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C* -algebras and derivation ranges

-

JOEL ANDERSON, JOHN W. BUNCE, JAMES A. DEDDENS,
‘and J. P. WILLIAMS*

Dedicated to P. R. Halmos

1. Introduction and Summary

Let T be an element of the algebra #(9) of bounded linear operators on a
complex Hilbert space § and let 8,(X)=TX—XT be the corresponding inner
derivation. There are two natural closed subalgebras of #(9) associated with T,
namely the inclusion algebra $(T) of operators A for which the range #(6,) of
04 is contained in the norm closure £(d;)~, and the multiplier algebra M (T)=
={Z€B(H): ZR (1) +R()ZSR(Or)"}. Most of the recent results [1, 3, 16, 19,
20, 21, 22] about the range of a derivation can be interpreted as assertions about
these algebras or the two algebras that are defined similarly by replacing #Z(67)~
by Z(d7). In the finite dimensional case, #(T)={T} and SF(T)={T}" are the
commutant and bicommutant of T.

In this paper we study the situation in which either (and, therefore, both)
of these-is a C*-subalgebra of #(9). The corresponding operators 7, those for
which Z(61) " =R(61+)~ is a self-adjoint subspace of #(9), are called d-sym-
metric operators. Any isometry- or normal operator is d-symmetric and so is the
image of a d-symmetric operator under an irreducible representation of the C*-
algebra C*(T) generated by T and the identity operator. However, if N is normal
then Z(dy) is itself self-adjoint only if the spectrum of N has empty interior [11,
Theorem 4.1). .

If T is d-symmetric then £(6)~ is determined by the T-central states on #(9),
that is, linear functionals f with f(I)=1=|f| and f(TX)=f(XT) for all
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Xe€#(9). In fact, Z(6y) is even determined by those pure states of Z(H) whose
restrictions to #(7T) are multiplicative. These satisfy f(AX)=f(X4)=/(4) f(X)
for X€#(9) and A€ #(T) so that in particular C*(7T) must have a character.

The C*-algebra C(T) of operators C for which C#($)+%(9)C is contained
in Z(6;)~ plays a fundamental role here. For example, T is d-symmetric if and only
if T*T—-TT*¢¥(T) and a d-symmetric operator has the Fuglede property:
TX—XTc¥(T) for some operator X on $ only if T*X—XT*€%(T). For a d-sym-
metric operator (7)) coincides with the commutator ideal of S(T). It is non-
separable in general.

The inclusion algebra S(T) of a d-symmetric operator T is identified in the
two extreme cases in which T has no reducing eigenvalues (complex numbers 4
for which ker (T— AI) reduces T) and in which 7 has a spanning set of orthonormal
eigenvectors (T is a diagonal operator). In the first case S#(T)=C*(T)+%(T),
while in the second #(T) is the C*-algebra generated by T and those projections
onto eigenspaces corresponding to eigenvalues of finite multiplicity that are limit
points of the spectrum of T.

Various criteria for d-symmetry are given in § 2 and the ideal €(7) is studied
in §3. We study the 7-central states in § 4, present examples, counterexamples
and information about special cases in § 5, and mention several questions: we have
been unable to resolve in the final section of the paper.

2. Conditions for d-symmetry

The proof of our first result was inspired by ROSENBLUM’s proof [14] of the
Fuglede theorem.

Theorem 2.1. For T in B(9H) the following are equivalent:

(@) T is d-symmetric, (b) T*T—-TT*c%(T),

© T*R(6r)+RONT* S R (6n)".

Proof. The equivalence of tb) and (c) is a consequence of the identities:
(T*T —TT*X = T*6,(X)—6;(T*X), X(T*T—TT"*) = 5,(X)T*—8,(XT*).

Since T*0(X)=07+(T*X) and Op+(X)T*=067.(XT"¥), (a) implies (c).

Now assume (c) holds. To prove that T is d-symmetric it suffices to show that
f(2(©6))=0 for all f in B(H)* satisfying f(#(6r))=0. If XcB(H) then
f(TX)=f(XT) and

f(T*TX) = f(T*™(TX—XT))+f(T*XT) = 0+f(T* XT) = f(TT*" X)

since T*R(1)SR(G7)~ by (¢). By induction f(T*T"X)=f(T"T*"X) for all
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non-negative integers n and m. From this one obtains
f(exp (T +BT*)X) = f(exp («T) exp (BT*) X) f(exp (ﬂT*) exp (ocT)X)

for all complex numbers « and B by imitating the standard proof of the. 1dent1ty
‘exp (4+B)=exp (4) exp (B) (for commuting 4 and B) as given in [12 P. 3971
for example. A similar argument, using ZO)T*SZ (6™, gives

(X exp (2T +BT™)) = f(X exp (2T) exp (BT*) = f(X exp (BT*) exp (ozT)).,

Since f(TX)=f(XT), it follows by induction that f(T"X)=f(XT") for all n
and hence f(exp (xT)X)=f(Xexp(aT)) or f(exp(aT)X exp (—cx T))-f(X)
These relations yield:

f(exp (iIAT*) X exp (—iAT)) = f(exp (iAT) exp (iAT*) X exp (—iAT*) exp (—iT)) =
=f(exp (i2Re (AT)) X exp (—i2Re (AT)))

for any complex A. The right hand side of this equation is bounded, so by Liouville’s
theorem the entire function on the left hand side must be constant. In particular,
the derivative vanishes at 2=0. This gives f(T*X—-XT*)=0. 0O

Corollary 2.2. Every normal operator is d-symmetric.

Theorem 2.3. Every isometry V is d-symmetric. , _

Proof. If O=I—V¥V™ then 5V*(X):6V(—V*XV*) QXV* so it suffices
to show that QX¢#(5,)~ for a]lKXE.%(.E')) Let T,= 2' (k/n—1D) VEQX Y *t+D)
forn=2,3,.... Then 6, (T,)—QX=—n"1 2’ V"QXV*". Smce (Viox, V¥Qy)=0
for j=#k and x,y in 9,

QXY *x

= él IV*QXV*x|? = n|QX|? || x|
Hence n~1| k=2"1 V*OXV*|=n~" |QX| and QX<Z&(S,)~.

Remark. The proof of 2.3 shows that Q#Z(9)SZ(d,)~. The closure cannot
be deleted here, however, as #(8,) contains no non-zero right ideal of #($) [21].
But %(8y) does contain the left ideal of #(9) generated by Q [18].

Let o=2(9) denote the compact operators on . An operator T is essentially
d-symmetric if it is d-symmetric in the Calkin algebra #£($9)/o¢, that . is, if
[v(D), v(#(9))] " is a self-adjoint subspace of the Calkin algebra. (Here v denotes
the canonical homomorphism of #($) onto %#(H)/#.) We now determine the
relationship between d-symmetric and essentially d-symmetric operators.

A closed subspace of #(9) is self-adjoint if and only if its annihilator & is
self-adjoint in the sense that /' € # implies f* €&, where f*(X)=f(X*)*. Now each

1*
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f€B(H)* has a unique representation f=f,+f, where f; is a bounded linear
functional on 2(9) that vanishes on 2 and f is induced by an operator J in the
trace class by the formula f,(X)=trace (XJ) for X in Z($). (See [9, 2.11.7 and
4.1.2].) Moreover, f=f,+f; is T-central for an operator T if and only if both £,
and f; are T-central, and f; is T-central if and only if TJ=JT [20, Theorem 3].
These facts give

Proposition 2.4. An operator T on § is d-symmetric if and only if
(a) T is essentially d-symmetric, and
(b) TJ=JT for an operator J in the trace class implies TJ*=J*T.

Corollary 2.5. (a) An essentially normal operator T is d-symmetric if and only
if TI=JT for an operator J in the trace class implies TJ*=J*T.
(b) An operator in the trace class is d-symmetric if and only if it is normal.

Proof. Since the proof of Theorem 2.1 is valid in any C*-algebra, any essen-
tially normal operator is essentially d-symmetric. O

Corollary 2.6. The following are equivalent for a d-symmetric operator T
(@) HCSor(H).
(b) SR

(¢) T has no reducing eigenvalues.

Proof. If T has a reducing eigenvalue, then (Sx, x)=0 for all § in ()~
and some non-zero x¢ H and % non S (d7)~. Thus, (b) implies (c). If §;(") is not
dense in ¢, then since J™* is the trace class operators, there is a non-zero J in the
trace class such that f; vanishes on §;(¢), thatis, 7J=JT. Since T is d-symmetric
TJ*=J*T by2.4and T commutes with a non-zero self-adjoint trace class operator.
Therefore 7 has a finite dimensional reducing subspace .#. Clearly, any direct
summand of a d-symmetric operator is d-symmetric so T|.# is normal by 2.5(b).
Hence T has a reducing eigenvalue and (c) implies (a). The remaining implication
is obvious. [ ‘

. "Remarks. (@) If S and T are d-symmetric operators with disjoint spectra,
then an easy application of RoseNBLUM's theorem [13] shows that ST is d-
sy'minetric.

(b) If X is an eigenvalue of T but Z is not an eigenvalue of T*, then THAI
is not d-symmetric, where / is the identity on any non-zero Hilbert space. In particular,
if U, denotes the unilateral shift and ||<1, U, ®A[ is not d-symmetric. However,
if |A]=1 then 2.4(b) and a calculation show that- U, @A is d-symmetric.
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(c) StamprLl [16] constructed a compact weighted shift K that commutes
with no non-zero trace class operator and therefore #(6x)~=#. This operator
K is then d-symmetric and quasinilpotent. As K®n~I is d-symmetric by (a) above
and K®O0 is not d-symmetric by (b), it follows that the set of d-symmetric operators
is not norm closed. Stampfli has independently pointed out this same fact to us.

The proof of our next theorem requires non-separable versions of two known
results. We now present these (slight) generalizations. Let &/ denote a unital sepa-
rable C*-algebra of operators in #($), where $ is separable. In [17] Voiculescu
showed that if n is a representation of & in #(9,), where ©, is separable and
n(f N)=0, then there is a sequence of unitary transformations U, of HE9H,
onto $ such that A—-U,(4®n(A))UF is compact for all 4 in & and
lim |4~ U, (A®n(4)) UF|=0 for all 4 in &. (In symbols, 1d~1dea1r) This fact

was used in [2] to show that if fis a state on & that is zero on #NA then f
extends to a pure state on Z(9). :

Proposition 2.7. Let &/ denote a unital separable C*-algebra of operators
acting on a Hilbert space $ (of any dimension).
@) If ©n is a representation of 4 in B(9H,), where ©, is separable and
(A NA)=0, then id~id@n.
(b) If f is a state on o such that f vanishes on AN\XH, then f extends to a pure
state on B(H).

Proof. Choose a dense sequence {4,} of operators in &/ and select unit vectors
in 9 as follows. For each n choose an infinite orthonormal sequence {e,;} such that
A4, ||e—11rn lAnenll and choose a sequence {x,;} such that [4,]= hgn 4, x40

(Here, IIA | denotes the norm of A,+ A in B(H)/K.) Write 9 for the subspace
of $ generated by {sfe,}U{wx,;}. Then the restriction map ¢ induced by the
- projection P of $ onto M is an isometric isomorphism. Furthermore, an operator
A in & is compact if and only if @(A) is compact. Now suppose = is a representa-
tion of &/ as in (a) above. Then n’=no®~1 is a representation of & (/) which
satisfies the hypotheses of Voiculescu’s theorem. (If #(4) is compact, then
7' (P(A))=n(4)=0 since 4 is compact.) Hence ide4)yide,®n’. Let ¥ denote
the restriction of & to PL$. Then

idy = VOOD ~ YO (idp,®n) = id &

and (a) is established.

Now suppose that f is a state on & that is zero on & NA. Then f'=fod?
is a state on @(&) that is zero on P(K)NA (M) and so by [2] there is a pure
state g’ on 2 (M) which extends f’. Define g” on B(PLH)OZ (M) by g"(XDY)=
=g’(Y). Then g” is a pure state on Z(P*H)DB(M) and if AcH, A=4,0P(A)
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and g"(A) =g (®(4D)=f(P(4))=f(4). Thus g” is a pure state that extends f
so we may choose a pure state on Z(9) that extends g”. [

Recall that a representation n:s/—+~%(9,) of a C*-algebra &/ into the oper-
ators on -the Hilbert space 9, is called cyclic if there is a vector x in §, such that
n()x is dense in H,.

Theorem 2.8. If T is a d-symmetric operator on a Hilbert space © and
n:C*(T)—~B(9,) is a cyclic representation such that either
(@) n(C*(T)NA)=0, or (b) n(C*(T)) is irreducible, then n(T) is d-symmetric.

Proof. Assume that n(C*(T)Not)=0. Then by Proposition 2.7(a) there
is a unitary transformation U mapping $&$, onto $ such that T—U(T@n(T))U*
is compact. Since T is d-symmetric, U(T®n(T))U* is essentially d-symmetric
and so T®r(T) is essentially d-symmetric. Therefore n(T) is essentially d-symmetric.
Let f denote a n(T)-central bounded linear functional on #(9,). We must show
that f* is n(T)-central. Write f=fy+f, where f, vanishes on #'(9,) and f,, is
ultraweakly continuous (that is, induced by a trace class operator.) Then f; and
f,, are n(T)-central [20] and f;* is n(T)-central because n(T) is essentially d-sym-
metric. We need only show that £, is n(T)-central. Fix a cyclic vector x for n(C*(T))
and define a state @ on C*(T) by w(d4)=(r(4)x, x). Since C*(T) is separable
and o vanishes on /., there is a pure state ¢ on #(H) that extends w by
Proposition 2.7(b). It follows (as in [9, 2.10.2]) that there is a Hilbert space $’
containing $, and an irreducible representation n” of Z(9) in Z(H’) such that the
projection P of $’ onto $, reduces n’(C*(T)) and Pn’(4)|H,=n(4) for all 4
in C*(T). Define a linear functional g on #($) by g(X)=f,,(Pr’(X)P|9,).) Then

g(TX) =f,(Pr'(TX)P|9,) = f,(n(T) P’ (X) P|9.) =
=fu((P7'(X) P|9)7(T)) =1, (Pn"(XT) P|9,) = g(XT),

since f, is m(T)-central. Thus g is T-central; so, since T is d-symmetric, g is T *-
central. Therefore, for all X in Z(9) we have

F((PT(X) P19 n(T)) = £, (n(T)* P’ (X) P|9,).

Since #” is irreducible and f,, is ultraweakly continuous, f,, is n(T)*-central.

Now suppose that = is irreducible. By the first part of the proof, we may assume
that = is not zero on C*(T)NA. Then w=n|C*(T)NA (H) is irreducible
[9, 2.11.3] and by [5, 1.4.4] there is a subspace M of $ such that =, is unitarily equiv-
alent to the restriction to M of the identity representation of C*(T)N 4. Since
C*(I)NA is irreducible on M, M must reduce T. A similar argument shows that
n(C*(T)) is unitarily equivalent to C*(T)|M. Thus =(T) is unitarily equivalent
to a direct summand of T and =(T) is d-symmetric. [
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Remarks. (a) The operator T7&xn(T) in the proof of Theorem 2.8 need not
be d-symmetric. Indeed, let K denote the compact d-symmetric operator in Remark
(c) following 2.6 and define = on C*(K)=o"($)+C! by n(Ky+Al)=2A. Then
Konr(K)=K®0 is not a d-symmetric operator.

(b) If T is d-symmetric and = is an irreducible representation of C*(T) then
$, is either infinite dimensional or one dimensional. For n(T) is d-symmetric by
2.8 and if $, has dimension n<oo, then n(T) is normal (2.5(b)), and irreducible,
hence n=1. Thus, if T is essentially n-normal and d-symmetric, then T is essentially
normal.

"' (¢) We shall show (3.6) that if T is d-symmetric, then C*(T) has a character.
Hence C*(n(T)) has a character for every irreducible representation = of C*(T).

3. The inclusion and multiplier algebras

As noted prior to Proposition 2.4 d-symmetry of an operator is equivalent
to the condition that the annihilator of its derivation range bea self-adjoint sub-
space of #(9)*. We now show that the annihilator is actually determined by the
states it contains. )

Let E(T) denote the set of all T-central states on Z($); that is, the set of states
fon B(9) such that f(TX)=f(XT) for all X in ZB(H).

Theorem 3.1. If Tis a d-symmetric operator, then Z(51)~ = N {ker (f):f€ E(T)}.

Proof. Fix f=f* in the annihilator of # (7). Then there are unique positive
linear functionals f* and f~ on #(9) such that f=f*—f and | fl=1S"I+1/"I
[9, 12.3.4]. To prove the theorem, it suffices to show that f* and f~ are T-cen-
tral. To do this we use an argument due to EFFrROs and HauN [10, p. 24].

Since f is self-adjoint, the set {4¢ B(R): f(4AX)=f(XA) for all X in B(D)}
is a C*-algebra containing 7. Fix a unitary owerator U in C*(T) and write
X)) =1 (U*XU), g(X)=f"(U*XU) for X in #(9). Then g, and g, are posi-
tive linear functionals with g (X)—g(X)=Ff(U*XU)=f(X) and |gll+|gl=
=g (D +g,(D=]|f]l. So, by the uniqueness of the decomposition of f, f+=g,
and f-=g,. Hence f* and f— are U-central for every unitary U in C*(T).
Since the unitaries in C*(T) span C*(T), f* and f~ are T-central. (O

Remark. The proof of Theorem 3.1 shows that an operator T has a T-central
state if and only if the commutator subspace [C*(T), Z(9)] is" not norm dense
in Z(9). (See [6].) This is.equivalent to the non-density of Z(6y)+2%(d+) or to
the condition that 0 belong to the closure of the numerical range of every com-
mutator 7X —XT [19]. The mere existence of a central state, however, does not

imply d-symmetry as the example 7= (g (1)] shows.
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Corollary 3.2. If T is a d-symmetric operator, then:

(@) Z(67)~ is an hereditary subspace of #(9D): that is,if 0=X=Y and
YCR(61)~, then XERBp) ™. :

(b) Z(B)ER(67)~ for all A in C*(T).

(c) €(T) is the linear span of the positive elements in #(by)~ and €(T) is
hereditary in B(9).

d) A ©)SE(T) if and only if T has no reducing eigenvalues.

Proof. Parts (a) and (b) are clear from 3.1. We prove part (c). If C is a positive
operator in #(81)~, then f(C)=0 for each T-central state f, and so, |f(XCV®)i2=
=f(XX*) f((CY®®=0. Similarly, f(C'*X)=0. Hence, by Theorem 3.1,
CY2c@g(T) and so C=CY2CY2¢%(T). On the other hand, if CE¥(T) is self-
adjoint with spectral measure E(‘), then C=CE([0, <))+ E((—<,0))C is a
linear combination of positive operators in £(dr)~. ¥(T) is a hereditary sub-
space of #(9) by (a). Part (d) follows from (¢) and 2.6. O

We now study the sets €(7), #(T), and #(T) in more detail.

Theorem 3.3: If T is a d-symmetric. operator, then:

(@) €, #(T), and A (T) are C*-algebras.

(b) €(T) is a norm closed two-sided ideal in 4 (T) which is properly contained
in F(T). Furthermore, F(T)SF(D)+{TYS (D).

(©) F(I)/4(T) is contained in the center of M(T)/¥(T).

(@) A(T)={ZcB(9):[Z, F(DNISE(D)}={ZcB(9):1Z, TIe¥(T)}="
={ZeA($):1Z, TIe H(T)).

() 4(T)=F(TYNRGr) =M (T)NROr) .

Proof. As Z(6,)~ is self-adjoint it is clear that . (7) and 4(T) are C*-al-
gebras. It is also clear that ¥(T)S#(T) and that {T} S #(T).

If A€ A(T) then A6 (X)=6;(AX)+6,(TX)—Té,(X) is in Z(61)~. Hence
ARB)S R (7). Similarly Z(6;)ASR(S;)~ so that SF(T)S.#(T). There-
fore if A,, A,€F(T) then A, 4,X—XA,A;=A,(A;X—XA,)+ (A, X—XA)) A€
€R ()~ and A, A,€ F(T). Hence F(T) is a norm closed subalgebra of B(H).
Since #(87)~ is self-adjoint, S(T) is a C*-algebra.

If Ze.#(T), Cc¥4(T), and X is any operator then

X(CZ) = (XC)ZER(Gr)"Z S RGp)~ and (CZ)X = C(ZX)ER(G1)™.

Hence %(T) is right ideal of .#(T). Since ¥(T) is a C*-algebra, it is a norm closed
two sided ideal of #(T). Also, ¢ 4(T) because Z(6)~ =Z(H) [16, Theorem 1],
so %(T) is properly contained in #(T). This proves (a) and (b).

If Ze #(T), AcF(T), and X is any operator, then

éz(A)X=ZéA(X)—(SA(ZX)EZ(éT)‘ and X0,(A4) =0,(X)Z— 5A(XZ)€.@(51)‘
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Hence 6,(4)€¥4(T). This proves (c). It also shows that
MT)SAZeB(D): Z, SN S CDT} S {ZcBS) : [Z,TI€G(T)} S
S {ZcA(9):[Z, T)e #(T)}

Before showing the reverse inclusions, we establish (€). Suppose that A€ . (T)N
NRS7)~. Then AA*+A*ACARGr) +R(67)~"ASR(07)~. Hence both 44*
A* A belong to ¥(T) as €(T) is hereditary. By considering the polar decompositions
of A and A* one gets A€E(T). Thus A (T)NR ()~ S¥(T) and the inclusions
GNSIH(TNR(Gr)~ S H(T)NR(Sr)~ are trivial.

To finish the proof of (d), suppose 8;(Z)€.#(T) and X is an operator. Then
0+ (Z)€¥(T) by (e) and so

Z6:(X) = 8,(ZX)—0r(Z)XE R(5,)~ and 0,(X)Z = 61(XZ)— X61(Z)E R(57)~.

Hence Zc.#(T). 0O ,
The following is a version of the Fuglede theorem for d-symmetric operators.

_ Corollary 3.4. Let T be d-symmetric and let X€B(D). If TX—XT<%(T)
then TX* - X*T¢¥€(T).

Example. Let K denote. an irreducible compact operator that does not com-
mute with any trace class operator (as in remark (c) following 2.6, for example.)
Then €(K)=R(6x)"=HA" so that A (K)=2(H) and F(K)=H4+CI by [7, The-
orem 2.9].

We now show that ¢(T) is the commutator ideal of #(T) if T is a d-symmetric
operator.

Recall [4, §3.3] that the commutator ideal Comm (&) of a.C*-algebra & is
the smallest closed two-sided ideal of &/ containing all of the commutators 4, 4,—
—~ Ay A, for A, A, in &Z. Comm (&) is also the smallest closed ideal ¥ such that
/¥ is commutative and, furthermore, Comm /= M ker (p), where the inter-
- section is taken over all the characters (non-zero complex homomorphisms) of 7.
If T is an operator, then Comm (C*(T))=Comm C*(T) is the ideal generated
by T*T—TT*.

We make use of the fact that if fis a state on a C*-algebra B whose restriction
¢ to a C*-subalgebra o/ is a character, then f is sf-multiplicative on 4 in the sense
that f(XA)=f(X) f(4)=f(AX) for all X in & and all 4 in &. Indeed, A— f(4)]
belongs to the left kernel of f because ¢((4—@(4))*(4—¢(4)))=0.

Theorem 3.5. If T is a d-symmetric operator, then:

(@) €(T)=Comm (H(T)).

(b) Comm C*(T)=C*(T)NA(Sy)"=C*(T)NE(T).

(¢) The map a of C*(T)/Comm C*(T) into S(T)|%(T) given by
a(A+Comm C*(T))=A+%(T) is an isomorphism.
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Proof. Let ¢ be a character on #(T) and let f be any extension of ¢ to a state
on #(9). Then fis T-central by the remark preceding the statement of the theorem,
hence @(%(T))=f(¢(T1))=0 as €¢(T)SZ(67)~. Thus €(T)SComm H(T). The
reverse inclusion is clear from Theorem 3.3(c).

The same remark shows that any character of C*(T) vanishes on C*(T)N
NA@Gp)~ so that C*(T)NRGy)~ SComm C*(TYSCH*H(THNE(THYSCH*(T)N
NA(87)~ by the first part of the argument. This proves (b) and (c) is then clear. [

Corollary 3.6. If T is a d-symmetric operator, then C*(T) has a character.
Proof. Since 7¢ 4(T) (3.3(b)), Comm C*(T)=C*(T) by 3.5(b).

Remark. Note that C*(T) may have only one character, however. For ex-
ample, this is the case for the compact operator considered in the example follow-
ing 3.4.

We now derive additional results about the inclusion and multiplier algebras
under the additional hypothesis that 7 has no reducing eigenvalues. Then Z(6;) ™ 24
by 2.6 and so ¥(T)=24.

Theorem 3.7. If T is a d-symmetric operator that has no reducing eigenvalues,
then
(@) F(T)=C*(T)+%(T), (b) Thé center of #(T)¥(T) is F(T)/€(T).

Proof. Suppose there is an operator S in #(T) such that S¢ C*(T)+%(7).
Then the commutative C*-algebra (C*(S, T)+%(T))/4(T) properly contains
(C*(T)+%(T))/#4(T) and so by the Stone—Weierstrass theorem, there are distinct
characters ¢, and ¢, on C*(S, T)+%(T) that vanish on €(T) and agree on C*(T)+
+%(T). Hence there are one-dimensional representations n; and n, of C*(S,T)+ X
such that 7,(S)=n,(S), n, and =, agree on C*(T)+ A, and =, and =, vanish on
A (since A CE(T)). Let n denote the direct sum of R, copies of n; and =,. By
Proposition 2.7(a) id is unitarily equivalent to id@n modulo the compacts and it
follows that there are infinite dimensional projections P, and P, on $ such that
P; A—@;(A) P; and AP;— @A) P; are compact for i=1,2 andall 4in C*(S, T)+ A"
Choose orthonormal bases {e,} and {f,} for P,$ and P,$, respectively and define
W in 2(9) by We,=f,, n=1,2,..., and Wx=0 for x in (P,H)*. If XcZ(9),
then for n=1,2,..., ((TX—=XT)e,, f,)=((P.TX—-XTP)e,, f,)=(0:(T)—
—¢1(T))(Xe,, f,)+(Ke,, f,), where K is a compact operator. Since ¢,(T)=¢.(T)
and [|Ke, || -0, | W—(TX—XT)| =1 and W¢ Z(61)~. On the other hand, SW—-WS=
=SP,W—WP, S=(9,(S)—¢,(S)) W+K, where K is a compact operator. Since
@1 (S)#=95(S) and Se F(T), WeR(b5)+ A SR(67)~, a contradiction. This proves
part (a) of the theorem.

Now suppose that Z+.#(T) is in the center of #(T)/%(T) but Z¢ S (T)=
=C*(T)+%(T). Then by the argument given in the first part of the proof, there
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are .characters ¢, and ¢, on C*(Z, T)+ A such that ¢,(Z)#@,(Z), ¢, and ¢,
vanish on J; and q;l and ¢, agree on C*(T)+ 4. Also, there are orthogonal in-
finite dimensional projections P, and P, on $ such that P;4— ¢ (A)P; and
AP;—;(A)P; are compact for all 4 in C*(Z, T)+# and i=1,2. If XcA(9),
then  (Py+Py)(TX—XT)(Py+Py)=(¢(T) — ¢ (T))(P,XP,— P, XP))+ K=K, for
some compact operator K, since ¢,(T)=@,(T). Thus (Py+Py)Z(6r)~ (P1+Pp)=
=H((P,+P,)9). Let W denote a partial isometry of P, onto P,$ as in the
first part of the proof. Then Wo(X) =8 (WX)=—6;(W)X=—(TP,W -WP, T)X=
=(@,(T)~ (1)) WX+ K=K, for some compact operator K, since ¢,(T)=
=@,(T) and so WR(S;)SRGr)+HA SR(Sp)~. A similar argument shows that
RO)WZR(6r)~ so that We#(T). Hence, ZW—-WZcE(T)S#(0r)~- But
P, (ZW—WZ)P,=(¢,(Z)— ¢, (Z)) W+ K for some compact operator K and since
©.(Z2)= 9 (Z), P,(ZW—WZ)P, is not compact, a contradiction. O

Corollary 3.8. If T is a d-symmetric operator that has no reducing eigenvalues,
then C*(T)/Comm C*(T)=S#(T)/%4(T).
In the concluding result of this section we show that #(T) can be quite large.

Theorem 3.9. Supposse $ is separable and that T is a d-symmetric operator
with no reducing eigenvalues. If T is not essentially normal, or if T is essentially normal
with uncountable spectrum, then €(T) contains a C*-algebra that is spatially iso-
morphic to B(H)D A (D).

Proof. It is enough to show that £(5;)~ contains a projection P of infinite
rank. For then, since P is positive, P€%(T) by 3.2(c) and PRB(H)P+PLA(H) P+
is the desired subalgebra of €(T).

If #(67)~ fails to contain a projection of infinite rank, then ¥(T)S A by
3.2(c) and spectral theory. Hence T is essentially normal. Since 4 S2(57)~,
Remark 1 of [22] implies that the spectrum of T is countable. O

4. The T-central states

The set E(T) of all T-central states on #(9) is convex and weak*-compact.
We begin this section by examining the extreme points of E(T). Recall that a state
f on a C*-algebra # is &-multiplicative if f(AX)=f(A4) f(X)=f(XA4) for all
X in & and all 4 in &/ and that the extreme points in the set of all states on # are
also called pure states.

Theorem 4.1. If T is a d-symmetric operator and f is an extreme point of E(T),
then fis F(T)-multiplicative on #(9) and f is a pure state on B(9H).
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Proof. Fix a self-adjoint element 4 in S(T) with 0<e<A<I—¢, for some
e>0. Define f; and f, on #(9) by A (X)=f(A)1f(X4) and f,(X)=
=fU—-A)f(X(I—A4)). Then [(XA=F(XAPAP)=Ff(4"XA") as AV¢
€#(T). Hence f, and (similarly) f, are states on #(9). Since TA—ATc¥(T)
by 3.3(c),

S f1(XT) = f(XTA) = f(X(TA— AT))+f(XAT) = 0+f(XAT) =
= f(TX4) = {(A) f,(TX).

Thus, f; and (similarly) £, are T-central. Since f=f(A) f,+f({I—A) f; is an extreme
point of E(T), f=f; and so f is A-multiplicative. Since #(T) is the linear span
of operators of this form, the first assertion is proved.

Now suppose that there are states f; and f, on Z($) and O<a<1 such that
Sf=ofi+(1—a) f;, where fis an extreme point of E(T). Since f is multiplicative
on £(T) by the first part of the proof, fis a pure state on #(7) and so f, f;,
and f, agree on £ (7). In particular, each f; is multiplicative on C*(T). It follows
(see our remark preceding 3.5) that each f; is T-central. Hence, f=f=f,. O

- Corollary 4.2. If T is a d-symmetric operator, then each character on C*(T)
extends to a character on F(T).

Proof. Fix a character ¢ on C*(T) and let f be a pure state on #(9) that
extends ¢. Then f is T-multiplicative since it extends ¢ and, therefore, f is an
extreme point of E(T). Hence f is multiplicative on #(T) by the theorem. OJ

Remark. It follows from 4.1 that if T is d-symmetric then £ (d;)~ is the inter-
section of the kernels of the T-multiplicative states on #(9). Also, £(T) is the set
of operators A such that every extreme point of E(T) is A-multiplicative.

It is natural at this point to ask: Which states on C*(T) extend to T-central
states on Z($)? The answer is what one might expect.

Theorem 4.3. If T is a d-symmetric operator, then:

(a) A state f on C*(T) extends to a T-central state on B(9) if and only if
S(Comm C*(T))=0.

(b) A state g on F(T) extends to a T-central state on B(9) if and only if
g(¢(1))=0.

Proof. Since €(T)S%(5;), each T-central state on #($) vanishes on €(T)
and so on Comm C*(T) (by 3.5(b)) so that the conditions f(Comm C*(T))=
=g(%(T))=0 are necessary. Now suppose g is a state on S(T) such that
g(%(T1))=0. Then g may be viewed as a state on the commutative C*-algebra
JF(T)[%(T). Hence, g is the weak*-limit of a net of convex combinations of charac-
ters on £ (T). Each of the characters appearing in these convex combinations has
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an extension to a pure state on #(9) which is 7-multiplicative by 4.1. By taking
the same convex combinations of the extended states, we obtain a net of 7-central
states that has a subnet that converges to a 7-central extension of g. The proof of
sufficiency in part (a) is the same. [ ' :

5. Examples

In this section we consider the C *-algebras €(T); S(T), and #(T) for special
d-symmetric operators.

I. Normal operators without eigenvalues. Let N denote a normal operator
without eigenvalues. Then the spectrum ¢ of N is uncountable, N is d-symmetric,
and A S%(N)(2.2 and 3.2(d)). Hence ¥(N) is nonseparable by 3.9. Also, S(N)=
=C*(N)+%(N) by 3.7(a) and if C(s) denotes the continuous functions on o,

then C(o)= F(N)/¥(N) is the center of .#(N)/4(N) by 3.7(b). Further, .4 (N) o

contains the von Neumann algebra {N} by 3.3(b).

Recall [15, 4.4.19] that there is a norm one projection 2 of #($) onto {N}
such that 2(4XB)=AP(X)B for A and B in {N} and X in #£($). Thus,
P(R(Oy)")=0 and so if Ac{N} and X€Z(Sy)~, [Al=|PUA+X)|=|4+X]|
and {N} +%(N) is an orthogonal direct sum in .# (V). However, {N} +%(N)=
# .4/ (N). Otherwise the center of #(N)/%(N) would be isomorphic to {NY}.
This is not the case. In fact, as noted above, the center of # (N)/%(N) is isomorphic
to C*(N).

II. Diagonal operators. In this example and the next all operators will be
assumed to be acting on separable Hilbert space. An operator D is diagonal if there
is a sequence {E,} of orthogonal projections such that XE,=I and a bounded
sequence {d,} of distinct complex numbers such that D=23d,E,.

Proposition 5.1. The following are equivalent for a d-symmetric operator T:
@) T is a diagonal operator, (b) F(T) is commutative. (c) €(T)=0.
(@) A (T)=A{T}.

Proof. Since ¥(T)=Comm JF(T) by 3.5(2), (b) and (c) are equivalent. By
2.1(b) and 3.2(c), the condition ¥(T)=0 is equivalent to the conditions that T
be normal and Z(6;)~ contain no nonzero positive operator. Therefore (c) and
(a) are equivalent by [22]. Finally (c) and 3.3(d) imply (d), and if (d) holds, then
AT} is self-adjoint and T is normal. Hence %(T)=M’(T)ﬂ%(5rj‘={T}’ﬂ
N#R(5r)~=0. (This latter intersection is 0 for any normal operator T as shown
in example 1. See also [1]). ‘ :
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Thus, for a diagonal operator D, (D) and # (D) are easily described. The
C*-algebra #(D) is more complicated. Before describing it we need a preliminary
result.

Lemma 5.2. If D=2ZXd,E, is a diagonal operator, then C*(D)g.ﬁ(b;)g
CC*(D,E,, E,, ...).

Proof. The first inclusion is trivial. Also €(D)=0 as D is a diagonal operator,
hence {D}=#(D)=S(D) by 3.3(d). Therefore F(D)S(D)”. To finish the
proof, fix a diagonal operator D’=2ZXa,E, in {D}” that is not in C*(D, E,, E,, ...).
We must show that D’ ¢ #(D). Choose a sequence {e,} of unit vectors in § such that
E,e,=e, for each n, and let w, denote the vector state induced by e, (so that
0,(X)=(Xe,, e,)). Then each w, is a character on &/ =C*(D,D’, E;,...) and if
@ is a character on .« then either ¢(E,)=1 for some unique integer n and ¢ =a,,
or else ¢(£,)=0 for all n and ¢@= li"m W4y is the weak*-limit of a subsequence
of the w,’s induced by an injective map ¢ of thé natural numbers N into N. Since
C*(D, E,, ...) is a proper C*-subalgebra of ., there are distinct characters ¢
and ¥ on & that agree on C*(D, E,, E,, ...) by the Stone—Weierstrass theorem.
If @(E,)=1 for some n, then Y (E,)=1 and o=y =w, because E,€C*(D, E,, ...).
Hence, ¢(E,)=y¥(E,)=0 for all n and qo=li'rln Do ny» ¢=li'rln Oy are weaK*-
limits of disjoint subsequences of {,} induced by injective maps ¢ and 7 of N into
disjoint subsets of N. Write 4

a= (p(D’) = lim (D,ea(n)s eu(n)) = lim ao(n),
ﬁ = ll’(l),) = ll:n (D,et(n)s er(n)) = ]1'}'1‘1 at(n)

and . .
y=¢D)=yD)= ll'fn domy = ll'fn de(my

so that ap. Define an operator W by We,,,=e,, for n=1,2,... and Wx=0
if x€{e,ay» €o(zy» ---}*- Then if X is any operator, |D’,W]-[D,X]|=
= ]i"m (o', w1 €s(n)> er(n))_([D’ X] €smy> et(n))l = li'rln |_at(n)_;aa(n))(Wea(n)’ ‘-’:(n))—
—(d iy — Ao my) (Xe4(ny» e,(,,))|=|ﬁ—cx|. Thus [D’, Wi4#(p )" and D'¢S£(D). O

Theorem 5.3. Suppose D=ZXd,E, is a diagonal operator and write
A={neN: E, has finite rank and d, is not an isolated point of the spectrum of D}
Then S(D)=C*(D, {E,},¢0)-

Proof. First note that if d, is an isolated point of the spectrum, then E,¢ C*(D)
by the Gelfand theory. Now fix an eigenvalue d, of D that is a limit point of .the
spectrum of D. By 5.2 it suffices to show that E,¢ #(D) if and only if E, has finite
rank. Suppose that E, has infinite rank and choose an orthonormal basis
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{e1, e;, ...} for E,. Since d, is a limit point, there are projections E, ", and unit vectors
f; such that d, —»d and E, f—f Define W in #(9) by We;=f; and Wx=0
if x€(E,H)*. Then if X is any operator,

L&, W1~ [D, X1 = lim [(E,, W]ej, £)—(D, Xle;, f)] =
= lim |(f;, £) = 0—(dy—dy) (Xe;, )] = 1.

Thus, [E,, W]¢ Z(6p)~ and E,¢ F(D). Now suppose E, has finite rank. Fix vectors
xin E;$ and y in E,$H, where n=m. Let x®y denote the rank one operator given
by x®y(z)=(z,y)x. Then [D,x®y]=DxQy—-x®D*y=(d,—d,)x®y. Since
d,#d,, XQYER(Op)~. If z€(E,H)*, then z= 3 a,y,, Where E,,,y,,, =¥., and

n¥Em

Zla,|?=|z|]®. Thus, x®z=2a4,(x®y,) is in #(Gp)~ for all x€E,H and
z€(E,H)*. It follows that E,XEl c#(6,)~ for all X in #(H) and so since #(5p)~
is  self-adjoint 92((5E")=,%((5E")‘=E,,%($)E"l +ELB(HYE,SR(6p)~.  Thus,

Corollary 5.4. If D=ZXd,E,, where each E, has infinite rank, then
S (Dy=C*(D).

Corollary 5.5. If D= Xd,E,, where each E, has rank one and {d,} is an
enumeratton of the rationals between 0 and 1, then: ’

(a) E,,GEC*(D), n=12,.., (b) £(D)=C*D, EI,EZ, )

Remarks. (a) Let D be the diagonal operator defined in 5.5. Then
{DY ={D}'=#(D) (5.2(d)) so that (D) is commutative, €(D)=0 by 5.2(c)
and C*(D)=C*(D)+%(D)=#(D) by 5.5. Thus, if the condition T has no reduc-
ing eigenvalues is omitted, Theorems 3.7 and 3.9 and Corollary 3.8 are no longer true.

(b) Let {E,} denote a sequence of orthogonal rank one projections with
ZE,=I and write

oo

D= 2n"1E,, D'= 3 nlE
n=1 n=2
Then C*(D)=C*(E, E,,..)#C*(D)=C*(E,, E,, ...). However, by Theorem
5.1, F(D)=F(D)=C*(D) and by (the last part of) the proof of 5.4, Z(6p) =
=% (dp)~. Thus, in general, neither the includion algebra nor the derivation
range determines C*(T).

(c) If T is an essentially normal d-symmetric operator with countable spectrum,
then €(T)S'; and %(T)=0 if and only if T is normal. Indeed, since ‘the
spectrum is countable, there is a non-zero representation n of () on a Hilbert
space ©, such that kern=2(9) and n(T) is a diagonal operator on $, [22].
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Then %(n(T))=0 by 5.2(c), and by 3.2(c) we have =(%(T7))S%(x(T)). Hence
€(T)Sker (r)=2. The spectral theorem and 5.1(c) imply that ¥(T)=0 if and
only if T is normal.

ITI. Pure isometries. Let V denote a pure isometry (that is, an isbmetry with
no unitary direct summand). Then V is d-symmetric by 2.3 and has no reducing
eigenvalues; hence, X (H)S¥(V) by 3.2(d) and so F(F)=C*(V)+¥4(V) and
the center of A (V)/E(V) is F(V)E(V)=C*(V)/Comm C*(V)=C (unit circle),
the continuous functions on the unit circle by 3.5, 3.7 and [8, Theorem 3]. Also,
by 3.9 ¥(¥) contains a subalgebra that is spatially isomorphic to Z(9)D H (D).
We now.show that . (V)/€ (V) is also large.

Proposition 5.6. An operator Z is in M (V) if and only if V*ZV—Zc (V).
Hence M(V)28(V)DTy, where T,={XCB(D):V*XV=X} is the set of
Toeplitz operators associated with V. Thus 4 (V)[€ (V) is non-separable.

Proof. If Zc #(V) then V*ZV—-Z=V*(ZV—-VZ)c¥(V) by 3.3(d). Con-
versely, suppose that V*ZV—-Zc%4(V). Then Z(FVX—-XV)=6,(ZX)+
+(I—-VV*HZVX+V(V*ZV—Z)X belongs to Z(6,)~ for any operator X because
I-VV*=[V*V), €4(V). Also, V*Z*V—-Z*c4(V) so that Z*R(Sps) =
=Z*R(0,)" S (5,)~ and this implies Z(3,)ZS%#(5,)~ on taking adjoints.
Thus Z is a two-sided multiplier of #(d,)~ and therefore Z¢ # (V).

That the subspaces #(V) and Z; have trivial intersection and are in fact
“orthogonal” follows from the existence of a norm one projection of #($) onto
I, that vanishes on 2(9,). (See [21]). O

6. Some open problems

(a) If T is a d-symmetric operator, must C*(7T) be a postliminaire or GCR
C*-algebra [9, Paragraphe 1V]? If T is d-symmetric and C*(T) is GCR, then by
direct integral theory and Theorem 2.8 7 would be a direct integral of irreducible
d-symmetric operators. Which irreducible operators are d-symmetric? We do not
know when a direct integral of d-symmetric operators is d-symmetric.

(b) The example in Remark (c) following Corollary 2.6 raises the question:
Is the set {T+K: T d-symmetric, K compact} norm-closed?

() It follows from Proposition 5.2 that there does not exist a normal operator
N such that #(6y)"=%(6x)~, where K is the compact d-symmetric operator of
Remark (c) following Corollary 2.6. If V is the simple unilateral shift does there
exist a normal operator N such that #(N)=4(¥)? If N is normal must % (N)— ,
=.4(A) for some self-adjoint operator A?

(d) Is there a property of dr as an element of the Banach algebra %(%(9)),
which characterizes when T is d-symmetric?
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Sur certaines suites pseudo-aléatoires

JEAN COQUET

I. Introduction

1. 1. Notations et deﬁmtlons. Comme d’habitude, on des1gne par N l’ensemble
des entiers naturels, N* Pensemble N—{0}, Z I’ensemble des entiers relatlfs Q
celui des nombres rationnels, R celui des nombres réels et C celni des nombres
complexes.

Pour tout x€R, on pose e(x)=e%"™,

Ixl = Min {x—n|: n€Z), [x]=Max{n€Z:n=zx), {x}=x—[x.
Soit g:N—C une suite infinie. On dit que g est pseudo-aléatoire au sens de

. BERTRANDIAS [2] si les deux conditions suivantes (a) et (b) sont réalisées:

(a) y(t) = llm — Z’ g(n+t)g(n) existe pour tout tel\

(y s’appelle correlatlon de g),
BN . 1 N—1 s
®) lim & = b =0
Si, au lieu de (b), la condition su1vante (b’), plus forte est reahsee =
(®) limy() = -

g est dite pseudo-aléatoire au sens de Bass [1].
Dans cet article, (@,), ¢ st une suite de réels, (s,),n désigne une suite stricte-

ment croissante de réels positifs tendant vers Pinfini. On pose g(n)=e [ Sa [_n_ )
I 2. Résultats. Dans un article écrit én collaboration avec M MENDES-
FRANCE [3], nous avions établi le résultat suivant: : croan o o

THEOREME 1.. Soit .q un entier =2. Posons.sy=q* pour tout k¢N. Les:trois
assertions suivantes sont équivalentes: chee T eE T ety S
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1) g est pseudo-aléatorie au sens de Bertrandias,

2) 2 lad? =-e,
k=0

3) g est a spectre vide.

Dans I'exposé {4] nous avons démontré que le théoréme 1 se généralisait au
cas ou la suite (s;) est une suite d’entiers naturels, telle que pour tout k¢N, s,
divise $y 41

Nous nous proposons ici d’examiner le cas “diamétralement opposé
nombres s, sont deux a deux premlers entre eux:

L]

ol les

Théoréme 2. Soit (s).n Une suite croissante de nombres entters naturels,
deux a deux premzers entre eux et telle que:

1
— =T oo,
0 Sk

i [V.I 3:‘.

g est pseua’o -aléatoire au sens de Bertrandlas si et seulement si Z lla,‘u2 = oo,
k=0

Nous demontrons egalement le

Theoreme 3. Sozt (S ey une suite de nombres irrationnels posmfs telle que

1
D —=<o et que les nombres = kEN, soient Q-linéairement indépendants.
k=0 Sg k

g est pseudo -aléatoire au sens de Bertrandlas si et seulement si Z’ ”ak||2= oo,
k=0

Le theoreme 3 admet évidlemment comme corollaire le theoreme su1vant
a comparer au théoréme 1:

Théoréme 4. Soit T un nombre réel transcendant =1. On pose s,=1* pour
tout k€N. g est pseudo-aléatoire au sens de Bertrandias si et seulement si

M3

llail® = e=.
K

I
.o

‘I..3. Remarques. 1) Noixs pouvons démontrer vfacilem.e'r‘lt a l'aide des relations
de-corrélation établies dans [3] que les suites envisagées dans le théoréme 1 et, plus
generalement les suites q-multlphcatwes de module 1, ne sont pas pseudo-aléa-

toires au sens de Bass. Par contre, lorsque - 2 lai2=<=, 1les suites envisagées

au théoréme 2 peuvent €tre ou ne pas étre pseudo-aleatoues au sens de.Bass, comme
nous le verrons dans le paragraphe III. : :

2*
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-+ 2) La méthode utilisée pour démontrer les théorémes 2 et 3 différe sensible-
ment de celle utilisée dans [3] pour prouver le theoreme 1 Ici, nous. déterminons
effectivement la corrélation y de g.

La démonstration de l’ex15tence de y est faite sous la seule hypothése que
1

(Sken est une suite de réels pos1t1fs telle que 'Z' — <oo; Est-ce que, dans ce cas
k=0 Sk

général, la condition leakl =eo est encore necessalre et suﬂisante pour que

g soit pseudo-aléatoire au sens de Bertrandias? -

II. Démonstration des théorémes 2 et 3

IL. 1. Existence de la correlatlon de g Con51derons la fonctlon tronquee g,
définie par

cor=e(5a[2])

Montrons d’abord que g, a une corrélation 7,., Soit teN*. On a

ooz =S5 [2]) <

%e(kz; sk] kge[ak{ }]‘e[‘“"{n;t})"

La suite (g, (n+ 1) g,(n)) est presque-périodique- 31 'Elle a 'donc une valeur
moyenne 7,(t). s :
Montrons maintenant que g a une corrélation y donnée par:. y(t);l'iﬂ y,(t).‘
On a . - '
Card {n:0=n=N-1 et g(n+t)g(n)¢g,(n+t)g,(n)}i,‘

= > Card{n 0=n=N-1 et ,[n+t] [s ]}§ IN
k

kzr+1 k2r+1 sk ’

L”hypothése Z’ — << implique
k=0 Sk .

2 B0 -5 0+ DE =24 F e O(r - )

kzr+1 Sk

Un résultat classique sur Pinterversion de deux passages a la limite montre
\

\

que la suite (g(n+t)g(T)) a une valeur moyenne y(1).
De plus, pour tout r&N¥, y(t)=}im ¥, ().
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* IL..2. Caleul de la corrélation de g. Nous allons montrer que, sous les hypo-

théses du théoréme 2 ou celles du théoréme 3, 7,(t)= JJ Vi(t) ou
© k=0

'wt.<‘»=e(ak-[s;1 -(lf{g}f{f;}ew).
11 est evn’d'ent que:

-

n+t

N L

LA 1—{i}§{l}<1.
sk Sg Sk

] [—])J a donc une valeur moyenne égale a ¥, (1).
neEN i

La suite [e (ak[ p
EANI AT
Les hypothéses du théoréme 2 ou du théoréme 3 assurent I'indépendance

statistique des ensembles E,= {nEN :.{T} EA,‘}., O0=k=r, ol les A, sont des
. ;

sous-intervalles arbitraires_ de |0, 1[.
Autrement dit, si 6(E) est' la densité asymptotique de - ECN,

S(E,N .NE) = [T 5(E).
' k=0

Cette indépeinld'amcef statistique entraine que y,(f)= J] ¥.(t). Il en résulte que:
’ : B k=0

k=0

o = 17 e = 1 (14 {2} (1 {L}) st e
Comme 3(1)= lim 7, (1), 5 |
@) =k£°]; [1 —4{sik'} (1 —{é}) s'in2(7ra-'k)).

1L 3. Fin de la démonstration du théoréme 3. sy étant irrationnel, la valeur
moyenne de |, (¢)|? est égale a

1
1 —4sin?(nay) f x(1-x)dx = Al——i—sin2 (na,).
0

.. ) .. . - 1 .1
L’indépendance linéaire sur Q des nombres e ,;— permet-. d’affirmer que
0 r

[v,(¢)|2 a une valeur moyenne égale a

\ u = [l .('l—zsin?(rrdk))-'
k=0 3
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“Cas 3 [dyft=c. Comme |y(r)|=[y,(t)| pour tout reN et-tout t€N*, on a:
k=0
N=1
Nﬁm > [y(®E=pu, pourtout reN.

Puisque p,~0 lorsque r—--o, g est pseudo-aléatoire au sens de Bertrandias.
Cas ' |lali2<ee. La suite (|y,(f)[),n converge, uniformément par rapport
k=90 .

at, vers |y(¢)]%. En effet,

PP =1- 1] (-o{G (--{ L) swan) =22, pau

=r+1
. .1 Nzt . .
On en déduit que lim N > |p(®)? existe et est égale & lim pu,>0. g n’est pas
—+co k=0 r—+oo

pseudo-aléatoire.

IL 4. Fin de la démonstration du théoréme 2. Elle est semblable 3 celle du
theoreme 3. Dans ce cas, r étant fixé, la suite (|7,(f)[%),cy est périodique de penode
So...5,. Elle-a une valeur moyenne

= ]j( 2(2‘ 3 sm’(na )]

k=0

On conclut de la méme fagon.

III. Suites pseudo-aléatoires au sens de Bass

m 1. Soit o« ¢ Q. Posons ag,=a pour tout kE€N.
~ Supposons que la suite (5)gen satlsfasse aux -conditions du théoréme 2 et &
la condltlon supplementalre suivante

L Card {k: TSsk<2T}—>+oo (T - ).

On a alors

h@ORr= ]I [1 & (1 —-—L) sin? mz] I (1 —%sin2 noc) -0 (t ><).
-'“;—és,‘<3t Sk St . :;‘ésksat )

La suite [e(a 2 [sl])] est donc pseudo-aléatoire au sens de Bass.
k=0 k N .

OI. 2. Au contraire, sous les hypothéses du. théoréme 2, la condition

D llaj2=<> peut étre réalisée sans que g soit pseudo-aléatoire au sens de Bass.
k=0
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Supposons cette fois que la suite (s,) ait une croissance rapide dans le séns suivant:

. Sg...S
lim 22 =0,
r—-oo s’+l

On a alors:

- nor- 1y(r)|2 P 4[1—{—}J{é} sin*(ra) =4, 2 e

=r+1 Sk .

Donc |y,(so...s,)|2—|y(s0...s,)l2§4 > S ®
k=r+1 Sk

a |y(s,.. s,)|—>1 lorsque r—oo la et suite g n’est pas pseudo-aléatoire au seas

de Bass. - i

On peut montrer que g est pseudo-aléatoire au sens de Bertrandlas si et

seulement si son spectre est vide.

Comme [y,(sq.- s)|—1 on

IV. Généralisation. Application
IV. 1. Généralisation. On peui généréliser les théorémes 2 et 3 en Cdnsidéréﬁt

des suites du type:
o*(n) = [ 3( Z[qu

k=0 \i=1

ou les nombres ql sont entiers naturels. : ' s
La suite g* est pseudo-aléatoire si et seulement si la suite g de terme général
©o m
gn)=e [ 2 ( > ak,i) [—” est pseudo-aléatoire.
k=0 \i=1 Sk o -
IV. 2. Application. Les théorémes 2 et 3 admettent des applications en théorie

de l’equlrepartmon modulo ‘1. Nous donnerons sans demonstratlon une nouvelle
caractérisation des nombres de Pisot ([3], [4] [5], [6D- .

Théoréme 5. Soit 0=1 un nombre réel, soit (s);cn une suite de nombres
réels satisfaisant aux conditions du théoréme 2 ou a celles du théoréme 3. On pose

g(n) = e[ké') 6 [s—"“]] et h(n)= e(kg’) 16 {-s’:-})

Les assertions suivantes sont équivalentes.

1) 0 est un nombre de Pisot,

2) g n'est pas pseudo-aléatoire,

3) g est presque-périodique-B, a spectre non vide,
" 4) h n'est pas pseudo-aléatoire,

5) h est presque-périodique-B, a spectre: non vide.
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Near normahty of a class of transforms

B. P. DUGGAL

L. Introduction. The class of bounded linear transformations T7:L*(R.)—
—L2(R,) which satisfy the functional equation Tt(a)=t(a)T, all acR,; where
t(a) is the operator (t(a)f )(x)=f(ax), is characterised by

T =M m[K]M, K some function in L*(R),

" where M denotes the Mellin transform operator and m[K] denotes multiplication
by the function K. Suitably choosing K, another equivalent characterisation, which
is the familiar integral representation ([3}, [6], [8]) for this class of ‘mappings, is
given by

f Tf(0) dt = f kx-)f()dx, u€R,.

Define a mapping S by S=TR, where R is the linear mapping Rf(x)=x"1 f(x~1),
x€R,, and T is some member of the class of mappings defined above.

Mappings S=TR have been called Watson transforms, and a study of these
mappings has been carried out by a large number of authors (see [3], [6], [7], (8], [9],
and [10], for further references). In this note we study Watson transforms from the
point of view of bounded linear mappings acting on a functional Hilbert space,
and show that although the class of Watson transforms is non-normal, it displays
a large number of properties enjoyed by normal operators. In particular, we show
that the class of Watson transforms consists of centered, normaloid operators
for which the concepts of normal, quasi-normal, subnormal, hyponormal, quasi-
hyponormal and paranormal coincide. It is shown that reducing subspaces for
Watson transforms exist, and that the determination of the spectrum of a member
of this class is véry much linked with the determination of the spectrum of a normal
transformation. ’

. Received November 12, 1975, in revised form July 22, 1976.
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2. Preliminaries. Let 7, where T satisfies Tt(a)=t(a)7, be continuous on
L2(R,)—L%*(R,). Then the mapping (Banach space) conjugate to T is given
by T'=RTR (see [3]; KoBER [3] calls T’ the concrete adjoint of T). Let J denote
the operation of complex conjugation, ie. Jg=g. We define the Hilbert space
adjoint, henceforth called simply the adjoint, of T by T*=JT’J. Noting that
P=JR=P*=P~', a simple argument shows that if S=TR, then S*=JSJ.
Let Q denote the mapping Qf(t)=f"()=f(—1t),tcR. It is a simple matter
to see that (use the following propertres of the Mellin transforms: MR=0M
and MJ=JOM).

Theorem. (cf. [6, Theorem (2.3)]) If S=M ‘m[K|MR, then S is normal
< SS*=JSS*J=|K"|=|K|. Furthermore, if K is even (i.e. K" =K), then these
conditions are equivalent to-the implication that S=TR=RT for some T sattsfymg
the functional equation Tt(a)=t(a)T. ‘ -

In the sequel we will write Sk for S to denote its dependence on the function K.

3. Main result. Let 4 be a bounded linear mapping on a Hilbert space H to
itself. The mapping A is said to be (i) normal if A and A* commute; (i) quasi-normal
if. A commutes with 4*4; (iii) subnormal if A has a normal extension; (iv) hypo-
normal if |A* fl|=||Af| for all fcH; (v) quasi-hyponormal if |A* Af|=|AA4f|
for all feH; (vi) paranormal if |Af|*=|A%f] for all unit vectors f€ H; (vii}
normaloid if w(A4)=1 A4|, where w(4) denotes the numerical radius [2, p. 114]
of A; (viil) spectraloid if w(A)=r(4), where r(4) denotes the spectral radius
[2, p. 45] of A. We have the following inclusion .relations for these classes, of
operators: o
() € (i) E (i) S Giv) S (v) € (vi) & (vii) & (viii).

The reverse inclusions, in general, do not hold, and this remains true for Watson
transforms However a partial result holds for Watson transforms, as we now show.

Theorem 1. Sk is paranormal if and only If it is normal

" Proof. Clearly, normality of Sy implies paranormality of Sg. We drvnde the
proof of the reverse implication ‘into three steps. :

Step 1: Sg is hyponormal if and only if |K™|=|K|. Clearly, S is hyponormal
if ‘and only if SgSg— S*SK>0 __‘smce Sg=M~ 1m[K ]MR, this holds 1f and
only if
' M-im[KIMRM~*m[K"]MR—M~*m[R"]MRM-1m[K]MR = 0,

or if and only if M m[|K|2—|K " |*)]M=0, i.e. if and only if |Kj=|K~ |.

Step 2: Sy is paranormal only if |K ™ |=|K|. It is not very difficult to see (see
[5], for example) that a mapping 4 on.a Hilbert space H is paranormal if: and
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only if A4*24* +2)A*A+)21>0 for all real 2. Substituting SK for A, and not-
ing that

(S = M 'mK"RIM, St=M-'m[KK']M and SESg = M—*m[|K~ [ M,

we now see that Sy is paranormal if and only if

\

M-tm[KP K" [)M+22M - m[[K"FIM+ 22T = 0

for all real 2, or what is the same (use the definition of a positive operator),
|KPP|K"[24+24]K"|?+22=0 for all real 1. But the last inequality holds only if
K™ |=|K|. :

Step 3: Sgis paranormal only if |K|= |K |. From Steps 1 and 2 it now follows
that if Sy s paranormal then Sg is hyponormal, and hence that Sk is paranormal.
Using once again the definition of paranormality we see that Sy is paranormal if
and only if [K|®|K”[24+24|K[*+A2=0 for all real A. This last inequality clearly
implies that |K|=|K~|, and so we have that |K|=|K"].

The proof, once one takes into consideration the fact that Sy is normal if
and only if |[K|=|K"|, is now complete.

‘Remark. The proof of Step 3 can also be deduced from the propefties of
the -self-commutator [2, p. 132] of an operator. By Step 2, if Sy is paranormal
then S§ is hyponormal, and hence D=Sx Sg~SgSx=M m[|K|*—|K"[?]M=0.
Now if |K|=|K~|, then there is nothing to prove; if, on the other hand,
IK1=|K |, then the mapping D (clearly a multiplier transform) is invertible. But
this is in contradiction with the fact that a posxtlve self-commutator - can not be
invertible [2, Problem 188).

Since not all Watson transforms are normal (an example of this is provided
by the Watson transform Sy for which the function X is given by K(t)=
=2"T(1/24v/2+it/2)] T (1/2+v/2—it]2), Re v=>—1), and since concepts (i)—(vi)
coincide for Watson transforms, the next best thing to happen to the class of
Watson transforms (after it has failed to be normal) would be that the members
of the class are normaloid. That this indeed is the case is shown by our Theorem 2.
The following lemma will be useful (see also [9, p. 24], where the formulae of the
lemma are used in the spectral resolution of Watson transforms) ’

Lemma. : et e
M ‘lm[K"’EK'"’?(K")ﬁ"?(K '.)'_”’2]M, . if .n, m are positive .
(M) (SHSH" = [ even integers,
. M 1m[K(n+1)/2K(m+1)/2(K )(n 1)/2(K )(m 1)/2]M lfn,
‘ ;o :..  are positive odd integers.



240 B. P. Duggal

Proof. A straightforward calculation, using again-the identities  MR= QM
and MJ=JQM, shows that
. M~ 1m[KO+V2(K™Y0-DIIMR if n is odd,
@ (Sx)" = {M‘lm[K"/?(K')"/z]M, if n is even;
a similar calculation shows that
M Im[(K")m+DRK@-DIZ)MRif ni is odd,
&) (0" = {M‘lm[(K")"'”K"'/Z]M, if m is even.

Substituting in (Sk)"(S§)™, the lemma follows.
Theorem 2. Sg is normaloid.

Proof. To prove the theorem it is enough to show that || Sgl|"=}(Sp)"l. It
is easily seen that | Sgl|=|K|. (cf. [6, Theorem (2.7)]). Since Sg=JSxJ=
=M m[K M, | Sgl=ISkl=IK"]|... Clearly ”SK""="K":°- From (2) of the
proof of the preceding lemma

. IK@+DR)_(K )=, if n'is odd,
ISl = {IIK"/zll,,ll(K y#|,, if n is even,

ire. [(SY'=IK|" . This completes the proof.

The norm power and power norm equality is satisfied by each hyponormal
operator. A further proof of the nice (near normal) behaviour of Watson transforms
is provided by the following equality:

w(SgSg) = w(M ' m[KG"IM) = || K|« G || = w(SK)w(Sc)-

(In general, w(4B)=w(4)w(B) even for normal 4 and B: the best one can have
is w(AB)=w(4)w(B) for normal operators, and w(AB)S4w(A)w(B) for oper-
ators in general [2, p. 116].)

Having seen earlier that Sy and S§ do not commute in general, Iet us see if
any commutativity property is satisfied by (SK)"(S*)'l and (SH)™(Sp™, where n
and m are positive integers. We say that a mappmg A (on the Hilbert space H )
is binormal if A* A and A4* commute; the mapping A is siad to be centered 1f the
operators in the sequence ..., A2(4%)2, AA*, A* A, (4*)2 42, ... are mutually com-
muting [4]. (Clearly, a centered operator is in particular bmormal) For Watson
transforms we have

Theorem 3. S is a centered operator.
Proof. Letting m=n in (1), we have that
- S {M‘lm_[|K|"|K'|f']M,, if n is.even,
S (K" = | p-1m[IKP+1 1K "= M, if n is odd.
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On the other hand, by (2) and (3) we have that

sy {M‘lm[IKI”IK'I”]M, if n is even,
S" " =yl -1k, if n is odd.

The mutual commutativity is now obvious. . oy,

4. Spectra, reducing subspaces and unitary Watson transforms. The near
normality of Watson transforms is manifest in many other properties that they
have. Thus, just as for normal transformations, the residual spectrum o,(S) is
empty. If A is a normal transform on a functional Hilbert space H, then 4 can be
represented (use the spectral theorem) as a multiplication, induced by a bounded
measurable function ¢ (say), on some L2 space, and so the. spectrum of
A (=0(4)) is the essential range of ¢ (=e,(¢)). The spectral resolution of the
class of Watson transforms has been considered by Akutowicz [1] and DE SNOO
[9]. We have '

A€a(Sx) if and only if 22€ 6(SkSk).
This follows from Theorem (3.4) of [6]). Note that (Sg)? is normal, and that
6(SxSx)=e,(KK™). Another important property that normal transformations

have is that there exist, at least one, non-trivial subspaces that reduce the operator.
That the same holds for Watson transforms is shown by the following

Theorem 4. There exists a subspace V of L*(R.) such that V reduces Sk.

Proof. Let T; be the mapping To=M 'm[G]M. Then T;Sg=SxTg.
It follows that if G is even, then the linear manifold Lg={gcL®(R.):g=Tsf
for some f€L?(R.)} is invariant for Sk (see DE SNoo [7, Corollaries (2.6) and
(2.8)]). The validity of the theorem is now easily deduced upon suitably choosing
G so that V=L, is closed (e.g., let G be the characteristic function of the in-
terval [—1, 1]).

Turning now to unitary transforms, it is well known that a normal operator
A is unitary if and only if 6(4) lies on the unit circle. That a similar résult is true
for Watson transforms is contained in the following.

Theorem 5. The following conditions on Sk are equivalent:
(@) |K|=1; (b) SxSg=SkSx=1I; (c) Sx=JSg'J; (d) a(Sy) lies on the unit circle.
- Furthermore, if the function k is defined by xk(x)=M ~1(K()/(1/2—it))(x),
then these conditions are equivalent to the implication that

(e j:o k(ax )k(x %) dx = min(a, 1), acR,.

(Condition (e) is of course the classical characterisation of unitary Watson trans-
forms (see, for example, [10])).
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Proof. That (a)=(b)=(c)=(d) is not difficult to see. Suppose then that (d)
is satisfied. Since the mappings Sy are normaloid, r(Sx)=w(Sg)=||Sgll=1, and
so |K|=1. Similarly, [K~|=1. Since 2€0(Sk) if and only,if 22¢4(S?), the normal
transformation S2 has spectrum on the unit circle, and so is unitary. But Sg is
unitarx if and only if |KK~|=1. Hence, upon combining with the previous:in-
equalities, |K|=1. Thus (d)=(a). ,

' To complete the proof, suppose that there is a function k satlsfymg the hypo-
theses of the theorem Then an argument followmg closely that in [8, p. 56] shows
that

f k(tx)k(vx) dx/xé =min(t,v), t,vER,,
[

if and only if Sg is unitary. A suitable change of variable now gives (e).-

We' conclude with’ the remarks that (i) the condition that ¢(Sx) lies on the
real axis is not, in general, enough to ensure that the Watson transform Sy be self-
adjoint; (ii) Watson transforms are, in" general, not convexoid. As an example,
consider the Hankel transform of order v, Re v=—1.

Finally, I would like to thank the referee for pointing out references [1] and
[9], and for making a number of very helpful comments on the original draft of
the paper.
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On products of integers. IT

P. ERDOS and A. SARKOZY

1. Throughout this paper, ¢;, c,, ... denote absolute constants; koq(a, j, ...),
ki(o, By .., ..., xo(t, B ...), ... denote constants depending only on the parameters
a, B, ...; v(n) denotes the number of the prime factors of the positive integer n,
counted according to their multiplicity. The number of the elements of a finite
set S is denoted by |S].

Let k,n be any positive integers, 4={a,, a,, ..., a,} any finite, strictly in-

creasing sequence of positive integers satisfying

(D) a,=1a,=2,...,a, =k

(consequently, |4dj=n=k). Let us denote the number of integers which can be
written in form

@ ITax =0 or 1)

or
aa; (1=i,j=n),

respectively by f(4,n, k) and g(4, n, k). Let us write
F(n, k) = min f(4,n, k) and G(n, k) = min (4, n, k)
where the minimums are extended over all sequences A satisfying (1) and |4|=n.

Starting out from a conjecture of G. Haldsz, the second author showed in
the first part of this paper (see [4]) that '

. logk
G(n~, k) > n-eXp [01 Toglgm] .

Note that to get many distinct products of form g;a;, we need a condition
of type (1); otherwise e.g. the sequence 4=1{l,2,2% ...,2"'} is a counterexample,
namely for this sequence the number of the distinct products is 2n—1=0(n).

Received June 10, 1977.
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Furthermore, G(n, k)/n is not much greater for fixed k¥ and large » than for n=k,
i.e. for A=B, where
Bk = {1, 2, veey k}.

This can be shown by the following construction: let 4*={af,a;, ..., a}} be the
sequence of the integers of form p’j where p is a fixed prime number greater than
k,i=1,2,...,m, j=1,2,...,k, and m is any positive integer. Clearly,

g(A*’ n, k) - 2 g(Bk: k’ k) =2 G(k, k)
n k k

thus

Wm@<20%@ for kin,

hence

G(z’ k) <4 G(l]z’ k) (: o(k)) for cvery n.

The authors conjectured that

Gk _, Gk K
n Pk

3

for every n=k, and furthermore, that for any w=0, k>k,(w) and n=k, we have

F(n, k) > n%k®
or perhaps

oD (e g
2 2
©) n?exp [c3 Togk < F(n, k) < n%exp|c, Tog k
for large k and n=k. (See [4], also Problem 9 in [3].)
The aim of this paper is to disprove (3) (Theorem 1) and to prove a slightly
weaker form of (4) (Theorem 2). .

2. In this section, we will disprove (3). ,
P. Erpds showed in [1] (see Theorem 1) that for any &=>0 and k=>ky(z),

k2 log log k? , tog log &%
Gogiyes eloed) ™t =eBo k=" 2 1= Gy (cloeD ***
. m=xy
x=k, y=k

This inequality can be written in the equivalent form
k® k2 .
- Toghre = OB = Togr=s
where
1_1+log log2
log2

o
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An easy computation shows that

0,086 < ¢5 < 0,087.
Hence, for large k, -
k Gk, k k
) (k, k)

(log k)>% =- k = (log k)™ *

Thus to disprove (3), it is sufficient to show that for large k, there exist a positive
integer n (=k) and a sequence A such that |4|=n, (1) holds and

g(4,n, k) k
© n (logk)™
where
Q) ' g > 0,087.

In fact, by (5) and the definition of the function G(n, k), this would imply

® G(n, k) _ k B 1 . G(k, k)
n (log k)ce (log k) k
where
c; = cg—0,087 = 0
by (7).

Let us write @(x)=1+xlogx—x and let"z denote the single real root of
the equation

© o) = (1+x).
A simple computation shows that S
(10) 0,54 < z < 0,55.

Theorem 1. For any £€=0 and k=k,(s), there exist a positive integer n(=k)
and a sequence A such that |A|=n, (1) holds and

gld. n, k) _ k

an n Qog )™~
where _
(12) cs = @(2).

(The function ¢@(x) is decreasing for O<x<1. Thus with respect to (10),
we obtain by a simple computation that '

cg = ¢(z2) > ¢(0,55) = 0,121,

Hence, Theorem 1 yields that for lérge k, (6) holds with ¢s=0,121 which satisfies
(7). Thus in fact, (8) holds with ¢,=0,121—0,087=0,034 which disproves (3).)

3
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Proof. Let k be a positive integer which is sufficiently large (in terms of &)
and let m be any positive integer satisfying

(13) m > k2.

Let D, denote the set of those integers d for which
(14 l=d=k

and

(15) ‘ v(d) = loglog k

hold. Let p be a prime number satisfying

(16) p=>k.

Let E, denote the set of those integers e which can be written in form p*d where
an l=a=m

and

(18) : de D,.

Finally, let
A=E\UB,.

We are going to show that for large enough k, this sequence A satisfies (11).
Obviously, - : :

(19) n=|A| = |E]+|B = mk+k < 2mk.

Furthermore, by a theorem of P. ErRDSs and M. Kac [2], we have

]Dkl = %k-

Thus (with respect to (16))

(20) n=|A4|>|E|=m-|DJ]> %mk.

To estimate the number of the distinct products of form g;a;, we have to
distinguish four cases.

Case 1. Assume at first that a;€ B, a;¢ B,. Since B, consists of k elements,
the pair g;, a; can be chosen in at most
k*<m=<n
ways (with respect to (13) and (20)).
Case 2. Assume now that a;=p*d€ E; (where (14), (15) and (16) hola),

21). a;€B,
and
(22) v(a;) = zloglog k.
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Then
(23) a;a; = p*da;.
Let 7;(x) denote the number of those integers u for which u=x and v(u)=i

hold. By a theorem of Hardy and Ramanujan, for any w=0 there exists a constant
Cy=co(w) such that for large x and 1=i=wlogx, we have

x  (loglog x)i-*

9 M) = Gy T =)

Choosing here w=1 and using Stirling’s formula, we obtain that for k=k,(w),
the number of the integers a; satisfying (21) and (22) is at most

(25) ‘ > mk)<

O=i=zloglogk
k  (loglogk)i—*
Cpm——— ———
DN e T

(log log k)[z loglogk}-1 °

< 1+

< 1+4+¢g logk 1=i=zloglogk ([ZlOg log k]—l)' é»
k (log log k)L= leg logk1-1
< 1+09 logk Zlog logk ([ZlOg lOg k]—])' <
) k (log log k)= 1os logk]
< I'+¢49 logk ([zloglog k]— 1)[z o8 0gkI=172;~ [z fog loghT -1 <
. k (log lOg k)[z_log log k]

=< 1‘*“:11 log k (Z log log k)[z]oglogk]—llze—zloglogk =
- k ' 1 k
-

2 logk (log k)*'8% (loglog k)~Y2(log k)= ~ (log k)cs~¢/3
(log log k)i—*
i—~1!

By (14), (17) and (18), « and d can be chosen in at most m and k ways, respect-
ively. Thus the number of the products of form (23) is less than '

k -n: k
(lOg k)Cs—€/3. (lOg k cg—¢£/2

(where ¢ is defined by (12)) since is increasing for 1=i=loglogk.

m-k-

(with respect to (20)). .
Case 3. Assume that a,=p*dcE, (where (14), (15) and (16) hold),

(26) _ a;€ B,
and _
@7 v(a;) > zloglog k.

’
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Then
(28) a;a; = (p*d)a; = p*(da;).
By (14), (15), (18), (26) and (27),
da;=k-k = k*
and

v(da;) = v(d)+v(a;) > loglog k+zloglog k = (1 +z) loglog k.

Thus applying (24) with w=100, we obtain that for any 0<d6<z/2 and k=k,(9),
and writing r=[(14+z-0)loglogk?], the number of the distinct products of

form da; is at most :
(29) . 2 mkd) < 2> n,(k?) =
(+z)}oglogk<i (1+z-0d)loglogk2<i
= 2 mkH+ Y m(k) <
r<i=100loglogh? 100log log k2 <i

kr  (loglog k?-!

< . c -
r<i§10%:)g logk? * 10g k? Gi—1n!

+R(k?») <

- k2 (loglog k¥ += [ log log k2 ]j .
= logk r! j=0 r +R(k ) =
k?  (loglog k2 +°°( 1 ]f .
= 4 ogk r! “oll4+2-6 +R(K) <
k?  (loglog k2
= s logk = r!g ) +R() ~

where

Rx)= 2 m(x)

100log log x <i

Applying Stirling’s formula, we obtain that for k=>k,(5),
2 2\
k®  (loglog k?) -

o log k r!
k? (log log k2)t(1+z-9) log logk?)
< Cg logk ([(1+2z—0)log log kFJ)I1+== 91108 oK+ 172 g~ [(1 +:~0) log og k%] -
k* (log log k2)[(1+z—6) log log k2]
< ¢y logk ((1+2z—0)loglog K?)((T+=-3) g IogRT+ 172 (17 -3) log logk -
k? 1
< C18 lOg k e(1+:-6) log(1+:-96) loglogk(log lOg k)1/2(10g k)‘(1+=-5) -

k2
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The function ¢(x) is continuous at x=1+z. Thus if d is sufficiently small in terms
of ¢ then for k=>k;(6)=k;(6(c))=ks(e), we obtain from (30) that
k* (loglogk?y k? L k?
logk ~— rl ~ (logk)Pm 7B~ (logk)*—*7
(since @(1+2)=@(z)=cs by the definition of z).
Furthermore, P. ERDGs proved in [1] (see formulae (5) and (6)) that for large x,

(3D

- _ x

(29), (31) and (32) yield that the number of the distinct products of form da; is

at most :
) 2 : 2 5 k2 - k2

(33) (1+z)l(§ogk<i ni( ) < (15 (log k)cg—e/.'i + » (log k2)2 < Cy9 (log k)cg —-&3 "

Finally, by (17),  in (28) can be chosen in m ways. Thus with respect to (20), we

obtain that the number of the distinct products of form (28) is less than

k? -n k
(log k)es—#/3 (log k)cs—¢/2"
Case 4. Assume that .a,=p*d\€E,, a;=p’d,€ E, where

m '. 019

(34) l=a, f=m

and

(35) ' d,, d.€ D,.

Then the product g;a; can be written in form

(36) a;aj = (Padl)(Padz) = pu+Bd1d2 =p'd

where by (34) and (35),

(37) 2=y=2m

and

(38) d=dd,=k-k=k? v(d)=v(d,)+v(d,) = 2loglogk.

By (37), y can be chosen in at most 2m—1<2m ways, while in view of (33), at
most ’
k2
(k?) < 7. (k2 Crg m———————
2logé’k<iﬂl( )<(1+z)l(§ogk<i (k) < (log k)cs—#3
integers d satisfy (38). Thus the number of the distinct products a;a; of form (36)
is less than
e k? k
. - .
"9 g k=7 = " (log kyrs—

'
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Summarizing the results obtained above, we get that for k=>k,(e),
k — Tk
(logk)yes—#/? (log k)ee—*

g(4,n,k)<n+3-n-

which completes the proof of Theorem 1.
3. In this section, we will estimate F(n, k).

Theorem 2. There exist absolute constants c,y, cyy such that for k=ky and
nzk, .

) - (e 1557)
2 < n? ,
(39) n?exp (czol oy F(n, k) < n%exp|cy Togk

Proof. First we prove the upper estimate. We will show at first that

k
(40) Fllk, 1) = By k) = exp (e logk )

Incase A=B,={1,2,...,k} (and n=k), all the products of form (2) are divisors
of k!. Thus applying Legendre s formula and the prime number theorem (or a more
elementary theorem), we obtain that

F(k, k) = d (k) = (l+ 2 H]

A1 A gt g

=k =1 D* p=k D
logk log k .
log2 4k log2 ]] e % =
logk logk
fog2 K. _k_ [logz] k R
.0 (4-2)) &) eXP{Czs[ 2 5T '—lk'log.4'2j]} =
= = log 5=
of logk ’
< expjc —_—— —jlt =
I_) 2 jgl 24 ]og Vk 1 Togk J

2’ log2

k ' k
= P {025 (log kt ﬂ)} = P [026 log k)

which proves (40).
Assume now that n=k. Let p denote a prime number satisfying p=k and let

A={1,2, ..,k p,p ..., P"*}
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For this sequence 4, {4]=n, and the products (2) can be written in form

k n—k
(41) I ] phi=a-p?
=1 j=1
where ;=0 or 1 and ;=0 or 1. Here a may assume F(k, k) different values,
and obviously, § may assume any integer value (independently of «) from the
interval
n—k —
0sa=31 (n k)(r; k+1)
j=1
n-kyn—-k+1)
-2
p, thus for different pairs a, §, we obtain different products of form (41). Thus
with respect to (40), '

F(n, k) =f(4, n, k) = F(k, k)-

of length

. Furthermore, the prime factors of g are less than

(n—k)(n—k+1)
2 -

k n? ) k
< €Xp sz@ -—2—<n €Xp 622m

which completes the proof of the second inequality in (39).
1

Now we are going to prove that the first mequahty in (39) holds with ceq= == 53°

in other words, .
T
42) . : F(n, k) > n?exp (92 logz T
Let us assume at first that

= oo 5 15
"= exp 3 logk

Then for large k, the right hand side of (42):

S R
P92 Togtk) = P T Togk " 92 TogPk

ol
P 700 logk)®

On the other hand, let 4 denote any sequence satisfying (1). Let us form all
those products of form (2) for which -

(43)

<< eXx [ k +L_k_)—
P13 Togk " 700 Togk) =

{0 or 1 if a; is a prime numbes and a; = k,
! 0 otherwise.

" By (1), A contains all the n(k) prime numbers p=k, thus the number of thesé
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products is 2®. Hence, by the prime number theorem, we have

(aa) (F(n, k) =)f(4, n k) = 2*® = exp (log 2n (k)) >

69 68 k
> exp (m”(")] > exp (1—03 fogk k]'

(43) and (44) yield (42) in this case.
Let us assume now that

@3) n>exp5
Let

Bt
T L7 logzkl” -

Denote the i*® prime number by p; (p1=2,p.=3, ..) and let g;=p;,, .for
i=1,2,....0L O0={q1,92 ---» 41}, R=1{4q1,24;, 45,295, ..., 41, 2q;}. Obviously, (45)
implies that RC {a,, s, ..., ap;;}. Let us define the sequence E={e,, e, ..., e,} by

{al, Ao,y ..., a["/2]}=EUR, EﬂR:-ﬂ

For s=1,2,..., [—Z—] +1, we denote the interval [n—2[n/4]—1+2s,n] by I,

and let F, denote the set of those products of form (2) for which :

=0 if a;€R, 2 g=2,

itq;€B
g=0 if [—;—] <i=n-2[n/4—-2+2s,
and

6=1 if i€l (ie. n—2[nfdl—142s=i= n).

In other words, F; denotes the set of those numbers which can be written in form
(T a,)-eie;
el

where 1=i, j=m, i=j. Let F denote the set of those numbers which can be written
in form
e;e; where 1=i, j=m, i#].

_ Then obviously, .
(46) [F} = | Fl,
independently of s.
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Furthermore, for s=1, 2, ..., [%] +1, let G, denote the set of those products
of form (2) for which
g=0o0rl if a€R 2 ¢g=1,

ita;€B

g =0 if [%]<i§n—2[n/4]—2+2s

and
g=1 if icl, (le. n—2[n/4]—1+2s=i=n).

In other words, G, denotes the set of those numbers which can be written in form
] c i
(H a,‘)-e,- IT g7 1] 2g)*
el i=1 t=1

(where ¢;=0 or 1, ¢,=0 or 1). Then |G| is equal to the number of the products
of form

1 1 i

47 e I 47 IT @)™ = 2e; [] q¥
j=1 t=1 ji=1

where

(48) 6;=0,1 or 2

and

49) O=a=1l

!
Let G denote the set of those numbers which can be written in form

Los
e"gquj

where (48) holds. Obviously, for any product of this form, there exist exponents
&;, ¢, and a, satisfying (47), (49), ¢;=0 or 1 and ¢,=0 or 1. A product of form
(47) can be obtained from at most /+1 distinct elements of G; namely, by (49),
o may assume only at most /4-1 distinct values. Thus

.. 6]
(50) Gy = 1
(again, independently of s).

We are going to show that for s¢,

(51) (F,UG)NFUG) = 0.
In fact, assume that s>t. Then for yc F,UG,,
yé]]au: a”-[]auz
pnel, n—2[nf4]l—1+2t=p<n—2[n/d]—1+2s uely

(52)

= Ap_onjal-1+2% % —2ln/al+2: * g a, >(a[n/2])2 g a, (for ye FUG,).
pelg . Belg
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On the other hand, for z¢ F,,

(53) z=ee; [[ a, = (a2 [ a, (for z¢ F).
uel, el

Finally, if v€G,, then we have

. 1 ! ! 2
(54) V=g ']qu‘]]l2q,- ga,,éa[,,m-Z’(_[[qj]- Il a,.
i= = nel,

j=1 pely

By the prime number theorem,
log(]]p,-] ~ xlog x.
i=1

Thus if k& (and consequently /) are sufﬁciently large then with respect to (45) we have

1+1 2

2 2
2( 11 ) =2 (1T p) <2 (exo {35 0 D102 04 D)) <
(3 e t0g2)e {ﬁ[liﬂ]lo (3 i)} <
= XP\T Togek 87 P 177 (T logik E\7 Togik

(L]ex [——S-Llo k]—
P\ Togz k) *P |16 Togek 2% =

= ¢€X ( k +—-— > _k ] ! —€X (——5—
= ©*p logzk ~ 16 logk P73
Putting this into (54), we obtain that
(55) . v = (Agy2)? g a, (for veGy;
acls

(52), (53) and (55) yield (51).
By (46), (50) and (51), we have

(s6) fdm k) = u ‘U6 ="3 " IFUG =
[nja)+1 .
=2 max{(EL 16 = 2 max {17, 2L =

_ . 6] } n 1 '

= ([n/4]+1) max{|F], T 1)~ 7 TET mex {IF], |G|}

Thus to complete the proof of Theorem 2, we need a lower estimate for
max {|F|, |G|}. In the next section, we will prove the following lemma (using the
same method as in [4]):

Lemma 1. Let O={qy, qs, ---, q,} be any set consisting of 1 (distinct) prime
numbers. Let E={e,, e, ..., e,} (where e,<e,<...<e,) be any sequence of positive



On products of integeis. 1§ 255

integers. Let F and G denote the sets consisting of those integers which can be re-
spectively written in form

1
ee;, (1=i,j=m izj) and e [Jq¥ (5,=0,1 or 2).
_ AL

Then for

(57) =1,
we have '

(58) max {|F|, |G|} > mexp (225 )

Let us suppose now that Lemma 1 has been proved. Then the proof of Theorem
2 can be completed in the following way:

For large k, (57) holds by the definition of /. Thus we may apply Lemma 1. ‘
We obtain that (58) holds. Putting this into (56), we get that for large k and any
sequence A (satisfying (1) and |4|=n),

1 2
| (59) f({4,n, k)>— 7750 mexp(25 l)
With respect to (45),

n 1 k-
n 2 k n 1 k . n lozn = 1
—_————— > - ——— - -
T3 Tlogk 3 3logk 3 B"T 73
Thus we obtain from (59) that for large k,

2

ex (zlJ
16 P26

SEINTHIS T
= 16 “PI3 17 ok *PLl92 Togtk

which proves (42) and thus also Theorem 2.

n 1 n 2
f(4, "”‘)>IT+TZ“P(E’]

4. To complete the proof of Theorem 2, we still have to give a
Proof of lemma 1. Let us write every ecFE in form
(60) e =(rs(qi*qs*...qi") = bd

where r, s are positive integers, -g;=0 or 1 (for i=1,2,...,[), p/r implies that
pé0Q, p/s implies that pcQ (also r=1 and s=1 may occur) and b=rs?,
d=ghg2...qf". Let us denote the occuring values of b by b,,b,, ..., b, (b;=b;
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for i=j), let B={by,b,,...,b.} and let us denote the set of those numbers e€ £
for which b=5; in (60) (for fixed i, 1=i=z), by E(b;). Then obviously,

E=U E®) and EG)NE(b)=9 for isj,
i=1
thus

(61 m = |E| = 3 |EG)|

For b€ B, let F(b) denote the set of those numbers which can be written in
form :
e,e, where e, €E(b), e, cE(b), e, e,.
Furthermore, for fixed b¢B and for each e,=bgf1g;2...q;, let us form all the
products of form

(62) ex(ql gt ... a) = (bai g5 ... gi) (al* qd* ... g

where
Oorl if g=1
-

1 or 2 if =0

and let us denote the set of these products by G(b).

Obviously,
63) F> U F(b)
i=1
and
(64) ‘ 6> U Gb).
i=1
We are going to show that
(65) Fb)NF(b)=9 for i
and ;
(66) GBING(b) =0 for ij.

In fact, let us assume that
(67) by=rst#b; =r;sl,
e, = bigi'q... g€ E(b), e, = b;g¥*¢3*... g7'€ E(b),

e, = b;qi'qs*... g€ E(b)) and e, =b;qf qf>... gf'c E(b)).
Then
(68) ece, =risiqptergRt e git e (€ F(by)
and
(69) e, = risigithigptb: gutb (¢ F(b)).
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If r;#r; then there exists a prime power p” such that p¢ Q and p’/e, e, but p’fe,e,,
or conversely; this implies that e,e,=e,e,. If r;=r; then by (67), 5;#58; must
hold. Thus there exists a prime power g/ such that ¢,€ Q- and g//s; but g/{s; (or
conversely). Then the exponent of g, is at least 4pu+¢;+¢;=4u in the canonical
form of e,e, and at most 4(u—1)+a,+p;=4u—2 in the canonical form of e,e,,
thus e,e;e,e, holds also in this case, which proves (65).

In order to prove (66), note that we may write the product (62) in form

r(s%q:1qs ..- q) g qs®... ¢t where a;,=0or 1 for i=1,2,..,1L

Obviously, é number of this form uniquely determines each of the factors r, s,
g, ..., g, which proves (66).
(63), (64), (65) and (66) imply that

(70) max {|F|, |G|} = max{

b=

max {2 Fb)l 3 166ol} = (3 1FGi+ Z160i) =

U Fea). |0 66

— 5 2 (FG)I+I6®) = 5 3 max {IF®, 16

Thus in order to prove (58), it sufﬁces to show that for b€ B, max {|F(d)|, |G(b)|}
is large.
Let us assume that b€ B. We have to distinguish two cases.

Case 1:
7
(71) (O<)|E(b)| = 25"~

'We are going to show that in this case |G(b)| is large (in terms of |E(b){). Let us
fix an element e, of E(b) and for this e, , form all the products of form (62). Obviously,
the factor ¢1g22...q/" can be chosen in 2' ways thus the number of these products
is 2. Hence, with respect to (71),

1.

1 7 1
(72) IG(b)| = 2 = 2‘s?’f1-2€’ = 23" EW®)).
Case 2:
7
(73) _ |E®)| = 28"~

In this case, we shall need the following lemma:

Lemma 2. Let o be any real number, satisfying

(74) 0<g<%_
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and
as) f@ = ~elogo—(1—0)log(1—0)—{1 —2 tog2 <0,
and let | be any integer, sufficiently large depending on ¢:
(76) . 1> 1L(o).
Put o
-2y
p(D=272 _.

Let S denote the set of the 2 l-tuples (uy, ps, ..., 1), satisfying pu,=0 or 1 for
h=1,2,...,1. Let R be any subset of S for which

an . |R| = @()2".
Then the number of the distinct sums of form
(78) (/11+V1, RERE #1+Vz) = (#la s -”l)+(vla LA ] V,),-

where (4y, ..., 1)ER and (vy, ..., v)ER, is greater than (¢(1))"*|R|.

This lemma is identical with Lemma 2 in [4].
Using Lemma 2, we are going to show that (73) implies that |F(b)] is large.

Let us choose Q=% in Lemma 2. Then (74) holds trivially, and a simple

computation shows that '
1 3
f(z) = §(10g8—log9) =<0,

thus ¢ satisfies also (75). Furthermore, we choose R as the set of those [-tuples
(&1, &35 -..» &) (Where &=0 or 1) for which bgrgs:...q7*€ E(b) holds. Then by
(73), also (77) holds:

|R| = |E(b)| =2 2= (2" _
Thus we may apply Lemma 2. We obtain that the number of the distinct sums of
form (78) (where (i3, ..., g)€R and (v, ..., V)€R) is greater than (¢(/))~*[R|.
But distinct sums of form (78) determine distinct products of form -

exe, = (bgi*... gi)(bgit... qiY) = brg{r*™ .. g+,

and with at most |E(b)| exception, also e,>e, holds. Thus
1

(79) |F®)| > (D)~ R|—[E®)| = (273 ) E®)| - |E®)| =
| = @1 E®) = 25 |EG).
(72) and (79) yield that for any b¢B.
max {|F(8)|, [G(B)]} > 25" |E(b)].

1

l—1: 2— 3 -1 .

ool-1
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Putting this into (70), we obtain (with respect to (61)) that

max {|F, (Gl =5 3 max {IFG), 661} =

Tz 1 l _ z l _
~ 2 22 |Eb) = 557 3 Eb)] = m2*' =
i i=1

=1

= mexp{logZ(%l—l]}> mexp{[%—l—o%ﬁ] l}> mexp[%l]

which completes the proof of Lemma 1.
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A note on congruence extension property

E. FRIED

Congruence extension property (further on CEP) is very useful when trying
to find identities for equational classes (see e.g. [3]). However, CEP is not an equa-
tional property. Therefore one has to prove it for all members of a given equa-
tional class. The only simplification is that subalgebra preserves CEP. The actual
aim of this paper is to give an example to prove that homomorphic image does
not preserve CEP. We shall put down some other ideas in this topic, too.

We shall use the terminology of [5]. We say that CEP holds for (A, B, 6)
if B is a subalgebra of A, 8 is a congruence relation on B and there exists a congruence
relation 6’ on A the restriction of which to B coincides with . The pair (A, B)
satisfies CEP exactly if B is a subalgebra of A and for each congruence relation
6 on B CEP holds for (A, B, §). An algebra A satisfies CEP iff for all subalgebras
B of A (A, B) satisfy CEP. CEP holds for a class of algebras iff each element of
this class satisfies CEP. ,

We define strong congruence extension property (further on SCEP) as follows:
A quadruple (A, B, 0, ) satisfies SCEP iff B is a subalgebra of A, 6 is a congruence
relation on B, @’ is a congruence relation on A the restriction of which to B is
contained in 6 and there exists a congruence relation 8 on A containing ¢’ the
restriction of which to B coincides with 6. (A, B, 8) satisfies SCEP iff for each con-
gruence relation @ on A the quadruple (A, B, 8, ®") satisfies SCEP, provided B
is a subalgebra of A and the restriction of ¢’ to B is contained in the congruence
relation 6 of B. We define that a pair (A, B), an algebra A and a class of algebras
satisfy SCEP as we have defined that for CEP substituting, everywhere, CEP by
SCEP, respectively.

Proposition 1. 4n algéb(‘a A has SCEP iff all homomorphic images of A
have CEP.

Proof. Let A be the homomorphic image of A under the homomorphism
¢, B a subalgebra of A and 0 a congruence relation on B. We define B=¢~1(B),

Received May 6, 1977.
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0=¢~2(0) and @ =Ker ¢. SCEP for (A, B, 0, @) yields CEP for (A, B, ). On
the other hand, for given A, B, § and &’ CEP for (A/®’, B/®’, 6/P") implies SCEP
for (A, B, 8, 9).

Now, we are going to show that SCEP is “more” equational then CEP.

Proposition 2. If a class K has SCEP so does HS(K).

Proof. We have to prove that if A satisfies SCEP so do all homomorphic
images and subalgebras of A. Proposition 1 takes care of homomorphic images.
Now, let B be a subalgebra of A, C be a subalgebra of B, ¢’ a congruence relation
on B with the restriction @ to C and 6=¢ be a congruence relation on C. Since
CEP holds for (A, B, @’) there exists a congruence relation ¢” on A the restriction
of which to C coincides with ®. Then SCEP for (A, C, 8, ®”) gives us that there
exists a congruence relation #”=®” on A the restriction of which to C equals
0. Hence, for the restriction 8 of 0 to B we have 0’=¢®’ and the restriction of
9’ to C equals @ proving that (B, C, 8, ) satisfies SCEP.

The next proposition describes a typical situation when SCEP holds.

Proposition 3. Let B be a subalgebra of A, " a congruence relation on A
with the restriction @ to B and 0= a congruence relation on B. If each congruence
_class of @', containes a (nonempty) class of ®, then CEP for (A, B, 0) implies
SCEP for (A, B, 0, ).

Proof. Actually, CEP for (A, B, 0) is not needed; the statement is an obvious
consequence of the first isomorphism theorem.

Theorem. CEP does not imply SCEP.

We shall prove the statement by giving an example. The method used can
give examples for 4n-elements algebras with integers n greater than 1. The situation
is somewhat more complicated if n is not @ prime. The choice n=2 has the ad-
vantage that there exists a field with eight elements, thus, we can express the func-
tions by the operations of the field, for finite fields are functionally complete.

Example. Let a be a root of the polynomial x®+x+1 over the two elements
field @, and we denote the underlying set of Q,(a) by A. We define the following
algebra: .

A =(A0, f, g, p, F)

where the operations are given as follows: 0 is a nullary operation assigning the
zero element 0; f, g and p are unary operations defined by f(x)=x+1, g(x)=x+a,

p(x)=x"; F is a binary operation defined by F(x,y)=(x"+1) (a*((ay)* +(ay)*+(ay))).
The elements 0, f (0)—1 g(0)=a and f(g(0))=a+1 are constants. We denote
B={0,1,a,a+1}.
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The underlying set of the only proper subalgebra B of A is B. The only non-
trivial congruence 0 of B consists of the cosets {0, 1} and {a, a+1}. The congruence
0" of A consisting of the cosets {0, 1, a% a®?+1} and {a,a+1,a*+a, a2+a+l}
is an extension of #. Hence, CEP holds for A.

Thecosets U={a* a*+a}, V={a®+1,a*+a+1} and all the singletons disjoint
to both U and V form a congruence @” of A the restriction of which to B is w.
Since 'V@'=: we have 0’%=¢’. Thus, (A, B, 0, ¢"), hence A do not satisfy
SCEP. The details are left to the reader.

Remark. We are going to list some stxalghtforward properties of SCEP to
show how close it is to equational classes.

1) Proposition 1 shows that for an equational class CEP implies SCEP.

2) If an element of an equational class has SCEP so do its subdirect irreduc-
ible components.

3) If each direct product of subdirect irreducible elements of an equational
class has SCEP so does the whole equational class.

4) If each direct product of some subdirect irreducible.elements of a con-
gruence distributive equational class has SCEP so does the equational class they
generate (comp. [6]).

Problem. Let K be a class of algebras with SCEP. Prove or disprove:

a) K need not be closed under finite direct produéts.

b) K need not be closed under prime products.

¢) Though the class K is closed both under finite direct products and prime
products it need not be closed under direct products.
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On automorphism groups of subalgebras of a universal algebra

E. FRIED and J. SICHLER*

Let A be a universal algebra and let Con (4), Sub (4), Aut(4) denote the
lattice of all congruences of A, the lattice of all subalgebras of 4, and the auto-
" morphism group of A, respectively. First in a- series of so-called independence
results is that of E. T. ScHMIDT [6] asserting that Aut (4) is independent of Sub (4).
W. A. LaMmPE [5] gave a construction representing any pair of nontrivial algebraic
lattices and an arbitrary group as Sub (4), Con (4), and Aut(4) of a finitary
algebra A. :

Once these results are established, somewhat more detailed investigations of
the structures associated ‘with a universal algebra appear to be in order; we would
like to formulate further possible questions in this field. For every finitary algebra
A there are two obvious homomorphisms H,: Aut (4)—~Aut (Sub (4)) and
H,: Aut (4)~Aut (Con (4)) of the respective groups. Given a quintuple
(G, Ly, H,, L,, Hy) in which G is a group, L, and L, are algebraic lattices, and
H;: G~Aut (L) are group homomorphisms, one may ask under what circum-
stances there is an algebra 4 with Aut (4)==G, L,=2Sub (4), L,2=Con (4), and
H,, H, the two natural homomorphisms as above. [1] states that an arbitrary triple
(G, L,, H,) is representable in this way. There appears to be no corresponding result
for the triple (G, L,, H,). ‘

The aim of this note is to prove a partial result concerning the relationship
of the subalgebra lattice and the automorphism groups of subalgebras. of a finitary
algebra. It is well known that automorphism groups of pairs algebra-subalgebra
can be chosen arbitrarily, and similar claim is valid for endomorphism monoids
as well ([3] and [4], see also [2]). The question we ask is this: what are the systems
(G,.: x€ L) of groups appearing as automorphism groups of subalgebras of a finit-
ary algebra A whose subalgebra lattice is isomorphic to L?
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To be more precise, let 4 be a finitary algebra and let
) _ H,: Aut(4) — Aut (Sub (4))

be defined by (H,(«))(B)=a*(B)={a(b): b€ B} for a€Aut (4) and B¢ Sub (4).
H, is a group homomorphism; if Autg(4) denotes the subgroup of Aut (4) con-
sisting of all those automorphisms « of 4 for which «*(B)=B, then

@) Ker (H,) € Autg(4) for every Be Sub(A4).

The restriction R,z(B) of a B€Autg(4) to B is an automorphism of B and the
mapping

(3) : - RAB: AutB (A) et Aut (B)

is a group homomorphism.
We will restrict our attention to the special case

@ Ker (Hy) = Aut(B) for all BeSub(4),

that is, it will be assumed that, for every o€ Aut(B), a* acts trivially on Sub (B) -
for each BeSub (A4). It follows that Aut (B)=Aut(B) and thus Aut (B) is the
domain of Ry for any pair CSB of subalgebras of 4.

.- An algebraic lattice L is isomorphic to the lattice I(C) of all ideals of the
join semilattice C of all non-zero compact elements of L. If J€I(C)=L==Sub (4),
let A; denote the subalgebra of A4 corresponding to the ideal J of C; for a principal
ideal J=(c] write A4, instead of A4,. Recall that J is principal if and only if 4; is
finitely generated and that A4;=U(4,:c€J) for every JEI(C). It is easy to see
that an automorphism a: 4;—~A4, acts trivially on Sub (4;) if and only if

®) ' - at(A4) =A, for all ceJ.

Thus the restriction (4) is equivalent to (5) being valid for all J€I(C). If c=d is
a pair of elements of C, let R («) denote the restriction of a¢ Aut (4,) to 4,. The
system of homomorphisms

(6) (R Aut(4,) — Aut(4,), c=d in C)

satisfies

™

RioR4=R, forall c=d=z=ein C,

R, =id,, forall ecC

under the restriction (4).

If d,ecC, c=dVe, then R4(0x)€ Aut (4,) and R_,(«)€ Aut (4,); if both R, ()
and R, () are identity automorphisms, then a is the identity automorphism of
- A, since A, is generated by A4;UA,. Thus Aut (4,) is a subgroup of Aut (4,)X
X-Aut (4,); in other words, Ker (R.;)Ker (R,,) is trivial whenever ¢=dVein C.
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If JeI(C) is non-principal, then A4;={U(4.:c€J) and, because of (5), each
€ Aut (4;) determines a system (o € Aut (4,):c€J) such that R, (a)=a, whenever
c=d belong to J. Conversely, let (x,.:c€J) be a system of automorphisms «,€
€ Aut (4,) such that R ,(x)=w, for all pairs c=d in J. If d,ecJ, then dVe=
=f¢J and the equality o;(x)=Rp(o;)(*)=R () (x)=a,(x) holds for all
x€A;N A, Thus we may define a mapping «:4;—~A4; by a(x)=a.(x) for all
x€A,;itis easy to see that « is an automorphism of 4,; « is the identity automorphism
if and only if all «. are identities. Aut (4;) is therefore uniquely determined by
the system °
' S=(Ry:c=din J)

of group homomorphisms. § is closed under composition; let R.: Aut(4,)—~
- Aut (4,) be the homomorphism that assigns to every a€ Aut (4,) its restriction
ac:Ac»Ac.\ A straightforward argument shows that Aut(4;) is isomorphic to
the inverse limit of the diagram S with the homomorphisms R, playing the role
of projections.

Now let L==I(C) be an algebraic lattice, let G, be a group for every x¢L,
and let r4:G.—~G,; be a group homomorphism for every pair c¢z=d of elements -
of C, let r.. be the identity endomorphism of G,.. We say that a system

®) 2 =(L,(G,: x€L),(ry: c =d in C))

is representable if there is a finitary algebra A4 such that

) ' © Sub(4) = L,

10y at(4,)) =4, forall y=x and all «cAut(4,),
(11) Aut(4,) = G, for every x€L,

(12) each r, represents the restriction homomorphism R.,: Aut(4,) — Aut (4,).

The statement below characterizes representability of X.

Theorem. Z is representable if and only if

@) ryorg=re for all c=d=e in C,

(b) Ker (r.)NKer (r.,) is trivial whenever dVe=c,

(c) if x€L is not compact, then G, is the inverse limit of the diagram
(ra:x=>c=d, ¢, deC).

Proof. We have already seen that (a), (b), (c) are consequences of represent-
ability of Z. To prove the converse, define an algebra A4 as follows: its underlying
set is the disjoint union of all groups G, for c€C and its operations are defined
by the formulae below.'

(13) If g¢G,, define a unary operation £ by

gh)=hg if heG;
gw=h if h¢G,
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(14) If ¢=>d are elements of C, F_; is a unary operation defined as

Fea(h) =rq(h) if he G
Fauh=h if héG,.
(15) A single binary operation = :

gi¥ga=g If £.€G,;, 8E€G, g€G, c=dVe, ry(8) =g, (g = g
g1%8, = g, otherwise.

Note that (b) implies that # is well-defined.

First we will show that B is a subalgebra of A4 if and only if B is the (disjoint)
union A; of the groups G,(c€I) for some ideal I of C (including 7=0); this yields
(9) immediately. It is easy to see that each A is a subalgebra of 4; conversely, if
BcSub (4), set ,

I={ceC: BNG, #0}.

If 7=0, then B=@ as well; let c€I and let k¢ BNG,. If ge€G,, then A-lg=k
belongs to G, and k(h)=hh~'g=geB. Hence I[={ccC:G.SB}. If deC and
d<c€l, then F(1,.)=r4(1)=1, for the unit elements 1,€G, and 1,€G,; thus
1,€B, and deT as well. 1.+ 1,=1_y,6B whenever c, dcI; hence 7 is an ideal, and
B=A;. A nonempty.A, is finitely generated (one-generated, in fact) if and only
if I is a principal ideal. '

Let I=(c]. A;=U(G;:d=c) in this case; for every g€G, define a mapping
g¥:A;~4; by g*(W)=r,(g)-h for heG,, d=c. Observe that (g, g.)*(h)=
=rca(8182)  h=roa(8) roa(8s) - h=g7 (rca(82) - B)=87 (g5 (h), and that g* is the
identity mapping on A4; only if 1.=g*(1)=r.(g)-1,=g. Hence g—g* is a one-
. to-one homomorphism of G, into the symmetric group on A, To show that

g*€ Aut (4)), choosea k€ G, (exc) first. If h€G,S A4, then k(g*(h)=k(r..(g)-h)=
=r.(g)-h=g*(W)=g*(k(h) if d=e, and Kk(g*(h)=Kk(r.a(g)-h)=ra(g) -h-k=
=g*(h-k)=g*(k(h) if d=e. Secondly, let d=e in C. For any h€G, with f=d
we have g*(Fio(h)=g"(h)=Fu(s*(0). If f=d; then Fy (8" (0))=Fue(reals)-h)=
= rae(rea(®)  H)=rae(rea(®)) - Fae ) =r2e(8)  Fao () =" e(8)  Fao(W)=g"(Fae(W)  since
all r., are homomorphisms satisfying (a).

Now let d,e=c, f=dVe and let h cG;, h,€G, be such that there is an
heG, with ry(hy=h, and  r,(h)=h,. Then g*(hyxh))=g*(h)=r (g)-h,
and g*(hl) *g*(hZ)z(rcd(g) ° hl)*(rce(g) ‘ h2):(rcd(g) ° rfd(h))*(rce(g) ¢ rje(h)):
=rra(rep(g) - ) % rs(ros(8) - BY=r(g)+h by (15). To deal with the second clause
of (15), assume g*(h)=ry (k) and g*(h)=r, (k) for,a k=g*(h)*g*(hy) in

G Then rpk)y=r(rp(&)-h and rp(k)=rs(r.;(g))-h, imply that h,=
=ry(r (g™ k) and hy=ry(r (g1 k). Thus hyxhy=r (g1 -kcG, and
g (hyxh)=r (gg™) - k=k=g*(h) *g*(hy) as required. This proves that g--g*
is an embedding of G, into Aut (4,).
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Let 70 be an ideal of C, let c€], and let o€ Aut (4;) be arbitrary. If I={c},
then o€ Aut (4,) and, in particular, a(h)=a(h(1))=h(e(1))=0a(l,)-h for every
heG,. g=a(l)€G, and a=g*, that is, we know that Aut(A4;)=G; in this case.
If I is not a singleton, then for every c€[r there is a d¢[ such that either ¢>d or
c<d. Assume that c€I is not a minimal element, let d<c. Note that G .=
={hcA;: Fy(h)=h}; hénce F(a(l))=a(F4(1))=a(l)5%a(l,) implies a(l)€G,.
If, on the other hand, ¢ is minimal in I then there is a d>c¢ in I and «a(l)=
=a(F;.(15))=Fy.(x(l,)) belongs to G, since a(1,)€G, by the previous argument.’
a(g)=a(g(1))=8(x(1))=a(l)-g€G, for all g€G,, c€l. Thus at(4)=4. for
all c¢l and this implies (10). Denote g.=a(l,) for c€l If d=c¢, then a(h)=
=a(E(]d))= E(‘x(ld)): E(d(ch(lc)))=E(ch(d(lc)))= E(rcd(gc))':rcd(gc) -h ) and
a(h)=g,-h for all h¢G,. Therefore ry(g.)=g, for c¢=d in I If I=(c], then
a(hy=gX(h) for all h€A, and, consequently, Aut(4.)=G, This proves (11) for
non-zero compact elements of L. If I is not principal, then every a€ Aut (4,) deter-
mines a system : :

(8.€G.: ec])
such that g7 is the restriction of a to 4. As r,(g.)=g4 for all ¢=d in I, there
is a unique g€ G; whose projection in G, is g.. It is now clear that G,;= Aut (4,)
for every ideal I of C.

Finally, let c=d=e in C,g€G,,k€G,. Then g*(k)=r.(g) - k=r4(ra(g)) k=
=(r.(g))*(k) and (12) is satisfied as well. This finishes the proof. .

Example 1. The set C of nonzero compact elements of an algebraic chain
L consists of those x¢€ L that cover some y€L. If G, is arbitrary for c€C, |G,|=1
for x¢ C, and if all r; are constant homomorphisms for ¢=>d, then the system
I is representable. This generalizes the independence of automorphism groups
of pairs algebra-subalgebra.

Example 2. Under the restriction (4) assumed throughout this note, the
automorphism groups of subalgebras not finitely generated are uniquely determined
by the automorphism groups of their finitely-generated subalgebras. A simple
example shows that this is not generally the case.

Let L be the chain Z of integers extended by a largest element e and a smallest
‘element z. L is an algebraic chain with C=ZU{z}. Let G.={l} for c€C and let
(ros: c=d) be the obvious homomorphisms. If G,={1} as well, then the system
Z formed by these data is representable. On the other hand, if f: Z—Z is defined
by f(n)=n—1, then the algebra A=(Z, f) satisfies Sub(4)=L, |Aut([r])|=1
for all nonempty subalgebras [n]={k:k=n}, while Aut(4) is isomorphic to the
additive group of integers.

Example 3. If L=2<]J(C) is an algebraic lattice and if all ideals of C are auto-
morphism-free, then our special-case theorem describes the possible choices of
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(G,:x€L) completely. This is the case if, for instance, C is the join semilattice
indicated by the Figure below.

Note that any non-empty ideal of C that is not a singleton is isomorphic to C;
C is automorphism free as a semilattice — which implies (4) for any representable
system with L=1I(C).
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Attractivity theorems for non-autonomous systems
of differential equations

L. HATVANI

Dedicated to Professor Béla Székefalvi-Nagy on his 65th birthday

1. Introduction

By the classical theorem proved by A. M. LiapuNov [1] in 1892 the zero solu-
_ tion of the system x=f(t,x) (=0, x€R"; f(t,0)=0) is asymptotically stable
provided that there exists a positive definite scalar function V(t, x) tending to zero
uniformly in #€[0, =) as x—0 and having a negative definite derivative V(z, x)
with respect to the system. Since the early days of stability theory numerous authors
have dealt with weakening the conditions of this theorem. There are two main
types of attempts.

In theorems belonging to the first type special assumptions are required of
the vector field £ (¢, x) independently of the Ljapunov function V (¢, x). The first
theorem of this type is due to M. MarRACkov [2], who assumed f(r,x) to be
bounded for all ¢ when x belongs to an arbitrary compact set instead of the con-
dition of ¥(z, x) tending to 0, uniformly with respect to ¢, as x—0. Considering
‘autonomous systems E. A. BARBASIN and N. N. Krasovskii [3] generalized Ljapunov’s
theorem to the case when the function V(¢, x) is not negative definite. By the method
of several Ljapunov functions V. M. MaTrosov [4] extended this result to those
non-autonomous systems whose right-hand side f(#, x) is bounded for all # when
x belongs to an arbitrary compact set. For the systems of the same kind
T. YosHizawa [5] and J. P. LASALLE [6] gave sufficient conditions for the attractiv-
ity of closed sets. A given set HC R is called attractive if every solution starting
from some neighbourhood of H tends to H as t—+<. In 1976 LaSalle extended
his theorem by weakening the condition of boundedness of f(t,x) [7, Th. 1].

Results of the second type are characterized by the fact that the direct con-
ditions on the right-hand side f(¢, x) are omitted but certain relations between
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the function V(t, x) and the norm | f(z, x)| of the right-hand side are required.
The most important theorems of this type are due to T. A. BurToN [8] and J. R.
Hapbpock [9]. .

The purpose of this paper is to improve some results of both types in the
following two directions. On the one hand, we give the role of f(z, x) to the deriva-
tive W(r, x) of a function W: R"—R* with respect to the system. On the other hand,
in the theorems of the first type we refine the estimates on V (¢, x) so that we should
be able to take into account the finer structure of the “dangerous set” defined by
V(t, x)=0, which depends on the time ¢ in the non-autonomous case. At the end
of our paper we give examples to illustrate how our results relate to the above
mentioned ones, and applications are given to the study of the asymptotic behaviour
of solutions of non-linear second order differential equations.

2. Notations and definitions

The basic differential equation is
Q.1 x = f(t, x), .
where t€ R =][0, =), and x belongs to the n-dimensional Euclidean space R". The
function f is defined and continuous on the set I'*=R_ XG*; G* is an open set
in R". : ‘
Denote by (x, y), x| and d(x, y) the scalar product, norm and distance in R”,
respectively; namely (x, )= > x,7;, lx[=(x,x)"® and d(x,y)=|x—y|l. Let
i=1 -

R?, denote the one-point compactification of R" and define d(x, «)=1/|x[|. For
a set HCR" we denote the complement of H by H¢, the closure of H by H, and
the set HU {e} in R7 by H_.Foraset KCR.,, define d(x, K)=inf {d(x, y): y€K}.
If d(u(t),K)~0 as r—w—0 for a continuous function u: [0, w)—~R", we shall
say u(t)-K as r—-w—0. '

For HCR", ¢>0 the set S(H,&)={x€R":d(x, H)<e} is called the ¢-neigh-
bourhood of H. We shall need another neighbourhood system. Let a set GCR"
and a continuous function W:G—~R* be given. If pcG and ¢=0, we shall use
the notation S*(p, 9)=W'[S(W(p), 0)], where W~[H] denotes the inverse
image of Hc R* with respect to W. :

Let x(z) be a solution of (2.1) defined on a maximal right interval [y, @)
(tlh<=w=<). A point p is d positive limit point of x(t) if there exists a sequence
{t.} such that 7,~w—0 and x(z,)-~p as m—oo. The positive limit set Q of x(t)
is the set of all its positive limit points. If x(¢) is bounded and Qc G*, then @w=oo,
Q is nonempty, compact, connected and is the smallest closed set that x(¢) approaches
as t-oo,
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~ Denote by C'(D; R*) the family of all functions W:D(CR™)—R* whose
components have continuous first partial derivatives. For a function u¢ C*(R X R"; R)
define the function

ou (t x)

a0 = 320D 1, 04 240D

which is said to be the derivative of u wzth respect to equation (2.1). The derivative
of a vector-function U€ C*(R_XR"; R¥) with respect to (2.1) is the vector of the
derivatives of the components of U with respect to (2.1).

System (2.1) is non-autonomous, so its solutlons x(t) can be represented by
the graph (7, x(r)) in R**’. A solution x(¢) is said to be in I'cI* if (1, x(D))er
for all t€[ty, ). For a given set I'CI'™* we shall use the notations

GO ={x:(t,x)el'}, G= UO G().

Denote by [a], and [a]_ the positive and negative part of the real number a,
respectively.

Definition 2.1. Let I be a subset of I'*. We say that V¢ CX(I'; R) is a Ljapunov
Sunction on T if there exists a continuous function #: R, —~R_, such that

oo

[ n@dt <, W@, =n@) (@)

o . .

Let A be a property concerning the functions ¥ and V. “Property A is satisfied

on the set t=7, x¢ H(C R")” if it is satisfied on the subset of [T, «)X H where the
Ljapunov function is defined, i.e. on the set {(¢, x): =T, xc HNG(®)}.

3. Theorems and proofs

In this section we study attractivity conditions of a given set with respect to
system (2.1). Namely, we seek conditions assuring that the set contains the positive
limit sets of solutions of (2.1).

Assume that we have a Ljapunov function ¥ on I' and an auxiliary function
Wwe CY(GNG*; RY).

: Lemma 3.1. Let x(¢t) be a solution with maximal right-interval of definition
[ty, ®), and let MCG be a set such that x(t)e M for t€[t,, w).
Suppose that for a point pc GNG* there exist 6, 9=0"and T such that

(i) V(t,x) is bounded from below and
@B.1) (i) V(t, x) =—=S|W(, )| +1(®)

on the set t=T,x€S*(p, o) M.
Then either a) p§ Q or b) w=o and QNG*C W [W(p).



274 L. Hatvani

Proof. Suppose the contrary of a), i.e. p€ Q. Since pcG* and G* is open,
according to the theorem of continuation of solutions w=oc holds. Suppose b)
is false, too. Then there exist ¢€QMNG* and o (O<a<g/ﬁ) such that
g4 S*(p, Vke). Because of p, g€ Q there exist a natural number [/ (I=/=k) and
two sequences {t.}, {¢.} with the following properties:

3.2) T=sH<li<..<t,<Ith<..; 1i£n t;, =
(3.3) W) -W(x®)| <oVk (1, =t=1));
G4 W) W) = 5 (m=1,2, ...

By assumption (ii), for the function »(f)=V(z,x(r)) the estimation
” ’ o- t;'"
(3.5) v(tm)—v(tm)§—5-2—+f n@dt (m=1,2,..)
-
is satisfied, from which it follows that

o
N = oy —ms S [ e e
o) = o()~md 3+ [ n@ar (m =),

and this contradicts assumption (i).
The lemma is proved.

Remark 3.1. If either the function W is scalar (k=1) or assumptions (i)—(ii)
are required on the set =T, x€ M, then assumption (ii) may be required of the
function [W], instead of W. In the first case the statement is unchanged; in the
second case it can be stated that either a) QN G* is empty or b) w=oc and there
exists a pc MNG* such that QNG*c W -1[W(p)].

Indeed, if either the function W is scalar or property (3.3) is not required, then
we may also assume property (3.4) is true without the absolute value sign. Then
for deduction of inequality (3.5) it is sufficient to require assumption (ii) of the
function [W], instead of W. '

Theorem 3.1. Let the sets HCR', MCG be given and suppose that for any
pEH® there exist ¢(p)=0, 0(p)=>0 and T(p) such that assumptions (i)—(ii) in
Lemma 3.1 are satisfied on the set t=T(p), x€S*(p, o(p))N M.

1) If x(v) is a solution and x(1)EM for t<[ty, @), then either a) QNG*CH
or b) w=oco and there exists a d¢ R* such that the set W—[d]N\H® is non-empty
and QNG*CcW[d].

2) If also assumption GCG* is satisfied, then either a) x(t)—H_ as t—
—~w—0 or b) w=-c and there exists a d¢ R* such that the set W-[d]{NH® is
non-empty and x(t)—~W-d]. as t—oo.
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In the case of a scalar function W (k=1) the statements remain true after
replacmg Sunction szth W] + in assumption (3.1).

Proof. 1) If the set QNG* is empty, then a) is true. Suppose that it is not
empty, and there exists a p€ QN G* such that p¢ H. Then, by Lemma 3.1 (and
Remark 3.1) b) is true, namely d=W(p).

2) The statements follow from those under 1) and from the fact that QcG*.

Theorem 3.2. Let the set MG be given, and suppose that there exist 6=0,
T=0 such that

(i) V(t,x) is bounded from below and
(i) V(t, x) = =8I, )]l +n()

on the set t=T, xeM. .
- If x(t) is any solution and x(t)EM for t€[t,, ), then either a) the set QNG*
g5 empty or b) w=oo, and there exists a d€ R* such that QNG*c W —[d].

Proof. Applying Lemma 3.1 and Remark 3.1, the theorem can be proved
in the same manner as Th. 3.1.

Our theorems can be used not only for studying stability properties of sets
but also for establishing various kinds of asymptotic properties of solutions. For
example, let us take G*=R", H={0}, W(x)=(x, x); furthermore, let V (¢, x) be
a Ljapunov function on the set R, XR" bounded from below for all 7€ R, when
x belongs to an arbitrary compact set. Suppose that for any point p40 there exist
6>0, ¢=0, T such that

V) = -S[(FC, ), X)) 4wy +0(D) N
for t=T, |||x|| —,||p|||<g, where the symbol [-],_, means that either the pos-
itive part [ -], or the negative part [-]_ is considered for all (¢, x). By Th. 3.1 these
assumptions imply that for any solution x(¢) either a) the function |x(¢)|| has a
finite limit as t—~e or b) x(t)—~~ as t-w—0.

From Th. 3.1 by the choice of W(x)=x an important result mentioned in
the Introduction follows.

Corbllary 3.1. (J. Happock [9, Th. 3]). Let G*=R", HCR" be a closed set,
and V(t, x) be a Ljapunov function on R, XR" bounded from below for all t€R
when x belongs to an arbitrary compact set. Suppose that for any ¢>0 and any
compact set KCR" there exist 6(g, K)>0, T(¢, K) such that

(3.6) .V x) = =50f@ 2l +n()
on the set t=T,xcKNS°(H, ¢).

If x(t) is any solution, then either a) x(t1)~H_ as t-w—0 or b) x(t)—p
as t—o for some pe HC,
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- In certain .cases the fact that assumption (3.6) contains the non-monotonic
function || - || can cause difficulties. This can be avoided by means of the last state-
ment of Th. 3.1 in the following way: Suppose that V (¢, x) is a Ljapunov function
on R, XR" and for any ¢>0 and any C=>0 there exist 6(8 C)=>0 and T(s C)
such that ¥(¢, x) is bounded from below and

3.7 V(t, x) = —0[fi(t, s +n@® (=1,2,..)

on the set =T, x€S°(H,e)N{xcR":|x;|=C}. Then the statement of Cor. 3.1
is true. If (3.7) is satisfied only for a fixed i, then instead of b) it can be stated :only
x;()—~p; as t—e (see Th. 3.1, W(x)=+(—)x).

Having certain “a priori” (independent of the function ¥(z, x)) informations
about the function W(¢, x), we can replace assumption (ii) in Lemma 3.1 with another
one to improve the previous theorems in some respects.

Definition 3.1. A measurable function ¢:R,—~R is said to be integrally
positive (see [4], [11)) if f ¢(t)dt= holds on every set I= D [%ns Bm] such

I - . m=1
that
Oy < By <Olmy1>, Bu—tm=6>=0 (m=1,2,..).
A function ¢(?) is said to be integrally negative if —¢(z) is integrally positive.

Lemma 3.2. Let x(t) be a solution and let MCG be an.arcwise connécied
set such that x(1)€M for all te[t,, o).

Suppose that for a point pc GNG* there exist ¢=0 and T such that fo: any
continuous function - u:[T, =)~L=S*(p,0)(\M the following conditions are
satisfied: ’

. .
@) f W(s, u(s))ds is uniformly continuous,
T _
(i) V(t, u(r)) is integrally negative, and
(iii) V(t, u(t)) is bounded from below on the interval [T, ).
| Then p¢ Q.

Lemma 3.3. The statement of Lemma 3.2 remains true’if conditions (1)—(ii)

are replaced with the following: for any continuous function u:[T, eoy~L

(i) || f W (t, u@)) dt]| <<,
T

(ii’) jo V(t,u(®))dt =—
T
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Proof of Lemmas 3.2 and 3.3. Assume the contrary, i.e. p€ Q. Then w=-co,
and there exists a sequence {t,} such that 7,—~< and x(t,)—~p as m-—eo. .On
the other hand, however large the time T* may be, the set S*(p, ¢) must not con-
tain the point x(¢) for all t=T* because of assumptions (ii) ((ii"), respectively)
and (iii). Consequently, in the same manner as in the proof of Lemma 3.1, there
are 60, (1<l<k) and sequences {r,}, {#,} with properties (3.2)—(3.4). Then
we have

(3.8) ||me(z, x(0)di|| = % (m=1,2,..).

This contradicts (i); therefore Lemma 3.3 is proved.

To prove Lemma 3.2 we show that (3.8) contradicts assumptions (i) —(iii),
too. Indeed, (3.8) and (i) imply that 7, —¢, =4 for all m with some 5=0. The
function V(t,x(t)) is integrally negative, consequently

V(x(t 7)) = const. +Z' f V(t, x())dt ~— (m —oo),

which contradicts the boundedness from below of the function (¢, x(2)).
The proof of both lemmas is complete.

" Remark 3.2. If the function W is scalar (k = 1) then assumption (i) (assumption
(i"), respectively) may be required of the function [W], instead of W (|W}, respec-
tively); the statements remain true.

- Now suppose that for the derivative of the Ljapunov function ¥ an inequality
(3.9 / V(t, x) = <p(t)U(x)+n(t) (@, x)¢€ F)

holds with continuous functions ¢: R,-R,, U: GﬂG*—»R _, N R, ~»R (the
function 7 is mtegrable on [0, =) by Def 2.1). Denote by F the so called

“dangerous set”
F={x€GNG*: U(x) =0},

which is closed with respect to G*.

Theorem 3.3. Let MCG be an arcwise connected set, and suppose that for
any pEF€ there exist ¢(p)=0, T(p) such that:

(i) sup {U(x): x€ L(p) = $*(p, 9N M} < 0;

_ (11) @(t) is integrally positive;
moreover, for any continuous function u: [T (p), <)—~L(p)

(iii) f W(s, u(s))ds is uniformly continuous, and
T ’

5%
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(iv) V(t,u(t)) is bounded from below

on the interval [T(p), =).
If x(t) is any solution and x(t)EM (t,=t<w), then QNG*CF.
If also assumption GCG* is satisfied, then x(t)—~F. as t—-w—0.

Theorem 3.4. The statements of Th. 3.3 remain true if assumptions (ii)—(iii)
are replaced with the following ones:

(ii') [ o@ydr=c=;

(iii’) ||Tf W, u(@)| 4t|| < oo,

Proof of Theorems 3.3 and 3.4. Suppose the contrary, i.e. the set QM G*
contains a point p not belonging to the set F. Then, by assumptions, there are
g(p)>0 d(p)=0, T(p) such that inequality

V@, x) = =390 +n(0) (¢t = T(p), x€ L(p))

holds. Hence, using Lemma 3.2 (and Lemma 3.3, respectively) we get p¢ Q, which
contradicts our earlier assumption on p. .

GcG* implies inclusion QCG*. Consequently we have QCF, so x(t)—~F.,
as t fw.—o.

The proof is complete.

Remark 3.3. In case of scalar function W (k=1) the statements of Theorems
3.3 and 3.4 remain true after replacing function W (function |W|, respectively)
with [#], in assumption (iii) (assumption (iii’), respectively).

For example, by the choice W(x)=(x, x), from Th. 3.3 we get the following:
Suppose V(t, x) is a Ljapunov function on R, XR" bounded from below for all
t€R, when x belongs to an arbitrary compact set. Further, suppose there exist
continuous functions ¢: R, —~R,, a: R —~R, such that a(0)=0, a(r)>0 for
r>0; ¢ is integrally positive, and

V(t, ) = —p@a(lx]) ((t, x)eT = R, XR").
If for any r,r, (0O<r,<r;) and for' any continuous function u: [T, «)—~
~{x€R": nn=||x|=r,} the function f [(fGs, u(s)),u(s))] +(—yds is uniformly con-

tinuous on [0, =), then for any solutlon x(t) either x(1)~0 or x(t)—~< as
t—-w—0.

Similarly to the previous ones, Th. 3.3 yields an important result when
W(x)=x. '
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= Corollary 3.2. Suppose the estimation (3.9) is satisfied with an integrally pos-
itive function ¢. Further suppose that for any compact set KCR* and any contmuous

functzon u: [T w)—~K the function f S(s, u(s))ds is umformly contmuous and

v(t, u(t)) is bounded from below on the interval [T, «). Then for any. solunon the
inclusion QNG*CF holds. :

From the point of view of applications the most important case is when the func-
tion V is differentiable and fis continuous, and this corollary is an improvement. of
the LASALLE theorem [7, Th. 1], which can be obtained from it by setting ¢(¢)=1.
It will be shown by examples taken from the theory of nonlinear oscillations that
even in simple cases it is necessary to introduce the function ¢ into estimation (3.9).

Remark 3.4. Associate with the functions ¥ and W the set & R" “defined
as follows: x¢ & iff there exists a sequence (7, x™) such that z,— oo, W(x™)~W(x)
and V(t,, x")—n(1)—~0 as m—oo. Similarly as in Th. 3.3, from Lemma 3.2 we
can derive a statement assuring the inclusion QM G*C# for any solution of (2.1).
In this way it can be generalized a result given by N. ONucHiIc et ‘al. [13, Th. 1],
who introduced the set # in case of W(x)=x, n(t)=0. Even in this special case,
obviously, there are functions f, V, ¢ and U such that # > F, and what is more
the set & is too large to obtain any information about the place of 2 in R" by the
inclusion QNG*c# (e.g. V(t, x)=sin?¢-U(x)). This fact motivates estima-
tion (3.9). Moreover, if the functions ¢ and U are chosen in (3.9) “sufficiently well”’
and ¢ is bounded, then FDOF.

Remark 3.5. The key assumption in Th. 3.3 is (iii), which assures the point
x(t) not to go away in the same distance from the attractor F infinitely many times
within a shorter and shorter time. Even in the special case of W(x)=x, the uniform

continuity of the function - fsup {1/ (s, x||: x€ S(p, )N M}ds on [T, =) is often

checked instead of assumptlon (iii). Before LaSalle’s paper [7], in [12] the author
used already an assumption equivalent to this one to assure the above mentioned
property of the solutions.

4. App]icétions and examples U
I. Let us consrder the non-linedr differential equatlon of second order

4.1) (p() %)y +q(0f() =0 (x¢R),

where the functions p,g:R,—~R,  are continuously 'diffeféhtiaﬁle"énd f_i.ﬁ(t)éﬁ,'
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q(®)=0 (tER+) the function f:R-—R is continuous and xf(x)=0 (x€R);

F(x)= f f(8)ds.

Apply ‘Th. 3.2 to the study of asymptotic behaviour of the coordinate x and
the momentum y=p(¢)x. In terms of these Hamiltonian variables equation (4.1)
has the form

.19 : x=1/p@®)y, y=-q@)f().

Let us now consider functions

v, x,y) = VE+2q(t) F(x), Wi(x,y) = xy,

1
p@®)
whose derivatives by virtue of (4.1°) are

_p@® 1
FZ0) p(®)

On the one hand, if there exist y,>0, T;€R; such that

(f*-2) p@O/p@=n=>0 (=T,
then.

y+2¢1(t)F(x), W= 2= q()xf (x).

V=- pz((tt)) = vl;Tlt)féh[Wh (?ETl;x,yER)-

~ On the other hand, if there exist vy,, ;=0 and T,€R such that

@3) % S <0 (=T); 7.F()>xf(x) (xER),
then

V=240 F(x) =— "’;’2 1) Fx) = =222 2“ w1,

for t=T,; x,yER

Applying Th. 3.2 with M=G=R? and with the functions ¥, W and ¥, — W,
respectively, we get: for any solution of (4.1’) either |x(f)|+|y(t)| >, as t+w—0
or w=-< and tlgg (x(2)y(t)) exists. By the first equation of system (4.1)
(x®)-=2xy/p(t), hence, if '

o

@4 [ (Up@)ydt <o, [ q(tydr <o,
0 o

then ‘li‘mx(t),ltlim y(t) exist. Thus, we have:
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- Suppose either (4.2) or (4.3), and let x(t) be any solution of (4.1) with the maxi-
- mal right interval [t,, ®). Then either aj |x(t)|+|p(t)%(t)|—~o as t-w—0 or b)
w=oc and ,1321 (p(®)x()X(t)) exists. If also condition (4.4) is satisfied, then
in case b) we can state ,13.[2 x(1), }Lrgo (p(®)%(t)) exist.

- I, Let us now consider the equation
4.5 - x+a(t)x+b(t)f(x) 0 (x€R), -

where the functions a: R, -~ R, f: R—~ R are continuous, b: R, —~ R is continuously
differentiable. By the aid of Th. 3.3, we seek for conditions which assure that the
derivative of any solution of (4.5) tends to 0 as ¢ - .

Introducing the variable y =x, we can transform equation (4.5) into the system

4.5%) x=y, y==b@®)f(x)—a()y.
Choose the Ljapunov functions

Bt 3, ) = o 2F(; Falt x, ) = L@ FG)

b(t)

(see [11]), where F(x)= f f(s)ds and the auxiliary function W(x) (x¥/2, ¥¥/2).

Their total derivatives by virtue of . 5) are

2a() , b .
SYOREEOR

Vo =—a(@y*+b () F(x), W= (xy, =@ yf(x)—a(®)y?). |
Applymg Th. 3.3 with the functions V7, W and V,, W respectively, we obtam‘

V= —<o1'(t)y , <p1(t) =

the following results: Suppose the function f (la()|+|6(s)|) ds is uniformly con-
tinuous on R:,
1) If etther b(t)=0 or there exists a y=>0 such that b(t)=—y for values
of t large enough, and ¢,(t) is integrally positive, then for any solution x(t) of (4.5)
either a) |x(1)|+|X()|>~ as t—~w—0 or b) %(t)~0 as t—oo.
" 2) If F(x)=0 (x€R), b(?) is bounded from below (tcR.), and a(t) is integrally
positive, then for any solution x(t) of (4.5) either a) or b) is satisfied. ‘

I Finally, in- order to compare our results with those of LaSalle and
Haddock, we investigate attractivity properties of the solutions of the linear system

@ ’:‘z_r(f)qua(t)y. (x, YER),
: y=—q@x—pQ@)y

where p,q,r: R,—~R are continuous, and p(f)=0, r(t)=0 (tcR,). Choose the
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LJapunov function ¥V(x,y)=(x2+y%f2. Its derivative by virtue of (4.6)
V(t, x,y)=—~r(t)x*—p(t)y? is non-positive, so any solution of (4.6) exists and.
is bounded on the whole R, . The LaSalle—Yoshizawa theorem yields the follow-
ing statement: .

A) (J. P. LaSALLE [6]: r(1)=0, g(r)=1). If O<c<p(t)=C (t€R,; ¢,C=
=const.), then for every solution of (4.6) x(¢)—const., y(t)—~0 as £ oo, .

Haddock deduced from his theorem (see Cor. 3.1 in this paper) the followmg
result

B) (J. Happock [10]: r(t)=0). If there exists a>0 such that"-
(4.7) © lg@l<ap(® (€RY),

and fp(t)dt=oo, then for any solution of (4.6) y(z)—0, x(¢)>const. as 7—oo.
[}

Let us now consider the auxiliary function W(y)=y?%2, whose derivative is
W= —q(t)xy—p(t)y?, and denote by H the set of the points of x-axis on the
plane (x, y). We prove all the conditions of Th. 3.1 are satisfied, provided that (4.7)
is true.” For any solution (x(z), y(t)) of (4.6) there exists a C such that
(x(@), y(O)e M={(x, y):x2+y*=C}. It is sufficient to show that for every &>0
there exists a >0 such that (x,»)€M, |y|=e imply V(s x)=—8[W(t, x)].,
for all t€R,. Let 6=2¢%(aC). Then from (4.7) it follows that —p(r)y?=
=—5|q(t)|(x2+y2)/2 (tER +), which implies the desired inequality.

By Th. 3.1, using also the fact that 11m V(x(t), y(t)) exists, we obtain the

fo]lowmg result:

h l) Suppose (4.7). Then both of the components of any solution of (4.6) tend to_
a ﬁmte limit as ‘t—oo. If f p(@)di=c is also satisfied, then x(t)--const.,
y()-0 as torool

It is worth notmg that if we apphed Haddock’s theorem to this case, then in
order to get the same result we would also have to require the condition analogous
to (4.7) of the function r(z). On the other hand, condition (4.7) is too strong, since.
it requires much of ¢(t) locally at certain points (e.g. p(t§)=0 implies g(t,)=0),
nevertheless the conclusion is only about the /imits of the solutions. By the aid of
Theorems 3.3 and 3.4 (p()=p(t), U=-y? [W],=[q()xy],) we do without
assumption (4.7): .

. t Lo
2) If p(t) is integrally positive and . f lg(s)| ds is uniformly continuous on R,
0

then for any solution of (4.6) x(t)—-const, y(¢£)~0 as t—oo.
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3 If fp(t)dt—oo and f |g(®)| dt<, then for any solution of (4.6)

(t)-—»const y()—0 as t—oo.

*

The author is very grateful to L. Pintér for many useful discussions.
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Dependence of associativity conditions
for ternary operations

N. KISHORE and D. N. ADHIKARY

1. A ternary operation on a set § is a map on SXSXS to S. For the sake
of convenience we denote the ternary image of an ordered triple (a, b, ¢) on S by
(a, b, c) itself. If

- . ((a,b,0)d, e) =(a,(b,c,d),e) =(a, b,(c,d,e)) for a,b,c,d,ecS,

.we say that the associativity conditions for the sequence of elements q, b, ¢, d, e,
corresponding to the ternary operation (%, *, %) hold [1]. The associativity con-
ditions for ternary operations in S are said to be independent if none of them is
implied by the rest [3]. If the associativity conditions are not independent, they
are said to be dependent. In other words, the associativity conditions are dependent
if for every ternary operation some of the associativity conditions are implied by
the rest [3]. '

2. In an earlier paper [2] we have shown that if a set .S consists of more than
five elements then the associativity conditions for ternary operations are necessarily
independent. In this paper we complete the information by establishing the follow-
ing theorem: '

Theorem. For a set S having five or less than five elements, the associativity
conditions for ternary operations are dependent.

For proving the theorem, we divide all the associativity conditions of S into
two sets P and Q, P being the set of all associativity conditions in which at least
two of the five elements are different, and Q the set of those in which all the five
elements are the same. To establish our theorem we show that holding of all
associativity conditions in P implies at least one of Q. We do this by showing that
not holding of all the conditions in Q and holding of gll in P lead to a contradiction.

Received August 10, 1977, in revised form January 8, 1978.
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3. We use the following lemmas in the proof of the theorem. In all the lemmas
it is assumed that the associativity conditions in P hold.

Lemma 1. If (a,a,a)=>b (2a) then (a, b, b)=(b, a, b)=(b, b, a).

Proof.
(a, b, b) =(a, (a, a, a), b) = ((a, a, a), a, b) = (b, a, b),

(b, a,b) = (b, a,(a, a, a)) = (b, (a, a, @), a) = (b, b, a).

Lemma 2. If (a,a,a)=b(s4a) and any one of the triples (b, a, a), (a, b, a),
(a,a,b) is a, then all of them are a.

Proof. If (b,a,a)=a then

a=(b,a,a)=(b, (b, a,a),a)=(b,b,(a, a, a)) = (b, b, b);

if (a,b,a)=a then -
a =(a, b, a) =(a, b, (a, b, a)) = (a, (b, a, b), a) = (a, (a, b, b), a) =
= (a, a, (b, b, @) = (a, a, (a b, b)) = ((a a, a), b, b)—(b b, b)~

by Lemma 1; while if (a, a, b)=a then

a=(a,a,b)=(a,l(a a,b),b)=((aa,a),b,b)=(b,b,b).
In each ‘case we have got (byb, b)=a(>b) which implies

+ (a,b,a)=(b,a,a)=(a,a,b)=a

by Lemma 1. This proves the lemma.

Lemma 3. If (a,a,a)=b(a) and any one of the triples (b, a, a), (a, b, a),
(a,a,b) is b, then all of them are b. .

Proof. If (b, a,a)=>b then ,
b= (b,a,a) = ((b,a,a),a,a)=(b,(a,a,a),a)=(b,b,a)=(b,a,b) =(a, b, b)
by Lemma 1; if (a, b, a)=b then A '
(b, a, a) =((a, b, a), a, a) = (a, b, (a, a, a)) = (a, b, b),
(a,a, b) =(a,a, (a, b, a)) = ((a, a, a), b, a) = (b, b, a)
and, again by Lemma 1, R
b =(a,b,a) =(a,(a,b,a),a)=((a,a,b)a, a) (b, b, a),a, a) ((a, b, b),a,a) =
= ((b, a, a), a,a) = (b, a,(a,a, @)= (b, a, b) = (a, b, b) = (b, b, a);
if (a,a,b)=b then _ . S
b = (a, a, b) =(a, a, (a, a, b)) = (a, (a, a, a), b) = (a, b, b) = (b, a, b) = (b, b, a).
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Further, if b=(a, b, b)=(b, a, b)=(b, b, @) then
(b, a,a) = ((a, b, b), a, a) = (a, (b, b, a), a) = (a, b, ),
(a9 b’ a) = (a’ (aa b: b)s a) = (as a, (b’ b’ a)) = (aa a, b)'

‘Hence the lemma is proved.

Lemma 4. Let (a,a,a)=b and (b,a,a)=c. Then
i) (b, b, b)=(a, b, c)=(b, a, c)=(b, ¢, &)=(c, a, b)=(c, b,a) and (c,a,c)=(c,c,a).
Maoreover, : : '
(ii) if (a, a, by=d then (b, b, b)=(b, d, a)=(b,a, d)=(d, a, b) and (d, a, dy=(d, d, a);
(i) if (a, b, a)=e then (b, b, b)=(b,a,e)=(b,e,a)=(a, b, €) and (a, e, e)=(b, b, e);
(iv) if (a,a,b)=c and (a,b,a)=d then (b,b,b)=(b, a, dy=(b, d, a)=(a, b, d) and
(a,d, dy=(b, b, d).

Proof. Since (a,a,a)=b, by Lemma 1 we have (a, b, b)=(b, a, b)=(b, b, a).

(i) (a,b,¢)=(a, b, (b, a,a)) = ((a, b, b), a, a) = ((b, b, a), a, a) =
' = (b, b, (a, a, a)) = (b, b, b),
(b, a, ¢) = ((a, a, a), a, ¢) = (a, (a, a, a), ¢) = (a, b, ¢) = (b, b, b),
(b, ¢, a) = (b, (b, a, a), a) = (b, b, (a, a, a)) = (b, b, ),
(c,a, by =((b, a, a), a, b) = (b, (a, a, a), b) = (b, b, b),
(c, b,a) =(c, (a, a, @), a) = (c, a, (a, a, a)) =(c, a, b) = (b, b, b),
(c,a,¢) =(c,a,(b,a,a) =((c,a,b),a,a) =(c,b,a),a,a)=
= (¢, (b, a, a), a) = (¢, ¢, a).
(ii) (b, d, a) = (b, (a, a, b), a) = ((b, a,a), b,a)=(c, b,a) = (b, b, b),
(b, a,d) = (b, a, (a, a, b)) = (b, (a, a, a), b) = (b, b, b),
(d, a, by =((a, a, b), a, b) = (a, a, (b, a, b)) = (a, a, (a, b, b)) =
=((a, a, a), b, b) = (b, b, b).
(d,a,d) =((a,a, b), a,d)=(a, a, (b, a,d) =(a,a,(bd,a)=
= ((a, a, b), d, a) = (d, d, a).
@ii) (b, a,e) = (b, a, (a, b, a)) = ((b, a, a), b, a) = (c, b, a) = (b, b, b),
(b, e, a) = (b, (a, b, a), a) = (b, a, (b, a, a)) = (b, a,¢) = (b, b, b),
(a, b, e) = (a, b, (a, b, a)) = (a, (b, a, b), a) = (a, (b, b, a), a) =
= (a, b, (b, a, ) = (a, b, c) = (b, b, b).
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(a,e,€) =(a,(a, b, a), ¢) = (a,a, (b, a,¢)) = (a,a,(a, b, €)) =
=((a, a,a),b,e) = (b, b, e).

(iv) follows immediately from (iii) if e and d are replaced by d and ¢, respectively.

4. Proof of the theorem. We proceed step by step choosing first sets with
one element only, then with two elements and so on, and finally with five elements.
We note that our hypothesis, not holding of all the associativity conditions in 'Q,
is the same as

for all x€S, either ((x, x, %),.x, x) = (x, (x, x, x), x)
or (x, x, (x, x, x)) = (x, (x, x, x), X)
or (Gx, x, x)5 %, x) = (x, x, (x, x, X)),

‘which implies in particular that
@.1) (x, x, x) # x.

Step I. Let S consist of one element only, say, a. Then cleariy (a,a,a)=a,
which contradicts (4.1). ‘

. Step II. Let S consist of two distinct elements a, b, say. Then, in view of (4.1),
(a,a,a)=b and (b,b,b)=a. Hence ((a,a,a),a,a)=(b,a,a), (a(a,a,a),a)=
=(a, b, a), (a, a,(a, a,a))=(a,a,b). On the other hand,

(b,a, a) = (b, (b, b, b), a) = ((b, b, b), b, a) = (a, b, a),
(a, b, a) = (a, b, (b, b, b)) = (a, (b, b, b), b) = (a, a, b),

which contradicts our hypothesis concerning Q. -

Step II1I1. Let S consist of three distinct elements a, b, ¢, say. Under the hypo-
thesis (a, a, a)#a, let us denote b=(q, a, a). Further, since all the triples (b, a, a),
(a, b, @), (a, a, b) cannot be equal to ¢ (see Step II), at least one of them must be
either a or b. However, if any one of them equals a then all equal a by Lemma 2,
and if any one of them equals b, all of them get equal to & by Lemma 3. Both cases
are in contradiction with the hypothesis as laid down in (4.1).

Step IV. Let S consist of four distinct elements a, b, ¢, d, say. Then, as in
Step III, we fix b=(a, a, a). Further, as demonstrated in Step III, none of the triples
(b, a, a), (a, b, a), (a, a, b) can be equal to a or b. Hence it will be sufficient for us
to consider-the case when two of these triples are equal either to ¢ or 4 and the
third one to d or ¢, respectively. Thus without loss of generality we can consider
the cases .

)] (b,a,a)=c¢, (a,a,b)=d and (a,b,a)=c¢ or d,

2) (b,a,a)=c=(a,a,b) and (a,b,a)=d.
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As (a,a, (b, a, @))=((a, a, b), a, a)=(a, (a, b, a), a), we have

3) ' in case (1): (a,a,¢)=(d, a,a)(=(a,c,a) or (a,d,a))
and '
4 in case (2): (a, a, ¢)=(c, a, a)=(a, d, a).

We distinguish four subcases according to the value of (g, a, ¢).
" Step IVA. If (a,a,¢)=a then by Lemma 4 (i)
b=(a,a,a)=1(a,a(a,a,c))=(a,(a,aa),c)=(a,bc)= (b, b, b) |
which is iﬁ contradiction with (4.1). |
Step IVB. Cas/e (1). If (a,a,c)=>b then (d,a,a)=b (by (3)). Furthermore,
¢ = (b, a,a) = ((d, a, a), @, a) = (d, a, (a, a, ) = (d, 4, b) = (b, b, b)
by Lemma 4 (ii) and
=(a,a,b) =(a,a,(a,a,c)= (a (a,a,a),¢c)=(a,b,c) = (b, b, b)
by Lemma 4 (i}.
Case (2). If (a,a,c)=>b then

. ¢ =(a,a,b)=(a,a,(a,a,c)=(a,(a,a,a),c)=(a,b,c)=(b,b, b)
and . .
" d = (a, b, a) =(a, (a, a, c), a) = ((a, a, a), ¢, a) = (b, ¢, a) = (b, b, b) ‘

by Lemma 4 (i). Thus in both the cases ¢=d, which is a contradiction.
Step IVC. If (a, a, c)=c then
c=(a,a,c)=(a,a,(a,a,c)= ((a a, a), a, ¢) = (b, a, c)
= (b, a, (a, a,¢)) = ((b, a, a), a, ¢) = (c, a, ¢) = (c ¢, ay
by Lemma 4 (i) and hence |
c=(c,a,c)=((cc,a),a,c)=(c c,(a,a,c))z(c,c,c).
But (c, ¢, ¢)=c is in contradiction with (4.1).
Step IVD. Case (1). If (a,a,c)=d then (d,a,a)=d, too (by (3)), whence
= (d, a, a) = ((d, a, a), a, a) = (d, a, (a, a, a)) = (d, a, b) =
=((d, a,a), a,b) = (d, a,(a,a, b)) = (d,a,d) = (d, d, a)
by Lemma 4 (ii), so that
d = (d, a, b) = ((d, d, a), a, b) = (d. d, (a, a, b)) = (d, d, d).
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Case (2).If (a,a,c)=d then (a,d,a)=d, too (by (4)). Furthermore,
d = (a’ d’ a) = (aa (a’ a, C), a) = ((a’ a, a)s ¢ a) = (b’ ¢, a) = (b’ b: b) = (b: d, a)
by Lemma 4 (i), (iv) and thus
d = (b, d, a) = (b, (b, d, a), a) = (b, (b, a,d), a) = (b, b, (a, d, @) =
=(b,b,d) =(a,d,d) =(a,d, (a,d, D)) = ((a, d, 0),d, d) = (d, d, d)
by Lemma 4 (iv) again. But (d, d,d)=d is again a contradiction.

Step V. Let S consist of five distinct elements a, b, ¢, d, e, say. We have to
consider only the case when (b, a, d)=c, (a,a,b)=d and (a, b, a)=e.

As (a, a, (b, a a)=((a, a,b),a a)=(a,(a b,a),a), we have (a,ac)=
=(d, a,a)=(a, ¢, a). If (a,a, c)=a or b or c or d, a contradiction can be established
as in the case (1) of Step IV. If (a,a,c)=(d, a,a)=(a, e,a)=e then

e=(a,e, a)=(a,(a,a,c),a)=((a, a,a),c,a) = (b,c,a) = (b,d,a) = (b, e, a)
by Lemma 4 (i)—(iii), whence
e = (b, e,a) = (b, (b, d, a),a) = (b, b,(d, a, a)) = (b, b, &) = (a, e, ¢)
by Lemma 4 (iii), implying that
e= (as e, e) = (as e, (a’ e, e)) = ((a9 e, a)9 e, e) = (e9 e, e)'

But (e, e,e)=e is in contradiction with (4.1).
This completes the proof of the theorem.
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Automorphism groups of subalgebras;
a concrete characterization

JANOS KOLLAR

FrieD and SICHLER [1] raise the following question: Let L be an algebraic lattice
and let G, be a group for every x€ L. Under what circumstances is there an algebra
A with Sub (W)= L such that if A, denotes the subalgebra corresponding to x,
then Aut(2,)=G,. In this note we solve the concrete version of the problem
(Theorem 1).

The proof uses the techniques developed by B. Jonsson [3], M. G. STonE [4],
J. JeZex [2], L. SzaB6 [5]. A direct application of our result to the original problem
yields a new proof of Theorem 1 in [1] (Corollary 2).

In the second part of this note we obtain a partial result on the representability
of a small concrete category as a category of universal algebras with prescribed -
subalgebras. '

1. Let 4 be a set; L a family of subsets of 4 and let a permutation group
Gp, acting on R, be assigned to each R€ L. The elements of Gz may then be regarded
as partial mappings of 4. Let ¢ and  be two partial mappings of 4 (into itself).
Then we can define their product Y@, where (Y@)a is defined iff ac¢Dom o,
pacDom y and in that case (Yp)a=y(pa). So, all the partial mappings of A4,
including the empty mapping #—~90 form a semigroup. Let G denote its sub-
semigroup, generated by {Gg:R€L}.

We shall call Gy locally G closed if the following condition holds: For every
permutation 4 of R, if for every finite subset X of R there exists a member of G
that agrees with # on X, then h€Gyg.

For ¢:A-—-A a partial injection (thus x>y implies @x=¢@y provided
x, y¢Dom ¢), ¢! can be defined in a natural way.

With the above notation, we have

Received February 2, 1977.
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Theorem 1. Let A be a set, L a family of subsets of A, and let a permutation
group Gy, acting on R, be assigned to each REL. A universal algebra A=(A, F)
with precisely the elements of L for its subuniverses, and with precisely the elements
of Gy for the automorphism of REL, exists if and only if

(1) L is an algebraic closure system on A,

(i) Gg is locally G-closed for any R€L,

(iii) oREL for any 6€G and REL,

(iv) o|X=1|X implies o|(X)=1|(X) provided o,7€¢G and XC A is finite.

(Here (X) denotes the closure of X with respect to L.)

Proof. The conditions listed are necessary, since the elements of G are iso-
morphisms between certain subalgebras of 4.

To prove sufficiency, let Y denote the set of the one-to-one sequences of finite
length composed of the elements of 4.

For any y=(y1, ... V)€Y, a€{y, ..., ¥,y let us define an n-ary operation
S5,y O A by

ga if 30€G,w=oay
f(y,a)(WI’ vers wn) =

w; otherwise.

(Note, in particular, that f, ,(»)=a(y€4", ac 4).)

The definition makes sense owing to condition (iv) (o,y=0,y implies
.0;a=0,a.). In this way we have constructed a universal algebra U=
=(A4, fi.a0: V€Y, ac(y)). We assert that & complies with the requirements.

Let REL; w,, ..., w,€R and let us consider fi, ,(w). If the second situation
obtains, then fi, , (W)€R. Let therefore w=oy. Then ¢~ 'w=y, whence (w)=
=0(y); but since a€(y), we have sac(w)c R. Hence R¢<Sub ().

Conversely let Q¢Sub (U), and let a€(Q). In that case there exist some
Y1 > Ya€Q such that a€(y,, ..., ). But then J.9y(¥)=a€Q. Consequently
0=(Q), implying that the subuniverses are precisely the elements of L.

Given 1€G and wé(dom 1)°, we assert that S, @W)=1f;, 5y (W). For, let w=oy.
Then tw=10y, whence f, ,(w)=10a=1f, ,(W). If Tw=0y, then Tw=0y=
=1(t1"'0)y, whence w=1"1gy, implying f, ,(w)=1(t"'0)a=1f, ,(w). In

" particular, the elements of the Gg-s are automorphisms of U|R.

1If ¢4 Gy, then by (ii) there exist yy, ..., y,€R such that ¢ysoy for any ¢€G,
and we may assume that n=2. But then ¢f,,,,(¥)=0y:; J.9p(@¥)=0y,, since,
however, y,#y,, also ¢@y,#=¢@y,, whence ¢¢Aut(U|R) completing the proof.

2. Now we derive some corollaries of Theorem 1. Let U« be a universal al-
gebra, L=Sub (A), G,=Aut (x):x€L, L, ={y€L:ySx}. Then there exist natural
homomorphisms @,:G,—Aut (L,). '

Let H.=Ker &,. Let us first prove the following statement.
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Corollary 1. Given an algebra {4, F) there exists an algebra (4, G) such that
Sub {4, G)=Sub (4, F) and Autg (x)=H, for any x€¢Sub (4, G>. '

Proof. Of the conditions listed under Theorem 1, (i) clearly holds for the
system (L, H,:x€L); and so do (iii) and (iv), since HSG. If the permutation
¢:x—x coincides on any finite set with a permutation in H, then it coincides with
a permutation in G, whence ¢€G,. On the other hand, the elements of H leave
any subuniverse in place. We conclude that ¢ belongs to H,: hence, (ii) also holds,
which completes the proof.

If now ¢¢cH,, and ySx. Then ¢|ycH,, and we get a homomorphism
ro:H,~H, Let Z=(L,(K,:x€L), (P,,:x,y€L,x=y)); where L is an algebraic
lattice, K, a group for each x€L, and P,, a homomorphism of X, into K| (x, y€L).

We say that X is representable if there exists an algebra U such that
Sub (W)= L, K, = H, =G, for each xcL, each P,, represents the restriction homo-
morphism r,,,.

Now we can prove the following

Corollary 2. (FRIED—SICHLER [1]) X is representable iff
(V) Py P,,=P,, for all x=y=z,
(vi) Ker P,,NKer P,, is trivial whenever x=yUz,
(vil) if x€L is not compact then K, is the inverse limit of the diagram
(P.g:x>cz=d) with the limit homomorphisms P, (c<x),
(viii) Ky=1.

Proof. The necessity of the conditions can be easily checked (cf. [1]). For
the sufficiency we use the construction given in [1]. The correctness of the con-
struction will easily follow from our Theorem 1. '

Let C={ccL:c compact). 4={(c,):c€C, a€K.}. A, ={(c,0):c=x, acK}.
L={A,:x¢L}. Then L is an algebraic closure system, and regarded as a lattice it
is isomorphic with L.

For any ¢€K, define T,:A4,~A, by T,(c, )=(c, (Pr.9)0). G.={T,:0€K,}.
Now G,=K,, and the elements of G, leave the subuniverses in place, whence
G.=H.,. '

Because of G,=H, we have G=UG,, so (iii) holds. Now if X is a finite
subset of 4 and 6, 7€G and ¢|X=1|X then for all x€X o {(x)=1|(x) by the defini-
tion of T,, hence by (vi) we also have o[(X)=1t|X). If now A,€L, y:4,~A,
and y coincides on any finite subset of 4, with an element of G, then clearly we
have ¥ (c, )=(c, ¥.(®)) for some permutation ¥, of K_, since T, maps K, into
itself for all ¢ and ¢. Now considering our condition for the two element set
{(e, 1), (c, @)} we have Y(c, D=T,(c, 1), Yy(c,x)=T,(c,«) for some T, and we
have Y (c, @)=(c, ¥.(1)a). If we consider {(c, 1), (d, 1)} for any pair c¢=d then

6*
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we have Y (1)=P,.y,(1), henceif 4,CA, and 4, is finitely generated then y (1)
determines uniquely ¥ |4, hence Y |4,=T,|4, for some T,€G,. Applying (vii)
on the system of the T,-s (as A, runs over the set of finitely generated subalgebras
of A,) we get that y=T, for some o€G,. Hence Theorem 1 can be applied to
prove corollary 2.

3. In [4] STONE considered the subalgebras and the automorphisms of sub-
algebras, in [5] SzaBO (Theorem 1) the subalgebras and the isomorphisms between
subalgebras, and in [2] JEZek (Theorem 2) considered a small category of algebras
and the injective morphism. We are going to derive a common generalization of
these results. ‘

Let K be a small subcategory of SETS. The elements of Mor K can be con-
sidered as partial mapping of UJOb K (we consider this union to be disjoint).
Let S denote the semigroup generated by the injective elements of Mor K and thelr
inverses. With this notation we have

Theorem 2. Let K be a small subcategory of SETS such that if a€Mor K,
then o is either injective or a mapping onto a single point. For each AcOb K, let
" L(A4) be a family of subsets of A. There exists a set F of operation symbols and
universal algebras (A, F) to each A€Ob K, such that Sub.{A, F)=L(A4) and
Hom ({4, F),{B, F))=Mor (4, B) iff
(ix) L(A) is an algebraic closure system for every A€Ob K,
(x) REL{A), ¢:A~B<S, RcDom ¢ implies ¢REL(B),
(xi) Mor (4, B) is locally S closed,
(xii) if REL(A), |R|=1, BEOb K then @g g:B—REMor (B, A),
(xiii) if 0,7€S, XCTA is finite then o|X=1|X implies o[(X)=1KX) where
(X) denotes the closure of X with respect to L(A).

Proof. Necessity of (ix), (x) and (xii) is obvious. The elements of S are com-
patible with the operations, therefore (xi) and (xiii) are also necessary.

In order to prove the sufficiency let Y (4) denote the set of one-to-one sequences
formed from the elements of A4 and Y=U{Y(4):4€0ObK}. For each
y=0ns - Y)€Y, a€{y1, ..., y,), we define an n-ary operation f, ,,: for B€Ob K,
Wi, ..., W,€B set
ca if there exists a ¢¢S such that w = oy

f(y,a)(wl, vy W,,) = {

w; otherwise.

This definition makes sense owing to condition (xiii). Having endowed each 4€0Ob K
with this set F={f,,} of operations, we assert that the resulting set.
(4, F): A€Ob K} of universal algebras complies with our requirements.
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As in Theorem 1, we can deduce that Sub (A4, F)=L(4), and Mor (4, B)C
SHom ({4, F), (B, F)). Therefore it suffices to prove that Hom ({4, B), (B, F))<
€Mor (4, B).

Let o€ Hom ({4, F), (B, F)). If {Im ¢|=1 then @¢Mor (4, B) because of (xii).

If ¢ is injective, and y,,...,y,€4 (n=2), then (pf(y,yz)( Y)=0¢y,, hence

fw:ye) (e»)=¢y,, but @y =@y, and therefore @y=0oy for some c€S and we
conclude from (xi) that ¢ € Mor (4, B).

If ¢ is neither injective nor a mapping onto a single point, then there exist
Y1, Vo, ¥5€ A4 such that @y, =@y,=¢y;. But then @y=oy any 6¢S§, for the elements
of S are injective and hence 5,5y D) =0y25= @1 =5y (@y).  Hence
¢ ¢Hom ({4, F), (B, F)), completing the proof.

Acknowledgement. My thanks are due to the participants of the Algebra Seminar
at E6tvos Lordnd University, Budapest, in particular to L. Babai and E. Fried,
for their helpful comments. '
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Characterizations of completely regular
elements in semigroups

S. LAJOS

Let S be an arbitrary semigroup, a€ S. The element a of S is said to be completely
regular (c.r.) if there exists an element x in S such that

)] axa=a and ax = xa

holds. Evidently, every c.r. element of S is regular, but not conversely. A semlgroup
S is called c.r. if all its elements are c.r.
We shall make use of the followmg well-known result:

Lemma. (CRrOISOT [2]) An element a of a semigroup S is completely regular if
and only if a€a® Sa®.

Our first result is stated in the following

Theorem 1. An element a of a semigroup S is c.r. if and only if there exists
an idempotent element e in S such that

@ B(a) = B(e)
holds.)

Proof. Let a be a c.r. element of a semigroup S. Then S has an element x
with property (1). Hence it follows easily that B(a)=aSa. Let us introduce the
notation e=ax. Then it is easy to see that e*=e and B(e)=(ax)S(xa)SaSa.
On the other hand, we conclude that B(a)=(axa)S(axa)=e(aSa)eCeSe. Since
B(e)=eSe, we obtain (2).

Conversely, suppose that for an element a of a semigroup § there exists an
idempotent e such that condition (2) holds. This means that

€) © {a}UaS'a = eSe.
Received February 21, 1977.

1) B(a) denotes the principal bi-ideal of S generated by the element a of S. For other
notations and terminology we refer to [1] and [5].
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Hence it follows that a=ese, where s€ S. Thus we obtain the equations
4) ea = a = ae.
Condition (3) implies also that e=a or e=ata, where t€S'. In the latter case

we get ata’=a=a’ta, whence a=a>*(tat)a? that is, the element g is c.r., indeed.
This holds in the case e=a too, whence Theorem 1 is proved.

Corollary 1. Let 4, be the multiplicative semigroup of all nXn complex
matrices. An element A of A, has a group inverse (or Drazin l-inverse) if and only
if there is an idempotent matrix E in M, such that AM, A=EM E holds.

A matrix X is a group inverse of A if AXA=A4, XAX=X, and AX=XA4
(cf. ERDELYI [4]). This notion is a particular case of the Drazin pseudo-inverse
(cf. DraZIN [3]).

Corollary 1 follows at once from Theorem 1 because .#,, is a regular semigroup.

Corollary 2. A4 semigroup S is c.r.if and only if for every element a of S there
exists an idempotent e, in S such that B(a)=B(e,).

It may be remarked that Theorem 1 and Corollary 2 remain true with quasi-
ideal instead of bi-ideal.

Theorem 2. An element a of a semigroup S is c.r. if and only if there exists
an idempotent element e in S such that '

(5) Q(a) = Q(e)
holds. -

Proof. Let a be a c.r. element of a semigroup S, i.e., there is an element x
in S with property (1). Using the notation e=ax we have L(g)=Se and R(a)=
=eS. Thus it follows that Q(a)=aSN Sa=L{@)\R(a)=eSN Se=Q(e).

Conversely, if to an element a of a semigroup S there is an idempotent e ad-
mitting Athe property (5), then
(6) aS' S*a = SN Se.

Hence a=es=te, where s,t€S. Hence (4) follows. On the other hand, (6) implies.
e€aS'(\S'a, thatis, e=a or e=au=va with u, v€ S. From the latter equations
we get that au=a=va? ie., a€a®Sa?. Therefore a is c.r. by the Lemma. Thus
Theorem 2 is completely proved.

Corollary 1. A semigroup S is c.r. if and only if for each element a of S there
exists an idempotent e, in S such that Q(a)=0Q(e,).

Corollary 2. An element a of a semigroup S is c.r. if and only if the #-class
of a is a group.
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This follows from Theorem 2 and from a result by PONDELICEK [12].
Some further characterizations of c.r. elements and c.r. semigroups can be

given, but the proofs are similar to the above proofs of Theorem 1 and Theorem 2,
and we omit them.

Theorem 3. For an element a of a semigroup S the following conditions are
equivalent:

(A) a is completely regular.

(B) decE(S) such that B(a)=B(e).

(C) FecE(S) such that Q(a)=Q(e).

(D) de€E(S) such that B(a)=R(e)L(e).

(E) 3JecE(S) such that Q(a)=R(e)L(e).

(F) decE(S) such that B(a)=L(e)(NR(e).

(G) decE(S) such that Q(a)=eSN Se.

(H) 3FecE(S) such that B(a)\Q(a)=eSe.

(I) 3ecE(S) such that B(a)NQ(a)=R(e)L(e).

(J) ecE(S) such that L{a)(\R(a)=R(e)L(e).

(K) The principal bi-ideal B(a) is a monoid.

(L) The principal quasi-ideal Q(a) is a monoid.

(M) The principal (m, n)-ideal generated by a is a monoid (m,n=0).

(N) 3e€E(S) such that {a)um ny={€}mn» WwWhere m,n>0.

For the definition of (m, n)-ideals, see [6]. For earlier characterizations of
" completely regular semigroups as well as of completely regular elements, see [7],

[81, [91, [10}. ) ’
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Derivations and translations on l-semigroups

H. MITSCH

Introduction. Functions of lattices into themselves have been studied in
[41, [7], [9], [10]. With respect to pointwise intersection A and union V and to com-
position of functions o the set (F(L), A, V, o) of all transformations of a lattice
(L, A\, V) forms a “right-lattice ordered semigroup” (tl-semigroup; see [3], [4]).
This means a set S with three binary operations A, V and -, such that (S, -) is
a semigroup, (S, A, V) is a lattice and :

C(xV¥)z = (x2)V(yz), (xAy)z = (x2)A(yz) forall x,y,z€S.

Note that with respect to the order-relation induced by the lattice-operations
multiplication satisfies: x=y=xz=yz for each zcS.

Recently SzAsz [9], [10] started the investigation of special functions on lattices-

(L, A\, V), so-called “derivations”, motivated by the formal rules of derivations in
rings, i.e. transformations ¢ of L which satisfy

e(xVy) =o®)Vo(y) and o(xAy)=[pX)AyIVIxAp(y)] forall x, yeL.
Since in F(L) also the composition of functions is defined, it is natural to con-

sider transformations of the rl-semigroup (F(L), A, V, o) which satisfy also a
formal chain rule:

@(fog) = [p(f)oglhe(g) for all f, g€ F(L).

For rings with a third operation o, so-called composition-rings, such derivations
with chain-rule have been studied — especially for polynomial-rings — in [6], [8].

In the following we suppose S to be a right-lattice ordered semigroup and
investigate transformations ¢ of (S, A, V, ») — so-called C-derivations — which
have the following properties:

L o(xVy) = ¢(x)Vo(y)
IL o(xAy) = [p()AYIVIxA@ ()] for all x,y€S.
IL o(xy) =le@)yIAe(y)

Received July 20, in revised form December 3, 1977.
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Standard examples for S will be the rl-semigroups (F(L), A, V, o) of all trans-
formations of a lattice L, (L[x], A, V, o) of all polynomials on L in the indetermi-
nate x and (P(L), A, V, o) of all polynomial-functions on L (see [3]).

We shall use also the concept of lattice ordered semigroup (I-semigroup), which
is defined as an rl-semigroup (S, A, V, ) satisfying also’ the two left-distributive
laws:

)f(sz) = (xy)V(xz) and x(yAz)=(xy)A(xz) forall x,y, z€S.

Note that now multiplication also satisfies: x=p=zx=zy for each z€S; for the
general theory see [2].

1. Reduction to translations

The main purpose of this section is to show, that every C-derivation ¢ on an
rl-semigroup S is a special meet-translation [9], i.e. ¢(x)=xAa for all x€S, ac S
fixed, if the lattice (S, A, V) has a greatest element or if the semigroup (S, -) has
an identity.

Properties. Let ¢ be a C-derivation on S; then

0) o(xAY)=p(X)Ne(y) for all x,y€S; p(x)=x for all xS ([10)).

1) If S has a least element o, then ¢(0)=0 (by II).

2) If ¢ is a left-zero of (S, -) with least element o, then @(c)=0 (p(c)=¢(co)=

=@ (c)oNgp(0)=0).

3) If S does not have a least element but admits a left-zero, then there is no C-
derivation on S. (¢(c)=¢(cx)= (p(c)x/\qo(x)<(p(x)<x for all x€S by 0):
contradiction.)

4) If S has a right-identity e, then p(x)=p(e) for all xe€S. (p(x)=¢p(xe)=
=p(x)eAp(e)=@(e) for all x€S.)

5) If S admits a right-identity ¢ and a least element o, then (p(e) @(0) implies
¢(x)=0 for all xeS.

6) If (S, -) is O-right-simple with o such that ox=o0 for all x¢ S, then ¢@(a)=o

© for an element aso implies @(x)=o for all x¢S. (Since aS=S, hence for
all x€S there exists'a y€S with ay=x; thus ex)=¢(@)=¢@yAp(y)=
=oyNo(y)=o for all x€8.) :

Examples. 1) If S admits a least element o, then (p(x) o for all x€S is a
C-derivation, the trivial C-derivation.

2) The identity-function ¢(x)=x for all x€ S is a C-derivation, iff xy< y for
all x,y€S.

3) The constant function @(x)=a for all x€S, ac§ fixed, is a C-derivation,
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iff a=o (if 0€ S exists) (a=p(xAx)=@(x)Ax=x for all x).
4) Concerning meet-translations we know by Corollary 3 of [10]:

Lemma 1.1. Let S be an rl-semigroup v;lith greatest element i. Then every C-
derivation ¢ on S has the form @(x)=xAa for all x¢ S and a suitable element ac S.
In order to determine the suitable elements a€.S we prove:

"Lemma 1.2. Let S be an rl-semigroup. The function ¢(x)=xAa for all x¢S
is a C-derivation, iff 1) a is a neutral element of (S, A\, V) and 2) xyAa=ayAy for
all x,y€eS.

Proof. If a€ S satisfies 1), then @(x)=xAa does 1 and II of the definition,
too. If a also satisfies 2), then ¢ (xy)=xyAa=(xyAa)A(ayAy)=(xAa)yA(aAy)=
=p(xX)yA@(y) for all x, y¢S. The converse is clear.

Combining Lemmas 1.1 and 1.2 we get the following

Theorem 1.3. Let S be an rl-semigroup with greatest element. Then the C-deriv-
ations on S are the functions ¢ of the form @(x)=x/A\a with a fixed neutral element
" a of S such that xyhNa=ay\y for each pair x,y of elements of S.

Example. 5) Let S be an rl-semigroup with identity e admitting an invertible
element a#e; then @(x)=xAe is nota C-derivation. (If ¢ is a C-derivation, then
by Lemma 1.2: xyAe=y for all x, y€S; but since aa’=d’a=e for a’€S, this
implies in particular e=a and e=d’; consequently we get a'=aa’=e, thus
a’=a=e: contradiction.)

Theorem 1.4. Let S be an ri-semigroup with greatest element i, such that ix=i
Jor all x€S. Then there is no C-derivation on S except the trivial one (if defined).

Proof. By Theorem 1.3 every C-derivation on S has the form ¢@(x)=xAa
such that xyAa=ayAy for all x,y€S. For x=i we get a=ayAy=y for all
yeS. If S has a least -element o, then a=o0 and ¢ is the trivial C-derivation; if
not, then we have a contradiction.

The existence of /€ S ensured that every C-derivation is a special meet-transla-
tion. The same is true if an identity exists:

Lemma 1.5. Let S be an rl-semigroup with right-identity e. Then every C-deriva-
tion on S has the form @(x)=xAa for all x¢S with a=¢(e). '

Proof. Since x=xV(xAe), hence @(x)=xAg@(e) for all x€S. But ¢@(x)=
=¢(e) by 4) and p(x)=x for all x€S by 0); thus ¢{x)=xA¢(e) and equality
follows. . ' .

Corollary. If e is the identitj) of S and o(x)=xN\a is a C-derivation, then:
1) a=e; 2) a®>=a; 3) xy=y for all y=a=x=e.
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Proof. Since a=¢@(e)=eAa, we have a=e; thus a*=a, ay=y for all y€S.
By Lemma 1.2: xyAa=ayAy=ay for all x,y€S; for x=e we get yAa=ay.
For y=a we obtain a=gq? thus a&®>=a; for y=a we conclude y=ay, so that
ay=y for all y=a. Now if a=x=e, then y=ay=xy=y for all y=a and the
assertion follows.

Remark. If S is an rl-semigroup with right-identity which is the least element
of S, then there is only the trivial C-derivation on S. The same is true in the follow-
ing case:

Lemma 1.6. Let S be a left-simple ri-semigroup with right-identity. Then there
is no C-derivation on S except the trivial one (if defined).

Proof. Again for every C-derivation on S we have: ¢(x)=xAa with xyAa=y
for all x, y€ S. Since Sy=.S for all y¢ S, for each y€ S there is an x¢ § with xy=e;
thus by Corollary 1) of Lemma 1.5 we conclude a=eAa=y for all y¢ S and a=o
Gf 0€ S exists).

Corollary. Let S={e} be an rl-group; then there is no C-derivation on S.

Proof. Since a semigroup S is a group iff S is left- and right-simple (see [1]),
there is at ' most the trivial C-derivation ¢(x)=o0 on S. But an rl-group cannot have
a least element o:o0=e implies o®*=o0 and since the only idempotent in S is e,
we get o=e; thus e=a for all ac S implies a~'=e, so that a—'=e¢ and a=e
for all acS.

Example. 6) Concerning semigroup-left-translations (see [1]) we note the
following: if S is a semigroup with left-identity e and ¢ a mapping of S into itself
such that ¢(xy)=¢(x)y for all x,yc S, then for x=e one gets @(y)=¢(e)y
for all y¢ S and ¢(x)=ax for all xcS.

Lemma 1.7. Let S be an rl-semigroup with right-identity e. Then the mapping
@(xX)=ax for all x€8, acS fixed, is a C-derivation iff 1) ac S is left-distributive
with respect to \/ and 2) ab=alb for all bES.

Proof. If a€ S satisfies 1), then ¢@(xVy)=a(xVy)=axVay=¢x)Ve(y) for
all x, y€S. If it also satisfies 2), then @(xAy)=a(xAy)=aA(xAy)=[px)Ay]V
VixAe(y)] for all x,y€S. Furthermore, since ax=aAx=aq implies axy=ay
for all x, y€S, it follows: @(xy)=axy=(ax)yAay=@(x)yAe(y) for all x, ycS.
Conversely, let ¢(x)=ax be a C-derivation; then by I of the definition: a(xVy)=
=axVay for all x, y€S; by Lemma 1.5 we have ax=¢(x)=xA¢p(e)=xAa, that
is ab=aAb for all beS.

Combining Lemmas 1.5 and 1.7 we get similarly to Theorem 1.3:
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- Theorem 1.8. Let S be an rl-semigroup with right-identity. Then the C-deriva-
tions on S are the functions ¢ of the form ¢ (x)=ax with a fixed element ac S which
is left-distributive with respect to \ such that ab=aAb for all b¢S.

Remark. If S is an rl-semigroup with (right-identity e and) greatest element i,
then ¢(x)=ax such that ai=i is not a C-derivation except @(x)=x (if possible).
In fact: if @(x)=ax=aAx for all x¢ S, then i=ai=¢@()=aAi=a and ¢(x)=x
for all x¢S.

For l-semigroups we have:

Theorem 1.9. Let S be an I-semigroup with identity e, which is the greatest
element of S. Then the C-derivations on S are exactly the left- translatlons @ (x)=ax
such that ab=aAb for all beS.

Proof. On an l-semigroup every function ¢@(x)=ax with ab=aAb for all
be S is a C-derivation by Lemma 1.7. Conversely, if ¢ is any C-derivation on S,
then by Lemmas 1.2 and 1.5: ¢(x)=aAx with xyAa=ay for all x, y¢S. For
x=e we get yAa=ay; but a,y=e implies ay=a and ay=y, thus ay=aly
and ay=aAy for all ycS. Consequently @o(x)=ax for all x¢S§ with ab=aAb
for all beS.

Corollary. Let S be a Boolean I-semigroup with identity e (resp. a uniguely
complemented I-semigronp with e as greatest element); then the C-derivations on S
are exactly the left-translations of S.

Proof. By the Corollary (resp. Remark) in §6 of [4] we have in both cases
e=i and xy=xAy for all x, ycS. :
Returning to general rl-semigroups with identity we show:

Lemma 1.10. Let S be an rl-semigroup with right-identity e (resp. with greatest
element i). Then the set of all C-derivations on S is a commutative, idempotent semi-
group with respect to composition of functions: (po¥)(x)=e@[Y(x)] for all xcS.

| Proof. Let ¢(x)=aAx, y(x)=bAx with a=¢(e), b=y(e) be arbitrary
C-derivations on S (see Theorems 1.3 resp. 1.8). Then (poy)(x)=(aAb)Ax=cAx
for all x¢§ with (goy)(e)=cAe=c, since by Corollary 1) to Lemma 1.5: a=e,
b=e, hence c=aAb=e. Furthermore, since g and b are neutral, c=aAb is neutral,
too. Since xyAa=ayAy and xyAb=byAy for all x, y€S, we get xyAlaAb)=
=(@@Ab)yAy for all x,ycS and we can apply Lemma 1.2. Trivially we have
(po)(x)=(Yop)(x) and (pog)(x)=¢(x) for all xcS.
The results deduced above show, that the class of rl-semigroups whlch admit
non-trivial C-derivations is quite restricted. For concrete examples of rl-semigroups
Wwe can prove even more:
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Theorem 1.11. Let (L, A, V) be an arbitrary lattice. Then on the rl-semigroups
(F(L), A, V, 0) resp. (P(L), A, V, o) there is no C-derivation except the trivial
one (if o€L exists).

Proof. We give the proof for F(L). If a least element does not exist, then there
is no C-derivation by Property 3. If a least element exists, then for the constant
functions f,(x)=a, f,(x)=0 for all x¢L we have f,of,=f, and f,of,=f, for all
acL. If ¢ is a C-derivation on F(L), then o(f)=[o(f)of,JANo(f,)=¢(f,) and
conversely o(f)=¢(f.); thus o(f)=¢(f,) for all acL. Since F(L) has an
identity id (x)=x for all x¢.S, with respect to o, we know by Lemma 1.5 that
o(f)=fAe(id) for all f€ F(L). Moreover, ¢(id)=id by Property 0). Consequently:
[ (id)) (@) =aA[e (id)](a) =1, (@) Al (D] (@)= [o( L)@ =[e(f)](@)=f,(@)=0. There-
fore [p(id)}(@)=0 for all acL. Thus ¢(id)=6, the zero-function on L and
o(f)=fAB=8 for all fe F(L).

The proof of this Theorem depends essentially on the constant functions on
L, which are left-zeroes of the semigroup (F (L), o). We can generalize it to left-
zero 1-semigroups with identity e, that means l-semigroups .S, such that xy=x for
all xse, y€ S (see [1]) — for example the set of all constant functions on a lattice:

Lemma 1.12. Let S be a left-zero l-semigroup with identity e. Then there are
no C-derivations on S except ¢(x)=o0 and @(x)=x for all x€S (if defined).

Proof. By Lemma 1.5, ¢(x)=xA¢@(e) for all x¢ S. If there is no least element
in S, then by Property 3) there is no C-derivation on S. If there is 0€ S, then @(x)=o0
for all x»e in § by Property 2) Thus we have to determine only ¢(e): if
o(e)=e, p(e) is a left-zero of Sand ¢(e)=¢[p(e)]=0 by Lemma 1.10; if ¢(e)=e,
we have for any x=e: o=¢(x)=xAe. If e is not the greatest element, then there
is an x=e and o=xAe=e=¢@(e); if e is the greatest element, then o=xAe=x
for all xse in §,S={0,e} and @(x)=x for all x€8§.

2. Derivations with dual chain-rule

As mentioned above, a large class of rl-semigroups admits only the trivial
C-derivation (if defined). Even the standard examples of mappings resp. polynomial-
functions on lattices belong to this class. Therefore the abstraction of derivation
of functions, which formalizes the rules of differentiating a sum, a product and the
composite of functions, turns out to. be not very useful Also if axiom III of a C-
derivation is replaced by its dual:

. o(p)=0)yVe(y) for all x,yeS

we get nothing new. We can show even more:
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Theorem 2.1. Let S be an rl-semigroup with identity e resp. o=o0x for all
X€S (if 0€ S exists). Then there is no derivation with dual chain-rule except the
trivial one (if defined).

Proof. If S admits no least element and if ¢ is any mapping satisfying I, II"
and III’, then p(x)=¢p(xe)=¢p(x)eVo(e)=p(e) for all x¢S; but @(x)=x for all
x€ S by Property 0) (valid also in this case) and thus ¢(e) is the least element of
S: contradiction. If § admits o with ox=o0 for all x€S, then ¢@(0)=¢(ox)=
=@(0)xVe(x)=e(x) for all x€S; by Axiom I the mapping ¢ is order-preserving,
hence @(o)=¢(x) for all x€S and @(x)=¢(0)=a with some a¢ S, for all x¢ S;
by Axiom II we have a=¢(x)=@(xAx)=¢(x)Ax=x for all x¢S and a=o;
thus @(x)=o0 for all x<8.

Remark. Motivated by the properties of “derivations of formal languages”,
which are in short lattice-endomorphisms of the l-semigroup of all formal languages
on an alphabet X satisfying the dual chain rule IIT’, the Axiom II of a derivation
finally may be replaced by

I". e(xAy)=p(x)A\@(y) for all x,ycS.

Such “derivations™ are studied in [5].
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On Jordan models of C,-contractions

VLADIMIR MULLER

In [7] the following theorem was proved:.

Let T be a contraction of class C, on a separable Hilbert space. Then there exjsts
an (up to constant factors of modulus 1) unique sequence {m;};" of inner scalar func-
tions such that: ,

1) m;, |m;, i.e. m; , divides m;, for each i,

2) T is quasisimilar to S(m)@® S(my)®... (the “Jordan model” of T).

In [1] and [2] it was proved that if T has finite defect indices d;=8¢+=n then,
for i=1, 2, ..., n, m,is equal to the (n—i-1)-th invariant factor of the characteristic
function of T.

At the end of [8] the problem was raised what is the relation of the functions
m; to the characteristic function of T in the general case. We are going to give an
answer ‘to this question.

The main result (Theorem 1) can be also deduced from [9], Corollary 3.4. The
methods of the proof, however, are quite different.

The author wishes to thank to Professor SzG6kefalvi-Nagy for his kind help
during the final preparation of this paper.

We shall use the notations introduced in [2], [4], [6] and [8]. By H* we mean
the Banach algebra of bounded holomorphic functions on the disc [i|<1. If
u,v€ H= then u/Av means the largest common inner divisor of # and ». For
I=n=c we define, as in [8], .#(n) as the set of nXn matrices A=(a;;) over H”
for which

2 |2’ &ay()P = K2 25 (K=0)

hoids for |A]<! and for every square-summable sequence of complex numbers,
i.e. whose values A(%) (JA|]<1) are operators on the complex euchdean n-space
E,, bounded by the constant K.

Received September 26, 1977.

7*



310 - : Vladimir Miiller

For A¢ ./ (n) and a natural number r, r=n, we define ,(A4) as the largest
common inner divisor of all minors of A of order r. The invariant factors &,(4)
of A are then defined by

6.(4) =2,(4) and €&,(A)=D.(4)]D,..(4) for r=2

(we pﬁt 8,(A)=0 if 9,(4)=0). A matrix A€ (n) is called inner (inner from
both sides) if 4 is isometry (unitary) valued almost everywhere on the unit circle.

For A€ # (n) inner we define the operator S(4) on the Hilbert space $(4)=
=H2(E,)Q AH*(E,) by S(Au=Py (). If T is an operator on  and T’ is
an operator on $’ we write T < T if there exists an injective operator X: -9’
such that XT=T7’'X. If X can be chosen such that X$=9" we write T<7".
T and 7" are called quasisimilar (T~7") if T<T’ and T'<T. We write T2 T’
if T and 7’ are unitarily equivalent.

Lemma 1. Let the matrix A€ M (n) (1=n=o) be inner from both sides and
have a scalar multiple W€ H>, W inner. Let Q€ 4/ (n) be such that QA=AQ=&//I,,.
Then 8 (Y for k=1,2,.... Let y,=y|&E(Q). Then for every natural number
r=n there exist matrices A, A€ M(n) witha common scalar multiple h¢ H=, hAy=1.
and a matrix B,€ 4 (n") (0’ +r=n) inner from both sides and having the scalar multiple
Y,+h such that AA=BA, where B=diag[{y,, ..., ¥,, B¢ (n).

Proof. According to Theorem 1 of [8] there exist matrices M, N¢ .#(n) with
the respectlve scalar multiples ¢, and ¢,, such that ¢,-@,AYy=1, MQ=Q'N
where @ is a matrix of the form Q'=diag|[8,(Q),...,4,(Q), 2] with
QeH(n) (W+r=n) and &,(2)|£,(Q)...|6,(2)|2,.

Because M and N also have the scalar multiple ¢ =¢,- ¢, there exist matrices
M*, N°c#(n) such that MM°=M°M=NN°=N°N=¢-[,. Set A =NAM".
Then we have QA =QNAM°=MQAM =@y -1, and @A’ Q' =A"Q’NN°=
=NAM*MQN°®=¢@*}y-I,, hence A" Q' =¢y-1,. A" is necessarily of the form
diag [e¥y, ..., 0¥,, 4,], where A4,€.#(n) and A,ES(?Q) E(()g) A=y, 1.
¢=¢;+¢, and A,=A,A, be the canonical inner-outer factorizations of ¢
and A,, respectively. Set B=diag [y, ..., ¥,, 4,1, d=0¢N, A=diag[e, ..., ¢, 4, M.

rtimes

Then we have BA=diag[pY,,...,0¥,, A,]-M=A"M=NAM*M=pNA=AA.
By [4] (V. 6. 4) 4,, has the scalar multiple ¢, so the matrices 4 and A have the
scalar multiple A=¢2 On the other hand, A4,; has the scalar multiple ¢;-¥,. So
A,; is inner from both sides by [4] (V. 6.2), and B, 4 and A satisfy all the con-
ditions required.

Let

Lemma 2. Let the matrices A, B M (n) (1=n=o) be inner from both
sides and have scalar multiples y and yh, respectively, where YyANh=1 and { is
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inner. Let A and A€ .#(n) be matrices with the scalar multiple h, ie. AA°=
=A°A=AA=A* A=hl, for some A°, A°C M (n). Suppose AA=BA. Then:
1) the operator X:H(A)—~H(B) defined by X=PgypA|H(B) is injective
and satisfies XS(A)=S(B)X;
2) the operator Y: H(B)—~9H(A) defined by Y =Py, A°|H(B) satisfies YS(B)=
=S(A)Y and we have h(S(B)|N)=0, where N=ker Y.

Proof. The proof of (1) is the same as in [1] or [6], and we repeat it only to
be seen how does case 2 differ from case 1.

We have AAH*(E,)=BAHYE,)CBH*(E,) so PgpAPg =PgpA. Hence
XS(A)=Pya APg U |9 (A)= Py AU, | §(4) =Py U, 4|H(A)=
=PypU, Py |9()=SBX (where U,: H¥E)—~H*E, is defined by
U,u=lu). Let uc H(4) and Xu=0, i.e. Auc BH*(E,). As A and B are analytic
functions inner from both sides, the corresponding multiplication operators on
L*(E,) are unitary. Set f=A4"'u. Then BAf:AAf:AuEBH 2(E,); hence
AfeH?*(E,). On the other hand, we have Af=ucH?*(E,). Hence hf=
=A"Afc A°H*(E,)CH*(E,) and yf=A"Af=A°uc A°H*(E,)cC H*(E,) (this is the

place where the proof does not work in case 2 because we get only Yhf=
=B°Bfc H*(E,) then). Since hAy =1, hfc H2(E,) and Y fc H2(E,) imply fc H?(E,)
by the Lemma of [3]. So u=A4fc AH?(E,). Since, on the other hand, u¢ H(A)=
=H?*(E,)© AH?*(E,) we conclude that u#=0. Thus X is an injective operator.

As for 2, note that hAA=A4°AAA°=A°BAA°=hA°B and hence AA°=
=A°B. We prove as above that YS(B)=S(4)Y. Froni this it folows that the
subspace M=ker Y is S(B)-invariant. Let ucN, ie. 4A°uc¢ AH*(E,). Then hu=
=AA*u€ AAH*(E))=BAH*E,)CBH*(E,). We have h(S(B))=uPgyy(hu)c
€ Py BH(E,)=0. Hence h(S(B)|9)=0.

Now we are able to prove our main theorem:

Theorem 1. Let T be an operator of class C, acting on a separable Hilbert
space. Let O be the characteristic function of T and let Q be a contractive analytic
Sunction such that ©@Q=Q0O =yl,, where Y€ H™ is inner and n is the defect index
of T (such an Q exists by [4], V1. 5.1). Let S(m,)® S(mo)®--- be the Jordan model of
T. Then m,=y|E(Q) for every natural number r=n (if n is finite then in this
notation m;=1 for i>n).

Proof. Let r be an integer, r=n. By Lemma 1 there exist matrices 4, 4,
O’¢ # (n) such that 4@ =0’A, A and A have a scalar multiple 2, AAYy=1 and
O’ =diag{y;, ..., ¥,, O], where ¥,=y/&(Q) (i=1,...,r), and O, is inner from
both sides and has the scalar multiple Ay,. :

I. We prove first m, |, .
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By Lemma 2 the operator X=Pg,,4|H(O) is injective and XS(O)=
=S(O)X, ie. S(O)QS(O’). In the same time S(@)~ T~ S(M), where
M=diag[m,, m,, ...], S(M)=8(m)@®S(mx)@®--- and H(M)=H(m)SH(m)S---.
Hence S(M) < S(@). Let Z: H(M)—-H(O’) be an injective operator such that
ZS(M)=S(0)Z. Put @=hy,, M=o(S(M))H(M) and M =¢(S(0))H(O).
We proceed as in [5]. We have ZMcZo(S(M))H(M)=¢(S(0))ZH(M)c
ce(S@))H(O)=MP and M and M’ are obviously subspaces invariant to S(M)
and S(O@"), respectively. Hence S(M)|MM k S(@)|P. But S(O)|M’ is unitarily
equivalent to the operator S(Y,/¥;A@)D... &S, -1/(Y,-1A))=SW/Y,)S ...

e ®SW,—1/Y,)=S(6,(D/E(D)D ... D S(E,(R)/6,-1(R)) (see [6]). In the same
way S(M)|M is unitarily equivalent to the operator

© S(my(my A @) B S(mof(ma @) B - .

From Proposition 2 of [5] it follows that S(M)|Me Cy(r—1); hence m,|¢. Since
m,Nh=1.it is necessarily m,|{,.

1I. Next we prove Y,im,.

By Lemma 2 there. exists an operator Y: $(0@")—9H(0) such that YS(O)=
=8(0)Y and h(S(O')|N)=0, where N=ker Y. Let ¥, be the restriction
of Y to the subspace M=9HW)®...6HW,)®{0} of the Hilbert space
$(0’). Denote M’=diag[y,,....¥,,I,] (' +r=n), SM)=S(O)|M and
N, =NNM. Obviously, ¥, S(M")=S(0)Y, and h(S(M’)|N,)=0. On the other
hand, ¢ (S(M")|N,)=¢(S(M"))|N,=0. As Y Ah=1, the minimal function of
S(M)R, is 1, i.e. M|;={0}. So Y, is an injective operator and S(M") < S(0).
Now we have SW)&...dSW,) £ S(M’) < S(O)~ S(m)®S(my)& ... It follows
as in I (or [6]) that ,|m,. Together with I this gives m,=y,, thus finishing the
proof. ‘

Remark 1. We return now to the case of » finite. Then we can take Y =det O
(in an arbitrary choice of orthonormal bases of the defect spaces of T), Q=0%
(the adjoint matrix of @;). The theorem above gives T~S¥,)&---®S(Y,) with
Y;1l¥; where Y, =det ©,/6,(0%). In the same time by [2] it holds T~ S(&)&--
- @ S(6,) with &|6;,, where &=46,(0r). From the unicity of the Jordan model
of T it follows y,=6,_,,, (i=1,...,n), ie.

det OT = éai(@%)'é;‘n—i+1(OT)s i= la -y 1

We shall prove this relation directly, by using the following well-known fact
(see e.g. [10]): '
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Proposition. Let M be an nXn matrix (n finite) over the complex numbers,
M* its adjoint matrix. Let M, be an r Xr submatrix of M formed by the rows iy, ..., 1,
(I1=ij<...<i,=n) and the columns j,, ..., Jj. (1=j,<...<j.=n). Let M, be the
(n—r)YX(n—r) submatrix of M* obtained by leaving out of M* its iy, ...,i.-th
rows and j,, ..., j.-th columns. Then

det My = (det MY""".det M, - (—1)° where c¢= 3 (ix+Jo)-

k=1
Now let N be an nXn matrix over H=. From the Proposition easily follows
D,_ (NH=(detN)""'Z,(N) (r=1,...,n)and &,_, . ,(NH=9,_, (NH/D,_,(NY)=
=det N.-9,_,(N)/D,(N)=det N/&.(N), r=1, ..., n; whence (1).

Remark 2. Let A=diag[e, ¥, ¢, ¥, ...], B=diag[oy, oy, ...]=@yI_, where
@, Y€H™ are inner, @,y #1, @ A\y=1. Then 4 and B are matrices inner from
both sides with a scalar multiple ¢@. Obviously, A°=diagy, e,¥, @, ...},

B’=diag(l, 1, ...]=1_.. According to Theorem 1 we have S(4)~ é S(py)=S(B).
1

An easy computation shows on the other hand that 4 and B are not quasiequivalent.
This situation cannot happen in the case of finite matrices (see [1]). -

In the same manner the matrix A°=diag[¥, ¢, ¥, ¢, ...] is not quasiequivalent
to the diagonal matrix formed by its invariant factors diag[&,(4%), &,(4%), ...]1=
=B*=1_.
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A remark on Gehér’s theorem

ADAM MYSIOR

By SMmrNoV’s theorem [3] every metrizable space X can be homeomorphically
embedded into a - Hilbert space. In [2] GEHER proved that for every metric on X
this embedding can be chosen to be uniformly continuous. The aim of this note
is to give a short and simple proof of the Gehér’s result.

Theorem. FEvery metric space (X,d) can be embedded into a Hilbert space
by a uniformly continuous homeomorphism.

Proof. By the Bing Metrization Theorem [1] the space X has a o-discrete
base B. Let B={Uy m)s mesxn Where Uy, NUg =0 for every s5,5€S, 55
and n€N (natural numbers). We may assume that every element of # has a diameter
less than 1.

Denote by H the Hilbert space with SXN as the index set.

We show that the function f: X—H (well)-defined by

fx) = {2'"/2(d(x, X-U, n)))}(s, n)ES xN

is the embedding we were to construct.
The function f is uniformly continuous — for every two points x, y€ X we have

OO = 3 e ldle X—Uu)=d0. X =T )l =

, M ES X

§z§meEme%
neEN

On the other hand, for every open set U in X and every point x€ U there is.
a pair (s, 7)€ SXN such that x€ U , cU. Hence, if y€X— U ,, then

1
1£G)—=f DN? = 55 {d (e, X—=Ug,m}?
which proves that f is one-to-one and f~! is continuous.
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Necessary and sufficient conditions for imbedding
of classes of functions

J. NEMETH

Dedicated to Professor Béla Székefalvi-Nagy on his 65th birthday

1 Let ¥(p) (p=>1) denote the family of non-negative functions y(u) on (0, =)

o) Y@
uP

such that ~~— is non-decreasing an is non-increasing, andlet ¥ := | ¥(p).
p>1

Let ¥ (p) (p>l) denote the family of non-negative functions ¢ (x) on (0, =)
Y., (u) 3]
—_ o
and let ¥ U ¥, (p); furthermore let ¥_(p) (O<p<1) denote the family
Y ( )

such that is non-decreasing, while for any p’=p,

is non-increasing,

of non-negatlve functlons Y_(@) on (0, =) such that

X0

is non- mcreasmg, )

while for any p’, 0<p’<p, is non-decreasing, and let v_ U Y_(p).

0<p<1
Let P=P(C) (C=1) denote the family of non-negative and continuous func-
tions g () on (0, =) which are non-decreasing and satisfy ¢(u*)=C-o(u) on [1, ),

while on (0, 1] are defined by g(u)ig(lll), and for 0 by @(0)=0; and let
P:= | P(C).

c=1
Let A(M) denote the family of non-negative monotonic sequences A= {.};

such that A,.=M/Z,, and let’ A:= {J A(M), and for A€ A let 2(u) denote the

M>0

[u]
function ).(u)=2% for uz=1, A@wy=4, (7) for 0<u=1 and A(0)=0.
k=1

For g¢ P let g, and g, denote the functions which are equal to g(¥) on 1=u <<
and O=wu<1 respectively, and equal to 0 elsewhere on [0, ).

For A€ A we define the functions 4, and %, in an analogous way.

For a non-negative, piecewise continuous function ¢ on (0, =) we denote by
o(L[a, b)) (0=a<b=<) the set of measurable functions f on (@, b) for which

Received October 17, 1977.
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b
fo(lf(x)l)dx<oo. In the case [a,b]=[0,1] we simply write 6(L) instead of

a (L]0, 1)).

If ¢ is a non-negative, continuous and strictly monotonic function on (0, o)
and if fep(L[a, b]) then the modulus of continuity of f with respect to ¢ is:
defined by

b—h

w0, )= sup 3([ o(fx+W—f@Ndx) ©<b=b-a)

a

and if fcp(L(0, =)) we also define

0,6; N =3( [ o(fDNdx), 3,5; 1) = 0,06 /) +0,: /),
1/é
where @ denotes the inverse of ¢.
Let f* denote a non-increasing function, equldlstnbuted with |f]|, that is,
such that

mes {x: x¢[a, b}, |f(x)| > y} = mes {z: z€[a, b], f*(2) > y}.

2. Recently many papers deal with imbedding problems. Among others
Ur’anov [10}, [111, [12] gave conditions which assure that a function f€LP (p=1)
should belong to another space L' (v=>p). LEINDLER [2] generalized this result
and gave conditions assuring the transition from L? to L?(In* L)? and from L?
to Y (L) where ¢ €¥; and in [3] the latter results were further generalized. More
precisely he proved:

Theorem A. (LEINDLER [3], Theorem 2) Let ¢, Y<c¥, and let ¢ be a non-
negative, non-decreasing, continuous functlon with’ :

2“; (k) =K Qf:ln)
Then feo(L) and ) ‘
g Q,,(él) (Y opong) [% [% f]] <o

imply fey(L)o(L).

STOROZENKO [9] gave necessary conditions, in terms of the modulus of con-
tinuity @,(9; /™), that a function f€L” should belong to the class L%¢, (L) (g=p),
where ¢¢ P is absolutely continuous on any interval (0, 4), 4=1. She proved:

Theorem B. ([9], Theorem 1) If o€ P and fEL"gi(L), then

m fx 7P i (x; f)ol[ ]d‘c<oo for g=p=1
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and
1
1
3] f x"2wh(x; feor [;] dx <o for g=p=1.
0
Later LEINDLER [5] gave a generalization of (2) and certain converse of Theorem A
which is similar to (1), that is, he proved:

Theorem C. ([5], Theorem 1) If o€ ¥, 1€ A and fe(p(L)}l(L) then

< ‘n 1. *)
,é;n (p[@,(;,f ]<oo.
Answering a problem of Leindler we gave a necessary condition in terms of

the modulus of continuity w,(d; f*) that f should belong to ¥ (L)o,(L) where
YEW, oc P. Namely we proved: '

Theorem D. ([8]) Let ¢,y €¥ and o€ P. Suppose that o belongs to ¥, .
If fey(L)o,(L) then we have

S5 ecsom o) -~

We remark that all of the above mentioned results are valid on the interval [0, 1].

Ur’janov [12], GaimNASAROV [1] and the present author [7] have gave sufficient
conditions for imbedding of classes of functions on the interval (0, =) which are.
similar to the results concerning the interval [0, 1].

In this paper we prove a theorem concerning the interval (0, =) which is
similar to above mentioned results and gives necessary and sufficient conditions
for general imbedding problems.

Theorem. Let @€ T,.'QEP and f€(L(0, =)). '
If YeW is such that YoPeW . then we have

3) FEY(LO, =) o(L(O, =)

if and only if

@ - 3D nqo)[ (,llf)] <o,
If Yye¥ is such that lﬁo(ﬁEY’+ then '

5) FEY(LO, =))e(L(0, =))

if and only if
© C Sem(wesore)fan(Lir)) <=
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If 2€ A then

0 F€o(L(0, =))A(L(0, =)
if and only if ‘
3ol llir)) -

Corollary. Let feL*?(0, ), p=1, o€ P.
If v=p then feL¥(0, «)e(L(0, =)) if and only if

> omn* -2 [—l—;f*] <ee.
n=1 n
If 1=v<p then feL'(0, <)o(L(0, «)) if and only if
S’ o(myn="? gy, (l;f*] <oo,
n=1 n
If 2€A then feLPA(L) if and only if
S on(gir) ==
2w O
3. We require the following lemmas

Lemma 1. ({13] p. 29) If x is a non-negative non-decreasing function on (0, )

then .

©) J (olfD@dx = [ (xof*))dx.
Lemma 2. ([5}, Lemma 2) If y¢¥ and o€ P then

(10) S @edof )@ dx <=

implies

(1n f Wora(z)dx <=

Lemma 3. ([8], Lemma 6) lftl/+e‘P+ and

ocP, f(x)=0, F(x)= fxf(t) dt then

(12) [ a(2)v.(FD)ax=xwn [ o(3) @ cpman.
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Lemma 4. If Y€¥, g€P then
(13) J @yofxdx <= [ ((Fo)olf])(x) dx <.
0 0

The proof of this lemma is by an easy application of (9), using the definition
of f* and the properties of y and .

Lemma 5. If Yy€¥ and fey(L(0, =)) then

1/n
(14 o [on(B 7)) = [ werswax

The proof is similar to that of Lemma 3 of LEINDLER [5].

. Lemma 6. If the non-negative sequence {a,} is quasi-decreasing (a,,;=K-a,
for any n and j=n), and if {4} is a non-negative sequence and y_ € ¥ _ then

as) Sa(Za)=m Z L0 (504 35,
n=1 k=n k=1
This is a trivial generalization of the inequality (4) of LEINDLER [4].

Lemma 7. Let y€¥ and g€ P. Then we have

(16) [ (e of*)(x)dx <o
if and only if .
a7 [ Wory@en() dx <o

Proof. Let yc¥(p), p>1. (16) implies 2(¢of*)(n)<oo and since
Wof*)(m)y we get (nyof*)(m)=0(1), whence

a®) S wormely) =& 3 @eon oo =

Applying the following properties of g, and ¥

(020¥)(u) = K, 0,(uP) = K, 0,(u)
we obtain

=K, § (Voo of ) (),

which by (18) proves the statement (16)=(17).
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To prove (17)=(16) we mention that from the properties of g, it follows

}/;92(1) -0 if r—-0,

(see for example [11] p. 664), therefore we can write

SWererIwsk 3 V@WK 3 (o em s

of*)(n)<n-* Wosrmm=n-*

= K;+ K, gll WofF(n)e.(n1),
which gives the statement.

Lemma 8. If y_€¥_, 0€P and ax=0 then
(19) Zewy-(3 Sa)=& 3 ety

Proof. Let y€_¥_(p), O0<p<1. Using

@ =Ly =B e —y @e it (1, x=0;

and applying the inequality (see [6], (11)) ,
- o oo a, &
k- Zau(Za)= 32w 35)
n=1 k=n n=1 vy k=1
with A,=e(mn~? and Y=y _ we get for an arbitrary integer / that

\ Zotw-(x Za)= Sy (Za)=
(21) = =n n=1 k=n

s o(n) [ ‘ 2 ]_
=K 25l &) =S
‘Since from the properties of ¢ it follows that

320 = Koynt-

k=1
we can write

: e(n)

@2) P A
By
@) () =228 (g = ‘l’ O o gy e i x=0, 121, p<p,

(x)”
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choosing p; such that O<p;<p and /P"Pi<2, we have

1 P
(9 S =K 2o @) =K 3 o)
Collecting (21), (22) and (24) we get (19).

Lemma 9. If y_€¥Y_, 0€P and {a} is a non-negative non-increasing sequence
then

3) Soow (3 Za)=k

"[\48
”[\/_18

(n)lﬁ (@n)-

Proof. Let Yy_€¥_(p), O<p<1, and let / be an arbitrary integer and -
O<p;<p such that [P~Pi<2; then applying (15) with 2,=¢(m)n~P: (20) and
(23) we get '

Zetu-(3 Za) =0 Zo0m v Za) =

<

Ml : !// (n an)

1—pi n51 nP oln) =

P U@ () = My 3 @)om,

If I+ we obtain (25).

Proof of Theorem. y
Implication (4)=(3) follows from Theorem 2 of [7], applying Lemma 4.

To prove (3)=(4) we apply Lemma 3 and Lemma 5 so we get

g Q,EZ) (Y o@pong) [wq,( ! ]]

IIA

oo 1/n
2Ll wen(n [ worredr =

1 1

=k [ o()wen (3 [ wornoa)ar= . [ ofJworwax

0

Hence, using Lemmas 2 and 4, the statement follows.
To prove (6)=(5) we apply that from the properties of Yo and ¢ we have

(26) ¥ () o(u) = Ko (u)
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if u is large enough, furthermore applying Lemma 8 we get

J worI@e(5)dx =Ktk 3 oo popornm =

= Ktk 3 oW od) (5 3 (0orH®) =

= K1+K4"§; oMW o) [% @, (% f*]] :

Using Lemmas 4 and 7, and (26) we get that (6)=(5).

The proof of (5)=(6) runs similarly to that of (6)=(5) using Lemma 9 instead
of Lemma 8.

To prove (8)=(7) we remark, first of all, that from [7] Theorem 1, and from
Lemma 4 of the present paper we get

@7 T [ o f)] <=2 € (L0, ) A(LO, ).
To prove . .

2 A, |
@8) e [ o,(L: 7 ]] <o = fE (L0, =)) (L0, =)

let [e,, 2,.,) denote the interval of values x for which

* -
TSNS
(ao=0). If we apply the properties of A and, furthermore, the property

(29) ' otx) =to(x) (x=0,0<t=1)
of ¢ then we get

%n+1

S (@hyor*) () dx = K3 f W of () dx é’ 2=
= K1+K;;§;-;I;—k{af (<P0f)(x)dx+kf (pof () ds} =

Ax = A 1
= K, +K, 2 A k- k2+K“ 2 k"(p(cb,,[—’;;f*]] =

k=1

+Ksk§;%tp[@¢(%;f*)]-

Hence we get (28), and by (27) and (28), applying Lemma 4 we have (8)=(7).
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To prove (7)=(8) we show that

20) S [o,(L ) = [ @orea(5)ax
and )
G31) ;w’);w[w(%f]] = & [ woron(y)ax

[

,g}nlw[w"’(;]z )]gg'_’;_f [ (@ofHx)dx =

n=t N k=n 1

k+1
=230 3 Lo () =2 Zpeer(fan=
7S_K0f((pof*)(x)il[%) dx

The proof of (31) runs as follows

k+1

"=17(p[(b¢(%;f*)] = S%k:’,kf (ofH(x)dx =

fiA

MM
3|~
”[\/_Ix

oM = 3 (oo k() =

= 2pos e (2] ax

~
So from (30) and (31), and applying Lemmas 2, 4 and 7, we get (7)=(8).
Thus our Theorem is completely proved.
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Uber Schreiersche Gruppenerweiterungen und
ihre Kommutatorgruppen

R. QUINKERT

Gegenstand dieser Arbeit sind Untersuchungen zur Bestimmung der Kommutatorgruppe

' vorgegebener Erweiterungen G von M mit 4 und zur Konstruktion solcher Erweiterungen mit

vorgegebener Gruppe M als Kommutatorgruppe. In diesem Zusammenhang spielen allgemeine

Aussagen iber Erweiterungen von M mit einem direkten Produkt %= X%, beliebiger bzw.

zyklischer Gruppen %, eine Rolle, die den Sitzen II und III der grundlegenden Arbeit [6] von

O. Schreier entsprechen. Wir zeigen, da3 beim Auftreten unendlicher zyklischer Gruppen die in

Satz III von [6] angegebenen Bedingungen nicht ausreichen und geben fir beide Falle kiirzere -
Beweise.

§ 1. Einleitung

Eine Gruppe G heil3t Erweiterung einer Gruppe M mit einer Gruppe ¢, wenn
es Homomorphismen p und I' gibt, so daB} die Sequenz

E-M*Gl.9-E

exakt ist. Ist G mit dem Normalteiler M={o, §,...} und der Faktorgruppe
G/M=%={A, B, ...} vorgegeben, so lassen sich nach Wahl eines Reprasentanten-
systems {r }4co von G nach M die Elemente von G auf genau eine Weise in der
Form r o mit A€%, a¢ M schreiben. Fiir die Multiplikation gilt dann

(1.1 (ra) - (rgP) = rqpl4, Blo?® B
mit dem Parametersystem
[A, Bl = rar g€ M, o*® = rploargc M.

Normieren wir noch das Reprisentantensystem beziiglich der Einselemente gemif}:

Eingegangen am 16. Mai 1977.
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re=¢, so gilt bekanntlich (vgl. etwa [5]) fiir alle A4, B, C€%; a, feM

1y - [A,E]=[E,Bl=¢; 0B =q; B =g
(1.3) ' (aB)?® = (B go(B),

(1.4) @ (BO) [B, C] — [B, C]aqp(ﬂ) qp(C),

(1.5) [4, BC1[B, C] = [AB, C][A, B]*©.

Umgekehrt ergibt zu vorgegebenen Gruppen M und ¢ jedes diesen Gleichungen
geniigende Parametersystem [4, B]: ¥X%— M, a*®: M X%~ M eine Erweiterung
von M mit ¥, nimlich YoM ={(4, )| A€ ¥, a€ M} mit der (1.1) entsprechenden
Multiplikation und p: M—~%oM gemidB «—(E,a) sowie I':%oM—~% gemil
(4, x)—~A. ‘ -

* 'Wir bezeichnen stets mit A(M) bzw. I(M) die Gruppe aller bzw. der inneren
Automorphismen einer beliebigen Gruppe M; fiir den durch B€M bestimmten
inneren Automorphismus o—f~1af schreiben wir S£(B).

i In § 2 geben wir zundchst mit den Formeln (2.1) und (2.2) den Kommutator

zweier Elemente r o, rgf einer Erweiterung G von M mit 4 explizit mit Hilfe
des zugehorigen Parametersystems an. Dann wenden wir uns dem Problem zu,
die Kommutatorgruppe G’ von G zu bestimmen, falls ¢ abelsch ist. Nach Satz 2.1
gilt dann M2G'2M’, und G’ kann iiber M’ (sogar rein multiplikativ) durch
die Elemente [B, 4]7*[4, B] (2.3) und a1a?® (2.4) erzeugt werden. Dabei geniigt
es sogar, 4, B und « je ein multiplikatives Erzeugendensystem von ¢ bzw. M durch-
Jaufen zu lassen, wie wir in Satz 2.2 zeigen. Fiir den Fall, daB3 sowohl M als auch ¢
endliche abelsche Gruppen sind, wird dieses Ergebnis von O. SCHREIER [7, Satz 2]
unter Verwendung der in [6] entwickelten Theorie (vgl. hier § 3, §4) und weiterer
Hilfsmittel bewiesen.

Um zu untersuchen, welche Rolle die Elemente o~ 1a®® bei der Erzeugung
von G’ spielen, definieren wir in Anlehnung an L. KALOUJNINE [4] eine von einer
Automorphismenmenge USA(M) abhingige Untergruppe K(M, ) von M, die
wir in Hilfssatz 2.3 ndher kennzeichnen. Fir U=I(M)U {¢(B)|Bc ¥} gilt M2G'2
DKM, W2M’, und K(M,N) ist genau der von den Elementen a~1a*® iiber M’
erzeugte Bestandteil der Kommutatorgruppe G’ einer Erweiterung G von M mit 4.
Daraus gewinnen wir in Satz 2.4 bzw. Folg. 2.5 hinreichende Bedingungen dafiir,
daB eine vorgegebene Erweiterung G’'=M erfiillt bzw. zu einer Gruppe M Erwei-
terungen G mit G'=M existieren. Diese Problemstellung tritt bei der Untersuchung
von Ringen mit nichtkommutativer Addition auf (vgl. H. J. WEINERT [8], [9]), wor-
auf wir an anderer Stelle ndher eingehen wollen. Als weitere Anwendung dieser
Uberlegungen kennzeichnen wir in Satz 2.6 alle Erweiterungen G einer beliebigen
zyklischen Gruppe M mit einer beliebigen zyklischen Gruppe ¥4, fiir die G'=M gilt.
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Die folgenden beiden Paragraphen geben eine allgemeine Theorie von Gruppen-
erweiterungen G von M mit ¥, wobei ¢ das (diskrete) direkte Produkt beliebiger
bzw. zyklischer Gruppen %, ist. Unsere zusammenfassenden Sétze 3.1 bzw. 4.2 ent-
sprechen im wesentlichen den Sitzen II bzw. III von O. SCHREIER [6]. Allerdings
reichen die dort in Satz III formulierten Bedingungen nicht aus, um die ausgesproche-
nen Behauptungen beim Auftreten unendlicher zyklischer Gruppen ¢, zu gewahr-
leisten. Wir zeigen dies im AnschluB an Satz 4.2 und verweisen auch fiir nihere
Einzelheiten auf den Text. Es sei noch erwidhnt, da nach Hilfssatz 4.1 in jeder
Gruppe mit Hilfe des Kommutators (y, x) die Kommutatoren beliebiger Potenzen
von y und x explizit angegeben werden konnen. Als Anwendung zeigen wir schlieB-
lich in Folg. 4.3, daB jede abelsche Gruppe M Kommutatorgruppe einer geeigneten
Erweiterung G von M ist.

Herrn Prof. Dr. H. J. Weinert darf ich fiir seine Anregungen zu dieser Arbeit
und manchen Hinweis zur Verbesserung und Vereinfachung herzlich danken.

§ 2. Die Kommutatorgruppe einer Gruppenerweiterung

In jeder Erweiterung G von M mit ¢ gilt fiir den Kommutator zweier Elemente
2.1 (rast, rgB) = a7 1(B" V)" 1(r,, rg)a?® B
wie sofort aus '
(ra0) Y(rgP) trqargB = o terg B r vt v rg e rgtarg - B

folgt. Dabei liegt in (2.1) hochstens der Faktor (r4, rg) nicht in M, und wir erhalten
aus (ry, rg)=r 'rz'r zrisr4rs und

FaB = TBA(4,8) = '8 aV(4,B)[4, (4, B)]7'[B, A4, B)]™*

(22) (ra> ) = rea,pyl4s (4, B))"'[B, A(A, B)]"*[4, B].
Genau fir abelsche Gruppen ¢ geht (2.2) fiir alle 4, B€% {iber in
2.3) (rq,rpy =[B, A]7}[4, Bl M.

Andere spezielle Kommutatoren ergeben sich in der Form

.49 (o, rg) = atrgtarg = a"1a®® = (rg, a)~,

23) (ras By =17 B raB = (B*) B =B, r),
2.6) (a, B) = a~1ptap.

‘Satz 2.1. Es sei G eine Erweiterung von M mit einer abelschen Gruppe 4. Dann
besteht die Kommutatorgruppe G’ von G aus allen Produkten von Elementen (2.3),
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(2.4) und (2.6), d. h. es gilt M2G"2M’ und G’ ist die kleinste M’ und alle Kommuta-
toren (2.3) und (2.4) enthaltende Unterhalbgruppe von M. Die gleiche Aussage gilt
mit (2.5) anstelle von (2.4).

Beweis. Es geniigt zu zeigen, daB jeder Kommutator (2.1) ein solches Produkt
ist. Bis auf einen Faktor aus M’ folgt aber aus (2.1) -

(rao, rpB) = o, re)(B L, r)(ra. rs) (M)
(rao, rgf) = (rg, a7 )(r , B)(rs, rp) (M").

Fiir die bereits angekiindigte Verscharfung dieses Satzes, die wir nur mit (2.3) und
(2.4) formulieren, nennen wir eine Teilmenge MM (%) einer beliebigen Gruppe ¥
ein multiplikatives (oder Halbgruppen-) Erzeugendensystem von ¢, wenn jedes Ele-
ment von ¥ Produkt endlich vieler Elemente aus (%) ist.

bzw.

Satz 2.2. Es sei G eine Erweiterung von M mit einer abelschen Gruppe 4 und
M) bzw. M(M) je ein multiplikatives Erzeugendensystem von 4 bzw. M. Dann
besteht die Kommutatorgruppe G’ von G aus allen Produkten folgender Elemente:

.3y (ry, ryy mit X, Y€ M(%),
2.9 (& ry)y mit E€MM), X M(¥D),
(2.6) {a, B mit a, e M.

Beweis. Ein beliebiges Element aus G” sei nach Satz 2.1 Produkt von Elemen-
ten (2.3), (2.4) und (2.6). Wir zeigen als erstes, daB} man alle Faktoren (2.3) durch
Faktoren (2.3)" ersetzen kann. Es gilt fiir beliebige A4, B, C, D¢ ¥:

(Tag> Tcp) = TAB7CHT apTcp =
= [4, Blrg'rz'[C, D]rptrctr rg[d, Bl trcrp[C, D)7t =
= [4, BI[C, DI P rztritrstrc ryryrero((4, BI7)*©P[C, D]t =
= [C, DIP“P[4, Bl(rgtritrptrarpr)(ri*rp rep) (radr g ré \ rarcrap) -
~(rapraro)(rp*r 1 rpre rp)[C, D17N([A, BT =
= [C, DIP“P[4, BKr4, rp)*® D, BI7X(ry, )" -
«[B, DKrg, re)*®[C, D]~1([4, B]~1)?P,

Diese Faktoren aus M kénnen nun modulo M’ beliebig vertauscht werden, und man
erhilt damit . ‘

(Tups Tep) = T as To)Ta> Tp){Tos 1) (P> TD) T Te) ~ X1 4, r)?ED
(P> D) ras rp)? g, 1) TN rp, 1oy -

-[C, DIM[C, DIP“P[4, BI([4, BI"H*” (M)
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Wir kdnnen also annehmen, daB unser Produkt nur noch Faktoren der Form (2.3),
(2.4) und (2.6) enthilt. Weiter sind «*“® und «#“@*® pach (1.4) kongruent modulo
M’; damit gilt fur «a€M; A, B€Y

. .
<a, ,.AB> = ¢~ 1ge4B) = a—latﬁ(A)(alp(A))—la¢(A)¢(B) (M’)

und wir konnen die Faktoren (2.4) zunachst durch Faktoren der Form («, ry) mit
M, XcM(¥Y) ersetzen. Die Reduktionsméglichkeit auf Faktoren (2.4)" folgt
nun aus

(aﬁ)—l(aﬂ)tp(x) = a‘loc‘p(X)ﬁ_lﬂ“’(X) (M.

- Aus Satz 2.1 folgt zunichst unmittelbar, daB fiir eine Erweiterung G von M
mit abelscher Faktorgruppe jedenfalls dann G'=M"’ gilt, wenn alle Automorphis-
men @(B), B¢% in I(M) liegen und das Faktorensystem gemil [A4, B]=[B, A]
symmetrisch gewihlt werden kann. Insbesondere treten also vollstindige Gruppen M
mit MDM’ nie als Kommutatorgruppen auf.

Wir wollen nun allgemeiner untersuchen, welchen Beitrag die Kommutatoren
(2.4) bzw. (2.5) zur Kommutatorgruppe G’ einer Erweiterung G von M mit ¥ lie-
fern. In Anlehnung an [4] definieren wir dazu fiir eine beliebige Gruppe -M und eine
(nichtieere) Automorphismenmenge USA(M) als K(M, A) die Untergruppe von
M, die von allen Elementen der Form

2.7 o le® mit a€ M, pe U
erzeugt wird. Ersichtlich gilt X(M, I{M))=M’, und fiir
(28 U=IMU{e(B)|Bc¥)}, G Erweiterung von M mit abelschem ¥
gilt M2G 2K(M, W)2M’, wobei K(M, W) gerade der von M’ und den Kommuta-
t’oren' (2.4) erzeugte Bestandteil von G’ ist.
Hilfssatz 2.3. a) K{M, W) ist stets Normalteiler von M und der Durchschnitt
aller Untergruppen H von M mit der Eigenschaft
2.9) (xH)? = aH fiir alle ae M, pe A,

M.a. W.. H=K(M,N) ist der kleinste Normalteiler von M, so daf alle o€ U auf
der Faktorgruppe M|H den identischen Automorphismus induzieren.

b) Aus A21(M) folgt K(M,W)=K(M,{W)) fiir die von W erzeugte Unter-
gruppe (W) von A(M).

¢) Fir W21(M) besteht K(M, W) aus allen Produkten mit Faktoren aus M’
und der Form £=1E° mit @ €W und & aus einem beliebigen multiplikativen Erzeugenden-
system IM(M) von M (vgl. (2.4)). ' :

Beweis. a) Die Normalteilereigenschaft folgt mit a, fc M, €U sofort aﬁs
B~ ) B = (af) 1 (2f)? - (B2 B%) 1€ K(M, N).
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Weiter erfilit eine Untergruppe H von M genau dann (2.9), wenn zu beliebigen
a€M, ocU stets ein ye H mit a®?=aycaH existiert. Fir H=K(M, A) ist dies
nach Definition erfiillt. Ist umgekehrt H eine Untergruppe mit (2.9), so folgt " 1a® =
=a lay=y€H, also K(M,WCSH.

b) Fiir @, (P'EQI gllt a—laWP’=a..1a¢(a¢)_1(a¢)¢, und
a~lofe™) = 1% (M) mit B =ale™?,

wobei A2I(M), also K(M,N)2M’, nur bei dem ¢! betreffenden Teil verwen-
det wurde.

c) Wegen K(M,U)2M’ lassen sich zunichst alle Inversen von Elementen
der Form (2.7) gemiB (¢ 'a®) '=a(a~1)* (M) als Produkte mit Faktoren aus M’
und der Form (2.7) gewinnen, und (¢f)~1(@f)*=a~1a®-B~14° (M’) gestattet die
Zuriickfihrung auf Faktoren der Form £~1&°.

Fir die folgenden Aussagen setzen wir U 2I(M) voraus, lassen aber offen,
ob A gemiB (2.8) durch eine Erweiterung G von M mit & vorgegeben ist (ersichtlich
hingt dann U nur von der Automorphismenklassengruppe dieser Erweiterung ab)
oder ob wir umgekehrt zu geeignetem U eine Erweiterung G von M konstruieren
wollen.

Satz 2.4. Es sei M eine Gruppe und Y(M)SUSA (M).

a) Erfiilllt der Index [M: M’']=2, so gilt stets K(M,W)=M".

b) Gilt [M: M’]=>2 und existiert zu jedem Paar p,x€ M\ M’ mit u#x (M")
ein Automorphismus €W mit p°=x (M’), m.a. W., wirkt W transitiv auf
(MIM"Y\M’, dann gilt K(M,W)y=M.

¢) Gilt [M: M']<-<ound existiert ein €W mit p®Zp (M’) fiir alle u¢ M\ M’,
. m.a. W, enthdilt W einen fiir MIM’ fixpunktfreien Automorphismus, dann gilt
KM, q)=M.

Beweis. a) Ersichtlich gilt M’?=M" und MM’ )¥?=M\M" fir alle
PEA(M).

b) Wir setzen K(M,N)=H und wenden den Hilfssatz an. Aus M’'=H folgt
wegen puHz=xH sofort der Widerspruch puH=(uH)*=pu*H=xH. Fir M'cHC
cM wihlen wir ucH, x¢ M\ H; dann gilt pzx (M’) und mit uH=H=xH
erhalten wir den gleichen Widerspruch. Also folgt H=K(M, A)y=M.

c) Aus puzx-(M’) folgt pu-'u®#Zx'x® (M’), da das Gegenteil »xpu~l=
=(xp~Y)? (M) ergeben wiirde, was nach der Voraussetzung iiber ¢ nur fiir »u=—1€ M’,
. also u=x» (M’) moglich ware. Damit bildet aber y—u~1u® Elemente verschiedener
Nebenklassen modulo M’ auf Elemente verschiedener Nebenklassen ab. Aus’
[M: M']<e< folgt die Behauptung.
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Fiir eine gegebene Erweiterung G von M mit abelschem % ergeben b) bzw. c)
dieses Satzes fiir U gemiB (2.8) sofort hinreichende Kriterien fiir G'=M. Wir
formulieren nur folgende Umkehrung:

Folgerung 2.5. Es sei M eine Gruppe mit abelscher Automorphismengruppe.
Geniigen M’ und W=A(M) den bei b) bzw. c) von Satz 2.4 formulierten Voraus-
setzungen, so tritt M als Kommutatorgruppe wenigstens einer Erweiterung G von
M auf.

Beweis. Es geniigt, G als die faktorenfreie .Erweiterung von M mit ? A=
=A(M) und ¢@(4)=A zu wihlen. Aus M2G" 2K(M, W2 M’ und M=K(M, N)
folgt G'=

Als Beispiel fiir spezielle' Anwendungen untersuchen wir noch Erweiterungen G
einer zyklischen Gruppe M=(£)=Z, der Charakteristik m mit einer zyklischen
Gruppe ¥=(X)=1Z, der Charakteristik n. Fiir jede ganze Zahl a sei a=a (n)
und a€{0,1, ...,n—1} fiir n=0. Wie iiblich wihlen wir als Parametersystem

g falls n=0 oder a+b<n=0

a b1
(2.10) [Xe, X% _{v falls a+b=n=0,

b b b
a(P(X ) — a(l’(X) = a-d R

wobei @(X)=s/€A(M) durch die Wahl von k in &¥=¢* festgelegt ist (k=11
fir m=0, (k,m)=1 fiir m=0). Fir n=0 gilt dabei

(2.11) v? =y und "= 2(v), also " =idy.

Satz 2.6. Es sei G Erweiterung einer zyklischen Gruppe M=({)=Z,, mit einer
zyklischen Gruppe 9=(X)=1Z, Fir m=0 bzw. 2|m gilt stets. G'C M, wdhrend
fiir 2{m genau folgende Erweiterungen G mit G'=M existieren:

a) Fir n=0 alle G mit einem ké€{l, ..., m}, welches neben (k, m)—-l auch
(k—1,1=1,m)=1 fir ki=1 (m) erfiillt.

b) Fiir n=0 alle G mit v=e¢ und einem kec{l,...,m}, welches (k, m)=
=tk—1,m)=1 und k"=1 (m) erfiillt.

Bemerkung. Im Falle 2{m erfiillt k=m—1 die Bedingung a) stets und die
Bedingung b) fiir 2|n; dagegen braucht fir 2{n je nach Wahl von m und » kein k
mit b) zu existieren.

Beweis. Da M abelsch und das Faktorensystem symmetrisch ist, wird G’ nach
Satz 2.2 nur von den Faktoren (2.4) erzeugt. Fiir m=0 kommen dafiir héchstens
E-1EXL ynd EEF! in Frage, woraus schon G'c M folgt. Fiir m>0, n=0 handelt
es sich bei (2.4)’ um die Faktoren &7'¢¥ und ¢7'¢, also gilt G'=M genau fir
(k-1,1—1,m)=1, was wegen (k,m)=(l,m)=1 fir 2[m nicht moglich ist. Fiir
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m=0, n#0 tritt in (2.4) nur ¢7'¢ auf, d. h. G'=M gilt genau fir (k—1, m)=1.
Wegen (k,m)=1 entfillt wieder 2|m, und fiir b) haben wir alle Parametersysteme
mit (k, m)=(k—1,m)=1 zubestimmen. Sei v=¢”; aus (2.11) folgt dann ky=y (m),
also (k—1)y=0 (m)und damit v=¢. Der zweite Teil von (2.11) ist mit k"=1 (m)
gleichwertig. :

Insbesondere ist nach Satz 2.6 jede endliche zyklische Gruppe M ungerader
Ordnung Kommutatorgruppe einer geeigneten Erweiterung; wir werden spiter
(vgl. Folg. 4.3) sechen, daB diese Aussage fiir jede abelsche Gruppe M zutrifft.

Fiir Potenzen m=p* und r=p” einer ungeraden Primzahl p sind die Bedin-
gungen k"=1 (m) und (k—1,m)=1 aus Satz 2.6b) unvertriglich, denn aus

k=1 (pY), also k=1 (p)
folgt k=1 (p) und damit (k—1, p¥)=1. Dies zeigt (vgl. auch [7], Satz 6):

Folgerung 2.7. Es sei G Erweiterung einer zyklischen Gruppe M der Ordnung
m=p~ mit einer zyklischen Gruppe % der Ordnung n=p” fiir eine beliebige Prim-
zahl p. Dann gilt G'c M.

§ 3. Gruppenerweiterungen mit einem direkten Produkt

Es sei G eine Erweiterung von M mit % und % das (diskrete) direkte Produkt
%= X%, von Untergruppen %,, 1€ A. Dann enthalt G in natiirlicher Weise Erwei-
terungen G; =I'"Y(¥%9,) von M mit ¢,, und wir werden Parametersysteme von
M—~G~% soweit als moglich auf Parametersysteme der Erweiterungen M —~G, —
-4, (A€A) zurickfiihren. Wir betrachten zunichst den Fall $=¢;X¥;, wobei
wir die Indexmenge A={i,j} gemidB i<j ordnen. Wir schreiben A4,, B,, ...
jeweils fiilr Elemente aus 4; und A=A4;4;=A4;4;,... fir Elemente aus 4. Fiir
beliebig gewihlte Représentanten r, €G,£G6 (rg=¢) definieren wir Reprisentanten
von M—~G-—+% gemil
3.1) Ta="Vaa;=FaTa, P<].
Das zugehdrige Parametersystem
(3.2) [4,B], «*® von M—~G—-9%
enthalt dann die (1.2) bis (1.5) erfiillenden Parametersysteme
(3.3) [A,,B;], 2°®) von M —~G,—~9,.
Weiter gilt wegen (3.1) fiir i<j stets [4;, B;]=¢, wihrend

3.4) [4;, B] = r4}s, rarp, = (rg,Ta) 14,75 = (ras7p), i<]
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gerade der Kommutator der Reprisentanten ist. Aus
TAM, BB, a4, VBB, = ”Z,-IB,-"X.-ls,rA,-"A,"BJ'B,
ergibt sich folgende Zuriickfithrung des Faktorensystems (3.2)
3.5 [A4;A4;, BiB}] = [4;, B]*“;%)[4;, B]l[4;, BI*®?, i<]j
und entsprechend des Automorphismensystems (3.2)
(3.6) ' a?BiB) = qeBIOBY < j
auf (3.3), wobei nur die Bestandteile (3.4) zusatzlich auftreten. Letztere sind Abbil-

dungen der Produktmenge ;X% in M und geniigen (zusammen mit den Bestand-
teilen von (3.3) und natiirlich fiir alle a€ M; 4;, B;, C;€%,) folgenden Beziehungen

I a‘P(Bi) q’(Bj) [Bj9 Bl] = [Bj’ Bi]aq’(Bj) q’(Bi)s l = ],
11 [Ajs B; Ci][Bi9 Ci] =[B;, Ci]¢(Aj) [Aja C [Aj’ Bi]q’(c‘), i<Jj;
III [Aijs Ci][Ajs Bj](p(c") = [Aj3 Bjll4;, Ci](P(Bj)[Bj7 Cl, i<].

Sie ergeben sich unmittelbar aus (1.4) und (3.6) bzw. (1.5) und (3.5) oder auch
" durch direktes Rechnen mit den Kommutatoren (3.4) in G; im Falle |A|=2 werden
sie sich auch fiir die Umkehrung als hinreichend erweisen (vgl. Satz 3.1).
Im allgemeinen Falle definieren wir beziiglich einer willkiirlich gewéhlten Ord-
nung < der Indexmenge A analog wie oben

’ = —r '
3.h PA=Vasdondae = Faslaag - Fazs Al<2A2<..<AL

Wegen rp=¢ braucht dabei das A enthaltende Teilprodukt %;;X¥%;,X ... X%~
von %= X%, (AcA) nicht minimal gewédhlt zu werden, und wir kénnen jeweils
endlich viele A4, B, ...¢¥ als Elemente des gleichen Teilproduktes ansehen. Zur
Vereinfachung schreiben wir im folgenden 1, 2, ...,¢ fiir jeweils geeignet auszu-
wihlende Indizes A1 <12<...<At aus A. Damit erhédlt man fiir das durch (3.1)
festgelegte Parametersystem (3.2) wieder eine Zuriickfithrung auf (3.3) und (3.4):
Fiir o®® gilt unmittelbar

(3.6) q@(B 1By B) — 0(B) 0(B,)...0(B)
Fiir [4, B] erhilt man aus (3'.5) mit 4,=% X...X¥%,_,, 9,=%, zunichst
3.7 [4,B]=[A;...A4,_1A4,,B,... B._,B] =

=[A4;... 41, B, ... Br—l]w(A‘B‘)[Au B]lA4,, B, ... Bt—l]‘p(B’)°
Die bekannte Kommutatorbeziehung (etwa aus [3], III 1.2 durch Induktion)

(38) [At’ BI Bt—l] = [Ata Bt—l] [Ata Br—2]¢(8‘_l)"' [An Bl]qz(B._,) ip(Bt__l),



336 R. Quinkert

liefert dann fiir [4, B] die rekursive Zuriickfithrung

(3.5 [4, Bl = [4, ... 4y, By ... B_jJ]*4P)[4,, B]-
-[4,, Bt—l]‘p(B') (4., Br—2]¢(8"1) oB) . [4,, BI]@’(Bz) - 0(By)

auf (3.3) und die Kommutatoren [4;, B;] von (3.4) fiir alle i, j€ A mit i<j. Ersicht-
lich gelten jetzt I, II und III fiir alle Indexpaare dieser Art; fiir |[4|=3 kommt
dazu noch fiir alle 7,7, ke A

v [Aks Bj][Ak, Ci]q’(B-') [Bj, Cl= [Bjs Ci]‘P(A!‘)[Aka CilA,, Bj]wc‘): i<j=<k

Beide Seiten von IV reduzieren sich ndmlich sofort auf r;:r;jlrc‘i Lr 4.78,c,. Wir
erinnern daran, daB fiir unendliche Indexmengen A stets 1,2, ...,¢ stellvertretend
fiir geordnete endliche Teilsysteme Al<A2<...<A¢ steht und formulieren (vgl. [6],
Satz II): ' :

Satz 3.1. Es sei M eine beliebige Gruppe und 4= X%, (1€ A) ein (diskretes)
direktes Produkt. Dann hat jede Erweiterung G von M mit 4 ein Parametersystem
[4, B), a®® welches sich gemdf (3.5) und (3.6) zuriickfiihren lift auf Parameter-
systeme [A,, B;], a®B2 je einer Erweiterung G, von M mit 9, (A€ A) und Abbildungen
[4;, B)] der Produktmenge %;X%; in M (i,jcA, i<j), welche den Bedingungen
I1—1IV geniigen. Umgekehrt entsteht auf diese Weise stets ein Parametersystem [A, B],
a®® einer Erweiterung G von M mit 4.

Beweis. Wir haben nur noch die Umkehrung zu zeigen. Dazu ordnen wir
jeder Gruppe 9,={E;, 4;, B;, ...} eine gleichméchtige Menge §,={rz , 4, 75, ---}
zu; so daB alle &, (A€A) und M={e, a, B, ...} paarweise disjunkt sind. Wir
erzeugen eine Halbgruppe G von der Vereinigungsmenge aller %, und M mit den
definierenden Relationen (jeweils fiir alle auftretenden Elemente):

(Rop) Fg, = & (Rgp) Fa,8 =Ty,

(R) aBf=7 (Multiplikation in M),

(Ry) ar,, = "A;_aq’u")a (R,) ?'A,_"B,, =T4,8,[41, B;),
(Rq) ra,te, = rptald;, B, i<

Zur Lésung des Wortproblems (vgl. [1], Theorem 9.3) legen wir die direkten Schritte
fiir alle Relationen von links nach rechts fest und zeigen:

a) Kann ein Wort W der zugehorigen freien Halbgruppe durch je einen direkten.
Schritt S; bzw. S, in Worte W, bzw. W, tibergefiihrt werden, so gibt es ein Wort W',
in welches W, und W, durch jeweils endlich viele direkte Schritte iibergefiihrt werden
kdnnen (Beweis s. u.).
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Damit 148t sich jedes Element der Halbgruppe G auf genau eine Weise in der
Form

3.9) FasaTapg - Tan® Al=<A2<..<2t

(Worte der Form r, ...r, —und a eingeschlossen) schreiben. Aufgrund unserer
Relationen und wegen (1.2) ist ¢ Einselement von G und jedes erzeugende Element
invertierbar, also,G Gruppe. Wir lassen nun in der Schreibweise (3.9) wieder das
Auftreten zusitzlicher Faktoren e=ry zu und erhalten mit der oben eingefiihrten
Abkiirzung fiir die auftretenden Indizes gemiB

(3.10) PaPay o T 4,00 ~ (A3 Ay ... Ay, )

eine Bijektion von G auf die Produktmenge (X %,)X M. Unseren Beweis beendet
der Nachweis von

b) Fiir die Multiplikation in G gilt
Fay¥ay o Ta 0o Tp Vg, ... T B =
= 74,8, 2By - T4, 8,141 --. Ay By ... BJa?B1-B) B

mit den bei (3.5) und (3.6) definierten [A, B] und o®®.

(3.11)

Nachweis von a) Wir brauchen nur die Fille zu diskutieren, wo die direkten
Schritte S, und S, nicht in beiden Reihenfolgen angewendet werden kénnen und so
von W iiber W, bzw. W, zum gleichen Wort W’ fiihren. Solche ,kollidierenden*
Fille beziehen sich nach der Form unserer Relationen jeweils auf ein Teilwort w
von W, welches aus 2 oder 3 erzeugenden Elementen besteht. Wir beginnen mit
den schwierigeren Fillen: Fiir
r4,5,[A42, B)lrc, nach (Ry) links

W=7,4,Vg,¥c, =
Aa"B,7C, {TA,ITB;.C;.[BJ-’ CJ.] nach (Ra) rechts

fithren Schritte mit (R,) und (R;) oben und (R;) unten wegen (1.5) zu

ra,8,c,04:B;, Cill4,, BJeCs) = Ya,8,c:.142, B, C1[B;, C,l.

Beim Auftreten von rg, kommen noch Schritte mit (R,) in Frage, wobei (Rg),
(R,) und (R,) wegen (1.2) leicht die erwiinschten Gleichheiten liefern; entsprechende
Uberlegungen sinc} auch im folgenden beim Auftreten von rg, anzustellen. Mit
i<j fur :

s, t4,l4;, B]rc, nach (R,) links
V=Tl = {r 4,75,c[Bi» C]  mach (R;) rechts

fithren Schritte nﬁt (R,), (Ry), (R;) und (R;) oben und (R,) unten wegen II zu
Tp,c; "A,[Bis C o4y [Aj’ Ci][Ajs Bi]¢(ci) = Tp;c; "A,[Ajs B;Cl(B;, CJ.



338 R. Quinkert

Entsprechendes gilt fiir wW=ry g Ic, mit III. Mit i<j<k fir

{rBjrAk[Aks Bjlre, nach (R,) links
W =T, TgTc,= rate,’s,[B;, C] mach (R,) rechts

fithren Schritte mit (R,), (Ry), (Ry) und (R,) oben sowie (R,), (R,), (R,) unten wegen
IV zu
rc,Ts, rAk[Bjs ClP 42 [4,, Cll4y, Bj]¢(c‘) = e, rBjrAk[AIu Bj] (4, Ci]q’w/) [Bj9 Cl

Damit sind alle kollidierenden Falle mit Teilworten der Form w=r, rp_ r, erschopft.
Mit anderen Teilworten der gleichen Lange ergeben sich im wesentlichen nur noch
vier Fille, die wir tabellarisch zusammenfassen:

Teilwort w Typ des Schrittes Gleichheit ergibt sich mit

links rechts Schritten vom Typ wegen
rq,7s, (Ry) (Rs) (R2); (Ry); (Ro) (1.9)
Or 4,7, (Ry) (Ry) (Ry), (Ry); (Ry) I
afr g, Ry (Ry) (Rp); (Ry) (1.3)
afly Ry Ry Assoziativitdt in M

Nur beim Auftreten von rp bzw. ¢ ergeben sich bei diesen und weiteren Teilworten
-aus 3 oder 2 erzeugenden Elementen noch kollidierende Fille mit Schritten vom
Typ (R) oder (Ry,), die jedoch ersichtlich trivial sind.

Nachweis von b) Mit mehrfacher Anwendung von (R,), (R,) und (R;) gilt

Fay---Ta,_ Ta,dlptp,...T5B =
Ty Tay_yTa T By - 15 0B 0BG —
=gy Tay  TB A, By - T [Ars B]0ED 0B qo(B) 0B g — | —
= Fpy e Tay_ TBy - T Va8 [A:> BllAcs B,_1]°BO[A,, B, _,|?B-0eB)
.. [A,, B]9(B - #(B) qo(B)) .. 0(B) B

Der Fall ¢t=1 liefert unmittelbar die in § 1 formulierte ,,Umkehrung* des grund-
legenden Satzes iiber Erweiterungen M —~G—% als Induktionsanfang. Die Giiltig-
keit von (3.11) fiir r—1 liefert mit a=f=¢

rAl e I‘A:_I-I'Bl eea rB‘_l = rAlBl .e rA‘_lBt_l[Al eee Al—l’ Bl ee Bl—l]'

Multiplizieren wir diese Gleichung mit 'rA s, und wenden rechts noch einmal (R,)
an, ergibt dies oben eingesetzt gerade (3. 11) mit dem bei (3.5)" und (3.6)’ deﬁmerten
Parametersystem. Damit ist Satz 3.1 bewiesen.
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§ 4. Gruppenerweiterungen mit einem direkten Produkt zyklischer Gruppen

- In Fortsetzung von § 3 nechmen wir nun an, dal in ¥=X9, (1€ 4) jeder Faktor
eine zyklische Gruppe ¥%,=(X;) der Charakteristik n,¢ N, ist. Sei G eine Erwelte-
rung von M mit 4. Fiir beliebig gewdhlte Reprasentanten ry,=x,€G,5G definieren
wir fiir a€Z

fxﬂ =x3 mit a=a (n), ac{o,1,...,n,—1} fir n 0.
Wir schreiben sogleich 1,2, ...,¢ fir A1<A2<...<Ar und erhalten aus (3.1)’

“1 T4 Txmgte x% = = xDxZz... X%,

' Die zugehorigen Parametersysteme (3.3) sind dann (vgl. (2.10)) gemiB

¢ falls n,=0 oder a+b<n;#0

a b —
42) (X3, X1 _{v,I falls a+b=n; #0,

t b b b
4.3) oPFD = oKV =

durch je einen Automorphismus ¢@(X;)= JJA von M und fiir n;#0 durch Elemente
xXp»=v,€M bestimmt, wobei .

(*) vi*=v, und o3*=F(®,) fir n, =0
gilt. Auch die Kommutatoren (3.4) lassen sich auf jeweils einen, namlich auf
(4.4) [X;, X]=(x;, x) =y€M fir alle i<j -
zuriickfithren, wie sich aus folgender allgemeiner Aussage ergibt:
Hilfssatz 4.1. Es seien x und y Elemente einer beliebigen Gruppe G. Die Formeln
G = (DO, Y = G ), (r x) = (X0
‘lassen sfch mit ¢,7€{l, —1} und 6*=—1 fiir 6 =—1, sonst ¢*=0 gemif
@45 (s 20y = (9, Ry

zusammenfassen Damit kann der Kommutator beliebiger Potenzen von x und y mit
positiven ganzen Zahlen a und b angegeben werden gemdf3

(4.6) e, x% = (5, x0)r =t

Bemerkung. Das Auftreten von Exponenten wie in (4.6) wird gerechtfertigt,
indem man auf der Menge T(G) aller Abblldungen Y, %, ... von G in G Addition
und Multiplikation gemiB

2 (. 2 K {0 X 0% L ')

gitr=gh.gr, ghr=(g'y firalle g€G
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definiert. Damit wird (T(G), +, -) zu einem (linksdistributiven) Fastring mit
o (g°=e) als Nullelement, 1=id; als Einselement und g=¥=(g¥)~1; genau die
Endomorphismen von G sind (auch von rechts) distributiv in T (vgl. [2], [10]). Fiir
beliebige Elemente ., 7,€T(G) gilt dann

(34)(30)- 3

r=1

(Zb tlfs] Xrs

5=1

" und falls alle y, distributiv in T(G) sind, weiter

Beweis. Wir zeigen (4.6) 0.B.d. A. mit t=0=1. Fiir a=b=1 reduziert
sich der Exponent auf die identische Abbildung. Wir iibergehen den Induktions-
schluB nach b mit a=1 und geben nur die zweite Induktion nach g mit beliebigem
b, indem wir von (4.6) ausgehend (unter Verwendung der Dijstributivitdt von J(y))

berechnen: '
(yr+L, xb) = (yay, xb) = (y, x0)FO(y, x¥) =

U (CE s@rser-r)5) TS swrser-r)
=‘<y’ x)":l ==0 <y: x) <y’ x>r=1 =0 ’ .
Da in der Erweiterung G von M mit 4 fiir S(x;)=J(ry,) gerade S(x)|M=«,
gilt, erhalten wir mit den oben eingefiihrten Kommutatoren (4.4) aus (4.5)

b-1
Z S(xy
s=0 —

C%)) [x;, x'1= y}?"f“‘f*, i<j,

wobei wir grundsitzlich verabreden, da Exponenten 1, g, ¢ bei X beide Werte aus
{1, —1} annehmen, falls n;=0 gilt, und sonst nur 1 zugelassen ist. Weiter folgt
aus (4.5) und (4.6)

- - £l .
4.9 X5, XALXS, XM=y 5 T i< o0,
Wir bemerken, daB in solchen Formeln ein Exponent t=—1 wegen y l=y~*
stets als Faktor (—i) des Fastringelementes aufzufassen ist; man beachte
(=)W+0=(=DY+(=r, —W+0)=—x+(-¥). _

Unser Ziel ist ein zu Satz 3.1 analoger Satz4.2, in den auBer den Bestimmungs-
stiicken &/,€A(M) und v;€M (fiir n,=0) von Erweiterungen M—G,—~%,=(X})
nur noch Elemente y;€M entsprechend (4.4) eingehen. Dafiir geeignete Bezichun-
gen zwischen diesen Bestimmungsstiicken erhalten wir aus I—IV durch spezielle
Wahl der dort auftretenden Elemente. Dabei beriicksichtigen wir fiir jedes %, =(X,)
mit n,=0 neben X, zunichst auch X;*; mit den so entstehenden Formeln I** —IV**
werden wir auch beim Beweis der Umkehrung arbeiten. Die Beschrinkung auf
positive Exponenten ergibt jeweils die Formeln I*—IV*, die im wesentlichen den
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in [6], Satz IIT angegebenen Bedingungen entsprechen. Wir stellen daher auch sogleich
Sest, daf T*—III* wiederum 1**—II1** implizieren; dagegen ist IVG* schwdcher als
IV** und fiir den angestrebten Satz 4.2 nicht ausreichend, wie sich aus einem dies-
beziiglichen Gegenbeispiel zu Satz III aus [6] ergeben wird.

Aus I folgt mit B;=X7, B;=X; wegen (4.7)

I ArA] = AL AL IGIT D), i<,
Diese Aussage fiir alle Kombinationen der Exponenten ist mit
I A=A A Iy, i<

gleichwertig, wi¢ sich aus der Anwendung von (4.5) auf die Automorphismengruppe
AM) und £’ =o 15 (y)f =F(y®) ergibt.
Aus II folgt mit A;=X}, B;=X"', C;=X; wegen (4.8)

) vi=v; j'))ji s=0 ', l<], ni¢0.
Wir werden zeigen, daB bei Giiltigkeit von I* auch hier aus

ni=1
" o, 2 T
1T Vi = Vi Ty , 1=<<], m=0

der ﬁoch in II** enthaltene Fall mit 7= —1 folgt. Folgende Umformung

"i [1]
PR 4 X -]

ar) V=R YT = e
von II* zeigt nach Anwendung von & j“l, daB unsere Behauptung aus

(St e (G
4.9) i =yi

fir k=n;—1 folgt. Wir weisen (4.9) induktiv fiir alle k€N, nach, wobei k=0
trivial ist. Fir k+1 lautet (4.9) leicht umgeformt

i1 (BN = (B W) e
4.10 et SRS P S e O
Wegen I* und (4.6), angewendet auf A (M), ist der von dem Element (4.9) bestimmte
innere Automorphismus von M gerade der Kommutator (&, &/*'), woraus
(4.10) folgt.

Analog ergibt sich aus III mit 4;=X}"% B;=X;, C;=X/

* g n;—=r

; o oty X o L,

I+ _ vit=wviyip T, i<, nj#0,

9*



342 . R. Quinkert

was bei Giiltigkeit von I* bereits wieder aus

. . ni n.—r

: 3 i
nr : vii= vy T i<, n; #0
folgt. Den Beweis erspart die Bemerkung, daB II* (vgl. (II*)) und III* und ent-
sprechend die Fille mit t=—1 bzw. 6=—1 durch Vertauschung der Indizes i

und j auseinander hervorgehen, wobei y,-j=yj"i1 zu setzen ist, im Einklang mit
(xi» x;)=(x;, x;)~*. (Man beachte aber, daB fiir i<j stets y;=(x; x)=[X;, X},
im allgemeinen aber y;'=y,;=(x;, x)=[X,, X,] gilt.) Auf diese Weise steht bei [6],
Satz III die Bedingung III* mit i=j fur 1II* und II* mit i<j.

SchlieBlich ergibt IV mit A, =X?, B;=X}, C;=X; wegen (4.7)

) ok * * * * * g% * _o¥
*%x , 0IY AT | oo AT AT o] LT o] A7 AL eoAd Af
V¥ oy 7 Ty ! * Vii

= Yji  Vhi ?
Die auch bei Giiltigkeit von I*—III* schwichere Aussage IV* mit o=1=90=1
diskutieren wir spiter. '

AL A 1
gj ko by l<]<k

Satz 4.2. Es sei M eine beliebige Gruppe und $=X%, (L€ A) ein (diskretes) °
direktes Produkt zyklischer Gruppen 9,=(X,) der Charakteristik n,. Dann hat jede
Erweiterung G von M mit 4 ein Parametersystem, welches nach Satz 3.1 iiber (4.2),
(4.3) und (4.4) durch Automorphismen f,¢ A(M), Elemente v,€M fiir n,0 und
Elemente y; €M (,1,jE A; i<j) festgelegt ist, welche den Bedingungen (), I*—III*
und IV** geniigen. Umgekehrt bestimmt jedes System dieser Art eine Erweiterung G
von M mit 4, wobei G als Halbgruppe von M und Elementen x5 (L€ A) mit ¢=+1
fir n;=0, =1 fiir n,;=0 mit folgenden definierenden Relationen (jeweils fiir alle
auftretenden Elemente) erzeugt wird:

(RY) xix§ =¢ fir o6’ =—1, (Ry) xje = x§,
(RY) of =y (Multiplikation in M),

RY) oxi = x5a™%, (RY) x3* = v, nur fiir n; =0,

RY) xixi = x{xiye ™7, i<, _

Beweis. Es bleibt nur die Umkehrung zu zeigen. Zur Lésung des Wortpro-
blems legen wir wieder die direkten Schritte fiir alle Relationen von links nach rechts
fest. Aus dem sich anschlieBenden Nachweis des bei Satz 3.1 formulierten Krite-
riums a) folgt, daB G eine Gruppe ist und sich jedes Element von G eindeutig in
der Form
a,eZ fir n,=0
a,e{0,1, ...,n;—1} fir n; #0
schreiben 1df3t, wobei wieder 1,2, ...,¢ fiir Al<A2<...<At steht und wir bereits
mehrfaches Auftreten des Einselementes ¢ zugelassen haben. Ersichtlich ist die Unter-
gruppe M Normalteiler von G und G/M=%=X¥,.

X' X2 ... Xsfa it {
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Nachweis von a) Wir diirfen uns auf die ;,kollidierenden* Fille beschrén-
ken, bei denen wenigstens zwei x;, x; mit verschiedenen Indizes i<j beteiligt
sind. Fiir

o .
. Xjoix] nach (R3) links
T 0 N
W= aX;X; =
o
ox? X5 nach (R}) rechts

fiithren Schritte mit (R}) und (R}) oben und zweimal (R}) unten zu

g T wd‘*df'* d;d“ ot 7 A% wd’*d“*
Xi XjYji o = X;Xx;o Yii ,

wobei die Gleichheit wegen I** gilt. Mit n,=0 gilt fiir

2 - .
xiXjyie? XY nach (R}) links
w = XX

X;vi nach (R3) rechts.

Die mehrfache Anwendung von Schritten mit (R}) und (R}) und schlieBlich mit
(RY), (R}) ergibt oben
nij-1
t.szlj 2 4 o L4 ;0 M
xit x}?n =x;vi‘yp T s
was mit x;v; nach II** ibereinstimmt. Entsprechendes gilt fiir w=x%x] mit n;>0
unter Yerwendung von III**. Als nichstes betrachten wir fiir #,=0 mit go'=—1

o3 sag .
X x5y T x, nach (R}) links

w=xGxix; =1 . .
b ¥ nach (Rg) rechts.

Hier erhalten wir oben nach Schritten mit (R%), R}, RY, R} und (R}) wegen

o*+o' =c¢"*

o-’ 0 .91 o'* T, 10 Yt p ot a7 T
x7 x; x5 = X;7ji i I T = xje.
Die analoge Uberlegung fur w=x;] x x{ mit n;=0 und tt"=—-1 bendtigt am

Ende

ot AT AT 47 ot T T
Yii &,

was leicht aus I** folgt. SchlieBlich fiihren’. mit i<j<k fir

o T . B
x;x8yeii e ¥ xi- nach (R}) links .-

w=xix;x] = o v
’ K X X7 X y}‘,’d’ “"" nach (R}) rechts

Schritte mit (R}), (R}), (R}), (R}) oben und mit (R}), (R}), (R}) unten genau auf
die mit x{ x}x¢ multiplizierte Gleichung IV**. Damit sind (abgesehen von dem trivia-
len Fall x}x{¢) alle zu betrachtenden Méglichkeiten erschopft.
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Bemerkung. In dem zu Satz 4.2 analogen (und nur fiir endliche zyklische
Gruppen ¥, bewiesenen) Satz III von [6] treten sechs Bedingungen (a)—(f) auf.
Die ersten drei entsprechen &/, €A(M) und (*). Bedingung (d) entspricht I* mit
i#j (yi;=vy'), also I* in zwei ersichtlich gleichwertigen Versionen. Bedingung
(¢) entspricht III* mit i>j, also wie oben bereits festgestellt IT* und III*. Bedingung
(f) 1auft auf
VAN Yo¥ed v = Yk nared, i<j<k
hinaus, allerdings wird (f) in [6] fiir is#j, j#k, k=i formuliert, enthilt also sechs
Bedingungen statt einer fiir jedes Tripel aus A. Wir werden zeigen:

i) Jede dieser sechs Bedingungen impliziert jeweils die fiinf anderen.

il) Beim Auftreten unendlicher zyklischer Gruppen reichen die Bedingungen (%),
I*—IV* (also die Bedingungen (a)—(f) in [6]) nicht aus, um die Existenz einer Erweite-
rung G von M mit G zu gewdhrleisten, so daf ozx,;?x;tcx”"‘1 (R}) und x;x;=x;%;y;
(R)) gile.

Beweis von i) Multiplizieren wir IV* fiir ein beliebiges Tripel ij, j=k, ki
unter Beachtung von y,-,:y;l usw. von links mit y;’}’k bzw. y & und von rechts mit
7;; bzw. yi, ergibt sich

Vi Vv = PVl v BIW. VEVEVR = kYR Ve
Dies sind gerade die aus IV* bei den Permutationen (ij) bzw. (jk) hervorgehenden
Formeln, was schon alles zeigt.

Beispiel zu ii) Man wihle A4={l,2,3}, 4,=(X;) mit n;=0, als Normal-

teiler M=S,, alle Automorphismen &/, identisch und '
' Yar = (132), yu =(123), 95 =(12).

Dann sind alle Forderungen (), I*, IT*, III* trivialerweise erfiillt, und es gilt IV**
fir s=t=¢=1, also IV* und nach i) auch [6] (f) gemiB

PaePar P21 = (12)(123)(132) = (132)(123)(12) = yp1 731 Y32
Dagegen ist IV** z. B. fiir 6=71=1, p=—1 wegen

(13) = (12)71(123)~1(132) = (132)(123)~1(12)~* = (23)
nicht erfiillt. Wendet man Satz 4.2 bzw. Satz III von [6] trotzdem an, um auf die
angegebene Weise aus den Flementen von M und Elementen x,, x,, x; eine Gruppe

G als Erweiterung von M mit %, X%, X%, zu erzeugen, ergibt sich aus folgendem
Vergleich '

-1 — -1 — —1.,-1 — —1,—1,— — -
X3 1 Xa Xy = X371 X1 XaVa = X1 X3 Vi XeVar = X1 Xo X3 1V i Yar = X Xa X5 1(13),

-1 _ ~1,-1y _ —1,=10=1 _ ~1 -1,-1 _ -1
X3t XoXy = Xa X3 'P3 X1 = Xo Xy X3 ' ¥a V' = X1 XoXg Yo Va1 Ve = X1X2X5 H(23)
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der Widerspruch (13)=(23); die in [6] angegebenen Bedingungen gewahrlelsten also
. nicht die Konstruktion einer Gruppe G mit G2 M.

Folgerung 4.3. Jede abelsche Gruppe M ist Kommutatorgruppe einer geeigneten
Erweiterung G von M.

Beweis. Es sei M(M) ein (multiplikatives) Erzeugendensystem von M. Wir
wihlen eine Indexmenge A so, daB jedes Element £€IM(M) in der Form =y
mit i, j€ A, i<j geschrieben werden kann. Mit den so gewihlten Elementen y;eM
bestimmen wir nach Satz 4.2 eine automorphismenfreie Erweiterung G von M mit
dem direkten Produkt ¥=X¢, (A€ A) unendlicher zyklischer Gruppen, wobei alle
Bedingungen () und I*—III* entfallen und IV** fiir paarweise kommutative Ele-
mente und nur identischen Automorphismen trivial wird. Da die Elemente y;; gemiB
(R}) die Kommutatoren {x;, x;) erzeugender Elemente x;, x; von G sind, folgt

=M (vgl. auch Satz 2.2).
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The Taylor coefficients of certain inﬁliite products

B. RICHMOND and G. SZEKERES

In memory of Paul Turdn

1. Let ¢ be any positive fundamental_ discriminant; that is, squarefree and
=1 (mod 4) or g=4d where d is squarefreec and =2 or 3 (mod 4). Let x(j)=

= [JEJ be the Kronecker symbol. Let us define C,,, m=0,1,2,... by

q

1(1 —pnt =) = F(p),

Sy

(1.0) S Cum =
m=0

[P}

n

j=1
where ( is either 1 or —1. Note that when g=5 and {=1, the infinite product is
A== ...A=-)(1 =15 ... 14 t £
A= —=8...(A=HU =1 ... 1+ 14+..

that is, F(¢t) is Ramanujan’s continued fraction [6; p. 294). If ¢=8 and (=1, F(t)
has a similar continued fraction representation

A= -9 ... (1-50 =1 ... L4 & # I
(A== ...(1=H(1 -1 ... 1+83+ 148+ 1+0+...

This representation is due to BASIL GORDON [5], but there are indications, according
to Gordon, that it might have been known to Ramanujan.

In this paper we shall determine the asymptotic behaviour of the coefficients
C,,, first by the saddle point method using a transformation due to Isex1 [7], and
then more precisely by the circle method of Hardy and Ramanujan as modified by
Rademacher, to obtain a convergent series representation of the C,,. Throughout
the paper we make extensive use of results of Isex1 [8]. The exact formula for C,,
is given by equation (4.14) in Theorem 4.1. The asymptotic formula (3.9) shows the
interesting fact that if the product is turned upside down; that is, if the sign of { is
reversed, the coefficients have the same asymptotic behaviour in the sense that they

Received September 12, 1977. °
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oscillate with the same amplitude and a common period of oscillation. In the classical

V_n_z] and the oscillation

case of Ramanujan the amplitude is (5m)~¥* exp( 4n

5Y5
2

is a pure cosine wave of the form cos [%( —?]]. In the case of Gordon's

continued fraction the oscillating part of the asymptotlc term has the form
os M=
08—
for all k=0 and we shall be able to verify this by means of the exact series. If the
product is turned upside down (¢=8, { =—1) then we shall find similarly that
Cy42=0 for k=0.
We require the following results concerning the Kronecker symbol:

, hence vanishes for m=3 (mod 4). This suggests that C,  ,=0,

(1.1) ’ 1(a—7) = 20j)
(1.2) | g 1() = ~=2"11x(f) =
1.3 2 16y exp (28121 = Var .

These results are found for example in LANDAU {11]. Equation (1.3) is Theorem 215
of [11]. We shall often use without mention that x(j)=O0 if and only if (g, j)=1
and that y(mn)=y(m)x(n).

We also note that

oo

1.4 Z ;21? cos 2nmh = ((1))2——=

where, for any real 2, ((A)):A—[).]—-;— (see [9], formula 573)Y). Hence by (1.2)
and (1.3)

/_ < L
' n_qz =—122 2 2x(1)eXp[2m£]='
n=0 nel jo1 q ‘
1.5) .
qg—1 oo n .
= jg; =Z COS [27[ ;'_]] Q/q
where
(16) 2_ 22 ().

1) Note that when 4 is an integer then ((1))= —1/2 which is not the usual convention.
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From (1.3) and (1.5) we obtain for any integer m

(. 5 1) 3 o eos (2 2 ) = 2wy

Formula (1.5) shows incidentally that Q=0 since > X—’$§2> ~ S’—nl? =0
. n=1 n=2

2. In this section we derive a transformation equation for the generating func-
tion F(t). The transformation is obtained from a formula of Isexi and we largely
follow his notation in [7] and [8]. Let z be a complex number with %#z>0 and
h, k be co-prime positive integers with k>1. Let D and K=kq/D denote the
g.c.d. and L.c.m. of k£ and q respectively. Put k=k,D, g=q,D so that (k;,q;)=1
and K=k,q=kq,. Choose integers y, J satisfying

2.0) vk, —0q, = 1.
Let 'H be any solution of .

2.1 hH = § (mod k).
Set . :

_ . h z] . [ H 21:]
x—exp(anE—hE , X=exp 21”7_15 ,

and for 1=a<g,
22) F,(8: b,D, 0) = [T (1—f0m+t) =020 (1 - giom+ -t~
where

23) b=ha-D [—] = {ha}p, = D[[(hpa])+—12—] , 0= 0, = ¢exXp (—‘-27”'{1 %) .

The notation {x}, will be used to denote the reduced residue of the integer x modulo r,
that is 0={x},<r, x={x}, (mod r).
Finally let

e o= £ () ()

X)
where > signifies that u runs through a complete set of residues modulo K=k,gq,
subject to the condition x=a (mod ¢q). In particular

o (3)(2)

We also note that for 1=a<gq, (a,9)=1, D>1

26) Comalh ) = ﬂ%idq) [(f)] [ Zﬂ)] o, (h, K)
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since under the conditions p is not divisible by D, hence neither ——I‘%- nor thl are
integers, and ((—x))=—((x)) for non-integer x. If D=1, (k,q)=1 then there
is a unique p,=a (mod g) such that p,=0 (mod k) and we obtain, noting that for

integer x, ((x))=-—1/2,
26) | 0q-alh, k) = 0, (b, k) + 22

In the following 3, [’ denote sums and products over a=1,2, ..., [%]

a

Theorem 2.1. Let w*(h, k)=exp {2ni{o*(h, k)} where-

@D a*(h, k) = 3 y(a)a,(h, k).
Then

F(x) = w*(h, k) exp{ gzg [%,g[%h] z‘l—z]}X]]’ F,(x; b, D, g).

Proof. From Theorem 1 of [8] we obtain that ‘
2.8) [T (1 — xam+a)=Cx(@ (| _ yam+a-a)=Lxta) _
m=0

n{x(a)

= w,(h, k) exp{ (Bz Az)}XF,,()E; b, D, 0)

where w,(h, k)= exp {2ri{x(a)o,(h, k)} and
(2.9) A=6a2—6qa+q?, B=6b2—6Db+D? = 6D? [[[';)“ )) 112
by (2.3). It follows at once that

(2.10) | I 0u(h, k) = ™ (h, )
Next we show that ’
@.11) @4 =33 () =30.
a j=1

Using equation (1.1)
?]'x(»a)A = 2" 1(@)6a’=6ga+ g%} = 27 x(a){6(9~a)*~69(g—a)+4’} =

15
2

5 [\4“

x(J){6J —6jg+4¢°} =3 2 Niy40))

by equation (1.2) which proves (2.11):
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Finally we prove

, _ 9D (hq
2.12) aZ'x(a)B-—3 e X[F]

By definition
2 1(@)B = 3 y(a){6b*—6Db+D?*} =

= 60° 3 y(a) H(%)]z“ %} = fg *0) {[(%)]2_ %}

since if D=1, the last two expressions are O by (1.1) and (1.2), and if D>1 then .

e[ ()

when Dfa and yx(a)=0 otherwise. Hence the value of B is unchanged by sub-
stituting g—a for a. It follows by equations (1.4) and (1.7) that

S x@s =30t 3 "_’:x(j)cos(zn%”j)=}3QDZX(E].

2.2 2
=1nnj= q D

Since the product of the left side of eq.uation (2.8) taken over a=1,2, ..., [%] is
F(x), the theorem follows at once from (2.8), (2.10), (2.11), and (2.12).
Lemma 2.1. If D=g and y(h)y={ then .

Il F,(%; b, q, 0) = F(X)F.

Proof. Because D=g, we can take y=0, d=—1 in (2.0), hence ¢=1 and

(2.14) I F, (% b,q,0)= ][ ﬁ[(l,_iqm+b)(1_iqm+q—b)]—(l(a).

a

Now b=ha—q[hq—a], x(®)=yx(ha)={y(a), and 0=b<gq. Hence the exponent in

(2.12) is —{x(a)=—x(b). Since 1=(h, k)=(h, gk,), we have (h,g)=1. Thus as
a runs through a reduced residue system mod ¢, so does ah, hence b. The lemma
now follows from (2.14) and the definition (1.0) of F(t).

Next we derive an alternative expression for the generalized Dedekind sum
a*(h, k) and hence for w*(h, k). Following Iseki we define integers f, g as follows:

f=12, g=1 for (k,6)=1, f=3’ o =4 for (k,6)=2;

(2.15) :
f=4, g=3 for (k,6)=3; f=1, g=12 for (k,6)=6.
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In all cases fg=12 and (f, k)=1. Thus

(2.16) (h, k) =1 (h,gDk) =1,
2.17) (f,gDk)=1.

We define integers ¢ and ¥ to be any solution of
(2.18) fo+gDky =1
and choose the solution H of (2.1) so that
(2.19) hH = 6 (mod gDk).

Set Ky=3 ky(ky—1), Ky=3 ky(ky—1)(2k,— 1),
U, = gDy(aK,+qK,)— ¢p5(2K2+3K(2a—q)+ A),
| Vo=o(*-B),

— 4 s any (2 4 3000) gL 1 (-4
W, =—gp (+2b=2D)+ i et L U TR A G S PAR

where A, B are defined in (2.9). It is shown in [8, p. 947] that
(2.20) G,(h, k)= gTik U,h+V,H)+W, (mod 1).

Now it follows from (2.6), (2.6”) and (2.7) that

o*(h, k) = 2’ x(a)o,(h, k) = % _‘I_Z_]'le(j)aj(h, ky if D>1
(2.21) ¢ =t
1 qu; x(Nojh, k)_—;—%UX(a)kL; if D=1

)

where u,=a+v,g=0 (mod k), 0=v,<k: Writing p,=a-+v,q=r,k, léfa<q and

noting that r,=ak~! (mod g), we can rewrite the expression >’ x(a)]l:—; in the

k) S i = =
form =—= > ry(r), and we obtain for D=(k, g)=1
15(;r=}§q/2
91 1 s -
(.21%) 207 (h, k) = 2 2()o;h =2y 2 (o).
7~ -

r=
1={kr},<q/2

Now substitute for ¢;(h, k) from (2.20) into (2_.21), (2.21’). Making use of (2.11),
(2.12), (1.2) and

5 b =20 2 et lhidy = 20) Z b ®) =0,
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we obtain
g—1 . ’ g—1
_2; x(DU; =—@d Z; Ay (j) = —6¢dQ,
J= =
o -0 2a(3)
jgl' 2V =~ 6¢Q7x 5 )
42‘.1 )W, Yot hi
2 1O _D_'q,é; x()Jj {hi},>
hence

2 ' g—1
20%(h, 1) = =2 h— 0 By (3] -+ L 5 kit
(2.22)
. a

| —x®s 3 ) @mod 1)

. 1={kr},<q/2
where 6p5,=0 if D=1, 1if D=1.
We apply formula (2.22) to the case when D=g, y(h)=C.

Lemma 2.2. Let w*(h, k) be as in Theorem 2.1 and suppose that D=gq,k=gk,,
1(W={. Let h* be any solution of

(2.23) . - BR*=1 (modgk). -
Then

. .0
(2.24) w*(h, &) = u(h, k) exp {iCh-+ )‘2?}

where pu(hk)=+1 or —1. Iﬁ particular if g=1 (mod 4) and k=q, k;=1 then

(2.25) uh, q) = x(h) = (g] (the Legendre symbol) if q is prime
=1 if q is composite.

Proof. We first note that the value of the expression in (2.24) is independent
of the solution A* in (2.23). We have to verify that

(2.26) ) . 0 =0 (mod 49
; g-1 . )
Indeed Q= > 2x()= 3 x(Jj) (mod4) and 2. x())=0, trivially
. =1 . j=1(mod?2) L /1'2?‘1 (mod 2) .
from (1.2) if g is even, and from '(Z'Odz)x(j):x(Z) 5’ 2())=0 if g=1 (mod 4).
j=0{m - j=1

Now if D=gq, ¢;=1 we can take y=0, §=—1 in (2.0), #*=—H in (2.23),
and (2.22) simplifies to

20 ku) = S0 1+ 1) = 0L 40y =

= zqgkl (ﬁ+:h*) (mod 1) by (2.18).
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From here and from w*(h, k,q)=exp {2ni{c* (h, k,q)} equation (2.24) follows
at once.
The sign of u(h, k) in (2.24) depends on whether

o

* - *

2.27) | 26*(h, kyq) 3k (h+ChY)

is an even or an odd integer. We want to show that if g=1 (mod 4) then u(h, g)=

=1(h)=[%) =[§] if ¢ is prime, 1 if ¢ is'composite.
From (2.4) and (2.21)

(2.28)
kl—l q—1 1 1 k—1
20k =5 5 2 20 (- (hG+rah-54) = @ Z in()ihin
r=0 j= j=1
since
k-1 k-1 k-1 g—1
> ik = 1) 3 1) hide = 3 3 x(D(rg+j) =
j=1 ji=1 r=0 j=1
Comparing (2.27) and (2.28) we find that
(2.29) k ; x(NJ{hik = —Q(h+Ch*)+M(h., kyqk
for some integer M (h, k). Clearly
(2.30) ph, k) = (= MR-

in (2.24).
Now suppose that k=g=1 (mod 4). Then by (2.26) 2Q(h+th*=0 (mod 2)
and hence

—1 [C))]
M(h, g) = ‘fz x(ithi}, = 0)2 {hj}, (mod 2).

j=1(mod2)

Equation (2.25) follows from here (2.28) and from
Lemma 2.3. Let q be odd and squarefree, (h,q)=1. Set v=v(h,q)=
@

= ﬁ' {hi},. Then. (—1)’™? is equal to (g] if q is prime, and to 1 if q is

U,9=1
j=1(mod?2)

composite.

Proof. The first half of the lemma is a trivial corollary of Gauss’ lemma,
(see e.g. BACHMANN.[3], p. 266) but we give a direct proof. Each #j, j odd, has a
unique odd residue m; in the interval —g<m;<gq, and m;=m; if and only if i=j
since ih=—jh (mod q), (h,q)=1 implies i+;j=0 (mod q) Wthh is 1mpossxble
since i+j is even and less than 24.
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Let A be the number of negative ones among the m; so that v(h, q)=
=/ (mod 2). Set

P= H{]lj = 19 ceey q—ls (.l’ q) = 1’ ] =1 (mOdZ)}'
Then ’
[T my = (=1y'p = hio9p (mod g)
J

since exactly one of j, g—j is odd hence exactly half of the relatively prime (to q)
reduced residues modulo g are odd. Now if g is prime then AY20@=p12@-D=

E[g] (mod gq), giving (—~1)"®?2=(-1)"= [%] If ¢ is composite and square-

free, g=q,...q,, r=1 then %(p(q) is a multiple of ¢(q;), i=1,...,r, hence
R@=1 (mod gy, i=1, ..., r, B°@=1 (mod q), giving (—1)"®D=1.

In the case of even ¢ no simple interpretation of 1 (k, ¢) has been found. As the
case ¢=38, Q=16 is of special interest, we show:

Lemma 2.4. Let q=38, ky=1, (h,2ky)=1, y(h)={. Then
u(h+2ky, 8ky)) = p(h, 8ky) if ky, isoddand hk, =3 (mod 4),
u(dk,—h, 8k)) = u(h, 8k)) if k, is even.

Proof. Throughout the proof x(j) will denote the Kronecker character
modulo 8 i.e. y(j)=1for j=+1 (mod 8), x(j)=—1 for j=+3 (mod 8), y(;)=0
for j even. Equation (2.29) now has the form

k—1
(2:31) ki Z; x(Dj{hj}e = 8(h+Lh*)+ 64k, M(h, k), k =8k,
1J= ’

hh*=1 (mod 64 k,).
Suppose first that k, is odd and k,h=3 (mod 4). Then x(h+2k,)=yx(h) since
h+(h+2k)=2(h+k,)=0 (mod 8), and

(2.32) (h+2k)* = h*+2k, (mod 16).
as seen from (h+42k)(h*+2k)=hh* +2k,(h+H*)+4=1 (mod 16). Hence
(2.33) 8(h+2ky+L(h+2k)*)—8(h+¢h*) = 16k, (1+¢) (mod 128).

- Furthermore, writing for the moment-j” for {Aj}, it is easily seen that
1ok . ,
T & 1D+ k)b~ (i) =

=

2 2 jx-6 X jx(H+6 > jx(D-2 2 jx())
j=1(mod4) (j=1mod4) j=3(mod4) j=3 (mod4)

0~ j’ < 6ky 6ky < j’ =<k, 0« j/ <2k, 2k, < ' <8k

(2.34) _

10
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where all summations go from j=1 to j=k—1. For instance
{(h+2k)j} =j +2k, if j=1 (mod4) and 0 <j'+2k, <8k,
j—6k, f j=1 (mod4) and j'+2k,> 8k;, etc.
Now > () =—4k,, > 4)j;((j)=4k,, hence the expression in

(2 34) . j=1(mod4) Jj=3(mod
. 18
=16k —8( 3 (- 2 jx())=
j=1(mod4) j=8(mod4)
8ky < j* <8k 0= j/ <2k
=—16k,—16 > jx(j)+64k, > x(i)
Jj=1(mod 4) Jj=1(mod4)
6k, < j'<8k, 6ky < j <8k

and we have to show, by (2.31) and (2‘.33), if we denote by S, the set of residues j
for which 6k,< {hj},<8k,, that

khQ+D+ 2 4)J'J((J')E4 2 x(j) (mod38),

j=1(mod j=1(mod4)
JES) JES,
or
(2.35) 3. 2 + 2 =k2+) (mod8)
j=1(mod8) j=5(mod8§)
JE€Sy JES,

provided that hk,=3 (mod 4).

Now if A=1 (mod 8), k,=3 (mod4) and (A, 2k,)=1, the elements Aj,j=
=1 (mod 8), j€S, are exactly the elements =1 (mod 8) between 6k, and 8k,,
namely 6k,+7, 6k,+15, ..., 8k,—7, hence their total number is 3 (k;—3). Simi-
larly the elements kj, j=5 (mod 8), j¢S, are 6k,+3,6k,+11,...,8k,—3, and
their total number is } (k;+1). Hence the left hand side of (2.33) is 3 (k,—3)+
+3 (ky+1)=k,—2 which is =3k, (mod 8) since k,=3 (mod 4).

If h=3 (mod8), k=1 (mod 8), the elements &j, j=1 (mod 8), j¢S, are
6k,+5, 6k,+13,...,8k,—5, and the elements #j with j=5 (mod 8), jc S, are
6k,+1, ..., 8k, — 1. Hence we get, by counting their respective numbers, 3 (k,—1)+
+% (ky+3)=k, for both sides of (2.35).

A similar count for A=5 (mod 8), k; =3 (mod 4) gives 3 (k;+1)+3 (k;—3)=k,
and for hA=7 (mod 8), k;=1 (mod 4), % (ky+3)+5 (ky—1)=k,+2 for the left
hand side of (2.35), which agrees with the right hand side in each case. Thus the first
half of the Lemma is proved.

Suppose next that k, is even. Then

(2.36) (4k,— h)* = 12k, —h* (mod 16k,)
as seen from (4k,—h)(12k,—h*)=hh*—4k,(3h+h*)=1 (mod 16k,). Hence
8(dk,—h+{(4k,—h)*) = —8(h+(R*) (mod 128k,) if (=1

= —8(h+{h*)+ 64k, (mod 128k,) if {=—1.



The Taylor coefficients of certain infinite products 357

Furthermore, if we denote by R, the subset of odd residues {1,3,...,k—1} for
which {hj}, >4k,

£ 2 1OIRhH@—B) = 8 3 jr()

since {hj}+ {(4k, h)]},‘ is equal to 4k, if (Wil <4k, and to 12k, if 4k <{h]}k<
<8k,=k, and since 4 2 Jx(j)=0.-To prove the second half of Lemma 2.4 we must

therefore show that
> jx(j)=0 (mod16k)) if h==1 (mod?8)
JER, .
= 8k, (mod 16k;) if h =13 (mod?8).

Now O<j<dk,, {hj}=>4k,={h(dk,—))} =12k, —{hj},>4k,, hence both j and
4k,—j are in R, and jx(j)+(4k,—j)x(4ky—j)=4kyx(j). Similarly 4k,<j<8k,
{hj }e =4k, = {h(12k,~ )} = 12k, — {hj J >4k,, and jx(J)+(12k,—j)=x(12k,—j)=
=12k, 7(Jj). Hence ’

2’ JX(J)—2k1 2 (D+6ky 2 2().

Jj<ak. 1 1<)<8 1
JERy, JERy

But {h(k—)h=k—{hi} therefore exactly one of j, k—j isin R, and since x(j)=
=y(k—Jj), we conclude that among the residues j in R, exactly half have x(j)=+1.

Hence 2 x(j)=0 and we are finished with the proof if we can show that
J€Ry
ky—1

2 x(D) —l—x(h) (mod 4),

j=
JGR,.

or, since for 0—<j<2k,, 2k, —j€ R,«<2k,+j€R, (the condition for both is 4k,<
<{h}=6ky),
2k1—1

Z 2() ——(l—x(h)) (mod 2).

JGRh
But x(j)=1 (mod 2) hence the last condition is equivalent to

2k, —1 1

2 5—2-(1—;((h)) (mod 2)

and this again is equivalent to

aky—1
@2.37) 3 1=1-z(h) (mod4)
jéx, '
We formulate the statement in congruence (2.37) as a separate lemma as it has
some interest of its own. ’

10*
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Lemma 2.5. Let k=16k’, O<h<k, (h;k)=1. Consider the set T,=
={jhlj=1,3, ..., 8k’—1} of the first 4k’ odd multiples of h, and denote by N, the
number of those members of T, whose reduced residues modulo k are in the top half
of the interval (0, k), i.e. 8k’<{hj},<16k’. Then

O(mod4) if h==1 (mod38)

" 2(mod4) if h =13 (mod8).
Proof. The Lemma is not a direct corollary of Gauss’ lemma and we give
an independent proof. The number of odd multiples of 4 between (16r—8)k” and

16rk’, r=1,2, ..., %(h—l) is [Lork —h]_ (16r—8)k’—

)

h] and we must show

that 2 2h
Sy grk'_h] _ 0(mod4) if h=:1 (mod8)
] S e (mod4) if h =3 (mod 8).

Set k’=mh+ky, 0<ky<h, then

[Srk’ h]_4 +[8r ]
and we have to show that for O<k,<h, 2k,, H)=1,
—h—] =1— x(h) (mod 4)
The left hand side here is
5 oo () - 25 B e ()

As r runs through the non-zero residues modulo 4, so does rk, and the congruence
reduces to

(2.38) h 2 -D* [(8) h]] = h(x(h)—l) = y(h)—1 (mod 4).

Break up the summation in (2.38) into -

. 2 -
1=1= [ ] ['l__l.]<;. [Sh 1] [3h 1] As[sh 1] [5h -1 1_[7'1 1] [7h -1 si=h—1

8A—h)) .44
T)] =T—1—t,. where the value
of t,is —1,0,1,2,3 respectively, and we get for the left side of (2. 38)

2.39) —2 (—1)’1+2(—1)‘+22(—1)‘+32’(—1)" (mod 4)

Then in the i-th sum, i=1,2,3,4,5, [(
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where ', ..., > are summed for the respective ranges in the five sums above.
1 3 .
But clearly (—1)* only depends on the residue class of # modulo 16 and there-

fore it is sufficient to calculate (2.39) for h=1, 3,5, 7; 9,11, 13,15. The respective
values are 0, 2, 2, 4, 4, 2,2, 4 and in each case they are congruent to 1— x (k) modulo
4. This proves Lemma 2.5, and the proof of Lemma 2.4 is complete.

3. We shall first use a direct saddle point method to obtain the main asymptotic
expression for C,,. From Cauchy’s integral formula

(3.1) C, = f t=m=1F(f) dt

2m

where I' is any circle of positive radius less than 1 centred at the origin. We set
t=exp {—2n(B— i)},
1 1 5
— —2n{B —i)\ ,2nm(f — i) _ =
(3.2) C, —'1f F(e )e?r d@, where f 57 | am
This in fact is the saddle point condition as one can show that the derivative of
. h 110
F(@)t=™"! is zero for t=ex {—27:( —i—]}, =—|/-=+0@m %) and for
® pi-2n(B-ig)p B=5, )t O
h satisfying y(h)={_. We omit verification as it will not be needed explicitly.
We break the range of integration up into Farey intervals of order N=[§~%%]
For the relevant properties of Farey dissections see [6], Chapter III. Thus
(33) C, = f F(e—Zn([i 16))e2nm(ﬁ -i0) 49,

(h, k) 1 Ih

where I, , is the Farey interval about #/k and the summation extends for 0=h<
<k=N. The Farey intervals with k=g, {y(h)=1 give the dominant terms; how-
ever, we require a few lemmas to prove this.

£+cp, z=k(f—ip) it follows that

First of all, from Theorem 2.1, letting 6= A

L ho.
F(e—ZN(ﬂ-—l ;—w)) -

(3.4)
2 :
= w*(h, k) exp {Cank)chlﬁq/D) ﬂ[{i;pz

Lemma 3.1. There exists a constant c¢=0, independent of the Farey interval
1, of order N such that
I’ Fu(%; b, D, @) = Ofexp (cp~%)}

on I, . Furthermore there exists another constant ¢’=>0 such that on I, ,

II" F,(%; b, D, ¢) = 1+ Ofexp (—¢'f~/%)}. -

-2 p-ig)} II' i 5,0, )
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Proof. Itis easily seen that
|Fa(%; b, D, @)l = 2 p(m) |5’

where p(n) is the unrestricted partition function of n. Now

Ij’—ex [_ELJ
TR Bt )

Since k=N=[8"%*], K=qgk and |(p|——— (the length of the Farey interval 1, ,),
we have

2 B

R ——ﬁz+(p2 = 6131/2

for some ¢,>0, hence |X|=exp (—c,f*n). Itis well known that p(n)=exp (c,n'®)
for some ¢,=0. Thus

ngp(”) exp (—c,8/2n) = Ofexp (a1},

This proves the first half of the Lemma.
If k=g=K then
2 ﬂ
kK BZ+ 2
and |%|<exp (—c,f7Y?), from which the second part of the lemma follows, by the
definition (2.1) of F,. In the following ¢ will denote a suitable positive constant, not
necessarily identical with the constant in Lemma 3.1.

- 27tﬂN2 = B 1/2

Lemma 3.2. Let k#q or k=q and y(h)={. Then

h
—2m(B—i g—ie)y _ [ On )
F(e )=0 exp4—-q3ﬂ for @€l ,.

Proof. This follows at once from (3.4) and Lemma 3.1 since x(g/D)=0 if
Ds£q, and if ks£q then the smallest multiple of g that k can be is 2¢. Hence the

1/2)}. If k=g and {y(h)=—1 then the

expressnon in 3.9) is O{exp( Qﬂ
expressnon is O f{exp (cB~ ).

Lemma 3.2 shows that the total contribution in (3.3) of all the Farey arcs
On
4q93B
contribution from those arcs in (3.3) with k= D =q and y(h)=(. From equation
(3.4) and Lemma 3.1 we obtain

except those with k=g _and x(m=C is O[exp ) We now evaluate the
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C,":x(h)z:cexp( 2mm——] w*(h, q) fexp{-z-q?-gl_}_l_-+(2 m—-—= Q)(,B—i(p)}d(p
(3.5)
+0 {exp[ Qﬁ+2nmﬁ cﬁ'llz)}+0{exp£—3gﬁ}.

Here f can be written as

I, q
1 B+ilgN Cn
(3.6) T, :/CN exp (Ey/w+ E,w)dw, E, = 2q3 , E,= 27rm—-—2g

and this can be changed into a contour integral

1 f exp (Ey/w+ E;w) dw
Lo
with an error O {exp (cBN?)}= O {exp (cp~ 1%} (see Avous [2, p. 185]) Now

T f exp (Ey/w+ E;w)dw = 21 Tes {exp (Eyfw+E,w)rdw =
©+)

— 2 VETE. _my/ o
- w/EELQYVEE) = 2] 21 (% Voam—to)

where Il(t)=l,Jl(it) is the modified Bessel function of order 1. Hence by (3.5)

Cn = 2 YQIGqn—T0) 1 (5 VOGam—TD) X = (b, exp(~2nim 2) +

Y
2¢°p
Using the expression (2.24) for w*(h, ¢) and the saddle point condition (3.2) we
obtain- )

+0 {exp( +2nmp— cﬂ'llz)}

Cu =2 YOI =T0)1: (% VO Tam—T0)) x

()2' u(h, q)cos{Zn (m—-(§h+h*) Q]}+O{ex [2‘]”1/?_9_6,”1/4]}
x(h

for some positive constant ¢, where Q= Z’ x()Jj2 h*h= 1 (mod ¢2) and u(h, q)

is given for odd g by equation (2.25), otherwnse by (2.29),. (2.30).
By the well known asymptotic formula

(3.7

L= V_zl?t—et [1+0 (%]] (t >)
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(e.g. [1, formula 9.7.1]) (3.7) reduces to
o 2n 1/ mQ
Co = gy [ ) )

{ ["2'2 u(h, k) cos [21: [m——({h+h*)—)J+0(V:71)}

x(h) C

3.8)

This shows in particular that the asymptotic expression (3.7) gives C,, with a relative
accuracy of exp (—cm'®), except possibly when

2 ;tz(h, q) cos{2n (mg—(Ch—i-h*)“—gz]} =0.

=L

Thus, for Ramanujan’s continued fraction (g=5, {=1, 0=4) we obtain

C,= 4—L I (ﬂ m:_l‘) X {cos [% (m - %]] +0 (exp (—éml“))} =

Vsm—1 \25
(3.9)
= (Sr‘gm exp[;s 1/5——)><{cos[25 (m—%)]+0(m‘1/2)}

When ¢g=5,{=—1, we obtain

C,=——r 2 exp(;"5 l/S—n;)x{cos [45 (m+ 2?;)]]+0(m‘1/"’)}.

(5m)34
In the case of Gordon’s continued fraction (¢g=8, {=1, Q=16) we get
'Cm—ﬁ exp [-} l/%] X{cos (m;_l)n +0(m™V 2)} hence the asymptotic term
isOfor m=3 (mod 4). Similarly if g=8,{ = —1 then the oscillating partis cos S ,

hence O for m=2 (mod 4).

4. Finally we consider the representation of C,, as a convergent series. Starting
from the integral formula (3.1) we again break the range of integration up into
Farey arcs of order N where N is some positive integer. The saddle point condition
is now of no help and we take exp (—2nN~%) for the radius of the circle I'. We
write (3.1) in the form

@n C,= 2 exp( 2nim ) fF( 2m—_2"w)e2""""d(,o w= N"%—ip,

(h,k)=1

where I, , is the Farey interval about A/k and the summation extends over 0=h<
<k=N.
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To evaluate the integral (4.1) we again make use of Iseki’s transformation. Let
us define r, by

II"Fo(%;b,D, 0) = > 1,3
a v=0

where F,(%; b, D, g) is as in (2.1). Then applying Theorem 2.1 to (4.1) with z=kw,

C,= 2 o*hk) exp( 2nim —] f Z’ ry [2mka] X

=1
{nQD? [hq) 2nv| ( Cch_]
X exp {[—2—I€2q—3x F "—W w4 2T[m—? w d(p.

We break the summation over v into two parts: 2’ 2’ + 2 where ¥ is the greatest
integer such that v=0 v>7

4.2)

- (KOD* [ q) _ tbo ( q]
Thus the coefficient of w=! is positive for v=0,1,...,¥, and zero or negative
for v=v. The sum Zv’ “is of course empty if ¥<0, in particular if Ds=gq.
. v=0
Next we split (4.2) in three sums as follows:
(44
" h H
Z’Z’ w*(h, k)exp 2mm f Zr exp 2mv7 cexp(—Ey/w+ Fow)do +
D;éq In, ke

+ ;Z w*(h, k)exp[ 2nim ] f r, exp(va—f—)exp( E\|w+ F,w)do +

V>
D=gq

+§Ni 2 w*(h, k)exp[ 2mm——-) f Z'r exp(2mv%)exp(—Ez/w+Fow)dgo

h

D=q x()=¢ Ty
where
_ 2ny _ 2nmy nCQ _ 2nv | 10
B=tgr B=gr g™ B=—Trtags

(4.5)
{nQ

Fy= 2nm——
2q

and 2” denotes summation over those & for which (k, k)=1, O<h<k.

The estimation of the three parts in (4.4) is based upon the following Lemma
which will be proved at the end of this section.
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Lemma 4.1. Let m, v be integers, H as defined in §2, and ¢=0 arbitrary.
Then
0} .
Zn'exp{ 2nim £+27nvk£+2ma*(h K} = O{k3+ ma} n=+1 or -1,
‘where 2 denotes summation over those h for which y(h)y=n{.
h

Consider now the first summation in (4.4). Since the length of the Farey interval

I, is z% and k=N, we have by (4.1) and (4.5)

( 2nv ) 2nv N-=-2 2nv v
- A

R (Eo/w) = TKw -

= N1 k) = qEN D) = ¢
Thus

[h{exp( EO/w+F0w)d(p O{kN exp( +2nWJ}
and upon interchanging the order of summation of 4 and v and applying Lemma 4.1
we obtain

—"‘—V+2ﬂ:mN'2 —1-{-5 l}

22 exp (...) f —O{N~ > Sirje @ k3 mdf =
Déq 0 B

k=1 v=
1 N —E+e
— 0{82"'"N-2m3N—1 2’ k 3 }
k=1
since the radius of convergence of the infinite series is 1. Thus for the first summa-
tion of (4.4)
. N —l+a :
(46) ) 22/ — O{e2me-2N 3 m3}_
2 557

In a similar manner we obtain for the second summation of (4.4), by the remark
after the definition (4.4) of ¥,

4.7 2’ 2 [ >. —0{e2’""N'”N_?l’+em%}.

lh e V>V
D_

Let us now consider the third (principal) part of (4.4). Define C} by equation
(1.0) with {=1. It follows from Lemma 2.1 that

4.8) r,=ct.
Transforming f as in (3.6), we obtain by the method of Ayoub
I,
4.9 fexp {Ex/w+ Fyw}do = f fexp {Eofw+ Fyw}dw+O{e2mN-2 k-1 N-1},

In,k (0+)
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Upon interchanging the order of summation of 4 and v and employing Lemma 4.1
and (4.9), it follows that the third summation of (4.4) is

Vv v

(4.10) ZN’ > [3 f Zc}Ak(m,v)Lk(m,v)+o{e2m~'=m§N’§”}

v=0 k=
D=

k=1 h I 1 v=0
D=q x(W=¢ ! q
where
hg=1 H h
4.11) 4, (m,v)= 2 exp {Zm' [v—-—m——i—a*(h, kq)]}, hH =—1 (mod kq)
K=1 kq kq
(h,kq)=1
2(h)=¢
and
L,(m,v) = ll f exp {Ey/w+ Fow}dw = 2nVEyF, I, (2 VF,E,)
ICFS)
provided that F,>0, i.e. m>g. Hence for m>—Q—
4q 4q

’

@12 Lmy) = 2 Q-4 (gm—1Q) L @) (hgm—10P").

If we let N—oo, equations (4.4), (4.6), (4.7) and (4.10) yield with Lemma 2.2:
Theorem 4.1. Let C,, be given by equation (1.0) and C} by (1.0) with {=1.
-1
Let Q%= %qz (/)2 and h* be a solution of hh*=1 (mod q%k). Then for m=Q%*/q
i=1

@.13) Co= 3 C L(m, v) AL (m, v)
*/q
where L,(m, v) is given by (4.12),

kq—1 2n o*
4.14) AP (m,v) = 3 u(h, kq)cos * (mh+vh*— v Ch+h%)
' x(’;l);lé ’
with i (h, kq) given by (2.25) and (2.29), (2.30) when (h, kq)=1, u(h, kq)=0 otherwise.

The following are the first thirty values of Q*/q:

q S 8 12 13 17 21 24 28 29 33 37 40 41 44 53

1 |
Q*/q—;-—2-1122343657877

g 56 57 60 61 65 69 73 76 77 85 .8 89 92 93 97
Q*q 10- 14 12 11 16 12 22 19 12 18- 23 26 20 18 34
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To prove Lemma 4.1, we estimate

k—l
(4.15) 2 exp{—2nim £+2mv7+2ma*(h k)}
z(:)— nt

by means of Kloosterman sums. Define the trigonometric sum

(4.16) ' Su,v; 4, 4;)= 3 exp {@ (uh+qh*)}
(2x,<r’;:;
h=a (mod A)

for integers u, v, 4, A, r>0 where A is a positive divisor of r and Ah*=1 (mod r).
It was proven by KLOOSTERMAN [10] that there exists a =0 such that with >0
arbitrary,

4.17) S, v; A, A;r) = O(r'=#+¢(u, r)f).

According to SALIE [12] and DAVENPORT [4], f can be taken as ﬂ_% and we
assume this for convenience.

By making use of the expressmn (2. 22) for *(h, k), the sum in (4.15) can be
written as

,21 A(h, k) exp {g%l’% [—(3¢5Q+gqm)h+5(gqv—3¢Qx(h))h*]} if D=g,

x()=nf

Z’ A(h, k) exp{ 2Dk —(3péQ+gDm)h+ végDh*]} if Dsgq
x(h) nC

where we have taken H=046h*, hh*=1 (mod gDk), by the definition (2.19) of H.
The value of

-1
Ak 8y = exp{ni [ 15 x(j)j{hj}.,—ix(k)ap,l 5 o)}
q j=1 q r——
- 1={hr},<q/2

only depends on the residue class to which 4 and k& belong modulo ¢, provided that
we select the solution y of yk;—d6g,=1 in (2.0) always in the interval -0=y<g,.

Thus the sum (4.15) splits up in at most g2 sums of the form ¢S(u, v; A, A;r)
with A=gq, r=gDk and u=—(gDM+3p6Q). But ug= —(gDgm+3¢Q (vk — D))
by (2.0) and so (ugq, k)=(gDgm—3¢QD, k)<qum+3|quD| (u,r)=0(m), and
(with p=3)

r-f+e(y, r)f = O_(kgﬂm%).

Hence by (4.17) the expression (4.15) itself is O(k***+*m'/®), which is precisely the
statement of Lemma 4.1. The proof of Theorem 4.1 is now complete.
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5. We apply Theorem 4.1 to the case when ¢=8,0=16 and {=1,m=3(mod 4)
or {=—1, m=2 (mod 4). Suppose first that k is odd and that hk=3 (mod 4).
Then y(h+2k)=yx(h), as in the proof of Lemma 2.4, and we find, by the first case
of the Lemma and (2.32) :

(1) wh, 8k cos 5 (mh —%(Ch + 1)+ u(h+2k, 8k) cos% (m(2k+h)—
- % (C(h+2K) +(h+2K)") =

1 1
= u(h, Sk){cos%(mh—-z-(ch+h*))+cos%(mh—3(ch+h*)+

+k(2m—{—1)) =0

since m=3 (mod 4) if (=1 and m=2 (mod 4) if {=—1. Clearly the co-prime
residues 2 modulo 8%k with y(h)={ can be uniquely grouped in pairs A, h+2k
satisfying the condition khA=3 (mod 4) and each pair of corresponding terms in
(4.14) cancels, by (5.1). Therefore AL (m, v)=0 for odd k in (4.14).

Suppose next that k is even. Then y(h)=yx(4k—h) and we find, by the second
case of Lemma 2.4 and (2.36)

1
w(h, 8k) cos%(mh—5(Ch+h*))+u(4k—h, 8k) cosz%(m(4k—h)—
— 2k~ )+ (4k—hy") =

_ om 1 " T 1 "
= u(h, 8k){cosm(mh—7(£’h+h ))+cosE(mh——2—(Ch+h )+

+2k@+{~2m)} =0

since m is odd when {=1, even when {=—1. Thus the terms in the sum (4.14)
cancel in pairs and A®(m, v)=0 also for even k. Thus AP (m, v)=0 for all k,
and we obtain the following corollary of Theorem 4.1:

Theorem 5.1. If ¢=8, {=1 (Gordon’s continued fraction) then C,=0 in
(1.0) for all m=3 (mod 4). If ¢=8,{=—1 then C,=0 for all m=2 (mod 4).

Another interesting case is ¢=12 when the principal asymptotic term of C,
vanishes for m=5 (mod 6) if {=1 and for m=3 (mod 6) if {=—1. It is quite
likely that C,, is zero for these values of m but at present we do not have the appro-
priate modification of Lemma 2.4. It would be interesting to prove these results
independently from the series representation (4.13).
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It is easy to give an interpretation of Theorem 5.1 in terms of partitions. Take
first Gordon’s product

(1= =1 (1= —x1) ...
T (=00 =x%) ... (1-x)(1—x9)...

Since C,=0 for m=3 (mod4), we have F(x)—F(—x)+i(F(ix)—F(—ix))=0
and upon expressing this equation as a sum of four fractions of products and bringing
the fractions to common denominator we obtain for the product

F(x) =3 C.x"

G(x) —_ E(l—}-x"”‘“)(]—x8'"+3)(1—xs"'”)(l—xs'"*’)(l +x16m+2)(1+x16m+14) —

: =2dllxn’

G(x)—G(—x)+i(G(ix)—G(—ix))=0, thatis d,=0 for n=3 (mod4). Or, if we
take the partitions of » into distinct positive integers of the form 8m+1, 16m+2,
8m+7, 16m-+14, 8m+3, 8m+5, and if #=3 (mod 4) then the number of such
partitions in which parts 8m+3 appear an even number of times is the same as
the number of those partitions in which parts 8m+3 appear an odd number of
times. By reinterpreting parts 16m+2 and 16m+ 14 as (8m+1)+(8m+1), 8m+7)+
+(8m+7) respectively, we obtain

Theorem 5.2. Denote by II, the set of those partitions of n into positive odd
parts in which summands =+3 (mod 8) appear at most once and summands
=1 (mod 8) appear with multiplicity at most three. Then if n=3 (mod 4), exactly
half of the partitions belonging to II, contain an even (odd) number of summands
=43 (mod 8).

For instance II,, contains the 14 partitions (1,1,1,3,13), (1,1, 1,5, 11),
(1,1,1,7,9), (1, 1,17, (1,1,3,5,9), (1,5,13), (1,9,9), (1,1,3,7,7), (1, 3, 15),
1,7,11), (3,5, 11), (3,7,9), (5,7, 7, (19). The first seven of these contain an even
number of summands =13 (mod 8), and the last seven an odd number of such
summands. :

By turning Gordon’s product upside down, a similar theorem is obtained for
n=2 (mod 4), with +1 and +3 interchanged. For instance in the ten partitions
(1,17, (5,13), (1,3,5,9), 3,5,5,5), (1,5,5,7), (1,3,3,11), (3,3,3,9), (3,3, 5, 7,
(3, 15), (7, 11) of 18, exactly five contain an even number of summands =+ 1 (mod 8).
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On Mobius bounded operators

3

ALLEN L. SHIELDS

. An operator T (that is, a bounded linear transformation) on a Banach space
X is said to be power bounded if [|T"|=M (n=1, 2, ...). It is said to be M&bius
bounded if ||@(T)|=c (p€.#). Here .4 denotes the Mobius group of analytic
homeomorphisms of the unit disc in the complex plane onto itself. The elements
of ./ have the form

M C e@=az—a)(1-a)" (o] =1, la] <1).

We assume that the spectrum of T is contained in the closed unit disc, so that ¢ (T)
is defined. (It is known that Mobius boundedness is equivalent to a first order growth
condition on the resolvent; see Proposition 3.)

In this note we present a simple example of an operator that is M&bius bounded
but not power bounded (in fact, |T"|=n+1); this answers a question of
B. M. Schreiber. We first present two propositions indicating the relationship between
the two concepts. :

In preparing this note the author benefitted from discussions with C. Foias and
J. G. Stampfii.

Proposition 1. If T is power bounded then it is Mibius bounded.

Proof. Let ¢(z)=>¢(n)2" wilere o is given by (1). One verifies that @(0)=
=—daa, and @¢(m)=a(l—l|al®(@""! (n=0). Hence S|P(n)|=1+2la]<3, and so
lo (D)l <3M.

.Proposition 2. Let T be. Mobius bounded with constant c, then
17" = S-(+1) (1> 0).

Proof. ¢(I)=2¢(m)T". Hence

T

OO = [ o Tredo,

bt (4

Received August 8, 1977.
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and so

@ 6T = o [ No(e T d6 = c.

Thus

nr: (n=0).

[ =

~ (1—laf)]al*-?
For fixed n we let a?=1-2/(n+1). Then |T|=(n+1)c/2w,, where w,=
=[1-2/(n+1)]*"P2, Since (1—1/x)*~! decreases to 1/e we see that w, decreases
to 1/e, which completes the proof.

Inequality (2) shows that the proposition remains true under the weaker hypothe-
sis that f loE®T)|do is bounded (@€.#). Thus one might hope that a better
result could be obtained from the hypothesis that T is M&bius bounded: The follow-
ing example shows that this is not the case.

Theorem 1.. There exists a Banach space X and an operator T such that ll(p(T)|| =
=||Tl=2 (p€ ), and |T"=n+1 (n=0).

Proof. The elements of X are all those functions f(z), analytic in the open
unit disc, for which '€ H*. Geometrically this is equivalent to saying that f maps
the unit disc onto a Riemann surface with a perimeter of finite length (see DUREN
[2], Theorem 3.12, for the case when f is a conformal map onto a plane domain
bounded by a Jordan curve). By an inequality of G. H. Hardy ([2], Corollary to
Theorem 3.15) each such function has an absolutely convergent power series, and
hence is continuous on the closed disc. We norm X by taking the sum of the supremum
norm of f and the H' norm of f’:

1A =1l 1S 11

One verifies that fis a commutatlve Banach algebra with identity under ordinary
multiplication: | fgli=| 11 ligl, I1{=1.

The elements of X may be viewed as operators on X, operating by multiplica-
tion; the operator norm coincides with the norm in X.

For our operator T we take the operator M, of multiplication by z. By the
remark above: |T"|=|z"|=n+1 (n=0). .

Finally, we show that T is M&bius bounded. Let @€.#. Then one verifies
that ¢(T)=M,, the operator of muitiplication by ¢. Hence o (T)|=]¢]. Also,
if ¢ is given by (1), then

|af?
lo'lh = 5 f|1 ,,,Ide—l

(The integrand is the Poisson kernel.) Hence [¢[|=2, which completes the proof.
Incidentally, it can be shown that the Mébius group operates on X by composi-
tion as a group of isometries:

3) Ifool = Ifl (f€X, €. .4).



On Mobius-bounded operators = - 373

This is obvious from the geometric interpretation of the elements of X ‘and it can
be shown analytically by a change of variables in calculating || (fo@)'|);.

Question. If T is a Mébius bounded operator on Hilbert space ¢ do we have

1T =c(n+ 1)
 We can prove this if || T"|) is increasing, and if there is a unit vector f such that

1T =)T")/2 (n=0). We omit the details. C. A. McCarthy proves this under a
stronger hypothesis than Mobius boundedness (see Remark 3 at the end of this
paper).

It is known that the condition of M&bius boundedness is equivalent to first
order growth of the resolvent. We include a proof for completeness.

Proposition 3. Let T be an operator with spectrum in the closed unit disc.
Then T is Mobius bounded if and only if there is a constant d such that

d
@ =D = g (< A <=s).
Proof. Let A=1/a (Ja|<1). One verifies that (4) is equivalent to
d
(%) IQ—aT)™M = =4 (al<1)

If ¢ is given by (1) then 1+aap(z)=(1—|a|>)(1—az)~1. Thus
(6) 11+ azp(T)|l = (1—laH|(1 —aT)~|.
Finally, (4) is equivalent to the boundedness of the right side of (6), while Md&bius
boundedness is equivalent to the boundedness of the left side of (6) (in showing
that T is M&bius bounded it is sufficient to restrict attention to the parameter range
%< la]<1). This completes the proof.

We make a few remarks concerning the special case when 7 is an operator on
Hilbert space.

Remark 1. B. Sz.-NAGY and C. Foias ([9], Remark 3, p. 20) have shown that
if T satisfies (4) merely for 1<|i|<l+¢ for some £>0, but with d=1, then'T
is in some class C, and hence is power bounded.

Remark 2. In [3] (Satz 4.1, p. 164) H.-O. KrEiss showed that if an operator
on a finite-dimensional space satisfies (4), then it is power bounded (the bound
depends on the dimension of the space). A shorter proof was given by K. W. Mor-
TON [7]. (This result was needed in studying the stability of finite-difference app-
roximations to partial differential equations.)

On an infinite-dimensional space even the stronger assumption that the spectrum
of T is a subset of the unit circumference and that (4) holds for all 1|21 does not
imply power boundedness. An example is given, somewhat implicitly, by
C. A. McCARTHY and J. T. SCHWARTZ ([6], p. 199) (they state the growth condition
(4) only for |2|>1).

11*
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Closely .related to this is an example due to A. S. MARcus ([4], p. 544) of an
operator A with real spectrum, that is not similar to a self-adjoint operator, but for
which [[(A—4)"Y=c[Im 2|7 (Im 250). (Such an example can alsp be obtained
from the McCarthy—Schwartz example.) ' '

In the positive direction, if (4) holds for .all [A|s£1, with d= 1 then T is a
unitary operator (see W. F. DONOGHUE [1]; see J. G. STAMPFLI (8], Theorem 2, for
a generahmtnon characterizing normal operators with spectrum contained in a
smooth curve).

Remark 3. C. A. McCArTHY [5] has considered the strong resolvent con-
dition : : .
O - E g

: (=D
He shows that if T is an operator on a Banach space and if T satlsﬁes (7), then
I1T"|=4n"? (n=1,2,...). Also, given &€>0 he produces an example of an operator
on Hilbert space that satisfies (7) with d=1+¢, but is not power bounded (the
powers grow like (loglogn)/%). Finally, he gives a more complicated example of
an operator T whose spectrum is the unit circumference, such that both 7 and 7!
satisfy (7) with d=1+z¢, but neither 7 nor T'~! is power bounded (agam the powers
grow like (log log n)Y 2)

k=12.).
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Unary algebras With regqllar endomorphism monqidlslz

L. A. SKORNJAKOV

The pair (4, f) where 4 is a non-void set and f is a unary operat1on will be
briefly called a unar. For simplicity we often write A4 instead of 4, f ). Let f° be the
identity transformation and f"=ff""! for every n=1. We define a relation ~ on
the unar 4 as follows:

a~b & f™@a) = f"(b) for some m,n=0.

This relation turns out to be an equivalence relation, the classes of which are
called components. A unar consisting of a single component is termed connected.
An element a of a unar is cyclic if f"(@)=a for some n=1. A unar is called a
cycle of length n if ‘it consists of the distinct elements a, f(a), ..., " (a)  with
Sf"(@)=a. The term loop stands for a cycle of length 1. The set -

el @n=012. }

is called the upper cone of the element a. If f(x)=a then the element x is called a
parent of a. A connected unar which is not a cycle but in which every element has
a unique parent is said to be a /ine. A connected unar A4 is called a cycle, a loop or
a line with short tails if A contains a cycle, resp. a loop or a line C such that f(x)€C
for every x€A. We agree on denoting the cardinality of a set 4 by |4]. If XZA4,
set JX) = {f(x)|xe X}

: The mapping ¢ of the unar 4 into the unar B is called a homomorphism if
o( f(x))=f(p(x)) for all x€A. In particular, if 4=B then we obtain the defini-
tion of an endomorphism of A. The set of all endomorphism of 4 forms a monoid
which is denoted by End 4. The set of all automorphisms (i.e. bijective endomorphlsms)
of A forms a group denoted by Aut 4.

If m and n are positive integers or - then the symbol mln means that elther
n=c or m,n< and m divides n. ’
In the present paper the following results are established: .

Received June 21, 1977. ' . e
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Theorem 1. The endomorphism monoid of a unar is regular if and only if
each component of the unar is either a cycle with short tails or a line with short tails
and for any components K, L and M the following conditions are satisfied:

) i 1SN EL SOOI and L=M then |f(K)|=|f(L)I;

@ if IfDI|IfFEI, K=f(K) and Lz=f(L) then |f(K)|=|f(L)|;

@) if /DI and |L\ f(L)|=2 then K=f(K) or K=L.

Theorem 2. The endomorphism monoid of a unar is an inverse semigroup if
and only if every element in the unar has at most two parents, each of its components -
is either a cycle with short tails or a line with short tails and beyond conditions (1)—(3),
the following are also fulfilled for any components K, L and M:

@ if |ADI|IAK| and | fMOI||fE)| then K=L or K=M or L=M;

(5):if K=L and |fI|IAK)| then |f(D)|=1 and |f(K)>1, and if, in
addition, L#f(L) then K=f(K).

Theorem 3. The endomorphism monoid of a unar is a group if and only if each
of its components is either a cycle or a line and for arbitrary components K and L the
relation ILH[K | implies K=L.

In the proof of these theorems we need some lemmas. The first one charac-
terizes inverse semigroups, while the others concern the unar (4, f).

Lemma 1. (cf. [1] Theorem 1.17) The foIIowmg conditions on a semigroup S
are equivalent:

(i) S is regular and any two zdempotents of S commute with each other;

(ii) S is an inverse semigroup (i.e., every element of S has a unique inverse).

Lemma 2. (cf. [2] Theorem 2.4) In a connected unar A the Sfollowing condtttons
are equivalent: ‘
(i) A is either. a cycle or a line;
(i) £ is bijective; ‘
(iii) the endomorphisms of A are the elements of the set {f*: k=0, £1, £2,...}.

Lemma 3. (cf. [2] Lemma 2.8) If C is a cycle of length n in A and acC then
Jfor every endomorphism @ the element ap is contained in a cycle of length p where p
divides n. '

Lemma 4. (cf. [2] Lemma 2.11) If a,b€A belong to the same component K,
@ €End 4 and ap belongs to the component L then b also belongs to L. :
The followmg lemma is easily verified.

Lemma 5. The set f(A) is a subalgebra in A whtch is muanant w:th respect t0
every endomorphism in End A.

Lemma 6. If End 4 is regular then fc Aut f(A). 4 L

[N
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Proof. Since fcEnd A, we have f&f=f for some PcEnd 4. If xcf(4),
i.e., x=f(y) for some y€A then we have

fo(x) =fof(y) =f(y) =x and &f(x) =fP(x)=x,
which completes the proof.

Lemma 7. If K is a component in A then End K can be embedded in End A.
If End A is a regular or an inverse semigroup or a group then End K has the same
property.

Proof. If ¢€End K then put
' ' o(x) if xeK
2@ = {7

otherwise

" for every x in 4. It is easy to see that ¢ embeds End K in End 4. If there exists
(P(p))"'€End 4 then K is invariant with respect to (@(¢))~* and, consequently,
the restriction of (®(¢))~" to K can be chosen as ¢~!. Hence, End K is a -group
provided End 4 is a group. Assume now that the monoid End 4 is regular. Then
()P D(p)=D(p) for some- P¢End 4. If Y(K)SK then the regularity of
End K follows. In the opposite case we have ¥ (a)¢ K for some ac K. Then Lemma 4
implies that
P () ¥P(9)(a) = 45(¢)9’(<p(a)) = ¥(p@)¢ K,

in contrary to the fact that @(p)@)=¢(a)<K. Finally, it ‘femains to note that
the rest follows from Lemma 1 since e?=¢ implies (&(e))2=d(e).

Lemma 8. Let K and L be cycles with short tails or lines with short tails such
that | f(L)||| J(K)|. Let a€K and beL. Then there exists a homomorphism ¢: K—~L
such that @(a)y=>b and @(x)ef(L) for every x#a.

Proof. If f™(@)=f"(a) and m=>n then |f{K)||(m—n) and, moreover, n=1
provided a¢ f(K). Since | f(L)||(m—n), we have f™(b)=f"(b). Thus there exists
a homomorphism ¢: a®—b*. If |f(K)|<o then ¢(f(K))=A(L). If |f(K)|=cs,
ie. f(K) is a line, then ¢ can be naturally continued to a homomorphism
@: (aUf(K))~L such that again ¢(f(K))=f(L). If x€ K\ f(K) then o(f(x)) is
defined and there exists a unique element x'€f(L) such that f(x")=¢( f(x))
Choosmg @(x)=x" we obtain the required homomorphism. .

‘The proof of Theorem 1. Let 4 be a unar and End 4 a regular monoid-
If 4 is connected then, by Lemma 6, we have f€ Aut f(4). Then Lemma 2 implies
f(4) to be a cycle or a line. In view of Lemma 7 the components of 4 have the
required structure. Now suppose the components K, L and M satisfy the assump-
tions of property (1). Owing .to Lemma 8, there exist homomorphisms ¢: K—~L
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and y: L-M. For every x€A put
p(x) if x€K
d(x)=3¢(x) if x€L
X otherwise.

Clearly, #¢End 4. Since End A is regular, we have d¥®=¢ for some ¥€End A.
If x¢K then ®(x)€L. Since P¥P(x)=P(x), we conclude PP(x)cK. Hence
it follows by Lemma 4 that ¥(L)S K. Consequently, | f(K)]|| f(L)| by Lemma 3
and therefore |f(K)|=|f(L)|- Let us assume now that the components K and L
fulfil the assumptions of property (2). Choose a€ K\ f(K), b€ L\ f(L) and, making
use of Lemma 8, let ¢: K—~L and {: L—~L be homomorphisms satisfying ¢(a)=>b
and Y (L)S f(L), respectively. We define #cEnd A as above and select ¥€End 4
such that d¥d=0&. If |[f(K)|#]|f(L)| then ¥(L)NK=@ by Lemmas 3 and 4.
Consequently, - ¥ d(a)~b=@d{a) which is a contradiction. Finally, let X and L
satisfy the assumptions of property (3). Choose b, c€ L\ f(L) such that b=¢.
Suppose there exists a€ K\ f(K). By Lemma 8, we can find homomorphisms
¢: K—~L, y: L~L such that @@ =>b,¥y(})=c and ¢(x), Y (¥)cf(L) provided
x7#a and y>b. Define @ as above and choose ¥ such that d¥Pd=¢. If K=L
then, by Lemma 4, we have Y (L)NK=@ or Y¥Y(L)NL=0. In the first case we
obtain that &P &(a)= ®¥(b)><b= ®(a) while in the second case we have ¥ O (b)=
=@¥(c)#c=®(b). But, of course, both cases are impossible. Thus the necessity
of the conditions of Theorem 1 is proved.

Conversely, suppose now that the unar A satisfies these conditions and
®cEnd 4. For every component L consider the set of components

Lr = [K|9(K) & L}.
We establish that the following statement is valid:

If L2#9 then there exists a component L® and a homomorphism W : L—L°
such that ®Y(x)=x for every x€Im $NL.

In fact, taking into consideration Lemma 4, denote by M the component con-
taining @ (L). By the structure of the components of 4 we have f(L)SIm &. Sup-
pose first that Im @NL=f(L). If M=L then choose an element a¢f(L) and,
putting L°=L, choose an element b€f(L% with &(b)=a. Applying Lemma 8
we can find a homomorphism ;: L—~L° with ¥;(a)=b. If xcIm #NL and
x=f*(a) for some k then

DY (x) =f*PYr(a) =f*@(b) =f*(a) = x. ~

If there exists no such k then f(L) is a line. Therefore f*(x)=a for some k whence
we have

SHYL(x) = BYr(a) = D(b) = a = f*(x).
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Since” ®(L)=f(L), it follows that &y (x)=x. If M#=L then, by Lemma 4, we
can see that ¢(K)SL for a component K=L. Lemma 3 and property (1) imply
that | f(K)|=|f(L)|. Then we can set L°=K and literally repeat the foregoing
argument. Assume now that Im @NLs<f(L). If there exists a component K in L?
such that K+ L and K=f(K) then, by property (3) and Lemma 3, we obtain that
L\ f(L) consists of a single element, say a. Then a=®(b) for some bcA and
we can choose L° to be the component containing b. It is easy to see that b¢ f(L9).
Due to property (2), |f(L%|=|f(L)| which allows us to apply the above reasoning
again. It remains to treat the case when Im @#NL#f(L) and K=f(K) for each
KeLAN\{L}. Then L€L“. There is no difficulty in verifying that @ induces an
automorphism, say @, on f(L). Let y, : /(L) ~f(L) be the inverse of this automorphism.
For every xc¢(Im®NLY\ f(L), choose and fix an x’€L with P(x")=x and set
Y (x)=x". Then Y, maps Im &NL into L and

YL(fX) = Yo @) = YL B(f(x)) = Y o (f(x)) = F(x) =S (x).

Just as above, we extend ¢, to a homomorphism of L into L for which we will use
the same notation ¥, and set L°=L.
Returning to the proof of the theorem, put

Yo(x) if x€L with L& =0
x otherwise.

v ={

Obviously, Y€¢End 4. Moreover, we have L20 provided L is a component
containing ¢ (x) for some x€A4. Hence, utilizing the property of the homomorphism
¥, we conclude that VPP (x)=PY; d(x)=D(x) which proves the regularity of
the monoid End A4.

The proof of Theorem 2. Let A be a unar and End 4 an inverse monoid.
Suppose a, b, ¢ are distinct elements in A and f(a)=f(b)=f(c). Denote by K the
component containing these elements. By Theorem 1, f(K) is a cycle or a line.
Therefore, for example, a, b¢ f(K). The transformations ¢ and & defined by

b if x=a a if x=5»5

e(x) = { and d(x) = {

x otherwise x otherwise,

respectively, turn out to be endomorphisms of K. Here ¢=¢, §2=9,
ed(a) =e(a) =b and de(a) =46(b) =a.

Since the idempotents in an inverse semigroup commute with each other by Lemma 1,
this contradicts Lemma 7. Thus, every element of 4 has at most two parents. The
validity of conditions (1)—(3) is implied by Theorem 1. Assume now that the distinct
components K, L and M satisfy the assumptions of property (4). Owing to Lemma 8,

i
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there exist homomorphisms ¢: K—~L and §: K—M. The transformations & and
¥ where
e(x) if x€eK _ {l,b(x) if x¢K
@) = {x if x¢x 24 YW= if x¢K

are easily shown to be endomorphisms of 4. Here @%*=¢, ¥2=Y. Still, if x€K,
we have

PY(x) = P(Y(x) = Yy(x)eM and ¥P(x) = ¥(p(x) = p()E L,

which, by Lemma 1, fails to hold in the inverse monoid End 4. If K and L are dis-
tinct components with | f(L)||| f(K)| and |f(L)|=2 then select elements ac f(K)
and b, c€f(L) such that b>#c. Lemma 8 implies the existence of homomorphisms
¢: K—~L and §: K—L such that ¢(@)=b and Y (a)=c. Furthermore, we define
endomorphisms @ and ¥ by setting

' o(x) if xeK W) if xeK
(p(x)s{x if xgkx 2 W(x)={x i x4K.

Then #2=, P2=Y¥ and PY¥Y(a)=c=b=¥P(a). If f(K)':{Au} and f(L)={w}
then #*=P, Y’=¥ and O¥(v)=v=w=¥YP(v), where

v if xeKUL

& { w if x€kK
PO =1y i xerUL

and SlU("):{x if x¢K.

This contradicts Lemma 1 as above. If |f(L)|=1 and assume L>f(L) and
K=f(K) then, by property (3), L={b, w} where f(b)=f(w)=w. Puiting :

w if xcK w if x€f(K)
d(x) = {x i x¢K and ¥Y(x)=1b lff- x:g\f(K)}
x if x¢K,

we can see that &, Y¢End 4, $2=¢ and ¥2=V. However, for every x€ K\ f(K)
we have ’
P¥YP(x) =P(b) =b and P&(x) = ¥(w)=w,

which is impossible. Thus we have proved the hecessity of the conditions of Theo-
rem 2. : - ’
Assume now that these conditions are satisfied in the unar A. In consequence
of Theorem 1, End 4 is a regulair monoid. Let &, YcEnd A such that &$2=¢
and Y?=Y¥. By Lemma 1, we have only to show that ¥ =¥&. Let x be an
arbitrary element in 4 and K the component containing x. Denote by L and M
the components containing #(x) and ¥(x), respectively. By Lemma 4, ®(K)SL
and Y(K)SM. By virtue‘“of Lemma 3 and property (4) we have K=L, K=M
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or L=M. If K=L=M then both & and ¥ induce idempotent endomorphisms
- on f(K). Thus Lemma 2 implies that &(z)=¥(z)=z forevery z¢f(K), i.e. D¥(x)=
=x=Y®(x) provided x€f(K). Otherwise, if x¢ f(K) then, since f(x) has at most
two parents, we obtain @(x)=x or P(x)=x" where x'€f(K) and f(x")=f(x).
A similar statement holds for ¥, too. If &(x)=¥(x)=x then O¥(x)=x=YP(x).
If ®#(x)=x" or ¥(x)=x" then we have ®¥(x)=x"=¥®(x). Suppose now L=M
but K>L. Then property (5) implies that |f(L)[=1 and either K=f(K) or
L=f(L). Hence we have ®(z)=¥(z)=w for every z€K where w denotes the
single element in f(L). Moreover, ®(w)=®2(z)=®&(z)=w. Analogously, ¥(w)=w.
Thus .
P¥(x) =Pd(w) =w = ¥(w) = YO (x).

. Finally, consider the case when K=L but L#M. Property (5) implies that

1/(M)|=1 and either K=f(K) or M=f(M). Denoting by w the single element
of f(M), we conclude as above that ¥ (z)=w for every z€ K. In addition, properties
(4) and (5) imply #(M)SM by Lemma 3. Thus

PY¥(x) = ¢(w) = w = VYP(x).

The case when K=M but ML is handled similarly. Therefore ¥ =% @ which
completes the proof.

The proof of Theorem 3. Let 4 be a unar and End 4 a group. If |4|=1
then the conditions of Theorem 3 are trivially fulfilled. Let |4|1. Lemmas 2 and
7 imply each component to be a cycle or a line. If we have distinct components K
and L with |L|||K| then, according to property (5) in Theorem 2, |L|=1. If w
is the single element in L then, defining @ by ®(x)=w for every x€A4, we have
@®cEnd A=Aut A. Counsequently, 4=L, contradicting our assumption. The proof
of the necessity of the conditions of Theorem 3 is complete. In the case when these
conditions are satisfied it is not difficult to show by Lemma 3 that every endomor-
phism induces an endomorphism on each component. To complete the proof it
remains only to make use of Lemma 2.

References

{11 A. H. CLIFFORD—G. B. PRESTON, The Algebraic Theory of Semigroups, Vol. I, Math. Surveys
No 7, Amer. Math. Soc. (Providence, R. 1., 1961).

[2] J. C. VARLET, Endomorphisms and fully invariant congruences in unary algebras (4; I'"), Bull.
Soc. Roy. Sci. Liége, 39 (1970), 575—589.

MOSCOW STATE UNIVERSITY
FACULTY OF MECHANICS AND MATHEMATICS
117234 MOSCOW, USSR






Acta Sci. Math., 40 (1978), 383—388

The singular sequence problem

WERNER TAFEL, JURGEN VOIGT, and JOACHIM WEIDMANN

Introduction

If 4 and B are bounded selfad_]omt operators in a Hilbert space H, and B—A
is compact, then 4 and B have the same essential spectrum.

This well-known result of H. WEYL [7] (cf. [1], section 94, Satz 1, [6], Satz 9.9)
is easily proved by using Weyl’s characterization of the essential spectrum by singular
sequences. At the same time this proof shows that more is valid, namely: 4 and
B have the same singular sequences. (For definitions see the end of the introduc-
tion.) :

In this note we treat the question if the converse of this statement is valid, i.e.:
Let-A and B be bounded selfadjoint operators with the same singular sequences. Is it
possible to conclude that B— A is compact? We remark that we do not know the
complete answer to this question. The purpose of this note is to present this problem
and. to give a positive answer in a special case.

We remark that a kind of converse of the above theorem of Weyl was proved

by voN NEUMANN [4] (cf. [1], section 94, Satz 3): If 4 and B are bounded selfadjoint
.operators in a separable Hilbert space, with the same essential spectrum, then there
exists a unitary operator U such that B—UAU™! is compact. It is easy to see by
examples that B—A4 need not be compact under this assumption; also 4 and B
need not have the same singular -sequences.
In Section 1 we review some results for unbounded operators in order to moti-
-vate the form in which we finally state the ‘“‘singular sequence problem” for un-
bounded operators. In Section 2 we give a positive solution for the case that ¢(4)
(or, equivalently, ae(A)) is countable. Here we need only that every singular sequence
for A and s is also a singular sequence for B and s. In section 3 we show by an example
that in the general case this assumption alone is not sufficient.

- Received October 21, 1977.
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We conclude the introduction by some basic facts and some notations. Let 4
be a selfadjoint operator in a Hilbert space H. The essential spectrum ¢,(A) of A
is the set consisting of the limit points of the spectrum o (4) of 4 and the eigenvalues
of infinite multiplicity; this is just the set of the points of a(4) which are not isolated
eigenvalues of finite multiplicity ([1], section 93, [3], section 1, [6], section 7.4).
A real number s is in 6,.(4) if and only if there is a singular sequence for A and s,
i.e., a sequence (f;) in D(A) (the domain of definition of 4) such that lim inf|| £,|| >0,
f,—~0, and (4—s)f,~0 ([7]; cf. [3]), Theorem 11, [6], Satz 7.24). Let B also be a
selfadjoint operator in H. If D(4)c D(B), and for any s€o.(4) and any singular
sequence (f,) for A and s, (f,) is also a singular sequence for B and s, then we say
that o.(A) is contained in o,(B) in the sense of singular sequences, abbreviated
0.(4) & 6,(B). Obviously, 6,(4)  o,(B) implies o,(4)Co.(B). If ¢,(4) S o,(B)
and o.(B) e 6.(A), we say that 4 and B have the same singular sequences,
O'e(A) —i— O'e(B). ) it

The singular sequence problem was. posed by K. JORGENS in connection with
the work [3]. He gave this problem to W. TAFEL as the topic for his diploma thesis [5].

1. Statement of the problem

In order to give the first formulation of the problem for unbounded operators
let us recall the statement of Weyl’s theorem for unbounded operators (cf. [6], Satz
9.9): Let A be selfadjoint, V symmetric and A-compact. Then B=A+V is selfadjoint
and o,(A) 2 o.(B). The following example shows that the problem for unbounded
operators cannot simply be the question if the converse of the foregoing statement
is true.

1.1. Example. Let dim H=o, A selfadjoint with ¢,(4)=0, B=2A4. Then
obviously ae(A)iae(B), but B—A4=A is not A-compact.

We remark that from the assumption that ¥ is 4-compact one also concludes
that ¥ is A-bounded with 4-bound zero ([2], Corollary V.3.8, [6], Satz 9.7). We
include this in our first formulation of the problem for unbounded operators.

1.2. Problem. Let A and B be selfadjoint operators, a'e(A)iae(B), V=B—A
A-bounded with A-bound zero. Is it then possible to conclude that ¥ is A-compact?

Let us note that V is 4-compact (4-bounded with 4-bound zero) if and only
if ¥V is B-compact (B-bounded with B-bound zero); therefore Problem 1.2 is sym-
metric with respect to 4 and B.

In our second formulation of the problem for unbounded operators we do not
want to assume the 4-boundedness with A-bound zero. Instead of the 4-compact-
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ness we want to conclude a “local” compactness of V (“local” with respect to the
spectral measure of A).

1.3. Definition. Let 4 be a selfadjoint operator, with spectral measure E.
An operator V is called A-locally compact if R(E(J))cD(V) and VE(J) is compact
for all compact intervals J.

Let us recall some known facts.

1.4. Theorem (cf. [6], Satz 9.8, Satz 9.11 b, c). Let A be a selfadjoint operator.

:a) An operator V is A-compact if and only if V is A-locally compact and A-bounded
with A-bound zero.

b) An A-bounded operator V is A-locally compact if and only if V is AP-compact
Jor some (and then for all) p=1.

1.5. Theorem (cf. [6], Satz 9.13). Let A and B be selfadjoint operators, D(A)=
=D(B). Let V=B—A be A-locally compact. Then ¢.(4) S 6.(B).

We conjecture that the converse of Theorem 1.5 is true.

1.6. Problem. Let 4 and B be selfadjoint operators, ae(A)ia,(B). Is it
then possible to conclude that ¥'=B—4 is A-locally compact?
~ If the answer to Problem 1.6 is yes, then Theorem 1.4 shows that the answer
to Problem 1.2 is also yes.

Also we remaik that for bounded operators 4 and B Problems 1.2 and 1.6
are just the problem formulated in the introduction.

Finally let us note that both Theorem 1.5 and Problem 1.6 are symmetric with
respect to A and B. To see this it is sufficient to show: If 4, B are selfadjoint operators,
D(A)=D(B), then V=B—A is A-locally compact if and only if ¥ is B-locally
compact. This statement follows from [6], Satz 9.11 b, ¢ and Satz 9.12.

2. A special case

In this section let 4 and B be selfadjoint operators in a Hilbert space H, with
D(A)c D(B). Let E be the spectral measure of 4.

2.1. Lemma. Let s€¢R and &£>0. Assume that every singular sequence for A
and s is also a singular sequence for B and s. Then there exist =0 and a finite dimen-
sional subspace M of H such that for all f€ R(E((s—6,s+6)))N\M*L") we have the
inequality |(B—A)f|=¢| fI.

) R denotes range.
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Proof. We proceed by contradiction. So we can define inductively a sequence
(/) in H, with the following properties:

ﬁeR[Eﬂ&—%ys+%ﬂ]ﬂﬂanL~qﬂ_dl,HﬁH=L 1B A%l =,

for all n€N. Obviously (f;) is a singular sequence for 4 and s, and therefore by
assumption also a singular sequence for B and s. This implies [[(B—A)f,|=
=[(B—s)ful +1(4—5) £, -0 (n—+ <o), in contradiction to ||(B—4)f,[|=¢ (rEN). O

2.2. Theorem. Assume that for some compact interval J the set a(A)NJ is
countable and that every singular sequence for A and s€J is also a singular sequence
for B and s. Then (B—A)E(J) is compact.

Proof. Let (f,) be a sequence in H with f,—~0 and |l/;,|]§l (n€N); we have
to show (B—A)E(J)f,—~0.

Let ¢>0. Let a(A)NJ={s;,5,,...}. (We disregard the trivial case o(4)N
NJ= 8.) For s; and €274, jeN, we choose §; and M; according to Lemma 2.1.

Then o(4)NJC UJ where J; _(s > 8; +5 ;). and by the compactness of
o(A)NJ we find mEN such that o'(A)ﬂJC UJ
For j=1,...,m define K;: J\UJ Then c(A)NJC U ;» and K, ...

, K,, are mutually disjoint. For j= 1 ..,m, denote by P P the orthogonal
pro_]ectlons onto R(E(K;)), R(E(K ))ﬂMJ- and define P;= P P P/ is finite
dimensional because R(P;)=P;M;, and M; has finite dlmensmn Now we de-
compose

EQ) = 3 BEG) = 3 P{ED+P,

where P= ZP”E (J) is finite dimensional and therefore compact. Also the assump-

tions imply that (B—A)E(J) isabounded operator,and so (B—A)P=(B—A)E(J)P
is compact. This implies

lim sup [[(B— A4) E())f.|

m

lemsupll(B A)P; E(J)f, || +lim sup [((B— A) Pf,|

ll

= Zm'llmsup(GZ NIPJEDS+0 = ¢ 22 i<e,

i=

This shows (B—A)EWJ)f,~0 (n—~). O
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2.3. Corollary. Let o,(4) & o.(B), and assume that o(A) is countable. Then
B—A is A-locally compact.

Proof. By Theorem 2.2 (B— A)E(J) is compact for each compact interval J. [J

We note that Corollary 2.3 applies especially to the case that 4 has purely dis-
crete spectrum, i.e., ¢,(4)=0.

3. An example

In this section we show by an example that in the general setting of Problem 1.6

the assumption o,(4) 2 o.(B) cannot be replaced by ae(A)é o.(B), as was done
in the special case of Corollary 2.3.

‘3.1. Example. We are going to construct bounded selfadjoint operators A
and ¥V with the properties:
(i) V is not compact,
(i) 0,(4) C o (4+7V),
(i) [0, l]=0.(4) =0 .(4+ V). _
Property (iii) shows that the example is not a counterexample to Problem 1.6.

We take the Hilbert space H=L,(0, 1), and as A we take the multiplication
by the independent variable, Af(x)=xf(x). The spectral measure of A4 is then
given by E(Z)f=ys-f (£ Borel set of R). Also a,(4)=0(4)=[0, 1].

To construct V, we define the function ¥ : (0, «)—~R by

Y()=(1D" for m<=x=m+1, meN,

No=1{0,1,2,...)), and we define v,€L,(0,1) by v,(x):=¢(2"x) for meN;
clearly (v,,) is an orthonormal sequence. We define ¥ to be the orthogonal projection

onto the subspace spanned by {v,; meN,}, i.e. Vf= 2(') (Vs f)0r. Now we show
that (i), (ii), (iii) are valid.

(i) is obvious.

(i) Let s€[0, 1]=0.(4), and let (f,) be a singular sequence for A and s. We
are done if we show Vf,—~0. Without restriction we may assume | f,|=1. Let
¢>0. There exist m €Ny, p, g€ Z, p<gq, such that s€J:=(p/2™, ¢/2™), (—p)/2™ =
=¢2, From (4 —s)f,~0 we obtain (I—E(J))f,~0, and therefore V(I—E(J))f,~O0.
Next, we define v, :=E(J)v,=s 0, (MEN,). It is easy to see from the definition
of the v,, that- (v},),,=n 1S an orthogonal sequence in L,(0, 1) with 0<|¢/[|2=¢? In

VED = 3 (ons EDNon = 3 s S0t 3 (Wi oo
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we estimate
2 Vs )V
m=m

This estimate together with (v}, />0 (n—o) for all meN, implies
limsup [VE(J)f,ll = ¢,
lim sup |Vf,|| = lim sup |[VE(J)f,| + lim sup ”V(I—E(J))f,,“ = ¢+40.

This shows Vf,—0.
(iii) Consider the sequence (v,), ¢, It is orthonormal, and therefore v,,~0.
Also,

= 3 Kl = 3 Il oilogl O = 11

1
(Vs (A+V Y0,y = (O AV (0, Vo) = [ xdxH[0g]1* = 3/2.
0

Now the following lemma shows that there exists s€o,(4+V) with s=3/2.

3.2. Lemma. Let A be a bounded selfadjoint operator, E its spectral measure.
Let scR. If there exists a sequence (f,) in H with f,—~0,] fil=1 (n€N), such that
lim sup {f,, Af,)=s, then o, (4)N[s, =)=0.

Proof. If we assume o,(A4)N[s, «)=@, then there exists £>0 such that
E((s—¢, =)) is a finite dimensional projection. This would imply

= lim sup (E((— o=, s—¢]) f,,, Af,)+ lim sup (E((s—¢, «))f,,, Af,)
= (s—&) lim sup ||[E((— o=, s—&])f,|[2+0 = s—e,

in contradiction with the assumption lim sup {f,, Af,y=s. O

.
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