(-) and B(-) are
said to be quasi-similar in M,(X) if there exist quasi-invertible matrices R(-)and S(-)
in M,(X) which satisfy

S()A(-)=B(-)S(:) and . AC)R(-)=R()B(*).

Lemma 3. 1. Suppose that A(-) and B(-) are matrices in M,(X) and that for .
each x in a dense subset D of X, A(x) is similar to B(x). Then for each open
subset U of X there is a compact open set VU and an invertible element S(-) in
M, (V) such that S(x)A(x)=B(x)S(x) for each x in V:

Proof. Consider the system L of homogeneous linear equations with coef-
ficients in C(X) which corresponds to the matrix equation S(:)A(-)=B(-)S(-):
c118i+CiaSt o+ CimSn =0
(L) R

Cmt S1+ CmaS2+ -+ + CpmSm = 0,

where m=n? and the unknown functions s; represent the entries of S(-) in some

prescribed order. For x in X, let L(x) be the corresponding system of scalar equa-
. tioms.
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Choose an'x, in U so that vy, the rank of L(x,), is maximal for x in U. There
is a vy X v minor:N(x,) of the matrix of coefficients of L(x,) such that detN(xy) 0. -
Consequently, detN(-) does not vanish on a compact open neighborhood ¥, of
Xo, V1 C U. By the hypothesis; there is an x; in DV, and an invertible complex
matrix T, satisfying T, A(x)=B(x)7T, . If u,...,u, are the entires in T,,

then (u; ..., u,) is a solutlon to L(x,). For i not afﬁllated with N(.), let s;=

on V. For the v, values of i affiliated with N(-), use the already assigned s; and
Cramer’s rule to define s;. Since the ¢;; are continuous and detN(x)>0 for x in
V,, the s; are continuous and satisfy L. Thus if S(-) is the matrix in- M, (V) with
the 5; in the appropriate positions, then S(x)A(x) = B(x)S(x) for each x in X.

Since S(x,) =T, is invertible, and the set of invertible matrices is open, there
is a compact open set V'S V, such that the restriction of S(+) to ¥ is invertible in
M, (V). '

Theorem 3.2. If A(+) and B(-) satisfy the conditions of Lemma 3. 1, then A(-)
.and B(+) are quasi-similar in M,(X).

Proof. Let % denote the collection of all families {U, },¢; of disjoint compact
-open subsets of X such that for each « in I there is an S,(-) in M, (U,) which is
invertible in M,(U,) and satisfies Sa(x)A(x)=B(x)Sa(x) for each x in U,. Order
Z by inclusion and use Zorn’s lemma to obtain a maximal family {U,},¢, in &.

If Y = U U, is not dense in X, then by Lemma 3. 1 there is a compact open
’ acl
set ¥ < X—Y and an S(-) in M, (V) which affects a similarity between the restric-

tions of A(-) and B(-) to V. This contradicts the maximality of {U,},¢;.
By Lemma 2.1 of [l] there are ‘matrices S(+) and R(+) in M,(X) which
extend each

1 Lo
is.on o) IO

respectively. These matrices satisfy the equalities
S(-)A(-)=B(-)S(-) and A()R(-)=R(-)B(-).
It remains to show that R(-) and S(-) are quasi-invertible. Suppose C(-) is
a4 matrix in M,(X) and C(-)R(-)=0; that is, C(x)R(x)=0 for each x in X. For

.each x in the dense subset Y of X, R(x) is invertible and so C(x)=0. It follows.
that C(-) =0. The other three implications are easily proved in the same way.

4. Jordan forms in M,(X). In [2], DECKARD and PEARCY exhibit a Stonian
-space X and a matrix A(+) in M,(X) for which there is no J(-) in M,(X) which is
similar to A(-) and is such that J(x) is in Jordan form for each x in X.If the con-
-dition of similarity is relaxed to quasisimilarity, then such Jordan forms always
-exist. This is shown via the followmg lemmas.
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Lemma 4. 1. If ¢,,...,0, arein C(X), where X is a Stonian space, and if U is a
non-empty, open subset of X, then there is a non-empty, compact, open set Vc U
such that for each i and j (1 =i, j=n)either ¢,(x) = @;(x)forallxinV,or ¢;(x) #@;(x)
forall x in V.

Proof. Pick x, in U so that the numbér of distinct values ¢;(x,) is maximal;
assurmie these values are @; (xo) . ¢;(Xo)- There is an open neighborhood U, of
Xo, Uy C U, such that ?;, (x) =0, (x) fOl‘j #kand xin U,. For each i, ¢,(xo) = ¢; (Xo)
for some j and hence ¢; (xo);é(p, (xo) for k> j. Therefore ¢;(x)> ¢, (x) for each
k, k=j and for each x in some compact open neighborhood V; of Xg, ViC Uy,
Consequently, go,-(x)=go,-j(x) for each x in ¥V; and ¥V = () V;is the desired set.

Lemma 4.2. If U is non-empty subset of the Stonian space X, and if B(-) is
in M, (X), then there is a non-empty compact open set VC U on which the rank of B(-)
is constant.

Proof. Choose an x, in U so that r,, the rank of B(x,), is maximal for x in
U. There is an ry X ry minor M(x,) of B(x,) with detM(x,) 0, and hence detM(-)
does not vanish in some compact open neighborhood V of x,, ¥ U. It follows that
the rank of B(:)=r,on V.

Suppose that 4 and 4" are n X n scalar matrices in Jordan form, havin'g the

single eigenvalues 4 and 1’ respectively. More explicitly, suppose A= Z @ A;

where A, is an's; Xs; Jordan block matrix for 4 and s;_, =s; for 1 <i=k. Slmllarly,
]
A" = 3 @®A] where A is an s; Xs{ Jordan block for 1" and the 4] are arranged
i=1
in order of decreasing size. (4 Jordan block for A is a square matrix with each entry
on the main diagonal equal to A, with ones on the diagonal above the main diagonal, -
and with zeros in all other positions. A finite scalar matrix is in Jordan form if it is

the direct sum of Jordan blocks.)

Lemma 4.3. If, in the notation established above, Rank(4-—2)" =
= Rank (4" — )" for each r =max {s,, s}, then k =1 and s;=s] for each i, 1 =i=k.

Proof. This lemma is proved by induction on -max {s,, s;}. Since
0 = Rank (4 — )" = Rank (4’ — )"

and A’ — 1" is nilpotent of index s/, s, =s/. Similarly, s; =s, and so s, =s. Beacuse
Rank (4 —4)y*~! = Rank (4’ —1)'"!, the number of s; equal to s, is the same as
the number of s; equal to s,. Consequently, if m is this number then the matrices

B=diag (4,45 ..., Ap) and B_dlag(AmH,...,A;)
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satisfy the hypothesis of the lemma and max {s,,4,5,+,}<s;. Therefore, by the
induction hypothesis, k —m = [—m and s;=s/ for m+1 =i = k. .

In [1], DECKARD and PEARCY prove that if X is a Stonian space and if g(/4, x) =
= A"+a,_;(x)A"" "+ +a,(x)A +ay(x) is a monic polynomial with coefficients in
C(X), then there is a function ¢ in C(X) such that g(¢(x), x) =0 for every xinX. It

follows that all such polynomials can be written in the form ¢ (4, x) = [] (2 —i(x)

where the functions o; (1 <1<n) are in C(X). Of particular mterest in this paper
is the case when g(4, x) is the characteristic polynomial of 'some matrix A( ) in
M, (X): '
- 0(4, x) = det [AT— A(X)].

In this case, g(4(x), x)=0 for each x in X.

Lemma 4.4. If U is a non- empty open subset of the Stonian space X, and if
A(+) is a matrix in M,(X), then there is a non-empty, compact, open set V contained
in U and a matrix J(+) in M (V) such that J(x) is in Jordan form and is similar to
A(x) for each x in V. ‘

Proof. By virtue of Lemmas 4. 1 and 4. 2 there is a compact open set Vc U
which satisfies the following conditions:
" 1. The restriction to ¥ of the characteristic polynomial g(4, -) of A(-) can be
factored as
k
o, ) = JT -
i=j
where for i #j, @;(x) = ¢;(x) for each xin V.
2. For every set of positive integers
{si:l=i=k, 0=s5;=r},

k
the matrix [J (A(-)— ¢;)% has constant rank on V.
i=1
For x in X, let J(x)=diag (J},J2, ..., J¥) be the matrix similar to A(x) where

x2Yx?

Jiis a 11Xt} matrix in Jordan form with a single eigenvalue ¢;(x) and the Jordan
blocks of J! are arranged in order of decreasing size. If x and y are in ¥, then for
1=i=k, Ji and J] satisfy the conditions of Lemma 4. 3. In fact,

ti = n—Rank (J(x)— @;(x))'s = n—Rank (4(x) —;(x)): =
. = n—Rank (4(») — ¢;(»)): = n—Rank (J(x) —0;(»)) = 1},
and, for s; = tf, ‘
Rank (/£ — @;(x)) = Rank (J(x) = ¢: ()"~ (n — 1) =
= Rank (J()— 0,(x))* ~ (1)) = Rank (Jj = ¢, ()"
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Consequently, J! and J' differ only along the main diagonal, and hence the same is
true of J(x) and J(p). ,

It is now easy to see that the matrix valued functlon J()is contmuous in fact
the only entries along its main diagonal are the functions ¢;, and the entries in all
other, positions are constant functions. Thus J( ) is in M, (V), and the proof is
complete.

Theorem 4.5. If X is a Stonian space and A(-) is a matrix in M,(X), then
there is a J(+) in. M,,(X) such that J(x) is in Jordan form for each x in X and such
that for each x in a dense subset D of X, J(x) is similar to A(x).

Proof. Let & be the family of all collections {U,},¢,; of non-empty disjoint,
compact open subsets of X where for each o in / there is a J,(-) in M,(U,) such
that J,(x) is in Jordan form and similar to A(x) for each x in U,.Order & by in-

clusion and use Zorn’s lemma to obtain a maximal famlly {UherinF.1IfD = | U,
a€l
is not dense in X, then by Lemma 4. 4, there is a non- empty compact open set- V

contained in X —D and a J(-) in M_(V) which pointwise is in Jordan form and is
similar to A(-). But this contradicts the maximality of {U,},c;. Therefore D is '
dense in X. For each o in I and x in U,, the entries in J,(x) are all bounded by
max {jg], ..., |@,l, 1}; therefore, by Lemma 2. 1 of [1], there is aJ(-) in M (X)
which extends each J,(-).

It remains to show that for x, in X —D, J(x,) is’in Jordan form. Suppose
J()=(;)); j=, Where each J;; is in C(X); then for j#i, i+ 1, J;; is the zero function
and for j = i+1, J;;(x,) is elther zero or one. Suppose J; ;41 (xg) =1, then if {x;)
is any net in D which converges to Xq, J; ;+1(xz) converges to 1. Since for each
B, Ji i+ 1(xg) is either zero or one, the net {J; ,H(x),,},, is eventually. 1dentxcally equal
* to one. But each J(x;) is in Jordan form, so eventually, J;;(xz) =J;11,:+1(x5) and
hence J; ;(xo) =J;4 1, :41(xo). Therefore J(x,) is in Jordan form.

' Using Theorems 3.2 and 4. 5, the following is obtained:

Theorem 4. 6. If X is a Stonian space and A(+) is a matrix in M,(X), then
there is a J(+) in M,(X) such that J(x) is in Jordan form for each x, and J(-) is quasi-
similar to A(+) in M, (X).

5. An application to M, (). If &/ is an abelian von Neumann algebra acting
on the Hilbert space 9, then the maximal ideal space X of &/ is Stonian and the
Gelfand map I': &/ —~C(X) is a *-isometrical isomorphism. Let M, (&) denote the
von Neumann algebra consiting of .all » X n matrices with entries in & acting on "
in the usual fashion. To each A=(4;)] ;,_, in M, (ﬂ) there corresponds a natural
element A(+) in M, (X),

A() = (F(Au))u -

This corr esponde1cc is clearly a *-isomorphism.

g
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If R is an operator in M, (&), then the kernel of R is the kernel of R*R and
the projection P onto the kernel of R is a spectral projection for R*R and thus lies
in the von Neumann algebra M, (s7). Therefore if the kernel of R is larger than
{0}, there is a non-zero operator P in M, (&) satisfying RP =0. By taking adjoints,
one sees that if the range of R is not dense, there is a non-zero P in M,(s/) such
that PR=0. It follows that an operator R in M, (/) has has zero kernel and dense
range if and only if the corresponding element R(-) of M,(X) is quasi-invertible
in M, (X). Therefore, if A(-) and B(-) are quasi-similar matrices in M,(X), then 4
and B are quasi-similar as operators on $". This observation yields the following
theorem.

Theorem 5. 1. If o is an abelian von Neumann algebra and if A is an operator
in M, (&), then there is an operator J in M, (/) which is in Jordan form and is quasi-
similar to A. That is, ’

- Sy Py
J == . - 3
: ° Pn—i
\ J,
where J, (1=i=n) and P; (1 = j = n—1) are in o and the operators P; are pro-
jections.

In [6], S. R. FOGUEL obtains a similar result using measure theoretic tech-
niques. ' :

A matrix of complex numbers which is in Jordan form can be written in an
obvious way as the sum of a diagonal matrix and a nilpotent matrix. A simple
calculation shows that the diagonal part and the nilpotent ‘part commute. This
observation has its obvious analog for matrices in M, (X). Using this analog, and
the relationship between M, (<) and M,(X), the following is obtained:

Corollary 5. 2. Every operator A in M, (<) is quasi-similar to an operator
D+ N where D and N are commuting operators in M, (), D is normal, and N is
nilpotent.

We are now in a position to prove the basic theorem of this paper.

Theorem 5.3. Every non-scalar n-normal operator A on a Hilbert space $
Las a hyperinvariant subspace. '

Proof. By virtue of Theorem 2.1 and Corollary 5.2, we may assume that
A = D+ N, where D is a normal operator, N is a nilpotent operator, and D and
N commute. In [5], DUNFORD shows that such operators are ‘spectral operators,
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and hence if T is an operator which commutes with 4, then T commutes with the
resolution of the identity for A; that is, T commutes with the spectral projections
for D. Therefore, if D is not a multiple of the identity operator, D has spectral pro-
jections distinct from 0 and /, and the ranges of the projections are hyperinvariant
subspaces for 4.

In case D is scalar, then a subspace M of § will be hyperinvariant for 4 just
in case it is hyperinvariant for N. But 4 is non-scalar, so N cannot be the zero operator.
On the other hand, N is nilpotent so N($) is not dense in $. Therefore M =N (H)
is a hyperinvariant subspace for ;V and hence for 4. ‘

A simple argument extends Theorem 5. 3 to direct sums of n-normal operators.
If a is a non-zero scalar, then the scalar matrices

(A 1 ) A o
1 A oa

and

1 .
A A

are similar. In fact, the former is the Jordan form for the latter. Thus if J is a scalar
matrix in Jordan form, and J is written as D+ N where D is a diagonal matrix
and N has zero entries in every positidn except perhaps on the diagonal above
the main diagonal where N may have some ones, then J is similar to D +aN. Now
if X is a Stonian space, and J(-) as an element of M,(X) is pointwise in Jordan
form, then by writing J(-) = D(-)+ N(-) as in the scalar case and by using Theo-
rem 3.2, we get that J(-) is quasi-similar in M,(X) to D(-)+aN(-). Thus, using
the representation of M, (&) as M,(X), we see that in Corollary 5.2 if N is not
zero then we can arrange things so that the norm of N is any positive number.

Theorem 5. 4. If for each integer i =0, A, is a possibly zero i-normal operator
acting on the Hilbert space 9;, and if A is the direct sum operator 2@ A;, then if A
is non-scalar A has a hyperinvariant subspace.

Proof. Each A4, is quasi-similar to an operator D;+ N; where D; and N; com-
mute, D, is normal, N is nilpotent of index at most i and ||N,|| = 1/i. Thus 4 is quasi-
simiiar to D+ N where D = X@® D; and N = 2@ N,. Clearly, D is normal and
commutes with N. Furthermore,

[Nl = sup INFI| = sup (1/i)" = (1/ny"

Therefore [[N"||'"" converges to zero, N is quasinilpotent, and D+ N is a spectral
operator. If D is not a multiple of the identity operator, then the spectral subspaces



118 ' " T.B. Hoover

for D are hyperinvariant for D+ N. If D is a scalar operator, then N, as a non-zero
direct sum of nilpotent operators, will have ‘many hyperinvariant subspaces -and
these will be hyperinvariant for D+ N also. In any case, D+ N has hypermvarlant
subspaces, and, by Theorem 2.1 so does 4. '

Translated into the language of von Neumann algebras, Theorém 5. 4 says that
every operator which belongs to a type I finite von Neumann algebra has a hyper-
mvanant subspace

6. The term n-normal has been used with a somewhat broader meanmg than
that which we have given it. The algebras M, (#/), where & is an. abelian von Neumann -
algebra, are commonly said to be of type I, and a von Neumann algebra is n-normal
if it is the direct sum of algebras of type I, where k=n. According to [8) an oper-
ator is n-normal if the von Neumann algebra it generates is #-normal. To avoid con-

" fusion, we will say that operators which are n-norma! in this latter sense are of
type n. . L :
In [7], for example, a von Neumann algebra ¥ is equivalently defined as n-normal
if itis satisfies the identity X+ X; X; ... X; = O, where X;(i=1, ..., 2n) are arbitrary
elements of ¥; the sum is taken over all permutations of (1, 2, ..., 2n), and the sign
is determined by the parity of the permutation. This characterization makes it
clear that any von Neumann subalgebra of an n-normal algebra is n-normal, and
thus that an operator which is n-normal in our sense is of type n. That the converse
is false can be seen in the following example. :
Let & denote the multiplication algebra acting on 'L? of the unit circle with Le-
besgue measure, and let % be the algebra of all operators on one-dimensional Hilbert
space. If #” denotes  the direct sum algebra_W+M2 (&) and if T is the operator

=1 5] : : :

e .
where S is multiplication .by the coordinate function, then 7 .generates #; and thus
T is of type 2. But T is not n-normal for any n; for suppose it were. Then T and
hence ¥~ are contained in some M, (#") where ¥ is an abelian von Neumann algebra,
and, since 7 is not normal, # is at least 2. Next consider the rank one projection P -
which is the direct sum of the identity element of C and the zero element of M, ().
By Theorem 1 of [8], P is unitarily equivalent to a diagonal element D of M,(#).
If Dy, ..., D, are the diagonal entries in D, then for some j, 1=j=n, D, is a rank
one projection in 9", and the diagonal operator E,all-of whose main diagonal entries
are equal to D;, is a rank n projection which commutes with M,(#") and hence.
with ¥7 On the other hand, the commutant of ¥~ consisis of all operators of the form
A O
Al [0 ‘ A]
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where 2 is any scalar and A is in &Z. In the particular, if the commuting operator is a
projection, then A is 0 or 1 and A is multiplication by the characteristic function of
some measurable set. The only way such a projectioncan be of finite rank is for 4
to be the zero operator, and so the only non-zero, finite rank projection which
commutes with the algebra ¥~ is the rank one projection P. But E is a projection
of rank n1 and E commutes with ¥ This is a contradiction and thus the original
assumption, that 7 was n-normal, is false. . '

Fortunately, this confusion over definitions causes no problems with our Theo-
rem 5. 3, for if T is a non-scalar operator of type n, then T is a direct sum of ope-
rators which are /-normal for some i and hence, by Theorem 5. 4, T has a hyperin-
variant subspace. ‘
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Hyperinvariant subspaces for spectral and x-normal operators

By HEYDAR RADIJAVI and PETER ROSENTHAL in Toronto (Ont., Canada)

If A is a bounded linear operator on a complex Banach space, then a closed
linear subspace M is hyperinvariant for A if M is invariant under every. operator
which commutes with 4. It is not known whether or not every operator other than
a multiple of the identity has a non-trivial hyperinvariant subspace (i.e. other than
the zero subspace and the whole space). Several sufficient conditions for the existence
of non-trivial hyperinva'riant subspaces are known ([3], [13], [14]).

Fuglede’s theorem [6] states that every spectral subspace of a normal operator
is hyperinvariant, and this was generalized to spectral operators by DUNFORD [4].
HooVEer [5] recently showed that every n-normal operator has a hyperinvariant
subspace. In this note we present simple proofs of DUNFORD’s and HOOVER s results,,
based upon Rosenblum’s theorem on operator equatlons

1. Rosenblum’s theorem

We shall use a theorem about solutions of certain:linear.operator equations..
The theorem was proved by ROSENBLUM [11] to the case where E and F are
elements of the same Banach algebra. The result which is given below has not,
to our knowledge, appeared in print before, although many people must be aware
of it. Our proof is essentially the same as the proof of Rosenblum’s result conta-
ined in the paper of LUMER and ROSENBLUM [9]. We denote the set of bounded.
inear operators from 2 to ¥ by B(Z, ¥).

Theorem (Rosenblum). If E and F are bounded operators on the complex-
- Banach spaces % and Z respectively, and if the operator T on B(Z, @/) is defined by
T (X) = EX—XF, then

o(T)Co(E)—0o(F) = {z—w: z€0(E), wea(F)}.
Proof (similar to [9]). Define operators & and & on #(Z, %) by
E(X)=EX and F(X)=XF.
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If E—2 has in inverse, then (E—)E—2)"'X = (E—2)""(E— )X = X for every
XcBX, %), and therefore o(&) C o(E). Similarly o(F) C a(F).

Since & and & are commuting operators, (€ — F)c (&) — o(F); (simply
‘let o/ be a maximal commutative algebra containing & and & and use the fact that
the spectra relative to &/, which are the ranges of the Gelfand transforms, are the
-same as the original spectra). Hence 0(7 ) C o(E) — o(F).

The special case of this result that we shall need is the fact that o(E) M o(F)=0
and EXy =X, F imply X;=0 (51rce X is in the nullspace of the operator J(X) =
= EX—XF).

2. The Fugiede—Dunford theorem

Fuglede’s theorem [6] states that whenever a bounded operator B on a
"Hilbert space commutes with a normal operator 4, then B commutes with the spectral
‘measure of 4 (or, equivalently, then B commutes with 4*). HaLmos [7, 8] and
RosenNBLUM [12] gave simplified proofs of Fuglede’s theorem. DUNFORD [4] gener-
.alized Fuglede s theorem to the case where 4 is a spectral operator on a Banach
‘space.

In this note we give another proof of Dunford’s version of the theorem. We feel
that this proof gives some further insight even in the Hilbert space case, although
it is neither as short nor as elegant as Rosenblum’s proof.

Following DuNFORD [4] we say that a bounded operator 'A on a Banach spacé
& is a spectral operator if there exists a spectral measure E(-) (i.e. a countably
-additive mapping from the Borel sets in the complex plane into a uniformly bounded
family of projections on & such that E(0)=0, E(C)=1, and E(¢, Na,)=E(c,)E(0y)
for all Borel sets o; and o,), which commutes with 4 and Wthh has the property
‘that o(4|E(6)Z)C G for all Borel sets o.

Theorem (Fuglede—Dunford). . Iff 4 is a spectral operator, with spectral
.measure E(-), and if AB= BA, then BE(o)= E(o)B for all Borel sets o.

Proof. It obviously suffices to show that the range of E(o) is invariant under -
B for each Borel set o, and this is equivalent to showing that E(¢")BE(c) =0, where
.0’ denotes the complement of ¢. By regulanty it suffices to show that E(¢")BE(c)=0
‘whenever ¢ is closed. .

Fix a closed set o, and let gy be any closed subset of o’. From AB=BA it
follows that E(c,)AB E(c)= E(c,)B AE(6) and thus that '

[E(g0)4 £(00)] [E(00) B E(0)] =[E(00) B E(0)] [E(0) A EI(G)]-

Hence E(o,)B E(0)=0 by Rosenblum’s theorem, since E(6,)A E(o,) and
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E(c)A E(o) have disjoint spectra as operators on E(ao)%“ and E(0)Z res-
pectzve]y ' :

" Since E(oy)B E(0)= 0 whenever g, is a closed subset of o’, it follows that’
E(6")B E(6)=0 and the proof is complete.

3. Putnam’s corollary

Soon after Fuglede’s theorem was published, PUTNAM [10] observed that
Fuglede s proof could be generallzed to show that whenever A and C are normal
operators on a Hilbert space and B is a bounded operator such that AB= BC then -
A*B=BC*. BERBERIAN [1] found a simple trick for getting Putnam’s result as a
corollary of Fuglede’s. To our knowledge it has not previously been observed
that Berberian’s trick can be applied to the case of spectral operators yielding
the following result.

Corollary. If A and C are spectral operators with spectral measures E(-)
“and F(-) on the Banach spaces %' and @ respectively, and if B is a bounded operator
from ¥ to & such that AB= BC, then E(g)B= BF (o) for every Borel set o. '

Proof. We consider  @%, with ||(x, »)] = |lx| +]l»li, and let P and”Q be
the projections onto the first and second co-ordinate spaces respectively. Then the
operator T = PAP+ QCQ is spectral, and its spectral measure is defined by
G(6) = PE(0)P + QF(0)Q foreach o. A trivial computation shows that T commutes
with the operator S=PBQ. By the Fuglede—Dunford Theorem, G(0)S=SG(0)
for each ¢. Another simple computation gives B E(c)= F(c)B. -

4. Hyperinvariant subspaces of triahgﬁl_ar and n-normal operators

An operator is said to be n-normal if it is (unitarily equivalent to) an operator
in the tensor product of some abelian von Neumann algebra and the algebra of
nX n matrices. In other words, n-normal operators can be written in the form

Ay Ay, Aqy,

Ay Any oo Aps
where {4,;} is a collectlon of commutmg normal operators.

R. G. DoucLAas and: C: PEARCY showed that every 2- normal- operator has
a non-trivial hyperinvariant subspace, and T. B. Hoover [5] generalized this result
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to n-normal operators. HOOVER shows that every m-normal operator is quasi-
similar to an n-normal operator in ‘“Jordan form”, and. derives the existence of
hyperinvariant subspaces from this result together with Dunford’s characterization
of spectral operators. .

We show that the existence of hyperinvariant subspaces for #-normal operators
follows from the more easily proven result that every n-normal operator is unitarily
equivalent to an n-normal operator in upper triangular form [2], together with the
simple theorem given below.

Theorem. If A is unitarily equivalent to an operator in the upper triangular
form

An *...0%
0 * ... %

(%) ’ , “
’ 0 0.4

. nn

where the spectra of A, and A,, are disjoint, then A has a non-trivial hyperinvariant
subspace.

Proof. Let

B, x...%

be any operator in the commutant &/ of 4. The fact that the entry in position
(n, 1) of AB is equal to the entry in position (n, 1) of BA gives A4,,B,, =B, A4,,.
Since the spectra of A4,, and A4,, are disjoint, Rosenblum’s theorem implies
that B,, =0. Let x be any vector of the form (x,,0,0,0,...,0) with x, =0
and y any vector of the form (0,0, ...,0, y,) with y,70. We have shown that
(Bx, y)=0 for all B¢Z. Thus the closure of {Bx: B€ &/} is a non-trivial hyper-
invariant subspace for A.

Corollary. If A is not a multiple of the identity and is unitarily equivalent
-to an operator in the upper triangular form (x), where A, and A,, are normal, then
A has a non-trivial hyperinvariant subspace.

Proof. If the spectrum of A, consists of only one point, then 4,, is a multiple
of the identity. In this case 4 has a non-trivial-eigenspace, and it is trivial to verify
the fact that an eigenspace of A is hyperinvariant.

If the spectrum of A;, consists of more than one point, then, by the spectral
theorem, we can write 4,,=A% ©A|, and A4,,=A°% @A}, where the spectra’ of
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A9, and A, are disjoint. Then A4 is unitarily equivalent to an operator of the form

A% 0 o« *
0 A}l * *
0 O * ... %
0 0 .. Al *
0o 0 Al

Thus the Theorem above gives the result.

Corollary (Hoover). Every n-normal operator which is not a multiple of the
identity has a non-trivial hyperinvariant subspace.

Proof. A theorem of DECKARD and PEARCY [2, Theorem 2] implies that every
n-normal operator is unitarily equivalent to an n-normal operator in upper triangular
form. Thus the result follows from the previous corollary.

Remark. As Hoover [5] shows, quasi-similarity preserves the existence of
hyperinvariant subspaces. Thus the theorem and the first corollary above can be
stated with “unitarily equivalent” replaced by ¢quasi-similar”.

References

[11 S. K. BErBERIAN, Note on a theorem of Fuglede and Putnam, Proc. Amer. Math. Soc., 10
-(1959), 175—182. ’
[2] Don DeckarD and CARL PEARCY, On matrices over the ring of continuous complex valued
functions on a Stonian space, Proc. Amer. Math. Soc., 14 (1963), 322—328.
[3] R. G.DougLAS and CARL PEARCY, On a topology for invariant subspaces, J. Functional Anal.,
2 (1968), 323—341.
[4] N. DuNFoORD, Spectral Operators, Pac. J. Math., 4 (1954), 321—354,
[5] T. B. Hoover, Hyperinvariant subspaces for n-normal operators, Acta Sci. Math., 32 (1971),
165—175.
[6] - B. FUGLEDE, A commutativity theorem for normal operators Proc. Nat. Acad.'Sci. U.S.A.,
36 (1950), 35—40.
[7]1 P. R. HaLmos, Commutativity and spectral properties of normal operators, Acta Sci. Math.,
12 (1950), 153—156.
{8] P. R. Hawmos, Introduction to Hilbert space (New York, 1951)
[9] G. LuMer and M. RoOsSENBLUM, Linear operator equations, Proc. Amer. Math. Soc., 10 (1959),
32—41.
[10] C. R. PuTNAM, On normal operators in Hilbert space, Amer. J. Math., 73 (1951), 357—362.
[11] M. RosensLuM, On the operator equation BX— XY = Q, Duke Math. J., 23 (1956), 263—269.
[12] M. RoseENBLUM, On a theorem of Fuglede and Putnam, J. Lond. Math. Soc., 33 (1958), 376—377.



126 H. Radjavi—P. Rosenthal: Hy'perinvariant subspaces

[13] PETER ROSENTHAL, A note on unicellular operators, Proc. Amer. Math. Soc., 19 (1968),
505—506. C :
[14] B. Sz.-NaGy and C. Foias, Analyse harmonique des opérateurs de I'espace de Hilbert (Buda-
pest, 1967). '
UNIVERSITY OF TORONTO
-( Received March 23, 1970)



Operators with bounded characteristic function and
their J-unitary dilation

By CHANDLER DAVIS*) in Toronto and CIPRIAN FOIAS in Bucharest

Introduction. Let $ be a (complex) Hilbert space and let T be a bounded linear
operator on $.
~ Denote by O the positive square root of |[[—T*T| and by J, the operator
sgn (I—T*T); similarly, let Qp = [[—TT**, J;u = sgn(I—TT*). Let us put

©.1) 01D = [~TIr+ 205 (I =T 0,107 9

whenever (/ — A7*)~" exists. This function, whose values are operators from D; = 0, %
to D=0 9, is called the “characteristic function” of T (see [13], [10]; for the
case where T is a contraction, see [15]). The main result of the present paper is the:
following ’ -

Theorem. If @,(1) is defined for all A with ],1]<1; and if
sup {lO-(DI:|A] < 1} <eo,

thenn T is similar to a contraction.

Here similarity has the usual meaning: Two operators T, T, are called “similar’™
if there exists an affinity X (i.e. an operator mapping the space of T, onto the space-
of T in a one-to-one and continuous way) such that T=XT, X~?, see [15].

It is of interest to have a boundédness condition which implies similarity of’
T to a contraction, in view of the fact that the apparently more natural conditions.

sup [T"] < e, sup (JA| =D (AT =T)" " < =,

nz=0 [A]>1 )
formely 'co_njectured to be sufficient for ‘similarity to a contraction, have turned out:
not to be [4], [7], [8, p. 200].

*) Research done largely during the visit of this author to Bucharest, on a Senior Research.
_Fellowship of the National Research Council of Canada.
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However, it is worth while to mention that the existence and boundedness
of @,(4) on {A: |1| <1} is not necessary for T being similar to a contraction. Indeed,
taking § the two dimensional complex Euclidean space E? and T the operator

«corresponding to the matrix ({ 8) one obtains by simple computations that T

is similar to' the contraction ((l) 8), while Q; =0 =1 and @,(4) is given by the

matrix : : A

l(l R AL (| —A)‘l)
e

v

-which is unbounded on {4:

The theorem is an outgrowth of two known results. The first [15, IX. 1], {6]
gives the condition for a contraction to be similar to a unitary. It was generalized
by L. A. SAHNoVIC [12] to apply to general bounded T': If © (1) is defined and bounded
on {A: |A| =1} then T is similar to a unitary operator. Our theorem also contains
the following similarity theorem of G. C. RotA [11]: If the spectrum o(T) of T is
contained in {A: |A| <1}, then T is similar to a contraction. Indeed o(T)C {1: |A| <1}
implies that [|(I—AT*)™!| is bounded on {/1 N 1} so that ©4(2) satlsﬁes in this
«case the requirements of our theorem.

Our method is the geometric interpretation of the characteristic functlon
developed in [15, VI]. This interpretation is generalized to the case of operators
‘which need not be contractions, by carrying forward the study of J-unitary dilation
begun in [2]; but the proofs demand many considerations which did not arise for
contractions. We include in § IV the proof of Sahnovi&’s theorem by our method.

We remark that our boundedness hypotheses are used in §§ HHI—IV only to
ensure that we have a bounded operator on H?, never to draw conclusions about the
((operator) values which @1(1) assumes.

1. Preliminaries

1. As usual in this subject, it is important to note that the identity T(/ — T*T) =
=(I—TT*)T implies

(1.1) . TfU—~T*T) = fI—TTHT
for any bounded complex Borel function f defined on the real line. In particular

(1.2) TQr=QpnT, TJp=JpT
and taking adjoints,
‘(1.2,) QTT* T QT*’ JTT*:T*JT*
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Thus T. J3 Q7 =7 Q7 T= Q7. J5. T, which implies the fact already mentioned that
(1.3) A Or(H)Dyr € Dps.

For later use we derive another property of the characteristic function (cf.
[6, § 2]). We begin with the fact, obvious from the definition (0. 1), that

e Or()* = 7. (D)
whenever either side is defined. On the other h_and,
OrNQJr = Qpl —THAU = AT ' (I—T*T)] = Qpru(I—ATH"'(AI-T).
Now assume that @;(4) and bT(Z'l) are both deﬁnéd; we have‘
O AT T O (D)0 Ty = Jp O ANV Qe (T = AT " (A —T) =
= JrQr(I— A7) A =TI 2T*) ' (A =T) = QrJr,
'from which it is easy to conclude that ‘
(1.5) Or(A)~ = JrOr(A7 )V Ipe| Dy
In particular, if @,(1) is defined and bounded on {A: I);] #1} then O ()~ exists
and is bounded on D={A: || <1}; thus in this case

(1.6) sup 07 ()] < ==, sg)p' 1020)~! | < <=.

2. We now recall the construction of the J-unitary dilation [2]. The present
discussion differs somewhat in notation, and deals only with bounded T.

The dilation will be an operator on a direct sum space

_ =D @ ()
1.7 R=BDDHPD DD . _
This means that there are canonical injections of §, D, and D onto orthogonal
subspaces of K. We indicate these injections by supercript indices. Thus for any
(o)

hey, h denotes the correspondmg element of the 0-th co-ordinate subspace $
of K; for any heDq., h denotes the corresponding elemcnt of the i-th co-ordinate
subspace DT* of R (i=—1, —2,...); and for any he Dy, h denotes the correspond-

ingelement of thei-th co- -ordinate subspace DT of R (i=1,2,...). The general element
of 8 is a sequence ¢ =(h;)> with f, €9, 1,€Dp ((<0), h €D, (i=0), and

lol? = . E’ |h|I? <oo; we can equally well write o as a sum

i=~—oo

— oo

()
(1.8) ' o= 2 h

i=—o0

of elements in co-ordinate subspaces of K.

9 A
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We define opérators U and J on K by specifying how they éct on the above

general element o
® ()

(1.9) Us = 2 hi_(+H +h",
. i=0, 1 .
(1.9 W= Qph_ +Thy, ' =—T*Jph_,+Orho;
) () [0)
(1.10) Jo = 3 (Ipeh)tho+ 3 (Jrhy).
i<0 i=0 '

Then J*=J=J"!, and U is J-unitary, i.e.,
(. 1h (JUo, Us")=(Js,0") (0,0 €8R)

~and U is invertible; we shall have need for the explicit expression for its inverse,

acting upon the general o of (I.8): -
) (=1 " (©)
(1.12) U 6= 3 h+ kK +k,
0

i%—1,
(] 12/) k, = ']T*QT*hO_‘]T*Th] . k” = T*/10+J1*QT/11 .

U is a dilation of T, that is, for all 1€ 9,
(0 (0) '
(1.13) (T"h) = PU"h (n=0,1,2,...),

e © . . .
where P denotes the orthogonal projection of & onto . We obtain a J-isometric
dilation of T (i.e., an operator satisfying the analogues of (1. 11) and (I. 13), but
not necessarily invertible) if we consider the restriction U, of U to a certain invariant

@
subspace {,. Namely, 8, = V U"$H, or, perhaps more simply, S, is the set
. nz=0 ’ '
oo (i) . .
of all vectors D> &; in & Evidently &, reduces J.
i=0

3. We conclude the preliminaries by recalling some well-known simple notions
about geometry of subspaces of Hilbert spaces and J-spaces, which are central
to our main arguments below. These will be stated in a general context: Let 9t and
N be any subspaces of any Hilbert space §, and let P and Q respectively be tke
orthoprojectors onto 9 and N. Then we have (see e.g. [1])

Lemma L.1. The operators PQII and QPN have the same spectrum, except
perhaps for 0.

Let us say that M is “not far from” N in case 0 ¢ o(PQM). (In more conven-
tional terminology [3,1], 9 neither intersects nor is asymptotic to HSN.) If 4
denotes Q{M as an operator from M to N, then A*A4 = PQO|M; thus M is not far
from RN if and only if there exists ¢=>0 such that, -for all me I, |Qm| = clim|.
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necessary énd sufficient condition that 9 be not far from M and 9t not far from M
is that Q]‘JJZ be an invertible map of M onto RN.

Lemma 1.2. If M is notfarfrom N then HDON is not far from HoOM.

This follows immediately from the previous Lemma: 0¢a(PQ|IM) 1mplles '
1¢o(P(1 —Q)9M), which implies 1 ¢a((1 —Q)PIHOR), which implies

0¢o((1-Q)(1 - P)IHON), g.ed.
See also [14, Lemma 9. 1. 1]."

Lemma 1.3. If M is not far Srom W then 9)1-4—({)9‘)1) is closed (and is the
direct sum of M and 59%)

This is well known, e.g. [9,§ 3], [3,1]. ‘

Now let there also be defined on $ a symmetry J, i.e. J~'=J=J* making
it a J-space. We will use the notion of a regular subspace (pravil’noe podprostranstvo)
of $ [5]. Let M and P be as above; let P, denote % (/+J), the orthoprojector
onto the canonical positive subspace of $. M is called “regular” in case it is
not far from J9R, in the sense defined above.

Using the fact that the orthoprojector onto JI is JPJ, and that PJPJ|IM is
the square of the hermitian operator PJ|9, it is not hard to see that each of the
fol]owing conditions is equivalent to 9 being regular:

(i) [|PJx|| defines on M a norm equivalent to the given norm;
(i) "PJ|9M has a bounded inverse on n;

(iii) 140 (PP, I‘)Jl)

(iv) $40 (P4 PIP, 9).

The equivalence of (iii) with (iv) here is a case of Lemma 1. 1.

Lemma 1. 4. If M is regular, then the following are also regular: J M, the ortho-
gonal complement HOM of M, and the J-orthogonal complement HOJIM of M.

As to JI, this follows from (i) and the fact that J is unitary;as to M, it
follows from (iv); the rest is obvious.

Itis only for regular subspaces that the J-orthogonal complement deserves its
name:

Lemma 1.5. If M is regular, then $ is the direct sum of M and HOJIN.

This is a corollary of Lemma 1. 3. (The converse is known too, but we will
not need it.)

We now return to the special context of the Introduction, so the symbols $,
J, etc. will have the special meanings which were attached to them.

[l
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II. The characteristic function and the J-unitary dilation

1. We will now show that the dilation contruction gives rise to the characteristic
function here in almost as natural a way as in the case of contractions.

For this purpose we consider two subspaces on which U, acts as a unilateral
shift (of some multiplicity =0). First,

(0) e () (1)

2.1 R, =95dM, M= P D= VU"D;
i=1 nz=0 .
and U, is, by definition, aln isometric mapping of each.co-ordinate subspace
onto the next. '
Second, we consider
(-1
2.2) . : M, = VU Dp.
nz0

It is plain from (1.9), (1.9") that M, SK,.In the contractive case, it was shown
[15] that in (2. 2) as well, U, maps each of the sequence of subspaces isometrically
onto the next. In the general case, it need not be isometric, but it is expansive:

for all .
oo (i)

g = Zhie R+
i=0
we have
WU, al? = Thel > +11Qrholl* + 4,12 + -+ =
= |Tholl> + (U1 Qrho» Qrho) + 1hi ) + - = lhol® + 11,12 + - = |lo].

2. Let us now introduce the Fourier representations of 9 and 9M,. For
_ finite sums '

N (n+1) N (1) Ny (=1
2.3) = 2 h, = 2 U"h,eM, 6, = DU h €M,
n=0 n=0 n=0

(where h, €Dy, h,,€Dys), we put

N Ny ’
(2. 9) C@e (D) = 2 Mh,, Fo,(A)= D Mlh., - (A<D
. n=0 n=0

Linear applications are thereby defined from dense subsets of I, resp. M.,
into the space H*(®,), resp. H*(®Dz+). These are Hardy H? spaces of vector-valued
functions, see [15, V]. The mapping & is obviously isometric and can be extended
to a unitary mapping of M onto H?(D,), which will still be denoted by ¢. Under this
isomorphism, the isometric unilateral shift U, |9 corresponds to A: ¢U, [ M=A.
Here A is the multiplication by the independent variable, that is, for uc H2(D,)
we have Au(4) =Au(4) (JA| <1). This correspondence of unilateral shift to multiplica-
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tion is the essential feature of the Fourier representation. It carries over to the non-
isometric Fourier representation F: if A, denotes the multiplication by 1 in H?(D,+)
then obviously FUsg, = A, Fo, for the above finite sums o,

We introduce J-space structure in the H? spaces in the natural way. Denote by
J the operator defined on H*(Dy) by (Ju)(2)=Jr(u(D) (|A|<1). It is immediate
that @J|M=JP and hence identically (JPo, Po)=(Jo, ¢) (6¢M), showing how
to regard @ as preserving also the J-space structure. Similarly, define J, on H?(D+)
by (J,1,)(A) =Jp+(u, (2)). We will verify the relation

. (2 5) . (J*FG*’ FG*) = (JG*’ 0'*)

for finite sumsin M, , butitis less immediate because the terms in the definition (2. 3)
of o, do not belong to subspaces which are clearly invariant under J. However
the J-unitary property (1. 11) of U allows us to write

) Ny Ny 1(—l) 1(—1) Ny  (=1) (=1) Nx
(JO'*, O'*) = Z 2 (JU"+ h*n> Um+ h*m) = Z(;(Jh*n! h*n) = ;:)(‘]T*h*ny h*n)

n=0m=0

(-1) (=1
(the terms for m > n vanish because U™" DL DT*) But the rlght hand member,

by the definition of J, and the definition of the inner product in H?2, is equal to
J, Fo,, Fo,), with Fo, as in (2.4). Thus (2. 5) is proved.

3. We thus have two naturally defined subspaces 9t and 9, , and the projectors
Py, Py onto them do not commute. It is not surprising that fairly complete in-
formation about T is contained in an invariant description of the contraction Py, |9.
If one tries to make this description giving M and 9, their Fourier representations,
one finds the contraction from M to M, is replaced by a mapping from H?(D;)
to H?*(D,»), given exactly by the characteristic function.

We now exhibit this relationship formally, for arbitrary 7. In the following
section we will give it a geometric sense, by using the hypothesis of boundedness

of the characteristic function. _
For any u¢ H*(D,), with power-series expansion u(d) = Z’ Ay, let Oru

denote the function whose values are defined by (@1 u) (/1) e, (})u(i) This function
is defined and analytic, with values in D+, at least for [A| <min (|T]~", 1), and
this is all we need for the moment (indeed it would be possible to proceed using only
formal power series). We can write in the neighborhood of 1 =0

(2.6) " | '(@r,-u)u)==201"[§) on_mum];

here the 0, are the Taylor coefficients of @,:0,()) = Zm' A"0,. From the definition
n=0
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(0. 1) we can derive this explicit expression:

0 if n<m,

(1) (-1
2. Jum™ J Un+1 / Y =
2.7 : u™h, he) {(0,,_",]7/1,/1*) if n=m

for all h€ Dy, h, € Dy«. To prove this, use the J-unitary property in the same way

as above:
(- (-1) () (=1
(U™h, U h,y= U™ " h, h,)

which obviously is 0 for m = n+1. If m—n—1 = —k, k>0, then we need to
) (-1
find the component of U~* i in D;.; this we can do by iterating (1. 12), (1. 127),

and the result is

~JpTh i k=1,  JpQpT* 2Jp0rh if k>1.
Therefore

OG0 Th ) = (0J,h, hy) if k=1,
k/ — * oYV T H Tx
U b {(QT*T*“"ZQTJTh, h) = @i Jrh, ) if k>1

using (0. 1). This establishes (2. 7).
We are now in a position to discuss inner products of elements of M with
elements of M, . Let g, g, be as in (2. 3). Then, by (2. 7),

N N« (1) . =1
(2.9) (Jo,6,)= 2 > U™, U A, Y= 2 (0, 1l M)
. m=0n=0 nzmz=0
Also by (2.6) and (2. 4)

. . : . oo min(n, N)
(OTd)JO-) (;‘) = (@TJ'I‘(DG) ()‘) = Z }”" [ 2 0n—mJThm] .

n=0 m=0

This is analitic in A with values in D+, but need not lie in H?(D,»); if it does, its
inner product with Fo, from (2.4) is, by (2. 8), '

Ny [ min(n, N}
Z Zo 0"-mJThm> h*n] = (JO', O'*).

n=0

III. Geometric properties of the J-unitary dilation in case the characteristic
function is bounded

1. Assume now that O is defined on the open unit disk D and that
sup @7 (D) = C<ce.
Then for any u¢ HZ(DT)\, Oru belonés to H*(D,+) and its norm in that space is

=Cllul|. Let ©@:H*(D,)—~H?*(D+) be defined by Ou=0,u; it is an operator of
norm C. ' .
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- The conclusion of the last section can now be rewritten as
(Jo,0,)=(0®Jo, Fo,).

Because elements Jo (with ¢ a finite sum (2.73)) are dense in 9, and @ and @ are
continuous, we deduce that

3.1) - (4,0, )=(Ody, Fo,) weMm. -

This is not quite the promised interpretation of @, in terms of P, because the
second factor in the inner product is still restricted to be a finite sum.

We will remedy this by proving that F has a unique extension to an affinity of M,

“onto H? (D). . "
To this end taking u=Pg 0, in (3. 1), we obtain
”PGRG*HZ = (Pyo,, 0*) = (0¢P9)20'*’ Fo,) = C”P‘.Dld*]] ”FO’*”

whence
(3.2) 1Pmol? = C?|IFo, |

Let P denote the projection onto the complement of M in K, which by (2. 1)
i$ $. By (2.5) and the definition (1. 10) of J,
J,fo,, Fo,) = (Jo,,0,) = ]IPa'*H2 +(JPy 0, Pypoy),
which yields, because J, and J are contractions,
1Po,lI? = [|Pyol*+ I Fo,l? = (C*+DliFo,l
(using (3.2)). Add this to (3.2) to obtain ‘ ‘
loJ? = (1 +2C%)| Fo %

This proves that F has a bounded inverse G. The domain of G is dense, so G
has. a -unique bounded extension to the whole of H*(D,.); denote this also by G.
By continuity, we deduce from (2. 5) that

(JGu, Gu)=(J, u, u) (ue H? (D).

This is the same as saying G*Pg, JG=J, (=J;"'). Thus G has the left-inverse
J,G*PyiJ, which as a product of bounded operators is bounded. It is an extension
of F because F is inverse to G on a dense set. This completes the proof that F has a
unique extension to an affinity; the extension will still be denoted by F.

Then we know also that o, in (3. 1) can be replaced by an arbitrary element
i, of M.

2. We now introduce the residual part of U, in imitation of the contraction case.
(-1
"The images of D+ under non-negative powers of U~! do span all of ROK,.
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" Its images under positivé powers of U, on the other hand, span the subspace M,
which need not be all of &,. Consider the J-orthogonal complement of M, :

-

. oo (-1
3.3) R=R,0/M, =K0J Y U'Dp;

it is clear that the two definitions are equivalent. The latter expression (3. 3), together
with the J-unitary property of U (1. 11), make it clear that R is invariant under both
U and U~. Thus we may define the “residual part” R=U|R, an invertible operator.
Being a restriction of U, (not just of U), R is expansive (see §11.1 above).
Hence '

(3.4) | IR =L
Our next aim is to prove that
(3.5 - sup  [IR]| < e,

—co<p-<oo

and (3. 4) takes care of this for-all n=0.
Reéturn to (2. 5), which implies at once
F*J F = Py J|IM,.

Now that we are able to assert that F (and therefore also F*) is an affinity, we can
deduce that the equation represents an invertible operator on 9. That is, M, is
a regular subspace of the J-space . (See § I. 3.) By Lemma 1. 4, we deduce now
from (3. 3) that R is also regular, that is, that PyJ|R is invertible.

Set J, = P,J|R. We now know that for some ¢>0

(3.6) . cllell = el = llell  (e€%).
But we also know from .the remarks following (3. 3) that
(JxR™'0,R™1¢") = (JU 1o, U"1¢) = (Jo, @) = (Ju, @)

for g, 0’€R, so that (iterating) Ju=(R™")*JyR™" (n>0). With (3.4) and (3. 6),
this gives

clell = Wgel = I(R™)*JxR™"ell = [/aR™"ell = IIR™"|,

1
whence R0l = ol (e€%; n=1,2, )
To sum- up, (3. 5) has been established, with

1.
sup |[R"| = - su;o) (R = 1.

n>0

Now we appeal to the theorem of B. Sz.-NAGy that any operator R with
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1
sup ||R"| = — <o is similar to a unitary [14]. More precisely, it tells us that
C

—co << o

there exists a self-adjoint invertible operator A on R such that

1
. - =
41147 =

and such that V=A"" RA is unitary.

3. We are ready to prove the theorem stated in the introduction. We begin by
defining a new Hilbert space :

H = HZ(DT*)GBQ{
with a canonical mapping into & ,:
(3.7 X®o)= F'ut+Ade.  (uc H*(Dps), 0€R).

As u and g vary, the term F~ 'y here ranges over all of M, and the term A over all
of N, because F~' and A are affinities. But R is the J-orthogonal complement of
M, by definition (3. 3), and 9, was just proved to be regular, so by Lemma 1. 5,
X maps H onto K.

, . (0)
Let P again.denote the orthoprojector on &, onto $; we now see that PX

)
maps H onto $. Let Q denote the orthoprojector on H onto the orthogonal comple-
ment of the nuil-space of PX. We define Y: QH—9 by

©
3.9 Y(u®g) = h if and only if PX(udo) = h.

Being continuous, 1—I1, and onto, ¥ must be an affinity of QH onto 9.
Now the operator U defined by

Uuoo) = Aueby,

where V is the ﬁnitary found in § III. 2, is an isometry on H; and it is related to U ..
by the application (3. 7):

(3.9) XU = F A, +AV = U, F"'+RA = U, X.

)
‘We project down onto $. That is, we operate on (3. 9) on the left by P; using the
definition (3. 8) and the dilation property (1. 13), we obtain
YQU =TY.

But Yis an affinity and QU is certainly a contraction (on OH to QH). This completes
the proof of the theorem.
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IV. Similarity to a unitary operator

This section will be devoted to the proof of the result of SAHNOVIC stated in the
‘introduction. Accordingly we now strengthen the hypotheses used in § I1I, and assume
‘that @.,.(4) is defined for |4| | and

sup [@7(D)] = C < oo,

|45 1

‘We saw in § I. | that this makes 0.,(%) and OT(.A)‘1 both unifoArmly bounded analytic
operator-functions on D, see (1.5) and (1. 6). Therefore @ is an affinity of H*(D;)
onto H2(D;+); indeed its inverse is given by

O 'u) () =0 'u, (A (A<D
for u, € H2(Dy).
We begin, as before, with (3. 1), extended to
(1 1) = (OPp, Fur)  (ueM, p, €M),
@1 | Py |M = F*OD.

Now, however, since all three operators on the right are affinities, we are able to
short-cut the considerations of § IIL. 3. Indeed, (4. 1) says directly that Py, |9 is
an affinity of M onto M, . This implies that Pt is not far from IR, and I, is not

(© A
far from 9, in the sense of §1.3. By Lemma 1.2, $ is not far from JR and vice
. (0) ©)
versa. Applying the unitary J, we see that JS (=$) is in the same relationship

()
to R. Hence PN is an affinity of W onto $ just as in the contraction case.
Let A4, V be the operators found in § I1I. 2. Define Y: R -9 by
A . i . ' )
Yo="NI if and only if - PAo=h.
‘Then Y is an affinity from R onto $; and the equation
PAV=PRA=PUA,

together with the dilation relation (1. 13), gives YV =TY. This is a similarity of T
/to a unitary operator, as was required. :

1
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- O xapakTepucTHYecKHX (PYHKUHMAX OOpPATHMOro oneparopa

B. M. BPOACKMI, W. L. FOXBEPT u M. I'. KPEMH (Opecca w Kuwntes, CCCP)

. Hauunnas c n3sectubix paotr M. C. JIupmuua [1, 2], MOHSATHE XapaKTEPUCTH-
yeckoit QYHKLHUY CTANO MIPaTh QYHAAMEHTANbHYIO POJIb MIPH HCCAEAOBAHUH CNIEKT-
pajiibHBIX CBOKWCTB OMEPATOPOB. DTO MOHATHE TIPETEpreo OONbIUYIO IBOJIIOLMIO,
KOTOpa# eule, BO3MOXHO, He 3aKoHYuiach. 10-BUAHNMOMY, B OMPEAENIEHHOM CMbICIIE
MOXHO C‘{H'l;aTb OKOHYATEJAbHbIM ONPECACTICHHE XapaKTepHCTH‘{eCKOﬁ (byHKLlHl/[
(W-byHkunn) onepaTtopa, «O6JM3KOro» K caMocomnpspkeHHoMy, BBeaenHoe M. C,
Bponckum [3, 4]. '

B nacrosiueit ctaTbe maercs noapobHoe o6ocHOBaHue pe3yJibTaToB [5], xoTo-
pble, MO MHEHHIO aBTOPOB, JOJKHBI CnocobCcTBOBATH cTabUIH3alMK HOBOTO OMNpe-
nejieHus xapakrepucthueckoi QyHkuuu (O-dyHKUMM) oOpaTuUMOro omepaTopa
«ONK3KOro» K YHUTAPHOMY. DTO OfpenesieH|e yI0BIeTBOPSET CICAYOUIMM eCTeCT-
BeHHBIM TpeGoBanusM: 1. O-(yHKuMs yNOBJETBOPSET (YHAAMEHTANbHBIM TOX-
JecTBaM M HepaseHcTBaM (CM. § 2). 2. @-(QyHKUMS BbIACPKUBACT APOOHO-NUHEN-
Hele npeobpaszoBanus. [pu 3ToM OBHapyXHBaETCA ee OpsaMasi CeA3b ¢ W-(pyuk-
umeit (cM. § 3). 3. Tlo O-byHKUMM ¢ HEOGXOAMMOMN TOYHOCTBIO BOCCTAHABIMBAETCS
onepaTop (M Gofiee TOro — cOOTBETCTBYtOLIMI y3en) (§ 6). 4. O-pyHkuus nomnyc-
KaeT MOJNIHYIO0 BHYTPEHHIOXO aHaluTHYeckyro xapaktepuctuky (§§ 4, 5, 6). 5. Onsn
O-byHKLHY UMEET MeCTO Teopema ymHoxeHust. [6, 7]. 6. Ilpu secbma obwiux ycio-
BHAX OTHOCHTE/IbHO OCHOBHOro onepatopa O-QyHkuus A0MyCKaeT Mynbmn.rm-
xaTuBHOe npeactasieHue (cM. § 7 u [8]).

CyluecTBEHHO TakKxke, YTO BbIpaboTaHHblE paHee ONpeAesieHUs XapaKTePHCTH-
yeckoit Gyuxuuu (cMm. [1, 2, 9—I14]) yknanpiBaloTcs B OOLLYIO CXEMY ONpele/ieHHs
O-pyHkuum (§ 1). Hakonel, nob6asum, 4To O-yHKuMs yxe-HallIa BaXHbIC Npu-
noxenust B pabotax JI. A. Caxunosuua [15, 16]'), a coBceM Henasno oGHapyxu-
JIOCh, YTO OHA UIPAET CYLIECTBEHHYIO POJib TAKXKE B TEOPUH PE30JIbBEHTHBIX MATPHLL
3PMUTOBBIX omnepaTtopos [I7].

1) B atux paborax, 1o CyLeCTBY, HCIIOJIL3yETCA ONPCAEeHHE XapakTePUCTHYECKOM hyHKLU
0bpaTHMOro OMNeEpaTopa, HECYUIECTBEHHO OTIIMYAIOLLEECS OT HAILETO OnpeAeieHds O-(pyHKLUM.
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§ 1. Onpenenenne xapakTepucTHYecKoil (QyHKUMH

Kax ussectno {18, 4], #-y310m ans ocHoBHOro onepatopa A€ [9, H1?) Hasbl-
BAETCsl COBOKYMHOCTb TM/IbOEPTOBbIX NPOCTPAHCTB $, ® 1 onepatopos A€ [H, H),

S€[®, 9], J€[®, ®], Takux uTO
. ay

2 _ *
3 ], Je=1LJ"=J.

(1. 1) ImA = SJS* [ A=

W-y35y COMOCTABNACTCA XAPAKMepUCIuUueckasn GynKyus (W -pynicyus), onpenen-
€HHasl PaBEHCTBOM )

(1.2) W(/l) = 1+ 2iJS*(A* = A1)~ 'S (Zéa(A,)).

OTta (by;muml 6sia BeeneHa M. C. Bponckum [3, 4] B 0bobiueHne onpeaeneHus
W-xapaxrepucrtuueckoi ¢ynkumnu, npegnoxensHoro M. C. JIuswnuem [19]. Onpe-
nenenve W-GyHKuMKM OMYCKAaeT eCTEeCTBEHHOE PACLIMPEHME Ha Cllyuali HEorpaHu-
YEHHOTrO ONEPATOpPa C OFpaHUYEHHOH MHMMON KOMMOHeHTHOI [20, 21}

Bonee cnoxuHbIM SIBJISETCSA TOHSATUE XapaKTepHCTHUecKo (yHKLUUM onepaTopa
«6nu3koroy» ¥ yHutapHoMy (@-(yHKUMH), KOTOPOE CPABHUTENbHO HEAABHO MOSIBU-
NOCh B PA3JIMYHBIX HCCIENOBAHMAX.

Mycte T — uekoTopbiil onepatop u3 [9H, H)- Bceraa HalaeTca TruabL6epToBO
npocrpanctBo & u onepatoput R€ [®, H] u J € [®, G] rakue, yTo
(1.3) ' I-T*T=RJR*, Ji=1 J*=J.

B caMoM Zene, 3TOr0 MOXHO JOCTHTHYTb, MOJIOXHB, Hénpnmep,
(1.4) 6 =D (=(=T"T)9), J=sign(I—T*T)|D;, R=|I-T*T}D,.

Ecan onepatop T obpatum (T-'¢[9H, H]), TO COBOKYMHOCTL MPOCTPAHCTB
$H, ® u oneparopos T, R,J cBsazaHHBIX Mexay coboro cooTHoweHusMu (1. 3),
HazoBeM %-y3iom v 0DO3HAUYHM CHMBOJIOM

(1.5 Y=(9,6;T, R, J).

TTpu 3ToM onepatop T HAa30BEM OCHOGHbIM ONEPATOPOM %/-y3na. OUEBHIAHO, YTO
CYLUECTBYET MHOXECTBO Pa3JIMYHBIX Y3JIOB C OCHOBHbIM omnepatopoM T. Crenyer
NOYEPKHYTb, 4TO mnaxe npu (ukcupoBaHHoM &, ecan oHO 6GECKOHEUHOMEPHO,
M (PUKCHPOBAHHOM J, €CNiM OHO MHAE(GMHUTHO, BO3MOXHO BKJIOuYeHHe onepaTopa T
B pa3iinuHble @-y3Nibl, B KOTOPHIX OMEPATOpPs R GymyT OTAHYATHLCS APYr OT ApYra
HA HEOTPAHHMUYEHHBIE TIPABbIE «J-YHUTAPHBIE» MHOKHTEH.

2) Ecnu 9., H, — rrabbepToBBl NpOCTpaHcTBa, TO CHMBOJIOM [$;, H,] o6o3nauaerca
MHOECTBO BCEX JIMHEHHBIX OTPAHUYEHHBIX OTIEPATOPOB, HEHCTBYIOWMX U3 $H, B H,. Adna A ¢[H, H)
yepe3 o(A) obo3navaercss cnexTp omeparopa A. A )

%) Hekoropsie aBropsl, B uactHoctu, M. C. bpouckuii 3ANHCBIBAIOT W-(DYHKLIO B MHOM

BUIE: .
WQ) = I-2iS*"(A—-21)""'SJ  (AZa(A)).
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NMemwma 1.1. Jua ao6oz0 y3aa (1.5) waiidemcs obpamumblii  onepamop:
Ke [®, ] maxoii, umo

(1.6) J—R*R = K*JK.

Ecau obpamumeiit onepamop K€ [®, ©®] ydosaemsopsem ycaosuio (1.6), mo ow:.
npedcmasgum 8 sude '

(1.7) K=UxH,,

20e Uy, Hy€ [6, ®] — onepamopst, obaadarouue c/le()ylou{uMu ceolicmeamu
(1.8) UgIUo = Uy JUG = J, '
(1.9) HE = I—JR*R, o(Hy)C(0, ), (JHy* = JH,.

- NokazatenbcTBo. Crnextp onepatopa RJR* = [ —T*T nexut Ha .‘()]j}(pbl-?
TOM uHTepBase (— oo, 1). CnenosaTeNbHo*), HA 3TOM Ke MHTEPBAJIE PACMOJIOKEH
cnektp onepatopa JR*R. Takum obpasom, onepatop G = I —JR*R obnanaer
MOJIOKHUTENIbHBIM ClleKTpoM U obGpatum. Kpome Toro, G sBasieTes J-camoconpsi--
KeHHbIM onepaTtopoM. B cuny teopemst B. 1. TToranosa u FO. 1. Tun3bypra
[23, 24] (cm. Takxe [25]) Bcakuil obpaTumbiii J-caMOCONpPsSKEHHbIX onepatop G
C TOJIOXUTETEHBIM CMeKTpPOM ABASETCA KBAafAPAaTOM HEKOTOPOro o6paTHMOro
J-camoconpsikennoro onepatopa Hy=G?* ¢ nonoxutenbHpiM criektpoM. Creno--
BaTeJIbHO,

J—R*R = JG = (JGtGH* = (GH*(JGH* = (GH*IGY
U MOXHO MOJOXKNTE K= G*t.%) ‘

Ilycte oOpaTtumblii onepatop K€ [6, ®] ynosnetBopsier ycaosuto (1. 6)..
‘Orcrona u-u3 teopeMbl ITotamoBa—I uH36ypra [23, 24] (cM. Takxke TeopeMbl.
4.3, 5.2 crateu [25]) BbiTekarot dopmynsl (1. 8) u (1. 9). Jlemma nokasana.

Xapaxkmepucmuuecroii gynxyueii (O-pyurxyueit) yzara (1.5) HaspiBaeTcs (QyHK--
s Og4((), onpeneneHHas paBeHCTBOM :

(1. 10) Oy(§) = J(A*) "(J-R(I~LTHT'R)  ((€al(TH™]),
rae K — npou3BosibHbIi 06paTumslit onepatop u3 [6, G ], seasiowmiics peleHreM:

ypaBuenus (1. 6). Takum oGpaszom, O-@dyrkyus onpedeatemca ¢ moyHOCMbIO 00
Ae6020 J-ynumapnozo mnoxcumeas U¢E[®, G).

4) DTO yTBEpKIEHHE BbITEKAECT W3 M3BECTHOTO TIPEANIOXKEHHS [22] O TOM, YTO ecnu orepa--
T0p BA— Al (A#0) obpatum, TOo obpatum omnepatop AB— Al, npuuem

. 1 1 i
AB-IN"'= ——[]—— AB+-— (BA—AI)"'BAB.
( ) A A2 A ¢ )
B ganbHeiiuieM Mbl HEOLHOKPATHO OydeM TOJb30BaThCH COOTHOWEHUEM A(BA—A1)"' =:
(AB—AI)"'A, xoTopoe BbITeKkaeT M3 O4eBUAHOro paBeHcTBa A(BA—Al) = (AB— A1) A.
%) Jloka3aTenbCTBOM 3TOro mnpenjioxkeHuss aBropel obsasanbl 10. JI. Uimynesany.
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Mpbl He OyneM pasnudaTbh O-hyHKUMM, OTBEYAIOLIME OJHOMY M TOMY X Y3IIy.

3aMetuM, uto O4(0) = J(K*)"'(J —R*R) = J(K*)"'K*JK = K, u no3Tomy
(1.11) 04(0)JO04() = J—R*(I-(T*)"'R. ‘

IMonuepkueM, 4TO M 06paTHO, 6cakasa onepamop-gyukyus O (), oaa kKomopoii
sbinoanaemca  pasencmgo  O*(0)JO() =J —R*(I—-{T*)"'R u onepamop
. 0(0) €[®, 6] obpamum (0~'(0) € [6, 1), nsanemca Hekomopoii xapakmepucmu-
yeckoll gyuryueii ysaa Y = (9, ®; T, R, J).

O-pyukuun ¥-y3noB, B KOTOpHIX omnepaTtop 7 SBIsE€TCA OCHOBHBIM, Oyaem
‘HasplBaTh O-@dynkyuamu onepamopa T.

OTMETHM, YTO B YAaCTHOM ciydae, koraa ®, R u J BEHIOPaHBI B COOTBETCTBUU
«c pasenctBamu (1. 4), onepatop K crenyeT nojoxuTe pasHeiM cyxennto UT|Dr,
rae - U — Kako#H-nuGO JIMHEIHBI OrpaHH4EHHbI OMEpaTop, ACHCTBYIOWMA H3
TpoctpakctBa Dy = ([ —TT*)H B mpocTpaHcTBO D TaK, 4TO

U¥JUJpe, UdpU* =J  (Jpx = sign (T —TT*) | Dys).
‘Torna @-pyHkuus MpUMET BUL ‘
(1.12) O4(0) = U(Jpu(T*)" ' T = Jpu(T*)~ I =T*TFI-{T*)"! [I—T*T[*)|5DT.

Ecan oT6pockTs MHOXHTEdb U 1 MPOM3BECTH HEKOTOpHIE MPOCThie Mpeobpa-
30BaHUA, TO MPUAEM K omnepaTop-pyHKLIHH

(1.13) Or(0) = (T =L I =TT (I={T*) ' |- T*T|*)| Dy.
Buauenuss 3Toil GynKuud npuaaanexat [Dy, D). Oynkuus (1. 13) umeeT cMbich

s obsix onepatopos T [9, HI.
IMosicuum, kak w3 (1. 12) nomyyuts (1. 13). BBuay paBeHcTB

(T~ "U=T*TP = [I-TT**(TH~!
(TN AT~ = (T +Ld -1t
‘UMEEM 110 OTOpPacBIBAHHH MHOXHUTENs. %
(1.14) @T(C). = (U (T =Jpe(T) M I-T*T| -
— U [ = TT*E(I = (T*)~ " |{I- T*T}#)| Dy
Tax xak (T*)~'J = Jpao(T*)~!| Dy, TO ‘

Jre(T) N I=T*T|| Dy = Jpe(T*) " JI=T*T)| Dy = (Jpu(T*)~1J~T)| Dy
TMoncrasnsist HaiiieHHOE 3HAYeHWE ONEpaTopa :IT*(T*)“ll—T* T”ZDT B ¢op-
wmyay (1. 14), npugem k (1. 13).

Bnepseie xapaktepucThueckas ¢ynkuus B Bume (1. 13) Obuta ompeneneHa

TO. JI. limynssHoM [10], koTOpEIi Moka3an, 4TO 3TO ONpeNEICHHE IKBUBAJIEHTHO
JaunoMy M. C. JIuswiuuem u B. II. ITotanoBwem [9]. ITocnenuue, mpasna,
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paccMaTpuBaliM JIMUWb ciayd4ald Dy = Dpe<oo, rae Oy = dim({ —T* ﬂg Onno-
Bpemenno 0. JI. LIMynbaH nokasan, 4To onpeneedne 3THX JIBYX aBTOPOB pac-
npocTpaHsieTcs Ha oOWMiA ciyuai to6bIX Dy, Dys.

B cnydae cxatusi, T. e. npu J =1 ¢yukuusa (1. 13) npuHumaeT BUI

(1.15) Oy (Q) = (T—LU—TT*H(I~{T*) (I~T*T))| ;.

MMeHnHo 3TUM paBeHCTBOM oMnpenensiiv xapakrepucTnueckyro pyukuuio B. C.-Hanop
v Y. dosAm, KOTOpbIE NPUULTM K HEH HE3aBUCHMBIM W BECHMAa OPHTHHANBHBIM
nmyrem [13, 14].

HOnsa obpatumoro onepatopa T W Dy <oo paBenctsom (1. 11) B MaTpuuHoii
thopme onpenensn xapakrepucruueckyro dynkumio A. B. Kyxens [11].

§ 2. OcnoBHble TOXIeCTBA H HEPABEHCTBA

ToxpmecTsa, nonyyaembie B 3ToM maparpade, o6obiiatoT paseHcTBO (1. 11);
OHU WIPAIOT BAXHYIO POSib B AaNbHENHLLEM.

Teopema 2. 1. (Ocnopuble TOXAECTBA) [Tycmb Ogf(0) — xapaxkmepucmu-
" yeckaa gyuxyun yzaa (1. 5). Toz2da 041 moborx {, n€6[(T*)~ '] cnpasedauevt coom-
HOWeHU A

@1 04 (N IOy (L) = J—(1L— LR (I—AT) " (I~LT*)" 'R,
@2 OuIONm) = J— (1~ IDS U—LIT") ' (I—=iT)"'S,

20¢ S = TROZ'(0)J.

"~ HokasatenbctBo. Cornacuo (1. 10)
05 O () = (J— F()(K*JK)~'(J = F*(©)),
rae F({) = R*(I -{T)~'R u, ctano 6bITh, '
0% (1104 () = J(K*JK)~ T — F(n) (K*JK)~*J— ‘
—J(K*JK)~ F*(Q)+ F(n) (K*JK) ™' F*(0).

TTpeobpasyeM kaxaoe 3 clliaraeMbix NpaBOW YACTH MOCJEIHETO PABEHCTBA,
Tak xakx '

(2.3)  R(K*JK)"'J=R(UJ~R*R)"'J=(—RJIR)™'R = (T*T) 'R,
TO

L F)(K*JK)='J = R*T-'U—q7T)""(T*)~'R
; _

J(K*JK)'F*(() = R*T'(I-{T*)""(T*)"'R.

10 A
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bopmyna R(K*JK)~ 1R* = T I =TT*)(T*)", BLITEKAIOLIAS W3, 2.3),
NOCPE/ICTBEHHO BJEYeT 3a co0oif paBeHCTBO

F(n) (K*JK)™" F*({) = R*T =" (I—qT)~'(I-TT*) (I—C_T*)”(T*)"R-
Takum obpasom, . ' .
Q. 4) 05Oy () = J(K*IK) ' T—R* TG, ) (T*) 'R

rae
2.3) G, 0) = U~AT) "+ (L") (= iT)~ (=TT (I~ (T,
y‘lMTblBaﬂ; YTo ' |
I=AT) T A=) = 5= (=) =) (=T 1),

MOJYYUM ‘ ‘

G, O = [1*—] ((I=AT) '+~ {TH ™ = —iT) "I {T*) ' =1)+1,
WM '

G(n, O) = 1—{1—£—ﬁ] ((I-ﬁT)‘l—I)((I—’_.(T*)‘l —1).
OTcrona cnenyer
(2.6) G(n, §) = I+(1~UNTU~AT) ™ (I~ (T T*
Ioxncrasass seipaxenue ana G(n, {) u3 (2. 6) B (2. 4), noay4um
05 JOg () = J(K*JK) ' J—~R* T~ (T*)"'R—
: —(I={R* =Ty~ (I {T*)"'R.
Ha xoner,
R*(T*T)~'R = R*(I—RJR")"'R =J(J—R*R)"'R*R =
= J(K*JK)"'R*R = J(K*JK)~1J—J.
W3 nmocneaHux ABYX PaBEHCTB BbITEKaeT ToxAecTso (2. 1). .
TlepeiineM k moKa3aTenbCTBY ToXxaecTsa (2. 2). Jlns 3TOro paccMOTPUM Mpo-
M3BEEHHE
K*JO4(0)JO%()JK = (J— R*(I—{T*)~* R)J(J— R*(I—AT)~ ' R).
Jlerxo BuneTh, yTO '
K* J@@,(C)JO n)JK = J—R*G (r], OR,

e Gy (1, 0) = (=)' + (LT —(I— (T U~ T*T)U~iT)"".
AHaNoTHYHO TOMY, Kak OBIIO NokKa3aHo, YTo (yHKuHs (2. 5) npencTtaBiMa B BUAE
(2. 6), noxa3piBaeTcs paBEHCTBO

Go(n, 0) = I+ (1= L) T*(U = {T%)~ ' U—iT)~'T,
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H TIO3TOMY : : :
K*O4(0)JOY (N JIK = J R*R— (l—Cn)R*T*(I (TX~Y(I—-7T)" 1TR
VMuoxas obe 4acTH NOCNEAHEro PABEHCTBA CCBA M CNPaBa COOTBETCTBEHHO HA

(K*J)~' u (JK)~', npniinem k Toxnectsy (2.2). Teopema nokasana.

Cnencteue 2. 1. flyems Oy () — xapaxmepucmuueckas gyuxius y3aa (1. 5).
Tozoa

@.7) J- 6} [%] J04(0) = 0, J— 0400} [%] —0 (LI EelT))
u ; ‘
=0 (|{|<D)
2.8) J—0,(0I0LQ, J-050I0,MI=0 (l=1) (Cal(T)).
=0 (=1

Takum  ob6pazom, 9@(5) ﬂBn;ieTCﬂ IBYCTOpOHHUM J-cxaTuem®), ecnu |{| <1

((€a[(T*)~']) u J-pacTaxennem, ecan [{[>1 ((€a[(T*)~']). '
Cnencrtaue 2.2, Ecau mouka n=e~'% (0=¢<2m) pezyanpna ous onepamopa

T, mo npu coomeemcmevioujem evibope onepamopa K :

2.9) Oy () = I—(1 =) JR* (I —€e*T)""(I-({T*) 'R

B camoMm ziefie, u3 paBeHcTBa (2. 8) BbiTekaeT, uTo onepatop O* (e~ ) ssasercs
J-yuutapubim. CrenopaTtensho, nonaras B ¢opmyne (2. 1) y=e~ " u yuuTbiBas,
yTo @ — dyHkuns O, (L) onpenensercs ¢ TOUYHOCTbIO AO. JE€BOro J-yHHTapHOro
H OXUTENd, NpuieM K paeeHcTy (2. 9).

§ 3. Xapakrepucruieckue ¢yHkunn upoﬁno-nﬁneﬁublx
npeoOpa3oBanuii oneparopa

B atoMm naparpade wuccienyercs cBssb Mexay O-Qyukuumamu onepatopa T
H O-Qynkunamu ero ApobHo nuHeliHbIX Mpeobpa3oBannii. [NpuBoauMble nBe .TEO-
peMbl OTBEYAIOT ClyyasM OTOOpaxKeHUs! Kpyra B Kpyr M Kpyra B TIOJIYMJIOCKOCTb. -

Teopema 3. 1. lTyeme ¥ = (9,®; T, R, J) — nexomopetii ysea. Ecau nouxa
a (la| #1) maroea, umo aco(T) u 1ja€ao(T), mo cosokynnocms ¥, cocmoswasn
uz npocmpancms 9, & u onepamopos T, = (T—al)I—aT)™ ",
R, = (1—l|a|®*(I —aT*)~'R, J obpazyem ysea u

‘ ‘ (+a) _ o
3.1 - e@[m]—@%@.

%) Onepatop A<[H, H] HasbiBaeTcs J-cxkaTuem (J-pacTameHUEM), €CNN
J—A*JA =0 (J-A*JA =0)
U BBYCTOPOHHUM J-ckaTnem (J-pacTsiKeHuem), ecin, Kpome Toro,
J—AJA* =0 (J—AJAT = 0).

10*
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HoxazatensctBo. ObpaTumocts onepatropa 7, oqunm{a. Nmeem
I-TT,=I—(I—aT*"Y(T*—al)(T—al)(I—aT)™!
= —al* ' [(I—-aT* (- al)—(T*—al)(T—al)](I-- aT) L

Jlerko npoBepuTh, YTO BbIPAXKEHHE, CTOsALIEE B KBAAPATHLIX CKOOKAX, MPEACTABUMO
B Buge (1 —|a|?)(I —=T*T) = (1 —|a|*)RJR*, u, nostomy,

I-T!T, = (1—la|®)(I—aT*)~' RJIR*(I—aT)~" = R,JR},

TaK YTO COBOKYNHOCTb %/, meficTBUTENIbHO OOpa3yeT y3en.
Ha ocHosanuu (2. 1)

(3.2) 0% (@) 0y (a) = J—(1 - |a|>) R*(I—aT)~" (I—aT*)~ 'R,

(3.3 05Oy () =J—(1—al)R*(I—al)""(I-{'T*)"'R.
TMonaras K, = 6@‘((1), noayuum u3 (3.2) K%K, = J—RfRa, M, CHAENOBATEJBHO,
G.4) 04, (0) = J(O% @)~ (J~ RE(I~(T3) ' R).
Heﬁocpencmenﬂble BbIUMCIIEHUS Noka3biBaloT, uto npu (' = ((+a)(1 +al)~1!
3.5 (A —al)(~0'T* = (1~ |a) [~ LTH)~ (I —aT*)".

W3 (3. 3) BLITEKAET YK€ PaBEHCTBO _
Oy () = J(Oh(@) ' (J—(1—=al)R*(I—aT)" ' (I-{'T*)™'R),
OTKyA2 C NOMOUIbIO (3.5) n (3. 4) umeem:
Oy () = HO(@)™ (I~ (1 ~la)R*(I=aT) " (1= (1) (I~ aT*) 7 R) =
= J(04(@) ' (J=R:(U—LTF)™ ' R,) = Oy, ().

Teopema noka3aHa.
IOns cnyuas cKaTHA M XapaKTePUCTHUYECKON (PYHKLWH, ONpEaesIEHHOH pPaBeH-
creoMm (1. 15), aty Teopemy nonyuwnu b. C.-Hans n Y. ®osw [14].
[TpousBosibHOe ApoOHO-TMHEHHOE npeoGpaszoBanue, oToGpaxalowiee Kpyr Ha
Kpyr, MOXeT ObITb 3amucaHo B BHAE

(3.6) U =@+pHE+pO""  (al>=18%)

win ' = e(C+a)y(1+af) !, rne a=pa~', a ¢ =a/d. Tlocnegnee oTaHuaeTCH OT
npeobpasoBanus, 0 KOTOPOM HWAET pevb B Teopeme 3.1, NHUIbL MHOXHTEJIEM E.
OTcroma yxe Nerko 3akirouuTb, YTo Teopema 3. 1 pacnpocTpaHseTcs Ha cayuai
obwero npeobpasosanus (3. 6), T. €. MMeeT MeCTO PaBEHCTBO

-OW(C,) = @@/'(‘:),
rue ”’J’_— y3€J1, COCTOSILIHI U3 NPOCTPaHCTB 9, ® u onepaTopos

= @ —BI) @I~ BT)~", R = (o>~ | @I~ BT 'R, J.
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EcTecTBEHHO, 4TO NPH 3TOM MPUXOAMTCS TpeboBaTh, 4TOObI ToukH a/f W B/a
He TIpYMHAaexKanu cnekTpy oneparopa 7. 3aMeTuM, 4TO nepexolbt oT onepatopa T
K T” u oT nepeMeHHOi { kK {’ coBeplIatoTCsA C NOMOLLBIO B3aUMHO OOPATHBIX TIpe-
o6pa3oBaHuii. '

Teopema 3.2. Myems ¥ = (9, ®; T, R, J) — nexomopuiii yzea. Ecau mouka
n =e~'% pezyaapna 0aa onepamopa T, Mo COBOKYRHOCMb, COCMOAWAR U3 Npocm-
pancme 9, ® u onepamopos

(3.7 A=i(I+e*TY(I—¢*T)"", S=(I—e*T* 'R, J
obpazyem W-yzea u

' e 41
(3.8) W[’%ﬂ?] = 04()).

HoxazaTtenbcTBO. Jlerko nokasartsb, 4TO
A—A* = i(I—e= 0 T*)=1[(I— e~ T*) (I+ € T) +
FU+eOT*) ([—e?TY (I— e T)"?
(I~e *TH(I+eoT)+(I+e " °T*) (I—e*T) = 2(I—T*T).
CnenoBaTeiibHO,
Imd = (I—e- 0T '(I=T*T)(I—¢®T)~! = SIS*.

OTClONa BLITEKAET, YTO COBOKYNHOCTbL NPOCTPAHCTB Sj, ® u onepatopos 4, S,J
IeHCTBUTENbHO 00pa3yeT ¥/-y3e.
TMycre ¢ = i(Ce” +1)(1 —e?)~'. Tak xak

A =T =—i(J—e~®T*) 1 (I e®T*)—i(lei + 1) (1 —{e®)~ 1] =
= —i(1=Le®) ! (I—e=T*)~ " [(1 — L") (I + e T*) 4 ({e® + 1) (I e~ T*)]

H
(I1=Ce?Y(I+e ®T*+ L +1)(I—e T*) = 21— T*T), o
TO .
x __ prpy—1 1 —{e* *y— 1 ) -1
3.9 (A*—-¢'N~'=— 3 (J—-L{T*)y"'(I—e~'eT*~ 1

Kaxk unsBectHo
WY = 1+2iJS*(A*-¢' 1) 18S.
Bvay G.7Du@G9Y
Wy =1- (I—Ce"")JR*(I ) 1(I {T*"1R,
4YTO B COYETAHUHU CO CJEACTBUEM 2.2 naeT yTBepmleHue TEOPEMBI.
K »3Toif TeopeMe MOXHO CAeNaThb 3aMeYaHHE, AHAJNOTMYHOE TOMY, KOTOpOE

Ob1J10 caenaHo kK npeapiayuleii Teopeme. [peodbpaszosanue (" = i({e™ +1)(1 —Le)~ !
MOXHO 3aMEHHTb JIIOObIM IPOOHO-IMHEHHBIM NMpeodpa3oBaHueM, O0TOOpPaXArOLHM
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KPYT Ha BEPXHIOIO MOJYMJIOCKOCTb, JHIIb Obl omepatop 7 monmyckan oGpaTHoe
npeodpasosaHuc. IDTO yTBepkAeHHe BBITEKaeT u3 OOKa3aHHOH TeopeMbl 3.2 M
‘CNEDYIOWIETO NPEATIOKEHUA, -
Teopema 3.3. Iyems W= (9, ®; A,S,J) — nekomopwiii yzea, a
= (@ + B +8)"" (a, B, v, 6 — sewecmeennvie uucaa u 0d — yf=0), — xarxoe-
/11160 apeobpaszosaniue, omobpadcaroujee GepXHIO NOAYNAOCKOCING Ha cebAa. Ecau
onepamop T donyckaem obpamuoe npeobpaszosaiue

=(pI-8A)(yA—al)™'  (afy€a(4)),
mo .
(3. 10) SW() =W (),

20e W'({) — xapaxmepucmuvecrkasn dyuxyus yzaa W, cocmoauje2o us npocmpancms

», ® u onepamopos .
A S = (@b =By (yA—al)”'S, J,

. : . o
a U — J-ynumapnulii onepamop, seiuucademsiii no gopmyqae U = U*(—] J.
T ‘ . Y

. JJokazaTenbCTBO: aHaNOTMYHO A0Ka3aTeSibCcTBY Teopembl 3. 2. [Tpu stom
BMecTo dopMyast (2. 1) ucnons3yetcs caeayrowas (cm. [4])

W*(m)JW () = J+2i(f—)S* (A —7l)~ ' (A* =)~ ''S.

§ 4. YHHTapHO-IKBHBAJIEHTHbIE U MPOCTHIC Y3JIbI

Vbl _
CY Y =(91,0;T,,R,J), ¥ =(9:6;T,,R;,J)
" 'HA30BEM YHUMAPHO-IKEUSAACHMHbIMUT), ECIIA CYLIECTBYET M3OMETPHYECKHUii onepa-
Top Ue[gl, $,] Takoii, uTo \ '

(4.2) ot = T2U UR, = R,.

Ecnu y3nbl (4. 1) yHMTapHO IKBMBAJIEHTHbI, TO, KaK JIEFKO BHOETh, O, ({)=
= Og,({). ObpaTHOEe yTBepxaeHue, BoobLIe roBops, HeBepHo. JlelicTBUTENbHO,
ecay y3enm ¥, apisercs HecyujecmeenHoim pacuupenues yina ¥, T e.

9:=9:9%, T/=T:f (e9). Rig= Rzg (g€ ®)
u cyxenue T, Ha npOCTpaHCTBo Sjo €CTb YHHUTAPHBI onepaTop, TO 0@,1(() O4, (D),

XOTsA PaBEHCTBO (4 2) H He BbIMOJHACTCS.

) Momuo 6110 ObI BBECTH HOHﬂTHC ydeapHon SKBHBAJIEHTHOCTH Ge3 NpeAnsioXeHHs,
YTO y371bl COflepaT OAHU | Te xe IpocTpaHcTBa ®, 0JHAKG st JaNBHEMILETO 3TO HE CYLUECTBEHHO.
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Takum 06pa3oM, o6paTHOE YTBEPKIEHUE MOXET HMETh MECTO JIHLIb TNPH
HEKOTOPOM [OMONIHUTENLHOM YCIIOBUH. [yt Toro, utobbt ero chopmynuposars,
nonoxum ang yzna ¥ = (9, 6; T, R, J):

De = V T"RG. 8)
OueBnano, THy < Hy. Tak Kak Hy ODRG, TO S')@,:)RJR*S') (J-T*T)H, u,
ctano 66t (I —T*T)H5 =0 (Hz = HOHg). C Apyroit CTOPOHDI, H3 PABEHCTB

T*T"RG = —(I—T*T)T""'R6 +T"~'RG = — RJR*T"~'RG + T"~ ' RG

cnenyer, uro T*H, C He. [Mostomy onepatop T MHIYUMPYET B $H3 YHHTAPHBIA
oneparop. ‘
Vien % HazoBeM npocmbiM, €Cid Dy =9.
B cuny WHBAPHAHTHOCTH TIPOCTPAHCTBA V)g, .OTHOCHTENIbHO omepaTopoB T
u T* npocTpaHcTBO
Do+ = V (T*)'RG

conepkuTca B Hy. INonplysace Gopmynamu
| T"RG = —(T*)'(I=T*T)T" ' RG +(T*~'T" 'R =
= —(T*) ' RIR*T""'RG +(T*)~' T"~ ' RG,
T "RG = (I T*TYT"RG4+T*T~"t'RG = RIR*T"RG+T*T-"*'RG,

JIETKO 0Ka3aTh, UTO HgC He+. ChenoBatenbHO Hy = Dy ol NOMOUIBIO 3TOFO
PaBEHCTBA, UCHOJb3YS XOPOLUO U3BECTHBIE MpHeMbl (cM. [19, 12] u [4]), noka3miBa-
erca Tpe6yeM0e «obpaTHoE» yTBepmneHue :

Teopema 4. 1.%) Ecau yzant (4 l) npocmble U 8 HeKOMopoii okpecmHOCMU
mouxu [ =0 umeem mecmo moxicdecmao :

(4.3) o Oq,(0) = @@2(5)
mo y3ael ¥y u ¥, yHUMAPHO IKEUEANEHITIHDI.

Noxa3zaTenbcTBo. B camom nene, K3 YKa3aHHOro TOXIECTBA M (2. 1) cne-
AYyeT, 4TO '
=T ) I =L{TH 'Ry = RE(I—7T,) " "(I-{T3)" 'Ry,
OTKyAa
4.4 R*TI(T YR, —R*TZ(T ’R, (n=0,1,2,...).

%) Cumposiom V &, rae ®, — noavHoxecTsa U3 $, obo3uavaercs, kak-B [14], TuHeinas
neEN
3amKHyTas 0607104ka obbeanHeHUS BCex ®,.(n€eN).

%) PoacTBeHHas TeopeMa, HO npu APYTUX YCIOBMAX OTHOCHTEIILHO onepaTopa T umeetcs
B pabote [26). :
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B cuny otHowenuii (2. 7) Toxnecrso (4. 3) UMEET MECTO M NMPH JOCTATOYHO
6onbiunx {, T.e. B OKpeCTHOCTH ToukM { =0 Takxke

“s ot =0ufl).

CnenosartenbHo,
RIGI=T ) I-T) 'R, = R,({I—T,)"'¢I-T3)"'R,

M, 3HAYUT, COOTHOIUEHHS (4. 4) HMEIOT MecTO Takxe npu n= —1, —2, ....
Taxum ob6pazom, onepatop U, onpenesieHHbIH paBEHCTBOM

(4.6) UTTY'R, = (T3'R,  (n=0, £1, £2,..)

usoMerpuuen. On pericteyeT n3 i, B iU, Tne

=V THYRG  (j=1,2).

n=—co

B cuny npoctoTs y3710B % ; MHOXeECTBA U ; IIOTHBL B ; U, 03TOMY, onepaTop U

MOXeT OBITH PaCIIUpeH OO U30METPHUUYECKOTro omepaTopa, neucmy}omero u3 9,

B 9,. O0o3HaYUM 3TO pacluupeHue TeM Xe CuMBojioM U.
Ha ochoBanum (4. 6) UR, =R, u

~

UT{(T)'R, = T3(T3)'R, = T3 U(TI)R,.

Otcrona BeiTekaet, uro UTf = T5 U w, crano 6wits, UT, = T,U.

§ 5. OcnoBnas semma

Ilpu BOCCTaHOBNIEHHH %-y37a TIO €ro XapaKTepHcTHueckol (yHxuwu, ¢yuna-
MEHTAJIbHYK pOJib HIpaeT CleAylollee MpeaioKeHne:

Jdemma 5. 1. ITyeme $ u & — nexomopvie 2unvbepmossi npocmpancmea,
J(€[6, ©) — cuenamypusiit onepamop (J* =1, J*=J) u w(() — onepamop-gyiix-
Yua, onpedeseHHAA PageHCcmeom

(5.1) o) = S* U+ (U~LI)71S,

20e U — ynumapnuiii onepamop, c)eucmeyfou/uu 8 9, a S — onepamop u3z mHoMCECMEA
6, 5.

Ecau onepamope I1-JS*S, 1+JS*S o6pamumel, mo ¢ ()ocmamoww Maioii
oxpecmuocmu W mouxku { =0 onepamop-pyuxyua I+Jw () obpamuma, a onepa-
mop-@ynxyus
(5.2) IO =(I-Jo@Q)U+Jo@)™" (W
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donyckaem npedcmagierue

5.3) 9O = JFO) U= R ALY R),

20e ) ‘ .
(5.4 R=2(+5J8""'S, T = U(I+SJS*)"'(I—SIS?).

HNoxazartenbctBo. U3 obpatuMoctu onepatopa I+Jw(0) = I1+JS*S
‘BBITEKaeT O0OPaTUMOCTH ONEPATOPOB

I+Jo@) = I1+IS*(U+LDHU~L)'S (e,
I+ SIS*(U+LDH(U—LD™" (L), T+SJS*.
Kpome Toro, CripaBeaNvBbi PaBEHCTBA -

(5.5 (I+SISHU+LH UL~ 'S =S+ Jw ()" (e
H .
(5.6) (I+JS*S)"1JS* = JS*(I+ SISH L.
Tax xkax - .
SO =2(l+Jo(@)" ' =1, 90) =2(I+JS*S) ' -1,
1O pa3Hocth J({) — 3(0) MOXHO NMpeACTaBHTbL B BHIE
8()—-9(0) = 2(I+Jw(@)) ' =2(I+JS*S)" ! =
=2(I+JS*S) 1 J(S*S—w (D)) (I+Jw (0)~ .
YuuTEIBasA, 4TO
S*S—w() = =2S*U-LDH~'S,
U n(.)m>3y;105 (5.5) u (5. 6), nonyuum _
3 (O—9(0) = —4LIS*(I+ SIS U~ ' (T+SISHUHLDHU =L~ 1) 1s.
C NoMOIlbI0O HECJOXHBIX NMpeoOGpa3zoBaHHi JIETKO YCTAHOBHTb COOTHOLUCHUE
U=~ (I+SIS*U+LH U=~ ") 'S = U*(I——(T*)“R,'
rae oneparopel 7 v R onpenenenst popmynamu (5. 4) u, crano 6wiTh,

3D = 30)+A©),
AQ) = —20JS*(I+SIS*) ' u*(I-{T*) 'R

rjae

U3 obpatumoctn I —JS*S BwiTekaer ob6patumocts 9(0) M mosromy
5.7 3(0) = J(9*(0))~ 1 (9*(0)J3(0) + 9* (0) JA*(0)).

PaccMOTpUM B OTAENBHOCTH KaXAO€ M3 CllaraeMbIX, CTOSIILUX B KBaIApaTHBIX
CKOOKax.
"~ Hcxons u3 paBeHCTBa

$*(0)J9(0) = (I+5*SJ)~ 1 (I—S*SJ)J(I-IS*S) (I+IS*S)7*,
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MoNy4dM »
9 (0)J9(0)—J =

= (I+5*SJ)~ " [(I~ $*SJ)J(I - JS*S)—(I+ 5*ST)J(I+ IS* S|+ JS*5)~" =

= —4([+S*SS)"'S*SI+JS*S)~ .
Takum obpazom,

{5.8) : 9%(0)J9(0) = J—R*R..
Tak xak 9%(0)S* = S*(I+SJS*)~1(I—SJS*), T0
(5.9) . FOVJAD) =

= —2S*(I+SJS*)~"'(I—-SIS*)(I+ SJS*)"U*([;CT*)"R =
= —(R*T*(I—{T*)"'R = R*R— R*(I—{T*)~'R.
U3 (5. )—(5.9) cnemyeT, uro '
9() = J(9(O)" ' (J—R*U~LT*)"'R).

JlemMMa Ji0KazaHa.

§ 6. BoccranobienHe y3/1a N0 €ro XapakTepHCTHYeCKOH (yHKumm

1. TTycte & — HexoTOpOE TUNLOEPTOBO NpocTpaHCcTBO, a J(€ [®, ®]) — cue-
Jlamypuolli onepamop, T. e. J2=I, J*=J. O6o3Hauum vuepes W (J) MHO*eECTBO
BCex onepaTop-(yukiuit O (() co 3Haveunsmu i3 [G, G), y10BAETBOPAIOIUX YCIO-
BUSIM: A -

I. dysxuus O ({) onpenenena u rosioMopdhHa B HEKOTOPOI OKPECTHOCTH TOMKU

II. onepatop ©(0) sBAsercs OOGpPaTUMBIM .IABYCTOPOHHUM J-CKaTueM
(0*(0)J O(0) = J, ©0)JO*(0) = J); '

1II. onepaTop-GyHKkUus

(6.1 QQ) =JI-Us'e)(I+Us'00) ",
Tae onepatop U, B3aT u3 J-nmoaspHoro mpencTasieHusi onepatopa @ (0)!°),
6.2) OO =U,H, (U§JUy="UsJUy=J, (JHo)* = JH,, o(Ho)<(0, =),

JIOMYCKAeT aHAUTHYECKOE TPOTOJIKEHHE Ha Bech Kpyr |{| <1 H 3TO MpolnomkeHue
“VIAOBJIETBOPAET HEPABEHCTBY '

(6. 3) QO+ O=>0 (=D

10) TIo Teopeme IMoTanosa—Iwu36ypra [23, 24] (cM. Takxke [25]) Kaxdoe obpaTtumoe
.ABYCTOpOHHee J-COKaTHe NOTYCKAET €OMHCTBEHHOE J-TIONsSpHOE TPeACTaBlieHue BHIA (6.2). Tak
xax ouepatop [+Us'0@0) (=/+H,) obparum, To onepatop I--U5'@() obpatum B Heko-
“Topoit okpecTtHocTH Touku {=0. B 3TOi okpecrHocTH 3amaHa GyHkuma (6.1).
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Teopema 6.1. fTyemo zoaomopgnan 6 Hekomopoii oxpecmuocmu M mouxu
{ =0 onepamop-gynxyus O(() npunumaem suauenus uz (G, GJ.

Han mozo, umobvr cywecmeosar yzes ¥ = (9, ®; T, R, J) makoii, umo
O = 4L el), neobxodumo u docmamouro umober O (L) cWA(J).

IIpu evinoanenuu smozo ycaoeus ysea % moxncem 6Goimb 6bIGpPAll NPOCIBIM,
u mozda on 6ydem onpededen ¢ MOUHOCMbIO OO YHUMAPHOI IKGUBAACHINHOCINU,

HoxazatensctBo. [ly¢rs cywecrsyer y3en % = (9, ®; 7, R, J), Taxoii, .
uto @) =04() u Ox(0) = UyH, — J-nonsipHoe NpEACTABAEHHE onepaTopa
04(0) Bupa (6. 2). Ouesuaro, uro GyHxuus Og(() yaosnersopser ycaosusm I, II,
chopMynupoBaHHeIM npu onpeaeneHnu knacca A(J). ITokaxeM, YTO BHIMONHAETCS
Taxxe v ycnosue IIL '

IMonb3ysick paBEeHCTBOM @‘;(O)J-GQ(O) = J—R*R v nemmoii 1.1, nonyuum
(6.4) Hy = (I—JR*R)*. -

PaccMmoTpuM 06btuHOe noaspuoe npeacrasnenue 7= UH onepatopa T ¥ NOJOXUM

6.5) S =(+H) 'R
Jlerko BHAETbH, YTO
(6.6) H = (T*TY = (I- RJIR")*

H, KpO_MC TOrO, ’ . . .
JR*([+(I— RIR*)})~' = ([+(I—JR*R)})"'JR*,

(/+({—RJIR**)~'R = R(I+(I—JR*R)¥)~ .
ChnenosaTtenbHO, :
JR¥(I+H)Y ' =(I+Hy) " 'JR*, (I+H)"'R=R(I+Hy !

unu, BBUAY (6. 5)

6.7) JS* = (I+Hy)"'JR*, S = R(I+Hy) .

OTcrona umeem g . '

JS*S = (I+ Hy)~"JR*R(I+ Hy)™ !,

U M03TOMY '
I+JS*S = (I+ Hy) ' [({+ Ho)* +JR*RI(I+ Hy)~ L.

Ha. ocHoBanuu (6. 4) .
(I+Ho)*+JR*R = I+ 2H, + H3 +JR*R =

= 2[+2H0+H§—(1—JR*R) = 2(I+ Hy)
H, 3HAUNUT, : '
(6.8) I4+JS*S = 2(1+H0)".

" AuanoruvyHbIM 00pa3oM N0Ka3bIBAETCS PaBEHCTBO

(6.9) [—JS*S = 2Ho(I+ Ho)™ 1.
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B cuny (6.8) u (6.9)
(6.10) Hy=(I—-JS*S)(I+JS*S)" L.
[Toap3ysch onath paseHcTBoM (6. 5), Moayuum

. SJS* = (I+H)~'RIR*(I+ H)"",
OTKyOa BBITCKAET

A (6.11) 1+ SJS* =(I+H)“((H—H)z-}-RJR"‘)(I—i-H)‘1
H
(6.12) ] I—SJS*=(I+H)"((I+H)2—RJR*)(I+H)".
Tax kak

(I+H)*4+RJR* = }+2H.+H2+I—T*T>= 2(I+ H),
(I+H)?—RJIR* = I+2H+H?*—]-T*T = 2H(I+ H),

TO MopjcTaBsis HalAeHHBIE 3nech 3HaueHns B Gopmynst (6. 11) u (6. 12), nonyuum
I+SJS* =2(I+H) ', I-SJS* = 2H(]+H)’1.

Otciopa nanee caenyet

(6.13) H = (I—SJS*) (I+ SJS*)~!

n

6.14) (I+H)S =2(I+SJSH1S.

IToab3ysce nonspueIM npeacraenenneMm T'= UH onepatopa T u (6. 13), monyuaem
(6. 15) _ T = U(I—SJS*) (I +SJ5%)~ 1.

Uz (6. 14) u (6. 15) cnenyer

(6.16) "R =2(I+SJS*)'S.

Onepatop @4(0)= UyH, obpatum. Pasencrsa (6.8) u (6.9) nokasmisaior,
4yTo obparumsel onepatopel I+JS*S, I—JS*S u Takum o6pazoM npUMEHMMa
nemma 5. 1. U3 Hee u paBencrs (6. 15), (6. 16) BoiTekaeT, yTo ApoOGHO-NHHEHHOE
npeobpaszoBanue QyHKIHH

(6.17) : o) =S*U+NHU—-L)7'S,
onpenesicHHoe B HekoTOopol oxpectHocTH U Toukn { =0 paBeHCTBOM
(6.18) 30 = (I-Jo Q) (I+Jo (D)1,

JIOTYCKAaeT IIpeAcTaBlieHHe

(6.19) 8 = J(B* ) ' (J-R*(I—LT*~'R).

B cuny (6.17), (6.18) 9(0) = (I—JS*S)I+JS*S)~!, a 370, BBUDY
(6. 10), osznauaer, uro 9(0) = Hy = Ug5'O4(0), m nosromy

(6.20) (BO)" = (@5 UH") = U3(030)* = JUG ' J(05(0))~ "
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U3 (6.19) u (6.20) BbiTekaeT paBeHCTBO
Uo9(0) = J(050) "' (J— R*(I=LT*)"'R) = 04 (0),
oTkyna ¢ nomoliubto (6. 18) Haxoaum

Us ' 0y (0) = (I—Jo@) (I +Jo @)™ (el
CrnenoBaTesibHO, : ' )
o) = J(I-Us'0,)([+Us ' 0g(0))~" (€.

OT1a dopMyna noxaswiBaeT, uTo (GyHKUNS w({) ABNKETCA PACLIMPEHHEM HA, BeCh
kpyr [{|<1 onepatop-byukunn Q((), onpenenexnoii pasenctsom (6. 1). Hepasen-
¢180 (6. 3) NerKod MpoBepseTCs € MOMOILLIO HEMOCPEACTBEHHBIX BbIYUCICHHI. Takum
obpasom, yciosue LI soptnonusercs u Qg4 (L) €A (J). »

TokaxeM Tenepb NOCTATOMHOCTHL ycioBuil Teopemsbl. [lycts O (L)€ A(J).
PaccMoTpuMm onéparop-(pyﬂkumo Q(0), onpenenennyro pasencraom (6. 1). 3a-
METHM, U4TO ' ‘

(6.21) QO)=J(I—Hy)(I+Hy)™ 1,
H, TIOITOMY, ' '
‘ QX(0) = (I— HY)(I+HH~"J = J(U—JH ) (I +THET) = Q(0).

Orcrona u u3 yenosust 11 (cM. Takoke [4], cTp. 36) BbITeKaeT CyLieCTBOBAaHHE He-
yGbiBatoleil HeoTpuuaTenbHoi onepatop-pyukuun F (1) (0=t=2n) Taxoif, 4TO
' 2n

| 9(0=/ L are

C“—C

B cuny 0606tiieHHOi TeopeMbl HaﬁMapKa. [4], naiimeTcs npoctpaHeTBo H (D G),
paznoskenue eaunuupl E(1), neiictyrowee 8 H, u oneparop S¢[®, 9], Takue, uto
F(t) = S*E@)S (0=1=2n). CnenosatenbHo,

2r

(6.22) Q) = S*f iu_’g dE(N) S = y*(u+::1)((j—§1)—’s,

0
2n
rne U= [ ¢"dE(t).
0

Bviem npeanofiaraTb, 4TO MPOCTPAHCTBO © MUHHUMANbLHO, T. €. S® =9.

Ha ochosanun (6.22) Q(0) =S*S. MMonbaysace (6. 21), Haxoaum, uTO
I4+JS*S = 2(I+ Hy)~'. Otcriopa crenyet obpaTuMocTb ornepatopa [ +JS*S
u pasenctBo (I —JS*S)(I+JS*S)~!' = H,.

Tak kak onepatop H, obpaTum, TO OGpaTUMBLIM SIBJISETCH TAKXKE OIEpaTop
I —JS*S u, 3Ha4uT, BEINONHAIOTCS - Bee Tpebosanus nemmsbl 5. 1. TTpuMensns paseH-
ctBo (6. 1), HeTpyAHO HOKAa3aTb COOTHOIHEHHE

Sq'eQ) = ({I-JeQ)U+I20) ",
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KOTOpPOE€ B COYETAHUW C JAeMMOi 5. 1 ‘naeT

(6.23) Ug'0Q) = J(Us'0O)) ' (/- R*(I—(T*) ' R),

te R =2(I+SJS*)'S, T = U(+SIS*)-1(I—SJIS*).
PaCCMOTpI/lM NPOX3BEACHUE

= (I+SJS*) "1 (I—SIS*)>(I+SJS*)~ .
Taxk kak .
I—T*T = (I+SJS*) ™' [(T+SJS*)? —(I— SIS*?] (I+ SJS*),
u (I+SJS*)?*—(I—SJS*)? = 45JS*, TO .
I—T*T = 4(I+ SJS*)~' SIS*(I+ SJS*)~! = RIR*

M, CIIC[0BATENBHO, COBOKYMHOCTE, COCTOsAN U3 npocTpaHcTe H, G u onepatopos
T, R, J, obpasyer @-y3en. DToT y3en npocToif, T. k. R® =$%. [Mockonbky

((Uo"‘@(O))) L= U5 (0%(0)! = JUs " J(0%(0),
TO paseHCTBO (6.23) MoxHO npeobpa3oBaTs K BHAY
o) = J(O*(0)! (J=R*(I-({T*)™'R),
KOTOpPbIA TIOKa3bIBAET, Y4TO oW = Oy({). Teopema nokazana.

2. Ob6o3nauum wuepes 1 _(H) MHOXKECTBO BceXx 0OpaTUMbIX ONEPATOPOB
T€[9H. 9], nng kotopeix | —T*T ¢S _ . 1) Jlerko nposepsercss, 4To Bmecte ¢ T -
Takke u T*clU_(9H).

JIns @-pyunkunit onepatopos T€ U (H) MOXeT 6bITb NoNyueHa Gonee npocras
.aHAJIUTHYECKAs XapakKTepUCTHKA, HEXEJMH Ta, KOTopas AaeTcs TeopeMoH 5. 1.

C 310l UEeNbIO BBEAEM B PACCMOTPEHHKE KIACC aHannTuieckux PpyHKuuit ‘l(;,(J )
rne J — curHatypHeliit oneparop us [®, ®]. Vcinosumcs McaTh, 4TO dbyukuus
O({) co 3navenusmu u3 {®, ®] npunannexut knaccy W (J), ecnu ona obnagaer
CJIelyIOIMMH CBOUCTBAMM:

a) byuxkuus @ () ronomopdHa BHYTPH €IMHHUYHOTO Kpyra, 3a HCKIIOUEHUEM
He 6OJIee, YEM CHETHOrO MHOXECTBA TOYEK €9, TipuueM 0€ g,

6) oneparop @ (0) obparum, a onepatop J — O*(0)J @ (0) BrioaHe HeUpepbIBEH;

B) ana mroboi csoeit Toukn { romoMopdHocTH @ ({) aBngeTcs ABYCTOPOHHUM
J-HepacTATMBalOLMM ONEpaToOpoOM.”

OToT Kkaacc (PyHKUuM (Oaxe mpu Heckonbko Gonee obwMX NPEANONOKEHUSX)
netaneHo uzyuancs FO. IT. Tunsbyprom [27]. B yacrHocTH; 9TOT aBTOp NokKasal,
uro xaxaas dyuxuus @ ()€ A (J) nonmyckaeT NpencTaBieHHE

(6.24) O = Uy0,(0),

1) CumBosiom G, 0603HAYAIOT CUMMETPUYHO HOPMHpOBaHHBIH (C.-H.) wiean, COCTOSILLUIA
U3 BCeX BMOJIHE HENnpepbiBHBLIX onepatopos Te[H, H] (cm. [28]).
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roe U, — NOCTOAHHBIH J-yHUTapHbIi onepaTtop, B3sTbIA M3 J-NOJSAPHOTO mnpen-
craBnenus onepatopa @ (0) Buaa (6.2), a @y({) T — BroJiHe HeNpepbIBHbIA OMNe-
paTop BO Bcex Toukax rojomopdHoctu @({). Kpome Toro, FO. I1. I'uusbyprom
ObLIO TIOKa3aHO, YTO MHOXKECTBO €y COCTOMT JMIIb W3 H30JIMPOBAHHBIX TOYEK.
Jlerko BuAeTh, YTO @-(hyHkuMs Awdoro onepatopa T €U (H) NpUHAANEKUT

knaccy A (J). OkaspiBaeTcsi, BepHO M 0OOpaTHOE YTBEpKAEHHE:

Teopema 6.2. FEcau O (J), mo cywecmsyem npocmoii yzen
Y = (9, 6; T, R, J) ¢ ocrosgtivin onepamoport TEW_ (D) u maroii, umo O (0} = Ox({)
(ch<1). ‘ '

Noka3aTenbcTBo. Ilocie TOro, kak ycTaHoBjieHa Teopema 5. 1, ocHOBHAS
THAXKECTb JIOKA3aTeNbCTBA CHuMaeTca pesynbTartamu 0. Tl I'mu3bypra, ykasau-
_ HBIMH BBIILE.

B camoM fiene, coriiacHo npeacTasnesuto (6. 24) pynxuua ¢ () = I+ Uz'0 ()
umeeT BuI @ () = 21 +V ({), roe (byHKumi V(C) NPHHUMAET BHOJIHE H'enpepbmnble '
3HAYEHUs BO BcexX TOuKax rojomopdhHocTu ¢pyHkumu @ ((). Tak kak ¢(0) — obpa-
THMbI onepaTop, To no Teopeme M. 1. Tox6epra (cm. [28], cTp. 39) byukums
O(0) ronomophHa u obpaTHMa BO BCEX TOYKAX €NMHHUYHOrO Kpyra, 3a MCKITEOYe-
HHEM, OBITH MOXET, CUETHOTO MHOXECTBA TOYEK C NpPeAesibHbIMU TOYKAMH HA €U~
HHUYHOM OKPYXHOCTH MJIM HA &g.

C npyroii cTopoHbl, B cuiiy ycnosus B) dynkuus Q({), onpeneseHHas paseH-
ctBoM (6. 1), ynosaerBopseT cooTHouweHHto (6. 3) BCIONY, 32 MCKIIOYEHHEM, OBIThH.
MOXET, 0CO0bIX TOYEK.. YUHUTbIBAas, YTO ycaoBHe (6. 3) MCKIIOYAET CylLIeCTBOBaHINE
y ¢ynkumu ©({) M30MMPOBaHHBIX OCOOBIX TOYEK, NPUXOAUM K BBIBOAY, YTO (PyHK-
nus Q({) ronomopdHa BCIOAY BHYTPH €AMHHYHOIO Kpyra. »

Takum o6paszom, ¢yukuns O eA(J) wu, 3HAYUT, .Cyu_lCCTByCT y3en
= (9, ®; T, R,J), Takoit, uto O({) = O4((). OcTaeTcs Tenep, 3aAMETHTD,
4TO B cuny ycnosus 6) nmeem

R*R = J—K*JK = J— 0*(0)JO(0)€ &..
H, cneposatensHo, I ~T*T = RJR*cS_ . Teopema nokazana.

Teopema 6.2. moxucem 0Obimb pacnpocmpanend HA caAydaii obpamumslx one-
pamopos T, ydosaemsopaiowux ycaosuio I —T*T€C, 20e S — kaxoil-aubo c.-H.
udean (cm. [28]). '

Ecnu y3en & = (9, ®; T, R, J) takos, uto T — cxatve (J=I) u ®, R, J
TIPHHMMAIOT 3HA4YeHWs, ykaszaHusle B paBencTBax (I.4), To npaBuio BOCCTAHOB-
JIEHNS y3J1a 10 ero XapakTepUCTHHECKOH (YHKLMM, MONyYeHHOE B MPOLECCe A0KA-
3aTeNbCTBA TeopeMbl 6. 1, NEpexoanT B MpaBUNO, yKa3aHHoe B cTatbe [29].

[nsa npounssonbHoro cxatus (6e3 npeanosnoxeHus, YTo oHo 06paTUMO) BHYT-
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"PEHHIOI0 aHATUTUYECKYIO XapaKkTepucTuky dyHkuuu Buaa (1. 15), a Takxke Teopemy
O TOM, UTO BIOJIHE HEYHUTAPHBIIl ONepaTOp BOCCTAHABIUBACTCH C TOMHOCTBIO A0
YHUTAPHOW IKBWBAJIEHTHOCTH MO CBOEH XapakTEPUCTHYECKOW (QYHKUMH MONYHHIIH
panee b. C.-Hanbe u Y. dosaw [30, 14]. [Tocneauuit peayabTaT Obl1 nosayueH
‘3TUMH ABTOPAMH C TIOMOILLBIO HAIEHHOH UMK TEOPETHKO-(YHKIMOHAABHOI MOTEH,
NpEeACTABNSOLIEH CaMOCTOATE/IbHBIE HHTEpEC.

s onepaTtopoBs, He SIBASIOLUMXCS OOS3aTENILHO CKATHAMM, HO MOAYMHEHHBIX
JIPYFHM  [OTOJIHHTEbHBIM YCJIOBHSM TEOPEMbl O €AWHCTBEHHOCTH omepaTtopa
(C TOUHOCTBIO 10 YHUTAPHOMR 3KBUBAJEHTHOCTH), HMEIOLLIETO NAHHYIO xapaK‘Tepucm-
UYECKYI (QYHKLHIO, U KOHCTPYKUHMSIMU €ro BOCCTAHOBJIEHHS TI0 XapaKTePUCTHYECKOM
pyHKUNKM 3aHMManiCk, HaukHas ¢ pabotr M. C. Jlusuiuua [l, 2], MHorue asTophl
112, 26, 31, 32].

§ 7. My bTHRAMKATHBHOE NpejCTaB/eHHe ofepaTop-pyHKumii

Teopema 6.2 Bmecte ¢ TeopeMamMu 00 ymHOXeHuu O-QyHkuuii [6, 7] n 06
UX MYJIbTUIUIMKATUBHOM NpEACTaBnenuu (8] no3BONAIOT YCTAHOBUTL NPEANOKEHUS
‘0 MYJILTHILTMKATHBHOM [IPEACTABJIEHNWH AJI1 HOBOTO Kjacca onepaTop-QyHKUHH W3
A (J). Umeetca B Buay MHoxectBo W, (J), coctosiee u3 Bcex Q) eA_(J),
VAOBNETBOPSIOUWINX YCITOBHIO!

.1 J—0*(0)JO(0)cE,. '?)

TpenBaputenbno OTMETMM HeKOoTopble cBodcTBa GyHkuuin Q) eA_(J).
Tlycte Y = (9, &; 7, R, J) — mpocToit yaen OTBEYAIOUIMH HAa OCHOBAHHM TEO-
pembi 6. 2 dyukunu O¢).

1°. Oas mozo, umobet moura a (|a} # 1) Gviaa pezyasproii oasn @ynxyuu O (),
Heobxo0umo u Qocmamoyro, wmobsr 1/a€o(T). '

HocratouHocTs ycinoBust oueBuina. HeobxoaMmocTs noka3biBaeTcs OT TIPO-
THBHOTO ¢ WCMOJb30BAHUEM W3BeCTHOH (dopMmynsl ®. Pucca nad mpoextopa Ra
KOPHEROE MOAMPOCTPAHCTBO HOPMANLHOTO COOCTBEHHOro vucia onepatopa. Joka-
3aTENBLCTBO OTIYCKAETCH BBH/Y TOrO, YTO OHO CXOMHO C JOKa3aTelhCTBOM COOTBET-
CTBYIOLLETO TIpetokenns o W-byuxmmsx (em. [4], cTp. 75).

' 12) Yepes &, obo3nauaercss c.-H. upean B. W. Mauaesa, onpeaensieMmblil KaKk COBOKYIi-
HOCTb BCeX BMOJIHE HenpepbiBHbIX omepaTopos A ¢[®, ®), Takux, uto

3 S/(A)

(1Al 2 <o,

toe {S,(A)}7., — [oCnenoBaTENBHOCTL BCeX COGCTBEHHBIX wHCen omnepaTtopa (A*A)¥, BaaTeix
€ YYETOM KpaTHOCTM B nopsiake yObiBanus (cm. [28]).



O XapakTepucTHHECKUX (yHKLHAX ) 161.

2°. llaa mozo, umobor ynxyua O ({) 6 ceoeil pecyaapHoii mouke a npunumara
obpamumele 3uquenus, Heobxodumo u docmamouno, ymobsr a€ o (T).

DT0 NpeasoReHHe HEMOCPEACTBEHHO CJIENYeT W3 MPEObLAyUIEro, €CIH y4ecTh
cooTHowenne Ogz' () =JOY(1/{)J. '

- Teopema 7.1. IIyemv O) — zosomoppuas enympu eounuurozo Kpyza
onepamop-@ynkyus, 3nauenus Komopoit cymo obpamumvie onepamopsl u3z [®, G].

Ecau @) €N, (J), mo ona donyckaem MyabmunaukamusHoe npeocmaeaenue

1
[

. ip (1)
(71.2) o) = U/ [I—SW{—E—M(:)],
. 0 . .

20e U — J-yuumapnsiit onepamop u3 [6, ®), F(t) (0=t=1) — J-camoconpancen-
Has, J-neybvigaiowasn, Henpepvienan onepamop-gynkyus co 3uauenuamu uz [0, 6],
o(t) 0=¢(t)=2r) — Heybricalowas, NeNPepuLIGHAR CAEBA CKAAAPHAA BYHKYUA,
Humezpan cxodumes no nopme S, .

HokaszaTenbcTBo. CoriaacHo . TeopeMe 6.2 HaitfeTcs HNpOCTOHl  y3en
% =(9H,®; T,R,J) ¢ ocHOBHEIM omnepaTopoM H3 U, ($H) TakoH, 4TO Xapak-
TepucTHieckas ¢yuxums Og4() = @) (|¢|<1).

B cuny npemnoxenuii 1° u 2° cnektp onepatopa T NEXHT HA CANHUYHON OKPYX-
Hoctu. Kpome Toro, HaliieTcss MakcumadbHas uenovka P = {P(¥)}, pazpmensroas
cnekTp onepatopa T.'3) _

W3BecTHbIM 06pa3oM (cM., Hanpumep, [33, 34, 35]) MOXHO NOCTPOUTH HeCyLIECT-
BeHHOE paciuupedue %, = (9,, ®; 7T,, R, J) y31a % 4 pacliMpHTh LENo4ky P
[0 HenpepHIBHON Lemouky B, = {P()} (0=t=1), 3HAYCHNA KOTOPOH MHEHCTBYIOT
B 9, Tak, 4ToObl uernoyka P, paspenssia cnektp omepatopa T,;. Kak yxaszaHo B
§4, 04, O) = @@(C)(=@(C)). ®dopmyna (7. 1) BelTekaeT Tenepe W3 pe3yNbTATOB
ctatbu [8]:14)

3aMeTUM, HaKoHel, uTo ecau Pynxyus O(() ydosaemsopsiem eécem ycaoeuam
meopembr 1.1, 3a uckawouyenuem mpeGosanun zoaomopgHocmu u obpamumocmu

13) Henouxka P pazaenser cnexTp onepatopa T, ecnu PTP=TP(P¢P) u nina moboit TOMKH
0=t=2r Halimerca Takoil opronpoektop P, € P, uto cnexkrp onepatopa P,TP,(P.H nexur Ha
nyre e”(0=t=t), a cnextp onepatopa (I—P)T(/—P)|(I-P)$ Ha nyre e"(t=t1=2r). Hna
TOro, 4ToBBI CyIICCTBOBANA LENOYKa, pa3fensiowas crekrtp onepartopa 7T, JOCTATOYHO, YTOGHI
I-T*TeS,, (cm. [8)). ) '

) B pabore [8] uuTerpan noHuMaeTcs B CHELMANGHOM CMbICAE. BBUIOY TOTO, YTO B HACTO-
filleHd Teopeme wLenoyuka P, HempepsiBHA, ITO OrpAHMYEHHE CTAHOBHUTCA W3nuHuM. OTCl0da XKe
BHITEKAET HENpPepuBHOCTL Gynkimu F(¢).

1HA
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80 acex moukax {(0<|{| < 1), mo c nomowwio meopemot ymnoscenus [6, 7] ee moxncro
npedcmasums ¢ eude

1

o ~ , s .

. _ 0L ] ""[ s -
(7' 3) @(C) - UB/ [I ei¢(‘r)_(: dF(t) j]=]1 Qj"[~ 1_C€j Cj e@j (S: )5
rae {{H (IG1#=D) — TOCNIeI0BATE ILHOCTL M30JIMPOBAHHBIX OCODLIX TOYEK o),

P; — opHomepubie J-npoekTopst U Q; = [ — P;. Beakas Tot4Kka {; BXOAMT B NOCHE-
AoBaTeNbHOCTD {{;}] CTOJIbKO pa3, KakoBa €€ KPaTHOCTb. BECKOHEYHOE Npou3Be-
JNEHUE CXOAMTCA No HopMme &,. ' '

Ing cnyuad, xoraa yenosue (7. 1) 3amensercs Gonee y3xum:

(7. 4) J—0*(0)JO (0)€ S,

roe €, — c.-H. uaean BCex SAEPHBIX onepatopos, dopmynst (7.2) u (7:3) Gbin
nonyuensl panee FO. IT. Tun3byprom [36-—39] B 06001uenne pesynbtata B. II.
IToramosa [24]. Kpome Toro, }O. Il. I'nu30ypr ycTaHOBWI AJisi CRUMAIOLLIKUX
bynxumnit (| @ () < 1), ynoenerBopstomwmx ycnosuto (7.4), TpyaHywo Teopemy
0 €IMHCTBEHHOCTH mpeacTaBienns (7. 2), SBUBLIYIOCH HOBOM, [axe B KOHeYHOMep-
HOM ciyuae [36, 37]. B HacTosiee BpeMsi oHa MOXeET ObITh nonyqeﬁa TaKke M ISt
CKMMAIOWMX (QYHKIMH, yAOBIeTBOpstomnx ycnosuio (7. 1)19).

3akaH4uBas HACTOSALUYIO CTATBHIO, YKAXKEM EILE ‘HA TO, UTO MPUBEACHHbIE B Heil
Pe3yAbTaThl MOTYT GBITH PACIPOCTPaHEHb! Ha cnyuait onepatopos 7, yA0BIETBOPS-
IOIIHMX BMECTO YCHAOBUS 0OpaTUMOCTH 0oJiee 00LIEMY YCIIOBHIO, @ UMEHHO: CYLLECT-
ByeT no Kkpaiineii Mepe onHa Touka a (Ja] <), Takas, 4To aEo(T) v 1/a€o(T).
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. TeopeMbl YMHOKEHHS H [IeJICHHSI XapPAaKTEPHCTHYECKHX
dyukumii oOpaTHMoOro. onepatopa

B. M. BPOACKUM (Opecca, CCCP)

Hacrosiluast CTaTbs SIBJISAETCA NpoaoskenueM pabotel [1]. TIpusoaumbie B Heii
yTeepxaeHus 0e3 [0Ka3aTeNbCTBA TOMELUEHBI B 3aMeTke [2). '

Pabora cocTonT M3 aByX pa3nesios. I1epBbIii U3 HUX HOCHT BCIIOMOTraTeJbHBIA
xapakTtep. B HeM BBOAMTCA OTpENE/ieHHe OMEPAaTOPHOTO y3/a, yaobHoe s uccie-
IOBAHUS OOpAaTHMBbIX OINEPATOPOB, «OMU3KHX» K YHMTApHBIM, U U3YYalOTCS HEKO-
TOpbIe CBOWCTBA TakuxX y3ios. [losydaemble NpH 3TOM pe3ynbTaTbl UMEIOT MHOIO
00X YEPT € COOTBETCTBYIOLUMMHM DE3yJbTaTaMH TEOPHH Y3JIOB, IMOCTPOEHHOM
IS UCCIIENOBAHNA ONEPaToOPOB, «BIM3KNX» K camoconpsxeHHsiM (cM. [3]). Bonee
TOro, NPH J0Ka3aTeNibCTBE 4aCTO MCMOJb3YIOTCA METOAbI, M3JIOKCHHBIC B MOHO-
rpaduu [3].

Bo BTOpOM pa3sjeie 4oKa3bIBaeTCs TeOpeMa YMHOXEHHUS! XapaKkTepUCTHYECKHX
(QYHKIHIA IPOU3BOJILHBIX 0OPAaTUMBIX ONIEpaTOPOB. B yacTHOM ciyuae, xoraa AedekT-
Hulil omepatop I — T*T koHeyHoMepeH, 3Ta Teopema B MaTpuiHoi ¢opme Obina
nokazaHa A. B. Kyxenewm [4]. Ina cxatus T (He obOs3atensHo oGpaTumoro)
W XapakTepucTHueckod QyHKUMM, ONpele/eHHOW pPaBEHCTBOM

Or(@) = (T—LU-TT*P¥{I-({T*~"(I- T*Tj*)|(1—T*T)s5,

TeopeMa yMHOXeHust (B Gonee croxHoil ¢opme) 6buna monydyena B. C.-Hapem
n 4. ®oswem [5]. A. B. Kyxenp pacnpoCcTpaHWNl HX pe3ysibTaT Ha ciy4yai
TIPOU3BOJILHLIX JIHHEHHBIX OrPAHUYEHHBIX ONEPATOPOB, HO MPH 3TOM eMy MpHLl-
JIOCb BBECTH CYLUECTBEHHBIE OTPAHMUEHUS] HA WHBAPHAHTHBIE TONNPOCTPAHCTBA
[6]. Panee TeopeMbl Takoro THma ObLIM MOJIyYEHBl AJIS° PACLUMPEHHH U30MeTpH-
yeckux omnepatopos M. C. Jluswwnuem u B. II. Ilotanosem [7] u FO. JI.
IIMyneanom [8)]. _

B cTaThe yCTaHaBIMBAETCA TAKXKE TeOpema, obparHas B HEKOTOPOM CMBbICHE
TeopemMe YMHOXEHHs XapaKTepHUCTHYeCKUX (yHKLMIA.
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§ 1. Onpenencnne y3J0B M JeHCTBHIE HAJ HUMH

1. Onpenenenune yzna. B paborte [1] #-y3noM Oblna Ha3BaHa COBOKYI-
HOCTh TUILOGEepTOBBIX TNpocTpaHcTB £, ® u onepatopos TE[9H, H], Re[G, 9],
J€[®, B]') Takux, uyto omepatop T 06paTUM U

(1. 1) I-T*T=RIR*, J*=1J, J*=1.

IIns onpenenenust xapakTepucTHueckol ¢yHkuuu #-y3na B [1] paccmatpuancs
obpatumslii onepatop K¢ [6, 6], ynosneTsopstouuii yciosur0o

(1.2) J—R*R = K*JK.

HOns ueneit Hactosueidi paGoThl HEOOXOAUMO YTOYHUTHL OMNpedesieHHe Y3Jia
BkjitouuB B Hero omepatop K. Takum o6pasom, yzsom OyaeM Ha3bIBATh B [aflb-
HelleM COBOKYNHOCTD

"(TRJK
(1.3) A:[S3 (ﬁ]

- runsbeproBbix npoctpaHcTB H, ® u onepatopos TE€[H, H], R€ [0, H], J € [6, 6],
Ke[®, ®], cazaunbix Mexay coboi cootHomenusmu (1. 1) u (1.2) M Takux,
yto onepatopsl T u K oOpaTUMBIL

OnepaTop T Ha3BIBaeTCS 0CHOGHbIM OTIEPaTOPOM y3Jsa A. Onepauus OCTPoeHUs
no paHHomy oGpatuMomy onepatopy T€[9, ] npocrpancTtBa & u onepaTopos
R,J n K (K~ '€ [6, ®]), cBazanHbx Mexay coboit cooTrowenusmu (1.1) u (1. 2),
HaszblBaeTea exarouenuem onepatopa T B y3en. B paborax [1, 9] nokazaHo, 4To

“a0boit obpamumesiii onepamop T MoxcHO 8KAIOYUMb 6 Hexomopsiii y3ea. I1pu 3TOM,
Kaxogst 661 HU Gblau npocmpancmea 9, ® u onepamopwr TE[H, H] (T~ <[D, O,
'RE[®, 9], J€[6, ©], yoosisemeopawwue ycaosuam (1. 1), écezda naiidemca obpa-
mumpiii onepamop K€ [®, ®] makoii, umo evinoansemea pasercmeo (1.2) (em. [1]
nemma 1.1 u 9D.

2. ConpssXeHHbIE Y3JIbI. PaCCMOTpMM y3en (1. 3) 1 monoXumM S TRK-'J
OuepuaHo, YTO

(1. 4) SJS* = TR(K*JK) ' R*T*.
Vmuoxas o6e yactu paseHctBa R(I —JR*R) = (I—RJR*)R cneBa u crnpasa

_cooTBeTcTBeHHO Ha omepatopel (I—RJRY)™! = (T*T)~! m (I—JR*R)™' =
= (K*JK)~1J, nonyunm .

(1.5 . ' (T*T)"'RJ = R(K*JK)~1.

1y Cumsonem [9,, 9,1, rae Hy, H, — THILGEPTOBH NPOCTPAHCTBA, 0GO3HAYAETCH COBO-
KYMHOCTb BCEX NHMHEHHLIX OrPDAHWUYEHHBIX ONEPAaTOPOB; HCHCTBYIOLIMX H3 9, B H,.
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Ha ocHoeanuu (1.4) u (1. 5)
(1.6) ~ SJS* = T(T*T)~'RIR*T* = T(T*T)~'(I-T*T)T* = [-TT*.
" Tak kak J—S*S=J—J(K*)"'R*T*TRK~'J u R*T*TR=R*(I— RIR*)R=
=J—R*R-(J—R*R)J(J—R*R) = K*JK— K*JKJK*JK, TO
(1.7 . J—8*S = KJK *.
Bauay (1. 6) u (1. 7) COBOKYIMHOCTB
s [T I K
E5) ®

npeacrapiseT coboil y3en, KOTOPEIM OyneM HA3BIBATH CONPANCEHHbIM 1O OTHOLIE-
HHIO K A. ‘
3ameuvas, uto B cuny (1. 1) u (1.2)

] (S = TRK~'J)

T*S(K*)~'J = T*TR(K*JK)~'J = (I— RIR*)R(J—R*R)~'J =
= RI(J—R*R)(J—R*R)~'J = R,

MPUXOOUM K PaBEHCTBY

(1.8) @9 = 4.
3. llpousBenenue y3uoB. [Ipousgedenuem y3nos
0 =T R (B R
Ha3bIBAETCSt éonoxynuocn NpoCTPAaHCTB O =9, EH,, ® U oneparopos
(1.10) T=T,P,+T,P,—T,R K 'JREP,, '
(1.11) R=.‘R1+R2K1, J, K =K,K,,
rae P; — opronpoektopel Ha 9; (j=1, 2). O603HaYUM 3Ty COBOKYITHOCTb CHUM-

BOJIOM 4,4, ¥ 3aMETHM, YTO NPOCTPAHCTBO §); NHBAPMAHTHO OTHOCHTEJILHO OIle-
patopa T. o

Jlemma 1. 1. Cosoxynnocms A,A| ssasemca y3aom.
HoxaszaTenscTBo. Bauny (1. 10)
I~T*T = I—(TtP,+TiP,— R,StP) (T, P, +T,P,—S,REP,) =
= [—TIT,P,—TiT,P,+R,S'T,P,+TtS, R;P,— R,SS, REP,,
roe S; = T, R,K,"'J. Honw3ysace pasenctsom (1. 7), nony'iuM »
(1.13)y  P,—TiT,P,—R,S{S,RiP, = R,JRSP,—R,S{S, R, P, =

- = R,K,JK R P,.

(1.12)
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Ha ocnoBanun (1. 10) . :
(1.14) _ ‘P,R = R,K,, P,R=R,,

u mostomy (1. 13) MoOXHO mepenucaTb B BHIE
(1.15) P,—TiT,P,—R,S*S,R:P, = P,RIR*P,.
PaccMoTpuM onepatop |
' T+S,R5P, = T5T,R, K "' JR;P,.
B cuny (1. 1) u (1.2)
TIS RLP, — (I— R, JRDR, K{‘JR*P2~_ RyJU~RER)Ki RSP, = |

= R, JKiR3P,,
otxyaa, ¢ noMowsio (1. 14), umeeM
(1.16) T*S,RP, = P,RIR*P, n R,SiT,P, = P,RIR*P,.

Kpowme toro,
P,—-TiT,P, =R, JR* = P, RJR*P,.

TMone3ysce sToit Gopmynoii, a Taxke popmynamu (1. 12) (1. 15) u (1. 16) npuxo-
IUM K BBIBOAY, YTO
(117 I— T*T PIRJR*PI+P2RJR*P2+P2RJR*P1+P1RJR*P = RJR*.
ITpumensis cHoBa pasenctBa (1. 14), OynmeM HMeETh
J—R*R=J—R*P,R—R*P,R = J— R:R, — KXR5R, K, .
Tak xax J—RIR; = K;*JK; (j=1,2) u K = K,K,, 10
(1.18) - J—~R*R=K{JK,—KiR4R,K, = Ki(J—RSR)K, =
. = KiK3JK,K, = K*JK.
YT1BepXxaenue JeMMsbl BoiTekaeT u3 (1. 17) n -(1. 18).
JJemMma 1. 2. Ecau yzant
A=[Z3’RJI(;]’ Ajz[TjRjJKj] (=12

1.19
makogsl, umo A=A,4,, mo A*=A}A}.

HoxaszatensctBo. Ilpoussenenne A¥A4% sBnsercs coBokynmHOCTBIO TpO-
crpaHcTs $, ® u obeparopos '

TIP, + T3P, ~T5S,(K3) 1 JSIP,, |

S,+S,K3, J, K*=KiK3,
roe S; = T;R;K;~'J u P; — opronpoektop Ha H; (j=1,2). Beuny (1. 10) "° ‘
P, T*P, = —R,J(KY)~ 1R*T*P1

(1.20)
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Otcioma' u w3 (1. 1), (1, 2) BuiTEKaeT, YTO
" T3S,(K3)"1ISTP, = T3T,Po(K3JK,) (K™ ' RiTT P, =
7 = (I—RyJR)R,(J—R3R,)~"(K}) ' RiTiP, = — P,T*P,.
Caenosarensno, oneparop (1.20) pasen omepatopy T*.
PaccMoTpuM onepaTop
(1.21). S, 4+8,K% =T,R,K;'J+T, R, K" JK3.
TTockonbky : : .
‘ T,R, K "JK% = T\R, Ky VJ(K¥)"'K*¥K% = T,R,(J—R{R,)"'K*
v Ry(J—RR) ' =(—R,JRY) 'R, J, 10

1.22) T,R,K;1JK% = T,(TIT,)"* R, JK* = (T})~' RJK*.
Beuay (1.11) R, = P,RK;~! n noatomy
(1.23) T,R,K5'J = TyRK 'Ky 'J = T,RK~1J.

Ha ocuosanuu. (1. 21), (1.22) u (1.23)
8,48, K5 = T,RK~'J4(TH) ' RIK* = (T, R+(T)"'RIK*JK)K~1J.
ITpunumMasi BO BHUMAHHUE, YTO
(TH~'RIK*JK = (T¥)"*RI(J—R*R) = (TH)~'(I- RIR®)R =

= (T~ 'T*TR = 2, TR,
MOJIY YUM
S,+S,K% = (T,R+P,TRYK~'J =TRK~'J = §.

JlemMma noxasana.
Vzen (1. 3) HasbiBaeTcs npocmuim?®), ecnu H=9,, rae

$,= V T"RG?)

Ecnu y3en (1. 3) He npocT, TO TPOCTPAHCTBO HO H, uHBapHaHTﬁo OTHOCH~
TenbHo onepatopoB T u T, npuiem T MHIYUMPYeT B HEM YHHTApHBIH onepaTop:
(cMm. [1]). '

Jlemma 1.3. Ecau A = A, 4, u yzea A npocm, mo y3aet A, 4, — maxxce
npocmel.

Joka3aTeIbcTBO aHAMOTMYHO [0Ka3aTeNbCTBY TeopeMbl 2.2 pabotsr [3].

%) B pa6oTe [2] onpeneneHne [POCTOTO y3Nma LAHO B HECKONBLKO mHOM dopme. TTonb3ysch
pesyaAbTaTamMu paboTsl [1], J€erko mOKa3aTh 3KBHBANEHTHOCTH 3THX OTPEACIICHMIA.

%) Cumsonom VY 6, rme ®, — noamuoxecrsa u3 &, o6o3HavaeTcs 3amMbIKaHHe JTMHEHHOMK
neEN .

o6onoukn ob6wvenunenus Bcex &, (neN).
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4. [Tpoexuus ysna. B npenpiayuiem nyukte no ysznam (1. 9) 6uu1 nocrpoen
y3en 4,4, Tak, 4TO NPOCTPAHCTBO §); OKa3ajJ0Ch UHBAPUAHTHBIM OTHOCHTEJILHO
-OCHOBHOIro onepaTtopa y3na 4,4,. PaccmoTpuMm obpathyro 3amayy. [lycTb 3anan

ysen
A_[TRJK
\® ®

M TIYyCTh $; — MHBAPHAHTHOE OTHOCHTENbHO 7' NOATIPOCTPAHCTBO TAKOE, YTO MHIY-
I\MpOBaHHbOT B HeM onepatop T, obpatum. '
ByneM uckathb y3mel

(T, R, T Ky _ (T, R, J K,
Al_[ih (5] " Az_[s:’z 6)’

"yAOBAETBOpsoUue ycloBUuo 4= A,4,. Oas atoro o6o3HauuM uepes P, opTo-
NPOEKTOP, MPOEKTUPYIOWMH $ Ha $,, U MoJokuM R; = P, R. 3amMeTum, 4TO

«1.24)  I=T*T, = P,(I—T*T)P,|$, = P, RIR*P,|$, = R, JRY.

Ha ocroBanuu JieMmel 1. 1-pabots [1] (cm: Takme [9]) HalineTcs oGpaThUMbIit omne-
patop K, €[®, ®] Takoit, uro
(L.25) ‘ J—RIR, = K}JK,.

OnpenesieHHas TakuM oOpa3oM COBOKYIHOCTb A, B cuiy paseHcTB (1.24)
u (1. 25) ecTs y3en. HasoseM ero npoekyueii y3aa A na uneapuanmroe noonpocmpar-
-cmgo H,; U 0DO3HAYMM CHMBOJIOM prd.

TlepeiineM X TOCTPOEHHIO ysnaslAz. Oycts 9, = H$69H,, P, — opronpo-

-€KTOp Ha 9,, T,f = P, Tf (f€9,) u R, = P,RK,~'. Torna
R,JR;f = P,R(K{JK)"'R*P,f = P,R(J—R{R,)"'R*P,f =

= P,R(J~R*P,R)~'R*P,f = P,(I—RJIR*P,)"'RIR*P,f  (f€9H,).
Jlerko nposeputh, uto P,(I —RJR*P,)~' = P,—P,T*(T})"'P,. Cnenosa-
TEbHO, o
(1.26) R,JRSf = (P,—P,T*(T})"'P)(I—-T*T)P,f =

= Py f=P,T*TP, f+ P, T*P, TP, f = (I—P,T*P,TP,)f = (I_T;Tz)f-

Tak kak

J—RR, = J—(K¥)~'R*P,RK{ ! = (K¥)~'(K*JK,— R* P, R)Ki!

K*JK,—R*P,R = J—R*R,—R*P,R = J—R*P,R— R*P,R =
= J—R*R = K*JK, ~
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TO, monaras K, =KK;~!, nonyunm
(1.27) ' : J—R3R, = (K}Y)"'K*JKK~ = K3JK;.
Benny (1.26) u (]‘. 27) coBoKynHOCTL A, sBusiercs ysnom. Hasosem A, npoexyueii

340 A Ha 0pmo2oHAAbHOE O00ROJAHeHUe $H, K UHBADUAHMHOM noonpocmpancing
22

1 0003HaYUM CHMBOJIOM prd.
B2

Mokaxem Teneps, 4To 4 = A,d,. Tpoussenenue y3aos 4,4, Obuto onpene-
JIEHO KaK COBOKYMHOCTb Mpoctpancts H, ® u onepatopos
(1.28) T,P,+T,P,—T,R K 'JRLP,,
R, +R,K,, J, K=K,K,.
IMockoneky R, = P,RK;' u R, =P,R, 10
T,R, K 'JRSP, = T, R(KtJK,)"'R*P, = T,R(J—R*P,R)"'R*P, =
= T,(I- RJR*P,)~'RJR*P,.
Ha ocHOBaHMM JIErko NPOBEPSAEMOTO PAaBEHCTBA Pl (I—~RJR*P)-! = (T*T)-'P,
nMmeeM

T RK"'JK3P, = (T5)"'"(I—T*T)P, = —P, TP,.
Orcioga BeiTekaeT, uto onepatop (1. 28) pasen T. Kpome Toro,
| R,+R,K, = P,R+P,R = R,
M, clienoBatensvHo, 4 =4,4,. _
Takum obpasom, Aoka3aHa.

Teopema . 1. Ecau T — obpamumeiii onepamop u3 [9, H], obradarowuii
UHBAPUAHMHBIM NOONPOCIPAHCIEOM D, , 8 KOMOPOM UHOYyyUpyemcsa obpamumslii one-
pamop, mo Cyuecmeyiom y3svl

' 4 [T RJ K]

$ &
A =ptd u 4, =prd (H, = 9$69,), makue umo A = A, 4,.
9, H2 )

KpoMe TOro, OTMETMM CJIEAYIOUICE OUYEBUAHOE YTBEPXKACHHE: 048 AI0ObIX
yan08 4, 4,, Az, CBA3AHHBIX Meotcc)y coboti paeeHcme'OM A =A4,A4,, cnpagedsugsl

popmyavt A, = prA 4, = prA
52
IMousrtue npoekunﬁ y3na

4= [T RJ K]

3] G
BBEACHO TA4K, YTO NAHHOMY HMHBAPHAHTHOMY IMOANPOCTPAHCTBY §, omepatopa T
©TBEYAET OECKOHEYHOE MHOXECTBO MPOEKUMH Ha H, U H, = HE6H,. Ecmu

T, R, J K — T, R, J Ky} —-~
4, =111 1]: rd u A'=[1 ! 1]: 4,
L {ssl 6) % 1= s, 6) 5
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to T,=T{,R,=Rj, ¥ cyuwecrsyer J-uzomerpuueckuii onepatop Uc{®, G]
takoi, uto K, =UK,. Eciau, kpome Toro,
T, R, J K -~ : T; R} J K5 -—
4 =[2 2 2J= r 4, A’=[2 2 2]: rd
2= s, 675" 7 s, &)= %
M A=4,4,=434}, 10 T,=T3, R,=R,JU*], K,=K; JU*J.

§ 2. Miccrenosanne y3jia ¢ NOMOIUBIO XAPaKTePHCTHYECKOH (yHKIMM

1. TeopeMa ymuoxenus. B paborax [I, 9] xaxmomy y3ny Yy =
= (9, ®; T, R, J) 6bl11a nocTasjieHa B COOTBETCTBHE XapAKTEPUCTHYECKAs (bVHKHl/lﬂ
(O-dynkuus) g
0y(Q) = JK) '(J=R*(UI—LTH'R)  (LEal(T*" 1]),“)
riae K-HeKoTopelii onepaTop u3 [6, G], y10BNeTBOPSIOWMIA YCIOBHIO
Qn  J-R*R=K*K :
IMockonbky ycaosuem (2. 1) onepatop K ONpeneJicH JIMLb C TOYHOCTBIO 10
JIeBOro J-yHHTApPHOTO MHOXMTeNs, TO KaxaoMmy %-y3iy oTBeyaeT OeCKOHEYHOE
MHOXecTBO O-byHkuuit. Britouerne onepaTopa K B y3es MO3BONSET YCTAHOBMTD

B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXIY Y3J1aMH U UX O-DyHKUHUIMMU.
Utak, xapaxmepucmuueckoii gynxyueii (O-gynxyueii) yszaa

T RJ K
2.2) A= [ 5 (6]
- Ha3bIBAETCS ONEPATOP-PYHKUUS,
(2.3) 040 = J(K*) "(J—-R*(I- CT*) 'R) (LEaUT™™1).
TeopeMa 2.1. Ecau y3abl
Q.4 A=[§RJ’é], A,:[sg{ RfJgf] G=1,2)
maxosel, umo A = 4,4,, mo |
@2.3) - 040 = 0,00,  (Ea(TH " IUa[(TH™ 1])

HdoxazaTenbcTBO.5) O603HainM yepes P; optompoekTop Ha H; (j=1, 2).
Kak uzBectHO, : .
(I-{T*)~' = Py (I-(TT) lP +P,(I={T3)" "' P+
CPz(I—CTﬁ) YT P (I-{T7)" 'P,.

%) Cumsonom o(A), rae A<[S, 35] 0603Ha‘la}0T CneKTp onepatopa A.
5) Tlpm [HOKa3aTeNnbCTBE TEOPEMHBI 2. 1 obobmatoTcs Ha GCCKOHC‘{HOMCDHHM cnydaik HEKOTO-
peie paccyxnenus A. B. Kyxeas [4]. :
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CnenoBaTeJIbHO, -
(2.6) 0,40 = J(K) ' (J-R*P (I-{T))"' P, R)—~

—J(K*™! (R* P,(I-(T%)~ 1 PR+ A'(C)),
tie AQ) = [R*P,(I—(T%)~' P,T*P,(I- (TP, R.

B cuny (1. 11) _
2.7 P,R=R,, P,R=R,K|.
OTciopa BnITEKAET, YTO
(2 8) J—'R*Pl(I_CTT)-]PIR = J_RT(I_CTT)_IRI = KT‘]Odl(CL
R*P,(I-{T3)~' PR = KtR5(I-(T3)~ "' R, K, = K}(J - K3JO 4, (D)K.

Ha ocuosanuu (1. 10)
2.9) P,T*P, = — R, J(K})~ ' RET?.

Tak xak (TE(I—(TH~' = (I—{T%)"'—1 n R5R, = J—K}{JK,, T
(2.10) RI(TTU=LTH 'R, = RT(I-LTY) 'R, —RIR, = K{JK,—K}JO 4 ({).
[Monwb3yace popmynamu (2.7), (2.9) u (2. 10),‘nonyth .
@.11) AQ) = —KiRS(J—(T3)" 'Ry J(KD) ™' RI(TI(I-{TT) 'R, =

=—K{(/-K%J0,4,0)) (K —04()

Beuay cootHoueHuit (2. 6), (2.8) u (2.9) '

0,4(0) = J(KN) ™1 K1J0 4, (D) —J(K*)~'[K1(J - K3 TO 4, (D) K, —

=Kt =K3710,0) (K —0,0)]

Tpoi3Boas B NMOCJELHEM DaBEHCTBE 3NEMEHTapHble anreGpaudeckue mpeobpaso-

BaHus M 3ameyas, uTo K =K,K,, NpuaeM K YTBEPKIECHHIO TEOPEMBI.
U3 teopem 2.1 u 1.1 cnenyet

Teopema 2.2. IMycmv T — obpamumbiii enepamop uz [9, H], O, — uxeapu-
aHmHoe omuocumeavio T HOONPpOCMPAHCIMBO MaAKoe, YMo @ HeM uHOyyupyemcs obpa-
mumblii onepamop T,, P, — opmonpoexmop na 9,, H, = 969H,, P, =I—-P,,
T,f =P, Tf (f€9;) u 4 — nexomopuiit ysen c¢ ocrogHbim onepamopom T.

Tozda natidymesa yzavt 4, u 4, ¢ ocHoeHeimu onepamopamu T u T, coomgem-
CIMBEHHO Maxue, 4mo ’

0,0) = 0,00, Q) (FolTDHUalTH™).

2. Teopema penenus. INycte & — HekoTOpOE runb6épTOBo TMPOCTPAHCTBO
u J€[®, ®] — curnaTypsslit onepatop (J2=1I, J*=J). B paGortax [1, 9] 4epe3
A(I) 6b1 0BO3HAuEH Knacc Bcex onepaTtop-pyHkuun O({) co 3HAYCHUAMH M3
[, B], ynoBneTBOpAOIUX CNEAYIOLUUM YCIROBUAM:
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L. ©@(() onpenenena m rojoMopdHa B HeKOTOpoi OKpecTHOCTH TOYKH { =0;

II. onepatop ©O(0) saBaseTcad oOpaTUMbIM [ABYCTOPOHHMM J-cxKaTHeM
(0*(JO©0) = J, ©(0)JO*0) =J);

IIl. onepaTop-dyHKuMus

QO =JI-Us'o0)(I+Us'eQ)",
roe onepatop Uy B3AT u3 J-NOJSPHOrO MpeAcTaBjeHUs
00) = UyH, (U3JUy=UyJUs=J, (JHY=JH,, ¢(Hy)c(0, =)),

JOMyCKaeT aHaNuTHYeCKoe NPOAOIKeHHe Ha Bech Kpyr |{| <1, KoTopoe yl0BAETBOP-
seT HepaBeHcTBy Q(()+Q*(() = 0 (¢ < D).

Kpome Toro, B padote [1] Obino nokaszaHo, uto Bce O-(PyHKUMU TIPUHALTIEKAT
COOTBETCTBYIOWUM KiaccaM (J) u HaobopoT, ans kaxaoi pynkuun O () € N(J)
TR J K
H
Touku { =0 BBLIMOJIHAETCS PaBEHCTBO O(C) = 0,4().

byukupio O (L) €A(J) HazoBeM deaumesem Gyukiuu O, (S)EQI(J), ecnu
cywtecrByer GyHkuus O, ({)€AJ) Takas, uto ©,(() = @,,()O,((). Ecanu,
KPOME TOro, MPOU3BE/IEHHEe NMPOCTLIX Y3Ji0B, OTBEYAIOLUNX COOTBETCTBEHHO (yHK-
umsaM @ () u O,,({), Taxxke ABAALTCA TIPOCTHIM y370M, TO GyHKuus @ ({) Ha3bl-
BAETCA npasuasiivim deaumeqem Gpyskunn 6,((). C noMOWLIO NOHATHS YHUTapHOU
3KBHBANEHTHOCTH y310B (cM. [I, 2]) nerko noka3sbiBaeTcsl KOPPEKTHOCTb 3TOTO
onpe/ieNIeH s, :

HailaeTcs npocToil yszen A = ( } TakoH, 4TO B HEKOTOPOH oxpecmocm

T RJ K)
5 ®
U NycTs $;, P, — TaKHE WHBAPHAHTHBIE MOANPOCTPAHCTBa oneparopa 7, HTO

B HUX WHIYUMPYIOTCS obpaTtumble onepatopbl. [logoxnm 4, —;TA Az—prA
D4 92

Teopema 2.3. Jusn mozo umodsr H,C$H,, HEOOXO0UMO U OOCHAINOUHO,
umobol pynkyusn O 4 (0) 6sraa npasuasisim deaumenem gyrnkyuu O 4 (). Mpu smom

9.=9, mozda u moavko mozda, Ko20a cywecmeyem J-yHumaphelii onepamop
U€ [, ©] maxoii, umo B4 () = UBO 4, (().%)

BusitounMm obpatumslii onepatop 7€ [$H, H] B npocToit yzen 4 = (

HokazaTtenbBO aHANOTMYHO IOOKA3aTenbCTBY Teopemsl 5.6 pabotsl [3].

B 3akJIIOuEHHe OTMETHM, “TO, Kak OyAeT nokasaHo B ctaTbe [I0], Teopus
y3JIOB M HX XapaKTepUCTHYECKUX (yHKUMH nonyckaeT nanbHeiiulee 0600iueHue,
npu KoTopoMm OyneT cHsTo TpebGoBaHue OOPATUMOCTH OCHOBHOTO OMNEpaTOpa.

¢) Oncpatop U npuHaanexuT Kiaccy: A(J) u asnsercs xapaKTepMCTuqecxou hyHKumnen

3yna 4, = [gz Ro J ]Q(” ], rae Ho = {0}, Rog =0 (ge®) u K, = U.
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Vecteurs cycliques et commutativité des commutants

Par BELA SZ.-NAGY a Szeged et CIPRIAN FOIAS a Bucarest

Introduction

Pour un opérateur (linéaire, borné) T dans Uespace de Hilbert $ on désignera
par (TY le commutant de T, c’est-a-dire I'ensemble des opérateurs qui permutent aT.
Env1sageons les trois propriétés suwantes possnbles de T:

(1) T admet un vecteur cyclique;
(i,) T* admet un vecteur cyclique;
(ii) (T) est commutatif.

Dans le cas d’un espace $ de dimension finie, ces propriétés sont équivalentes,
et il en est de méme des opérateurs normaux dans un espace § de dimension quel-
conque. Ces faits sont bien connus. Un résultat récent est que ces propriétés sont
équivalentes aussi pour les opérateurs (en general non normaux) de classe Cy;!) -
o [3}

D’autre part, on sait que si S est une translation unilatérale simple (p. ex. la
multiplication par e dans I'espace H? du cercle unité), 'opérateur T = S*@ S*
vérifie (i) sans vérifier (i,) (cf: [1], section 126), et il est manifeste que T ne vérifie
pas (ii). Ainsi, en général, (i) n’entraine pas ni (i;) ni (ii). (Mais il est un probléme
ouvert de savoir si (i) &(i,) entraine (ii)). Le fait que, en général, (ii) n’entraine
pas (i), vient d’étre démontré par J. A. DEDDENS: Intertwining analytic Toeplitz
operators (preprint).

Dans la présente Note on étudiera des cas nouveaux ol (i) entraine (l*)
ou (ii). Une partie de ces résultats a été annoncée au Symposium sur la Théorie
des Opérateurs, 1—S5. juin 1970, Bloomington, Indiana; cf. [4].

) Un opérateur T est de classe C, s’il est une contraction complétement non-unitaire et telle
que u(T)=0 pour une fonction # analytique et bornée dans le disque unité ouvert, #=0.

I
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Opérateurs de classe C;.

Théoréme 1. Pour un opérateur T de classe Cy.%) la propriété (i) entraine les
propriétés (i) et (ii) dans chacun des cas suivants:

(a) il y a du moins un point dans Iintérieur du cercle unité qui west pas une valeur
propre de T*;

(b) T est complément non-unitaire (c. n.u.).?) = .

Remarque. En échangeant les roles de T et T* on obtient le dual de ce théo-
réme. Nous allons donner la démonstration pour cette forme duale du théoreme,
équivalente.

Démonstration.

1. Commencons par quelques- faits subsistant pour une contraction quelcon-
que 7 dans $. '

Soit U, la dilation isométrique - minimum de 7, opérant dans un espace
8.(29).0na o '

0)) . TPy, =P,U, et VULH=K,

n=0

ol Pé désigne la projection orthogonale de K, au.sous-espace 9.
Soit R le sous-espace de K, dans lequel U, est unitaire:

@ _ R=NULK..

En désignant par Py la projection orthogonale de &, sur le sous-espace R, on a

?3) Pyh =1imULT*"h pour tout heDH;

¢f. proposition II. 3.1 dans [2]. Il en dérive que
CY) U, PyT*h = Pyh pour tout hes.
Les opérateurs

®) X=Pyl$ (53 et X* = Py|3t (~5)

sont évidemmen‘t_ adjoints I'un a l'autre. En multipliant dans (4) par I’adjoint de
I'opérateur unitaire

(6) R = U+|m5

%) La'classe C; . est constituée des contractions T telles que 7"/ ne tend fortement vers 0 (lorsque
n— =) pour aucun k€ §, h=0.Laclasse C., est le dual de la classe C.;: elle est constituée des con-
tractions T telles que 7*"k ne tend vers O pour aucun h¢$, h=0. On pose C;;=C;.NC.;.
‘ " %) 11 suffit aussi de supposer seulement que la partie unitaire de T ait son spectre absolument
continu. ’ : : -



Vecteurs cycliques et commutativité des commutants 179

" on obtient '
() XT*=R*X.
En posant :
®) Ro=XH (=Px9)
et : ) 4
%) V= R*|R,,
il s’ensuit de (7) que A
(10) VR Ry, -
et de (1), (6) et (8) il s’ensuit que
an R= Py, = VOP‘):U':»*:): V0U1Pm5:)= VOR"ERO'-

V est donc une isométrie dans R, et R* est un prolongement unitaire minimum
de V. : ‘ '
Notons la conséquence de (1), (4) et (5):

(12) ' X*X = PglimULT* = limT"T*",

il s’ensuit que »

(13 . | XA|? = lim [T*"h|] pour tout he$.

Cela montre que si 7¢C.,, on a Xh=0 pour =0 seulement et que par con-
séquent

(14) X*R=9.
La relation (7) entraine pour n=0, 1, ...
(15) @) XT*"=R"X et b) T"X* = X*R"

Montrons, toujours dans '’hypothése T€ C.,, que si R admet un vecteur cycli-
que r (dans R), T admet un vecteur cyclique X*r (dans 9) et (7T') est commutatif.

La premiere assertion est une conséquence immédiate de (15b) et (14).

Dans la démonstration de la seconde assertion on observe d’abord que I’existence
du vecteur cyclique r pour opérateur unitaire R entraine que (R)” est commutatif.
Ensuite on applique le théoréme sur la dilatation des commutants (¢f. [2], version
anglaise, théoréme II. 2. 3): A tout A<(T) on peut attacher un B¢ (U,) tel que
A = P B.|9, PgB(I—P,) = 0 et par conséquent

(16) _ APy = PgBPg = P4B.
De plus on a .

BR=BOU'KR, C NBULK, = NULBR,c (UK, = R.

nz0 n=0 n=0 n=0

12#
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Donc C = B|R est un opérateur dans R et il est manifeste que B¢ (U, ) entraine
C<c(RY. De plus, on déduit de (16) et (5) que

an AX*=X*C.

Soient A, A, €(TY et soient C,, C,€(R) les opérateurs y attachés de cette
maniére. En appliquant (17) on obtient :

Ay A, X*= A, X*Cy=X*C,C,=X*C,C, =A, X*C, =4, 4, X*.

Vu (14) on en déduit que A, A4, =A4, A4,.

2. Pour achever la démonstration du théoréme pour un T€C,, tel que T*
admet un vecteur cyclique #,, il n’y a donc qu’a chercher dans quelles conditions
additionnelles 1'opérateur correspondant R a-t-il un vecteur cyclique.

Observons d’abord que (154) entraine que le vecteur r, = XA, est cyclique pdur
Iopérateur ¥ dans R, définis par (8) et (9).

Dans le cas ou R, coincide avec I'espace entier N, on a V'=R*. Or, R* étant
unitaire, le vecteur cyclique ry =Xh; pour R* est cyclique pour R aussi.)

Ainsi, dans le cas R, =R tout est démontré.”) On sait que ce cas se présente
toujours quand les valeurs propres de T ne recouvrent pas tout I'intérieur du cercle
unité (cf. [2], proposition II. 3. 2). :

Passons au cas ou R, #R. Dans ce cas, 'opérateur ¥ n’est pas unltalre

Supposons que la partie unitaire de la contraction 7(€C.,) a son spectre
absolument continu. Il en est alors de méme de la dilatation unitaire minimum
U de T (conséquence de [2], théoreme 1L 6. 4) ainsi que de la relation R*=U*R.

Soit {E;} la famille spectrale attachée a R* et posons :

d ‘
a(t) = - (Eyro, 10).
L4
%) Cela subsiste méme pour tout opérateur normal N. En effet, si N admetun vecteur cyclique v,
il exnste pour tout entier y=0 et toute>0un polynomep(,l) 2 [4 A tel que pourM N* Y—p(N)

on ait |Mvli<¢. Comme M est normal, ona IM *vll = Mo, d’ou .
' ! N . n
IN*o—g(N*)vll<¢e ol q(l) = 2 ™
- ()

Cela montre que le sous-espace déterminé par les vecteurs N™p (1=0,1, ... comprend' les vecteurs
Nv (v= ..), donc coincide avec I’espace entier. Ainsi, v est cyclique pour N* aussi. )

ST admet alors le vecteur cyclique A= X*r,=X"Xh,. Eu égard 4 (12) on obtient donc-que dans
le cas en questlon tout vecteur cycllque h, pour T* engendre un vecteur cycllque h pour T moyennant
la relation # = lim T"T* "h.

n—oo
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Pour nzm=0ona
2n
(V"rg, Vro) = (V" ""rg, ro) = (R™"rg, ro) = [ &l "=™ia(r)dr.
0
On en déduit que

(18)

2 2r

-J

0

2

o(t)dt

n

2 Cm eimx
0 .

pour des coefficients c,, quelconques. Puisque r, est cyclique pour Vet que ¥ n’est
pas unitaire, r, ne peut appartenir & ¥Ry, donc r, a une distance positive d 4 ¥R,,.
Mais on déduit de (18) que

2n
d? = inf [ |1+p(e")|2a(r)ds
P o

ol p parcourt la totalité des polynémes s’annulant a Iorigine. D’aprés un théoréeme
de SzEGG (cf. [2], n° IT. 6. 2) on a donc log a(r) € L' (0,2) et par conséquent il existe
une fonction extérieure u € H* telle que Ya(z) = ju(e™)| p. p. (¢f. p. ex. [2], n°IIL. 1. 1).
En vertu de (18), 'application

n n
2 V" ro— Z cmelm't u(e“)
0 0 . :
est isométrique; en la prolongeant par continuité on obtient une application unitaire
7: Ry —~H? (Iespace de Hardy—Hilbert).

(Ici on fait usage de ce que rq est cyclique pour ¥, et du théoréme de Beurling que
les fonctions extérieures (et celles-ci seulement) son cycliques pour I'opérateur S
de multiplication par e” dans H2) Comme V est le transformé par l'opérateur
unitaire t—! de S, V est aussi une translation unilatéréle simple. Par conséquent,
le prolongement unitaire minimum R* de V est une translation bilatérale simple et il
est alors de méme pour R.

Or, cela entraine que R admet un vecteur cyclique. En effet, si 'on represente
R par 'opérateur de multiplication par e dans L*(0,2n), toute fonction w ¢ L*(0,27)
telle que w(t) >0 p. p. et log lw(t)l ¢ L', est cyclique pour R. Parle theoreme de Szegd
deJa cité (¢f. p. ex. [2], n° IL. 6. 2) on a alors notamment

| inf_/ 11+ p(e®)| 2 fw(2)|?dt = 0
P9

(ou p parcourt les polyndmes s’annulant & origine), d’ot il s’ensuit que Ie sous-
espace de L?(0,2n) sous-tendu. par le systtme {e™w(r)}:>, comprend aussi les
fonctions e~ ™ w(t) (n=1,2,...); or comme w(t)=0 p.p., le systetme {™w(1)}>.
sous-tend évidemment I’espace entier L2(0,27).

Ainsi, dans tous les cas considérés, R admet un vecteur cyclique. Cela achéve la
démonstration du théoréme 1. '

)
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Contractions faibles

Une contraction T dans I’espace de Hilbert $ est appelée faible si son spectre
ne recouvre pas le disque unité et J— 7*T est de trace finie. Une contraction c. n. u.
faible T admet une ,,décomposition Co—C,,”, c’est-a-dire qu’il existe des sous-
espaces 9, et H, de 9, ultrainvariants pour T ) et tels que

(19) 4 HoVH: =9, HNH, = {0},
et que '
To =T|9Do€Co et Ty =T|H€Cy;.

Notons par Q; la projection orthogonale de $ a4 §; (i=0,1). On a
(20) Q= QT"Q:, QT* =QT*Q; (i=0,1; n=0,1, ..).

Supposons de plus que 7* admet un vecteur cyclique 4. On a alors pour i=0, 1:

=09 =0 VT =V QT"h =V QT Qh;

n=0 nz0 nz=0
puisque Q,T*"|H;=T;", il s’ensuit que le vecteur Q;/ est cyclique pour T
Comme T est de classe C,, I'existence d’un vecteur cyclique pour T¢ entraine
que (T¢) soit commutatif; ¢f. [3]. D’autre part, (T})" est commutatif d’aprés le
théoréme 1. Mais alors (7) et (T;) sont aussi commutatifs. Or, cela entraine que
(T) est aussi commutatif. ' :
Eneffet,si A ¢(T), ona AH;C 6 (1=0,1) parce que H; est ultrainvariant pour T.
En posant 4;=A|%; on obtient:

A;T; = AT|S; = TA|D; = T:A;,
donc A4; permute a T; (=0, 1). En envisageant encore un A" €(7T) on aura
' AXD; = Ad] = A A= A AIS; (=0,1)
et, grice a la premiére relation (19), 44" =A4"A4. Donc (T)" est commutatif.
Vu que chacune des propriétés:
a) T est une contraction faible, ¢. n. u.,
b) (T) est commutatif,

entraine la méme propriété pour T*, nous pouvons énoncer notre résultat dans la
forme suivante:

Théoréme 2. Pour toute contraction c. n. u. faible T, telle que T ou T* admer un
vecteur cyclique, (T est commutatif. ‘

§) Cest-a-dire invariants pour T ainsi que pour tout opérateur permutant a 7.
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Bi-ideals in associative rings

By S. LAJOS and F. SZASZ in Budapest

Throughout this paper, by a ring 4 we shall mean an arbitrary associative ring.
For the terminology we refer to N. Jacosson [5], N. H. McCoy [16] and L. REDEr
[18]. In analogy to the notion of bi-ideal in semigroups (cf. A. H. CLiFFOrRD and
G. B. PrEsTON [3] vol. I) we shall study some properties of bi-ideals in rings.

For the arbitrary subsets X and Y of a ring A by the product XY we mean
the additive subgroup of the ring A which is generated by the set of all products
xy, where x€ X, and y€ Y. By a bi-ideal B of aring 4 we ‘understand a subring B of
A satisfying the following condition:

) S : - BABCB.

Obviously every one-sided (left or right) ideal of A is a bi-ideal, and the intersection
of a left and a right ideal of A is also a bi-ideal. We note that the bi-ideals in semi-
groups are special cases of the (i, n)-ideals introduced by S. LAjos [7]. He remarked
that the set of all bi-ideals of a regular ring is a multiplicative semigroup [10]. Some
generalizations of biideals of rings were discussed by F. SzAsz [22]. The con-
cept of the bi-ideal of semigroups was introduced by R. A. Goop and D. R. HUGHES.
[4]. Interesting particular cases of bi-ideals are the quasi-ideals of O. STEINFELD
[19]: A submodule Q of an associative ring A is called a quasi-ideal of 4 if the follow-
ing condition holds: '

@ QANAQ S Q.

It is known 'that the product of any two quasi-ideals is a bi-ideal (cf. S. LAsos [8]).
It may be remarked that in case of regular rings the notions of bi-ideal and quasi-
ideal coincide (see S. Lajos [10]). It was shown by the first'named author that there
exists semigroup S containing a bi-ideal B which is not a quasi-ideal of S (see. S.
Lasos [13}). :

Next we formulate some general properties of bi-ideals in rings. Then we cha-
racterize two important classes of associative rings in terms of bi-ideals.
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Propositi.on 1. The intersection of an arbitrary set of bi-ideals B, (A€ A) of a
ring A is again a bi-ideal of A.

Proof. Set B = (1 B,. Evidently B is a subring of A. From the inclusions
LEA
B,AB, S B; and BE B; (VA€ A) it follows that
3) BABC B.AB,CB, (VieA)

and consequently we have
) BARCB.
‘This proves Proposition 1. '

" Proposition 2. The intersection of a bi-ideal B of a ring A and of a subring
S of A is always a bi-ideal of the ring S.

Proof. Let us assume that

) C = BNS.
‘Since § is a subring and C< S we conclude

©) CSCC SSSCS.
‘On the other hand ' i
(7 CSCCS BSBS BABC B,

whence CSC € BNS = C.

Proposition 3. For an arbitrary subset T of a ring A and for a bi-ideal B of
A the products BT and TB both are bi-ideals of A.

Proof. By TAS A and BABC B we have
{8) B(TA)B < BAB < B.

Moreover, we have the following monotonity property of the product defined in the
introduction above:

9) ' XS Y=2XZEYZ
for arbitrary subsets X, Y, Z of the ring A. Then (8) and (9) imply the relation
(10) (BT)A(BT) < BT,

which together with (BT)BT) = (BTB)T € (BAB)T < BT means that the product
BT is a bi-ideal of the ring A. The proof concerning the product T8 is similar to that
-of BT.

In an analogy to the case of semigroups (cf. S. Lajos [8]) we obtain the follow-
ing result.
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. Proposi tion 4. Let Bbean arbitrary bi-ideal of the ring A, and C be a bi-ideal
of the ring B such that C 2=C. Then C is a bi-ideal of the ring A.

Proof. The suppositions BABgB and CBCESC imply
an . CAC=C?4C?*CC(BAB)CSCBCSC

which proves the statement.

Proposition 5. An arbitrary associative ring A contains no non-trivial bi-
ideal if and only if" A either is a zero ring of prime order or A is a division ring. .

Proof. Suppose that the ring A contains no non-trivial bi-ideals. Then clearly
A contains no non-trivial right ideals, and thus A satisfies the minimum condition
on right ideals. Suppose that A4 is not semi-simple in the sense of JacossoN. Then A
is an Artinian radical ring, which is nilpotent by a well-known result due to CH.
Hopkins (cf. N. JAcoBsoN [3]), and finally 4 is a zero ring of prime order in absence
of non-trivial right ideals. On the other hand, if 4 is semi-simple then it is a division
ring by the famous WEDDERBURN-—ARTIN structure theorem (cf. Jacosson {5} or
REDEI [18]), which proves the “only if” part of Proposition 5. '

Conversely assume that A either is a zero ring of prime order or a division ring.
We shall show that A has no non-trivial bi-ideals. This assertion is trivially true for
a.zero ring of prime order because every additive subgroup in a zero ring is a two-
sided ideal. If A4 is a division ring and B is a non-zero bi-ideal of A4, then the con-
dition
(12) BABS B

implies B= A, because in a division ring 4 we have xA = A = Ax for every non-zero
element x € A, consequently

(13) _ BAB=B(AB)=BA=AZBCA.

Remark 1. An elementary and short proof of the fact that a ring 4 contain-
ing no non-trivial right ideals either is a zero ring of prime order or a division ring,
can be found in a paper of F. SzAsz [20].

Proposition 6. Let T be a non- empr y subset of the ring A. Then the bi-ideal of
A generated by T is of the form:

(14) ' Toay = IT+T?*+TAT,
where I denotes the ring uf rational integers.

Proof. The verification of the statement is almost trivial and we omit it.
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Remark 2. By Proposition 1 the intersection of any set of bi-ideals of a ring
A is also a bi-ideal of 4, and thus the bi-ideal T, ;, defined above evidently commdes
with the intersection of all the bi-ideals of A containing T. -

Remark 3. By Proposition 6 we have:
(i) The principal bi-ideal (x)(1 1y generated by the single element x of A can be
represented as follows:

(15) . )11y = Ix+Ix* +xA4x.
(it) In the particular case of an idempotent element e of the ring 4 we obtain:
(16) . (€),1y=ede.
(iti) For an additive subgroup T of A one has: '
(17) ' T(l,l) = T+ T2+TAT.
(iv) If S isa subring of the ring A4 then
- (18) Siay = S+ SAS.

Proposition 7. For any associative ring A denote by A the set of all additive
subgroups of A, and A, the set of all bi-ideals of A. Then A and A, are semigroups under
multiplication of subsets (defined in the introduction of this paper), and A, is a two-
sided ideal of A.

Proof. The statement of this proposition is an immediate consequence of
Proposition 3 and the definition given in the introduction for the multiplication of
subsets.

Remark 4. The multiplicative semigroup of all non-empty subsets of an
'arbitrary semigroup was formerly investigated by S. Lajos [8]. He proved that the
set of all bi-ideals of a semigroup is a two-sided ideal of the multiplicative semi-
“group of all non-empty subsets of the semigroup.

Remark 5. J. CaLAls [2] gave an explicite example for a semigroup having

two quasi-ideals whose product fails to be a quasi-ideal. In this connection it may -

be remarked that one of the authors, S. Lajos [10] proved that for the case -of re-
gular rings as well as for regular semigroups the product of any two quasi-ideals is
again a quasi-ideal. '

For the verification of the interesting fact that every left ideal of a right ideal
of an arbitrary associative ring can be represented as a right ideal of a suitable left
ideal of the ring, we shall prove the following statement in analogy to'a semigroup-
theoretical result due to S. Lajos [7]. '
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Theorem 1. For an arbitrary non-empty subset B of an a;v_soqiative ring the
Jollowing conditions are pairwise equjvalent.' ’

(1) B is a bi-ideal of A.
. (I) B is a left ideal of a right ideal of A.
(111) B is a right ideal of a left ideal of A.

Proof. It is enough to prové that (I) is equivalent to (II), because condition
(I11) is the left-right dual of (II), therefore the proof of the equivalence of (I) and (III)
is similar to that of (I)<=(II). '

To show that (1) implies (I1), suppose that the subset B is a bi-ideal of the ring
A. Let (B), be the right ideal of A generated by B. It will be verified that B is a left
ideal of the ring (B),. Indeed, the relations (B), = B+BA and BABC B imply

(19) . (B),B = (B+BA)B S B*+BAB C B.

Conversely, to prove that condition (IT) implies (I), assume that the subset B of
A is a left ideal of a right ideal R of 4. Then the inclusions

(20) RASR, RBCBH
imply o
?J)) BABZ (RA)BS RBC B,

which together with the obvious fact that B is a subring of A yields the wished
assertion. 4 '

In what follows we will be concerned with different properties of bi-ideals
in special classes of associatiye'rings. Among other things the characterization of
some classes of rings will be given by means of bi-ideals.

Theorem 2. For an associative ring A the following conditions are mutually
equivalent:

() - A is regular.

(I) ° LNR = RL for every left ideal L and for every right ldeal R of A.
(IIl)  For every pair of elements a, b of A, (a), N\ (b), = (a), (b),

(IV)  For any element a of A, (@), (a), = (a).(a);- -

V)  (@)q,1)=(a).(a), for any element a of A.

(VD) (@)1,1y=aAa for any element a of A.

(VII) QAQ = Q for any quasi-ideal Q of A.

(V) BAB= Bfor any bi-ideal B of A.

Proof. 1) (I)c»(II) This was proved- by L. KovAcs [6] It is ev1dent that

1) The equivalence of conditions (I)—(VI) in case of semigroups was proved by Lajos [9], (11].
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(Il):(lll)=>(lV) The implication (EV)=(1) was proved by F. SzAsz [21] Thus we
have shown the equivalence of the first four conditions.

(1)=(V). Assume, that A4 is a regular ring. Then the solvability of any equation
axa=a implies

(22) (@), =(ax),=axA
and :
(23) (@), =(xa), = Axa

where (ax)?=ax and (xa)?=xa. Hence

(24) " (a),(a), = axA-Axa SaAa
and we conclude .
(25) . (@),(a), S la+1a®+ada = (a),)-

Conversely, by condition (IV), it is obvious that
(26) @1 & @.N(a) = (@, (a),
Thus (I) implies (V).

To prove that (V)=(l), suppose that the ring A satisfies condition (V). Then
we have

(27) : (d)(l,l) = (a),(a),
for any element a in A. (27) ifnplies
(28) ac(la+aA)(la+ Aa) = la®+ada+aAd?a = la? +aAa.
In other words, there exists a rational integer m and an element b€ A4, such fhat
29) _ a = ma*+aba = a(ma-+ ba).
For the element e = ma+ ba we obtain a=ae and e2=e, whence
a = ae? = a(ma+ba)? = a(m®a?+ maba + mba® + baba) € aAa.
This implies (1). |
' It is casy to show that in case of regular rings we have
(30) ’ (a)r (a)l =aAa’
therefore (I) <= (VI). ' r
(I)e(VII). This has been proved by J. Lun [15]
(I)=(VIII). This follows at once from a result of S. LAJOS [10], Theorem 1, and
from the above mentioned .assertion of J. LUH.

(VIII=(). If A is a ring satisfying condition (VIII), then it satisfies also (VII),
which implies (I). :
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Therefore Theorem 2 is completely proved.

Theorem 3. The fo]lowing fifteen conditions for an associative ring are pairwise
equivalent:
D A is strongly regular.
(II) A is a two-sided ?) regular ring.
“(Il) A is a subcommutative ®) regular ring.

(IV)  B2=B for any bi-ideal B of A.

(V)  0Q2=Q for any quasi-ideal Q of A. :

(VI) RL = LN R C LR for any left ideal L and for any right ideal R of A.

(VII) LN R = LR for every left ideal L and for every right ideal R of A.

(vill) L,\L, = L, L, and R, "R, = R, R, for any left ideals L,, L, and for
any right ideals R,, R, of A. '

(IX) LNT = LT and RNT = TR for every left ideal L, for every right ideal
R, and for every two-sided ideal T of A.

(X)  Aisregular and it is a subdirect. sum of division rings.

(IX) A is a regular ring with no non-zero nilpotent elements.

XMl) L,NL, = L,L, for any two left ideals. of A.

(XIII) R, N R, = R R, for any two right ideals of A.

(XIV) LN\T = LT for any left ideal L and for any two-sided ideal T of A.

(XV) RNT = TR for any right ideal R and for any two-sided ideal T of A.

Proof. (I)«(Il). This was proved in [14].
(I) = (II). Assume that A4 is a two-sided regular ring. Then every onesided
(left or right) ideal of A4 is a two-sided ideal in 4, consequently we have

3D AxASxA and AxAE Ax.

The solvability of any equation aya=a (aEA) implies acaAd and a€ Aa, for every
a€ A, therefore by (31)

32) : AxSxA and xAgAx.'

Thus we conclude that x4 = Ax for every element x in A. This exactly is the (two-
sided) subcommutativity of the regular ring 4. :

(ITI) = (II). Suppose that A is a (two-sided) subcommutative regular ring.
"Then every principal right ideal (a), of 4 can be generated by an idempotent element
e of A, that is '

33 | @, =(@),=ed, e*=e.

%) An associative ring A is said to be a two-sided (or duo) ring if every one-sided (left or right)
ideal of A4 is a two-sided ideal (cf. e.g. THIERRIN [25]).

%) For the definition of subcommutative ring we refer to BARB]LIAN [1]: a ring A is called
(two-sided) subcommutative if a4 = Aa for any a€ A.



192 S. Lajos—F. Széasz

From condition (IIT) and Theorem 2 we conclude
(34 A(a), =A(ed) =eA%=eA =(a),,

whence (a), is a two-sided ideal. Consequently an arbitrary right ideal R of A4 is
also a two-sided ideal of the ring A. Similarly it can be proved that every left ideal -
L of A is also a two-sided ideal in 4. Thus we have proved that (II)«=(III).

() (V). This follows from Theorem 2 of L. Kovacs[6] and from authors’
Theorem in [14].

Next we show that (IV)<(V). :

The implication (IV)=(V) is evident. The converse of thls statement is a con-
sequence of the above mentioned result of L. KovAcs, and Theorem 1 of S. Lasos [10]. -

Finally the equivalence of the conditions (VI)—(XV) with each other and with
condition (I) was proved [14].

Thus Theorem 3 is proved. ,

1t is known that every regular ring is semisimple in the sense of N. JACOBSON.
The following assertion characterizes the semisimple rings A in the class of rmgs
with property: ,
(%) The lattice of all right ideals of A is a chain®).

Proposition 8. For a ring A with property (%) the following conditions are
equivalent:

(1) - A is semisimple.

(1) A is regular.

(II) A is strongly regular.

(IV) A is direct sum of division rings.

(V) - A is a division ring.

Proof. In what follows we assume that the ring A satisfies the condition ().
Tt is easy to see, that Proposition 8 will be proved if we demonstrate the equivalence
of (I) and (V), because every class (V) of rings in Proposition 8 contains the class of
rings with property (N +1), where N=I, IL III, IV.

" Suppose that A is a ring with radical J =0. Then the intersection of the modular
maximal right ideals R; (A€ A) of A4 is (0) by N. Jacosson [5], Chapter I. In virtue
of property () and of the maximality of the right ideal R, we conclude R, =0,
whence A contains no non-trivial right ideals. Therefore A4 is a division ring.

Proposition 8 is completely proved.

Remark 6. A subclass of the class of rmgs with property (%) was earlier
discussed by E. C. PosnER [17]. Moreover, L. A. SKORNJAKOV [24] has obtained some
results concerning rings with the left-right dual of property ().

%) Cf. SzAsz [23].
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~ Remark 7. Lét A be the ring of all matrices of type 22 over the field with
two elements. Then A is a ring with sixteen elements having the property that BAB=B
holds for every bi-ideal B of A. Moreover let B0 be the bi-ideal generated by the

element -
0 1
o ol

Then we obviously have B} =03 B,. Evidently A4 is regular, but not strongly regular
and A does not satisfy condition (*).
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Local and residual properties in bicategories

By RICHARD WIEGANDT in Budapest

§1

In the theory of universal algebras local and residual properties are well known,
and they are to some extent dual properties. It is easy to give a categorical defini-
tion of these notions, but category theoretically they - are not exactly dual. In
universal algebra it is proved that any residual property which is preserved under
homomorphic images is local but the categorically dual statement is not true even
in such a nice category as that of abelian groups (cf. [1], Exercise 3).

The purpose of this paper is twofold. On the one hand, we give a categorical
generalization of this connection between local and residual properties. In this way
it becomes clear why the dual statement is not true in universal algebra (the
reason is GROTHENDIECK’S axiom AB5). On the other hand, as a possible inter-
pretation of the dual statement, we present concrete categories in which it is true.
This dual statement, however, yields well known facts of the general topology; we
estimate it essential that such a categorical aspect is able lo join quite different
branches of mathematics. :

In our investigations we shall consider a bicategory satisfying some rather
natural additional i'equirements. In §2 we shall give a categorical definition of
local and residual properties with some cardinality-restrictions. Such a subtle de-
finition is suitable with respect to the topological applications. We present also a
lemma which establishes an equivalent formulation of a special case of GROTHEN-
DIECK’s axiom AB 5. This lemma will be used in the proof of the Theorem of § 3.
§ 3 is devoted to proving the categorical generalization of the connection between
local and residual properties. In § 4 we give concrete categories in which the dual
- theorem is true (the category of 0-dimensional compact spaces and that of complete
metric spaces with closed continuous mappings). By specialization we obtain e.g.
that Lindeldf property is preserved by forming inverse limit of countable inverse
systems of complete metric spaces.

The author wishes to express hlS thanks to J. GerLiTs for his critical remarks
and valuable advices.

13*
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§2

In" general our terminology is based on MITCHELL’S book [8]. With respect
to the interpretations of § 4 it is appropriate to use the notion of bicategory due to
IsBeLL [5] (cf. also SEMADENI [9] and KENNisON [6]).

Let & be a category. Let # and & be classes of morphisms on €. Then (£, &)
is a bicategory structure on € provided that

(B,) S and & are subcategories of €,

(B,) FNF consists exactly of all equivalences;

(B;) The morphisms of .# are monomorphisms and the morphisms of & are
epimorphisms;

(B,) Every morphism ¢ can be factored as ¢ =¢,¢, with ¢, €%, ¢,€ 5,
moreover this factorization is unique to within an equivalence in the sense that
if p=vy and p€, v€ £ then thereexists an equivalence y for which vy =¢, and
VP =i '

The morphisms of .# and & are called injections and surjections, respectively.
A category equipped with a bicategorical structure is called briefly a bicategory.

Proposition 1 ([6] Prop. 1.1). Let € be a bicategory. Then -
() @Y€ & implies y € S,

_—
P (2) QY €S implies p€ & ; 4
. // (3) Every commutative diagram of the form
Pe P 5/ . ve J indicated by figure (1) can be filled in at ¢ with
commutativity preserved.
/
e . Ifa:A, —~Aisaninjection, then A, is a subob-
ST ject of A, if p:B-—B, is a surjection, then B, is
(1) called a factorobject of B.

An object S of a category ¥ is called a cosin-
gleton, if the following two conditions are satisfied (cf. SEMADENI [9]):

(i) For every object A4 there exists exactly one morphism «: S —4;
(ii) For every object B there exists at least one morphism f: B8 —S.

Throughout § 2 and § 3 we shall assume that the considered category ¥ is a
bicategory, further it satisfies the following axioms:

(A,) % has a cosingleton;
(A;) For every family {4;}ic,, [[|=¥, of factorobjects of any object Ain%

the counion {J* 4, exists;
icl

(A;) € admits products ﬂA,, if |I|<k\
(A,) € admits direct llmlts lim {A;}ie; if H]=R
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We shall make use of some statements being easy consequences of (A ) and (Aj3).
Suppose that S is a cosingleton, and denote by o; the only morphism S —4,.
Let us suppose that the class of all morphisms A;—~ S is a set for every A,€%. Now,
by the axiom of choice we can select exactly one morphism w;:4;—~S for each
A;€%. Let us define w,;; =w;0;: A;—~ A;. By [9], 3,5 for any objects 4;, A;, A, we have

U)ijw_’-k:wik.
‘Proposition 2 ([9], 3.6). The projection =;: ]7A-—>Ai,_|1|§&, is a sur-

jection for each i€l, and there are IIU@CI‘IOI’IS 0;:A4;—~ ﬂ A; such that mo;=1,,
ic ¢

mio= ,Jfor17fj

Proposition 3. Consider A = [[A; and B = []B,, [I|=R, with the pro-
icl

Jections w; and g;, €1, respectively. If a;: A;—~ B;, zEI lS a family of injections, then
there exists a unique injection o: A — B such that g;,0.=a;m; holds for each i€ 1.

The proof will be analogous to that of [7}, § 14. 3 in the case when the cosingleton
is a zero object.

By the definition of the product there exists a uniquev morphism (the so-called
canonical morphism) « such that diagram (2) is commutative for all i€l We
have to show that « is an injection. Consider a factorization a«=vu with ues,
ve#£. By Proposition | (3) for each /€] there exists such a morphism ¢; that
diagram (3) is commutative. Since 4 = [[ 4;, the canonical morphism y: C—4

icl
7[}; : jri A
A ————— 4 A ——— 4
A
6 /
. ./
o« o< A } o4y
/
Ve
Ve
B — > B € — 5
5 27
- (2) ' (3)

exists. Obviously yu has to be 1. Hence Proposntlon 1(D) lmplleq u€f and thus «
is indeed an injection.
In §2 and § 3 we shall assume that the bicategory ¥ satisfies condition

(CQ) The direct limit lim {A;};c, of every direct family of subobjects {A;}ic;»

[[|=% of an olyecf is the union {J A;.
i€l
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Condition (C) without any restriction to the cardinality of , is fulfilled by every
category of any primitive class (i.e. variety) of universal algebras (as it turns out e.g.
from [3], § 21) and for a complete abelian category (C) is equivalent to GROTHEN-
DIECK’s axiom AB 5 (cf. [4]. Proposition 1,8 or [8]. III Proposition 1,2). GROTHEN-
DIECK [4] has also pointed out that a category satisfying axiom AB 5 as well as its
dual one, has to consist of zero objects. 4

- We need also an other form of condition (C). Let {4 };c; and {Bi}ic;, [I|=
be dlrect systems of subobjects of the objects;4 and B with {J A;=A and | B;= B

il icl
and with the commutative dlagrams (4 and 5) foralli=j=kel

o . B} B4
Ai - Bl - B/ Can Bk.
Y
&y B; l By
8 .
(4) (5)

Lemma. Assuming that U A;, [I|=8, exists in € Jor every direct system of
subobjects {A;} of any object A condition (C) is equivalent to condmon

D) If ¢;: B;~A;, icl, |[|=8 is a system of surjections such that diagram
(6) is commutative for all i=jel, then there exists a unique surjection ¢: B—~A
(B = UB,, A = U A) such that diagram (7) is also commutative for all i€l

i€ iel

Bl A

1 e
-  ——
B, ————> B}. 4 B; ) B
7 I ¥ fi b4
A — Az 5 A= — A
# 4

(6) - ' (7)
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Proof. (C)=(D). According to (C) we have diagram (8). Since a;¢; maps B;
into A such that ‘ o
By = apbe; = 0, is=jel

therefore by the definition of direct limit there exists a unique morphism, the canonical
one, ¢:B—A such that «,¢;=¢p; holds for all i€ I. Moreover, by (B,) ¢ can be

. /51' , B: (o
By —————>B=UBi=lim {B};¢; : #
S
. & 7/
¥ Yef 4 vey
i - /
/
/
— R A — - A
ST AT A}ies Y
' (8) : (9)

factoredlas @=vu with u€&, ve ¢ and so according to Proposition 1 (3) for each

~ I€I there exists a morphism o; with commutativity preserved in diagram (9).
Hence by the definition of the direct limit there exists the canonical morphism y .
such that diagram (10) is commutative for all i€ L.

By

5, ———— B

y v

(10)

Since 4 = lim {4,};¢,, therefore vy=1, follows. Thus by Proposition I (2)
we have v€.%. This implies ¢ = vu €.
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(D)=(C). Put 4;=B,, i¢l. Now by condition (D) there exists a morphism

Y:lim {4,}=A4~ UA =A and ¢:lim {4;}= B—»UA = B such that diagrams (1/)
i€l
and (12) are commutative for all /€. By the uniqueness of ¢ and ¥ it follows

oY =1,. Hence y: lim {4,}ic, ~ U 4; is an equivalence, and so condition (C) is
icl

satisfied.

A=lim (4],

i€l
'
Aj —————> B=UA4;
€l
?
A B
(11) - . (12)

Consider an abstract property P of objects of €, i.e. if 4 and B are eqﬁivalent
objects, then either both 4 and B or none of them has property P. Since property
P divides the objects of € into two classes, so the fact 4 has property P will be denoted
by A€P.
Let & be a cardinality. By an 8-local system' of subobjects of an object 4 one
understands a direct systemi {A4;};c, such that UIA,-=A and |I|=X. The object
ic

A is said to be R-locally P, if there is an R-local system of subobjects of A4 all 4,
belonging to P. If every object which is &-locally P actually belongs to P itself,
then P is said to be an 8-local property. In view of condition (C), an ¥-local property
P means such an abstract property which is closed under forming direct limits of
direct systems having cardinality = §.

We define an 8-residual system of an object 4 to be a system {A Yie; consisting
of factorobjects of A4 such that U*A =4 and |I|=R. By an R-residual P object we

mean an object which has an & res1dua1 system consisting of factorobjects belonging
to P. The property P is said to be an N-residual property, if every object which is
N-residually P actually belongs to P itself.

Let us mention that ®-local and &-residual properties are not dual notions.
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However, any system {4;};c;, [[|= R, of subobjects of ‘an object 4 with U 4,=A
: iel
generates a direct system consisting of finite unions {J A4,, but 4,€P, icl, do not.
finite .
imply U A €P.
finite
§3

In this section we are going to prove the following

Theorem. Let the bicategory € satisfy axioms (A;)—(A,) and condition (C).
If P is an N-residual property preserved by surjections then P is an R-local property.

Let us remark that this theorem is valid for any category of Q-algebras. The:
corresponding statement without any restrictions to the cardinality, is just Proposi-
tion 7,4 of Coun [1] (there the existence of cosingleton is not supposed).

Proof. The outline of the proof is the following. We shall consider an object
A which is §-locally P with an 8-local system {A4,};c;, A;€P, [[|=8. From {4 }ic,
we construct an object B which is §-residually P, and so by the assumption B will:
have property P. Further we shall show that there exists a surjection B —A. Hence:
also the object 4 will have property P.

Consider an object 4 having an R-local system {4;};¢, with injections o;: 4; — A4,
o' A;—~A; such that ajof =a;, i=jc/, [I|= R, and A,€P for all i€P. Let ;:4 ~D;
be an equivalence for all i¢ I, and form the product C = i[Z D; with the projections.
n;:C — D;. By Proposition 2, every xi; is a surjection. Furtlier, for all i, define C;
and C¥ by C;, = -Hle and Cf = ][ D;, respectively. (For the empty set
p J] D; means C(_)Jsiéngleton.) Accordinjg“to Proposition 3 both C; and C} are:
sujbeozbjects of C. The object A; can be embedded-
“diagonally” in C; for any icI as follows. The ‘f:
morphism &% =¢;a}:4;~D; embeds A4; into D; for B —L > 4;
every i=jcl. The canonical morphism 6;:4;~C;
satisfies 7,0;=4% where 7 is the projection C;~D;.
Hence Proposition 1 (1) implies that §; is an injection 4 Jdi
for each i< 1. According to Proposition 3 B, = C¥ X 4;

is a subobject of C = CFfXC; X [[ D, by an in-
. inker . CC — o
jection 7; such that diagram (/3) is commutative. Y. o

Here ¢; and y; denote the projections of B; and C
into 4; and C,;, respectively. Moreover by Proposi-
tion 2 they are surjections. /

For any fixed i<j¢/I, consider the injections &yai:4,—D, (i=k<j) and
o:’;.:Ai—»Aj. Now by Proposition 1 (1) the canonical morphism of 4; into B; =

(13)
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= C{X [J] DyXAjisaninjection for i <jé€ [l Soapplying Proposition 3 to B, and

isk<j
B; we obtainjthat there exists a unique injection f%: B, ~ B; such that (/4)and (15)
are commutative diagrams for i=k<jel Hence lettmg Bi= lp, for any
isk=jwe get @f = o, =« kg = dhofi = @;f%pi, and by the uniqueness
of B} we have Bi=p5p;. Thus {B;};c, forms a direct system. With respect to
condition (C) we have B = lim {B;}ic; =-'Ul B;, and so B is a subobject of C
by injection f. Now =, maps B into D,. §ince D; is a subobject of B;,, and so
-of B by an injection J;, therefore by Proposition 2 for the injection d,: D, ~ B we have

Bé;=0; and mfs; = 0d; = lDi :

“Thus by Proposition 1 (2) the morphism n;8:B—D; is a surjection for all ié[.

50‘
B; ——t > A, L'
i A B; A
i ol i . i
5 §k°‘k B o<
8, ——— D, 8 —————— A;
T 4 -
(14) . (13

Now we are able to prove BEP To this alm it is suﬁiment to show U* D B
iel

Tbecause P is an N-residual property and =;8:B—~D;~A,;cP is surjection for all

i¢l. Put B, = J*D;. Now there ex1st surjectlons Bo:B—By and g;: By —~D; such
IEI

ithat ;8o =n;B is valid for all i€/. On the other hand B, can be embedded in
C = ]]D by the canonical morphism g, such that m;0, = 0; holds for every i€l

Hence we have ;04 8, =7;8 and the uniqueness of f yields g, f,=8. Since § is an
:injection, so by Proposition 1 (1) also f, is an injection. Hence /3069 N.#, and so
Band B, are equlvalent objects. Thus B€P is proved.

By (I) we have o, @, = ;8 for all i=j€c I. Thus with respect to the Lemma there
-exists a surjection ¢:B —~A such that @f; =a;¢; is valid for all i€ L. Since property
P is preserved by surjections, so B€P implies 4 €P. Hence P is f&-local, and the
theorem is proved. '
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1. Let @, be the category of Boolean algebras. In ¥y all the conditions (Al)—-(A4)
as well as (C) are satisfied without any restriction on the cardinality. By the well-
known duality between the category %} of O-dimensional compact spaces (the
so-called Boolean spaces) and that of Boolean algebras, the dual statement of the
Theorem holds in €. (According to the duality we hint to [9].)

2. As an other possibility to interpret the dual statement of the Theorem, let us
consider the category €, consisting of complete metric spaces (with bounded metric)
and closed continuous mappings. For the notions well known in general topology*
we refer to ENGELKING’s book [2). @, becomes a bicategory by choosing .# and &
to be the class of closed continuous embeddings and that of continuous onto-
mappings. The one point space is a singleton in %, so the dual condition (AY) of
(A)) is satisfied. If -{4,};¢, is a system of closed subspaces of a space A, then the
closure iUI—Z:. of the union of the subspaces will be, clearly, the categorical union
of the SLelbspaces A;, i€l Hence also (A}) is fulfilled in @,.

To show the validity of (A¥), let us remark that in the category of topological
spaces the coproduct is precisely the disjoint union of the spaces. We shall show
- that the disjoint union of complete metric spaces is again a complete metric space.
By {2] Theorem 4.2.1 this disjoint union is a metric space. Consider a Cauchy
sequence {x,} in the disjoint union A = @[A,-J Now to any &=0 there exists a
natural number N such that g(x,, x,) <s llxéolds for every n, m= N. This is possible
only if x, and x,, belongs to the same space 4; for a fixed 7¢I, Since A4; is complete,
so the sequence {x,} is convergent in A4; as weli as in 4.

(A})%, admits inverse limit of countable inverse systems. Since the Carte51an
product of a countable number of complete metric
spaces is again such a space ([2] Theorem 4. 3. 7), so
taking into account that the inverse limit is a closed
subspace of the Cart651an product the vahdlty of (A*) ' "
is obvious. '

(C*) Let us consider an inverse system {4,
i=1,2,...} of quotient spaces A4;€%,, of a space
AEB,. First of all we shall show that the canonical
map y:A~lim {4;} is an onto-mapping. By (B,) 7y
can be factored as y =y with Y €4 and ¢ € ¥such
that diagram -(16) is commutative for i=1,2,....
Consider an arbitrary element aclim {4,}. Obviously
a has the form (..., a;, ..., a;, ...) with n’a;,=a;. The
inverse image F;=(m;y)”(a;) is a closed subset of C, (16)

c
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moreover F, D F,D ... holds. If 6(F;) denotes the diameter of F;, then by [2] Theo-
rem 4.2.2 we have '

5(F) = 5(n7" (@) = -

Thﬁs lim §(F) =0, and so the completeness of C implies that the interse’ctioﬁ a F;
j—oco i=1

is not empty. For b¢ G F; we have, clearly, y(b) =a, and so ¥ is a surjection too.
i=1

Hence y is indeed an onto-mapping.
If 8:4—~D is a surjection such that diagram (J7) is commutative for
i=1,2, ..., then diagram (/8) is also commutative.

(17) (18)

Hence by the definition of the inverse limit, for the canonical map 6":D —Ilim {4;}
we get 86=7y. Now y€.& implies §'¢¥, and so lim {4;} = G*A,- is proved.
i=1

Thus €,, fulfils condition (C*).
A reformulation of the dual statement of the Theorem is

Theorem.* Let P be atopological property of complete metric spaces such that
it is inherited for closed subspaces, and it is preserved to the closure of the union of
countable many subspaces belonging to P. Then property P is preserved by Sforming
inverse limit of countable inverse systems of complete metric spaces.

To motivate Theorem*, let us choose property P as follows:
a) P means the Lindeldf property;
"b) P means that the space A has weight w(A)=m(= R,).

Let us recall that in @, the Lindelof property is equivalent to the separability,
and w(4)=wm means exactly that 4 contains a dense subset of cardinality =m
(cf. [2], Chapter 4).
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) E. Artin, Galoische Theorie {(Mathematisch-Naturwissenschaftliche Bibliothek, 28), iv + 86
pages, B. G. Teubner Verlagsgesellschaft, Leipzig, 1959. — DM 5.30

The book is a revised German translation by V. ZIEGLER of the English original (Galois theory,
2nd ed., Notre Dame University, Indiana,  USA, 1948). Its aim is to make one familiar with the
methods and problems of Galois theory. As no preliminary knowledge is presupposed from algebra,.
it appeals to every moderately advanced student with a sufficiently inquisitive mind.

The work is divided into three parts. The first one studies the basic concepts of linear algebra
such as vector spaces over skew fields, systems of homogeneous linear equations, ranks of matrices,
and determinants. The second part considers commutative fields and their algebraic extensions,
among them separable and normal ones. As applications of the theory given here, the last part studies’
some special questions. After an account of solvable groups, the familiar criterion for solvability
by radicals of an algebraic equation is presented. An equation of degree 5 is given that is not so]v-‘
able in this way. Finally, construction by ruler and compass is discussed.

Simultaneously with the translation, some major improvements were carried out.by the author
in this editions such as: the proof of the fundamental theorem of Galois theory is rendered more
coherent; a proof, based on E. LANDAU’s ideas, of the irreducibility of the cyclotomic polynomials is
included in the section on roots of unity; and the last part of the book has been rewritten entirely.

~ The careful selection and the clear pfesentatidn of the material are among the greatest virtues
of this book.
A. Mdté (Szeged)

G. Asser, Einfihrung in die mathematische Logik. I. Aussagenkalkiil (Mathematisch-Natur-
" wissenschaftliche Bibliothek, 18), VI + 184 pages B..G. Teubner Verlagsgesellschaft Leipzig, 1959.
— DM 11.25 '

This is the first book of a planned three-volume introduction into mathematical logics. This.
volume deals with propositional calculus; and, as is claimed in the preface, the second one is
going to discuss first-order predicate ‘calculus; finally, the third one is planned about higher order
calculi. The work intends to remain within. the bounds of traditional two-valued logics, and no dis-
cussion on intuitionism, applications to foundations of mathematics, or philosophical problems,
etc., will be included. :

Within these limits, the scope of the present volume is fairly comprehensive, though of course,
no book of this size can aim at completeness. It gives a detailed treatment of propositional expres-
sions; a large number of tautologies is listed ; a long discussion on the theory of propositional-normal
forms is presented; deducibility in propositional calculus is dealt with, and its completeness is.
proved; axiomatizability, consistency, and completeness are studied; independence, propositional
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matrices, and deductively closed sets are discussed ; representability of functions in various extensions
{via propositional matrices) of the propositional calculus is dealt with; a syntactic characterization,
based on ideas going back to G. GENTZEN, is given of expressions of the classical propositional
<alculus; the book ends with an account of the generalized notion of calculi.

A. Mdté (Szeged)

’

Leonard M. Blumenthal and Karl Menger, Studies in geometry, XV[+ 512 pages, San Francisco,
'W. H. Freeman and Comipany, 1970.

This book represents on a graduate course level a wide variety of research subjects in modern
geometry initiated by works of L. M. BLUMENTHAL and KARL MENGER.

Part I, written by BLUMENTHAL treats geometrical aspects of lattice theory and of Boolean
algebras. After a review of basic concepts and facts normed lattices are introduced and questions
concerning their metric geometry discussed. In Boolean algebras a generalized distance of two
elements, which is again an element of the algebra, is defined and shown to possess the basic prop-

. erties of ordinary distance. The Boolean metric spaces thus obtained give rise to a generalized met-
ric geometry on their own.

In Part 2 an exposition of the foundations of projective geometry is given by MENGER, based
on the concept of projective structures introduced by him in 1932. This approach having remark-
able advantages is worked out for 3 dimensions including results on Arguesian and Pappus planes
and Dandelin spaces.

Part 3, written by BLUMENTHAL gives a survey of metric geomietry. Basic results concerning
metric segments and lines of normed linear spaces are presented first to be applied to various metric
characterizations of Banach and euclidean spaces. Some sections treat topics from the metric theory
of curves pertaining generally to an at most 3-dimensional situation. This part ends with a concise
presentation of the metrization of the Gauss curvature by A. WaLD and of related results due to

"W. A. KIRK.

In Part 4 MENGER gives with characteristic lucidity an expositions of topological curve theory
which also embodies results following the edition of his famous Kurventheorie.

The whole book is a very suggestive new illustration to the fruitfulness of MENGER’s well-
known objective to bfing traditional topics into the scope of modern mathematics.

J. Szenthe (Szeged)

Functional Analysis and Related Fields, Proceedings of Conference in honor of Professor
Marshall Stone, held at the University of Chicago, May 1968. Edited by F. E. BROWDER, | portrait
VI 4241 pages, Berlin—Heidelberg—New York; Springer-Verlag, 1970. — DM 58.—

The volume contains a number of important contributions. Contents: F. E. BRowDER: Non-
linear eigenvalue problems and group invariance; S.S.CHERN, M. po CArMO, and S. KOBAYASHI:
Minimal submanifolds of a sphere with second fundamental form of constant length; "HARISH-
CHANDRA: Eisenstein series over finite fields; E. Hewrtr: &, transforms of compact groups; T. KaTto
and S. T. Kurobpa: Theory of simple scattering and eigenfunction expansions; G. W. MACKEY:
Induced representations of locally compact groups and applications; L. NacHBin: Convolution oper-
ators in spaces of nuclearly entire functions on a Banach space; E. NELsoN: Operants: A functional
calculus for non-commuting operators; 1. SEGAL:_ Local non-linear functions of quantum fields;
A. WEIL: On the analogue of the modular group in characteristic p; A. ZyGMUND: A theorem on
the formal multiplication of trigonometric series; S. MACLANE: The influence of M. H. Stone on
the origins of category theory; Remarks of Professor STONE.
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The topic of most of these papers is intimately related to some aspects of the oeuvre of
M. H. StoNe (spectral theory, operators, Boolean algebras, genera!l topology, Weierstrass—Stone
theorem, harmonic analysis, etc.). Stone’s theorem on one parameter groups of unitary operators,
and the Stone — von Neumann uniqueness theorem for the Weyl commutation relations in'qiantum
mechanics are, for example, basic for the ‘‘imprimitivity theorem’ of Mackey and for its consequen-
ces, an excellent survey of which is contained in the paper of MAckey. The topics of the papers of
KaTo—KURODA, and SEGAL are also closely related to that theorem of Stone. '
Less known' is the influence of the work of Stone on the origins of Category Theory. This
influence is discussed in the very interesting paper by MacLANE. In particular, the influence of
Stone’s work on adjoint linear operators and on the representation of Boolean rings is considered. In’
his Remarks, STONE makes a few comments by way of response to some historical questions raised
by MacLANE about the concept of adjoint functors or operators, and also discusses some general
aspects of mathematical research. He points to “the need for offering our future research mathemati-
‘cians a broad preparation that will enable them to cope successfully with the increasingly complex
interconnections that bind mathematics into a single whole.”
: . Béla Sz.-Nagy (Szeged)

J. C. Burkill and H. Burkill, A Second Course in Mathematical Analysis, VII+ 526 pages, Cam-
qQridge University Press, 1970.

This book is a continuation of “A First Course in Mathematical Analysis” by J. C. BURKILL,
accordingly the abovementioned First Course is the best foundation for this second Course. The
book is intended for mathematics students who are familiar with the concept of a limit and its
applications to infinite series and to the differential and integral calculus. i

The subject is presented in the more abstract setting of metric spaces. The first nine chapters
concentrate on general analysis and real functions, and the last five on complex functions. The chap-
ter headings indicate the scope of the book in more detail. They are: 1. Sets and Functions, 2. Metric
Spaces, 3. Continuous Functions on Metric Spaces, 4. Limits in the Space R* and Z, 5. Uniform
Convergence, 6. Integration (The Riemann and Riemann—Stieltjes integrals are treated but the
Lebesgue integral is left out), 7. Functions from R™ to R", 8. Integrals in.R”, 9. Fourier Series, 10.
Complex Function Theory, 11. Complex Integrals. Cauchy’s Theorem, 12. Expansions. Singularities.
Residues, 13. General Theorems. Analytic Functions, 14. Applications to Special Functions.

The book contains nearly seven hundred exercises and problems with their solutions, and,
furthzrmore the authors give some illustrations of the numerous definitions.

At the end of each chapter theré are given notes, some historical ones and others indicating
further developments. A list of references and a detailed index are added.

The book is lucidly arranged and the exposition is clear.

: L. Leindler (Szeged)

Herbert Busemann, Recent synthetic differential geometry, VI 110 pages, BerIm—Heldelberg
—New York, Springer-Verlag, 1970.

The author’s approach to -global problems of intrinsic differential geometry presented in his
book ““The Geometry of Geodesics’ has proved to be superior to the standard ones in several problems
especially in those which concern Finsler geometry. Since the issue of this book in 1955 various
results have been achieved on subjects already treated or but proposed in it, and now the author
gives a systematic account of these recent results.

14 A
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In Chapter I questions concerning the foundations of the theory are treated. Since the basic
role of the Hore—RiNow theorem in global differential geometry ‘is in striking contrast wnth its
usually rather loose presentation, a thorough analysis as to the assumptions of this theorem is given
first. Néxt the problem of the topological structure of the so-called G-spaces is considered. These G-
spaces are metric spaces satisfying a system of axioms motivated by differential geometry and are the
basic concepts in the author’s theory. In spite of their geometric versatility the topological structure
of these spaces does not admit an easy description. By a modification of the theory of the r-spaces of
A. Kosinski the author proves that finite dimensional G-spaces possess the property of domain

.invariance and that small spheres of a G-space are not contractible. The proof of the theorem of
B. Krakus that every 3-dimensional G-space is a topological manifold is given as well. An earlier
result of the author is also presented, stating that a continuously differentiable and regular G-space
is a topological manifold, where, of course, continuous differentiability is meant in a metric sense.

. Desarguesian G-spaces form the subject of Chapter I1. Here the concept of similarity, introduced
earlier by the author, is studied first. Then a solution of a problem on the imbedding of desarguesian
G-spaces is presented together with results of the author on those r-dimensional areas in n-dimensio-
nal affine space for which the r-flats minimize the area. ‘A characterization of HILBERT's and Min-
KOWSKI’S geometries among all straight desargueasian spaces in given by generalizing a theorem of
L. BErwaALD on desarguesian spaces with constant Finsler curvature. In this context the result of
P. KeLLy and E. G. STrRAUSS on the characterization of hyperbolic geometry among HILBERT'S
geometries by a metric curvature concept is mentioned. ‘

Results on length preserving maps are presented in Chapter I1I. Some basic observations on
shrinkages, equilong maps and local isometries are made first. Then several conditions are presented
under which a G-space cannot have proper local isometries. These conditions have been given by the
author, W. A, KIRK, and the reviewer. For elementary spaces all those equilong maps are constructed
which are locally finite 'in the sense that the covering by the closures of their regions of injectivity
is locally finite.

Chapter 1V contains results on the behaviour of geodesics. First a theorem of the author is
presented which he managed to prove by applying a method due to V. A. ErrRemMovi¢ and E. S.
TiHOMIROVA. By means of this theorem it is then shown that on a closed hyperbolic space form with
an intrinsic, but not necessarily symmetric distance there is a class of geodesics and half geodesics
which behave uniformly like the hyperbolic geodesics and half geodesics. The facts which make
axes of motions interesting have been pointed out by the author and F. P. PEpersen. These facts are
reproduced here and some remarks are made how results of H. HEDLUND, M. MorsE and G. A.
Buriss can be extended and proved in a more elegant manner. Inverse problems of the calculus of
variations are considered next and results of the author, H. SaALzmaNN and L. A. SKORNYAKOV are
presented concerning the so-called collineation groups, especially the 1-dimensional and the discrete
ones. Due to the fundamental role of the G Auss-BoNNET theorem in the discussion of the behaviour of
geodesics in the large on 2-dimensional Reimannian surfaces the question concerning the general-
ization of this theorem to FInNsLER surfaces is essential. Since numerous different generalizations are
known it is shown that a generalization comprising the two central features of the theorem does not
exist. The result of E. KANN on the generalization of BONNET’s theorem concerning the diameter of
Riemannian manifolds to G-surfaces is mentioned with some interesting remarks and an observ-
ation of E. M. ZAUSTINSKY is presented concerning the divergense property of geodesics on G-sur-
faces. A brief report is given on results of G. M. LEwis on conjugacy to points at infinity, a problem
taken up initially by J. Nasu..

Results on motions are presented in Chapter V. Spaces with a finite or 1-parameter group’ of
motions are considered first and spaces thh a group of motions transitive on the set of geodemcs
second. v :
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Chapter VI contains observations on the contents of the theory and the methods applied. in it.
A brief outline of the development of the FINSLER geometry is also given with some very interesting
criticism on trends of investigations. Several objectives for further research are mentioned.

By commenting on new resuits and presenting them in the context of the theory as a whole the
author has given an authentic review of an advancing trend of investigations following the issue of
“The Geometry of Geodesics™.

: J. Szenthe (Szeged)

O. Bottema, R. Z. Djordjevi¢, R. P. Janic, D. S. Mltl‘anVlC,P M. Vasnc Geometrlc mequahtles,
151, pages, Groningen, Wolters- Noordhoff Publ. Co., 1969.

Die geometrlschen Ungleichungen sind so alt, wie die Geometrie selbst, zahlreiche soiche
Ungleichungen stammen aber aus den letzten zweihundert Jahren, ja einige sogar aus den kiirzlich
vergangenen Jahrzehnten. Es handelt sich insbesondere um Ungleichungen fiir die Seiten eines Drei-
ecks bzw. von zwei Dreiecken, iber spezielle Dreiecke und iiber Ungleichungen von Vierecken.

Die einfacheren Ungleichugen werden im Buch bewiesen, iiber die schwereren aber geben
uns reichliche Hinweisungen und Anfihrungen aus der Literatur Auskunft. Die Verfasser haben
auch die neueste einschlidgige Literatur benutzt. .
J. Berkes (Szeged)

* K. Chandrasekharan, Arithmetical functions (Die Grundlehren der mathematischen Wissen-
schaften in Einzeldarstellungen, Bd. 167) X1+ 231 pages, Sprmger-\/erlag, Berlin—Heidelberg—
New York, 1970. — DM 58. —

As is claimed in the introduction, this book can be looked upon as a sequel to the author’s
Introduction to analytic number theory, Berlin—Heidelberg—New York, Springer-Verlag, 1968.
(For a review see these Acta, 31 (1970), p. 185.) Its title might be slightly misleading: namely, it
gives account on an advanced level of problems associated with the distribution of primes, the par-
tition function, and the divisor function. On the part of the reader a moderate acquaintance with the
methods of analytical number theory is only assumed. This can be acquired from the work just cited.

.. The style of the book is clear, the proofs are carefully arranged. Nevertheless, at some places
one might wonder whether a little more intuitive description of the ideas behind the proofs would
not help the reader to struggle himself through the heaps of symbols that are inevitable in such a_
context.

To give a more precise description of the contents of the book, here are the chapter headings:
L. The prime number theorem and Selberg’s method, II. The zeta-function of Riemann, III. Litt-
lewood’s theorem and Weyl’s method. IV. Vinogradov’s method, V. Thgorems of Hoheisel and
Ingham, VI. Dirichlet’s L-functions and Siegel’s theorem, VII. Theorems of Hardy—Ramanujan
and of Rademacher on the partition function, VIII, Dirichlet’s divisor problem. Each chapter ends
with notes containing additional information related to the subject; thus the reader is spared the
diversion of atténtion that could have been caused by giving this information in footnotes or inter-
jected remarks. The book ends with a small List of books related to the topics discussed and a Subject -
index. _ .

As the above description. may show, the book is on the whole really good. The printer’s con-
tribution to its value should certainly be mentioned: the format is very pleasing. Considering the
large number of formulas in the text, this must have needed a very meticulous effort.

A. Madté (Szeged)
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A. H. Clifford and G. B. Preston, The algebraic théory of semigroups, Vol. IT, XV + 350 pages,
Providence, Rhode Island, American Mathematical Society, 1967.

People interested in semigroup theory have beenlooking forward to the publication of this
second part of the monograph of CLIFFORD and PrResTON. The work thus completed is undoubtedly
the best one in the field. Though Volume II does not attain the classical compactness of Volume 1,
this being almost impossible because of the present unaccomplished state of investigations, it gives
a clear outline of the trends in the development of the theory. lts best parts, as §§ 6.1—6.4, 9.4—9.5,
Chapter 12, and others, will make a pleasure to those llkmg mathematlcs not only as science but as
-an art as well.

The main deficiency of the book is that it makes sometimes the impression of a selection of
papers; the authors failed in fusing their material into an organic whole. A simple example: on
pp. 108 and 109 there are two constructions. Both amount to an extension of a semigroup by: the
bicyclic semigroup and yet even the notations used in the two cases are essentially different,

Here is a short résumé of the contents of the book:

Chapter 6 deals with minimal ideals and minimal conditions. Its main part is constituted'by
building up ST. ScHwarz's theory of the right (and left) socles of a semigroup,.and cullliinales
in the authors™ theorem about the structure of the union of the left and right socles. The last section

. contains some results concerning semigroups with minimal condition on left (or right) ideals.

In Chapter 7 the authors give a survey of results in the theory of inverse semigroups, as those
of B. M. Sain about the representations of inverse semigroups by one-to-one partial transformations,
the characterization of congruences in inverse semigroups by their classes containing idempotents,
and some special-questions concerning.such congruences (idempotent separating congruences etc.).

Chapter 8 continues the study of simple semigroups, considered already in Chapters 2 and 3,
Volume [, and it contains some problems of embedding semigroups in simple semigroups of different
types, too. The discussion ends with PRESTON’s theorem clalmmg that any semlgroup can be embed-
ded in a bisimple semigroup with ldentlty )

After some preliminary information on free semigroups, Chapter 9 contains REDEI'S theorem
on finitely generated commutative semigroups (all semigroups of this kind are»ﬁnltely presented),
and Howie's results concerning the embeddability of a set of semigroups S; with a common sub- -
semigroup N S;=U into a larger semigroup. As for the first one, P. FREYD has since then found
an amazingly simple proof (Proc. Amer. Math. Soc., 19 (1968), 1003). In the last section the authors
discuss the method of constructing the mlmmal cancellatlve congruence containing a glven rélation,

. on a semigroup S.

The first part of Chapter 10 presents the basic results of the theory of DUBREIL’s principal one-
sided congruences and those of CROISOT in the field of two-sided congruences. Then there follows
a specialization for semigroups of GOLDIEs generalized Jordan-Holder theorem, the analy'si's of
the congruences of completely 0-simple semigroups, and the description of the congruences'bt" the
“full transformation semigroup of a set X, due to MALCEV. i

The next chapter is devoted to the theory of semigroup représentations by transformations
of a set.

The last chapter seems to be the authors’ gift to the reader: it contains, in a hlghly delectable
presentation, the results of LAMBEK and MALCEV concerning cmbeddablhty ina group.

Of course, one can always find interesting subjects omitted from a monograph, and there is
little use in llstmg \hem nevertheless it seems to the reviewer that a chapter devoted to different
methods of semigroup constructlons could contribute not only to the completeness but also to lhe
coherency of the work.

G. Pollik (Szeged)
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.. F. M. Hall, An introduction to abstract algebra, Vol. 2, XII+ 388 pages, Cambridge Umversrty'
Press, 1969. —.£ 3.50

**"This book, formally the second part of a two-volume textbook for abstract algebra, is a self- ’
contained introduction to the theory of the most important algebraic structures, as groups, rings,
fields, vector spaces, and Boolean algebras. It can be used by undergraduate students and their
teachers as an auxiliary material, and it is also excellent for self-education.

" An informal style without loss of exactness and a didactical construction make this volume an
excellént explanation of its subject-matter. The author avoids successfully the customary Scylla and
Charybdis in this genre: tedious sophistication and disproportion in the selection of topics. We
wiention also the well-chosen exercises (there are about seven hundred of them)

B. Csakany (Szeged)

'F"Ha-usdorff Nachgelassene Schriften. Binde I, II: Studien und Referate. Herausgegeben von
G. Bergmann. Bd. I: XXI+538 pages, Bd. II 1X+ 570 pages Stuttgart, B. G. Teubner 1969. —
DM 127 —

These two illustrious volumes contain a large number of yet unpubhshed wrmngs of F. Haus-
DORFF (1868—1942) in form of facsimile reproduction of the original hand-written manuscripts.
The writings are selected from studies and reviews originating from the interval March 1934 through
March 1938. In about two years, further two volumes are planned, selecting from writings prepared
between March 1938 and January 1942. Afterwards, the publication of earlier wirtings may also be

¢ontemplated.

_ It is simply astomshmg, and rather unfortunate, that'so great a number of Hausdorff’s wrltmgs
remained unpublished. The reason for this is perhaps partly found in Hausdorff’s personality itself.
But it must not be forgotten that the circumstances in Germany were then unfavourable to the.pub-
lication of these works. lndeed, in the last years of his life, Hausdorff was actually barred from
" publishing.

The value of these wrllmgs is enormous. A review by Hausdor[f has quite exceptional qualmes
It is very detailed and thoroughgoing; and if it does not actually pinpoint an unaccuracy, then
we may take it as'a guarantee of the faultlessness of the reviewed work. As for the studies, they are
written with crystal-clear logic and precision. Most of them centre around topics in topology and
set theory. It is certainly great loss that these writings have not been available earlier. But even now,
they should be of great importance, not only to those-turning‘to Hausdorff’s activity with an histo-
rical interest, but also to those interested in the subjects discussed: even though the handwritten
format seems to favour the former ones. ‘

The handwriting of Hausdorﬂ" is quite well legible and the techmcal quality of the reproduc-
tion is cxcellent ]
A. Madté (Szeged)

- C.- A. Hayes and C. Y. Pauc, Derivation and Martingales (Ergebnisse der Mathematik und ihrer
Grenzgebiete, Band 49), VII+203 pages, Springer-Verlag, Berlin—Heidelberg—New York, 1970.

) Today we are witnessing a new revival of the theory of derivation and, in a close connection -
with this, of the modern theory of martingales. But there is no book, to the knowledge of the review-
er, to collect and systematize the essential results of the subject. This is the first attempt, and an
excellent one at that, to survey the new methods and results of the modern theory of derivation in
a smgle volume.
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The work is relatively seif-contained, and all of it can be read by anyone with a preliminary
knowledge in the elements of set theory, topology, and measure theory. Most of the notions and
results needed from these fields are presented and explained in the text, though in a way presuppos-
ing a certain general mathematical maturity of the reader.

The book consists of two parts, in six and four chapters, respectively, a.Complements, and a
Subject Index. Each part has its own bibliography, which is short but to the'poin‘t

Part I is devoted to the pointwise derivation of scalar set functions employing, in general,
" abstract derivation bases or blankets, due to R. DE PosseL and A. P. MoRSE, respectively. The prm-
cipal tool is a Vitali property, of strong or weak type, whose precise form depends on the deriva-
tion property studied. The converse problem is also investigated: what covering propertles can be
deduced from derivation propertiés of og-additive set functions.

The ““halo” properties furnish the foundation for many of the modern results to establish
a Vitali property, or sometimes to produce directly a derivation property. A few sections are con-
cerned with the abstract version of the strong Vitali theorem, modelled after those given by BANACH
or CARATHEODORY, The main results presented are the theorem of JESSEN—M ARCINKIEWICZ—Z YG-
MUND, valid in n-dimensional Euclidean spaces R with the interval basis, and the theorem of MORSE
on the universal derivability of star blankets. In the context of the former one, the maximal theorem
of HArRDY—LITTLEWOOD is proved for R and R2

Part 11 begins by studying the notion of increasing stochastic bases with directed mdex sets on
which premartingales, semimartingales and martingales are defined. Convergence theorems, due
largely to K. KRICKEBERG, are treated in great detail using various types of convergence: stochastic,
in the mean, in L,-spaces, in Orlicz spaces, and with respect to the order relation. To each theorem
for martingales and semimartingales there corresponds a theorem in the atoinic case in the theory of
cell functions, where cells can be construed as generalized intervals. The derivates concemed are
global. .
Finally, in a separate chapter, concepts are reintroduced and results on pointwise convergence
and on point derivates are deduced from results obtained in the earlier chapters of Part I, under
supplementary assumptions. To mention one example, the Radoh-Nikodym integrand is defined as
a derivative.

The Complements consnsts of such sketches related to topics in Part I and 11 as derivation of
vector-valued integrals, global derivatives in locally compact topological groups, vector-valued
martingales and derivation, etc. '

The presentation of the book is concise but always clear and well-readable. 1t should have a
great appeal to the students of graduate courses as well as to the mature mathematicians interested
in the modern theory of derivation.

F. Mdricz (Szeged)

H. P. Kiinzi and W. QOettli, Nichtlineare Optimierting Neuere Verfahren. Bibliographie (Lecture
Notes in Operations Research and Mathematical Systems Vol. 16) 180 Selten Berlm—Heldelbelg-—-
New York, Springer-Verlag, 1969. — DM 12, —

Das Buch kniipft sich in mehrerer Hinsicht an das im Jahre 1962 erschienene Werk von H. P.
Kinzi und W. KRELLE, Nichtlineare Programmierung. Sie ist auch insofern als eine Fortsetzung
der erwiihnten Arbeit zu betrachten, daB sie nur die Bearbeitung der Forschungsergebnisse enthiilt,
die nach 1960 publiziert wurden.

Die Verfasser betonen, daB sie bei der Ausarbeitung des Themas die Vollstindigkeit nicht erzwlt
haben, es ist aber ohne Zweifel, daB hier die nichtlineare Programmierung und hauptsichlich die



Bibliographie 215

wichtigsten neuen Methoden der konvexen Programmierung Platz bekamen. Man betrachtet ins-
besondere die folgenden Methoden: :

Das Schnittebenenverfahren von Kelley; die tangentielle Approximationsmethode von Hart-
.ley und Hocking; die modifizierten Schnittebenenverfahren von Kleibohm, Veinott und Zoutendijk;
MAP (Method of Approximation Programming) von Griffith und Stewart; die reduzierte Gradien-
tenmethode; die Methode der Penalty-Funktionen; SUMT (Sequential Unconstrained Minimiza-
tion Technique) von Fiacco und McCormick; die Zentrumsmethode von Huard; und ein Verfah-
ren der zuldssigen Richtungen. :

Die Beschreibung der Methoden erstreckt sich auf die theoretischen Grundlagen, auf die-
Gedankenfolge, die zur Methode fiihrt, es geht auch auf.ihre Anwendungsweise, auf deren Moglich-
keiten und Grenzen ein. Es handelt sich hier auch um Konvergenzprobleme und natiirlich um alle
weiteren Probleme, die mit der gegebenen Methode in Verbindung stehen. Die Behandlung geht —
sehr richtig — auf Einzelheiten nicht ein, zahlreiche Behauptungen sind ohne Beweis angegeben.
(Die Beweise sind auf Grund des angegebenen Literaturverzeichnisses vorzufinden.)

" Mehr als die Hilfte des Umfangs nimmt eine Bibliographie ein. Hier wurden die Werke auf-
gefiihrt, die zu dem Themenkreis der nichtlinearen Programmierung gehdren oder mit ihm in enger
Verbindung sind, dessen theoretische Grundlage oder seine Anwendung bilden. (Die Arbeiten, die
zu dem Kreis der dynamischen, stochastischen und ganzzahligen Programmierung gehdren, sind

" nicht einbezogen.) ' _ ' '
Das Buch gibt ein getreues Bild iiber den heutigen Stand der nichtlinearen Programmierung.

- L. Megyesi (Szeged)

Gilbert Helmberg, Introduction to Spectral Theory in Hilbert space, XII1+ 346 pages, Amster-
dam-—London, North-Holland Publ. Co., 1969. — Hfl. 60, —

The purpose of the book is to be an introduction to the subject and no part of it is claimed to
be original. However, the author expresses ‘‘the hope that among the many different people interest-
ed in this subject there might be some who ﬁnd this presentation pamculally suited to their per-
sonal taste.’

Chapters. The concept of Hilbert space. — Specific geometry of Hilbert space. — Bounded
linear operators. — Genera! theory of linear operators. — Spectral analysis of compact linear oper-
ators. — Spectral analysis of bounded linear operators. — Spectral analysis of unbounded selfadjoint
operators.

There is an Appendxx recalling some pertaining results of the theory-of Real Functions.

B. Sz-Nagy (Szcged)

P. Lorenzen, Formale Logik (Sammlung Géschen, Bd. 1176/1176a), second corrected edition,
165 .pages, Walter de Guyter & Co., Berlin, 1962. — DM 5,80

A review of the first edition appeared in these Acta, 20 (1959), p. 219, where a strong criticism
was directed against the book. In what this review was undoubtedly right was the pinpointing of
some disturbing misprints. It seems that the editor laid a great care on eliminating them in this
second, corrected edition. Also, true enough, as the cited review observed, the slightly complicated
notational framework of the book is not to be praised. But the criticism seems certainly unfair
in bypassing the virtues of this book.

The main virtue of this small paperback is that it is a pleasure to read it. The style is very llvely,
full of background explanations. Thereby it is inevitable that the author puts forward his own views
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on the foundations of logics, and so the treatment is influenced by the author’s “operative views’
" .on mathematics (cf. P. LORENZEN, Einfithrung in die operative Logik und Mathematik, 2nd edition
(Berlin — Heidelberg — New York, 1969); for a review see these Acfa, 30 (1969), p. 329).
Since thjs view is not shared by most mathematicians, this feature certainly makes the book less.
attractive to those starting to learn mathematical lognc but on the other hand, it gives a special
flavour to the book.

The material comprises accounts of syllogisms, of a logic of junctors, of an effective logic of
Jjunctors, of a logic of quantifiers, and of logic of equality. Under these titles are also discussed such
-classical results as the consistence and completeness of the propositional calculus, completeness of
the predicate calculus, Church’s theorem, etc.

A. Madté (Szeged)

I. J. Maddox, Elements of Functional Analysis, X+ 208 pagés, Cambridge University Press,
1970. — 50s.

As the author states in the Preface, in his view *“‘the field of elementary functional analysis is
the idea! place in which to learn some abstract structural mathematics and to develop analytical
technique”. He presents now a book which provides an introductory, though non-trivial, course on
functional analysis which can be followed by.every student who has completed basic courses on
real and complex variable theory. Most of the examples which are chosen to motivate the basic
concepts or to illustrate the strength of the results achieved, involve sequence spaces rather than
integration spaces; thus Lebesgue integral theory is not an absolutely necessary prerequisite (however,
completeness of the L, spaces is proved by referring to the relevant theorems on the interchange of
limit and integration). .

Chapter titles (and some key words): . Basnc set theory and analysn (Zorn’s lemma.) —2. Metric
and topological spaces. (Category and uniform boundedness.) — 3. Linear and linear metric spaces.
(Hamel “base” and Schauder “basis”.) — 4. Normed linear spaces. (Open mapping, closed graph,
and 'Hahn-Banach theorems.) — 5. Banach algebras. (Gelfand representation theorem.) — 6. Hil-
bert space. (Orthonormal sets.) — 7. Matrix transformations in sequence spaces. (Summability.
Tauberian theorems.) ] )

There is a great number of exercises, and the last chapter (which concerns an area of special
interest to the author) ends with problems for further study, some of them quite difficult.

Operators and spectral theory are barely touched. But within its limits chosen, the book is a
useful introduction to the theory, written with much didactical care. . :
Béla Sz.-Nagy (Szeged)

“Jaques L. Mercier, An introduction to tensor calculus, VIII[+ 152 pages, Wolters-Noordhoff
Publishing, Groningen, 1971, . o

The wide variety of topics exposed nowadays generally in tensor form in the technical and scienti-
fic literature requires a working knowledge of tensor calculus from the interested reader. This book is
intended to help students and engineers to provide themselves with such a knowledge.

Part 1 is an introduction to the invariant formulation of tensor calculus. The subjects which
are exposed here range from the fundamental concepts to such ones as Riemannian tensors. In Part
11 covariant differentiation is mtroduced and developed to an extent required by its applications in
- engineering science.

The topics treated in this book are of course very much the same as in the numerous others of
‘its kind. Yet, by his exceptlonal care to attain' a reasonable maximum of mathematical rigour and
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by his personal skill in composing ‘an ideal blend of illustrative examples and exercises the author
succeeded in writinig a book which, owing to these distinguishing qualities, would surely be welcome
by a wide class.of readers. : '

' J. Szenthe (Szeged)

Jean Plerre Serre, Abelian /-adic representations and elliptic curves, New York—Amsterdam
‘W. A. Benjamin, Inc., 1968.

The book, written in collaboration with Joun LaBuTE and WiLLEM KuYyk, reproduces with a
few complements the lectures of the author at McGill University, Montreal, in 1967. The /l-adic
representations treated here have been introduced by Y. TANIYAMA in 1957 and are the algebraic
analogue of the locally constant sheaves of topology. )

In Chapter I the definition and some examples of /-adic representations are given first. Then
assuming that the ground field is a number field rational /-adic representations are considered. The
attaching of L-functions to rational /-adic representations is discussed too.

Chapter I contains the construction of some abelian /-adic representations of a number field,
which is originally due to G. SHIMURA, Y. TaNIYama and A. WEIL, and is given here with some modi-
fications.

In Chapter LI the question is considered whether an abelian /-adic representation of a number
field can be obtained by the method of the preceding chapter, and in this respect a necéssary and
sufficient condition is given. The problem whether any abelian rational semi-simple /-adic represen-
tation of a number field is ipso facto locally algebraic is also takén up and proved for the case when .
the field is a composite of quadratic fields.

Chapter 1V is concerned with the /-adic representatlon defined by an elliptic curve. Its aim is
to determine, as precisely as possible, the image of the Galois group, or at least the corresponding
Lie algebra. :

A considerable number of instructive exercises and abundant motivation by remarks and refer-
ences serve to make this book a very readable exposition.

: J. Szenthe (Szeged)

' C. A Rogers, Hausdorff measures, vm+ -+ 179 pages, London, Cambrldge Umver51ty Press,
1971. — £ 3.8.

The theory of Hausdorff measures was initiated by C. CARATHEODORY in 1914 when he studied
linear and p-dimensional measures in n-dimensional Euclidean space, thus giving a-general solution
to the problem of measuring surfaces. This theory was further developed by F. HAUSDORFF; as an
illustration of his results he showed how to assign a positive finite measure to Cantor’s ternary set
in a natural way. Since then the progress in the field has been enormous, lérgefy due to the work of
A. S. BesicovitcH and his students, Despite this progress, until now there has been no book discus-
sing the fundaments of the subject

A book of this size cannot serve as general reference on a subject with such diversified appli-
cations as the theory of Hausdorff measures, but this one does achieve a lot. 1t outlines the main core
of the theory; it sets down a standard terminology and restates many results scattered in the mathe-
matical literature or known as ““folklore”, in a sufficiently general from. These features make the
book indispensable for research mathematicians in measure theory; but the simple style makes it
also very attractive to students.

Measures have two, more or less distinguishable, major roles in mathematics. First, they can serve
for sizing sets, and, second, they can be used to define integrals. In the present work, naturally, the
first aspect prevails. We are going to give a closer description of the contents:
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The book is divided into three parts. The first one studies the general aspects of measure theory.
The author departs from the standard terminology by calling measure what is usually referred to as
outer measure (we shall do the same below). The construction from pre-measures and the proper-
ties of measures are discussed, with a special stress on measures in topological and in metric spaces,
and on non-o-finite measures in general. The chapter ends with an account of the Souslin operation.
The second chapter deals with the more general aspects of Hausdorff measures. After their definiton,
their behaviour with respect to mappings and their use for measuring surface areas are considered.
Existence and comparison theorems are studied extensively. Accounts of Souslin sets, of consequen-
ces of the increasing sets lemma, and of comparable net measures follow. Finally, a special section
is devoted to the investigation of non-o-finite sets. The topic of the last chapter is the applications.
The first section here is a general survey of them, mentioning only the most important ones. The first
of the applications given in detail is an account of JARNiK’s pioneering investigations concerning
sets of real numbers defined in terms of their expansions into continued fractions. The second one
describes a part of the study of S. J. TAvLoR and the author on additive set functions in Euclidean
space (this is the only part of the book where integration is also considered). The book ends with
an exlensive bibliography and an index. :
A. Mdté (Szeged)

1. Singer, Bases in Banach Spaces. 1. (Die Grundlehren der mathematischen Wissenschaften
in Einzeldarstellungen mit besonderer Beruicksichtigung der Anwendungsgebiete, Band 154), VI +
+ 668 pages, Berlin—Heidelberg—New York, Springer-Verlag, 1970.

The concept of basis is a fundamental tool to investigate the structure of various abstract
spaces in functional analysis such as Banach spaces, F-spaces, topological linear spaces, etc. Although
there are at present possibly more than a thousand publications in existence on the theory of bases,;-
there has to date been a serious gap in the textbook literature. The recent appearance of two books
helps to fill this gap, and it will most certainly be a major stimulant to the development of the sub-
ject.

The books are, in order of appearance, Introduction to the theory of bases, by J. T. MARTL
(for a review, see e. g. these Acta, 31 (1970), 379—380) and the book under review. The two books
complementeach other, the former being an elegant introduction which beautifully conveys the spirit of
the subject; and the latter a monograph which contains an encyclopaedic discussion of the results
known today on bases in Banach spaces as well as in other spaces and of some unsolved problems
on them. Some so far unpublished results and observations of the author have also been included
in this latter work. . i

To make the book under review accessible to a larger circle of readers the author gives exact
references to textbooks when basic results from functional analysis are used without proof. Results
which have appeared only in periodicals are usually proved as lemmas.

Chapter 1 begins with the basis problem, i. e. whether or not'every separable Banach space
possesses a basis, and enumerates some of its reformulations. The basis problem was first raised ex-
plicitly in the famous book of BanacH, and despite many efforts in solving it, it has remained
one of the most significant open problems of functional analysis.

Next, the reader will find a thorough discussion of some of the deeper properties of the most
important types of bases for Banach spaces in a great detail. The reviewer should especially like to
empbhasize the exhaustive presentation of the following two topics. The first concerns properties of
strong duality and weak duality, which can be formulated as follows: given a basis {x,} for a Banach
space E, what can we say about the sequence {f,} of coefficient functionals associated with {x,}
when both E and the conjugate space E* are endowed with their norm-topologies or weak topolo-
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gies, respectively. The converse problem is also dealt with. The second one concerns stability theorems
of PALEY-WIENER type, in particular the famous KREIN-~M1LMAN——~R UTMAN theorem. These theorems.
assert that various properties of a sequence {x,} in a Banach space are “stable” in the sense that
they are preserved by every sequence {x,} “sufficiently near” the sequence {x,}. ]
' Chapter II contains a relatively full account of special classes of bases in Banach spaces..
1t is divided into two parts: 1. Classes of Bases not Involving Unconditional Convergence, and II
Unconditional Bases and Some Classes of Unconditional Bases.

. Separate sections are devoted to a systematic study of each of the following particular classes.
of bases: monotone and striétly monotone bases, normal bases, positive bases, retro-bases in con-
jugate spaces, shrinking bases and boundedly complete bases, both considered and studied first
in detail by R. C. JamEs, Besselian and Hilbertian bases, bases of types P and P*, bases of types

1, and (/.)", etc; such special classes of unconditional bases as orthogonal and hyperorthogonal
bases, which are the “unconditional analogues” of monotone bases, symmetric and subsymmetric:
bases, perfectly homogeneous bases, etc; and, furthermore, absolutely convergent bases and uni-
form bases. '

One of the main problems that are considered for each special class of bases is whether or not.
there exists in every separable Banach space a basis belonging to the respective class. In finite dimen-
sional Banach spaces the solutions, in general, are known, and with a few exceptions they are ob-
vious. In infinite dimensional Banach spaces the answer .to the corresponding existence problems
is either negative or unknown (an affirmative answer would also imply an affirmative answer to the:
basis problem). In the first case counter examples are given, while in the second case one considers.
the more restricted problem of- the existence of bases of that class in infinite dimensional Banach
spaces with bases. :

In the course of these investigations, a number of interesting special properties of particular
classes of bases are considered, and certain interrelations between these classes are established.

Both chapters end with “Notes and remarks”, which have a double purpose. They contain re-
ferences to original papers in which the principal results in question have been discussed, and in
addition, they contain references to some results related to but not included: in those given in the
text.

The author tried» on the whole to adhere to the traditional terminology and notation; there:
are only a few exceptions. At any rate, a Notation, an Author, and a Subject Index have been provided
to give guidance to the reader. Moreover, known interconnections between related concepts and
results are sometimes summarized in the form of a table.

The bibliography concerns only the material of Volume T and does not aim at being complete,
but wants merely to give a useful orientation to the reader. The bibliography for Volume 11 will be
given separately in that volume.

The book has been carefully and accurately written. The style of its presentation is tight,
with hardly a word wasted. There is a disturbing lack of motivation in some places: the author
usualtly states the theorems without background explanations. -

To sum up, the present volume contains a great wealth of mformatlon in a concise and polished
form, and, what is especially welcome, a great number of problems in an explicit form. It will certain-
ly indicate the location of the weak and of the strong spots in the edifice of the theory built so far,
.and thereby facilitate both the study of the subject, as it exists today, and future research on it.

The second volume, in preparation, will treat upon the followiﬁg topics: Generalizations of
the notion of a basis; Applications to the study of the structure of Banach-spaces; Some properties
of bases in concrete Banach spaces; Bases in general (not necessarily separable) Banach spaces;
Bases in topological linear spaces. -

: : F. Moricz (Szeged)
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Lajos Takacs, Combinatorial Methods in the Theory of Stochastic Processes (Wiley Series in
Probability and Mathematical Statlstlcs) XT1+262 pages, New York—London—Sidney, John
‘Wiley & Sons, Inc., 1967.

As the author writes in the Introduction, the aim of this valuable book is to show that for wide
-classes of random variables and stochastic processes the problem of finding the distribution of the
supremum for both sums of random variables and sample functions of stochastic processes can be
solved in an elementary way, and this problem, in turn, frequently arises in various fields in the theory
-of probability. Most of the results presented were achieved by the author during the period 1961—
1966 and some have already been published in a series of papers. The book is diveded into eight
-chapters.

Chapter | (Ballot theorems) contains a generalization of the following classical ballot theorem
-of J. Bertrand. If in a ballot candidate 4 scores a votes and candidate B scores b votes, a=b, then
the probability that A4 is leading throughout the counting of the votes is (a—b) (a+b), provided
all the possible voting records are equally probable. TAKACS's generalization, which serves as a
base for all the subsequent considerations of the book, is the following. Let ¢(u) be a nondecreasing
Sunction on [0, t] for which ¢'(1)=0 almost everywhere and p(0)=0. Let o(t+u) = o(t)+ o(u) for
u €[0, r]. Deﬁne o)=1 if pw)y—v = e)—u for every velu,u H], and d(u)=0 otherwise.

Then f O()du = (— @(t) whenever ¢(t)=t.*)

Chapter 2 (Fluctuations of sums of random variables) deals wnth the determination of the
-distribution of the maximum of sums of cyclically mterchangeable interchangeable and independent,
identically distributed random variables and gives also a discrete generalization of the classical ruin
problem.

Chapter 3 (Fluctuations of sample functions of stochastic processes) determines the distri-
bution of the supremum of stochastic processes whose increments are cyclically interchangeable,
interchangeable, or stationary independent, and proves a continuous generalization of the clas-
sical ruin problem.

Chapter 4 (Random walk processes) treats special processes of the above kind and a random
walk process and the Brownian motion process. i

Chapter 5 (Queuing processes), Chapter 6 (Dam and storage processes) and Chapter 7 (Risk
processes) demonstrate further applications of the preceding general theorems in the theories deter-
mined by the chapter headings in the brackets. :

Chapter 8 (Order statistics) starts with another extension of the ballot theorem, then by
this extension the author gives new proofs and generalizations of the results of Gnedenko, Koroljuk
Mihalevi¢, Smirnov, Birnbaum, Pyke, Tingey and others concerning the exact distribution of
Kolmogorov — Smirnov — Rényi type statistics and also computes the exact distribution of the one
sided random sample-size M. Kac and similar statistics.

There is an Appendix containing various topics referred to in the text. After every chapter there
.are some problems (most of them are not merely exercises, but are intended to be extensions of the
material covered) whose complete solutions may be found at the end of the book. Each chapter
-ends with a carefully compiled bibliography and the author should be praised also for commen-
ting historically most of the problems. The good didactical structure and the clear style make the
book very well readable.

S. Csorgd (Szeged)

*) We remark that L. GEHER has given a further generalization of Takécs’s theorem the proof
-of which is very simple. His paper appeared in these Acta, 29 (1968), 163— 165.
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