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On the convergence of eigenfunction expansions in H°-norm
S. A. ALIMOV and L JOO

Dedicated to Professor K. Tandori on the occasion of his 60th birthday

1. Let S,cR" (n§3;' k=1,...,1) be submanifolds of dimension dim S,=
=m,=n—3 having smooth projection to R™, i.e. there exist coordinates (&, y)=
=1y s &3 V1o s Puop JER” and functions k€ CY(R™—~R""™) such that

S, ={(& YIER": y; = o%(®), |Voh(O)] = C¥)
and

Let gcC=(R™\S) be such a real valued function for which

lg(x)] = c/dist (x, S)
is fulfilled. Consider the Schrodinger operator L,=—A4+4¢(x)- with domain
D(Ly)=C; (R"). Such operators occur as the Hamiltonian of many body problem
(cf. [7, XI]). E.g. in the case of two particles we have H= —4 +q-, DH)=C; (R,

Ca C3

n=6, m=3, q(x, y)=ﬁ-+ ; x€R® yeR3. In the case of homogene-

Ixt Il ix—i _
ous and izotropic spaces the manifolds S, are subspaces in R".

It is easy to see that the assumptions m,=n—3 implies g(x)¢ Li>*(R"). Indeed;
it is enough to prove this for §,=S, dim S=m=n-3,

S={¢ »)ER": y; = @;(&); Vo, &) =C;; j=1,2,...,n—m}.

Using the coordinata-transformation (&, y)—+(¢, 2); z;=y;—¢;(£) we have for
the Jacobian D(¢, z)/D(¢, y)=1 and for any 0=#€Cy(R")

[la@Pneydx= [dz [ g z+e@)Pn(E z+9©) dx,
R" R™ R-m
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6 ’ 8. A. Alimov and 1. Job

where

¢ = (@1 > Pp-m)ECR™ —~ R"™7).
On the other hand, for any x=({ »)€R" and u=(¢ @(&))ES, |y—o)|=
=|ly—0@l+10O—e©@I=ly—0@|+IVeE) - 1E-E=c(ly— @) +]E ().
Hence |y —@(OIP=2(|y — o (O +1E L) =2¢c%x—ul, ie. [y—@(E)|=cdist(x, S),
consequently

|9(& z+0(©)| = c/dist{(¢, z+ (@), S} =

¢ _ <
lz+0@—e@| ~ 2|
We have

[lg@Pnxdx= [d¢ [ g z+0@)n(s z+0®)dz =
R" RrR™ RA~-m

= [dt [ e s+o@)dz <.

R™ Rr-m

1t follows from the Lemma 1 of the present work that the operator L, is bounded
below, i.e. for any f€C;(RY)

(Lo, N =41 N+, H=VLEIN+@f, ) z=—c(f ), (c=0),
and hence by K. O. Friedrichs’ theorem [6] we obtain: L, has selfadjoint extension L

further L= —cl{c=0). Denote L= f JdE; the spectral expansion of L and for

0
any f€L,(R") consider the expansion E,f.
In [8] is proved: for any f€H*(R") (0=s=1) |E,f—fllys—~0 as A—o. H®
denotes the space of functions from L,(R") with the norm

1 1as = T~ AP | = IA+ED Ol (), 23.3).
The aim of the present note is to prove the following

Theorem 1. For any feH*(R") (0=5=2) we have
) VE.f—~flus ~0 as A —oo.

A theory of general orthogonal series was developped by K. Tandori in the last
twenty years (Cf. e.g. [2—4]). At the same time IL’IN [5] found a new theory of spec-
tral expansions which is a special case of the general orthogonal expansions, further
proved in [5] the Theorem 1 in the specail case when ¢g=0 and s is integer.

From Lemma 2 below it follows, among others, by the well known Kato—Rellich
theorem [7, X.2] that the operator L, considered is essentially selfadjoint, further
NL)=2(L)=H"
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2. For the proof of the Theorem 1 we need some lemmas. Define
o(x) = [dist (x, S) 7.

Lemma 1. We have for any fe€H*

) Je®fo)Pdx = el flr,- | flur.

R?

Here and below ¢ denotes a constant, which is independent from fand not neces-
sarily the same in each occurences.

Proof. Using polar coordinates and the identity

h(r) =—2 fw h@) R () dt

we obtain

f%{zdy= ffwrn—‘m_2|g(r, 9)|2d,.d9:_2ff°°[f°°g,(t’ B)Q%ﬂdt 9
o °e 6 0 -

2 98(’3 )
. n—m-—2 —_ n—m—1
. Xr drd@——l 5/‘0’/' g(r, 9)———ar 1“ . dr do

whence for g(3)=g(¢, »)=f(¢, y+¢(¢)) we obtain

[e@lfepax=c fae [YEIHo@OF

RY  Reim 54

=c Ja . [ &y +0@) N & y+o@)]dy =

=c [If@V,f®)]dx = c]fle, | lm-
o

Lemma 1 is proved.
Lemma 2. We have for any fcH?
©) [ e@U@PRdx = c] fli.
. B T B R"

Proof. Using polar coordinates and the notation

o

I=1¢0= [ rmm3|f¢r,0Pdr (ER)

0
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we obtain

I=2 jmwm-af‘f(c, t, O)W dtdr =
0 r

=2 f” (If(é, AL (5(; t" o)l of' r’"""“’dr] dt =

t,0) -——3f(65 tt’ 6) ’t"-"'-2dt =

o0 1/2 ; o 2 1/2
= c(f i F (3 0)|2dt] (f T t"'"'—ldt] s
[}] 0

hence

oo

=c |

[ [1d6de = c|Vflt,mn = | flar

R™ ¢

tB)

"t dt = e[V, flLmn-m,

ie.

Lemma 2 is proved.

Corollary. The operator L, with D(Ly)=Cg (R") is essentially selfadjoint
and D(L,)=D(L)=H>

Proof. It follows from Lemma 2 and (8) (below)

191, = clflm = el fllaz+e@1f . = elT=V) [, +e (@) fl .-

Because /—4 is essentially selfadjoint and D(I—A4)=H?, the Corollary follows by -
Kato—Rellich theorem ([7], X.2.).

Lemma 3. For any fcH?
@ 14z, = el a2
Proof. Using Lemma 1 we have for any f€H? o
[ ey = |- 4+ ¢S, = 14 |, +19S 12, = [ flae+ el fler = el f{ae-

Lemma 3 is proved.
Lemma 4. There exist constants ¢,>0 and c,>0 such that for any fcH?

©) 1L 1%, = el flEs—cal f12,-
Proof. Using the identity

1LA1E, = 14712, —2(af, 49 +]af L.
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the ingequality a-b=ea®+(1/4¢)-b? (a, b, €>0), the Cauchy—Bunyakovski. ine-
quality and Lemma 2, we have

Wgfs AN = lafley - 14, = SIIAflliﬁzl&: lafiz..

hence
1LA1Z, = 14712, —21(af, AN +Nafli, =
. = |Af | —eldf 1L, —c@laflL, = A~ |Af]E, —c @)l qfE.
Using
lgfli, = clflfn = &l flh+cE)fIL.
we obtain

1Lf12, = (1—&) [ 4f 12, — c(@)er| f i —c(e)e (e | F1E, -

On the other hand
1f—4f12, = | fl&e,

14fl, = 1Af~f+f e =N = 1 L = 1 L= | fl -

At last we obtain

whence

I1Lf 12, = (1 —e—c(@e) | flh—c (e e I,
and from this (5) follows if ¢=1/2 and g is small enough. Lemma 4 is proved.
Define L,=L+pul.
Lemma 5. There exists p,>0 such that for every fcCy(R")
©® 1Luf e = cull fllae-

The constant C, does not depends on f.

Proof. Obviously
1L f13, = Wf+ufs Lf+uf) = (LS, L) +2u(Lf, £, N+ N =
= (Lf, L) —2ul(af, N+2u|Vf 1L, +ulf1i,.
Using Lemma 1, we obtain

() Kaf, Nl = [Viglf[i. = el e 1/l = Bllfll?n+zlg A1,

Taking into account the definition of the H*norm and using the inequality

1
LHER = (L +EP)2+5—,
Il = en(L+ P+ -
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(which is a special case of a=¢a®+1/4e) we obtain

® 1/l = / li(¢)12(1+|c|2)2d<+— f If@rde =

= slllfllm+ IIfIIL,
From (7) and (8) it follows

I(gf, NI <881||f||m+ i Uflli,-

Let e=¢,=aff u, where a=0 will be choosen below. Summarising our estimates,
we obtain

L1 = el T el A1~ 25 1T A+

PP i) 11 = 26018

_(#2_% WVu ] 1£1%, = cl flhe,

if a is small enough and po=p,(x) is large enough. Lemma 5 is proved.
The following Lemma generalizes that of 2.4 in [11].

Lemma 6. Let 4 and B be strongly positive selfadjoint operators in the Hilbert
space H. Suppose

&) D(B) c D(A)

and

109) I4fla = clBflu (f€D(B))
are fulfilled. Then for any 6, 0=60=1

(¢8Y 14°f s = co|B°flu  (feD(B)).

Proof. Define
1f I &£ |4°f |5, O€C.
Acoording to the strong positivity of 4, this norm is equivalent with that of defined

in TRIEBEL [9]. We obtain from (10) (taking into account the definition of the Petree
functional)

K(1,f,H,D(4)) = cK(1.f, H D(B)) (feD(B)).

Hence, using 1.3.2 of [9], we obtain (11). Lemma 6 is proved.



Convergence of eigenfunction expansions in H*-norm 11

Lemma 7. For u=p,, 0=s=2 we have
(12 1L S e, = e fla=(fe H?), D(L?» = H*R").

Proof. (12) is trivial for s=0 and it is proved for s=2 in Lemma 3. Now
apply Lemma 6 for A4=L,, B=1-4, D(B)=H?@R"). We obtain:

L3S e, = U=’ fl, = clf

H29.

According to TRIEBEL [9], 1.18.10and using the Corollary after Lemma 2, we obtain:
D(L%)=H*(R"). Lemma 7 is proved.

Lemma 8. For u=y,, 0=s=2

(13) 1Lz f lne = e fl, (fELR).
Proof. First we prove that for every g€ H*®
a4 lglas = 1L gl O=s=2).

This estimate is trivial for s=0 and for s=2 it is proved in the Lemma 5. Use
Lemma 6 for B=L,, A=1—A4, D(4)=H? then (14) follows.

From Lemma 7 we obtain R(L;”z):D(L;’Z):H *(R™), whence for every
fEL,(R™) we have L;**fcH*. Now applying (14) for the function ggi—fL;s’zf
(f€L,(R")) we obtain (13). Lemma 8 is proved.

Proof of Theorem 1. Using (12) and (13) we obtain for any fc H®:

f=Eaflus = | Lz L (I- E)f |ne =
= c|LPUT—ENflr, = cfU—EDLFflr, -0 (A ~=).

Theorem 1 is proved.

Now consider the Schriédinger operator
Ly=—4+q(x)-, x€R% D(Ly) = C5(R®,

and suppose |g(x)|=c/|x]. Then the method of the proof of Theorem 1 gives

Theorem 2. The operator L, is essentially selfadjoint, D(L,)=D(L)=H?2(R?),
where L2 L,, further for O0<t<1/2 we have

(15) Eaf=flles =0 (2 >0, fEHYH(R)).
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Here E; is the spectral family of L and C' denotes the Hélder class of functions
(TrIEBEL [9], 2.7.1(2)), i.e.

If e sup [FGO]+ sup If(x)—f()’)|'

*yYER® lx—y[*

Proof of Theorem 2. Using the imbedding H3****cC* (cf. [9], 2.8.1(16),
p=2, n=3) (15) follows by the method of the proof of Theorem 1.
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Parameter estimation and Kalman filtering in noisy background
MATYAS ARATO

Dedicated to Professor Kdroly Tandori on his 60th birthday

The parameter estimation (identification) problem will be discussed in the pre-
sence of additive coloured noise for multidimensional stochastic processes with con-
tinuous time. We shall investigate the case when the signal and noise both are Orn-
stein—Uhlenbeck processes. To obtain the main tool in such investigations, the
Radon—Nikodym derivative, we use the method of Kalman filtering and the im-
portant remark that the Riccati equation can be solved explicitely. Some asymptotic
results for the white noise case will be discussed (the reader may compare with BALAK-
RISHNAN [6]—{8]).

1. Introduction. Let us have an observed process &(¢) in the form
€ §() = 0(1,0)+2(1,P), 0=1=T,

where a, B denote the unknown parameters, generally vector valued, which one wi-
shes to estimate. The 0(7, &) process means the signal, while €(¢, B) models the error
and both they are completely specified once & and B are given. When the time, ¢,
is continuous the basic tool in statistical theory is the Radon—Nikodym derivative
of the probability measures induced by the processes &(¢) and 0(¢), with respect to
a standard measure, e.g. the Wiener measure in the Gaussian case. It turns out that
the derivatives even in the most simple cases have complicated form. For the statio-
nary Gaussian process case the reader can find different methods in HAJEK [10],
IsraGIMOV and RozANoOV [13], PISARENKO [19]—{21], PisaARENKO and RozANOV [22],
while for diffusional type Gaussian processes we may mention ARATO [2]—{[4],
BALAKRISHNAN [6]—[8], KUTOJANC [15], LIPSTSER and SHIRYAEV [16].In these works
mostly the scalar case was studied.

In this paper we assume that 0(z, &) and &(¢, B) both are first order multidimen-
sional, autoregressive processes, the so-called Ornstein—Uhlenbeck processes, i.e.,

Received July 3, 1984.



14 Matyas Arato

they satisfy the stochastic differential equations
)] do(t) = —ab() dt+clPdw, (1), t=0,
de(t) = —Be()dt+c2dw,(f), t=0,

where w,(2), wp(¢) are standard, independent Wiener processes and —a, —f have
eigenvalues with negative real parts, ¢,=c}?(c}®)* and c,=c}*(c}/®* are positive
semidefinite symmetrical matrices. The £(¢) process is called coloured noise.

In the mathematical literature it was customary to take £(t) as a Wiener process.
In the earlier engineering literature the white noise process was introduced for &(t)
in a formal way as a stationary stochastic process with constant spectral density.
For more rigorous treatment of the white noise case Balakrishnan introduced the

Radon—Nikodym derivative of weak distributions, see [6]—{7].

In the present paper we are motivated by statistical considerations more than
control theoretical, to develope some practically useful and computationally efficient
closed-form expressions for estimators of the drift parameter « in (2). The expressions
are developed for some limiting values in terms of the spectral characteristics of the
processes for the purpose to obtain approximations in the white noise case too. First
of all we remark that the Riccati equations of Kalman filtering can be solved explici-
tely and so one can get the Radon—Nikodym derivatives. With limiting it is possible
to obtain those formulae derived earlier in the one dimensional case by Balakrishnan.
The result that the filtering equations can be solved explicitely in the case of stochastic
equations with constant coefficients may have other practical and theoretical conse-
quences.

2. Explicite Kalman filtering. We assume that in (2) the processes 0(t,a) and
£(t, B) are p-dimensional and the Wiener processes w, (), W,(¢) are independent,
p-dimensional and standard, i.e.,

Ewl(’) = Os E(wx(t)wt(t)*) = Ip -4 W,(O) = O’ i= 1’ 2’

where asterisk means the transposed and I, is the p-dimensional unit matrix. w,(t)
and w,(¢) are independent of 0(0), €(0) and further 8(¢) and €(¢) are stationary,
which means that for the covariance functions (assuming EB(z)=Ee(7)=0)

By(t) = EO(t+5)0%(s), B,(1) = Ee(t+5)g*(s),
we have

3 aB,y(0)+By(0)a* = €1, By(f) = el B,(0),

BB.(0)+B.(0)B* = c;, B.() = e FIB,(0)
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From (1) and (2) we get
@ d0(t) = —o0(t) dt +ci2dw, (1),
&) d&(f) = do(H)+-de(t) =
= —(a—B)0() dt —BE (D) di + ¢} dw, (1) + /2 dw, (2),

where &(¢) is the observable, while 0(z) is the unobservable component of the vector
process (§*(¢), 0*(z)). The Kalman filtering equations for m(z)=E(0(z)|%*) and
y(t)=E(0(t)—m(¢))(0(s)—m(r))* are given by (see LIPTSER and SHIRYAEV [16]
Th. 12.7)

©) dm(t) = —am() dt+[e; +y () (B— @) *1le, +¢,] 7 [dE () —
—(B-o)m()—BE() dt],

™ 70 = = —ap()—y (o —[e;+y (D (B—0)*)[e, +c] 7 X

X ey +7()) B— )T+, = —[o+¢:(c+e0) " (B—a)]y () —
— (Do, (€, +69) 7 (B— A =y () B— )" (1 + )~ (B—a) (1) —
—¢ (¢ 4+cy) e ey =
= ap(D)+7(Da* =y () A* (¢, +¢5) " Ay (1) +bb*.

The solution of the Riccati equation (7) may be given in the form (see ARATO
[4], Lemma 2 in section 1.8)

dy(9)
dt

1
@ (@) = et [Co + f e A (¢ +p) 1At du] “led*t ¢
0

where ¢ is the positive semidefinite solution of the» ““algebraic Riccati equation’:
©) ac+ca*—cA*(c; 4-¢,) "'Ac+bb* = 0, '
and the constants ¢, a, a* are given by
(10) ¢l = v(O)—c,
a=a—cA*(c;+c) 1A, a* = a*—A*(c,+¢y) tAc.
In the scalar case we have the special form
89 7(0) = e~ #[cy+B(l—e~ )/ A] ' +c,

where from the stationarity

©) 4= acy+fey B= (B—a)? p = Gt
etey ¢ teg’ c1+cy’
— A4V A>+4Bb

2B
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and

(10" =70 —c, p(0) = =—22

— 2 ___ A= A+2p.
2(aca+Be) *2eh
From (6)—(10) by integration we can prove the following statement.
Theorem 1. The conditional expectation of O(t) under condition §(s), 0=s=t,
given in (4—(5), has the form

E(0()I%%) = m(1) = exp {~ [ g()du} {m(©)+ [ exp f £ () du)[h(s)BE (s) ds +

+h() &)} = exp{— [ g()du} {m(©)+exp( [ g du)h(DE®H+
) '
+h(©)E©)+ [ exp ([ g(w)du)[b(s)B—h ()E(s) ds—

— [ @ exo( [ 2@ du)be)EE ds},

where
g(w) = a+hw(P—a),

b(#) = [e;+7(W)(B—a)*](e,+¢) 7
and y(t) is given in (8)—(10).

Specially in the scalar case we have

m(@) = exp(~ () fm @)+ -2 exp ()| 5+ By 0 —o] €0 +

A0 U+ BYO)~adEO+B-) [ exp (o) [AB-a2+

—Ba —ATz—bB+By(s)(ﬁ—2A +a)—-B2y2(s)] ¢(s) ds},

where

¢, B
B+ cya

h(9) = f' [4/2+By(s)lds = (4/2+Bc)t+log(co+B(1 ~ e~/ A)/c,.

m(0) = 4

To calculate m(0)=E(8(0)[£(0)) and y(0)=cov (8(0), 8(0)[£(0)) one can use
the Gaussianness and stationarity of the process (8(¢), £(1)). Let 8=0(0), E=§(0)
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be a Gaussian random vector, then
(12) m(0) = Dy D' E,
7(0) = Dgy—Dy: D' Dy,

where

s [€ov(0,8) cov(®,8)) (Dg D
50 = [cov (&, 0) cov (g, i)] [D§: D::]

is the joint covariance matrix. From stationarity we obtain

(13) AB(0)+B(0)A* = —B,,
where
A= 00 B & L)

B—o =B T (et +eiH (el ¢ tce

and the unknown B(0) may be gotten from the linear relations
aDgg—Dgga™ = ¢y,
& Dg:—Dgg(B—a1)* +DyoB* = ci/2(ci?+¢}/d",
(o~ ﬂ)Dog'f'ﬂDag‘f'Ds;(ﬂ—a)*'*‘Dggﬂ* = (c;+c¢y).
Explicite solution of (13) is not known in the general case.

To find different approximations for the maximum likelihood method one has
to dicuss special cases and find simple forms for m(¢) and its integral. Below we shall
investigate two problems: a) the realization of §(s) is given in —co<s=#, b) the
white noise approximation, when

(14) BCZ-IB* g ﬁo, if B et}
where the convergence of matrix A is understood in the norm ||A}?=Sp AA*, and
$ has full rank, p.

a) Taking the obsérvation interval —T'=s=¢, (I'=0), we obtain from (12) that

mr(—T) = a,§(=T), yr(~=T) = by,
with constant matrices a, and b,. Assuming that the matrix
g = [a—(c;+ec(B—a) (c;+¢) 7 (B—))]

has eigenvalues with positive real parts from (8) and (11) one can obtain

(15) (@ = 0 T e
. — fg(u)du .
e -T =exp{—g-(t+T)} -0, if T oo

So we proved.

2
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Theorem 2. The limit function of my(f), when T — <o, under the condition (15)
has the from

(16) @) = h-E()+ [ exMm-BE(s)ds— [ gess-OhE(s) ds,

where
" h = [e+c(B—a)*flc, +e] 7N

Remark. In the special case when a=f we have g=«a, h=c,[c,+¢c;]"! and

m(?) = c,(c;+co)7HE(D),
as it could be expected.

b) If Bc;'p* By, when B — oo, and B, is positive definite we obtain from (7)—(10)
an C bb* -, a-——a,
A*(cr4co) A ~ By,

further, ¢ is the solution of the equation

(18) —ac—Ca* —eBoe+c; =0
and
19) a - —a—<h,,

= l=7y0)—c.
In this case we have

Theorem 3. In the “white noise” case approximation

20)  yp()~F() = expl(—a—Po)A[Er+ [ exp [~ (x+EBo)* ulBo exp [— (2 -+

+EBo)ul du]~* exp [(— a—EBo)* el +¢,
and

(21) mp (1)~ (1) = exp (—ar+ ft?(u)liodu) {mO+ f' exp (—as+

+ [ 5(w)Bodu) 7(5)BoE(s) ds},

when B—oo, and Pe;'B*—P, is positive definite.

Remark. In the same way can be treated the case when the noise power/signal
power, ie., B,(0)-B;'(0) tends to 0.

3. Parameter estimation. The parameters ¢;, ¢, can be determined in two steps,
if we want to handle them separately. Using the fact that £(¢) is a diffusional type
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process we obtain (with probability 1)
(22) Z(E@®) —E(-D)E® —E D)t ~ @+ T,
O=ty=t,=..=t,=1T,
when max (t;—¢;_1)—0. On the other side in representation (6) the process .
(23) dw()) = de()—[(p—x)m()—pE (] d¢
is a Wiener process with parameters
Ew() =0, Ew@OW(® = (c,+cpt.
This gives (see e.g. Th. 7.17 in [16]) that (with probability 1)
24) Z(m(t) —m (4 ) (m(e) —m(-))* ~

T
~ [ [es+(B—) ()] ler+cal e +7(s) (B —)*1ds,
0

if max (#;—¢;_1)—+0. The last relation could be used if @ and B were known.

To get separately ¢; and ¢, one can use (22), (24) and some preliminary estima-
tion of & and B. For this purpose let us use that the covariance matrix function and
the spectral density function have the form

25) Be(1) = E&(1+5)8"(5) = e~ Pl B,(0)+e~o!1 By(0),

f:(D) = 21_7r (AL, + o) Loy [(—idl,+a)*] 2+

1 . ,
+ 5 (L, +B) e [(— 121, +B)] 7,
with condition (3).
Let B(¢) denote the empirical covariance function

1 T—t

B =7:7f E()E* s+ ds,

0
then equating at the points t,, 7, to the theoretical values we have
(26) B(t,) = €8l - By(0)+ Bl - B,(0),
B(t,) = etll. B,(0)+ebltl . B,(0)

which give, together with (3) a system for the estimators & and f. We note here that
these estimators are not efficient.

To improve estimators & and §, the solutions of system (26), one can use the
sequential estimation, proposed by LIPTSER and SHIRYAEV [16] (chapter 12) in a

2%
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modified form. E.g. let us assume that a is a random vector variable with
Ea =& and y,(0) = cov(a, ).

Further, from (6), with the approximation only in the diffusion coefficient a=a
and p=f we get

@7 dm (1) = —am () di+[c, +y () B—@)][e, +ca] 2 [dE(D) -
—((B—®)m()—PE (D) di]

where (1) is given by (8)—(9) with parameters &, f. Assuming that P(x<u{m(0))
is Gaussian and the fourth moment of & exists from theorem 12.8 in [16] we obtain
for

(28) a() = E@F™, 7.() = E((a(d—a)(@()—a)*|F™),

&) = {I+7.0 [ m*©)le+76)B-DI(er+e) e+
+7() BT m(s)ds} 7 {a+7,0) [ m*(s)er+7()(B-

—&))(ey+¢) 2 ey + 7 (5)(B—&)]* dm(s)},
(29)

70 = {1470 [ m@)le,+7() B-a)(er+62) ey +7(s) B—)]*m(s)ds} ~17,(0).

To improve §§ one can use (5) with f and a.(¢) and the same sequential procedure. This
approximation may be compared with those which were proposed by Lyung [17],
see also HANNAN [11, 12], in the discrete time case. The derivation here seems
more simple, but no optimality is proved.

Now let us return to the maximum likelihood estimators. It is known that gen-
erally no finite system of sufficient statistics exists if @ and f are unknown.

From a Girsanov’s typeAtheorem (see [16] Th. 7.19) and (6) we obtain for the
Radon—Nikodym derivative (assuming &(0)=0)

dp;

(0) P,

€®) = exp{~ [ [(a—Pm(s)+BEEI (c:+¢2) 1dE(s) —

— 2 [ (e Pm©) +B O+ (a—Bm(s) +BE (] ds}.

“To find the distribution of the exponent in (30) in special cases has a very short
history see ARATO and BeENnczUR [5)], Novikov [18], Koncz [14].
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Example. In the approximate “white noise” case (see case b) in §2.) we
obtain for the Radon—Nikodym derivative (30) that it equals to

&) exp{—5 [ [-Bo()+BEOI [ Bo(]+ BoE()] ds},

where m(s) and §(s) are given by (20) and (21), respectively. Neglecting in m(Z)
with the term m(0), i.c., assuming that

32 m@) = [exp{-a@—9— [ F)Bdu} FS)BE) ds = [ F (1, )E()ds,

and taking 7(t)=¢ we obtain for the log likelihood function

6D L@B)=—x [ [ [ as0emepE ) du+E )] Bibo

X [§ (s)— fs ela+eB)s~n P E (1) du] ds.

From (33) the system of transcendental equations for the maximum likelihood
estimators of @ and B is given in the following way '

BL(a, BO) .
da -

OL(%, Bo) _
P = 0.

0,

Specially in the scalar case one gets

—a+Vat+ci B,
Bo

o
1

Y
’ 'Y(O)_za’

7)) = @A[Gy+ Bo(1 -84 [24] 7 +¢,

and this gives with §(#)~¢&

L(a, By) = —%ﬁg f’ [f(s)—féAo(S—u)é(u)gdu]z ds. |
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The maximum likelihood equations are the following

o [[c0- [ etse-oce iy aultds+8 [ (69— [eme-nz) au] { foxp(— os+
0 0 0 9 0

(34) FAgu)e g @t + ey e du—fi? [ e4de—
[}

X[ a4 BBy~ (—c a2+ ooV ey ds =

(35) f' [ce- f ghoe= ¢t (u) du] f EAus= 0 (a? + ¢, fo) M2 (—a+

+(@+c, B ) E () du] ds = 0.

If B, is apriori given (known) and only o must be estimated from (35) we obtain the
equation

(~a+m)f (f exp{————m_clﬁ“(u s)} (u)du)zds =

f [f exp{ Ya? +c1ﬁo (u— s)}é(u)du)g(s)ds

A similar equation, derived in another way, was given by PISARENKO [19], [21].
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Factoring compact operator-valued functions
H. BERCOVICI, C. FOIAS, C. PEARCY, and B. SZ.-NAGY

Dedicated to the 60th anniversary of Prof. K. Tandori

1. Let $ be a separable Hilbert space and denote by L(9), 4 (D), €.(D)
and F(9) the sets of all bounded linear operators, compact operators, trace-class,
and finite-rank operators acting on §, respectively. We set C={icC: |[i|=1} and,
if X is a Banach space and 1=p=o, we denote by L?(X) the space of (classes of)
Bochner integrable functions f defined on C, with values in X, such that

2n 1/p
171 = (s [ 17 dt) <= (=), 171w = esssup 7] <=

Assume that $ is infinite dimensional. It is fairly easy to see that for any function
Ze (A4 (9)) one can find functions X, YEL*(A(H)) such that Z=Y*X in
LNA (D)), ie., Z(e")=Y(€")*X(e") almost everywhere on C.

In this paper we show that under certain conditions, the functions X and ¥ can
be chosen such that the $-valued functions X(e")h, Y(e¥)h (¢*€C, h€H) belong
to a certain prescribed functional model space. The methods used here were
developed successively in [8], [6], and [2]. Another factorization theorem for
Hilbert—Schmidt valued functions is proved in [1], where the operator-theoretic
implications of such factorizations are studied in some detail. We hope that these
factorization theorems will prove to be relevant in the study of infinite dimensional
systems.

The research in this paper was essentially completed in 1981 and partially inspired
our subsequent work.

2. We will use the notation H?(X) for the Hardy subspace of L?(X). If X=C
we write H? and L? for H?(X) and L?(%), respectively. If o is a measurable subset of
C, then L?(o, X) will denote the space of all functions f€L?(X) that vanish almost
everywhere off o. '

Received July 15, 1983.
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2.1. Definition. A subset S of the unit ball of H? is said to be dominating for
the measurable subset ¢ of C if the closed absolutely convex hull of the set {|o|?,:
@€S} coincides with the unit ball of L'(o):

22 aco (|l x,: 9€S} = {fcLi(o): I/, = 1).
Here, as usual, y, denotes the characteristic function of the set o.

In order to provide some motivation for the preceding definition let us compare
it with the following one, suggested by one of the basic theorems of BROWN, SHIELDS
and ZELLER [4] (these authors only consider the case in which ¢=C).

2.3. Definition. A subset 4 of the unit disc D={i: |[A|<1} is said to be
dominating for the measurable subset ¢ of C if almost every point of ¢ is a nontan-
gential limit of a sequence of points in A.

To see the connection between the two definitions let us consider the functions
(2'4) p[t (Z) = (1 - I""IZ)l/Z(l _ﬁz)_l, z€ Ca #ED’

which belong to H?, and indeed to H=, and for which |p,(2)|* equals the Poisson
kernel function P,(2)=(1—|[u/D|1 —jz]"%; ||P,l,=1.

2.5. Proposition.‘lf a subset ACD is dominating for o<C, then S=
={p,: u€AyC H* is also dominating for .

(See Lemma 1.2 a) in [2].)

2.6. Lemma. Assume that $ is a separable Hilbert space, o is a measurable
subset of C, and S is a subset of the unit ball of H?, dominating for ¢. Then the closure
in L\(o, A (9)) of the set

T={2 9}l C; (finite sums): @;€S, C,€F(9), JIC;| =1}

coincides with the unit ball of L'(o, 4 (%)).

Proof. The dual space of L'(o, #($)) can be identified with L=(o, %,(9))
via the bilinear form

1 2r . .
@7 (FG)=-5- [ (F(eMG(e)dt, FEL=(o,%(9)), GeL'(o, A (S)).
0
The set X is convex and balanced, and the Hahn—Banach theorem implies that
it suffices to show that

2.8) sup {{F, G)|: G€Z} = |Fl. for FeL=(o, %\(9)).
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Since X is clearly contained in the unit ball of L'(e, #'($)), we have
KF, Ol = |Fll»|Gl, = | Fl for GeZ,

and so it remains to check the opposite inequality. The hypothesis that S is dominating
for o shows that the closure of X contains all functions of the form fK with f€L'(0),
KeA(9), Ifl1=1, |K]|=1. Let {K,}be a dense sequence in the unit ball of ' (H).
Then we have |R| =sup {itr(RK )|} for every RE,(H). Thus, if FEL™(a, 6:(9)),

we have
1F@)l, = s'unp{]tr (F(2K,)}, zeC.

(Here and in the sequel we indicate by z€C a relation that holds almost everywhere
on C.) The following calculation is justified for z€C:

|F@I = sup{jer (F()K,)[} = sup {Jjtr (F(-) K,)]|--} =

= swpsup{| [ e (R )] ferion, 171 = 1) =

= supsup {[(F, K,): fELA(o), ISl = 1) =

sup {|KF, fK)|: feL'(0), KeA(®), |fl. =1, |K| =1} =
sup{|(F, G)|: GeXZ~} = sup{|{F, G)|: GeX}.

This yields || F|.=sup {|{F, G)|: GEX}; hence (2.8) holds and the proof is com-
pleted.

IA

IIA

3. We recall now some notation pertaining to functional model spaces; cf. [7].
Let & and § be separable Hilbert spaces, and assume that @: D2 (%, &) is

contractive and analytic: [[@(A)[=1 and @(/l)zg')f@k (0.£2(F &)) for
0

A€D. Thestrong limit @(z)= Jim ©(rz), andhence 4(z2)= (I-0@)*0@))2 also

exist for z€C, are strongly measurable functions on C, and generate an analytic

Toeplitz operator To€ £ (HA(§), HX(F')) and a multiplication operator 4€ £(L3(F))
by setting, for z€C,

(Tew)(2) = O(Du(z), ucH*(F), and (4v)(z) = 4(2)v(z), vEL*(F).
Next we construct the function space
K, = HX(F)S(ALA®),
the bar indicating norm closure, and observe that

G.1) : Vu = Tou®du, ucHAF),
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. defines an isometry from the space H?(§) into the space K, . As a consequence,
® =VH*@) and H(O)=K,0606

are subspaces of &, ; H(0) is the “functional model space” associated with the
contractive analytic function 6.

All these spaces will be regarded as subspaces of the Hilbert function space
LX(Fod.

Note the following relation between the adjoints of the operator T and the
operator @€ L (LA(F), L*(§)) of multiplication by the function ©(z) on L*({):

(Tev)(2) = [0"v].(2), veEH*(F), z€C,

where we denote by [ ], the natural orthogonal projection of any (scalar- or vector-
valued) function space of type L? onto its subspace H?2. '

Let us also note that for any fixed z,C for which ©(z,) has sense,
V(zg)a = O(zo)a®A(zp)a, a€F, defines an isometry of § into F D F.

It will be of importance for us to consider elements of $H(@) of the form
Py oy (u®0), uc H*(F'). Straightforward calculation gives

Ps(e)(u@()) = (U@O)—VT;U,
and hence,
(3-2) 1Psoy(u®O)? = ull*— [ Tgu]?
where the norms are in the spaces L*(§ @& &), LX(&’), and L*(§), respectively.

If u(z)=¢(2)a, z€C, where @cH? and ac@’, let us denote Pg, (ud0)
by @oal) Thus, we have

(33) (@ 0a)(2) = (¢ (2)a®0)—V ()T (@) (2), z€C.
From (3.2) it is clear that
G4 lpoal. = ol laf.

On the other hand, we deduce from (3.3) that
(e )@ = lp(llal +][0*pal. (2], z€C.

In the special case of the functions ¢,(z)=z" (m=0, 1, ...) we have

[0 pnali (2) = 5 2" *O5a.
k=0
1z . )
Since 6k=—2-— f e M@ (e")dt is a contraction we deduce that
T g

ll0*pnal. (2 = (m+1)]a], z€C,

1) In the paper [2] the notion goa was only used for the functions ¢=p, (u€D) defined in
(2.4), and p,0a was then denoted in the shorter form poa.



Factoring compact operator-valued functions 29

and we conclude:
(3.5) (emoa)(@)] = (m+2)]al.

Let us notice, furthermore, that for any f€§ and f'€§,

(@nod@, S'f) = (02777~ Z 20,4 (F0p), =C

Hence we see that if a runs through a sequence in §” converging weakly to 0, then
(pn0a)(z) also converges weakly to 0 in § @ F, z€C. By virtue of linearity of
¢ oa with respect to ¢ this statement extends to the finite linear combinations of the

M
functions ¢,,, that is, to all polynomials p(z)= > c,2z™.
0
Assume now that $ is a separable Hilbert space and denote by LA(A' (9, F & &))
the space of norm-square integrable functions ¥ with values ¥ (z) compact operators
in £(9, FSF). The adjoint Y* of such a function, Y*(2)=(Y(2))*, z€C, is in

LA (F T H) Since the function (poa)(z) has its values in FF
(indeed, @ oac H(O)), the function

(Y*(@oa)(2), z€C,

makes sense, is measurable, satisfies

0

2

[P (poa =5 [ 1¥*E)poa) (e di =
= o [ 17" @1 o)l di = [¥alpoals,

and, by virtue of (3.4),
(3.6) IY*(poa)ly = Y|l el.]al.

3.7. Lemma. For any given YEL}(A'(H, F & ®), o€ H?, and for any sequence
of elements a,€§ weakly tending to 0, we have

[Y*(@oa)l >0 as n—ee

Proof. As weakly convergent sequences are bounded, we may assume that
llal=1. Fix e=0 and choose a polynomial p such that |¢ —pll,<¢ (any sufficiently
large partial sum of the power series of ¢ does it). As we have already proved,
(poa,)(z) converges weakly to 0 in F @ F for z€C. Compactness of the values
of ¥ implies then that Y*(poa,)(z) converges strongly to 0 in 9, i.e.,

IY*(poa)(2)| ~0, z¢C.
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On the other hand, we deduce from (3.5) that [[(poa,)I=Mla,|l=M, for a
finite constant M, only dependent on p; and therefore,

1Y*(poa)@)| = Y (2| M,.
As ||[Y*(2)|l is square integrable by assumption, it is L'-integrable too, so we can

apply the Lebesgue dominated convergence theorem to get

1Y*(poa,)|. — 0.
In its turn, (3.6) yields, when applied to ¢ —p in place of ¢:

IY* (e —p)oay)h = 1Y *olio—plellaa] = 1Y *|.e.
So we have

IY*(@oanl = ||Y*((9—p) oa,)i +IY *@oanls = [Y*|se+o(D).

As &>0 was chosen arbitrary this concludes the proof of Lemma 3.7.
A function YE€L(A(H, F @ F)) will be said to be H(O)-oriented if YheH(O)
for every h€$. The following examples will be of particular interest.

38. Lemma. Let o€ H? and ACF (D, §'). Then there exists a H(O)-oriented
Sfunction @oACL}(F(H, F DF)) such that

(pod)(2)h = (podh)(2), z€C, heH,
and )
lg oA, = [¢]s (rank 4)V2|4].

Proof. Choose an orthonormal basis {e;}] in (ker A)* (r=rank A); then we
have Ah-——zr' (h,e;)a; for a;=Ae; and for all h€H; and hence,
1

3.9) (@oAn(@) = 3 (he)(poa)(), z<C.

Recall that each @ oa; is a vector in the space L*(F @ &) (indeed, in its subspace
$(0)), and therefore is a class of equivalent measurable functions. Choose represen-
tative functions from each of these classes, say (@ oa;)” (j=1, ..., r), which are de-
fined and finite valued at every point of C. The sum in (3.9) formed with these rep-
resentatives is linear in h(€9) and therefore yields, for every fixed z on C, a linear
operator of rank =r, which we may denote by (¢ 04)” (z). By virtue of the in-
equalities

|2t ep@oay” @ = 31tk epliooay @) =

= (51 e)P1(S @ oa)” @I =l (3 o oa)” Y™,



Factoring compact operator-valued functions - 31

and also using (3.4) we get

2z

lood) i =5 [ Wpod) @)di =

2n

= 30 [ Mgoa) @tdi = 3 loltlel* = foigrlal:

Different choices of the representatives (¢ oa;) " yield equivalent functions (¢ 04)";
denoting their equivalence class by @ o4, relation (3.9) tells us that (p o A)(2)h=
=(p oAh)(z) a.e. on C; and all the further requirements in the lemma are clearly
satisfied also. This finishes the proof of Lemma 3.8.

3.10. Lemma. The operator valued function ¢A®O (p€H?, AEF(H, F))
defined by (9pAD0)(2)h=0(2)Ah®O0 (h€$H, z€C) also belongs to L*(F(H, F O F) ),
and so does the difference

VIgpA = (pAD0)— (¢ o 4);
moreover, we have

WToAl, = |5 pASlel ol (rank Ay |4].
Proof.- The notation is motivated by the fact that, using relation (3.3), we get
(VTgoA)(2)h = (9pAB0)(2)h—(p o A)(2h =
= (¢ (2) 4h®0)—~(p 0 Ah)(2) = V (2)(TgpAh)(2), z€C.

The inequality follows by reasons analogous to those applied in the proof of
Lemma 3.8.

Remark. Since V(z) is an isometry, one easily sees that the same inequality
holds for TgpAcL}(F(9H, &) too.

We shall assume from now on that dim § = co.

3.11. Lemma. Assume that @CH* and that A,€F(H, §) (j=1,2,..)) are
such that the norms and ranks are bounded, say

[4;] =M, rank4;=N (j=1,2,..).

If, in addition, the ranges A;$ (j=1,2,...) are pairwise orthogonal in §', then
lim [7*(p 0 Al = Jim [(po A )" Y], =0

Jor every YECLX(H(9, F &F))

Proof. As (Y*(¢o0Ad)(2))*=(po0A)*Y(z), z€C, equality of the limits is
obvious, and therefore we may treat the first limit only.
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Because rank A4;=N, there exists an orthonormal sequence {e;;}¥_,c$
such that

N
A;h= 2 (h,e;)a;, for a;,=Aje;,, h€H, and j=1,2,...
n=1

It follows that
N
Y*(QD OAjh) = glv(h’ eju)Y*((P oajn)'
As |(h, e;)|=]lh] this implies that

IY*(@od)l: = 2 1Y *@oal.

Now, for fixed n, the sequence {a;,};-, is orthogonal (because a;,€4;9H) and
bounded (by M), and therefore weakly convergent to 0. Thus, by virtue of Lemma 3.7,
we have ,]Ln; Y*(¢ ca;,)|,=0. Summing for n and applying the above inequality
we obtain that }Lﬂl 1Y *(p 0o APl =0, and the proof is done.

4. We shall be keeping &, & and O fixed, with dim § =<. For every nonzero
function @€ H? the space ¢F  can be considered as a subspace of H3(§’), and hence
we can define the operator A,€Z (o, HX(F)) by

A, (pa) = Tg(pa), ac¥F’.

Note that ¢’ is also infinite dimensional, so that the following notation makes sense :

ﬂe((P) = infae((A;Aq:)l/Z)’

where o, denotes the essential spectrum. This function is in the following relation

with the function
fe (1) = inf 0,((O(w) © (W)*)V?), peD
considered in [2]: .
ne(py) = fle(n), peD.

Indeed, denoting by @(§") the set of finite codimensional subspaces of &', and apply-
ing relation (2.13) of [2], we deduce:
ne(py) = info ((4;,4,)V*)= sup inf |4, (p,a)],=

= ~y a€F
Fo€ @) 32

= sup inf |Tgp,al:= sup inf |OW)*a] =
FoCO®) Il‘laelli&l o€ 2@) l;zaelliol

= inf o, ((0 (1) (1)")"?) = ().

Re = {p€H?: 0 < 9]z = 1, n6(p) = 0}

The set
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will play an important role in the seqﬁel. Clearly,

Ro D {p,: ueD, flo(1) = 0}.

4.1. Lemma. Assume that {@;}7 CRg, and that {g;};° and {N;};" are sequences
of positive reals and positive integers, respectively. Then there exists a sequence {§};
of pairwise orthogonal subspaces of § satisfying the following conditions:

() dm@ =N, G |T3le;§l=e (G=1,2..).

Proof. Denote by E; the spectral measure of the self-adjoint operator
(A:qu,j)”z. Since ng(¢;)=0, the space E;[0, ¢](¢;§) must be infinite dimen-
sional. A straightforward inductive argument proves the existence of orthogonal
subspaces §;C& with dim §;=N; and such that ¢;F;CE;[0, &](¢;§). These
subspaces also satisfy condition (ii) so the proof is complete.

We are now almost ready to prove the factorization theorem which is our main
aim in this paper. The proof will be by stepwise approximation, and the basic step
is as follows.

4.2. Lemma. Suppose that the set Rg is dominating for the measurable set
o C. If we are given 1=>0, a function ZELMA' (D)), H(O)-oriented functions
X, Y ELZ(.}K (Sj,,‘i}_’ea%)), and a positive number @ such that

% (Z-Y*X)|1 < o,
then there exist $(O)-oriented functions X', Y'€ LA (H, F ©F)) such that
) (Z=Y*XWNa<n; and (i) [X'—X[,<o'? |Y'-Y], < o'

Proof. Fix £=>0 and o’ such that |y, (Z—Y*X)|,<w’<w. An easy appli-
cation of Lemma 2.6 shows that we can find an integer n=>0, functions ¢, @,, ...,
..., 0,€Rg, and operators C,, C,, ..., C,6F(9) such that

43) . H;(,,(Z—Y*X—j:'z'1 lo,C))|i <¢ and gucjn<w'.

Choose now a new positive number & that will also depend on n. We apply
Lemma 4.1 to produce a system {§;;: 1=i<o, 1=j=n} of pairwise orthogonal
subspaces of & such that dim §;;=rank C; and

(44 1Tole; &l <6 (I1=i<e, 1=j=n).

We can then choose isometries W,;: CI$H—~§;;, write the polar decompositions
Bi; =W;4Y* D= WJA}M Uy.
We clearly have C;=Dj};B;; and Bl =Dyl = C;iM2<w 2. In addition, the

ij

3
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spaces {B;;H: 1=i<oo, 1=j=n} and {D;$: 1=i<e, 1=j=n} are pairwise
orthogonal.

We make a final choice using Lemma 3.11: We choose integers i, i, ..
one by one in this order, such that, upon setting

o> By

ij o
we have

@5) [9*(p;oB)lL <9, [P*(@;oDp)fy <6 for ¢=X and Y (1 =j=n),

With all these choices made (we still have to say what conditions ¢ and § must
satisfy!) we define

X'=X+3(9,0B), Y =Y+ (g;oD).

From the general relation ¢ oA=(pA®0)—VTspA, where V is the isometry in
(3.1), pcH?, and ACF (9, §), wehave

IX' =X, = ||z:; <ij,-[|2+1§ 176 ¢, Bl

Since the operators B; have pairwise orthogonal ranges, we have

12 0:Bils = (2181942 = (2N CAAY=
On the other hand, using inequality (4.4) we deduce from Lemma 3.10 that

(4.6) ITe @;Bjll. = 6 (rank B,)Y*[B;| = & (rank C;V2|C;[*2.

We conclude:

"X’—X[lg = @'V +ow’i2 j’ (rank Cj)llz.
1

The same inequality obviously holds for [|[¥'—Y{,; too. It is now clear that é can
be chosen so that the inequalities (ii) of the statement aie verified (note that § is
chosen after the C;, 1=j=n).
In order to verify (i) we first note that the orthogonality of the spaces §;; implies
that
(@D)*@;B; =0 (i #)), (¢;D)*¢;B; = lo;1°Df B; = |p;1C;.
We have

Y*X' =Y*X+Y*(J ¢;0B;)+(Z ¢;0D))* X+,
. 1 1
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where

0= 2 ;"’(w,oo,-)*«piob.-) = lé(cp,-u,-eO)*((p,-B,-eO)Jr

+ 2 ((9;D;®0)* R+ 5*(¢; B;©0)) + S*R,
1
with
R = ? VTg(g;B), S= %’ VTg(@;D)).

Comparing these relations and applying the obvious inegality || LM ||, ={L|,[| M ||,
we obtain: '

It (Z—Y* X", = nxa(z—Y*X—lé |(0|?Cj”1+;n'(”Y*(%OBj)”l-f-

+(e; ODj)*Xlll)+1§ (losllDjll - IR+ 1S 2~ Il 1B;1) + | ST [ Rl

-Applying inequalities (4.3), (4.5), (4.6) and the fact that [|D;|=||B;| =||C;|'?<w,
we infer

It (Z—Y"* XY, = £+2n8+ 260 3 (rank C;}2+6%w (3 (rank C,J2)2,
1 1

and it clearly follows that (i) is verified if ¢ and & are chosen appropriately small.
The lemma is proved.

We prove now the main result of this paper, which is a rather standard self-
improvement of Lemma 4.2. It actually generalizes Theorem A of [2], case $=0.

4.7. Theorem. Suppose that the set Ry is dominating for the measurable set
ccC. If we are given a function ZELM(A(9H)), and H(O)-oriented functions
X, YeL*(A (D, Fox), then for any number w for which |y,(Z—Y*X)|,<wo,
there exist $(O)-oriented functions X', Y'€L*(A(H, F ©F)) such that

() Z()="X")(z) for almost every z€o, and

(i) X' —Xll;<w'? ¥’ =Y [ly<w2

Proof. Choose o’ such that [y, (Z—Y*X)|,<w <, and a positive number
9<1 such that (1-98Y2) " 1w'2<w¥2 Set X,=X and Y,=Y. An inductive appli-
cation of Lemma 4.2 shows the existence of $(©)-oriented functions X,, ¥, (n=1)
satisfying for n=0 the inequalities

[IXd(Z_ Y:Xn)ul <9 CD’, and “Xn-l-]._ nllz’ u Yn+l— n"2 = (snw’)llz'
These inequalities show that {X,}and {Y,} are Cauchy sequences in L*(£(9, § & &))

3‘
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and, upon setting X’'= hm X, Y'= hm Y,, we have
X' =Xl = 3 X=Xl = 3 @0)2 = (1-9) 702 < ol
n=0 n=0

and, analogously, ¥’ —Y |;<aV2. It also follows that [y, (Z—Y’*X’ )||1=0 and
this concludes the proof of our theorem.

We remind the reader of the fact from [2] that the relations in the mtroductory
part of Section 4 imply that the assumption of Theorem 4.7 concerning the set Rq
is certainly satisfied if the right essential spectrum of the model operator S(@) is
dominating for the set o.

A natural continuation of the circle of ideas in this paper takes place in [1],
where applications to invariant subspaces and reflexivity are discussed.

The authors owe to Dr. L. Kérchy for some useful suggestions he has made when
reading a draft of this paper.
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An extension of the Lindeberg—Trotter
operator-theoretic approach to limit theorems
for dependent random variables
I. General convergence theorems; approximation
theorems with o-rates

PAUL L. BUTZER and DIETMAR SCHULZ

Dedicated to Professor Kdroly Tandori on the occasion
of his sixtieth birthday, in high esteem

1. Introduction. This paper is concerned with a generalization of the classical
Lindeberg—Trotter operator-theoretic approach to the central limit theorem (=CLT)
(see e.g. [24], [15, p. 113], [10, p. 248], [20, p. 223], [18, p. 207)), so far restricted to
independent random variables (=r1.v.’s), to the general case of arbitrary dependent
r.v.’s. One of the great advantages of the classical Trotter approach is that it can also
cover the weak law of large numbers (= WLLN), indeed any limit theorem dealing
with convergence in distribution of r.v.’s and, above all, it can even cover limit theo-
rems equipped with O-rates or o-rates of convergence, all in the case that the r.v.’s
are independent (see e.g. [6], [11, p. 157], [19], [22], [5), [21]). A further advantage of
the method is that it is elementary in the sense that it does not use Fourier analytic
machinery at all.

Any attempt to generalize the Trotter approach to the situation of dependent
r.v.’s leads to principal difficulties. Already in the ,,resctrictedly” dependent case of
martingale difference sequences (MDS) and arrays (MDA) did the Trotter approach
have to be modified considerably in order to cover the particular type of dependency
in question (see e.g. [1], [23], [9], [2], {71, [8]). In order to comprehend these difficulties
let us 1ecall the basic principles of the Trotter approach.

If (X).cn is a sequence of independent 1.v.’s and f any function belonging to
the space Cp (see Section 2 for. definition), the Trotter operator Vx,: Cs—~Cp
associated with X, is defined (cf. (3.1)) for each p€R as the expectation of the r.v.

Received July 18, 1984.
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f(Xk +y)’
VxS (0) = ELf (X + )] (kEN).

One of the basic properties of this operator, the proof of which rests upon the rela-

n
tion Pgn_, szkfl Py , valid for the distributions Py _of independent r.v.’s X,, is

(11) Vzl’g':lxkf= VX1VX3"~Van (fECB, nEN).

If (Z,)ccn is a further sequence of r.v.’s which are independent not only amongst
themselves but also of the X, then (1.1) leads to the basic inequality

(12 sz S~ Varnles = 3 WrS=Va flcs

valid for any f€Cp, where |gllc =sup |g(¥)|-
YER

Now an equivalent formulation of the CLT for independent, identically distri-
buted r.v.’s states that

1.3) |ELf (2SI —ELf(XM)]| = o(1) (n ~<)

for any f€Cg, where S,= i’Xk, and X* is a standard normally distributed r.v.
k=1
This is a particular case (y=0! of

“Vn'l/’S,‘.f—VX‘f"CB =0(l) (n—>)

for any f€Cg. In order to be able to include such limit theorems under (1.2), X*
must be (n~1/%)-decomposable in the form

(14) . th = Pn—l/zz;(l=lzk,

where the decomposition components Z, are (0, 69)-distributed r.v.’s with
o;=Var [X,] which may, without loss of generality (see [3, p. 164]), be chosen to be
independent amongst themselves as well as of the r.v.’s X,. In that case one has by
(1.4), noting that the Trotter operator just involves the distribution of the associated
r.v.,

Vxef = Vn-1/22;=,zkf (f€Cp).

So establishing (1.3) just amounts to showing, noting (1.2) with all r.v.’s multiplied
by the factor n~1/2, that

1
(15) ”V,,—l/zxkf—V,,-llzzkf"CB'= (4] [—n—] (fE CB; n —>°°).

Assertions for single differences of type (1.5) can easily be estimated by assuming
that the moments of the r.v.’s X, and Z, coincide up to the order 2.
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If one would wish to equip the CLT in the form (1.3) or other weak limit theo-
rems with rates, it would suffice to supply (1.5) with rates better than o(1/n), which is
possible if the corresponding moments of higher orders are equal to another. However,
the whole procedure is only applicable to independent 1.v.’s since the basic properties
used, namely (1.1) and (1.2), are only valid for such r.v.’s.

A first indication that cognate methods of proof could possibly be applicable
to dependent t.v.’s is the paper [12] by Z. Govindarajulu who established the WLLN
for triangular arrays of dependent r.v.’s. Fo1 this purpose he used a property corre-
sponding to (1.1), one tailored to the situation of dependent r.v.’s; but he had to
replace inequality (1.2) by estimates of a different type.

The chief aim of this paper, however, is to present an operator-theoretic approach
that allows one to generalize the Trotter operator-technique, one that has stood the
test, to dependent r.v.’s. The development of the present approach may in some sense
be compared with that of Trotter’s: similarly as did Lindeberg’s proof of the CLT
of 1922 (cf. [17]) serve Trotter as the basis for his operator approach, so did Govin-
darajulu’s paper give the impulse to our definition of a ,,conditional Trotter opera-
tor” (cf. Def. 1 in Section 3). However, its applicability is not only confined to a
proof of the CLT or WLLN. These theorems will, much more, be deduced as partic-
ular cases of a very general limit theorem, which can even be supplied with o-rates
" or O-rates of convergence, as will be shown in Section 5 and 6.

For the sake of clarity let us present a particular case of the “conditional Trot-
ter operator” tailored to MDS. If (X)), is a MDS, i.e., E[X,|&,-1]=0 as., kEN,
where &, ;=U(Xy, ..., X,_,) is the o-algebra generated by the r.v.’s Xy, ..., X1,
then the conditional Trotter operator Vsk 1 ig defined for each f€Cy, and yER
as the conditional expectation of the r.v. f (X, +y) relative to &,_,, i.e.,

VE ) i= E[f (X +2)|Fi-a]  (kEN).

If the r.v.’s X are independent, then the properties associated with conditional ex-
pectation yield that

Vg,’:‘lf = E[f(Xk+ N1l = E[f X+ ) = Vx, f,

so that the conditional Trotter operator coincides with the classical Trotter operator.
Furthermore, the operator V"'k t has all of the basic characteristics of ¥y , so that it
is possible to establish with its help the counterparts of the properties (1. 1) and (1. 2)
for dependent r.v.’s (see (3.6) and (3.7)). For this reason it is not only possible to
extend all of the limit theorems established by means of Trotter operators for inde-
pendent r.v.’s to the case of arbitrary dependent r.v.’s — whereby the dependency
structure just depends upon moment conditions of type (4.1) — but also to extend
them to particular types of restrictedly dependent r.v.’s, namely to MDS and MDA,
without having to modify the proofs as has been necessary so far (see e.g. [7, 8]).
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Concerning a comparison with the literature existing in the field, let us first note
that apart from the paper [12] cited for the WLLN as well as another [13) by P. Gudy-
nas, no further papers are known to the authors that deal with assertions on conver-
gence in distribution without restricting the dependency structure in some way or
other. The r.v.’s are either assumed to be independent or dependent in the sense
of MDS, MDA, or inverse martingales. Whereas the WLLN without rates is also
a particular case of our results (see Theorem 3), direct comparisons with the results
of Gudynas are hardly possible since he is concerned with inequalities for metrics of
vector-valued r.v.’s. Points of comparison with other papeis devoted to independent
r.v.>s or to MDS or MDA will be gone into in the course of the paper.

Part I of this paper consists of five sections, the second of which is concerned
with the preliminary results needed from approximation and probability theory.
Section 3 deals with the definition of the conditional Trotter operator and its basic
properties, while Section 4 is devoted to the general limit theorem, namely Theorem 1,
which is then applied to give the CLT and WLLN. Section 5 contains the general
approximation with o-rates, Theorem 4, together with applications. The second and
last part of the paper, covering Sections 6 to 8, begins with two general approxima-
tion theorems with O-rates for convergence in distribution (Theorems 7 and 8) which
are applied to yield to O-error estimates for assertions of Berry—Esséen-type, i.c.
for the uniform convergence of distribution functions (Theorem 11 and 12), dealt
with in Section 7. Section 8 is concerned with the particular case of MDA as well as
with the existing literature in the matter.

2. Notations and preliminaries. In the following, Cz=Cy(R) will denote the
vector space of all real-valued, bounded, uniformly continuous functions defined on
the reals R, endowed with norm | fl : sup|f(x)|. For reP:=NU{0} we set

x€R

Cl:=Cy, Ch:={g€Cs; gV€Cy, 1 =j=1)},

the seminorm on Cj, being given by [glc;:=[1gl,. For any f€C, and =0 the
K-functional, needed in Part II, is defined by

K f; Cp, €)= inf {I/~glc,+tlgle)-
This functional is equivalent to the rth modulus of continuity, defined for f€Cp, by
. r
o5 f: Coi=sup|| 3 (- 1y =(3) rat 0,

in the sense that there are constants c,,. ¢, ,>0, independent of f and (=0,
such that (see [4, pp- 192, 258])

2.1 ¢y, 0, (87 f, Co) =K(t; f; Cp, CE) = cp,0,(81; f; Cp).
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Lipschitz classes of index réN and order o, 0<a=r will be needed in Part I.
They are defined for feCy by '

2.2) Lip («; r; Cp) := {w,(t; f; Cp) = L, %},

L, being the so-called Lipschitz constant. Note that for a=r"+8, r'=r—1, 0<f=1
(see [14])

(2.3) SE€Lip(B; r—r'; Cg)= fELip(r'+B; r; Cp).

Several preliminaries from probability theory will be noted. Let (@, A, P) denote a
probability space with set Q, g-algebra U and probability measure P, B the o-
algebra of Borel sets in R, 3(2, W:={X: Q—-R, Xis A, B-measurable} the set of
all real r.v.’s on 2, and 2(Q, A, P):={X€J(Q, W); X is P-integrable} the set of all
real P-integrable r.v’s on Q.

The general convergence theorems of this paper will be formulated, as indicated
in the introduction, for ¢-decomposable r.v.’s. If ¢: N—~R* is a positive normalizing
function, then Z€3(Q, A) is called p-decomposable, if for each n€N there exist
n independent 1.v.’s Z,=Z; ,, 1=k=n, such that the distributions of the r.v.

n
Z and the normalized sums ¢@(n) > Z, coincide, ie., if
: k=1

2.4) P,=P

‘P(")z;“:lyzk ‘

An important concept needed for the proofs will be the conditional expectation (see
e.g. [3, p. 292)), to be denoted for X¢€ £(Q, A, P) and each sub-os-algebra GA
by E[X|®]. If Yalsobelongsto £(Q, A, P), and ® is a further sub-c-algebra of A,
then there hold the properties (see e.g. [3, p. 293f.])

2.5) E[E[X|6]] = EIX];

(2.6) E[X|G,] = E[X] as. for ®, = {®, Q};

2.7 X =Y as. implies E[X|®] = E[Y|®G] a.s.;
(2.8) X =¢ as., some c€R, implies E[X|®G]l=c a.s.;
2.9) ElaX+pY|®) = aE[X|G]+BE[Y|B] as. (o, BER);

(2.10) E[X|®] = E[X] a.s. provided the g-algebra WA(X), generated by X, is
independent of ®;

2.11) E[E[X|6]/6"] = E[EIX|6']|6] = E[X|6] as.

The aim now is to represent the conditional expectation as an integral. For this pur-
pose two concepts need be recapitulated. If G U is a g-algebra and X¢J(Q, W),
a function Py: QXUA~R is said to be a regular conditional probability distribution
of X relative to ®, if it satisfies the conditions (see e.g. [16, p. 372ff.]): (i) For every
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fixed w€Q, the set function Py(w, -), defined on U, is a probability measure;
(i) for every fixed A€, Py(-, A)EJ(Q, G); (iii) for every A€W and Gc6,
there holds

[ Px(w, X-1(4))dP = P(GNX ~}(4)).

G

The function F;: RXQ—R, defined by
Fy(x|®) = Fx(x|6)(0) = Pz(w, (—=,x]) as. (x€R);

is called a conditional distribution function of X with respect to ®. [Note that if
(Q, N, P) is an arbitrary probability space, and ® an arbitrary sub-g-algebra of 2,
then for each X€3(Q, A) there always exists a regular conditional distribution (and
so also a conditional distribution function) of X with respect to ® (see e.g. [16,
p. 3731)).

Now to the integral representation. Let X¢€ 2(Q, U, P), ® be a sub-c-algebra
of A, g: R—~R "a Borel-measurable function with E{g(X)]<<ce, and Fyx(X|®)
be a conditional distribution function of X relative to ®. Then there exists a G€®
with P(G)=0 such that for all we @\G (sdee [16, p. 375))

2.12) E[g(X)|6)() = [ g(x)d(Fx(x|6)(@)).

For the proofs an (ordinary) Lindeberg condition of order s, s=0 — generalized to
the situation of a @p-decomposable limiting r.v. (cf. [5]) — and sometimes the usual
Feller condition will be needed. Both will be formulated for X,€3(2,A). If
X5 2(RQ, U, P) for some s€(0, =) and all k€N, then the sequence (X}), .y satisfies
a Lindeberg condition of order s, if for every 6=0

(2.13) (3 [ bFdFe)(3EIXM~0 (2.

k=1 |x| =619
If O<oi<oo, where o2:=E[X7], k€N, and s5,=( > o))V%, then (X)), N satisfies
k=1

a Feller-condition, if

9

2.14) | lim max —% = 0.
. n—co 1sksn §,

3. A generalization of the Trotter-operator for dependent r.v.’s. As already
mentioned in the introduction, the Trotter-operator plays an important role in
establishing rates of convergence for independent r.v.’s. For the development of
corresponding assertions in the instance of dependent r.v.’s a new operator concept
—.closely related to the usual Trotter-operator — will be introduced in this paper.
To elucidate the connections, let us first recall the definition of the Trotter-operator
and its most important properties.
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For any X€3(Q, N) having distribution function Fy the associated Trotter-
operator Vy: Cz—Cy is defined for f€Cy; by

G KfO)= [0 dFx() = E[f(X+)), (ER).
R

Lemma 1. Let X,Ye3(Q,N). Let X,y,..,X,, Z,,....,Z,, nEN, be inde-
pendent r.v.’s belonging to 3(Q, N). Then
a) Vy is a positive, linear operator satisfying inequality

(3.2) Wxflce = 1flc, (f€Ch);

b) Vy=Vy provided X and Y are identically distributed;
¢) Vx and Vy are commutative provided X and Y are independent ;

(33) d Vs,lf=Vx1Vx=-~Vx,,f (f£Cp);

34) o W,/ =V sy 2, Fleo = 2 Wxif —VaSles (FECa.

The Trotter operator may be generalized as follows by using the concept of condi-
tional expectation.

Definition I. Let X€2(Q, A, P) and ® be an arbitrary sub-¢-algebra of U.
The conditional Trotter operator Vy: Cz—CpX(3(R, ®)) of X relative to & is .
defined for f€Cy by

VY f(3) = E[f(X+1)|6] (y€R).

The most important properties of this operator, which is uniquely determined up to
a set of measure zero by definition, are collected in the following lemma; below one

has set (V) (M)(@)=(V)(y, @).

Lemma 2. Let XeL(Q, A, P), ® be an arbitrary sub-c-algebra of N, and f
and g belong to Cyx. Then

a) (VRN )EZ(Q, 6) (¥ER);

b) there exists a set G€® with P(G)=0 such that

sup (VX N, o) = | fle, (0ERNGy; fECp);

c) there exists a set Go,€® with P(Gy)=0 such that (Vf)(-, w)€Cy for all
0€ AN\Gy;

d) there exists a set G,€® with P(G3)=0 such that (V3(af+Pg))(-, w)=
=a(Vef)(-, @)+B(VRg) (-, w) for all wER\G, and a, fER;

&) (Ve NM=ELf(X+W|®]=(Vyf)(») a.s. provided W(X) is independent of ©.

Proof a). An immediate consequence of Definition 1.
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b) In view of (2.7), (2.8) one has
sup Vx £, 0)| = sup ESIX +)[16)(@)] = Elll fllc,|®) = [ flcs as.

©) Since V2 f(y) is bounded a.s. by part b), it remains to show that V3 f is uni-
formly continuous a.s. Let >0 be arbitrary. Since f€Cz(R), there exists a 6=0
such that |f(3)—f(y)l<e for all y,,y,€R with |y;—y,|<d, so that
sug f(x+y)—f(x+yr)|<e. But (2.9) and (2.7) yield
x€

VX fOr, @)—Vi [(y2, @)| = |E[F(X + )| Gl(0) — ELF(X + )| B (0)| =
= E[|f(X+y)—f(X +,)|[6](0) = sup l/Gx+y)—flx+y)f <& as.
establishing c).
d) and e) follow directly from (2.9), (2.10), respectively.
From Lemma 2 b)—d) one obtains

Corollary 1. Let (2, U, P), ®, X and f be given as in Lemma 2. There exists
a set GE® with P(G)=0 such that (V3f)(-,w) is a linear operator of Cy into
itself for -all weQ\G satisfying ||(fo)(~,co)llcaéllfllca.

Proof. With Gy, G,, G, given as in Lemma 2 b)—d), then (V§f)(-, ) is a
contraction endomorphism on Cp for each w¢Q\G, where G:=G,UG,UG;
with P(G)=0.

Basic for the main convergence theorem of this paper is the counterpart of ine-
quality (3.4) for the operator ¥ for partial sums S, of not necessarily independent
1.v.’s. For this purpose two lemmas will be needed.

Lemma 3. Given (Q, U, P) and any Xe€8(Q, U, P), there exists a set
A=A(X)eW with P(A)=0 such that

|ELX]| = [X ()] (w€d).

Take A:={w€Q;|L[X]|=|X(w)|]} and show that assumption P(4)=0 leads
to a contradiction.

Lemma 4. Let X,YcQ(Q, U, P), fcCy and & be any sub-c-algebra of W.
To each y€R there exists a set G’=G'(f,X,Y)E® with P(G”)>0 such that
(3.5 Vaer SO = V(Y NG, @) (0€G).

Proof. According to Lemma 2 c) there is a set G}€® with P(G})=0 such
that (V8)(-, w)€C; for all weQ\G!. Since E[f(X+Y +)|G)c (2, U, P),
on account of Lemma 3 to each y€R there exists a set G3=G3(f, X, Y)€6G - with
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P(G%) >0 such that, noting (3.1), Definition 1 and (2.5),
x (@ NG, )G = | [FPN x4, @) dFx(x)| =
R

= [E[ELf(X+Y+)|6)(@)]| =
= [E/(X+Y+))]|6](w)| = |[E[ELA(X+Y +)I6]]| =
= [ELfX+Y+ )| = Vx1rfO)]

for all w€G”:=\(G}NGY). Since G’¢®G and P(G’)=0 by definition of G?,
the proof is complete.

Now to the fundamental lemma of the paper, namely the counterpart of asser-
tions (3.3) and (3.4) for the operator Vg.

Lemma 5. Given £(Q, U, P), let (X)), be a sequence of r.v’s from
L(Q,U, P), (6,),.n a sequence of sub-c-algebras from U, G,={d, Q}.
a) For each feCp one has

(3.6) TV Ve f)) = Vs, f(») as. (¥€R; nEN).

b) If(Z,),cn s a further sequence from £(Q, U, P) it being assumed that the Z,,
Jor each n€EN, are independent amongst themselves as well as of the X,, then there
exist for each y€R, neéN and 1=k=n sets

G i-1€0,_y with P(G}i-1) >0

such that for each w=w(n, k, y)eG , _,

GD WSV, ofl= 3 sup |V EN0 @) V2 SO) - (neEN).

Proof. Now E[X,|G,]=FE[X,] a.s., all kéN by (2.6). So a repeated applica-
tion of (2.11) as well as (3.3) yield for neN and y€R

VXV VX)) =
= E[E..E[f(Xs+... + X, 4 )G, _,]...| 6,]| 6] =
= E[f(X1+...+ X, 4+ )6 = E[f(X;+... + X, + )] =

=y, V2, N0 = Vs, )0) as,
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establishing (3.6). Concerning part b), one has by (3.6), (3.2) and Lemma 1 ¢),

(3.3) Ws,/ =Ver_ 2, flles =
sgg |k2 (Vx "'Vﬁk-_f[ng-l -] V23=k“2,f)(y)| =
¥y
= Ssup VRV - VE—R1N0).
k=1 y¢

According to Lemma 4 applied to the r.v.’s S,_; and X,, there exists to each y€R
aset GJ_,€6,_; with P(G]_)=0. Associating to each y€R a fixed w, £G}_,
for which inequality (3.5) holds, one deduces by applying (3.6) and (3.2) the estimate

IFxeVxr.. Vi Vet =V )| =
= Vs VX N0, 0,0~ s Vo, NN =
= SUp V2= 1) (3, @)=V fO-

If one now takes the supremum over all y€R on the left side of this inequality and
then sums over k, the proof of (3.7) follows in conjunction with (3.8).

4. Convergence theorems for dependent random variables. This section is
concerned with weak convergence theorems in the case of arbitrary dependent r.v.’s.
The basis is a general limit theorem which yields both the CLT and WLLN by special-
izing the limit r.v. Since the results of this section deal with convergence without
rates, it is possible to formulate them also for uniform convergence of distribution
functions or for stochatic convergence. The hypotheses are, apart from the usual
Lindeberg conditions for the sequences of r.v.’s (X,), .y and the decomposition com-
ponents (Z,), ., the positivity and the uniform boundedness of the second moments
of the X, as well as the moment condition (4.1). The latter reduces to the coincidence
of the first and second moments of X, and Z, provided the r.v.’s are independent.
Since the g-algebras ®,, k€P, occurring in (4.1) may, apart from 6,, be chosen
freely, distinct forms of dependency are admitted. -

4.1. General limit theorem.

Theorem 1. Let (X)), n be a sequence of dependent r.v.’s such that O0<m=
=E[X}]=M<o for k€N, and some constants m, M=>0. Let (®),.n be a se-
quence of sub-c-algebras of U, G,={P, Q}, and Z a p-decomposable r.v. with decom-
position components Z,, kKEN. If

@1 -~ ELX{|6:] = E[Z]] (keN; je{l, 2]

and the sequences (X)yen> (Zien both satisfy Lindeberg conditions of order 2 (cf.
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(2.13)), then there holds for each fcCy in case

@42 p()=0(n"?) (n )

4.3) I V<p(n)S,.f“sz"cB =o0,(1) (n — o).

If the distribution function F, of Z is continuous, one has in addition
@4 supl oms, (D= Fz ()] =0(1) (n ~<).

Proof. Firstly, one can ensure that the r.v.’s Z,, k€N, are independent of the
X, as well as of the sub-g-algebras ®,, k€N by means of an appropriate choice of the
- probability space. According to Lemma 5b) to each y€R, n€N and 1=k=n there
exists sets G ,_,€6,_, with P(G, ,_,)=0 such that for each o=w(n, k, y)€G, ;.
by (2.4)

4.5 14 oms, S —Vzf ey = Vpms, f~ V oty Ity zkf lew =

Z sup Vot )@ 0) = Voinz, O

K=1ye¢

Now choose @€G? ,_; such that condition (4.1) is satisfied for it. An application of
(2.12) plus Taylor’s formula to both f(e(mX,+y) and f(e(n)Z,+y) then gives

|V<D(n)ka(ya (,0) (n)Zkf(y)l -
@6)  =| [+ d(Fpx, X6 )@ — [ f(x+3)dF 0y, X)] =
R R

=|f { “’(") ¥ popa L <p(n)2x2v2(n>~f2(y>]}d(ka(x|tﬁk D@)—
R j=o

-f {2 o) 1O0)+ Lo @pats® G- O} dF

where |7—y|=¢@m)|x|. Since fPE€Cy, to any &>0 thereis a §=35(g) such that
P —f®(y)|<e for [n—y|<~5. But by (4.2) to each §=>0 and x€R there is an
néEN with |[p—y|=e(m)|x|<d4. So splitting up the range of integration in (4.6) into
{x€R; |x|<d/p(n)} and its complementary set, one obtains by (2.12) and (4.1) the
expression

+ [ )o@ o= P 0N (Fr, 6y @) -

x| <dfe(m) |x|=d/¢n)

- J + J ]_;_<p(n)2x2[f‘2’('l)—f‘2’(y)]szk(x)

|x|<dlom) |x|=d/p(n)
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which can in turn be estimated by

o(n)?
2

+|]f(2)“c,,( f x*d(Fy, (x|6,-)(@)) + f xzsz,‘(x))}-
jxlzdlom) |x|=d/p(m)
Since E[X}]=M, (2.5) and (4.1) yield that E[Z]=M as well as E[X?|®,_,]=M
a.s. for all k€N. Since further E[XZ]Zm=>0, there are constants M,, M,>0
such that E[X}|®,_,]=M,E[X]] as., and :

@.7)

{e(ENX, |6, _)@) + E[|ZD) +

E[XZ x,0 28000y | @il = MREXR1x, 1250m0] 25

1,, AcU being the indicator function. Then one deduces from (4.6) and (4.7) that
for each y€R, n€N and 1=k=n

4.8) (Vo532 )5 D)=V piayz, SO =

= <p(2n)2 [e(M,E[XA+E[ZZ) +

HfOle (M. [ XdFy @+ [ x*dF, ()]
|x]=6/p(n) |x|=d/g(n)
Taking now the supremum on the left side of this inequality for all y€R, summing
up over k from 1 to n, and finally dividing the result by the strictly positive expression

(0()22) 3 (M,E[XZ+E[Z2), one obtains from (4.5)
k=1

(4.9) 2V s, Ve leaf(@ (n)zkg (M, E[X}+E[Z)) =
M3 [ P [ xdR,()
=+, k=1\x|=3/p) L O]
M, kgl' E[XA :.—21 E[Z]]

Since the sequences (X,);¢n» (Z,);¢n are assumed to satisfy Lindeberg conditions of

order 2, the term in square brackets converges to zero for n—< by (4.2). Since £>0
was arbitrary, assertion (4.3) follows by noting that the denominator on the left side
of (4.9) is uniformly bounded in »n because of (4.2) and the uniform boundedness of
E[X}] and E[Z}). This in turn yields (4.4) since F; is continuous (cf. [11, p. 140]).

4.2. The central limit theorem. A particular case of Theorem 1 is the following
version of the CLT.
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Theorem 2. Let (X),n and (©,),.p be given as in Theorem 1, denote
n
o, =E[X}], kN, and s,:=(2 op)'/2.
k=1
a) If there holds
(4.10) E[X{|6,_, =ciE[X*] as. (k€N; je{1,2)),

and if the sequences (X)yen and (6,)cn satisfy a Lindeberg condition of order 2 and
the Feller condition (2.14), respectively, then one has

(@4.11) ”Vs;lsuf_Vx*f.ucB =o0,(1) (fe Ci; n—)

or, equivalently,

(4.12) sup |Fi;ts, (x) = Fys (x)] = 0(1) (n o).
x€R

b) If the r.v.’s X, are in addition idetically distributed, (4.10) is valid with ¢,=1,
then one has for feCg

4.13) [Va-12s, f— Vir flcg = 0,1} (n —o)

or, equivalently,

(4.14) sup |Fa-105,(X) = Fye ()] = 0(1)  (n —~<0).
x€

Proof. a) Choosing for the decomposition components Z, of Theorem 1
the independent r.v.’s o, X*, then condition (2.4) is satisfied with ¢ (n):=s;"
Further, Z=0,X* implies that hypothesis (4.10) corresponds to (4.1). Since also
E[X =M< for all kéN, o(nm)=s;'=M;"? and so (4.2) is satisfied. It can
be shown (cf. [3, p. 268]) that the Lindeberg condition for (X)), .n Plus the Feller
condition for (¢,),.n yields the Lindeberg condition for (Z,),.n. So assertion
(4.11) follows from (4.3). Finally, (4.12) is a derivation of (4.4) in view of the conti-
nuity of Fys.

b) Assertions (4.13) and (4.14) are immediate consequences of (4.11) and
(4.12), noting that conditions (2.13) and (2.14) are always automatically satisfied
for identically distributed r.v.’s. '

4.3. The weak law of large numbers. Since the partial sums in the WLLN
are normalized by n~! and not n~ V2 as for the CLT, just a Lindeberg condition of
order one need be assumed for (X)), while the moment condition (4.1) reduces to
the condition that the conditional moments of the X, with respect to G, _, be zero.

Theorem 3. Let (X)), and (6,),cp be defined as in Theorem 1, let X, be a
r.v. taking on the value zero with probability 1, and let

E[X,|6,.1]=0 a.s. (ke€N).
a) If the sequence (X)), . Satisfies a Lindeberg condition of order 1 with ¢(n)=
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‘=n"", then (X,)¢n satisfies the weak law of large numbers, i.c., for each &>0

4.15) lim P({{n1S,| = ¢}) = 0.
b) If the r.v.’s X, are just identically distributed, then (4.15) again holds.

Proof. a) If one chooses the decomposition components Z, such that P, =Py,
for all k€N, then (2.4) is satisfied with @(n)=n"1!. An application of the Taylor
expansion of f€Cj up to the order 1 yields, just as in the proof of Theorem 1,

(4.16) Wa-1s,f~Vxofllcs = 0,(1) (1 o).

Since convergence in distribution is equivalent to stochastic convergence for the
limit r.v. X, (cf. e.g. [3, 220]), (4.16) implies assertion (4.15). Part b) is a particular
case of a), Lindeberg’s condition being satisfied automatically.

5. Convergence theorems for dependent random variables with o-rates. It is
possible to equip the limit theorems of Section 4 with rates without any larger modi-
fications of the proofs; just stronger assumptions upon the moments and higher-
order Lindeberg conditions will be needed. However, the assertions will now be
restricted to the convergence in distribution of the normalized partial sums, since the
equivalence of convergence in distribution with uniform convergence of the distri-
bution functions in case of the CLT and with stochastic convergence in the case of the
WLLN is only valid for convergence without rates.

5.1. A general approximation theorem.

Theorem 4. Let (X)), n be a sequence of r.v.’s, reN\{1}, and m, M be two
positive constants with 0<m=E[|X,||=M<e for ke€N. Let (®,),.p be a sequence
of sub-g-algebras of W with ®,={P, Q}. If Z is a p-decomposable r.v. with decomposi-
tion components Z,, kEN, condition (4.1) is fulfilled for jEN, 1=j=r, and the
sequence (X,),en as well as (Z,), ¢ satisfy Lindeberg conditions of order r, then for
feC
(5.1) Woms,/~VaSlca = 0r(nlo@T) (2 —).

Proof. The proof of this theorem is based upon that of Theorem 1. Just as
there one has inequality (4.5). For a suitable @ (cf. the proof of Theorem 1), an appli-
cation of Taylor’s expansion, this time up to the order r for f€Cj, yields

(.2) Vet N, B) = Voma N =
= | {52 053+ LU (00— 10 ) (16, -)(@) -
R

- {12 2OV 03+ LLIX 10 - 100N dF ).

r U=o

ji=0
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Following the arguments in the proof of Theorem 1 with f® replaced by f, one
obtains after the range of integration has been split up and estimates analogous to
(4.7) and (4.8) have been carried out, that for 1=k=n, y€R, the right side of (5.2)
is bounded from above by '

® (n)

e (Ml*EuXkl'lcsk J@ +ENZD+

+ @ ncB (Mr [ Ixld(Fy (x| csk_l)(w))+ [ Rkrar, @)}
[x}=0/e(n) [x|z=8/e(n) ’
where M} and M are the constants corresponding to M, and M, in inequality (4.8),
noting that the remaining terms of the Taylor expansion up to the order r vanish on
account of (4.1). The Lindeberg conditions of order r for the sequences (X,), cx and
(Z))¢n then yield, as in Theorem 1, -

(.3 r!lVoms, f—szI/(<P(n)’ (MfEllel’]-l—E[IZk’]))—0;(1) (n - ).

Since E[ IXk[’] is umformly bounded by hypothes1s and so also E[|Z,[] by (4.1),
there exists a constant M,>0 such that (2’ M] g [{X | +E[Zk]’]) =nM,. Ins_er;—
ing this estimate into (5.3) gives statement (5.1).

5.2. Applications to the CLT and WLLN with o-rates. By spemahzmg the limit
r.v. in Theorem 4 one obtains

Theorem 5. Let (X)), cn and (6)),p be given as in Theorem 1, o, s;, as defined
in Theorem 2, and let reN.

a) If (4.10) is satisfied for 1=j=r, and the sequences (X,),cn and (6,), ¢ satisfy
a Lindeberg condition of order r and the Feller condition (2.14), respectively, then
JECy implies . ‘
(6X)) . [Vsrts, f_VX‘f”CB = of(ns_') (n ).

b) If the r.v.’s Xk are identically distributed, (4.10) holds for ¢,=1 and 1= ]<r
then for fcCh -

(5.5) Wa-rizs f=Vxs fllcg = Of("(z-')/a) (n —<°).

Concerning the proof, assertion (5.4) follows from (5.1) just as does (4.13) from
(4.3); (5.5) is immediate by (5.4).

If one compares the rate in (5.5) with that known for independent r.v.’s and
MDS (cf. [5] or [7]), it will be seen that the same approximation order could be
achieved even though the X, are now dependent. .

Now to the WLLN. Since a moment condition corresponding to (4. 1) for
rz2, ie., a condition of form E[X}|6,_,]=E[X]] as., 1=j=r. would :now -

4%
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mean that only those r.v.>s X; can be admitted that take on the value zero with
probability 1 just as does X,, since E[E[X}|6,_,]]=E[X}]=E[Xj]=0, such a
condition will now be replaced by the weaker (5.6).

Theorem 6. Let (X)), n and (®,)p be defined as in Theorem 4, X, as in
Theorem 3. If (X)), N Satisfies condition

66 I SIEX6) = o( SEINY) as. (Sj=rin— )

for some réN as well as a Lindeberg condition of order r, then for fEcC}k, n—oo

Waess, f~Vxofles = 07(n~" ,5"1 E[|X,}).

Proof. Choosing the decompostion components Z, such that PZk=PXo and
sets @(n)=n"1 as in the proof of Theorem 3, a Taylor expansion up to the order r
yields, by taking into account that E[|Z,[]=0, 1=j=r, that for y€R and suitable
@ (see (4.6) and (4.8))

I(V:rﬁ'kl—xlkf')(y, 6)—Vn'1lkf(y)l =

n- n—"x"
r!

jJ!xJ FO)+

-1/ 2 O~/ ONd(Fy, (<16, @) 0 =

R J=0

= 32 IOl EIX L Gnil@ +

O M EUX1 41 Ole, (ME* [ el dFy ()},

|x|=dn

-+

M}* and M;* being the constants corresponding to M; and M, from (4.8). As in
the proof of Theorem 1 one has in view of (5.6)

6 Waess,f~VruSles] 0 SEIXaH) = 0,()) (1 ).

Note that the rate of approximation in (5.7) is a good as that given in [5] and [7] for
the WLLN for independent r.v.’s and MDS, respectively. For r=3 the rate is o(n™2),
provided the r.v.’s are identically distributed. Though the r.v.’s X, are now arbitra-
1ily dependent, no additional assumption was needed to obtain this rate of conver-
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gence. So Theorem 6 can be regarded as a true generalization of the corresponding
assertions in [5} and [7].

The research of the second named author was supported by DFG grant Bu
166/37—4. - : ' !
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Norm convergence of generalized martingales in L’-spaces
over von Neumann algebras

CARLO CECCHINI and DENES PETZ

Dedicated to Professor Kdroly Tandori on his 60th birthday

Introduction

Aftcr scattered partial results the norm convergence of martingales in L,-spaces
over von Neumann algebras has been proved by GoLDSTEIN [10]. The main dif-
ference between his approach and our one is twofold. While in [10] (as well as in
[3], [6),.17], [15]) the martingale sequence is formed by means of conditional expec-
tations (i.e. state preserving projections of norm one onto subalgebras) we use w-
conditional expectations introduced in [1] (which are not projections in general but
they always exist). On the other hand, the LP-norm we shall use is different from the
L,-norm used in [10] when restricted to L=. So [10] does not cover our results even
in the case in which all the conditional expectations involved are norm one projec-
tions. :
All the theorems are proved for a von Neumann algebra with a faithful normal
state on it. The framework is the theory of L(p) spaces as complex forms rather than
operators developed in 4] which are, very roughly speaking, representations of the
spaces of TerP [18], and so closely connected to the spaces of CoNNEs and HiLSUM
[51, [14]. | |

The results of this paper are contained in Theorem 9 and Theorem 10. Their
forerunner (the strong convergence of bounded martingales with w-conditional
expectations) was obtained in [16], [17] and independently in [13].

Received June 21, 1984.
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Preliminaries

Let M be a von Neumann algebra acting on a Hilbert space H. We denote
by M’ the commutant of M and by o’ a faithful normal state on M". The triple
(ny:, Hy , ) is the result of the GNS-construction with .

We summarize some results and notations contained in [5]. As usually we set

D(H, o)={¢€H: |a|=cw’(a*a)/? for all a¢ M’ and some c¢>0}. The space
D(H, o) is a dense vector space in H and for each é€D(H, ) there is a unique
bounded linear operator R,.(¢): H, —H such that

Ry (é) oy (a) Q= aé.

The correspondence &—R,,.(£) is linear and for all &, n€éD(H, ") the operator
Ry (OR,(m)* is in M. If @eM] then the equality
qq: (5) = (P(Rm’ (é)Rm' (é)*)

defines a lower semicontinuous positive form on D(H, »’) to which a positii'e self-
adjoint operator (d¢)/(dw’) (the spatial derivative of ¢ with respect to w’) is asso-
ciated ([5)).

Now we are in a position to define the spaces LP(M, @) for 1=p<< asin
[14). LP(M, ') is the set of all closed densely defined operators on H with polar
décomposition 7T=u|T| such that

ueM amd |T|? = dq),
dw
for some @eM}. If YyeM, has a polar decomposition Y =u|y| then we define

T @) = w2 and 7,0 = )

The spaces LP(M, w") (1=p<) are Banach spaces endowed with the norm

ITH, = ([ ITI? de’ys?

if by sum (and later by product) of unbounded operators we take the strong sum (and
strong product).

Let us now fix a faithful normal state @ on M and shorten (dw)/(dco) in d.
For 1=p<< we define H(p, w, ®") as the Hilbert space completion of the domain
of d~Y* under the inner product

& n), = (d7V*PE, d=1ry)

and H(w,w,w)=H. There is a unique unitary operator V(w, ', P,, P,):
H(pla w, (D') _’H(Pz, , CO,) such that

V(w, @', Py, PYE = d—i —piizg
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for ¢€D(H, w) and for 1=p,<p,=c. (Here D(H, w) is defined and has the same
properties as D(H, w’) above by reversing the roles of M and M".)

When @ and o’ are fixed we shall shorten our notation to H(p) for the Hilbert
spaces and to V{(p,, p,) for the unitaries introduced above.

Let 1=p<w. We set L(p, M, w, ®) for the set of all complex forms (ie.
complex linear combinations of positive forms) defined on D(H, @) and having the
form

aM )= <|TP/2V(p’ m)*u’,kV(p’ )¢, IT|1/2£>P
when T is a closed densely defined operator on H(p) with a polar decomposition
V (==, p)*uV (e, p)|T|

such that u is a partial isometry in M and

V (s, )TV (o, p)*

is in L[P(M, o).

For p=c we set L(w, M,w, ®)={q(a): ac M} where q(a)(£)={(¢, at)
(¢eD(H, w)).

We define a norm on L(p, M, w,®’) by requiring the linear bijection
At L(p, M, o, @)~ L*(M, @), 4,: q(T)—V(ee, p)TV (>, p)* to be an isometry
for 1=p=-<. In [4] it was shown that the spaces L(p, M, w, ®") do not depend on
the auxiliarly state " used in their constructlon (’ can even be taken to be a normal
semifinite weight).

We note so that L(1, M, w) is isometrically isomorphic to M, and we denote
this isomorphism by 1,. Explicitely,

1)) = Y(IRo (@7 2O)*)  (VEM,, (eD(H, ),

since d~Y%¢¢D(H, o).
If 1sp,<p,=< then L(p,, M, w)CL(p,, M, co) and L(p;, M, ®) is norm
dense in L(p,, M, w). For g€L(p,, M, w) we have

1] 2ips, 1,0 = 9]l Lpr, 1, 0 -

These properties will be used without reference.

Let M, be a subalgebra of M and w,=w|M,. The w-conditional expectation
E®: M—~M, defined in [1] is an w-preserving completely positive contraction and
it turns out to be the dual of the embedding of M, into M when suitable embeddings
of the algebras into their preduals are considered (see [2] and [17]). In [4] it was proved
that there exists a contraction &*: L(1, M, w)—~L(1, M,, w,) such that

e2g(@)(Q) = & E*(a)¢)
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(¢é€D(H, w,), a€M). Interpolation techniques give that the restriction of & to
L(p, M, w) is also a contraction into L(p, M,, ®,) (1<p<-oo, see [4] and [18]).
Later we define a natural mapping »: L(p, M,, we)~L(p, M, w) and we form the
composition % og® in order to have a selfmapping of L(p, M, ®).

Results

The elements of the spaces L(p, M, w) are complex forms on D(H, w) so the
pointwise convergence of forms can be defined in a natural way. We deal with the
relation of this convergence to the norm convergence in L(p, M, ). We need also
the connection between the strong operator topology on M and the norm topology
of L(p, M, w).

Lemma. Let (¢,)cL(1, M, »). If 17 (q,)~0 weakly then for any ¢€D(H, w)

Moreover, if (q,) is bounded then the converse also holds.

Proof. Since

4:(9) = (12" g) (IR (d720)*)

the first part of the statement follows immediately. To get the converse it suffices
to note that the linear hull of the set

{|R, (d-V2EY*[2: (€D(H, w)}
is dense in M. '

Proposition 2. Let (¢,)CL(p, M,w) and 1=p<e. If q,~q in norm of
L(p, M, ®) then

7.(&) > q()
Jfor every E€D(H, w).

Proof. g,—~¢ inthe norm of L(1, M, ®) and so in the weak topology. Lemma 1
can be applied.
. » Now we pfove. technical lemmas on different norms. To sirhplify formulas we
shall shorten d*# in D.

‘Lemma 3. Let ' acM and s,k be integers such that s=3 and 0=k=s-3.
Then

1 5 s~2-k s-2__ ok ~s+Kk41 o ko
la@IZesn,e = lal™ " D" Da)” " d* g,y -
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Proof. We apply induction on k. First let k=0.
I g (@) Zes, p,00 = [DY2aDV[ g0, a1,y =
— f(d1/21+1a*Dad]/zs+l)2s-ldw/ — f(a*DaD)gs—l dw/ =
= |(@a*DaD)* " a*|Lx,on |DaD (a* DaD)> * =Y Laag, oy =
= ||af2'+2 [f(Da*Da)z“-lDa*DQaD(a*DaD)Z"z—l dw’]1/2 =
= [Ia||2"1+1[fa*Da (Da*Da)¥* *~2Da*D2aD(a* DaD)**~1 da)’]ll2 =

= l[a[lz’”’“[fa*Da (Da*Da)*"*~-2Da*D2aD(a* DaD)*~*-1 dm']l/2 =

la]z=*+*|a*Da(Da*Da)*"*~*Da* D*al| iy, o) | D (a*DaD)* -1 D|iip, oy =

= [al®*1a|**|D(a* DaDy* " * 1D}, oy =

= [a]*~*7**+2|(Da*Da)* * - D¥| i u, oy -

Here we have used the Holder inequality repetedly. Now we carry out the induction
step. We have:

”(Da*Da)zs-z_zk dz_“kH”L?(M,m‘) —
= ([ @& +**(a* DaDy*~*~¥(Da* Dy~ =¥ g2+ + de' )2 =
= U(a*DaD)zshz'zk(Da*Da)Zs'z‘y‘ dz"”‘”dco’)l/2 =
= [(@*DaD)**~2(Da*Da)*" | s, oy
”(Da*Da)gs—z,_zk+1 dz_s+k+1[]i/i!2(M,w’) =
lal®=*|(Da* Dayx~*=2** d=s*+*+2] 18y o).
So our hypothesis on k implies our claim for k+1.

Lemma 4. Let a and s be as in the previous Lemma. Then
| 1g(@)]Zes, .0 = @)™ | ad*| 2, oy
where m(s)=2°~1+(2°"1—1)2—°+3,
Proof. Using Lemma 3 with k=s—3 we can majorize as follows.
(Da*Day>*= d'| Loy, wry =
= [fd”"(a*DaD)2""(Da*Da)z"s dvs dco’]ll2 =
= [f (a*DaD)*~*(Da* Day**~* a/2 do']12 =
I(@* DaD)*~*(Da*Da)?**~1Da*D|}& y, o) |ad V2| ¥

2, LM, o) =

lal*=* =12 ad"?| ag, )
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Proposition 5. Let (a,)CM be a bounded sequence. If a,—~a strongly then
g(a,)—~q(a) in the norm of L(p, M, w) for 1=p<co.

Proof. We may assume that a=0 and p=2°. For arbitrary a€ M we have
lad*?|}s a0 = fd‘/za*a d?dw’ = fda*a dow’ = w(a*a).
Now an application of Lemma 4 completes the proof.

Let M, be a subalgebra of M. We denote by w, the restriction of w to M,.
Clearly, D(H, w)cD(H, w,) and if ¢ is a form on D(H, w,) then x(g) will stand
for q|D(H, w).

Lemma 6. Let My, M, w,, w and x be as above. Then x|L(1, M, w,) is a linear
contraction from L(1, My, w,) to L(1, My, ).

Proof. Denote by H, (H,) the Hilbert space for the standard representation
(M) (7, (My)) with respect to w(w,) and @ its cyclic and separating vector de-
fining w (and also w, since H is considered as a subspace of H,). Let J, (J, )
be the usual canonical con_]ugatlon of the Tomita—Takesaki theory for the couple
(M, 0)((M,, ®)) and P the projection from H,, onto H, . We define a partial iso-
metry V as it was denote in [1].

VMo (@)Q = J,n,(@)Q for acM,
VE=0 for (1 H,
From [4] we know that J,|R,(§)[/p€7,(M) (£€D(H, ®)) (and, for <D (H, w,),
J%IR%(E)[W%Enmo(Mo)). Now if E® is the w-conditional expectation from M to
M, then
E°(r51 (1, [Ro(QPIw)) = n H(V* I, IR, (O V) =
= T[;,:(Jmo |Rmo(é)l2"mo)'
The last equality follows from: R,(§) Pr,(a)Q=R,(¢)n,(a) =al=R,, (&) Ty, (@) 2
for acM, and ¢é€¢D(H,w), which implies Rm(é)Pleo=R%(€).
Let nos @€M,. It is proved in [4] that 1,(@)(&)=n7"(J,|R,(&)[2],) for

E€D(H, w) and the similar equality holds also for Loy We have therefore, for
$€D(H, w) and @€(My),, ‘

x(lwo((P)(é) = lmo(q))(é) = (P(na_u}(']mo 'Rmo(é)lz"mo)) =

= P(E® (15 Vo IRa (OPT,)) = 1a(@ 08),
and

l]"olmo((P)HLu,M,m) = |1, (e Oe)"L(l,M,a)) = [poe]| =
= @y = | lmo(q’)"t.a,u,m),
which proves our statement.
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From the above Lemma, it is clear that x o 'wo(‘l’) depends only on the value of ¢
on the range of E®. This implies that x in general is not injective on L(1, M, ).
More precisely, % o1, (9)=0 if @|E®(M)=0. This implies that x is injective if and
only if E®(M) is weak-operator dense in M, which is not the case in general (cf. 1],
section 4).

Proposition 7. Let M, M,, w, w, and x be as above. If q€L(p, My, wg)
then x(q)€L(p, M, w) for 1<p<-co. Moreover, » is a contraction with respect to
the L(p) norms.

Proof. It is straightforward that for a€M, we have x(q(a))€L(w, M, ®)
and
”u(q (a))“L(oo,M,m) = 19(@) L(eo, Mo, 00)

where g(a)(&)={(¢, at) (E€D(H, wy)). On the other hand the statement has been
proved in Lemma 6 for p=1. By the Calderon—Lions interpolation theorem ([4],
[18)) for l<p<e we have x(q)¢L(p, M, ®w) and

e (Do, mt,07 = = 9l L, o, @)

whenever g€L(p, M, w).
Let us fix a von Neumann algebra M with a faithful normal state w and an in-
creasing sequence (M,) of von Neumann subalgebras. Assume that M is generated by

U M,. We denote by w, the restriction of w to M, and E will stand for the w-con-

dmonal expectation M —~M,. Itis porved in [16], [17] and independently in [13] that
EP(a)—~a strongly for every acM. As above we write &f for the extension of E?
to L(,M,w) and x,. L(1,M,, 0,)~L(l, M, w) is the restriction mapping.

Theorem 8. With the notation above, for every q€L(p, M, w)
%, 087(q) ~ ¢
in the norm of L(p, M, ®) (1=p<eco).
Proof. Since the sequence (x,0¢2) is uniformly bounded it is sufficient to prove
our statement on a dense set. We shall assume that g€ L(eo, M, w), thatis g=g(a)

for some a€M. So EP(a)—~a strongly and by Proposition 5 g(E®(a))—~q(a)
in the norm of L(p, M, w). However, goE”=K, o0&’ and the proof is complete,

Let (g)cL(p, M, w) be a sequence such that

% & (qn) = qx (n>K).

Such a sequence (g,) will be called (generalized) martingale (adapted to the sequence
(M,,) of subalgebras). The martingale (g,) is called regular if there is a qEL(p, M, o)
such that g,=K,0&%(q).
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Theorem 9. Let (q)CL(p, M, w) be a martingale (adapted to the sequence
(M,)) and 1<p<<eo. Then the following conditions are equivalent.

() (g,) is regular.
(i) (g,) converges in the norm of L(p, M, ®).

(i) sup lIgallLep, pr, )<

Proof. (1) —(ii) is just the previous Theorem. (ii)—(iii) is trivial. If (iii) holds
then due to the reflexivity of L(p, M, w) (see [4], [14], [18]) we can find a weakly
convergent subsequence of (g,), say gy~ weakly. If n is large enough then

XmEm (qk(n)) = qm
and we have g¢,=x,82(q).

Theorem 10. Let (g,)cL(l, M, w) be a martingale (adapted to the sequence
(M,)). Then the following conditions are equivalent.
(i) (g, is regular,
(i) (g,) converges in the norm of L(1, M, ).
(i) {g,: n€N} is relatively o(L(1), L(=)) compact in L(1, M, w).

Proof. We can follow the proof of Theorem 9 but instead of reflexivity we may
apply the Eberlein—Smulian theorem ([8)).

The reversed martingale convergence theorem does not hold if the sequence is
formed with w-conditional expectations. A counter example is contained in [l].

Acknowledgement. The authors are grateful to S. Goldstein for a copy of [10]
and to L. Accardi for his interest in this paper during the second author’s stay at the
University II of Rome.
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Approximation by polynomials and extension of Parseval’s
identity for Legendre polynomials to the L” case

Z. CIESIELSKI

To Professor Kdroly Tandori on his 60th birth anniversary

In this note we look at the B-spline polynomial basis in the space &, of real
algebraic polynomials of order k 1.e. of degree not exceeding k—1, k=1, over the
interval /=({—1,1). For a given sequence fy, ..., f, with f=...=¢# and t,<t,
the corresponding B-spline of order & (cf. [6]) is the function

N(to, ..., ti; ) = (te— 1)ty ..., 41+ =K7Y,

where the square bracket denotes the devided difference taken at f,, ..., f; and
s,=max (s, 0). In particular, for i=0, ..., k—1, the spline

Now@® = N(=1, ..., = 1,1, ..., 1; 4
[ ERE— [—

i+1 k—i

is a polynomial of degree k—1 in [ and

wo=()(8™ (55

Clearly, we have the following properties:

(1.2 Niyz=0 for i=0,.., k-1
k—1
(1.3) 2 N (=1 for €l
i=0
(1.49) Py = span [Ny, ..., Ny_14)
2
(1.5) JMJ=I.

Received August 13, 1984,
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For later convenience introduce

o= [fs
Ul =( f PP it 1=p=e

|a||p (2 la;P)? for a€R* and 1=p=eco,
Nik,p = NNy, DVP = ,-,k-(k/2)1/",
M= Niga-
a€R*

Clearly, N;;,=N;; - Now, Jensen’s inequality and (1.3) imply for

(16) “ 2 a ik, p”p = "g"p

The kernel for our.apprommanon method is defined as follows

1.7 Ri(s, ) = 2 Nk, p () Niji () = Z Mlk(S)Nzk(t)
with 1/p+1/g=1. Cleaily, R, is independent of p and
(18) Rk(s: t) = Rk(t: S)-

1.9 R.(s,)=0 for s,t€l
For feL'(l) we also define '
RO = [ F()Rs, 1) ds.
I

It now follows by (1.5) and (1.3) that
(1.10) R=1.

Thus, the standard argument with Holder’s or Jensen’s inequality and (1.10) give
for the norm of R,: LP(I)—LF(l)

(1.11) [Rf,=1 for 1=p=eco.
Theorem 1. Let feL?(I) if 1=p<o andlet fEC(I) if p=oo. Then
(1.12) Hf—ka'leT»O as k—0.

Proof. Since we have (1.11) it is sufficient to check (1.12) in a dense set. For
f€P, we have

(1.13) r="3 ¢,
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with some coefficients c;, where Py, P,, ... are the orthonormal on I Legendre poly-
nomials. In [3] we have proved

k—1
(1.14) Ri(s, 1) = 20 m; P i(s)P; (1),
=
where
(1.15) my = DKo e k=1 me, = 1

R CFS W (Z)

Thus for f as given in (1.13) and for k=n we have

n—1
R f= Z; m; ¢; P;.
£

However (1.15) implies that for each j, 0=j=n—1, m; —~1 as k- and therefore

n—1
i=0

and this completes the proof.

Remark. If we start with (1.14) and (1.15) as the definition of R,, then Theorem
1 can be proved by a different method. Namely, extending the definition (1.15) by
letting m; , =0 for j=k we see that R,: LP(I)—~L"(I) is a multiplier operator i.e.
for '
S~ 2P
j=0
we have

ka: 'Z;mj;kcjpj'
j=

Now, the theory developed in [7] can be applied to obtain (1.12). The disadvantage
of this approach is that it does not seem to imply (1.7).

To state our next result we need some more definitions. In 2, we introduce the
descrete scalar product

gy = 2 FDgG).

With respect to this scalar product the orthogonal Chebyshev polynomials u{’c ;. ,,
J=0, ...,k—1, are determined by the condition u{’(0)=(j+1/2)'2 (see e.g. [5]).
Here u{’(i) denotes the same value as u{} in [3].

5‘
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Theorem 2. Let feLP(1) if 1=p<e andlet f€cC(I) if p=<. Then for
f~§'cJ-Pj we have
j=o

9 k=1 k=1 o 1/p
1) (23S mad el S, as ke p<e,

i=0 j=0
k=1 o
max ‘%mj,kuéJ)(l)le/ Ifle as k7 ee.
i=

0=i=k—1

Moreover, for p=2 (1.16) gives

k—1
(1.17) (g{; m; ¢ | flle as ke

Remark. The relation (1.17) is equivalent to

(1.18) > = 1/13,
i=
and therefore (1.16) can be regarded as an extension to the L? case of (1.18).
Proof. In [2] the following relation is established

k—i i+1
% Ni,k+l+—k— Nigrke1s

Nix=
which rewritten for the M, ,’s gives for i=0, ...,k—1

k—i i+1
(1.19) Mi,k=WMi,k+l+'mMi+l,k+l'

It is important that the right hand side is a convex combination. Introducing

9 k-1 yp
W, =(F 2 105 M)
we get by (1.19) and Jensen’s inequality that
(1.20) W, , () =Wy, , ()
Moreover Jensen’s inequality and (1.3) give
(1.21) M, (N =111,
Now, letting in (1.6) a;=(f; M;,) we obtain
122 1Ref1p = D, , (f)-
The combination of the inequalities (1.20)—(1.22) gives

(1.23) 1R S, = M, () = W, , (N = [ £1,-
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The next step is to identify 9, ,(f) by means of the Fourier—Legendre coefficients.
It is proved in [3] that

: k=1 k=1 o
M, = .Z(’, M, PHP; = .Z(’) m; utd (i) P;
i= i=

and therefore

k-1 .
1.24) A Mi,k) = ,Z(; n; g ulﬁl) (i)cj’
i=
whence we infer
9 k=1 k=1 1/p
(1.25) B, (N = (5 2|3 mud e, )
i=0 j=

To get (1.16) it remains to insert (1.25) into (1.23) and appiy Theorem 1. Formula
(1.17) we obtain from (1.16) by the following orthogonality relation (cf. .[3])

k
112

W, u®y = 8, ;= miL,

and this completes the proof of Theorem 2.

Corollary. Let feLP(I) and fNS’chj. Then |f|l, can be numerically
j=0

evaluated by means of (c;). Indeed, we at first evaluate (1.24) and then (1.25). More-
over, inequalities (1.23) imply the following error estimate

0=[fl,— M, ()= /R fl,-

In particular, for f=P; we get

0= |P;fl,— M ,(P)) =(A—m; ) |Pjl,.

Comments. Inequalities (1.20) and (1.21) are proved already in [4). Theorem
2 is related to the L” moment problem on finite interval by the formula

O M) = it (T Y gy,

f s )[1+s]

For more details we refer to [4] (see also [1]).

where
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On the product of certain permutable subgroups
KERESZTELY CORRADI and PETER Z. HERMANN

Dedicated to Professor K. Tandori on his 60th birthday

1t is well-known that the finite p-nilpotent groups form a Fitting class; in par-
ticular, for N,, N;<«G and N,, N, p-nilpotent, (N,, N,) is also p-nilpotent. In [1}
there was defined 4 (p, g) (generalizing the concept of p-nilpotence) as the class of
finite groups, in which for every p-subgroup P, [N(P)/C(P)] is not divisible by the
prime g. By the theorem in [1], # (p, g) is a Fitting class for any primes ps¢. In
this paper we prove a stronger result:

Theorem. Let G be a finite group and H,, H,=G. Assume that H,H,=G
(ie. HHH,=H,H,) and HM=G(t=1, 2) for every q-subgroup M. Then H,, H,¢
€N (p,q) implies H,H,&N (p, q).

For the proof we need the following lemmas, dealing with the permutability of
subgroups of a group G. (Throughout in the text, p and ¢ are distinct fixed primes.)

Lemma 1. Suppose that H=G and HM=MH for any q-subgroup M. Let
-S' be a subgroup of G then (HNS)YD=D(HNS) for any g-subgroup D in S.

Proof. (HNS)D=HDNS=SNDH=D(SNH).

Lemma 2. Assume H,K,L,T=G and L=HNK. If G=HK=LT then
T=(TNH)(TNK).

Proof. H=GNH=LTNH=L(TNH), similarly K=L(TNK), hence
G=HK=L(TNH)L(TNK)=L(TNH)Y(TNK), thus T=TNL(TNH}TNK)=
=(INLYTNHYTNK)=(TNH)(TNK).

Lemma 3. If R<G, |G:R|=q then RD=DR for any g-subgroup D.
Proof. It can be assumed that Dz R. Let z be an element in D\ R then
R{z)=G={(z)R, hence RD=G=DR.

Received May 12, 1983.
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Lemma 4. (see KEGEL [4] or [2, p. 677)). Let A and B be subgroups of the finite
group G. Suppose that for all x¢G, AB*=B*4; if AB#G, then at least one of A and
B is contained in a normal subgroup of G, different from G.

Proof of the theorem. By induction; suppose it were false and let G be a
counterexample for which f(G, H,, H,):=|G|+|{H,: HNH,|,+|H,: H\(VHy|,+
+|G: H)|+|G: H,| is minimal. So G=H,H, and there is-a subgroup U=U,U,
in G with a normal Sylow p-subgroup U, and cyclic Sylow g-subgroups like U,
such that all subgroups of U except U are (p-)nilpotent. (For the standard properties
of such U-s we will use see [2, chapter 1V.] or [3]). As U=(U?: r€U), each
H,U=UH,.

(%) For any subgroup X=G and H,=X (for at least one t) X=XNG=
=XNH,H.=H,(XNH,), hence by Lemma 1, X=G or X€A4 (p, ¢). In particular,
HU=G (t=12). N

Suppose U,=H,, then UJ"V:=(U}:s¢eH,NU)=HNU, so HNU=
=Z(U)U,; thus for a suitable wcU we get Uy% H,, hence H,<H,U;, yielding
1=|H U}" H,||(1Uq|, |G- H,[)l(qu{, |[U)=1, a contradiction, which gives

® U £H (=12

(2) Either (i) ¢=|G: H,| and U,= ﬂ H? (for at least one ), or

(i) T:=(Q:Q¢€Syl, (G))=G and (HlﬂHz)T-#G
If T<G then (H;NH)T=G would yield by Lemma 2 that

= (TNH)(TNHYEAN (p, )

by the minimality of G and Lemma 1, contrary to U=T; so (H,(NH)T <G in
this case.

Now assume T=G. Suppose H,Q<G for both ¢ and all Q€Syl (G), then
HE <G for each t by Lemma 4, hence HS, HS€ A (p, q) by (x); so

G =HfHIeN (p,q)

by [1], a contradiction. Thus we can assume H;Q=G (with a Q¢Syl, (G)). Then
with a suitable Q,<Q we get |G: H Q,|=¢g. By Lemma 3 and f(G, H,0Q,, H)=
=f(G, Hy, H)—(|G: Hy|—q) we see that |G: Hy|=¢q. Let x¢G, then G=H,U*
by (1), thus |U*: HiNU¥=|G: Hy|=q, so U;=H,, as required.

3 If HU,<G then HNU=1 and |U]|=q: HU,<G implies HUE
€N (p, q), thus HNU=Z(U) by (1). D:=(H, ﬂU)G—(HﬂU)””'—(HﬂU)"'f
=H, hence DNU=HNU=Z(U), thus U/DNUGAH(p,q). If D=1, then
— all conditions of the theorem remaining valid for G/D, H,D/D, H,D/D —
G/DEAN(p, q), contrary to UD/D=G|D; so D=1. Let D,=(®(U))", then D,=
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=(@(U))"=(®(U,))"=H,®(U,), hence D,NU=H,(U)NU=(H,NU)P(U,)=
=®(U)=Z(U). Thus we get (factorizing by D,) D;=1.
Now, by (2), we separate two cases.

Case 1: U,=N:= QGH{‘, |G: Hy|=q.

Case 1/a: NHy<G. As G=H,U=NH,U,, 1%|G: NH,| is a power of ¢ and
NHe A (p, ¢) by Lemma 1. Then f(G, H,, NH)=f(G, H,, H,) with equality iff
N=H,. Thus |G: H,| is a power of g, consequently H,=H,<G with |G: H,|=q.
As f(G, H,, H)=f(G, H,, Hy), H,=H, is of index q. So U,=M:=NN () H.

Let U,=ReSyl, (M), then G=MNg;(R), so by Lemma 2, NG(R)=NH1(R)IxVEHi(R).
Thus Ng(R)EAN (p, ) by Lemma 1, if No(R)<G. If so, then for Q,€Syl, (Cz(R))
there exists a Sylow g-subgroup Q, of M such that (Q; normalizes Q,, hence)
010:€5yL,(G). Let Uy=(b), then beT=((Q,0))": X€GY=(Ce(R\M)°=C4(R)M,
thus b=bchy with be€Ce(R)SCo(U,) and by€M. So by€Ny(U)NCo(U),
and for any u in U,, u’=u’». Hence 1=u""=ub%, yielding with a suitable power
bk, a g-subgroup (b%), that normalizes but does not centralize the p-subgroup U,
contrary to M=H,€/ (p,q); thus R<G. For t=1,2 let S,€Syl, (H), then
8¢, S§=Cg(R). Let SeSyl, (G); there exist elements e, f in G with S%, S{=S.
S£C;(R) and |S: S¢|=g=|S: S| (because of [G: Hy|=q=|G: H,|), so
Se=SI. ef'=g,g, (with gcH,) and SHe=HE:NH,; as f(G, HS; Hi=Hy)=
=f(G, H,, Hg)_t21’2|H,: H,(NH,|,, we get that [H,\H,|,=|H,|,=|H,|,, contrary

to |Hy N Hy|=|H;|[Hy| |G| =¢7*H].

Case 1/b: NH,=G. As NU=NUNNH,=N(NUNH,), NU=G by Lemma 1.
Thus NU,=G, G/N is cyclic, so H,<1G. Suppose H,U,=G, then H,=H,<G
with a |G: Hy|=q, so by induction, H,=H,. Let E=() H;, then G=H,E

xX€EG 4

by [1] and U,=E, producing Case l/a with (H,, E, H,) instead of (H,, N, H,).
Thus H,U,#G. H,<1G by [1], so L:=UqG<G by Lemma 4.

H,NL<G, [L: HiNL|=q, L§.¥ (p, q), hence L=(H,NL)(H,NL) by Lem-
ma 1, which yields H,NL=H,NL. Suppose (LN H,)H,<G, then (as G=H,U=
=H,L), |G: (LNHy) Hy|=q, f(G, H,, (LNH,) H;)=f(G, Hy, Hy). Thus H, is of
index ¢ in G, G=H,U,, which is not the case; so G=(LNH)H, We get
G/LNH ~H,/LNH,NH,=H,/LNHy,~G|L, L=H,, a contradiction.

Case 2: T=(Q: Q€Syl,(G))#G. Having eliminated Case 1 we may assume by
(2) and (3) that H,NU=1(t=1,2) and ]ﬁqlzq for any U, being of the same type
as U. Also by (2), (H,NH)T<G.

As UNH,=1, |T: TNH|=|0|; let Q€Syl, (G), then by Lemma 1,
(TNHY)Q*=Q*(TNH,) for any x€G. T#(TNH)Q, hence by Lemma 4, there
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exist W,2T (1=1,2) with TNH,=W, U,£W, yields W4 (p,q) and the
existence of V,<aT with W,=V, and |T: V,|=¢q (+=1,2). Sl U,%xV,, so
Vi, Vo647 (p, @)- By |T: Vil=q, T¢AH (p,q) and (1}, V1=V, )

On the other hand, V,=V,NT=V, (TNH)U=(TNH)¥,NU)=(TNH)U,;
thus

@) (TNHYU,=(TNH,)U,, consequently |TNH,|=|TNH,.

() |G: T| is a power of p, hence for any A=B=G, |B: A|,=|BNT: ANT|,:

Let P be a Sylow p-subgroup of G then (|G: TP|,|G: H{NH,|)=(|G: TP|,
|[U»=1, thus G=(H,NH)TP, so TP=(TPNH)(TPNH, by Lemma 2. By
U=TP, TP=G.

Let Q,€Syl, (H,NT) for 1=1, 2, thenby(4), Q,=0Qf forsomeg. Let g=g,g,
with g€H,; as Qu=(TNH#MN(TNH,), f(G,H, Hf=H)=|G|+|G: Hy|+
+1G: Hy|+|Hf: HEO\Hyl,+|Hy: HEOH), = |G| +|G: Hy|+|G: Hy|+|TNHE::
TOHENHy|,+|TNHy: TNHENH,|, by (5. But |TNHf: TNHENHy|,=
=1=|TNH: TNHENH,|, as Q,=TNH{2(\H,, so by the minimality of
f(G, H,, Hy), we have |H,: HiN\H,|,=|H,: HiNH,|,=1.

On the other hand, |H,: Hi\NH,y|,=|G: H,|,=|U|,=¢=|G: H,|,=|H;:
H,"H,|,, the final contradiction.
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Completeness in coalgebras
B. CSAKANY*

To Professor Kdroly Tandori on his sixtieth birthday

1. Preliminaries. For a set 4 and n positive integer, denote by 4 the n’th
copower (i.e. the union of n disjoint copies) of A. Dualizing the notion of an n-ary
operation we obtain that of an n-ary co-operation on A this is a mapping f: A—A®.
The corresponding notion may be introduced in any well-copowered category, cf.
{41, [6], [10]. For A4 non-empty and F a set of co-operations on 4, the pair (4; F)
is called a coalgebra. Coalgebras were considered by DRBOHLAV [2]; he introduced
the common algebraic notions and proved the Birkhoff variety theorem for them.
Here we shall study completeness of sets of co-operations on finite sets.

Let n stand for {0, ..., n—1}. One can introduce 4™ as nX 4, and so each co-
operation f: A—-A™ is uniquely determined by a pair of mappings (f,, f;) where
Jo: A—n and fi:A—~A. We call f, and f, the labelling and the mapping of f, respec-
tively. We can imagine co-operations — as well as other mappings — by means of
graphs, e.g. Fig. 1 displays the ternary co-operation on 3 having the cycle (012) as
labelling and the transposition (01) as mapping.

The n-ary coprojections may be defined by dualizing the notion of the n-ary pro-
jection. We write p™ for the ’th n-ary coprojection (i=0, ..., n—1); then pPi(ay=i
and p'(a)=a for each acA.

The superposition (g, -.., g,_1) of an operation f: A"~A and n operations
g: A*~A4 (i=0,...,n—1) may be considered as follows. There exists a (unique)
g: A"—~A" such that g;=ge} for each icn. Then f(g, ..., g,-1)=gf. Dually, for
arbitrary co-operations f: A—-A™, g?: A-~A® (=0, ...,n—1) there exists a
(unique) mapping g: A™ —~A® such that g =p™'g foreach i€n. The co-operation
fg: A—A® is called the superposition of fand g*?; we denote it by f(g®, ..., g™ ).
Fig. 2 and 3 display f(g9, g, g®) with £, g®, g™ the co-operation on Fig. 1,
and g®=p*2, For the labelling and mapping of a superposition s=£(g®, ..., g"")

Received June 30, 1984.
*} This research was partly supported by NSERC Canada grant A-5407.
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we have
(1 so(@) = g§* (f1(a)),
s1(a) = g° (f1(a)).
O O
30 31 32 g
o O (o] lo] o O
f
3
Fig. 1
o 0 o O O (ole]
Fig. 3

Analogously to the case of operations, a set of co-operations on a set A4 is called
a clone if it is closed under superpositions and contains all coprojections. A clone of
co-operations is also an abstract clone, i.e. it is a heterogeneous clone in the sense
of TAYLOR [13]. Indeed, it satisfies the identities (2.8.1)—(2.8.3) in the definition of
heterogeneous clone in [13]; they may be written in the form

2.1) v F(g@R©, .., =Dy, gD (RO, kD)) =

= (f(E®, ... "G, ..., h*D)
for arbitrary £, g, i) of appropriate arities;

.2 S LY = f
for f n-ary; and
(2.3) . pn,i(f(o)’ s f(n—1)) = f(i)

for £, ..., £"=D of the same arity. Denote, e.g., the left and right side of (2.1) by p
and g, and let f and g stand for f(g?, ..., g") and g®(h©®, ..., H*~Y), respec-
tively. Then, for every a€ A, the equations (1) give

: (o(@) (11(a .
Po(@) = g (fi(@) = h&0 " POV (glro@( £, (a))) =

= hgj"(a» (]1(“)) = go(a),
and similarly we obtain p,(a@)=¢,(a). One can verify also (2.2) and (2.3).
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We shall denote the clone of all co-operations on A by ‘KA, and the set of all
n-ary co-operations of 4 by %7.

An n-ary operatlon Jon A depends on its #’th variable iff there is an n-ary g on 4
such that f(e}, ..., €/_,, & €/.1> ..., €)) #Zf. Accordingly, an fc%), depends on its
’th variable if there exists a g€%" with f(p™° ..., p"'~", g, p™*, .., pP""" V)5S,
It is easy to verify that f depends on its #’th variable iff f; (/) is not void. We say that
f(€€)) 1s essentially k-ary if there exist exactly k elements i€n such that /" depends
on its /’th variable, i.e. if f; has k-element range.

2. Complete sets of co-operations. We shall study co-operations on finite sets
n (n>=1). For CS¥,, the least clone in %, containing C will be denoted by [C]
and called the clone generated by C. If [C}=%, (i.e. every co-operation on n may be
obtained from those in C and coprojections using superposition) then C is said to
be complete. In this case we call also the coalgebra {n; C) primal.

We shall need terms and notations for special co-operations. The diagonal co-
operation d on n is n-ary with dy, ¢, identical. The n-ary (i, j)-constant co-operation
"4 is determined by i (k)=j, i#I(k)=i for each i,jén and for each k€n. An
(i, ))-translation is a co-operation ¢ with #,(f)=/. If sucha tis m-ary then 1(p™"h, ...,
vy pM'm=1) is an m-ary (i, j)-translation (which is essentially [{/,, ..., /,_,}[-ary).
Similarly, from an (7, j)-constant we can get an (/, j)-constant of arbitrary arity.
We call a co-operation g (i, j)-gluing if g,(/)=g.(j) for all k€2; g is gluing if it is
(i, /)-gluing for some 1/, jén. Thus, g is not gluing iff the mapping i—~{g,(/), g,())
is 1—1 on n.

The following observations are trivial:

Proposition 0. An essentially k-ary co-operation is a superposition of a k-ary
co-operation and some coprojections. If a co-operation on n is essentially k-ary then
k=n.

This implies
- Proposition 1. The set of all at most n-ary co-operations on n is complete.

Thus, studying completeness on n, we can restrict ourselves to co-operations with
arity =n.

The mappings of a set C of co-operations on n generate a semigroup &(C) of
self-mappings of m, called the semigroup of C. We call C transitive if &(C) is transitive.
Note that each self-mapping in & (C) is the mapping of some (unary) co-operation in
[C), ie., F(CYSFIC). Indeed, for co-operations f and g of arbitrary arities, let
h-—-f(g(p"" PP, ., 8(pT% ..., p¥9)). ‘Then for each icn, Ih(i)=g (£ ()
proving that ZL[C] is closed under products of mappmgs whence the assertion fol-
fows.
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Proposition 2. A transitive set of co-operations on n is complete provided
it contains an essentially n-ary co-operation.

Proof. By Proposition 1, we have to prove that, for a set of co-operations C
satisfying the conditions of Proposition 2, every at most n-ary co-operation g on n
is a composition of some co-operations in C. Let f€C be essentially n-ary. Then the
labelling of f is onto, hence it is a permutation of n. Form f(p%%(%'®), .
ey PRBUTH6-D)) = f'; then, for each’ icm, we have f)())=pL%®(f,()))=g,(),
i.e., the arity and labelling of f are the same as those of g, while its mapping is the
mapping of f: for ien, f;({)=p%%O(f,())=£).

On the other hand, as C is transitive, for every k, I€n there exists a (k, [)-transla-
tion *'; we can assume that ¢*' is unary. Then 7' (p™’) is an n-ary (k, )-transla-
tion whose labelling is the constant function with value j. Now form

FAUT OGO (o), A 0= 0) s 0= 0) ron-1)) — f*,

Then, for each i€m, fo(i) = (N @aO(p" I (£())) = fo(}), and f() =
= (1 @a@(pmS®))=g, (i), ie., we have an essentially n-ary f* whose labelling
coincides with that of f, while its mapping is the mapping of g. '

Finally, g=(f*)€[C].

Corollary 2.1. If f is diagonal and the mapping of g is a cycle on n then {f, g}
is complete.

Indeed, the diagonal co-operation is essentially n-ary, and a cycle on n generates
a transitive group on n.

Corollary 2.2. The set 62 of all binary co-operations is complete.

This is the coalgebraic version of Sierpinski’s completeness theorem [11]. As
clearly there are binary co-operations whose mapping is cyclic (hence generates a
transitive semigroup), we have to show only that theie is an essentially n-ary co-oper-
ation in the clone generated by the superposition of binary co-operations on n.
Define b™¢%? (icn—1) by byi(k)=0 if k=i and b»i(k)=1 otherwise, while
by' is identical. Then b™°(p™° n™'(p™', ..., 6™ "2 (p™" "% p~""1)..))=d, the
diagonal (i.e., any essentially n-ary) co-operation on n.

Next we determine the Sheffer ¢ operations: a co-operation on n is Sheffer if
it generates the clone of all co-operations on n (cf. [7]). Consider a partition 7 of n.
We say that a co-operation f on n preserves = if 7 is a refinement of the partition
induced on n by f, (i.e. f, is constant on each block of =), and is compatible
with f; (i.e. on each block of = all the values are in the same block of ).
A set C of co-operations preserves = if each f€C preserves n. Every co-operation
preserves the least partition (the one with 1-element blocks) and exactly the essen-
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tially unary co-operations preserve the greatest partition (with one block). Further,
let S be a non-empty subset of n. We say that a set C of co-operations on n preserves
S if S is closed under f; for every feC.

Proposition 3. A co-operation f on nis Sheffer if and only if it preserves neither
non-least partitions nor non-empty proper subsets of n.

Proof. Sufficiency. The second condition means that [{f}] is transitive. By
Proposition 2, it is enough to prove that f contains an essentially n-ary co-operation.

Suppose that f'is m-ary. Then m=2, and f'is essentially at least binary, since it
does not preserve the partition of n consisting of one block. Further, f; is cyclic, since
fis transitive; hence f is not gluing.

We show that, for each pair 7, j of different elements from n, there exists a non-
negative integer k such that fo(fy())#=/(ff())). Write i° for 7, and & for £,(*~7).
Suppose that f,(7*)=£,(j*) for every integer k=0, contrary to the claim; in partic-
vlar, f()=£,(j).- As f; is cyclic, there is a least natural number #(<#n) such that
j=i*, and hence j*=i"t*. It follows j¢—=", and thus f,(i")=f,(¢) for every
non-negative integer r. If (¢, )=1 then {i"*: r=0}=n, so f, is constant, a contradic-
tion, because f is at least binary. Hence 1<(f, n)<n. Now we see that f,((*)=/,(i*)
whenever u=v (mod (¢, n)). Define an equivalence ~ on mn by M~/ iff u=v
(mod (¢, n)); this is a refinement of the equivalence induced by f,. Also, clearly,
~ is preserved by f;. Hence f preserves the (non-trivial) partition of this equivalence,
a contradiction again.

Given an integer k=0, there exists a unary co-operation & in [ f] such that, for
each 7i€m, hy({)=f*(). Hence for the m-ary co-operation s"/=h(f) we have
SO =A@ =f( D)=LD) =5 ().

Now, if 2=k<n, for every non-gluing essentially k-ary co-operation c€{f]
we construct a non-gluing essentially at least (k-+1)-ary co-operation c’€[f] as
follows:

Since k<n, and c is not gluing, there exist 7, j€n such that c,(F)=cy(j), and
a(@)#c(j). Let ¢ be (formally) J-ary. Put

’ - n
¢ = c(p'+1'°, ceey PHLC@—1 5@ )(pltd | pl+LE
N !
[
p1+1,c,,(:), piFLL pl+l,l)’ pltle®+1 pl+1,l—1)_
A s .

| —p—
551 (i)'cl(j)(cl(i)) m—1

Assume that ¢ depends on its ¢’th variable. Then there is an rén such that ¢,(r)=g.
If g#c)(i) then cy(r)=pgtt(ci(r))=g, and if g=co() then c}()=
=pyt L@ (s5®@al(c ()))=c,(i)=gq, i.e., ¢’ also depends on its g’th variable. In
addition, ¢’ depends on its I’th variable, too: c,(j)=5+"!(s@ D (c,(j)))=1
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We have shown that ¢’ is essentially at least (k +1)-ary. It remains to show that
¢’ is not gluing. Observe that, for a€n, cy(@)=1 if asi and co(a)=cy(f), while
ci(@=co(a) otherwise; further ¢;j(a)=s0D(c,(a)) If cy(@)=co(f), and
cj(@=c,;(a) otherwise. Since si® <) is a permutation of n, we obtain that, for
a,ben with cy(@)=c,(b), c;(a)=c;(b) whenever c,(@)#c,(b). This means that ¢’
is (a, b)-gluing only if ¢ is (a, b)-gluing. Thus, ¢’ is not gluing, as required.

Using this construction, from f we get an essentially n-ary co-petation in fin a
finite number of steps, proving the sufficiency.

Necessity. We have to show that if a co-operation f preserves a non-trivial parti-
tion # of n then every co-operation in [f] also preserves =, and the same holds for
non-empty subsets instead of non-trivial partitions. As the coprojections preserve
everything, it is enough to show that any composition f(g°, ..., g*~") preserves the
partition 7 provided f,g° ..., g1 preserve it.

Put h=f(g°% ...,g*"), and let a=b(n). Then ho(a)=g{*“(fi(a)), ho(b)=
=g/ O(f,0). Here f£(@=£0)(m) and fy(@=/fo®), hence gfo@(fi(a))=
=gfo®(£,(b)), as needed. Also we have hy(a)=h,(b), again by (1) and the definition
of preservation. The case of subsets is even simpler. Thus, Proposition 3 is proved.

Consider the case when #n is a prime number. Then the non-preserving of non-
empty proper subsets by f means that f; is a prime-order cycle, hence it preserves no
non-trivial partition with more than one blocks. Thus we have to exclude the preser-
vation of the one-block partition only. This can be done by requiring that f'is essen-
tially at least binary. Hence it follows:

Corollary 3.1. Let n be a prime number. A co-operation f on n is Sheffer {f
and only if it is essentially at least binary and f, is a cyclic permutation of n.

Introducing some natural algebraic notions for coalgebras, we can given a more
familiar form to Proposition 3. Let A={(4; F) be a coalgebra. If the subset B of 4
is preserved by F, we can obtain a subcoalgebra B=(B; F’) of A by putting
F'={f": fe F} where f{ (i€2) are the restrictions of f; to B. A subcoalgebra B of A
is proper if B is a proper subset of A.

Furthermore, if the partition 7 of A4 is preserved by F, we can obtain a coalgebra
A=(4; F), where A={a: acA} is the set of blocks of =, while F={f: fcF}
and f is defined by fy(@)=/fy(a), fi(@)=f(a) for each acA. Coalgebras A arising
in such a way are called factorcoalgebras of (A; F); A is proper if it is induced by a
partition with at least one non-trivial block. As it is usual for algebras, a coalgebra B
which may be obtained from another coalgebra A by forming a subcoalgebra of a
factorcoalgebra is called a factor of A. A factor of A is proper if in the process of its
formation we take a proper sub- or factoralgebra. Using the just introduced notions,
Proposition 3 states:
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Proposition 3. A finite coalgebra with one co-operation is primal if and only if
it has no proper factors.

This is the coalgebraic version of Rousseau’s theorem (a finite algebra with one
operation is primal iff it has no proper factors and is rigid [8], [7]).

The following proposition corresponds to Stupecki’s completeness criterion for
operations [12], [7]. Call a co-operation essential if it is essentially at least binary and
non-gluing.

Proposition 4. The set consisting of all unary co-operations and an arbitrary
essential co-operation is complete on any n.

Proof. Denote the set and the essential co-operation in the proposition by S
and f, respectively. We show that there is a Sheffer co-operation in {S]. For this aim
we prove the following two claims:

() There exists a Sheffer co-operation g on n such that g,=f;.
(B) If g is a co-operation on n such that go=f;, then g¢[S].

Proof of (a). A co-operation g on n with gy=f, is fully determined by its mapp-
ing g;. We have to define a g, such that neither non-empty proper subsets nor non-
least partitions would be preserved by g. Concerning the subsets, it is sufficient to
choose g; a cyclic permutation of n. As for the partitions, the co-operation g may pre-
serve only refinements of the partition A induced by its labelling. Thus, we have to
show that under appropriate choice of the cycle g;, no non-trivial refinement of A
will be preserved by (the unary operation) g,. We can suppose that A itself is not
least, else we are done.

Given a cyclic permutation g, of n and an element i€n, each element of n may
be written in the form g} (¢); for this element, we write shortly i". Partitions preserved
by g, are the same as congruences of the algebra (n; g,). Each such non-trivial and
proper congruence is uniquely determined by a divisor d(1 <d<n) of n (and hence
it may be denoted by #,) in the following way: /"=7°(n,) if and only if r=s (mod d).

Let I be a block of A with minimal number of elements, and i€i. Then [/|=n/2.
On the other hand, the number of non-trivial proper divisors of » is less than n/2;
hence we can define g; so that for each non-trivial proper divisor 4 of n i9¢i. Now
if, for some s, my;=2 then from ==/ (n,) it follows *=i(4), i.e., 79¢i; a contra-
diction.

Proof of (B). Let fbe l-ary, ke€l, i€n. As f is not gluing, the system of equations

Jo) =k, filx)=1i
has at most one solution x*! in n. Clearly, each element of n may be written in form

6
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x*1 with uniquely determined k and /. Define the unary co-operation #* by

g (X% if XM exists,
0 otherwise.

46 = {
Define f'€[S] by f'=f(°("%), ..., £~ (p"'~Y)). Then

Sa@0) = ppTo (o O (£, H) = phH(sk () = k = fo (&) =
= go(*), and G4 = pH(HE) = g ().
Thus, g=/"€[S], as required, and the proposition is proved.

Call a co-operation f sharp if it is k-ary and essentially k-ary for some k.
From Proposition 0 if follows that the number of sharp co-operations is finite
on every n, and a clone of co-operations is uniquely determined by the sharp
co-operations it contains. Hence we infer that the number of clones of co-
operations / finite for each n, i.e. the clones of co-operations on n form a finite
lattice. For n=2, there is as few as 12 sharp co-operations, and even this number
decreases to 8 if we do not distinguish between f=f(p*° p*') and f(p*?, p*>9
(as they are the same ,,up to a permutation of variables”). Fig. 4 shows the

Fig. 4

lattice of clones of co-operations on 2 (the coalgebraic version of the Post diagram;
cf. [5]). Circles standing for clones contain pairs or single signs; the denote the
labelling-mapping pair or the mapping of the co-operation generating the given
clone (if it is generated by one co-operation). We write 1 and 1 for the identical and
non-identical permutation of 2, and #(€2) for the constant mapping with value 7.
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3. Co-operations and selective operations. Given arbitrary non-empty sets P and
M, a natural number k, and mappings fy: P—k, f;: P—~P, we define a k-ary opera-
tion fon M?T by agieeing that, for every p€ P, the p-component of the result of fis
the f;-component of the f;’th operand. Operations obtained in this way are called
regular selective operations (see [1]). The mappings f; and f; are referred to as the first
and second selectors of f. Observe that they can be considered as the labelling and the
mapping of a co-operation (of the same arity as /) on P. Moreover, for any nontrivial
M and nonempty P, there is a bijection between the regular selective operations on
M?" and the co-operations on P assigning to a selective operation f a co-operation
whose labelling and mapping are the first and second selectors of f, respectively.
This bijection is a clone isomorphism, i.e. it sends a projection into the coprojec-
tion with appropriate indices, and a superposition of operations into the super-
position of co-operations being the images thereof. This follows immediately from
(2) in [1] and (1) in this paper. Hence the study of clones (including lattices
of clones) of regular selective operations on a finite power of a set reduces to the
study of clones of co-operations on a finite set.

E.g., Corollary 2.1. implies that the basic operations of a k-dimensional die D
(see [3]) generate the clone of all selective operations on the base set M* of D. Hence
it follows that the variety of k-dimensional dice is equivalent to the k’th power-variety
of sets, an observation due to TAYLOR [15] (see also [14]).

Further, we can reformulate Corollary 3.1., using the following consequence of
Corollary 2.2.: a co-operation f on n is Sheffer iff >C[ f1, and translating it into the
language of selective operations, we obtain the following fact: For p prime, all binary
selective operations on MP (|M|>1) are term functions of the given binary selective
operation fif and only if f is essentially binary and the second selector of f is a cyclic
permutation of p. Formulated in different terms, this is the main result in [9].

Finally, Fig. 4 may be considered as the lattice of clones of selective operations
on M2 (|M|=1).
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On the stability of the local time of a symmetric random walk
M. CSORGO! and P. REVESZ

Dedicated to Professor K. Tandort on the occasion of his 60th birthday

1. Introduction

Let X, X;, ... be a sequence of iid. rv with P{X,=—1)=P{X,=1}=1/2,
and consider the symmetric random walk S$,=0, S,=X;+...+X, (#=1,2,..).
Define the local time of {S,} by

Ex,m):=No. {k: 0<k=n, S,=x} (n=12,...; x=0, 1, +2,...),

ie., E(x, n) is the number of visits of {Si} at x up to time n. The properties of &(x, n)
bave been studied by 4 number of authors for a long time now. Here we present some
well known and important results.

Theorem A.
P{£(0, 2n) = k} = 2k—2» (Znn—k] k=0,1,2,...,n;n=12,..),

1/2
lim P{nY2¢(x, n) = u} = (_27,:_) f e~?l2dr (u=0; x=0, +1, +£2,..).
n—+oo ¢

‘“".I'ﬁeo'rem B (Kesten, 1965). For any x=0, £1, 2, ... we have

: é(x n) Sup é (x, n)
hT—»s-Bp (2n log log n)*/# = hT—-s«Bp (2n loglog n)'/® =4S
Yim inf [-I-Oglnﬂ) (x,n) =1, a.s.

where 7, is a positive absolute constant.

1) Research partjally supported by an NSERC Canada Grant at Carleton Umversxty, Ottawa.
Received March 22, 1984,
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Remark 1. The actual value of y, was not given by Kesten. It was recently
evaluated by E. Csdki (oral communication).

Remark 2. Roughly speaking the above two theorems say that £(x, n) (for
any fixed x=0, £1, 2, ...) goes to infinity like n*/* does.

Intuitively it is clear that £(x, n) is close to £(y, n) if x is close to y. This paper
is devoted to studying this problem. '
Here we present the main results.

Theorem 1. For any k==1, £2,... we have

e M=EON) ek, N)=EQ N _
£(0, M) log log M) ~ "W-%PE (0, N)loglog N)® ~

E(k, n)—E(0, n) [E(k, )—EQO,m)]
= lim SUPSUP 7570, W) log log N2 — LALUPSUPTE (0, M) loglog V)2

=2Qk—1)Y? a.s.

lim sup(

Theorem 2.

&(1, N)—-¢(0, N) lim |1, N)—=&(0, N)| -
N7 (loglog N)8 — NesP N (log log NY/*

E(1, n)—&(0, n) e, m)—&@O, )] (28_]1" s
N3 (log log N)** hm_.s.,l;lp,s,gg N2 (loglog N)* =37 .a.s._

hm 1 Sup

= hm 1Sup sup

Theorem 3. For any &=>0 we have

. ¢k, n)
lim su
""°°lk|§l3,_ &©, n)

where a,=n"*(log n)~C+3,

—1| =0 a.s.

Remark 3. Theorems 1 and 2 essentially say that for any fixed k the distance
between £(k, n) and (0, n) for large n behaves like n'/%. Since £(0, ) is about n'/2
asymptotically, this means that £(k, n) is relatively close asymptotically to £(0, n).
The meaning of Theorem 3 is about the same. However in the latter theorem we
claim that for large n £(k, n) is close to £(0, n) whenever |k|=a,, but the meaning
of “close” is not as precise as in Theorems 1 and 2. Theorem 3 is nearly the best
possible in the following sense.

Theorem 4.

¢(k, n)

lim sup sup |=
P e 20, m)

B |ki=b,

—1‘ =1 a.s.,

where b,=n"? (log n)~L.
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2. Proof of Theorem 1.

Among the statements of Theorem 1 we only prove

. &(k, N)—&(0, N)
lirn sup (£(0, N)loglog N )2

=2Q2k—1DV2 as. for any k= 1, +2,....

The proofs of its other statements can be obtained without any further difficulty
along the same lines.

Let A4;;(m) be the event that a symmetric random walk starting form m hits 7
before j (i=m=j). Then )

Lemma 2.1.

P{d4;;(m)} = (j—m)/(j— ).

Proof is trivial.
For any x=0, £1, 2, ... define
T(x) = 0,
7 (x):=inf {I: 1 >0, S,=x)},

1,-+1(x) =inf {l: 1= 1,(x), S;=x} (i=0,1,2,..),

Ti = Ti(o) (l = 0, 1, 2, ...),
and let

%y (k) = E(k, 1) —£(0, 1) = E(k, )1,

a; (k) —(i(k ) —&(k, 7)) —(E(0, ) — (0, 7;1))
= (E(k, 1) —Ek, 1)) —1 (k= %1, £2,...; i=1,2,..).

Clearly then o,(k), #,(k), ... is a sequence of 1i.d. v for any k=1, 42, ....
Now we evaluate the distribution of a, (k). We have

Lemma 2.2.

@.1) Play(k) = —1) = P{E(k, 7y) = 0) = 2I—L

2Ik| ’

2 —
22 Ply(k) =1} =P{e(k, 1) = I+1} = (ﬁﬂ] [%1] (1=0,1,2,..)

Proof. Without loss of generality we assume that k=>0. Then

(k1) =0} = (X, =—1}U{Xy =1, Sy # k, Sy k, ..., Sy # k}.
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Hence by Lemma 2.1.

P{é(k,r1)=o}=l 1 k=1 _ 2k—1

MR i T
and (2.1) is proven Similarly, in case of m=0 we have
{ttk, ) =m} =[{X; =1}N{S. # 0, S, = 0, ..., S, )1 % 0, S0y = k}]ﬂ
NH{X w41 = BUEX 00 = =10 {Sqay 41 # 0, Sz # 0,
o3 Seyy—1 = 0, 8w = EPIN..NKX,,, o+ = BU{X., _a+n ——l}ﬂ
N{Se,_+1 =0, Se _my+e = 05 ooy Sepgy—1 = 0, Seay = KPIN
ﬂ[{X,m(,(,+1 ==-1YU{S, w+2 # k St wy+s Z ks ..oy Symy-1 # K, Sey0y = O}1.

(Note that in case of &(k,t)=m we have O<7,(k)<ty(k)<...=T,(k)<7,(0)<
<7,41(k)). Hence, again by Lemma 2.1

reo-m- S G4 )

-G O
k) U2k )

and (2.2) is also proven. This also completes the proof of Lemma 2.2.

Lemma 2.2 implies
Lemma 2.3.

2.3) Eoxy =0, Eof=4k-2,

2.4 ,}in.}o P.{n‘\llz(ozl(k)-}-oz2 (k) +... +o, (k) = x(4k—-2)1/f}_=
. =‘(2TC);1/2 fe_"z/zdll, — oo X << oo, N I N

(2.5 lim P{n‘”2 sup (e () oo (k) + ... +o; (k) = x(4k 2)1/2}_ B

feoa
_ 21/2 x
=(—) [ e du, x>0,
. - 7 0
and o T U N

. & (k) + ot (k) + ... +a, (k)
2‘ 1 2

=20Qk—-1)V2 as.

The following two lemmas are simple consequences of (2.6). -
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Lemma 24. Let {u,} be any sequence of positive mteger valued rv with
lim p,=< a.s. Then

n—oco

oy (k) +ap (k) + ... +a, (k) —
llgl*sgp (a Tog log )7 =2y2k~-1

Lemma 2.5. Let {v,} be a sequence of positive integer valued rv with the foIIowmg
properties:

@ "lirono V,=o° 4a.s.

(i1) there exists a set Q,CQ such that P(Qy)=0 and for each w¢Q, and
k=1,2, ... there exists an n=n(w, k) for which vy, ,=k.

Then

limsup 20 F0R@ 4 +a, (0 _ 5r— o

n--oo (v, loglog v,)*"2
Utilizing Lemma 2.5. with v,=&(0, n), Theorem 3 and the trivial inequality
0 () + 3 (K) .. e,y (K) = E e, 1) —E(0, 1) = 0 (R)+02 () + .. +0g0,m1 (B + 1,

we obtain Theorem 1.
3. Proof of Theorem 2

Here we only present a proof of the statement

£(1, N)—~£(0, N) [g)’ s

lim sup N7 (loglog N@® ~ \27

The other statements of Theorem 2 are proven along similar lines. .
The proof of Theorem 2 is based on the following result of Dobrushin (1955).

Theorem C.
lim P {n~Y4(e(1, m)—£(0, n)) = 2V2x} = % f f exp( ]dzdy

Dobrushin also notes that the density function g of [N,;|V2N,, where N1 and N2
are independent normal (0, 1) v, 15

bt 2

L2 ( y z“).
g(y)——;r—of eXpl—53— % dz.
Hence Theorem C can be reformulated via saying that

(3.1) 2=12p=Y(E(L, 1)—E(0, n)) 2 [N, 2N, (n — ).
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In fact this statement is not very surprising since on replacing n by £(0, n) and k
by 1 in (2.4), intuitively it is clear that

a0 (1) +d2(1)+ +a§(0,n)(1) 6(1) n)_é(oa n) _2_» N2 (n __oo)

Y2E(0, n) ~ Y2E@,n)

(We must emphasize that we do not know any proof of this intuitively. clear state-

ment.)
Also, by Theorem A

(3.2)

3.3) nTVEO, M) Zs [Ny[1V2 (1 o).
Intuitively it is again clear (however not yet proved) that

¢, m)—¢(0, m)
¥2£(0, n)

“Hence” (3.2), (3.3) and (3.4) together imply (3.1). The proof of Dobrushin is
not based on this idea. Following his method however, a slightly stronger version of
his Theorem C can be obtained.

3.9 and n~14(£(0, n))¥2 are asymptotically independent rv.

Theorem C*. Let {x,} be any sequence of positive numbers such that
x,=o0 (log n). Then

—Xn = 2 4
PO @0 m-2@m) <2}~ 2 [ [ e (-Li-F)dzay
—c 0

and

_ . 2 balied yz z4).
P{n=%(E(, n)— (0, m)) > 2V2x,} ~ ;xf d[ exp [—5?—7] dzdy.
We have also

Lemma 3.1. There exists a positive constant C such that
(3.5) g(y) = Cy*Pexp (—(3/2°%) ).

Proof. Substituting z=xy'® we obtain
= [ exp[-2 i“] T _ﬁ(i 4]
g(y) - 6/. exp[ 222 2 dZ =Yy 6[ €Xp 2 +x dx‘

Note that the function

S0 = gt
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attains its maximum at x,=2"Y% and f(2~V%)=3/2¥3. Let x,=(3/2%%)"*. Then

4/3

—yua| [exp |- 22 (L 4] i J"“’(i o)) dx| =
2(») ylalofexp[ 3 (x2+x ]dx+x:/'exp[ 552 X)) x| =

4/3 oo 43 (1
= x, 3 exp (—yT 3. 2—2/3)+y1/3 f exp [__3_’2_ (? + x“]] dx.

3/8_—1/a
X1

For y=2- we also have

4/3 4/

fexp [———( +x)] dx = fexp (-—%—x]dx52x3y4/3 exp (——x ]dx

4/3 4/3
= 2y f x3 exp (—yTx“) dx = exp (—lf— x‘{) .

Hence we have (3.5).
Lemma 3.2. For any ¢=>0 there exists a C=C(g)=0 such that

/
e 3-2—2/3].
—&

g(y) = Cexp (—

Proof. With x,=2"%% and 6=0 we have

Xo+6 43 (1
= yl/ (2 4 =
e o[ (e

xo—3

= 2653 exp (——y—;ﬁ3 .23 1—1—*) s
—¢
where ¢* is defined by

3/22/3
1—g*'

max[ +(xo—9)", +(x0+5)4) =

1 1
(xo—0)? (xo+0)?

Hence Lemma 3.2 is proved.
Lemmas 3.1, 3.2 and some standard calculus imply

Lemma 3.3. Let {a,} be a sequence of positive numbers with a,}e. Then for
any €0 there exist a C;=Cy(e)>=0 and a Cy=C,(e)>0 such that

)= [ s0rdy = uexp (a2,

a

C;exp

By Theorem C* and Lemma 3.3. we have
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Lemma 3.4. For any ¢>0 there exist a C;=Cy(e)>0 and a C,=C,()>0
such that

174
{ “HE -0 m) =( +28)(12278) (loglog 11)3'4} = C,(logn)~+2

and
128Y"*
P {n“/“(f (1, n)—£(0, n)) = (1—2¢) [—2—7—) (loglog n)3/4} = C, (logn)~1-9,
Next we prove

Lemma 3.5.

1o P T (og log e =

£, m)—E0,n) _ (128)"*
(7) s
Proof. Let
1/4
n,:= [exp (klogk)), b,:= (%) ny't (log log n,)*4,
L =&, =&, n), &(x,(m,m) = E(x, m)—&(x,m) (m <n),
C(m: n) = 5(17 (mi n))_f(oz (ms n)): Ak = {C(nk) = (1—28) bk}
By Lemma 3.4
3.6) P{4,} = C(klogk)—1-2,
Let j<k and consider

P{AkA.l}'— 2 P{AInC(nJ) I} =

I=(—29b;
=32, Pl =15, =x) =
=2 ? PUANLm) =L 8, =xPEm) =1, S, =2} =
=3, S, P = 0-205,-115, = APE@) =15, = ) =
= ,=(§;e)b sup P{{(n;,n) = (1—2)b,— = x} ZP{C(n,) =x}=

= bém P{L(n—n) = (1-20)b—}P{(n) = I} =

= (1228 jP{C(nk)>(1 20)b,—P{L(n) =1} ~ -
~ [ P = (1~29b— 2P (n)) = 2Pnifty}dy =

Q-2e)2™ Y2714,

oo

= [ 20) [ g@dzdy,

A B(»)
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where , .
1/4
A:=(1-2e)272n;p; = (1— 28)2 1’2[12278) (loglognp'/*
and
B(y):= (1—2e)b, 27 Y2n;1ap, —2M2n}/4y2-12p 1 =

1/4

128\ (n)
1/2 1/4 J
= (1-2¢)2~ ( 77 ) (loglog ny) y e

Now a simple but tedious calculation yields that for any >0 there exists a j,
such that if jy<j<k then

3.7 P{4; 4} = (1+)P{4}P{4,}.

Here we omit the details of the proof of this fact, and sketch only the main idea be-
hind it. Since (n;/m)*=k"Y* (j=1,2,...,k—1), the lower limit of integration
B(y) above is nearly equal to

v
(1-2 )21/2(12278) (loglogn )t if y = kY4, say.

Hence for the latter y values the integral f g(2)dz is nearly equalto P{4,}. Simi-
B(y)

larly, the integral f g(y)dy gives P{A4;}, and our claim (3.7) follows, for in the case

of y=k'* the value of g(y) is very small.

Now (3.6), (3.7) and the Borel—Cantelli lemma combined give Lemma 3.5.
We have also

Lemma 3.6. Let my,:=[exp (k/l<')g2 k)] and

B" =

{5 (0 (my, mk+1)) =(1+e) [(mk+1 mk) (IOg — et +2log log mk+1)]1/2} .

My —my i

Then of the events B, only finitely many occur with probability one.

Proof. This lemma is an immediate consequence of Theorem 1 of Csiki—
Csorg6—Foldes—Révész (1983), where the corresponding statement is formulated
1in terms of Wiener process instead of symmetric random walk. The analogue state-
ment is easily obtained.
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Lemma 3.7. Let
M= ((24+€)my,, loglog mk+l)l/2’

2

. Yy
Ay g = (1+9) [(n1k+1—111k) (log 1L__ 12loglog mkﬂ)]
k

Mgty
and

D, = { sup Sup |oy+ogeyt... oyl =

1=SMy g1 =040 TS0,

I

M 1/2
[+ a0 (1o 2222 1oglog )| |-

Then of the events Dy only finitely many occur with probability one.
Proof. Cf. Theorem 3.11 of Csérg6—Révész (1981).
A simple consequence of Lemmas 3.6, 3.7 and Theorem B is

Lemma 3.8. Let

M 1/2
Bi={ swp KO, = [@+0)auus (1og 222 +ioglog )| .
+1

m=n=my oy
Then of the events E,, only finitely many occur with probability one.
Lemma 3.9.

(3.8) i SUP = 5 (og Tog m)* =

(A, m)—E0,n) _ ( ﬁ)“‘
27
Proof. Let

128\
O = [._2_7'] mj/* (loglog m)**, * Ey = {{(my) = (1+26)cy).

Then by Lemma 3.4 only finitely many of the events E; occur with probability one.

Now observing that

2
[(2+3)ak+1(10g k2l +108108Mk+1)] = o(cy),

we have (3.8) by Lemma 3.8, and Lemma 3.9 is proved.
Also Lemmas 3.5 and 3.9 combined give Theorem 2.
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4. Proof of Theorem 3.

A simple calculation and Lemma 2.2 imply

Lemma 4.1. For any k=1,2,...,n; n=1,2;... we have

oy (k) +ap (k) + ... + . (K)
Eexp (_ @Gk—2)n " ]

where C is an absolute positive constant.

[

G

The above lemma together with the Chebishev inequality and the Borel—Can-
telli lemma imply

Lemma 4.2. For any &=0

oy (k) +op(k) +... +a,(k)

N (U o
Consequently, on replacing n by £(0, n), we get )
. E(k, n)—£€(0, n)
lim su =0 a.s.
Py 2gen (RO, My (ognyre O
and
(@.1) lim su Cm—E0n o ¢

p — =
n~o (k] <&@, m(logm-C+320 & (0, n) (log n)=4*

By (4.1) we have also Theorem 3.

5. Proof of Theorem 5.

A theorem of Hirsch (1965) (cf. p. 124 in Csorg8—Révész (1981)) says:

max S, = n¥/2(logn)~! i.o.

1=k=n

with probability one. This, in turn, implies Theorem 4.

6. A problem
To fill in the gap between Theorems 3 and 4 is an interesting enough problem.
The following conjecture, however, is even more challenging.

‘Conjecture.

. Ek, )
lim su -
pee mnék_sI_)Mn £, n)

1[ =0 as.,
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where
inf Sk sup Sk
__ Asks=n . 1sk=n
"7 loglogn® "7 loglogn’®
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Rates of uniform convergence for the empirical characteristic
function

SANDOR CSORGO

In honour of Professor Kdroly Tandori on his sixtieth birthday

Introduction, results, and discussion

Let X;, X;, ... be a sequence of independent and identically distributed d-dimen-
sional random vectors, d=1, defined on a probability space (Q, o, P), with com-
mon distribution function F(x), x€R?, and characteristic function

CO = [4IdF, 1= (h, .. 1)ERY,

where (-, - ) stands for the inner product in R%. The nth, empirical characteristic
function of the sequence is

C,(D = L > eitX) = f e6n dF,(x), t=(ty,..., 1)ERY,
n j=1 R4
where F,(x), x€R?, denotes the empirical distribution function of X;, ..., X,. For
any extended number O<T=c consider the random variable

4,(T) = ﬁipr |Ca()—C@)].

It is trivial that 4,(T)—0 almost surely as n—c for any fixed T<oo, but
CsorGO and ToTIK [2] have pointed out that 4,(e=)—~0 almost surely if and only if F
is purely discrete. These two facts lead to considering the quantities 4,(T},) for some
sequences {7} of finite positive numbers converging to infinity at an intermediate
rate. In Theorem 1 of [2] we have shown in a simple elementary fashion that
4,(exp {n/G,))—~0 almost surely for any sequence {G,} such that G,—~--. More
interesting is the fact that this result is optimal in general. We proved in Theorem 2 of
[2] that for any characteristic function C which vanishes at infinity along at least one

Received December 2, 1983.
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path, A, (exp {n/G,}) does not converge to zero even in probability if G, does not
converge to infinity. It is natural to expect that if we specify the rate at which G, goes
to infinity then we should be able to derive rates at which 4,(exp {n/G,}) converges
to zero almost surely. The present note adresses exactly this problem.

It should be pointed out that later but independently YUKICH [4] also proved,
atleast in the univariate special case d=1, that 4,(exp {n/G,})—0 almost surely
whenever G,— 0. He derives this result, necessarily in a more complicated way, from
a general theorem of his concerning the law of large numbers for empirical measures
on general measurable state spaces and indexed by classes of functions. He does not
attempt the optimality of the result. However, the fact that he obtained an apparently
unimprovable corollary shows the strength of his general theorem. It was YUKICH
[4] who first obtained a special rate result on moving intervals. Again in the univariate
case d=1 he deduced from his general theorem what is Example (liii) below, with
a larger constant on the right side.

Our approach is direct and elementary. The proof of the following result, pre-
sented in the next section, appears as a straightforward extension of the proof of
Theorem 1 in [2]. In order to avoid trivialities we assume that X=X; is nondegen-
erate.

Theorem. Let K,=inf {x>0: P{|X|>x}=R,} where {R,} is a nonincreasing
sequence of positive numbers. If

S5 MRt 5 (K,T,/R,) e~Mufin <oo

Il‘=no "2"0

for some M, M,>0 such that

ny = ng(My, My) = inf{n: R, = 1/(4/max (M,, M,))} <oo,‘

then
lim sup%A"(T,,) =242VM, +4VM,

almost surely. )

Setting R,=¢ and K,=K(¢) with any small ¢>0 and T,=exp {o(n)}, we
see that this theorem gives Theorem 1 of Cs6RGO and ToTix [2]. On the other hand,
it is not surprising that on smaller balls the rates depend on the tail behaviour of the
underlying distribution. Even in the case of a fixed ball when T,=T<co, the ideal
almost sure rate result 4,(T)=0(Y(log log n)/n) can be achieved only under some
tail condition. Improving an earlier result of Cs6RGO [1], who required e=1, the
presently available weakest such condition of LEDOUX [3] is satisfied if Eg (|X]) <o
for any £=>0, where

() = { (log u) (log, u)* (logs u)***, if u = exp {exp {e}},
B, if 0= u = exp {exp {e}).
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Here and in what follows, for any integer k=1, log, denotes the k times iterated
logarithm.

In view of this circumstance, it is perhaps tolerable that the Theorem above,
designed for growing balls, can at best give the rate R,=}(logn)/n even when
T,=T<o and X is a bounded random variable. The following version of the Theo-
rem is more restrictive because it can be applied only for balls with radius T,=n?;
where A>0. Nevertheless, in this domain it is more suggestive.

Corollary. Let K,=inf {x>0: P{|X[>x}=1//G,)}, where {G,} is a sequence
of positive numbers such that G,—~< as n—~oo. If

2 e—MinlG, 2 Gd/BKde"Ma"/Gn < oo

n=1 n=1

for some M, My>0, then
limsup VG, 4, (exp {n/G,)) = 2+2 VM, +4Vd+M,
almost surely.

We illustrate our result by way of natural examples. Note that if P{|X|>x}=
=h(x) for large enough x>0, where h is a nonincreasing function and if ¥,=
=inf {x>0: h(x)=R,} then K,=V, for large enough n. Therefore, if the con-
dition of the Theorem or the Corollary is satisfied with V, replacing K,, then the
corresponding conclusion is applicable. The following examples follow by elemen-
tary calculation. All the limsup statements are meant to hold almost surely.

Example (1). Suppose that P{|X|>x}=Lx~* for all large enough x, where
L and o are arbitrary positive constants. Then
(i) for any A=0 and integer k=1,

S1(4, k) = lirzl_»so})lp (log, )2 4,,(exp {n/(log, n)4}) = 2+4 v,
(ii) for any O0<A=<I1,
. Sz(A) = lll’lll_’ﬂ]p n(l—A)/2An(exp {n‘}) =214 ﬁ’
(iii) for any A=0 )

Sy(4) = hmsupl/ LA, (n% = 242 Ymin(4, 1 +4V1+[A+1+°‘)d,

2
(iv) for any A=>0 and integer k=1,

Si(4, k) —llmsupI/ Tog A ((log,n)1) =4+4 I/ 1+d-1—+—a-

7%
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Note that in case (iii) the right-side constant is obtained by applying both the Theo-
rem and the Corollary. When d=1, the result in (iii) was obtained by YukicH [4],
as mentioned above, with the greater upper bound 12{1 +4 +(1 +a)/(22)}.

' ' E):(a:m pie (2). Suppose that P{|X|>x}=L, exp {—L,x*} for all large enough
x and positive'cons_tants L,, L, and «. Then we obtain S,(4, k)=2+4Yd, S,(4)=
=2+4Yd and

S3(4) = 2+2Vmin (4, 1)+4 l/ 1+(A+%]d, Sa(4, k) = 4+4 |/ 1+521—.

This means that the Theorem cannot distinguish the exponential decrease of a tail
from power decrease. Of course, the latter inequalities follow directly from those in
Example (1) by taking the limit as @~ <o. If we assume that X is a bounded random
variable, the Theorem and Corollary give nothing better than the latter four inequal-
ities. ‘

Example (3). Suppose that P{|X|>x}=1/(log, x)* for all large enough x,
a positive constant o and an integer k=1. Then

lim sup (log, n)*4,,(exp {n/(log, n)*}) = 2+4Vd,

and‘ even on a fixed ball of radins T—< oo,

- lim sup (log, n)*4,(T) = 2.

We know from the mentioned results in {1] and [3] that the Theorem is not opti-
mal when T,=T<-o. Itis tempting to beleive that the above rates cannot essentially
be improved upon on large balls with 7, zn*. However, this remains an open ques-
tion at this writing.

Proof of Theorem

Introducing the truncated integrals

B,()= [ e®dF,(x)=— 3 etXy(X,| = K,),
Jx=K, nj=1 ‘
B@w= [ ewvdF),
. ix|=K, -
where y(A) denotes the indicator of the event A4, and writing D,(1)=B,(t)— B, (1),
we have just as in [2] that

An(Tu) = sup IDn(t)l+ sup an(t)~Cn(t)l+ sup IEn(t)_C(t)I
t|=T, tj=T, ti=T,
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The third term is obviously less than or equal to R,. The second term is

1 1 =z
— sup | 2 e'(' X-’)[(IX ' n)| = _n— Z;. X(lXJl = Kn),
i=

N =T, j=

. and hence

G = P{ﬁi? 1B,(0—C,()| > A+2VM)R} =

éP{% él’ x(X;| > K)—P{|X| > K,}) > 20 M, Rn} =

{ZCxp {—M;Rin/cZ}, if VM, < oZ/4,
2exp{—VM,R,n/4}, if 1/M1 c2/4,

by Bernstein’s inequality, where 6:=Var y(|X|>K,)=1. Thus, if n=n,, then
g,=2exp {—M,R:n}.

Let ¢>0 be arbitrarily small, ¢é=4d%2, and let us cover the cube [—T,, T,J%,
and hence our ball {r: |t|=T,} by N,=([(4d%%K,T,)/(eR)]+1)" disjoint small
cubes A, ..., Ay , the edges of each of which are of length (eR,)/(2d32K,). 1f
hy sty denote the centres of these cubes then

up D01 =, max ID,()I+, max sup|D()~D, )| =
t = n

= 1;2;)1&'" |Dn(tk)l +8Rn’

for, exactly as in [2], |D,(s)—D,(1)]=2d%2K,|s—t|. On the other hand, proceeding
exactly as in [2] again, we obtain via another application of the Bernstein inequality
that

P{lgg%,n ’Dn(tk)l = 4VM2 Rn} = N"1£I}§)§rn P{an(tk)l >4 l M2 Rn} =

= Q(K,T,/R,)' sup P{ID,()] > 4V M, R,} =
teR4
= 4Q (Kn Tn/Rn ¢ €xp {_ M2R§ n}
whenever nz=n,, where Q=(4d%?/¢)'. Summing up,

S P{4,(T) = 2+2V M, +4VIL+6) R} =

n=n,

=40( 3 exp{~MyRin}+ 3 (K,T,/R.) exp{~ M, R:n}),
n="o 'l="o

and the Borel—Cantelli lemma yields the desired result.

Acknowledgement. 1 thank J. E. Yukich for sending me his preprint before publi-
cation.
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Rate of approximation of linear processes
Z. DITZIAN*

Dedicated to Professor K. Tandori on the occasion of lis 60th birthday

The well-known Korovkin theorem [8] established that a positive linear process,
(or a sequence of positive linear operators), on Cla, b] that approximates the func-
tions 1, x and x* (for instance) also approximates any continuous function. An off-
spring of that result is the MOND-SHiSHA [11] theorem that yields the rate of approxi-
mation of a function with certain smoothness to the rate of approximation of 1, x
and x2. The rate of approximation in the Mond-Shisha theorem and in many results
that followed were forcibly uniform, that is independent of the point at which the
function was approximated. In other words, the rate of approximation prescribed
does not take into account that L,(¢;, t) could tend to ¢; (@; being 1, x and x?)
at different rates for different points 7. Recently, EssEr [6] and STRUKOV and TIMAN
[13] proved that if L, are positive linear operators on C(I), L,(1,t)=1, L,(x, t)=t
and L,(x% t)=t2+D,(¢) (in which case D,(1)=0), we have |L.(f,t)—f()|=
=15wy(f, 1/2/D,(1)) where

ey wy(f, ) = ng {Sup (4375 Ix—n, x+n] < I)},

1is [a,b] or R* or R, 4,f=4,(4;7'f) and A4,f(x)=f(x+h/2)—f(x—h/2). (The
result mentioned here is that of STRUukov and TmMAN [13]; Esser [6] proved
somewhat less but earlier).

Examining the situation on the particular but significant example of the Bern-
stein polynomials given by

1.2 sro=3r(E)()a-»

we have the following two results which do not imply each other:

*) Supported by NSERC grant A-4816 of Canada
Received October 13, 1983.
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a) For O<a<2, Sup [4}f(x)|=Mhr* if and only if |B,(f,t)—f(t)] =
h<x<l-—h

t(1—10)y2
§Ml( ( )] , BERENS and LorRENTZ [1].
b) For 0<a<2, Sup [(x(1—x)"24;f(x)|=Mh* if and only if
h<x<l—h

1B.(fs )= = M=o,

[2]. (In [5] it was shown that Sup |A,,q,(x) FfG)=Mh* forp(x)=Vx when

ht<x<1
x€[0, 1/2] and, ¢(x)=V1—x when x€(1/2, 1), is also equivalent to the above).

In this paper we will be concerned only with the direct theorem, that is, in the
particular cases (a) and (b) with the “only if” aspect. For positive operators for
which L,(x, t)=¢ Strukov and Timan settled the “only if*’ question analogous to
(a) and for positive operators with several conditions on D,(t) ToTik [16] settled the
question analogous to (b).

We will not have the restriction L,(x, t)=¢ (see application in §6) nor will we
require that the operators be positive, and, therefore, higher moduli of smoothness
can enter into the discussion (see applications in §7 and §8). We will impose relatively
simple conditions on the moments and the result will be applied to many operators.
The present result will provide some new applications even for positive operators. Its
main additional strength, however, will be its uses for some non-positive operators,
for instance combinations of “Exponential-type operators” introduced by C. P. MAY
{10]. We will be aided by results using interpolation of spaces and Peetre K functionals
and will introduce those concepts when needed.

2. Rate of convergence using moduli of continuity. In this section we will establish
a direct theorem analogous to example (a) in the introduction. For a positive operator
satisfying L,(1, x)=1 we have the representation L,(f, x)= f f(t)du, .(t) where

0y, x(t) is increasing and f do, ,,(t)—l The operators whlch we will treat in thls

paper will have the representatlon

(2.1)4 ' L,(f,x) = f S da, (1) where f da, () = 1,
I I

[ 1ty (D] = 5,0 and . v, () = M

u=t

The domain I represents a finite interval, semi-infinite ray or the whole real line and
with no loss of generality we may assume that I is [0, 1], Rt or R.
We can now state our first result.
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Theorem 2.1. Let I=[0,1], I=R* or I=R, L,(f,t)  defined by (2.1),
[ fdu, (D=x" for i=0,1,..,2m~1, and [ t—x)*"dv, ()=D,(x). Then
I . i L

1) ~7 1 = (w41 + G2 w0, Do)
for I=RY or I=R and

(4m)
2m

122050 101 = (M43 4+ &0 4 L em(3) g, (1, DY)

Jor I=[0,1] where L depends only on m.

Remark 2.2. The theorem is interesting only when D,(x)=o0(1), n—eo.
Obviously, D,(x)=0 and at a point x, at which D,(xg)=0, L,(f, x¢)=f(xy).- In
applications commonly met D,(x,)=0 only at the boundary of 1. One can construct
a sequence of linear (and even positive) operators for which D,(x) has a zero at a

point internal to 7, but in general those examples seem contrived and not very inter-
esting.

Proof. We define for h=0 the Steklov-type averages

2m hi2m hI2M{ 2m

f,,(x)=(—gh2-) f f Z[Zm]( D} fe+k(uy+ .. +u2,,,))du1 dug,,,

0 0 =

and for x such that [x, x+2mh] is in I we have 1f () —fo ()| = 0o (fs B) ahdﬁ
has 2m continuous derivatives (f,?’ is absolutely continuous for j<2m) and

2m)™" m(2m k 4m)™"
7m0 = (3] 2 () ona(f pt) = () weali
We now show that for g with 2m derivatives we have

|Ln(g’ x)_ g(x)| 2nn(,l |) ” (2'")"

Using Taylor’s expansion we have
2m‘—1 1 . .
|Ln (gs x) - g(x)l = ;; 7 Ig(l) (x)|;[L,,((t—x)', x) +
1 .
_— |otm) _f\2m
gy (£ G~ 07,0

Dn(x)
-— 2m’ "g(zm)"C(I)
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For I=R* or R we write
1L, (f; X)=f )| = |Lo(f~fis X) = (SR =1 (X)) + Lo (S X) £ ()] =

2m
= (M +Dnn(fs D+ 222 EOT (1)

and choose
h = (D, (x))M®.

For I=[0, 1] we choose a function Y€C= such that ¥ (x)=1 on [0, 1/3], ¥ (x)=0
on [1/3, 1] and ¢ (x) is decreasing. We define F,(x)=F£,(x)¥ (x) +/-,(x)(1 ¢ (x))
where f_,, is the same as f}, but using —h instead of h. We have |F,(x) —f(x)| = ws,, (1, 1)
and FE(x)=f#(x) in [0, 1/3] while FE™(x)=f%™ in (2/3,1]. To calculate
FE(x) in [1/3, 2/3] we write

FPm (x) = £ () = {(4() = fn () (1 = o ()}
{(AE) =LA =Y ™ = {(fF (), (D1~ ¥ () -

=2 (V) @ —Sa@) Oy = h b

and

By earlier consideration | f™(x) — 1| = ((4m)/h)*"w,,,(f, k). To estimate I, we write
N 2m-1

K= max [yP(x)|, and so |l,|=K kZ' (2I'Cn]|(ﬁ,(x)—-f,,,(x))(")l, and therefore, it
=0

x,i=2m

is enough to estimate for k<2m

2m d )k h/2m hj2m

() 4@ = |B) (L) [ [ B ) . it -
) [} 0

2m)2m[ d )k -hj2m hi2m —om

—f— —_ AT, ~uy, J(X) duy ... dus,| = J(k; b),

( h dx of of 1 2

where 4,f(x)=f(x+n)—f(x) and 4;f(x)=4(4;'f(x)). We can now estimate
J(k, h) by estimating J, (k, h) and J_(k, h) being the first and second terms in the
sum defining J(k; h) respectively.

2m 2m dk hi2m hj2m —om
J+ (k’ h’) = ‘(T) _d'F f aes f A,,l+_”+,,sz(x) dul...duzm =
1] 0

2m 2m hi2m hi2m -k .
I[T] f f Ah/2m Au:ll.*_‘_..l.usz(X) duk+1...du2m =
0 0

2mY* ., ( 2m—k)
é(T)2a)2,,,f, 2m h -
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and J_(k,h) is evaluated similarly. Therefore
0l = 28 K 3 () mP s B = hm 2K G+ 1) 0, )

and choosing h as in the earlier case, we obtain our results.

Remark 2.3. We could have used Whitney’s extension theorem (see STEIN
[12, Ch. VI)) to find a function F(x) defined on R that is identical with fin the do-
main  and whose 2m modulus of continuity w,,(F, k) in Ris bounded by Kw,,(f, h)
in 1. However, this method would still leave us with the need to estimate X and we
will still need the Steklov averaging functions and almost all the steps of the present
proof.

Remark 2.4. For m=1 and positive opeartors Strukov and Timan have a
better estimate for the constant in the theorem, as extension F of f defined on [0, 1]
or R is easily shown to satisfy w,(F,h) on R is smaller than S5w,(f, h) on I (see
TiMAN [14, p. 122]). That method is valid for m=1 even without the positivity but
will yield a somewhat different constant.

It is obvious that instead of ft"doz,,,x(t)=x" for i=0,1,...,2m—1 we could

I
have imposed f(t—x)"doc,,,,,(t)=0 for i=1,...,2m—1 and fdoc,,,x(t)zl. We

I
can now derive from Theorem 2.1 a generalization relaxing the conditions on the
moments that would be useful for applications. We note that the next theorem would
yield an estimate of the rate of convergence for pos1t1ve operators for which

f tde, () #x. ~

Theorem 2.2. Suppose 1=[0,1], I=R* or I=R, [du, ()=1 and
f(t»x)idoz,,x(t): R, x), i=1,...,2m—1 where R, (x)=0(1) n-—eco,
jlda",,(u);_v,, (O=M and f (t—X)*"dv, (1)=D,(x), then

u=t

L0 D) =f 01 = € 35 i IR CO1) + Ceomn(; R (33127)

2m -1 . '
where R,(x)=D,(x)+K 3 |R, ;(x)[*™ and where C and K depend only on m.
i=1

Proof. To prove our theorem we will construct a new operator 4,(f, x) that
will satisfy the assumptions on the operator in Theorem 2.1. For that we add oper-
ators to obtain a new operator A,(f, x) such that on the one hand A4, ((t—x)’, x)=0
for j=2m—1 and on the other hand f (t—x)2"dV, (H)=R,(x) where V, (1)

is the vatiation up to ¢ of B, .(u), the measure describing A,(f, x), that is 4,(f, x)=
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= f f(@)dp, «(u), and R,(x) would be as stated in the theorem. The function R,(x)

wxﬁ replace D,(x) and the operator A,(f, x) will replace L,(f, x) when we apply
Theorem 2.1 to the present situation. We will write 4, f(x)=f(x+h)—f(x) and
Ar=4,(4r"") and define L, (f, x)=((—1)//!) Sgn R,,,,-(x)Zl‘RM(x)Imf(x) for all
x in case /=R, or I=R, and for 0=x=1/2 in case I=[0, 1}, in which case

L, (f,x)=(—1)"*Yi' Sgn R, ,(x)A_IR Luif(x) for 1/2<x<1. Since a simple
calculation will yield L, ;((r—x), x)— —R, i(x), we can add this operator to elimi-
nate the / moment. However, for i<j=2m—1

Ln,i((t_x)ja x) = ¢ j|R,,{"(x) Sgn R, ;(x)

where ¢; ; is a constant that depends on 7 and j but not on » and x. To cancel that
effect for j=j; we add the operator

L,.,(f,x)= 1‘ 1 Sgn R, (%) Ak, o /(%)

<

(and a similar version for 1/2<x=1 in case I=[0, 1]). Of course for j;<j=2m—1
we still have L,;; ((t—x)= x)=c; ; [R,:(x)/"*" Sgn R, ;(x), the effect of
which we cancel by adding L, ; ; ; (f,x) given in a similar way. In general we will
define L, ; ; (f,x) by induction. We have

Ln, i jn ...jk_l((t—x)h‘a x) = Ci, j1, ...jk(Sgn Rn,i(x))|Rn,i(x)|j"“

and for i<ji<..<j,=2m—1 we define

L, j..i(fsx) = ‘_"}':L“J'k‘ Sgn R, ;(X)A(R,, ‘(x)l"‘f(x)

together with an appropriate modification for 1/2<x=1 in case I= [0 1. The
operator A,(f, x) is given by :

AGD=LED+ S L)+
+ 2 L .. (s x)}

1si<j;~..<j =2m—1 )
where the second sum is taken on all finite sequences jj, ..., j, for which 1<j,<

...<Jiy=2m—1. To calculate the variation of the measure defining - 4,(f, x), we
simply estimate its norm as an operator on C(/). We can write

2m—1 f Qi 2k
I =M+ 5 {T"' 2 LA o &
i=1 Ul i=mi<j <. <j,=s2m-1 Ji?
and since ¢; ;  ; are just constants that do not depend on our operator at all just

on the i and j’s (in case R, ;(x)=0 they do not count at all being multiplied by 0),
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we have a bound for the variation ¥, ,(¢) of the measure f, .(¢) given for A4,(f, x)=
= ff(t)d,B,,_,(t). To estimate J(n, x)= f(t—x)z’"dV,,,,(t), we write
I I .

T, ) = Dy + 3 { R P+

+ 2 ’ci,jl...jklan l(x)lzm“ l St eer Jue =

1si<j<..<j,=2m—1
2m—1 .
=D,(0)+K 2[Ry 0"
i=

since m; and m, ; ;. are numbers independent of the particular operator.
Finally, we use theorem 2.1 and obtain |A4,(f, x)—f(x)|=Cws,(f, R,(x)"*")

where an estimate for C is given in that theorem. To obtain the estimate for

\La(f, x) —f(x)], weestimate L, ; and L, ; ; ;. by |L, (f, D=1/ (£, R, :()['")

and

|Lai, . J,c(fx)l<#’]‘i"’—“ @;, (1, IR, ,(x)Il/‘)<

= Lsniid pimi (1 1R, 1)
Ji!

and this completes the proof.

3. Some preliminary Lemmas. For the result involving interpolation spaces we
will need a few preliminary Lemmas which may be of interest by themselves.

Lemma 3.1. Suppose feb[O, 3/4], fO(x) for 0=i<2m—1 islocally absolutely

continuous in (0, 3/4) and | x* ™ (x) cro, ajan = P(f) < == where O<y<1, then we
have

@) PO o = K@U+ ) for 2m—2m+i =0
and

(32 "f(i)(x)”[ ]—K(‘P(f)+||f||[ ]) for 2my 2m+1<0

Proof of Lemima 3.1. The proof follows to some extent a proof of a special
case proved earlier by the author [2, p. 280]. We have [x*"f®™(x)|=&(f) in
(0, 3/4] and therefore |f*™(x)|=M®(f) in [1/4, 3/4]. Consequently, [f*"—"(x)|=
=M (MP(f)+1flicro,@ayy) for 1/4=x=3/4 and in particular for x=1/2. (This
result follows a Kolmogorov-type inequality in a finite interval where the best
constant is not known.) Assuming by induction on 7 [x* i f®"-D(x)|=K(D(f)+
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+Ifl) i=0,..,j—1 and 2my—j=0, then

If(zm—i)(x)—f(z”'_” (—;—]| = L/l!z SEm=I=D(w) dul =

1/2
=K@+ [ urri=tau| = K@D +1f1)x

or

fE () = K(PN+ N> =2+ My(MP () +] ) =
= Ky(P(N)+I A1) x5
which concludes the proof for 2my—j=0. For jsatisfying 2my—j=0 we obtain the
estimate  |f®"D(x)|=K,(D(f)+Ifll)|log x]. Since j'/z log uldu =M and

1/2 di . y
f —l:éM for a<1, we obtain the estimate |f®" 70 (x)|=K,(®(f)+|f]l) in
u

[0, 3/4], for the first j satisfying 2my—2m+-j<0 which we denote by j,. Therefore,
also for j,=j<2m, we have

J—Jo 2m—j

702G (LI ) = K@+, 5

We will now define the interpolation space which we will need in this paper.
A will be the space of functions with 2m continuous derivatives in the interior of 1
whose i derivative for i<2m is locally absolutely continuous, and for which the
seminorm @,(f)=(@(x))*"f®(x)cuy<<e> for some fixed weight function ¢ (x).
Recall that the Peetre K functional for the pair of spaces (C, 4) is K(f,t)=
=f=ifl}£ " {Il fillcay +1P4(fD} and the interpolation space (C, 4), (or (C, A),, )

K(f, 1)

ta

is the collection of all functions for which sup =M, for some constant M.

Lemma 3.2. Let A; and A be the spaces for which
my —2mi £(i) o 2my £(2m) oo
[l® S (x)llc[o’%] <o and |x*™f (x)llc[o'%] <
respectively (the derivatives of lower order being absolutely continuous locally), then
Jfor0<y<1 and 2my—2m+i=>0 we have f€(CI0, 3/4], A), implies fe(CI0, 3/4], Ay
Proof. The Lemma follows immediately from (3.1).

Lemma 3.3. Let A(j+1) be the space of functions whose derivatives up to
S are locally absolutely continuous in (0, 3/4) and for which ||x°fY*+Y(x)|| cro, 3/a3=
=®;(f)<o for some O0<o<j+1, then fe(C, A(j+1)); where. C=C][0,3/4)
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for some O<PB<1 implies |4} f(x)|=MhY*DE and in case o=1 it also
implies feLip* jB.

Actually for o<1 the second part of the Lemma is an immediate corollary of
Lemma 3.1 and is not too interesting. The interesting part is when o=1. The first
part of the Lemma for even j+1 was proved in [5] and in fact the proof is very similar.

Proof of Lemma 3.3. For f¢(C, A(j+1)); we have for any 7 functions f;
and f; such that £;,€CJ[0, 3/4], |lf1||C[o,3/4]§Mt" and f€ A(j+1) suchthat &;(f;)=
=M+#*-1 and f=f,+f, and M does not depend on 1. For

Bk TSR b sb § 6/,i+l] [ i]
[x 2hx ,x+2hx ‘C0,4

we have
|Ah /J+1f(x)| I hxa/j+lfi(x)|+IAhxa/J+1_f2(x)| = Il+12'

Choosing t=h"*1, [[=2/+IMKrU+DP  Using Taylor’s formula, we have

. 1
RN A et ot o OIS
x—(j—+1'—l)hx°/j+1
2
=M, max 10,

and we will estimate /() for /<(j+1)/2 and I>(j+1)/2 separately. For I>(j+1)/2
we have

i
x—(ﬂ—l)hxv/-/ +1 u—

I = f

x

(j+1

_— afi+1
3 J hx

Ju £ (1) du =

u’
= MO (fHhi*1x~7x" = M®;(fo)t.

For I<(j-+1)/2 we have the same estimate provided x/2=((j+1)/2)hx°//+*,
If however x/2<((j+1)/2)hx"/#+" then

e ]

x—(%!—l)hx"/f"' 1

|u® £+ ()| du =

=MP;(f) f W= du= MO;(f) X177 = MO (f)(hx/+1)y+1x~° = M®;(f)1.
0

This completes the proof that [AL%Y..f(x)|=MhU+18,
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We are now ready to prove the second (and probably the more important)
contention of our Lemma. Using a well-known result [14, p. 105], we have

-3 =3 5 (Jarseem

v=0 p=v+1

where 4, f(x) are forward differences. We now use the former estimate on 4] /(x)=
=4541f(x+(j+1)n/2) and obtain

147 f(x)] = IA ,,f(x)|+—0 max IA’”f(X+W1)I =

_1 M 1 G+np
= E_l (x)|+ J+1 alj+1 =
[x+(v+ 3 ]11

§2i| f(x)|+ Mﬂu Sli+DU+DE,
and for o=1 we have

134100 = 7 134 S|+ 2.

Repeating the above process [ times,

1437 ()] = 2,, lAéqf(X)|+ M Z' 272 = op ,,f(X)I+ M 'I”’

Choosing / such that 1/8=2'y=1/4 and using the elementary estimate
|44, f(x)|=2/]| fll, we complete the proof. (Actually we proved the Lemma for
0<x<1/4 but apart from the singularity near zero the Lemma and an even better
estimate are well-known).

Lemma 3.4. For ”xmﬁf(m)(x)”cn/z,oo)<°° and | fllcpye, =< we have

I O 12 _y= CUP™S) 2 1+ 10 2 )
C[z’“’] C[z’ ] C[z’ )

Proof. In [4, A+Af] the Lemmas follows [5, p. 311] with b—a=4*. Our
Lemma follows patching together pieces of this type.

4. Rate of convergence for the intermediate space. In this section we will be inter-
ested in the analogue to the direct theorem that shows that for O<a<2
(A =X PAf())=MR* or |45, f(x)|=Mh* where ¢(x)=(x(1—x))"2 which is
equivalent (see {5, p. 312]) we have |B,(f, x)—f()|=0(1/n*?). The results here
are not corollaries of the results in section 2 and this is best illustrated by the fact
that in the particular case Bernstein polynomials after proving the analogue of Theo-
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rem 2.1 for positive operators, STRUKOV and TiMAN [13] show with a relatively lengthy
computation that | B,(x?, t)—¢"]|=0(1/n") for 0<y<1 which would have followed
from ((x(1—x))"43(x"))=Mh* (a result which follows observing that for
x(1 —x)=5h the estimate is obvious and for x(1—x)=5h the mean value theorem
yields the estimate).

Definition 4.1 (a) A function ¢(x) defined on 7=[0, 1] satisfies the y con-
dition for some 0=y=1 if 0<Ax"=y(x)=Bx" for 0<x=1/2 and O0<A(l—x)'=
=p(x)=B(1—x)" for 1/2=x<1. (b) A function on I=R* or R satisfies the
(y, B) condition for some 0=y=1, 0=8=1 if 0<Ax’=¢p(x)=Bx’ for 0<|x]<1/2
and 0<Alx/’=¢(x)=B|x|f elsewhere.

Theorem 4.1. Suppose for a sequence of linear operators on C(I) where
I=10,1], I=R* or R given by L,(f, x)= ff(t)dozn,x(t) we have
I

a) _/Itidoz,,,x(t)=x" for i=0,1,...,2m—1,
1
b= [ lda, @) = M
u=t
and
b) [ =xpm dv, (1) = a2 (@ () +n,)"

1

where o,=0(1), o(x) satisfies condition y or condition (y, §) (Definition 4.1(a) and
(b)), 1,=0(") if 0<y<l while n,=0 for y=0 and y=1. Then for f
JE(C, A), we have | f(-)—L,(f, - )“C(I)-‘O(Uzm

The spaces (C, A), were characterized in [3] for ¢ (x) given here. (See also Lemma
3.3).

Remark 4.1 (a) The addition of the term #, is important for some applications,
though it looks at first glance somewhat artificial. Of course the theorem is valid
(and easier to prove) with 7,=0.

(b) One could have different y near 0 and 1 which we call y, and y, respectively
in which case the theorem would still be valid provided that O=y;=1 and

f(t—x)z"‘dv,,,x(t)éa:‘:'"((p(x)—}-nn(i))z"' with * 7,(0)=0(g?*~%) for 0=x=1/2
I
and n,()=0(e*~") for 1/2=x=1 if 7;%0,1, and n,(})=0 otherwise. Since

the proof will concentrate at the boundary points one at a time, no other change will
be required.

(c) The special case of Theorem 4.1 dealing with positive operators was treated
by V: Totik- who had somewhat different (and more involved) conditions on ¢(x)
[16]. It can be noticed that differentiability, convexity etc. of ¢(x) are not the issue

8



114 Z. Ditzian

here. However, it should be noted that Totik treated, the inverse as well as the direct
- theorem for positive operators.
(d) For I=R generally y=0 "(in applications).

Proof. For fe(C, A), there exists for each 7 f; and f; such that f=f,+/,
and [|fillcay+7P(f)=K7* or [fil=Kz* and 1&(f)=K:". Choosing t=02",
we have | L,(f, x) =N =1Ly (f1, X) =N+ Lp(f2s X) =2 =(M +1) Ko7™ +
+HILa(f2, X)—Lo (2.

We will now show that for fo,€ 4 || L,(fz, x) —f2(x)| =Noi"®(f;) which is the
crucial step in the proof and which with the estimates above will complete the proof
our theorem. For g(t)€A we write the Taylor expansion

(1—x)¢ D

g =g@+({-x)g' (x)+ .. +W

(2m-—1) (x) +

1 t
+ am=1 f (u—02m-1gC®m 1y du.

For O<y<l1, Bo¥'~"=x=1/2 and for I=R* (or R) x<t, (while in case I=[0, 1]
x<1=3/4) we have

c(x—1)zm

( )2m

For t<x, 0<y<l and BoM'"7’=x=1/2 we have

| G =1 () o] = 26) = {2 0

@ (x) +1,)*"

[IA

t < and therefore for k =1, or % =t<uyx,

X
2k—1

N

X _ a1 g(em) _ X (u_t)zm-—l _ 22mv _ - -
|,f (u—1m1g (u)(_lul :C(D(g)‘f g du = C o5 (x—1*"®(g) =

D(g)

—CIW(X:—OZM. For k=1, X=t<

7 = we have,

X
2k—1
)2m—1

x
(u—t
—_ _ _ dul =
= =
,f 7

X — x/2ky2m—~1 k—1 2 u_x2k2m—i
= Co(g) fi_u/2+_du§C<D(g)2 i %_

x[2k 1=0 yjpt+1

1 1
o -z

k
= C¢ (g) ,g(: (x/21+ 1)2my

| [ =1y g%™ ) du| = Co(g)

du =

2m—1 x
] T (x—1)2m (x—r)2m
= Clé( ) xzmr - C.,(D( ) ((p(x)_'_"n)zm .
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Therefore, we use the estimate

L,(g(D—g(x), x) L ( f (u—pPm=1gCm () du, x)
for I=R* or R and Ba},’l‘7§x§1/2 to get
L(z©—g (), %) = c¢(g)§‘£—313—"§;aﬁm = Co(g)ain.

For 7=[0, 1], Be}'~"=x=1/2 we have

3/4 t
IL.(2()—8(x), x) = f | [ (u—0ym=1g®™ ()| dv, () +

+§o 1) f |t —x' dv, () =

3/4
2m—1 . 1
= Co(@ai"+C 3 g9 [ li—xP"do,, (1)
1= 0

which, using Lemma 3.1, implies for the x in question |L,((g(t)—g(x)), x)|=
=C®(g)o>™. For x<Bo:'~7 we observe that 2m(1 —y) is either an integer ot not.
If 2m(1—y)=i, then 2my—2m+i=0 and therefore, using Lemma 3.3, f¢Lip* af
in [0, 3/4]. Therefore, for a given t, f=f;+f; such that |fil=M* and |f9O|=
=M1, and we write again t1=02". We observe now that

Lalfer D= = AP fle= st dono(6) =

=

VRO [ = e )™ { [ don O = KIFPY 0 041y} =
= KON a0 = Kl A0l o = Kol

For 2m(1 —y) not an integer, choose / such that 0< 2my—2m +i<1 and, using
Lemma 3.2, f¢(C, A), implies f€(C, 4;), where 4;={f, |x*™ =2+ fO(x)|| 1o, 3707 < ==}-

We write f=f;+f, where [fil=M7* and &(f)=Mz"*""' and set t=0"
Now : :

u| dv, (D).

|Lo(f2» ) fz(x)l—( 7 () f | [ (é‘m, ) du

For x<Bo~" we have for .f>x

(u—ty—
f u2my_2m+z

= Cli=x/ " am-am=i gy = G- i et
.0

=C It__xl2m 2my
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and for t<x
|f ot
But, using Holder’s inequality,
J= [Ix—ipm=dv, (1) = { [Ix— 1P do, ()} 7" { [dva (0} =
1 I I

= Clon(e () +na) J2m—

which for x=B¢!*~7 implies J=C, g™~ (¢?1-7)2m~2" =C, ¢ With the above
choice of f; and 1, we have our estimate for 0<x=1/2 and 0<y<1. For y=0 the
estimate is actually trivial. For y=1 we write

= Clx—¢]#m-tm,

|u_tll -1
< |f e

| f (w1507 () du] = @(8) 5 (=

for t=x/2 and therefore
x/2

ILa(g, ) —g ()] = | S £0de, 003 f da, (1) +

x x/2
+|(2m‘—1)' ( ){f (="~ (wydu| = 2lglc [ dv,()+
TIN{e=(x/2)} ‘e 0
+O@D gy [ w0 do, ) =

In{e=(x/2)}
2m
= [ngucz[éj [ =m0 +
I

OO =TT [, x<r)} Cighe+@(@)oi.
One can note that | gllc=|fllc+! and therefore the estimate follows). For 7=[0, 1]

near x=1 the estimate is similar to the above. We now have to estimate the rate for
x bounded away from O for R* or R. For t>x=1/2 (in R* say)

|f (u— t)z”"lg(z’”)(u)idu| = ;-(g)z—m(x-—t)z'”d?(g).

Otherwise we- distinguish the two cases x—xPld<t=x, x=1/2 and t<x—xP/4,

xz1/2. In the first case we have If [—1]*" g™ (1) du| = x—1)*"d(g)

C
( x)Zm
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and in the second case we just write g(¢). Consequently

La(8 98| = o [ = 070 (8) v, (0 +

+C S O@ [ le—xFdo,0)= S P+
i=0 t=x—(1/4)

2m-—1 . .
+C 3 1gP@NGH) [ r—x P do, () =
i=0 1

=Co"P(9)+C. X [gV )P aim,

i=0
and using Lemma 3.4, we complete the proof of our theorem.

5. Rate of convergence, continued. In this section we will deal with the situation
in which moments of lower order are different from 0. We denote

¢.1) [ =% dey, . ()) = R,,:(x).
I

A different result for approximation operators for which R, ;(x)=0 for some of
the s was given in theorem 2.2. We will first itemize what conditions the functions
R, :(x) have to satisfy and while these conditions are not very simple to state, they
are relatively simple to verify in applications.

Definition 5.1. For I=[0,1], O<y<], R, (x) satisfies the (y, 2m,f{, o,)
condition if
IR,,:(x)] = Mo®™ min {max (x(1—x), g3'1=7)imr=2m+i, 1};
for y=0 IR, (x)]=M¢?™ and for y=1 |R, (x)|=Ms"(x(1—x)).
Definition 5.2. For I=R* (or R) R,;(x) satisfies the (y, B,2m,1, q,)
~condition if for |x|=1/2 it satisfies the condition in Definition 5.1 (x may replace
x(1—x) but that would not change the situation) and for other x, |R, ;(x)|=
=Ma>"|x|F'.
We are now réady to state and prove our theorem about rate of convergence.

Theorem 5.1. Suppose a sequence of linear operators on C(I), L,(f, x)=
= f f()du,, .(t) satisfy the conditions of Theorem 4.1 except that R, (x) are not

I
necessarily 0 but satisfy the conditions in definition 5.1 and 5.2 with the samey 0=y=1
and B 0=B=1 givenintheorem4.1, then for fE(C, A),, O<a<1, |L,(f,k)—f(- )=
=0(02), where A={f; D(N)=lle()*"fE(X)|cay<< and f has 2m—1 absolutely
continuous derivatives locally in the interior of 1}. .
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Proof. The process that we use is the same as that of Theorem 2.2 and we
construct a new operator A,(f,x)= f f(t)dB, (9. In order to complete the proof
we have to show two things: (a) that the behaviour of f (t—x)¥"dv, .(t), where

V(1) is the variation of B, .(¢), is the same as f (t—x)z’" dv, .(t) (required in Theo-
rem 4.1) where v, ,(¢) is the variation of «, ,(t); (b) that for f€(C, 4), the operators
we added contribute at most Mg2™

To prove (a) let us recall that we have introduced the operators CA4/, &, copn 1=
=j<2m for x<1/2 or in general in case I is not [0, 1] and CA—[R (I for
x>1/2 and I=[0, 1]. Each term of this kind will add to the variaton of o, .(t),
that is to v, .(t), to produce eventually (after the process is completed) the operator
A,(f. x)= ff(t)dﬁ,, =(t) where we denote the variation of B, .(¢) by V, .(¢). The

amount added to f(t—x)z”'dv,, (%) to get /'(t—x)“"" dv, (1) is for each i a con-

stant times [R, ,(x)lz’"/ ‘. We will now show that these additions with R, ;(x) restricted
as in the conditions of our theorem will leave us with a new operator f Sdp, ()
I

that satisfies the restriction in Theorem 4.1.
For y=0 or for O0<y<1 and 2my-—-2m+i=0 we have

IRn i(x)lzm/i = (Mo.ﬁm)Zm/i = Ma’£2m)2/i — Mo.ﬁm O.Em((2m/i)—1) = Mo.sm (o.z/l—y)Zn'l

since p/(1 —y)=2mfi—1=(2m—i)/i which follows 2m—i=2my and i=2m(l—vy).
For O<y<1 and 2my—2m+i=>0 we have to distinguish two possibilities: (I)
x(1=x)=A4¢'-? for I=[0,1] (and x=Ac*~? for I=R* or I=R); (II)
x(1—=x)=Ao*~" for I=[0,1] (and xz=Ae*~? for I=R* or I=R). For the
situation (I) we have '

R (JEI = M(o3m (a3 =) emr=mDITJem = MoZni=r = Motmofni=,

For.the estimate in case II we will be concerned with the case 0<x<1/2 (the
other case being similar) and obtain

| Rn,i(x)lzmli = Ma£2m)=/ix2m(2my—2m+i)/i = Magm[a'%m(ém—i)/ixzm(zm_zm,ui)/i] = '

=M, a'zlm[x(l_y)2m(2m-i)/i x2m(2m(y—-1)+i)/i] — Mloﬁ"‘ xmy

For y=1 we have near x=0 |[R, ;(x)* =M (¢ |x|")*=Mo>™x* (and for x
near 1 in case 7=[0, 1] the same type of estimate follows too). We are left with the
estimate for other x but there |R, ,(x)|2"'/'SMa(?'")’/'[x]?’"”'/isMaz"'lxlz”'ﬁ

We will now prove (b), .that is," we will show that near 0 . f¢(C, A), implies
for i=j<2m Mm o f)I=Moi™. 1t is a similar situation near x=1 in
case 1=[0, 1] and for other x it is substantially simpler. It is enough to prove the above
contention for j=i. First we see that for f€(C, 4), we have f(X)=£f(x)+/(x)
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where || fillcqy=Ko2™ and &(f)=Ko?™*~D where K does not depend on .
We can now write

]Z;Rn,;(x)l"‘f(x)l = IZIiR,,,,,-(x)I"‘fl(x)l + |ZIiR,,,,,(X)I"‘f2(x)| =L+ 1.
Obviously, I,=2Kc’™ and |fillc=lfllc+1. ‘For 2rrfy—2m+i<0 Lemma 3.1,
yields || fOl=M(®(f)+fillc) and |R, ;(x)["'=Mo" or

IAIR,, i fo ()] = IRy O AP ()| = M o702~ D = M’ o2™.

For 2my—2m+i>0 we estimate first for x=Ao"" or for y=1, and x=1/2
and write using Lemma 3.1

[I] = |R, ; ()9 (&) = Mogmx*mr=2m+i| £ (£)] = Maim(g2my—2m+i| £ (£)[)=
<Mlo.2m(¢(f2)+“f2“) = Mzo.am 2n(a—1) __ M o,.ma
For x=Ac!~? we observe that |R, (x)|=Mq2"(cl-7)¥m—tmtiz pgil=y or
IR, i)V '=M,0, 7. Writing 0=|R, ;(x)[", we have |4} f(x)|=4} f(x+(i0/2))]

and we can use the Taylor formula with integral remainder to expand around
x+(i8)/2 and obtain

x+(i/2)0
185 fo()] = M max| [ (u—x~10)"| £9 () |du] = M max I (D).
+10 -
For /=i/2 we have
x+10

JO = [ GHO—0) P Wldu =
x+(if2)8

x+10 . i—1

= (x+_19 ) - U =i g ()| du =

i 2my—2m+i
x+(i/2)8 (x +_2_9)

= M (Do(é{nzy)t,,‘!f” 01 - M (¢(/‘2)+”f2”)0.2m - M” Zma

For I<i/2 we have

x+(i/2)0 (u—x— l@)i—l
T pmr—emii

Jh =M |2y =tm+i gD ()| du =
x+18

x+(i[2)8

=My [ wmridu) (@O +AD)

0
and since 2m—2my=0, as we already treated y=1, we have
J() = M,0mm—2my g2mla=1) < pf. g2mgim(a=1) = Af g2ma,

We now turn our attention to the case 2m—2my+i=0 by first observing that
J€(C, A), implies quite easily f€(C, A;,,), where A, ,={f; f,....f® are locally
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absolutely continuous in (0, 3/4) and [xf¢+V|| <<}. Using Lemma 3.3 with i=/,
6=1 and f=o, we have

iz, o1 f ()] = MIR,,i(x) = My

One need now only observe that near x=1 (in case I=[0, 1]) the proof is similar
and tor other x we actually just use |4 f(x)|=n'f?(£) and obtain our result.

6. Application, some positive operators. (a) The Kantorovich operator given by

" (n k+1/n+1
©.1) ko= 3 (5 ra-oreen [ s
=0 kln+1

or by K,(f,1)=(d/dt)B,..(F,t) where F(u)= f f(v)dv and B,(f,t) are then
1}

: 1-2¢
Bernstein polynomials. It is known that K,(1,#)=1, K,(-—t )=
2(n+1)
t(1—
K,((- =1 1)= ( )+0(n 3). Using Theorem 2.2. with
_t(1=9 l(1-2t) (1] t{1—2) (i)
R, (2) = —ta +0 - +0 =
— 2t
and R,,,l(t)=§(7+—1), we have:

Theorem 6.1. For feCj0, 1] and K,(f,t) defined by (6.1), we have

1/2
62 K005 = Moy [ (0L B) g, (1 1521

(and the theorems 2.1 and 2.2 can yield a reasonable estimate on M while L can be
estimated by 1).

Using Theorems 4.1 and 5.1, we obtain with y=1/2, 6,=1/Vn, n,=1/Vn and
m=2 the following result.

Theorem 6.2. For f¢(C[O0, 1], 4),, O<a<1, where A={f;t(1—1)f"(1)€
€C[0, 1] and f, f’ are locally absolutely continuous in the interior of (0, 1}, then
1K, (f, ')—f(‘)”q0,1]=0(1/na)-

Remarks. (I) We cannot omit the second term in Theorem 6.1 as is 'obvious
when we observe the effect of the function x. (II) In {15, p. 54], in an added in proof
remark, V. Totik indicated that the analogous result (to Theorem 6.2 is valid for
L

P> 1<P<oo_
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(b) The integral version of the Szasz and Baskakov operators are given by

(nx)k k+1/n

6.2) S*(f, x) = Ze‘"" Al AP f f(u) du
and kin

k+1fn
63) VAR = 2;("*’,2 1]x"(1+x)‘"”"n [ fedu

kin

which can also be given by

64) SHF %) =S 8,(F %) ViD= —Vea(Fx) and F() = f ) do

where S,(f, x) and V,(f, x) are the Szasz and Baskakov operators given respectivel)"
by

65 sh= 3 e 4 4]
and
©6.6) V. x) = 2 ["“,ﬁ 1] (1 +x)-"—kf(§) .

Theorem 6.3. For fcC(R")

67 ISHU, D~/ @] = Mo, [f, ) §+%]+wl (5]

and

69 WA~ = Moy 2] T Lo, (24 1),

n 2n

Proof. One can calculate D,(x) R, ,(x) and R,(x) as D,(x)=x/n+1/3n?
R, 1(x)=1/2n and R,(x)=x/n+(7/12)(1/n?*) for the Szész operator.

We will calculate in detail for the integral version V;*(f, x) of the Baskakov
operator D,(x), R,(x) and R, (x),

D,(x) = V(=% %) =
=30 e [ ) (5 3 () -

=V,(5, x)+—V(t x)+ 1 V.1, x)—2xV,(t, x)——V(l x)+x*V,(1, x)

~ox(1 +x)
o n 3n2 >
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R, \(x)=V}*({(t—x), x)=x/n+1/(2n) and therefore R,(x) =D,(x)+R,1(x)?*=
=2x(1+x)/n+1/n2 Substituting the above in Theorem 2.1, we have Theorem 6.3.

Remarks. One cannot omit the second term from formulae (6.7) and (6.8) as
the result would fail then for the function x. The corresponding results for the opera-
tors S,(f, x) and V,(f, x) would already follow the theorem of STRUKOV and TIMAN
[13] and therefore are not stated here. Similarly, one can prove the following corollary
of Theorems 4.1 and 5.1.

Theorem 6.4. For fe(C(RY), A), where A={f; x-fcC(R*")}

69) 152 D/l = M
and
(6.10) 1,0 )~ @lorry = M.

Theorem 6.5. For fc(C(R*), A), where A={f; x(1+x)f"€¢C(R")}

611 W s 0~ Fleny = M
and
6.12) Walhs D= F ey = M.

Proof. We simply adjust the moments already calculated to the moments and
functions in Theorems 4.1 and 5.1. We observe that y=1/2, 6,=1/Vn and n,=1/¥n
in both Theorems, but f=1/2 in Theorem 6.4 and f=1 in Theorem 6.5.

Theorems 6.4 and 6.5 could be adjusted to exponential behaviour as x tends to
infinity following the treatment in [3] for instance but it is the goal here to get corol-
laries of the general theorems preceding this section rather than deal with particular
behaviour.

One should note that in Theorems 6.2 and 6.4 and 6.5 we have 3,0 and
while it looked redundant to allow such 7, in the beginning, from the point of view
of the applications it would appear quite important.

(¢) The Post-Widder Laplace transform inversion formula.
The Post-Widder Laplace transform inversion formula is in face an approxi-
mation operator given by [17, Ch. 7]

n+l oo
6.13) P.(f, t)=%(%) [ et f(u) du.
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It is an inversion of the Laplace transform given by
n n n+1 1 o
6.19) P.(f, ) =(-1)F® (T] [—t-) — where F(u) = f e ¥ f(t)dt.
: 0

n!

~ The difference between this and earlier examples is that here y (that corresponds
to Theorem 4.1) is equal to 1 rather than 1/2 in (a) and (b). Since P,(1,1)=1,
P,((- —t),t)=0 and P,((- —t)% t)=t%*n, we have:

Theorem 6.6. For P,(f,t) defined by (5.13) on C(R')
‘ t
(6.15) 1B D=1 0] = 150, 1 ﬁ]
and for fe¢(C(R*), A), where A={f; t*f"(1)€ C(R*)}

(6.16) 1PCF 0~/ Ol = M 5.

Again one can modify the result for exponential growth.

(@) the Meier—Konig and Zeller operator given by

©.17) M(f,D=0-0 zk,’(kj;"]t"f( n-kpk]

k=0
can also be treated using theorem 4.1 and it can be shown that:

Theorem 6.7. For fe(C[0, 1], A),, O0<a<1 where

A= A{f; Ix(U=xPf" Dlcro, <o 1, f/€4C (0, 1)},
we have

1
[M,(f, D—f(O] = M;m~

Proof. This immediately follows the calculation of the moments.

The interesting part about this operator is that the y’s near zero and near one
are different (1/2 and 1 respectively), a possibility mentioned in Remark 4.1(b).

For a similar operator

mrhn = a-ir ST er(),

we have M} (f, )=V,(f1, t(1—t)) where f1(x)=f(u/(1 +u)) and V,,is the Baskakov
operator given in (6.6). It is not easy to translate the behaviour of V, to that of
M} or M, and it better done directly.
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7. Non-positive approximation processes, combinations of Bernstein polynomials.
In sections 7 and 8 approximation processes that are not positive but that converge
faster depending on higher degrees of smoothness, will be discussed. In particular in
section 8 we apply our theorems to combinations of ,,Exponential-type” operators
introduced by C.P. May in [9] and [10]. In [2] the author proved a global direct and
inverse theorem for combinations of Bernstein polynomials. We will see first how the
direct part of [2] follows from the general theorems of this paper. Actually the results
in Theorems 4.1 and 5.1 were motivated by the result on Bernstein polynomials and
it seems interesting how those general theorems apply.

Combinations of Bernstein polynomials that would yield faster rates of conver-
gence are given by

(7.1) @ -1)B,(f,r,x)=2"B,,(f,r—1,x)—B,(f, r—1,x)

and B,(f,0, x)=B,(f, x). Other combinations are possible (see [2, p. 278]) but
these seem to be the simplest form with the given rate of convergence. To establish
results as corollaries of the theorems of this paper we have to compute moments of
B,(f,r—1,x). (We choose B,(f,r—1, x) with r—1 use the same notation used in
[2]). First we observe that

r—1
(1.2) B,(f,r—1,x) = 2 C;By,(f, x)
j=0
and C; are constants independent of » which among other properties satisfy
r—=1 r—-1
(1.3 >C=1 and 3 Cin7'=0 for I=1,..,r—1.
i=0 =0

We set 2m=2r and calculate D,(x). Using (6.2) and [2, (4.2) p. 285], we have

D,(x) = 2‘ |Ci Bein((t—x), x) = (ZICl) maxlei (t—x, x)| =

i=0

= (50 IC) B, (1= %) x) =
= (éj |C.|)[i ( Ay (x(L—x)Y + Ao (x )(x(l x))" ot 4,09 x(1— x)) -
= Kn—" [(X(l—X))'f'%] = K,n~" [m+n_1/2]2’,

To calculate R, ;(x) we use formulae (4.2) and (4.3) of [2, p. 285] together with for-
mula (7.3) here to obtain first R, ;(x)=0 for i=1,...,r and then for i=r+1
we have

ii r (x(l x)).l

R = 55 3 Bul)
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or for i=r+1,
1 —1\i-r 1 -1\]r— i
|R,, ()| §B7{(x(l—x))+n = By [max (e(1—x), n7 )=+
We can estimate R,(x) by R,(x)=Kyn~"[Vx(1—x)+n~Y2]* and this implies the
following theorem.

Theorem 7.1. For B,(f,r—1, x) defined by (6.1) and f(x)€C[0, 1] we have

- 12
00 B9l = K a7 (FE )4

n
2r—1 . 1 J-ri
+ 2 w; (f, n=rli [x(l—x)+—] )} .
j=r+1 n
This result is new and was not proved in [2]. In particular for B,(f, 1, x)=

=2B,,(f, x)—B,(f,x) we have

(1.5) 2By, (f, X)— B, (f, ©)—f(9)| = K {% [ﬁ ( x(1—x)

n

+w3[j; n23 [x(l—x)+ 1 ]mJ}.

n

1/2
+n‘2] +

We recall that for x® w,(f, h) ~ Kh® which will fit exactly here in view of the fact that,
as we observed in [2, p. 279],

oy af2
128, ~ By~ o) = (222

n
is not equivalent to f€Lip* a. As a corollary of Theorem 5.1 we have:
Theorem 7.2. For fe(C, A,,), where
Aoe ={f; 1o f¥TIEAC (0, 1) and  |[(x(1—x)) fE(x)|| <=}
and for B,(f,r—1, x) given by (6.1), we have

(66) 1B, (fs r—1, )~ llctony = M —

n™ ‘

This theorem is the direct theorem proved in [2, p. 284].

8. Combinations of exponential-type operators. Exponential-type operators were
defined first by C. P. May in [9] and [10] by

@®.) Sy %) = f W (2, 1, 1) f(u) du
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where 4 and B may be infinite and W (2, t, ) is a measure in u satisfying

/] Y

(8.2) ET W, t,u) = mW(A, tuwy(u—t)
(where the derivative 1s taken in the distribution sense). C. P. May restricted himself
to p(t)=0 being a polynomial of degree less than or equal to two for which many
well-known applications are valid (Bernstein, Baskakov, Szasz, Post-Widder and
Gauss-Weierstrass). Later ISMAIL and MAY [7] showed that if p(f)=0 is analytic
in (4, B), we still have some of the properties and results of [10]. MaY [9], [10] proved
that for combinations of exponential-type operators local, direct and inverse theo-
rems are valid and IsMaiL and MAY [7] showed that a local direct and inverse theorem
is valid for S, (f, x)—f(x) (no combinatons). We will show that in those cases global
direct theorems follows Theorems 4.1 and 5.1. (The global result in this case is new.)
The result in section 6(c) and the result in section 7 about Bernstein polynomials
are included in this but the result in section 7 is important, being the motivating result
for much of this paper; and in fact Bernstein polynomials were the motivation
for exponential-type operators.

We are now ready to define the combinations of S,(f, x) for finite, fixed but
arbitrary constants d,, ..., d;:

83) Sk = 3 CU RS )

where T

(8.4) C@, k) = ]k] ddfd k=0 and C(0,0)=1.
S

We are now in a position to state and prove our result.

Theorem 8.1. For f€C[4,B] abd f€(C, A(k+1)), where A(k+1)=
={f;f, s fE*D  are absolutely continuous locally in (4,B) and &,(f)=
= p )+ FFD (D)l cpa, =< ), when p(x)=0 is a polynomial of degree 2, we have

®.5) 15,0, ks ¥)—f g, m = MA=*+ =

For other analytic posititve p(x) where ¥ p(x) behaves like the ¢ (x) of definition 4.1
near the boundary points 4 and B, we have (8.5) for k=0.

Remark 8.2. (a) IsMalL and MAy [7] do not deal with the convergence of
combinations of the operators there but, following their properties 2.2 of [7, p. 448],
some of these results will still be valid. Here we just want to show the applicability
of our earlier result and not get involved in various generalizations of particular
situations.
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(b)- As MAyY [10] and IsMAIL and MAY [7] observed, and as was also observed
earlier in this paper, exponential behaviour of the functions is allowed in case 4 or
B (or both) are not finite.

Proof. The key to the proof is proposition 3.2 of May’s paper [10], p. 227].
The moments

(8.6) A, (A 1) = Am jB W4, t, u)(u—1y" du

are studied and, using the recursion relation

8.7 Api1(A, 1) = Amp (D) A1 (4, t)+p(t) 7 An(2, 1),

May showed that 4,,(4, {) are polynomials in 4 (and in f when p(#) is a polynomial of
degree less than or equal to 2) of degree [m/2] in 4 and that the coefficient of A™ in
Ao, 1) is cp(t)™ and in Ay, 1(4, t) is ¢(t)p(1)™. What is not exactly stated but
still follows from (8.7) is that A=A, (4, t) is a sum of the type

t)k ! k—1 f k—2
Li_k_-}-cl(t) pik)_l +¢5(1) pﬁ,‘)_2 +...
. f k k~—1
and that 2~%*'4,(2, 1) is a sum of the type %,i—)l Yot )p () ... where if

the corresponding y in Theorem 4.1 is 1, ¢;(¢) may have a zero at the boundary
(cz(t) a double zero, etc.). Observing that the combinations in (8.3) will cause

Lk
Z c(fy k) —rep @ k),
obtam the correct estimate on the moments. For p(#) analytic we just claim that if

¥ p(¢) satisfies the condition on ¢(x) in theorem 4.1, then the result is valid, which is
obvious as A~ p(#)=D,(?) and the first moment is equal to 0.

=0 for I=k, we will following the Bernstein polynomials case,
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Contractions as restricted shifts
E. DURSZT

Dedicated to Professzor K. Tandori on the occasion of his- 60th birthday

In what follows T is a contraction (i.e. linear operator with ||T]|=1) on a
Hilbert space o and “c.n.u.” stands for “completely nonunitary”.

A familiar result (cf. [2], [1]) guarantees that, if 7"—+0 strongly as n— oo,
then T is unitarily equivalent to a restriction of a backward shift. If T is c.n.u.,
on a complex separable space, then its functional model [3, Ch. VI, Sec. 2] shows
that T is unitarily equivalent to a restriction of the orthogonal sum of a backward
shift and a bilateral shift. .

The purpose of this note is to generalize Rota’s construction [2] to the case of
an arbitrary c.n.u. contraction. We shall give the shift operators in question, the space
of the restriction as well as the operator which provides the unitary equivalence to
a certain extent explicitely in terms of 7. Maybe Lemma 1 is of own independent
interest. Our method is elementary and self-containing in the sense that it uses only
very standard facts of operator theory.

Since {T*"T"};_, is a decreasing sequence of selfadjoint operators, its strong
limit exists, is a positive contraction and therefore

A = (lim T* Ty

exists, A4 is selfadjoint and 0=A4=/. Similarily, the selfadjoint operator
A = (lim T"T*")2
exists and 0=A=1. We define an operator " on A by
VAh = ATh (hco#)
and then by taking closure. The definition of 4 shows that T*A4:T=4? and thus

|14Th| = |4h| (hes),

Received October 15, 1984,
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consequently ¥ is an isometry on AX.
Lemma L. [|4Vgltlgll and |AV*'gli|AAgl for gcA# as n—oo.
Proof. For hes# we have
|AVAR| = [A*Th| = |T*4*Th|| = | 4%h|

and this implies that
lAVF] = | Af| for fed.

Substituting f=V"g, we obtain
|4V tig| = [|AV"g| (g€A#, n=0,1,..).

This shows that {|4¥"gll};>, is an increasing sequence.
Now let P, denote the spectral projection of 4 belonging to [0, 4]. If 0=l<1
and h€s#, then

IA4h|? = [AT"h|* = | P, AT"h|*+|(I—P,) AT"h|* =
= AP, T"h[* +|A(I=P)T"h|* = 22| P,T"h|* +|(I—- PYT"h|* =
= (=D P,T"h[*+|T" k[

So we get
0= (1—A)|P, T h|j> = |T"h|2—||Ah]|* -0 as n —oo.

This implies that for each h€s# and 0=1<1,

[P, T"h| -0 as n —oco.
Thus .
1P,V Ab] = [P, AT"h| = |A]|P,T"h] ~0 as n e

So we have
|AV"Ah|2 = |(I—P,) AV"AR|% = |A(I—P)V" Ah|? = 22|(I— P)V" AR|? =
= A2{VPAR|2— 22| P, V" 4h|* ~ 22| AR|2 (n —).
This means that, for each hcs# and £>0,
l4k| = | 4V" Ah| = (1—e)|4h]
if n'is sufficiently large, i.e.:
\AV" Ah| ~ | 4h] (hes#, n —).

Now for >0 and gcAs# there exists h€s# such that lg—Ah|<e¢ and for
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sufficiently large n we have
0 = gl~lav"gl = |lgl —|4nl[+|14R] — [ 4V " 4h||+|| 4V " 4h]| — | 4V"g]| <
< llg—Ah] +e+]4V"| |4k —g| < 3e.

So the first statement of the lemma is proved. In order to prove the second one,
let g€ A3# and he#. Then we have

(AV*"g, h) = (g, V"Ah) = (g, AT"h) = (T*"Ag, h)
and consequently
(1) AV*"g =T*Ag (g€AH, n=1.2,..).
Thus, using the definition of 4 we obtain
| [4v*rg] = IT* dglildAg] (€4, n o),
and so the lemma is proved.
Let us introduce an operator B: A ~A# by
B=(I—AAA)\2|45#
and a linear manifold 3% by
= {h€#: Ah€Ran B}.
Lemma 2. B commutes with V and V*, and THy,CHy. If T is cnu., then
Ker B={0} and #, is dense in . .
Proof. Using the fact that A2=T42T* (which is an easy consequence of the
definition of 4) and (1), for g€A# we obtain
V*AA2Ag = VATA*T*Ag = V*VAA AV*g = A4 AV *g.

This shows that AA2A|4# commutes with V*. Therefore B, being the limit of a
sequence of polynomials of AA424|A5#, also commutes with V*. Since B is self-

adjoint, it commutes with ¥, too.
If hes#,, then

ATh = VAh€V (Ran B) = Ran (BV) < Ran B

and therefore TJ,C .
Suppose now that 7'is c.n.u. and f€Ker B. Then

) 0= |Bf|® = (I- 442D L f) = | FIP= 144112,
LE.:

o)) 14411 = 1£1.

9.
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Since A and A are contractions, this implies that

3 ) 1471 = A1
and, since 0=A4=J, Af=f follows. Thus (2) implies
@ 1471 = 111

Using the definitions of 4 and 4, (3) and (4) imply

I7°/I=1A=1T"11 (n=1,2,..).

Since by assumption T is c.n.u., f=0 follows [3, Ch. I, Th. 3.2].
In order to prove the last statement of the lemma, suppose that T is c.n.u. and
heKer (I—A24%). In this case

0= ((I—A2A>h, b) = [1h||2—(;12h, Azh)
and thus
B2 = [(42h, A%h)| = | 42| [ 42h| = |AR][4k] = |A]*.
This shows that ||4h|||4h]|=|hl|> and therefore
J4h) = ) = | 4h]
which implies
17"k = bl = IT*"h] (n=1,2,..)

and consequently h=0.
So we have proved that, if T is c.n.u., tHen Ker (I—Aszz):{o} and conse-
quently Ran (/—A424% is dense in . Since

A(I—A242) = (I—- AA24)A = B2 4,
we obtain i
A Ran (I—A%A42) = B*AX¥,

1e.: #pDRan(/ — A24%) and so #, is also dense in 5. This completes the proof of
the lemma.

Let us introduce the following notations:
D =(I-~-T*T)?, D=(I-TT*Nx,

| 4 f n=0
V"_{V*‘" if n<O.

Clearly V}=V_,, and (1) implies that

® T*AV,g = AV,_,g (g€A#, n=0,+1, +2,..).
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Lemma 3. If T is c.nu., then

oo

> |DABV, fl*=|f|* for feRanB.

n=—oo

Proof. If f€RanB, ie. f=Bg with a gcA# then, by Lemma 2 and the
definition of ¥,, we have

V,f=V,Bg=BV,g (n=0, £1,..).

Since by assumption T is c¢.n.u., Lemma 2 implies the existence of B~ on Ran B.
Let N, M=0. Using (5) we obtain
N

S IDABV, = 3 DAVl =

n=-M

n=-—

N
= ZM [(V—nAzr/ng, g)_'(V—nATT*AI/ng, g)] =

n=-—

N
= 2 lAVaglP=]4V,_.gl] = [ AV 7g|*— |V g]

= —

Now Lemma 1 implies that

5 |DAB W, f12 = |glp—]Adgl® = | Bgl® = | £],

n=-—oo

and so the lemma is proved.
Now define % by
H=[d D¥]e[ @ D4ax].
m=0

n=—co

Let S denote the operator on ¢ defined by

(@m0l & K]y =[& hmslOl & Mol

"This S is the orthogonal sum of a backward shift and a bilateral shift. An easy com-
putation shows that ’

mé') \DT™h|? = mé‘)[“Tmhuz_“Tmuh"z] = |B|2— 4Rz (he#).

In what follows suppose that 7" is c.n.u. Then the above formula and Lemma 3 imply
that

) S DT hl+ 3 |DAB-V,4hl® = [h]® for hedt;.

m=0 ne=—co
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Thus the linear manifold 5%, defined by
# ={[® DT Ko ® DAB-'V,4k]: he#,),
m=90 n=—oo

exists and is contained in . Let 5#” denote the closure of 5, in . Define a mapp-
ing U,: #y—~#, by

Uh =[® DT"h]@®[ & DAB-V,4h] (hest).
m=0 n

Our main result is the following

Theorem. If T is c.n.u. then, using the above notations, U, extends to a unitary
operator U: #—#’, #’ is an invariant subpace for S and UT=(S|#")U.

Proof. The definition of U, and (6) show that U, is linear and isometric. Since,
by Lemma 2, Dom U, is dense in 2 and, by the definition of #”, Ran U, is dense
in #’, U, extends by continuity to a unitary operator U: S#—#".

If h€s#, then, by Lemma 2, Th€#, and so we have

SUh = SUh = [ @ DT h]@©[ @ DAB~V,, Ah] =
m=0

n=—oco0

=[® DT"(Th)]o[ © DABV,A(Th)] =U,Th = UTh.
m=0 n=—oo

Therefore, by continuity, for every element & of 5# we have SUh=UTh and; since
U#=s#’, we can conclude that 5’ is invariant for § and UTh=(S|#")Uh for
h€ #. So the theorem is proved.
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Homomorphically complete classes of automata with respect
to the o,-product

Z. ESIK

Dedicated to Professor K. Tandori on his 60th birthday

Homomorphically complete classes of automata with respect to the general
product were characterized by A. A. LETICEVSKI in [8]. In order to decrease the
complexity of the general product F. Gécseg introduced the concept of «;-products
in [5]. The notion of ay-product coincides with that of the loop-free product used
by J. Hart™ANIS (cf. [7]). It is known that there exists no homomorphically complete
finite class of automata for the oy- or oy-product (cf. [4]). Using a result in [3],
P. Domost (cf. [1]) succeeded in proving that there is a single automaton homomor-
phically complete with respect to the a,-product. In the present paper we show that a
class of automata is homomorphically complete with respect to the «,-product if
and only if it is homomorphically complete with respect to the general product. Thus,
LetiGevskii’s criterion can be used to describe those classes which are homomorphi-
cally complete with respect to the a,-product. Our result can also be used to show
that for every i=2, the a;-product is homomorphically as general as the general
product (cf. [2]).

By an automaton we shall always mean a finite automaton. Given a finite system
A,=(4,, X,,6,) (t=1,...,n, n=1) of automata together with a finite set of input
signs X and a family of feedback functions ¢,: 4;X...XA4, XXX, (t=1, ...,n)
we can form the general product (cf. [6]) - [T(A4, ..., A l@)=(4;X... X A4,, X, )
where 6((ay, ..., @,), x)=(61(ar, xp), ..., 8,(@,, x,)), provided that a€4,, xcX,
x,=@ay, ..., a,,x) (t=1,...,n). If i=0 is a given integer and none of the feed-
back functions ¢, depends on the states a, with t+i=s=n, then we come to the
notion of «;-products introduced in [5]. Further, if for each 7, ¢, only depends on its
last variable (the input sign) then we get the concept of the quasi-direct product.
If all the A,-s coincide then we speak about a general, «;- or quasi direct power
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according to the cases described above. We say that an automaton A=(A, X, 9)
homomorphically realizes an automaton B=(B, X, §") if B is a homomorphic image
of a subautomaton of A. 4 class & of automata is called homomorphically complete
with respect to the general product (homorphically complete, for short) if every auto-
maton can be homomorphicalily realized by a general product of automata belonging
to . Homorphically «;-complete classes are similarly defined. By Letievskii’s
result in [8], a class of automata is homomorphically complete if and only if it
contains an automaton A=(4, X, 6) having states a,, a,, a;€4 such that a,=4],
further, 3(ay, x)=a,, 6(ay, x’)=a;, 8(ar, p)=a, and (a], p’)=a, hold for some
input signs x, x’€X and strings p, p'€ X*.

We are going to show that homomorphically complete classes with respect to
the o, -product are exactly the homomorphically complete classes. For this reason we
have to prove that if an automaton satisfies Leti€evskif’s criterion then it is homo-
morphically complete with respect to the a,-product. Let us denote by
U=(U, {x1, x5}, ) an automaton with the following properties: '

(@) U={up, ..., w1 }U{ugy ..oty 1} where ki, ko=1, k=1 or k=1,
further, wy=u,, w;#u; if i#j (0=i,j<k) and uj=u; if i#j (0=i,j<k,),

(i) 8(uo, x)=uy, 6(uy, xo)=uy, O(u;, x)=u;yy (i=1, ..., k;—1, j=1,2),
o(ul, x)=u;,, (i=1, ..., k,—1,j=1,2) where we have used the notations w, =iy
and 4 =1u,,

(i) = u;.

It is obvious that if an automaton A satisfies LetiCevskii’s criterion then for some &,
and k, an automaton U having properties (i), (ii) and (iii) above can be isomorphically
embedded into an a, -power of A with a single factor. Therefore, if each automaton U
is homomorphically complete with respect to the a,-product then so is A. In this way
it is enough to show that any automaton U is homomorphically completé with respect
to the a,-product.

In the next two lemmas we fix an automaton U and denote by k the L.c.in. of
k, and k,. For every integer / we shall denote by u; and u] the states u, resp. u] with
re{0, ..., k;—1}, s€{0, ..., k,—1} and such that i=r (mod k,) and i=s (mod k).
First we prove that all the automata S,=({l, ..., mk}, {x;, x;}, ) can be homo-
morphically realized by «,-powers of U, where the transitions in S, are defined by
0(i, x))=j if and only if j=i+1 (mod mk) and

56 {j where j=i+1(mod mk) if iz 0(modk),
G*) =11 i 1= 0(mod k).

Lemma 1. Each automaton S,, (n=1) can be homomorphically realized by an
as-power of U.

Proof. Let C=({l, ..., k}, {x}, 6o) beacounter, i.e. 6c-(/, x)=i+1 (mod k). It
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is quite obvious that C is isomorphic to a quasi-direct power of U with two factors.
We define an ay-product A=(4, {x, x,}, )=]J[(C, U, ..., Ulp) with
mk times

013, vy, X5) = x, . ,
x, if v, =1, -

2

/ B, 00, coes Ups Dpgns Xj ={ :
(p_1+t(: 15 s Uts Ugt1s J) b OtherWISe,

Xa if iE {1, aeey k—l} and Unk—i+1 = u]’_,
. L. ’ ’ . '
@rami(ls Vi ovv s U X = or i=k, (U1, .o, V) = (U, o0yt Usyeees Ui _1)1)s
x; otherwise, : :
X2 lf ie{l, ,k""’l} and vmk—l'+1 = u{,

Pramk(ls Uiy oo s Vs X2) = or i=k,
x, otherwise,

where 1=t<mk, i€{l;...,k}, vy, ..., 04€U and j=1 or j=2.
Let B consist of those elements (i, vy, ..., v,,)€A for which there exist an in-
teger j€{l, ..., mk} and o], ..., v{, ;€U satisfying the following three conditions:

(l) i EJ (mOd k)9 vmk—j+1 = u]’.s )
() @hers - UE:+1)k) =y, s ) OF (Ufgrs e th+1)k) = (uy, ..., u),
(lll) (vla sty Umk) - (v£+17 seey vl+mk)

It is not difficult to check that B=(B, {x;, x,}, 6) is a subautomaton of A and
S,. is a homomorphic image of B under the mapping ¢: B—{l, ..., mk} defined by

Y(( vy, .. V) )=min {jll Sj=mk, i=j (n0d k), vpy_ ;11=u}.

Note that ¢, was independent of its variables, therefore our contruction gives
rise to a homomorphic realization of S,, by an a,-power of U. As none of the func-
tions ¢4, (1=t<mk) depended on the input sign S,, can also be homomorphically
realized by an a,-power of U in such a way that the feedback functions, except the
last one, are independent of the input sign.

Next we show that all shift-registers can be homomorphically realized by an
ay-power of U. As usual, by a shift-register on a fixed alphabet X={x, ..., X,}
we shall mean any automaton isomorphic to one of the automata R,=(X", X, J)
(m=1), where X™ denotes the set of all strings y;...y, of length m on X, and

O(V1e-Yms I=V2oeeYm¥ (P15 -5 Ym» YEX).

Lemma 2. Every shift-register can be homomorphically realized by an ay,-
power of U.

Proof. AsR, isa homomorphic image of R, whenever m,=ms, it is enough
to show that shift-registers R,,, with m=n can be homomorphically realized by an
op-power of U.
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Let C=({l, ..., mk}, {x}, 60) be a counter having mk states. We shall define

an ap-product A=(4, X,0)=]J[(C, U, ..., Ulp) where the last (m-+n)mk? com-

(m+n)mk2 times

ponents will be treated as mk buffers b; of length (m +n)k. The counter will point to
the buffer used last. That is, if i€ {1, ..., mk} is the first component of a state of A
then b; contains the input sign arrived for the last time. Buffers are used in a cir-
cular way: if /<mk then b, ,, otherwise b, is the buffer available next. Consequently,
the mk signs arrived last will be contained by buffers b;.,, ..., by, b1, ..., b; in this
order. We shall use the states u,7u; to encode a sign by the fixed mapping
: X—{uy, ui)', t(x)=wfujui=/ (j=1,...,n). Therefore, in order to store a
sign x; into the next available buffer we shall set the (m+j)k-th component of this
buffer to u;, and set all the (m+;')k-th components for j'=1,...,j—1,j+1,...,n
to #, . During this transition all already stored input signs will be shifted with one place
to the left, the values of the first components of the buffers underflow.

Now we put this into a precise form by defining the feedback functions of
the product. For every i€{l,...,mk}, v, ..., v,4€U, jé{l,...,n} and t(1=t<
<(m+n)mk?) we put @,(i, v;, x)=x,

Xy if w41 =4y,

Iy 015 00,04, 0 Xx;) = .
Q14:(0, 035 .0, Uy Upyys _,) {xl otherwise,

provided that 10 (mod k), and if +=0 (mod k) then

(pl—H(l’ U1y vees Ugs Uryrs xj) =

xgif t=i'(m+n)k—(n—j)k where i’€{l, ..., mk} is determined by i+1=i’
(mod mk), )
or vy,=u; and there exists an integer i’€{l,..., mk} with i+1=i’
= (mod k), (("—1D)(m+n)k<t<i'(m+n)k,
or there exist i'€{l, ..., mk}, ré{2,...,k} such that i+r=i’ (mod k),
Vy—psr,=t; and (F'—D(m+n)k<t=i'(m+n)k,
x; otherwise,

and similarly,
(p1+m(m+n)k= (l! Ups -es vm(m+n)k29 xj) =
x, if i=mk—1; j=n,
or there exists r€{2,...,k} with i+r=mk (mod k)

7
and Yyt nps—x+r=us,
x, otherwise.

Next we give a subautomaton B=(B, X, §) of A and a homomorphism of B
onto R,,. This will be accomplished by the help of the auxiliary functions ¢;: 4—U"
(j=1,...,mk) and ¢: A—-U™* Suppose that a=(,}, ..., v}

mk
<03 Umgmks =+» Uy s eeey
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.,v;’,‘,',‘“)k), J€{l, ..., mk}. If j>i then we put

Qj(a) = v],:—i+k Uj:—i+nk€U"
else

0;(8) = viy_i—jyk - Vi - jyemk €U

By o(a) we shall denote the string

0(a) = 0:4+1(a) ... om(@)01(a) ... 0;(@)EU™™.

Now let B consist of all those elements a=(/, b}, ..., Uy, > --or Ui ..oy UK )
which satisfy the following conditions:

(i) There exists a string y;...y€X™ with g(@=1t(3)... T (Vs

@) If je{1,...,mk}, re{l,...,k} and j=i+r (modk) then {vi..vi,..,
oo Opmevier1 - Vimemp E U, Where U, denotes a set of four strings:

’ 7
U, ={up_y ... u_sthgthy ... Uy 41, Up_p .. U_jloly . Ug—ri1s

r-1 k—r+1 r—1 k—r+1

7 /’ /’ ’ 7 ’ ’ ’
Upep oo U_qlg Uy oo Up—yyy; Up—y ... Uyl Uy ... uk—r+}} >

r-1 k—r+1 r—1 k—r+1

(i) If je{l, ..., mk} then v}..vf , .=t Upynu_r+1 Where t=j—i+nk+k
if j>i and t=mk—(—j)+nk+k if j=i.

It can be seen that with the definition above B becomes a subautomaton of A
and the mapping ¢: B—~X™ determined by Y(a)=y,... vy if and only if g(a)=
=17(¥)...7(Ym) is a homomorphism of B onto R,;. As the counter C is an X-
subautomaton of S,,, by Lemma 1 and the fact that ¢, is a constant mapping, we
obtain a homomorphic realization of R,,;, by an a,-power of U.

Now we are ready to state our

Theorem. Every homomorphically complete class of automata is homomorphi-
cally complete with respect to the «,-product.

Proof. Given a homomorphically complete class of automata, by the result
of A. Letievskii in [8], there is an automaton U, in this class such that for some
ki, ko (ky, ky=1,ki#1 or ky;#1) the antomaton U can be isomorphically embedded
into an o -power of U, with a single factor. Therefore it is enough to show that every
automaton A=(4={a,, ..., a,}, X={xy, ..., X,}, 6) can be homomorphically realized
by an a,-power of this automaton U. In order to prove this statement we form an
oy-product B=(B, X, )= R, S, U, ..., Ulp) where R,, and S,, are the auto-

mk times
mata described previously, and for any y;...pu€X™, ic{l, ..., mk}, vy, ..., v.u€U,
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Jj€{l, ...,n} and t(1=t<mk)

(pl(yl"‘ymkai:xj)=xj,
) {x2 if »,=u; and i=0 (mod k),

(pZ(yl"'men.l’ vlsxj) = x, otherwise,

Oobt(V1 oo Vous 1 U1 o0 Upy Up1, X)) =

x, if ve=uy,
or t=0(modk) and v,_,,, =u; for an integer
= r€{l, ..., k—1} with i=r(mod k),
or vy=u;, i=0, t=0(modk) and (@, Vmk—i+2--- YmkX;) = Qupics
x; otherwise,

and similarly,
(p2+mk(yl <o Ymks i, Ug; ooy Uk s xj) =

xs if vg_,p1=u; foran re{l,...,k—1} satisfying i= r(modk),
= or y,=uj,i =0(modk) and (aik, Ymk-i+2 - Ve Xj) = Gpm>
x, otherwise.

Let CSB contain all states b=(y;... Vs i, V1, ---, Um)€ B with the following prop-
erty: there are re{l,...,k} and t€{l, ..., m} such that i=r (modk), tk+i—r=
=mk and '

(D) Vpgmpy1ees Uy ee-Vpgmp=HUy . Ul gy ... Uy if i=k, and

(iD) vtk—r+1"’vtkvl"'vtk—rv(t+1)k—r+1"'vmkvtk+1"'v(t+1)k—r=u;.“‘ul:uk+1"'umk if
i<k. It is easy to show that C=(C, X, §") is a subautomaton of B. Indeed, assume
that b€C and the integers ¢t and r are determined as previously, and let y€X.
Then & (b, Y)=(Yz...Vmi}> i’ V)5 ..., Uly) where i’ and vy, ..., v, are determined
according to the three cases below:

Case 1. If r#k and i=k; or r=k and t1 then i’=i+1, vj=nv,, ...,
vees Ungo1=Upis U =0;. (Observe that now k=i<mk.)

Case 2. If r#k and i<k then i'=i+l, vi=v,, ..., U _;=Uy, V=0,
, _ , _ ’r
vtk+1_vtk+2, LEEE vmk—],_umk’ vmk_utk+1'

Case 3. If r=k and t=1 then i'=1, v{=0v,, ..., Vp_,=0Vgq, Up=0p, Vg =
S Ug19s oes Vg1 =Umks U =Us+1 Where - s€{1, ..., m} is determined by d&(a;,,
VYmi—ive---YmV)=ds. It can be checked that b’€C in all the three cases above.

In order to complete the proof we have to give a homomorphism i of C onto A.
Let b=(P1..-Ymx» b V15 - Oy )€ C be artibtrary. Then there are uniquely deter-
mined integers ré{l, ..., k} and t€{l, ..., m} fulfilling i=r (mod k), tk+i—r=mk
and such that either condition (i) or (ii) holds according to i=k or i<k. Put
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Y(B)=0(A@+i-ryk> Ymk—i+1---Yme)- Then, corresponding with the previously
listed three cases, one can easily verify that { is a homomorphism. On the other hand
Y is obviously surjective.

We have seen that A is homomorphically realized by B. From this the result
follows by the lemmas, the fact that S,, was homomorphically realized by an o,-
power of U in such a way that with the exception of the last feedback function none
of the feedback functions depended on the input sign, further, by observing that
in our construction of B, ¢, only depends on the input sign. This ends the proof of
the Theorem.
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Representation of functions in the space (L)
by Vilenkin series

S. FRIDLI, V. IVANOV and P. SIMON

To Professor K. Tandori on his 60th birthday

1. Let @ be the set of all even real functions, which are nondecreasing on [0, + <o)
and have the following properties:

(@) 00 = o(+0)=0
(i) p(x)>=0 (x=0)
(iif) P(2x) = 0(9(x)) (x — +) (@eD).

{The last property is called <4,-condition™.) For every @€ ® let us define the space
@(L) as the set of measurable and almost everywhere finite functions f defined on
[0, 1], for which '

1

1fle:= f(p(f(x))dx<+oo

0

holds. If the functions f, g belong to ¢(L), then let their ¢-distance be defined as
| f—&ll,, which determines the @-convergence in the usual way. It is well-known [1]
that ¢ (L) is a linear space if and only if the A,-condition holds. Furthermore, as
special cases we get the L, spaces for O<p<+oo (@(x):=|x[’ (x€R)), the Orlicz
spaces (if ¢ is convex), the space of a.e. finite functions with the convergence in
|x|

o CeR)

The system of functions g,€@(L) m€N:={0, 1, ...}) is called a system of rep-
resentation in @ (L), if for every f€ (L) there exists a series > a, g, with coefficients

measure [go (x):=

a, (n€N) such that lim ||/— Zn'akgk||¢=0. We remark that the uniqueness of
n—-oo k=0

such series for all f is not assumed. If this holds too, then the system is a Schauder
basis. The following problem is due to P. L. ULsaNov [1]: by what means can be

Received July 3, 1984.
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characterized the spaces ¢ (L), in which the classical systems of functions are systems
of representation? He himself gave in [2] a necessary and sufficient condition for this
with respect to the Faber—Schauder system. The analogous question was answered
by P. Oswald [3], [4] for ¢(L)cL,:=L,[0,1] and for the trigonometric, resp. the
Haar system. In [5) we formulated whithout proof the next statement.

Theorem 1. If ¢€®, oL)¢L, (i.e. 1im+inf"’(x)=o], =1 and
X+ oo X

. o(x
lim sup

X+ oo xP
in (L), whereas the representation is not unique.

< + oo, then every orthogonal basis in L, is a system of representation

The aim of this work is to solve the above mentioned Uljanov’s problem with
respect to the Vilenkin systems [6]. To the definition of these systems we fix a sequence
of natural numbers m=(my, m,, ...) for which m,=2 (k€ N) holds. Define the
group G, as the set of all sequences x=(x4, x;,...) (O=x,<my, €N, kEN)
with the group-operation x+y:={((xo+¥yo)(modmy), (x;+y)(modmy), ...)
(x, ¥€G,). The topology of G, is given by the neighborhoods I,(x):={y€G,,:
Yo=Xos ---s Yuo1=Xp-1} (X€G,, n€EN), thus G, forms a compact Abelian group.
Let us introduce in G,, the normalized Haar measure. If My:=1, M, ,:=m M,
(k€N), then the group G, can be transformed in the interval [0, 1] by means of the
following mapping

= X
G ox— jé; M1 €[0, 1].
1t is easy to see that this correspondence is almost one-to-one and measure-preserv-
ing.

The system of characters of G,, can be given in the following way. For k¢N
define the function r, as '
2zix;

(x€G,,,i:= }/—_1)

r.(x):= exp

and arrange the finite products of r,’s as follows. If n€N, then there exists a unique
representation

n= SnkMk 0 = n, = my, mEN, kEN).
K=o

Let y,:= [] ri*, then the functions ¥, are uniformly bounded and form a complete
k=0

orthonormal system in L,, which is called Vilenkin system (generated by the
sequence m).

It is known, {7) [8], [16] that every Vilenkin system is a Schauder basis in L,
(1<=p=< +), from which it follows by means of interpolation the same statement
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* for all reflexive Orlicz spaces. Taking into account Theorem 1 and the fact that the
Vilenkin systems are bases in L, (1<p<oo) we get

Theorem 2. The assumptions @€, o(L)d L, imply that all Vilenkin systems
are systems of representation in @(L). (The representation is not unique.)

In the case @(L)cL, the Vilenkin systems may be at most Schauder bases in
(L), since they are uniformly bounded systems of functions. In this connection
P. OswaLD [9] showed that if a complete orthonormal system of uniformly bounded
functions is basis in @ (L) (for some ¢¢€ @), then ¢(L) is equivalent to an Orlicz
space. (We consider L, as Orlicz space too.) It remains to answer only the question,
in what Orlicz spaces are the Vilenkin systems bases? We know that the reflexivity
of the space is sufficient for this. The next theorem shows that this condition is also
necessary.

Theorem 3. The Vilenkin systems are Schauder bases in a separable Orlicz
space if and only if the space is reflexive.

Furthermore, it follows from Theorem 2 and 3 the next statement.

Theorem 4. If @€ ®, then the Vilenkin systems are systems of representation
in (L) if and only if either @(L)d L, or (L) is equivalent to a reflexive Orlicz space.

2. To the proof of Theorem 1 we need the following lemma.

Lemma 1. Let 1=p< o and the orthogonal system (g,, n€¢N) be basis in L, and

dC =0, limsup * )

@€ @ such that lim inf
x>t x x>+ XP

< + 0. Then for all fep(L), >0 and

R
NeN there exist REN and a polynomial P= D) a,g, with respect to the system
k=N
(8,, NEN), for which

M - I—~Pl, =
and
M
@ 1 2 aglly = 41710 +e (V=M= R),

where the constant A,=0 depends only on ¢@.

Proof. It suffices to show that the statement is valid for the function f=ay, |
where a€R and y is the characteristic function of an arbitrary closed subinterval
[a, b] of [0, 1]. To this end define the functions u, (n€N) as follows.

—n [xe(o, ﬁﬂ]
| [xe(;%, 1)]

U, (x):=
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and let u,(x+1D)=u,(x) (x€R). Thus

1

G [ ay=0 gl = (f Tl = 21
6 o
We can suppose (see [10]) that
) P(x+) = Co(o (M) +o (), 0f1 e(f)dx =y(Ifl,) (. y=0, fL),
where Y€ is a suitable function and C,>0 is a constant depending only on ¢.

o (x)
X

=0, thus for all >0 there exits n€N such that

p(a(n+1)) _ ¢t
n+1 T 4C,’

Since lim inf
X—+ + oo

®)

Denote C, the Banach constant in L, with respect to the system (g,, n€N), i.e. for
all series > oy g, we have that

M oo
||k§)‘°‘kgk“p = Cpllk,§ . 8udl, (MEN).
Choose jéN so that

1-1/p
©) v (41/vc,,a" ] =

jlip
J

Let | 4, be a decomposition of [a, b], where 4,’s are disjoint intervals and the
k=1

b—a
length of 4, (k=1, ...,j) is ——. Furthermore, denote y, the characteristic func-
J

tion of 4, (k=1,...,j). If t,...,t; are natural numbers having the property
4,=T(j) (k=1, ...,j) with some 0<T(j)EN, then applying the Fejér lemma [11]
(p. 77) we get from (5) that

[ o@- Zam@u@)ix= 3 [o@l-u6)dx=
(] = =14,

7 .
O b—a @(a(n+1)) _ .t

; 0f o(a(l—u@)dx 52— ——— = T

=23
k=1

In virtue of (3) we have for fixed s¢N that

1
im [ ttmg, =0 (I1=k=)),
0

-+ oo

where the function u,, is defined by u,,(x):=u,(t,x) (x€R). Because of this and
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since the system (g, k€N) is a basis in L,, there exist natural numbers R,, N, and
polynomials
Rk
pi= 2 458 (N < R < Niyy, k€N)

s=N,

such that if N,=M=R, (McN), then

M
“ ZN' asgs“g = Cz’z, “anunkug =
S=N

©®) b_a

J

nP-1
J

1
= C2lal [ lual = 2C2lal? [ lulr = 4Cglal?
Ay 1] .

and

= .——8
”axk ullk_pk"lp = 2]Cé .
We shall show that

is the desired polynomial. Indeed, in virtue of (4), (7) and (8) we have that

j J . i
(10) ||°‘X— kzl pk”qp = an(”“X—kZl an unk"(a +C$_1 k;]'. “an unk—pkn(p) =¢

and thus inequality (1) is proved.
Let S, be the Mth (M€N) partial sum of P, i.e.

q-1 M
Swi= 3 pt > ag. 2=q=),Ny= M =Ry, qeN).
= s= '
Then )

g—1 M
(11) “SM”(IJ = C(o(”kg]’- pk”(p+ ” s-%' asgs”qa) = C¢(JI+J2)

As in the proof of (1) we obtain

g—1
=13 plle=
(12) B

q—1 q—-1 g-1
= Cg(”d k;]'. Xk”(p+”a kzl Xk (1 _unk)||¢+” k%'- 2% ¢ unk_pk||¢) = Cg(H“X“¢+ 28)'
From (4), (6) and (9) it follows that
M M
13) Jo = HS=ZN' asgille = w(”s=21v’ a.gll,) = e

10*
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Using the estimations (11), (12) and (13) we get (2), which completes the proof of
Lemma 1.

Proof of Theorem 1. Let f¢o(L). Applying Lemma 1 we consider the
series >a.g.=2 p,, where

n M n—1
-3 ple 527 M) and | 3 aedle = A,00= 2 pilo+27)

(N, =M =R,, MEN).
It is not hard to see that this series converges to f in ¢(L). Theorem 1 is proved.

3. Let n be a natural number not less than 2. Denote Z, the discrete cyclic group
of order n, ie. Z,:={0,1,...,n—1}. Furthermore, let

s 2mijt
ps,n(t) = 2 cj €xp ﬂ:] (t> SEZn)
Jj=0

be a discrete trigonometric polynomial of order s defined on Z, (c¢;’s are arbitrary
complex numbers) and | p; allee: =max |Ps,2(1)]. We introduce the discrete measure

on Z,, i.e. let mes {t}:=1/n (teZ,,)

Lemma 2. For all O<a<1 and for all discrete trigonometric polynomials
Ps,n (0<s€Z,, n€N) the inequality

mes{t€Z,: |ps ()] = a|ps A} = —

27ts

is true.

Proof. We denote by P .. the following trigonometric polynomial

2mi jt

s n(t) — Z C exp (IER)a

where

P = 3e;exp ™ (€7, neN, 0<s€2,)
j=0

is a given discrete trigonometric polynomial. Let

124 ol = max 1Py, 0.

On account of the well-known Bernstein inequality we have for the derivative of
P, , that

1P ol = 222 1P, e
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If 1,€[0, n) is a point for which |P, ,(t))|=|P; .ll~, then

=12, b (122 )] (ecl0, ).

P, . ()] =

t
Ps,n(’0)+j Ps,,n
o
Hence there exists an interval Ac|0, n], the measure of which is not less than
(1—a)n/ns such that
|Ps,n (D] = [Py uller (1€4).

The number of the integers being in 4 is at least [(1 —a)n/ns] (where [x] denotes the
integer part of the real number x) and since | P, ,|l-=[ ps,,ll, therefore

) - - 1 _l_ (1—a)n]}>1—a
mes (1€ 9.0 = el oy = max {1, L[ G20} = 2

Thus Lemma 2 is proved. ‘
We shall show that the analogue of Lemma 2 is true for the Vilenkin systems too.

Lemma 3. For all O<a<1 and for all Vilenkin polynomials

Pn= 2 ¥
) k=0
of order (0<)nEN (c¢’s are arbitrary complex numbers) the inequality

1—e
27n

mes {x€Gp: |p,(x)] = ap,]} =

is true, where | p,|l<:=max [p,(x)}.
X€G,,

Proof. i p, is the above Vilenkin polynomial and jM,=n<(j+1)M, (n¢N,
J€Z,), then

M,—1 J=1 +DM —1 n -
= 2 alt 2 2 alhit 2 ah=
= =1 k=M, k=iM,

n—jM,

M, -1 -1 M1 . J
= kZ; W+ 21 rs kz(; Comy+ kWit 1l kZO s ju Wk = Po+ Z;r;Pta
= = = = 1=

where the Vilenkin polynomial P, (¢=0, ..., ) depends only on the first s coordina-
tes of the argument. Let z€G, such that |p,(2)|=|p.l-, then [p(x)|=|p.ll-

j 2rity,
(x€L,32(@) and p,()=Po(D+ Jexp =2 P(2) [(3E1,(). Denote p,,, the
= s a

following discrete trigonometric polynomial

2rmity
ms

Pyom,()i= Po(z)+t=z"1 P,() exp 0€Z,),
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then [p; , le=lpll= and |p;, (z)I=1p;,)l=. On the other hand we have by
Lemma 2 that

' 1—a,

2nj

mes {v€Z,,.: |Pj,m (V)| = P m]=} =
Hence

mes {x€Gp: [Po(x)| = allpyll} = mes (x€L,(2): 1P, (D) = el poll} =

_omy . - . S Sl l1—a
= o mes (062, [0y, O] = alpym ) = 5 = 5

which proves our lemma.
We get by standard argument from Lemma 3 the next

Corollary. If O<g=p=+-<o, then for all Vilenkin polynomials p, of order
(0<)n€N the following inequality is valid
' 11

I2als = Cpgn® 2 [Pl
where C, ,>~0 depends only on p and q.

We remark that the special case 1=¢=p=+< can be found in [12].
Let n,5€¢N, n=2, 1=s<n and

s omiis
K..()= SexpL (1€Z,).
Jj=1 n
. TS
v Sin 7 i .
Since for 0>t€Z, we have IK”"(t)lz—_t and (2/m)x=sin x=x (0=x=n/2),
. T .
sin — ‘

n
therefore by [K; ,(t)|=|K (n—t)| it follows that

(14) card{tzl,...,n——lz K, . ()| %—i—s}§2[§ns-]—l_ (1 §s§[%]).

A simple calculation shows the existence of an absolute constant A=1, such that

n

n s
15) card{t=1,...,n—1: ]Ks,,,(t)léy}éAy (lésé[—z—],-léyé—z].-s

Define the numbers o, (k€N) as follows. If m,=64, then let a,=1. If k, h are
natural numbers such that m, =64, m,,,=64 but m,, ;<64 (0<j<h), then let
o 4;=0 (if jis even) and o, ;=1 (if jis odd). Let us consider now the set of natural
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numbers having the form

"t my m,
(16) N,= 3 o [—] M,+a,M, (1 =neN, 1 =q, = [———]),
k=0 2 2

where in the case m,=64 let a,=34. Thus a,M,=N,<(a,+1)M, and

Nusa max—(iA—_l_l)—Aﬁ‘il =334+1).

a7 . N, keN [mk

fiA

Let D,:= 2 Y, (n€N) the nth Dirichlet kernel with respect to the Vilenkin system.

To the proof of Theorem 3 we need the following lemma.

Lemma 4. If N, (n€N) is of the form as in (16),-then

Ay, (x):= mes {z€G,,: |Dy, (2)] = x} = % (1 =x= ivnl]

(Here and later on C=0 denotes an absolute constant.)

Proof. If z€G,,, then (see e.g. [7])

_— omii
(18) Dy, @) =| > 3 exp %Dy, (2),

k=0 j=1 m
where ;= [—-’;i] (0=k=n—-1) and t,:=a,. It is also known [6] that
19 Dy (2) = {M" L) N
( ) a Mk(z) - 0 (ZEGm\Ik) ( € )'

(I stands for IL(0) = {y€Gn: o=0, ..., yo-1=0}) Let M, =x<(j+1)M,
1¢m, .
(s=0,l,...,n,1§j§z[m7[—-2 for s<n and 1§j§%—2 for s=n, jEN),

where we assume as the first case that m,=64. Then by (15), (18) and (19) it follows
for suitable z€INJ;., that

. 1. H s—

IDa, ()] = M. | > exp 2ritz, —k_z: % [1”;] M= (+DM— M, = (j+ DM, = x

and )

(20) Ay, (9 = mes {2€ [NLpsa: 1Dy, D] = (+DMY = AT = &
s+1 A(.’+2) X

N, .
Now, let ,,éx,<(j+1)M x=—2,m,=64 and -Z—lfjéa,,. Then for suitable
. : 7
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261, \I,41 we get by (14), (18) and (19) that

2
[Dy, (z)|_—.—aM -M, = TM

and

Iy, (%) = mes {zEI,,\I,,+1: Dy (2)] zi} = (2[’""]_1] 1 ;%.

s

N,
If M,=x=— and m,<64, then
i

1 C
1 iy, (x) = mes {z€G,: [Dy ()| = N,} = =

Mn+1

Finally, let M =x<(+1)M,, s=n—1, m<64 and 1=j=m,—1. If
a,=0, then there exist five cases: 1) s=n—1 and m,, =64, 2) s=n—2,m,, <64
and mg,,=64, 3) s=n—1 and m,<6A4, 4) s=n—3, m,,;<64 and m  ,<6A4,
5) s=n—2,m,_,<6A4 and m,<6A4. In the case 1) we get by (20)

1 C
= -_—.
Ms+1 T ox

2y, (%) = mes {z€ L. \Ls: [Dy (D) = 2M 0} =

The case 2) follows by same argument. In the case 3) it follows from (21) that
iy (X)Z=1/M, 1 =C[x. We get similarly the case 5). Hence it remains only the case
). Since 0,170, a,,,=0 and for z€l  ,\J .3

s+1 m
DN"(Z) = ké’) O(k [‘7" Mk = MS+1 =X

is true, therefore it follows 2y (x)=1/2M,,,=C/x.
If a,=1, then «,,;=0 or m,,,=64 andthese cases can be examined as above.
Since we showed already that 1, (M)=C/M, (0=s=n), therefore for jM, Sx<

<(j+D)M,, 0=s=n—1, m=6A4 and —[—]—lsjsm —1 we get N, (x)>
EZNH(MHI)EC/x. This completes the proof of Lemma 4. :

Proofof Theorem 3. It is well-known that the Vilenkin systems are not bases
in L,. (This follows from Lemma 4 too.) Let L,, be a separable Orlicz space generated
by the N-function M and let p:=M’. Furthermore, let N be the.conjugate function
of M in Young’s sense and

[f1lae:= sup ffg (feLy)

where the supremum is taken over all g, for which f N(g)=1 1s true. (For more de-

talls see e.g. [13].) If the Vilenkin system is a basxs in the spacé L,,, then applymg
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Lemma 3 for a:=1/2 it can be shown by same argument as in [14] that for the
Dirichlet kernels the following estimation holds

o

L n+M A
Dy = Cint B < 0ot (e,

On the other hand, we get by Lemma 4 (as in [14] again) for the indices N, (n€N)

D = CrIn e (xp() =1).

n - N’l
xp(x) " MTYN,)
A,-condition and (17) this estimation holds for all n€N, from which the reflexivity
of L,, follows by similar method as in [15]. Thus Theorem 3 is proved.

Therefore xp(x)=1 implies p(x)In

(nEN). In virtue of the
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On the everywhere divergence of Vilenkin—Fourier series
S. FRIDLI and F. SCHIPP

Dedicated 1o Professor K. Tandori on his 60th birthday

1. Introduction

In this paper we are concerned with everywhere divergence of Vilenkin—Fourier
series. The Vilenkin systems are generalizations of the Walsh system. It is well known
that A. N. Kolmogoroff gave the first example for integrable function with every-
where divergent Fourier series. The corresponding question for Wals system wash
solved by F. Schipp [4], [5], and the construction for arbitrary Vilenkin system due to
P. SIMON [7]. There are many interesting new results in this theme. For example
S. SH. GALSTIAN [2] proved the existence of an integrable function with everywhere
divergent Fourier series, the Fourier coefficients of which tend to zero so rapid as
possible. It is natural to ask whether the analogue theorem is true for Vilenkin sys-
tems or not. We show that a similar theorem is valid for the so called bounded Vilen-
kin systems. Our theorem is sharper than the theorem concerning the trigonometric
system [2], because we construct an appropriate function, which is not only integrable,
but belongs to a function class connected with a Hardy type space, too. In our
construction the Vilenkin polynomials introduced by P. Simon [6], [7] play important
role. We give proof only for the case of Vilenkin groups, but this proof can be
easily transferred for the case of [0, 1).

2. Preliminaries

Let m:=(m,, k¢N) (N=0, 1, ...) be a sequence of natural numbers, the terms
of which are not less than 2. Denote by Z,, (k€N) the discrete cyclic group of order
m;. We define the so called Vilenkin group G,, as the direct product of Z,’s (kEN).
Thus G, is a compact Abelian group, the elements of which are represented in the

Received May 24, 1984,
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form x=(x,, X1, ...y X --.) (0=x;<<m;, x;, k€N). u denotes the normalized Haar
measure on G,,.
Introduce the next notations:

k
M0:= 1, Mk+1:= .!]1- m,- (kEN).

It is clear that every n€N can be uniquely rewritten in the form

n= 2nM, 0=n<m, meEN).
k=0

We shall need the following subsets of G,,:
IL(x) .= {p€G v = %, k<n} (mEN, x€G,).

~

Obviously u(I,(x))=M;*. Let G,:={J,,n€EN} the character system of G, or-
dered in the Walsh—Paley sense, i.e.

'pll = II (rk)"ky
k=0
where

25)"‘ (kEN, xEGp, i := Y—1).
-

ri(x) := exp

It is known that G, is a complete orthonormal system with respect to . The Vilenkin
system is said to be bounded if lim sup m< eo.

Denote L(G,) the space of p-integrable functions and define the norm of
fELG,) as |fly= [ | fldu. If feL(G,) then let

Gm
f®:= [flhdp (keN)
Gm

the k-th Vilenkin—Fourier coefficient of f,

S, f = kglf(k)lﬁk (neP:=1,2,..)

he n-th partial sum of Vilenkin—Fourier series of f,

D, = k"_j: Ve (n€P)

the n-th Dirichlet kernel with respect to the Vilenkin system G,,. Define the functiont
tf (h€G,, f€L(G,)) as.follows

Wwf(x) =f(x=h) (x€Gp,),

where - is the inverse of the group operation which is denoted by L.
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It is known [8] that
. D M,, if x€I,(0),
W 1, (%) “{ 0, if x€G,N\JI,(0),
where 0:=(0, 0, ...)EG,,.

We need the following notations:

4f:= {keN|f (k) = 0},
9f:= sup|S, f=5f| (fEL(G).

Now we define a Hardy type space H(G,,). Let us denote by f/* the following maximal
function of feL(G,)
Sri=sup Sy, fl (eN).

We say that f€L(G,) belongs to H(G,) if f*¢L(G,), and let |flg:=[f*,-
H(G,) is a Banach space with this norm. If &: [0, «)—[0, =) is an increasing
function, then we denote by H®(H) the class of u-integrable functions for which

J*@of*€L(Gy)

(o stands for composition of functions). In this paper we prove the next statement
for bounded Vilenkin systems.

Theorem. Let @: [0, +)—~[0, + =) be an increasing function with ®(n)=
=o(loglogn) (n—+<) and (w,, nEN) a decreasing sequence tending to zero for
which

D o2 =oo.

n=0 .
Then there exists a function fEeH®(H) such that
If(l = (keN)

and the Vilenkin—Fourier series of f diverges everywhere.

Remark. The Vilenkin systems are orthonormal systems with respect to the
Lebesgue measure on [0, 1), therefore all the concepts like Vilenkin—Fourier series,
maximal function etc. can be introduced also for functions of L[0, 1). The above
Theorem can be formulated for this case too. It is not hard to check, that all the con-
siderations used in the proof of Theorem can be transferred for this case. This is
based on the fact, that there is a close connection between G,, and [0, 1), namely

i G, ~[0,1), A(x):= >
0.0, 4= 2 3

is an almost one-one and measure preserving mapping. C will denote an absolute
positive, but not always the same constant in this paper.
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3. Two lemmas

In order to prove Theorem we need two lemmas. Let us denote by P, (n€P)
the set of Vilenkin polynomials of order #, i.e.

P, := {gcL(G,)lsup 4g < n}.

Let G,, be an arbitrary Vilenkin system. Then the following lemma is true.

Lemma 1. For all n,péN and 0=j<M, (jEN) there exists a Vilenkin poly-
nomial Q, ,; Such that '

(]) Q"'p’jEPMan-H”

(ll) I]Qn,p,j“l = 1’
(i) 90, , ;(x)=>CM,n (x¢ Ip(ej)),

- g p—l - -—
(Where ej:=(j07j1: ~--3jp—1, 05 )EGnn JMplsz")jkMk-:l)’

(iv) suppQ,,,,;C1,(e)).
Proof. Let the numbers n, p, j and the Vilenkin system G,, be fixed. Define the
sequence m’'=(m;, k€N) as follows

my= My, (kEN).

m’ generates the Vilenkin group G,.. We shall denote by Q, the same Vilenkin
polynomial as in [7] (pp. 361—362). The corresponding polynomial with respect to
G, is denoted by Q. It is shown in [7] that

"Q::“l = l’ QQ”I(x) = Cn, Q;GPM/M,

n+l
where K
1-1 I-

1
M= [[m{= [[ m,,;(x€G,, IEN).
i=o i

=0
By means of Q, we introduce the Vilenkin polynomial Q, , on G,, as follows

Qn,p(x):= Ql:(y)’ Where yk=xk+p (xEGmayeGms kGN)-

It is clear from the definition of Q, ,, that if Q,=>a,y; (; is the i-th element of
Gm’)’ then Qn,p‘:Z ailpiMpa and "Qn,p"1= 1: QQn,p(x)>Cn’ Qn,pEPMM,,+1+p
(x€G,). Define @, , ;= reJ[DMp 0, ,- Applying (1) it is easy to check that Q, , ;
has the desired properties. Lemma 1 is proved.

The second lemma is a modification of a lemma of Stegkin [1].
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Lemma 2. If (o, n€N) tends monotonely to zero and S’aﬁ=oo, then for
n=1

all s, geN there exist t€N and p,=p,=...=p, (pi€N, i=1,...,t) such that

o 1
13 =
a+2 X Mgy Mp,

0 k=1,..,0,

(i) =21M—1— =1

pi
Proof. Lets, g and(«,, n€N) be fixed. First we verify the following statement:

1 .
For all v, u€N there exists réN such that o, v, T Suppose indirectly

1 . . . '
that «, +2Mu+r§—]k_f' (réN). Since (a,, n€N) is monotone, and lim sup m<eo,
r
therefore
2 N |
o= 22(Mu+r+1“Mu+r)W < oo,
r=0 i=v+2M, . r=0 r

oo

but this is a contradiction, since > aZ=oco. Part (i) of Lemma 2 is a simple conse-

n=1
quence of this statement.
In order to prove part (ii) let

. 1
pi:= min {nEN]aqHMﬂn > ﬁ"}
and

L n=p} (keN).

= minincNle & >
Pr+1 { I a2 3 Mgy, +2M,,, M,
2

The existence of p,’s (k€N) follows from the above statement. Since (a,, nEN)
is monotone, therefore from the minimum property of p,’s and from lim sup m< o
we have

k+1 K %
at2 5 Mgy p -1 . a+2 I Moy p +2Myyp —1 - a+2 2 Mgy p +2M4 101 .
of = 2 Gt > 2 % =
3 Q3 14 X
"=q+2i§1Ms+Pi "=q+2.-§1M-‘+P1 t=Py "=‘1+2i§1Ms+pi+2Ms+t
1 Pyt | 1 1
= 2Ms+pk 2 + 2 2(]tls-*-l+1_1‘ls+l) 7 = C"s,m (kEP)
M M M,
pr—1 l=p, 1 Dic

(where C,,=0 depends only on s and m), whence by S’aﬁz oo
n=1

1
M,

Ms

= oo,

k

I
_

3
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On account of the monotonicity of (p,, k€N) M,  is divisible by M, (kEN),

k1 k+1 1
namely there exists ,,cN for which Z’———=—k. If <M, then 2—-:
i=1 p S M;
I 1 . .
=— =1. Thus the divergence of implies the existence of t€N
M +Mm¢+1 " v g %"Mpk p

1
such that ZXI—— =1. This completes the proof of Lemma 2.

k=1 Px

4. Proof of Theorem

Let us fix a bounded Vilenkin system G,,. Denote (n,, I¢N) a sequence of indi-

ces for which
= B (2Mm

b)) 2@ _
=1 n;
The existence of such a sequence follows from @®(u)=o(loglogi) (u—<). By
means of (n;, I¢EN) we define (g,, /¢N) inductively. Let ¢,:=0. If g, is given, then
apply Lemma 2 for q:=Mqt and for s:—_-MM"x +1- Thus we get the existence of
teN and P1Li=. =P, (P €N, i=1,...,1) for which

1
(3) : a L = (k=1, :t)s
M-"l+2s§1 MM",+l+pi,l Mpk,x :
@ ﬁ L
Mllk 4 ) et I
Let us see the polynomials (see Lemma 1) Q, Pu 1 where Jer=M, i;; 1

Pi,t

(k=1, ...,1). Obviously
(5) . i U Px, |(ejk, 1) = Gm'

Define the numbers s, (k€P) by induction:
§y,10= max {M,,, M n+1+pm}

Sg+1,1°= min{n€N|My is a divisor of n, n=>maxAW,, ,Ou,p.1, i)}

m+1tPrsr, 1

It is easy to see, that if M, is a divisor of u (¢, uEN) then Y ¥, ,=¢,,, (v<M).
By reason of this the Vilenkin polynomial Fr —x//sk 2P pe, i, €an be given by

shift of the spectrum of Q, , ;  (k=1,...,1). Tt is clear from the definition of
s.,r’s that
©6) min AF, ; > M,

0] AF, NAF, ;=0 (kh=1,..,14, k#h).
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Furthermore, since max 4F, <M, +2Mwu, ,,+p,; and s34q,—max 4F, =
=Mm, ,1+p41, therefore we have by induction

k
® max 4F, ; < M, +2 ig’l MM,,,+1+pi,, k=1,..,1).
Obviously there exists h, €N such that
O - AR, CMy, My 4y) k=1, ..., 1).
F,,, preserves evidently the nice properties of Q, Y ie.
(10) [Fialh=1, QF, (x)> CMp,‘,,nl, supp Fk,ICka,,(ejk, D)
(xEIPk’,(ejk’,), k=1,..,1)
Let
= 3oL R,
" "gl’ MPk.lnl ot

If scAf, then by (7) there exists a number & uniquely determined (1=k=t, such
that s€4F, ;. Thus (3), (8) and (10) imply that

L 1
F =
n k109 M

Px,1

(11) i) =

Px,1

< O (SGAFk,l): ViZ. I.fl(s)l < Uy (SEN)

Py "Fk,lul =

1

Px, M

By reason of (5) there exists for all x€G,, 1=k=¢, such that xel, (e; ) and

T, 1

then by (7), (10) we have -
1

(12) Qfi(x) = o7

P,

QF, (x) = C.

On the other hand it follows from (9) that

1 1

1 1
*= Fr = F, .l
1= 2 B = 2 1Bl
The estimation
13) max |Q,]| = 2Ma

is trivial from the definition of Q, (see [7] p. 362). Taking into consideration the con-
struction of F ;s and of f; we have by (10), (13) that

max  ff(x) = max |Fy,| =2" (k=1,..,1).

Prey 1 Ci, ) Pr, 1M

xel

1
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Thus
(fFe(fM) ) = M p” ——— |F ()| 8(2¥m)  (x€1, (e;, ) (k=1,...1),

Prc, 1t

consequently by reason of (4) and (10)

M
(14) 1ol = 281

is valid. Now we define the sequence (g,, /6N) inductively. Let ¢,,,:=
:=min {n€N|M,>max 4f;}, and define f;,, in the same manner as f; (/EN). De-
note f the following function

J= 2 h-
=0
Since Af,NAf;=0 (k,jEN, ks=j) and Af={J 4f;, therefore by (12) we have the
1=0
everywhere divergence of the Vilenkin—Fourier series of f. (11) yields

A If©)l <a (EN),
furthermore (2) and (14) furnish

; o o
1o = ZIReUh= 3 Li, )

ie. fEH®(H). This completes the proof of Theorem.
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Metric equivalence of tree automata
FERENC GECSEG

To Professor K. Tandori on his 60th birthday

In [2] and [3] it has been shown that for both frontier-to-root and root-to-fron-
tier tree automata the general product and the a,-product have the same power from
the point of view of metric completeness. In this paper we strengthen these results
by showing that for both classes of tree automata mentioned above the og-product
is metrically equivalent to the general product.

For all the notions and notations not defined in this paper we refer the reader
to [2], [3] and [4].

1. Frontier-to-root tree automata

Throughout this section we use a fixed rank type R. To exclude trivial cases, it
will be supposed that for an m=0, m€R.

Let X and X' (7¢]) be ranked alphabets of rank type R, and consider the
algebars o4, =(4;, 2) (icI). Furthermore, let

0 = {om™: ([T (Ali€D)" X Z,, ~ [] (S licI)imc R}

be a family of mappings. Then by the general product of o/, (icI) with respect to X
and ¢ we mean the XZ-algebra

o =(4,2) = [[(&]ieD[Z, ¢]
with A=]J(4;li€I), and for arbitrary m, ¢€Z%, and a, ...,q,€A4
pri(a(as, ..., a,) = o;(pri(ay), ..., pri(a,)),
where pr; is the ith projection operator and o;=pri(¢™(ay, ..., Gy, 0)). In the sequei
we assume that 7 is given together with a linear ordering =.
" Received May 30, 1984,
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We now define a special type of the general product. To this take the mappings
T (mER, i€) given by ¢7(a, 0)=pr;(¢™(a, 0)) (a€ 4, o€ Z,). We say the product
& above is an «,-product if for every i€l and me€R, ¢f(ay,...,a,,0) (4, ...,
.y Bu€A, 0€Z,) is independent of pr;(ay), ..., pr;(a,) (j€I) whenever i=j.
Let K be a class of algebras of rank type R. Then the operators H, S, P, P,,
P, P, and P, , are defined in the following way.
H(K): homomorphic images of algebras from K.
S(K): subalgebras of algebras from XK.
P(K): direct products of algebras from K.
P, (K): general products of algebras from K.
P, (K): products from P (K) with finitely many factors.
Pao(K): oty -prodl}cts qf algebras from K.
P, ;(K): o-products from P, (K) with finitely many factors.
Next we define the metric equivalence of the general product and the «,-product.
We say that the aq-product is metrically equivalent to the general product if for arbi-
trary class K of finite algebras with rank type R, integer m=0 and DFT-transducer
A=(Z, X,, 4, Q, Y,, P, A)ctr (A) with A=(, a, X,, 4") and =(4, )E P, (K)
there are a 4%=(B, I)¢P, ((K), B=(%,b, X,,B") (b€B",B’cB) and B=
=(2,X,,B, Q,Y,, P/, B)ctr (B) such that Tgq=— 1.
Before showing that the «,-product is metrically equivalent to the general prod-
uct we recall the following result from [1].

Theorem 1. For arbitrary class K of aigebras with rank type R the equality

HSP,(K) = HSP, (K) = HSPP, (K)
holds.

' Using Theorem 1 we prove
Theorem 2. The ay-product is metrically equivalent to the general product.

Proof. It is enough to show that for arbitrary ranked alphabet ¥ of rank
type R, integers m,n=0, ZI-algebra &=(4,Z%) in P (K)NK; and vector
a=(ay, ..., a,)€A" there are a %=(B,X) in P, s(K)NK; and a vector
b=(by, ..., b)EB" such that (#,b) can be mapped m-homomorphically onto
(#,a). If #€P,(K)NK; then, by Theorem 1, &/ isin HSPP, ;(K)NK;. There-
fore, there is a ¥=(C, 2)cPP, ((K) (N K; such that a subalgebra ¢'=(C’, ) of % can
be mapped homomorphically onto &/ under a homomorphism . Let us write €
in the form €= [[(£}ic]) (,=(4;, Z)€P, ;(K), i€1), and for every j (=1, ..., n)
take a c;€y~(a). Set c¢=(c, ..., ¢,). Denote by J a minimal subset of 7 such
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that for arbitrary ¢, c’€C™ there is a j€J with prj(c)=pr;(¢). Let' 8=
=(B, Z)=][(#;|j€J), and define b€eB by pr;(b)=pr;(c) (jEJ,i=1, ..., n).
Moreover, set b=(b,, ..., b,). Then %EP%I(K)HK; and (4, b) is m-isomorphic
to (%, c). Therefore (#, b) can be mapped m-homomorphically onto (., a).

2. Root-to-frontier tree automata

First of all we fix a finite rank type R such that 0¢R. Moreover, Fy(X,U¢)
will denote the set of all trees from Fy(X,U¢&) whose frontiers contain the auxiliary
variable £ exactly once.

Let us define the path, path (p), leading from the root of a tree p€ Fx(X,U¢)
to the leaf € in the following way.

(i) If p=¢ then path(p)=£E.

@) X p=0o(py, ..oy Pm) (6€2,, mER) and p;cF-(X,U& then path (p)=
=(0..)(path (p,)). |

- Next we recall some concepts concerning ascending algebras which are not so
well known (cf. [3)).

Let 2 be an operator domain with 2,=0. A (deterministic) ascending Z-algebra
& is a pair consisting of a nonempty set 4 and a mapping that assigns to every opera-
tor 6€% an m-ary ascending operation o%: A--A™, where m is the arity of o.
The mapping o0 will not be mentioned explicitly, but we write «/=(4, X).
If X is not specified then we speak about an ascending algebra. «f is finite if A is
finite and X is a ranked alphabet. Moreover, &/ has rank type Rif 2 is of rank type R.

Take two ascending Z-algebras &/=(4, 2) and #=(B, X). & is a subalgebra
of & if

(1) BS 4, and

(i) 6®?(by=0*(b) for arbitrary ¢€ZX and b¢B.

Again consider the ascending algebras &/ and & above. Moreover, let y: A—~B
be a mapping.  is-a homomorphism of &/ into & if the equality ‘

0‘% (lp (a)) = (l/I (01), e l// (am))

holds for arbitrary ¢€X and acA, where (4, ..., a,)=06"(a). If there is a homo-
morphism of o onto & then & is a homomorphic image of . )

Next we define the concept of the product of ascending algebras

Let X and ¥ (i€]) beranked alphabets of rank type R, and conSIder the ascend-
mg E'-a]gebras o =(4;, bX)) (€1). Furthermore let

¢ = {o™: [[(A)i€)XZ,, ~ [] ELli€)imeR}



166 Ferenc Gécseg

be a family of mappings. Then by the general product of s#; (icI) with respect to
2 and ¢ we mean the ascending X-algebra

= (4, 2) = [[(]icD)[Z, ¢}

with A=]J(A;li€]) and for arbitrary m€R, ¢€Z, and acA4

(pri(e (a)y), .., pri(6 (a),) = o+ (pri(a)) (i€ ))

where ¢/ (a); is the j*® component of 6/ (@) and 6;=pr;(¢™(a, 6)) ({€1). In the sequel
we shall assume that 7 is given together with a linear ordering =. (If we have more
than one index set then the same notations = will be used for the linear ordering of
each of them. This will not cause any confusion.)

To define the concept of the ay-product of ascending algebras let us introduce the
notation ¢;(a, o)=pr;(¢™(a, o)) for arbitrary i€I, acA and o€Z,. We say that
the product &7 above is an ay-product if for arbitrary i€I, ¢, is independent of its j**
component (j€l) whenever i=j.

In this section the symbols H, S, P, P, P% and Pa,, ; introduced in Section 1
will be used in their original sense and they also denote the corresponding operators
for ascending algebras. This double use will not cause any difficulties since their con-
crete meaning will be clear from the context.

We say that (regarding ascending algebras) the oy-product is metrically
equivalent to the product if for arbitrary class K of finite ascending algebras with
rank type R, integer m=0, uniform deterministic root-to-frontier transducer A=
., X,, 4, 2,7, ay, P)ctr (A) with A=(, ay, X, a) and L €P,(K) there area Z=
(B, D)EP, ;(K), B= (ﬂ by, X, b) (by€B, b P(B)) and B=(Z, X,, B, ,Y,, by, P')€
€tr (B) such that Ty==7q.

We introduce some more terminology.

For every operator domain Z (of rank type R), 2 will denote the operator do-
main {(o, k)|6€Z,, 1=k=m, mcR} of unary operators.

Take a X-algebra &/=(4, X) of rank type R. Correspond to & the E algebra
s(#)=(4, Z) given by (o, k)" (a)=pr(c”(a)) (6€Z,, 1=k=m, ac 4).

Obviously, s is a one-to-one mapping of K5 onto K5, where Kj is the class of all
ascending X-algebras. Moreover, we have

Statement 1. For arbitrary operator domain X of rank type R and Z-algebras
A, B and B; (icl) we have ,
() #=][(Hicl) if and only if s()=[[(s(LlicD),
(ii) & is a subalgebra of & if and only if s(#) is a subalgebra of s(),
(iii) A is a homomorphic image of o7 if and only if s(#) is a homomorphic image
of s(H).
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Next we define a restricted form of products for the above Z-algebras. Take
a family o= (s, £) (fcI) of Z'-algebras, where every X' (i€I) is an operator
domain of rank type R. Moreover, let 2 be an operator domain with rank type R.
Then a general product (o,-product)

A =(4,2) = ][ (#]icDIZ, ¢]

is a restricted product (restricted oy-product) if for arbitrary icl, a€A and (o, k),
(0’, I)EE, (pi(aa (0'9 k))=(0',-, k) and (Pi(aa (O’, l))=(0',-, l) (0’,-6):’).
The following result is also obvious.

Statement 2. The formations of the restricted product and the restricted og-
product are transitive. Moreover, the direct product preserves both the restricted prod-
uct and the restricted og-product.

For arbitrary Q¢ {P,, Pao} denote Q the restricted version of Q. Moreover,
Q, will stand for P, if Q=P,, and Q,=P, , if Q=P,. We use the notation
Q, for the restricted form of Q. Take a set K of ascending algebras with rank type R.

Then K is defined by K={s(«)|#€K}.

Statement 3. For arbitrary class K of ascending algebras with rank type R,
algebra s/ of rank type R and QE{P,, P%} the following conditions hold.

() LEQ(K) if and only if s(o£)EQ(K).

(i) H€Q(K) if and only if s()EQ(K).

Next we prove

Lemma 1. Let K be a class of ascending algebras with rank type R, and take
a Q¢c{pP,, P%}'. Then HSQ(K)=HSPQ/(K).

Proof. The inclusion HSPQ (K)SHSQ(K) is obvious.

Let us show the converse inclusion. By Statements 1 and 3, s(HSQ(K))=
=HSQ(K) and s(HSPQ/(K))=HSPQ/(K), where s is extended to classes of
ascending algebras in an obvious way. We show that HSQ(K) NK; S HSPQ(K)N K3
for every operator domain XY of rank type R. This will imply HSQ(K)=
=S‘1(HSQ(K))gs‘l(HSPQf(K))=HSPQI(K).

By Statement 2, HSQ(K)NKj5 is an equational class. Assume that an equation
p(x)=q(x) (p, g€ F5(x)) does not hold in HSQ(K)NK;. Let us write p and g in
a more detailed form p=a;(...(61(x))...); g=@,(...(01(x))...) (03, w;€Z, i=1, ..., k,
Jj=1, ..., 1), and assume that I=k. Moreover, set p;=0;(...(61(x))...).(=0, ..., k)
and gi=o(...(0,(x))...) (F=1,...,1), where py=go=x. There are an

o = (4,5 = J] (ZieD[Z, 0] Q(K)
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and an ayeA such that p(ag)#4q(ag). (Here and in the sequel the above notation
means that & is formed by the product represented by Q and every &, (f€I) is in
R.) Set A'={aypli=1, ..., k}U{ayq|i=1, ..., 1}. Denote by I, a minimal subset
of I such that for arbitrary iwo distinct clements a, beA’ there is an €1, wilh
pr; (a)pr; (b). Moreover, let I;,, (1=j=k) be a minimal extension of I; under
wlich for arbitrary i€1;, a,béA’ and oc¥ if ¢, (a, 0)#%@;(b, 0) then there is a
(€I, such that ¢, depends on its #th component and pr,(a)pr(b). (We write
@, for ¢}) Set J=I,, and restrict the ordering of I to J. Obviously, J is finilc.
Take the product

o = (4,5) = [[(A)j€DIZ, ¢']

where ¢ is given as follows. For arbitrary a€d, 1=j=k, icl; and o€, (p,(ﬁ, 0)=

=¢,(a, o) if there is an acA’ such that pry, (ﬁ) =pry l(a) (Here and in the
sequel il I’ ST and ay, ax€ [](A4,)i€]) then pr, (a]) =pry (a,) means that pry(a)=
=pr, (ap) for every i€I’.) In all other cases ¢’ is given arbitrarily in accordance
with the definition of the product represented by Q. ¢’ is obviously well defined. It is
also clear that «/€Q +(K).

For every m=1, ..., k+1 introduce the relation a@~,a (d€A4,acd’) if and
only if’ pr; (@)=pr; (@), and let ay€ A satisly dg~y410y. Then py(Gy) ~pr1-; (o)
and q;(dg) ~g+1-;4;(a,) for arbitrary i (=0, ..., k) andj (=0, ..., /). In particular,
(@) ~p(ap) and q(@p)~19(a,). Therefore p(dy)#q(a,), that is p(x)=¢(x) does
not hold in HSPQ (K)NK;.

The case when an equation p(x)=¢(») (p€F5(x), q€F3(»)) is not valid in
HSQ(K)NK; can be treated similarly.

Lemma 2. For arbitrary class K of ascending algebras with rank type R the
equality HSPH(K)=HSP%(K) holds.

Proof. The inclusion HSP, (K)SHSP,(K) is obviously valid.

To prove HSP,(K)SHSP (K), by Statements 1 and 3 it is enough to show
HSP,(K) SHSP (K) Take an opel ator domain ¥ of rank type R, and consider an
equation p(x)= q(x) (p, g€ F5(x), h(q)=h(p)=k) which does not hold in
HSP,(K)NK;5. Then there are an

= (4, ) = [[(sh = (s, Vi€ )5, IR, (B)

andan’ a€ 4 suchthat p(a)s%q(a). Take J={l, ... k+1} with thenatural ordering
and order JXI in the following way: for arbitrary two (jy, ), (Ja, in)€J X,
(i, i) =(ja» is) if and only if j,<j,, or j,=j, and i=i,. Consider the restricted
oy-product

B = (B’ E) = H(’M(J',i)l(j’ l)EJXI)[E’ (P,],
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where o, =, ((j,i)€JxI), and for arbitrary b€B and o€Z, @,,(b,0)
(feI) is arbitrary, and @ (b, 0)=¢,(b;_1,0) (1<j=k+1,i€l), where
beJ[(4JicI) is given by the equality pry ,(B)=prib) (t=1, ..., k+1,icl).
Introduce the notation b=(by, ..., by4s) Where by, ..., by, are defined by the
previous equalities. Taking b=(a, ..., @) and an ré F5(x) with h(r)=k, one can
show easily by induction on h(r), that the equality

F9(B) = (cis rs Gy 19(@)y ey 19(a)

holds, where ¢=h(*) and ¢, ..., cteﬂ(Aih'EI). Especially, ’2®=(c, ...,
5 Co p?(@) and  ¢g?B)=(ci, ..., crs 4% (@)  (c1s oves Chs €55 ooes LE JI(AFET)).
Therefore, p?(b)#q*(b), that is p(x) q(x) does not hold in HSP, (K)NKs.

The case when an equation of form p(x)=q(») (p(x)€ Fz(x), q(y)EF—(y))
is not valid in HSP,(K)NK; can be treated similarly. Thus we got that
HSP,(K)NK; SHSP, (K)NK;, which implies the inclusion HSP,(K)NK;S
SHSP, (K)NK5. This ends the proof of Lemma 2.

For arbitrary class K of ascending algebras with rank type R let 1(K) denote
the subclass consisting of all ascending algebras from K generated by single elements.
The members of 1(K) will be written as systems (&7, @) where &K and a is a gen-
erating element of 7.

Theorem 1. The general product is metrically equivalent to the oy-product if
and only if for arbitrary class K of finite ascending algebras with rank type R the equal-
ity
() 1HSP,(X) = 1HSP, (K)
holds.

Proof. Assume that (%) is valid. Take a system (&, @)€1SP . (K) with
A=(4,%). By (%) and Lemma 1, (&, a)€1HSPP,  (K). Then there are a
#=(B, 2)€PP, -(K) and a bEB such that for the subalgebra %'=(B’, X) of %
generated by b the system (%, b) can be mapped homomorphically onto (&, a).
(This terminology means that b is mapped into a under the given homomorphism
of # onto &7.) Let us write % in the form

B = [[(BeT) (B, = (B, 2)eP,, (K), i€l).

Take an integer m=0, and consider B{". Denote by J a minimal subset of  such
that for arbitrary two distinct elements by, b,¢ B there is a j€J with pr; (by)#
#pr; (by). Obviously, J is finite. Define b€ [J[(B,j€J) by pr;(b)=pr; (b). Let
#=(B,X) be the ascending subalgebra of 1[(#,ljeT) genelated by b. Then
(% b)e1SP, (&) and il is m-isomorphic to (#’, b). Thus (ﬂ b) can be rnapped
m-homomox ph1ca11y onlo (o7, a). This ends the proof of the sufficiency.
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In order to prove the necessity assume that the oy-product is metrically equiv-
alent to the product. Take a class K of finite ascending algebras with rank type R.
Set L=HSP,(K) and L=HSP, (K). We show that (%) holds, i.e., 1L=1L.
To this, by Statements 1 and 3 it is enough to prove that for arbitrary operator
domain X of rank type R if an equation p(x)=g(x) (P, g€ F5(x)) does not hold in
s(L)NK3 then it is not valid in s(L)NK3 since this implies that the free algebras
in the equational classes s(L)NK; and s(L)NK; generated by single elements
are isomorphic.

Thus assume that p(x)=g(x) (P, g€ F5(x)) does not hold in s(L)NKjz.
Then, by Lemma 1, there is an (o, a)€1SP,;(K) (o =(4, Z), a¢ A) such that
p(ap)#G(ay). Take #=(4, X) with s(«£)=«. Then (, ay)€1SP, (K). Consider
the transducer A=(Z, X,, 4, 2, AXX,, a,, P) where n=>1 is an arbitrary natural
number, Q,=A4XZX, (I¢R) and P consists of the following productions:

(1) ax; - (a> xi) (aEAa xieXn s
(2) aoc —~ (a’ o)(aléls seey 0161) (aEA’ GEZU IGR’ ad(a) = (al’ vees al))‘

Take two trees p, g€ Fy(X,U¢&) such that p=path (p) and g=path(g). Let
mzh(p), h(g). Then, by our assumptions, there is a (%, bp)€1SP, ((K)
(#=(B,2),beB) such that for a B=(Z,X,,B, 2, AXX,, by, P')ctr (B)
(B=(=, By X, b)) we have Tg=Tg. One can easily show by induction on the height
of a tree that for every r€ Fy(X,U¢&) with h(r)=m and path (r)=F the derivations

agr =>4r’'(aé) and byr =%5r"(bé)

hold, whete r’, r"€ Fo(AX X,U¢), a=i(a,), b=7#(b)) (B=s(AB)) and path (+")
is a subword of path (+). In particular,

agp =4p (a:8), bop=35p"(b,0),
and

ayq =4q'(asf), bog=%q"(by¢)

where  p’,p”, ¢, g€ Fo(AX X, UL, a,=p<(a)), b,=p3(b), a;=§%(a;) and
b,=g3(b,). By our assumptions, a,>a,. Assume that b,=b,. Take the trees p(xy)
and g(x,). Then

aop(xy) =’§1P’((01a xl))’ apq(xy) =>sth'((az, xl))
bop(x) =8p"(s), bog(xD) =59"(s)

where s is the right side of the rule b, x; s in P’. Therefore, at least one of the equal-
ities p’((ay, x)))=p"(s) and ¢’((ay, x)))=¢"(s) does not hold contradicting the
choice of B. Thus we got that p#(b,)=g®(b,), that is the equality p(x)=g(x) is
not valid in s(L)N K3, which ends the proof of Theorem 1.

and
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From Theorem 1, by Lemma 2, we obtain

Theorem 2. Regarding ascending algebras the ay-product is metrically equival-
ent to the general product.
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The mixture of probability distribution functions by absolutely
continuous weight functions

B. GYIRES

Dedicated to Professor Kdaroly Tandori on his 60th birthday

1. Introduction

A function F(x) of the real variable X is called a probability distribution func-
tion, if it satisfies the following conditions:

a) F(x) is non-decreasing.

b) F(x) is right continuous.

¢) F(eo)=1, F(—<)=0.
If a probability distribution function F(x) is absolutely continuous with respect to
the Lebesgue measure then f(x)=F’(x) is called its probability density function.

We say G(z, x) to be a family of probability distribution functions with para-
meter x, if the following properties are satisfied:

a) For each value of x the function G(z, x) is a probability distribution functlon
in z.

b) G(z, x) i1s a measurable function. of x.

Let g(x) be an arbitrary probability distribution function. We form the expression

(1.1 F(z) = f G(z, x)dq(x).

It is not difficult to show ([4], p. 199) that F(z) is a probability distribution function,
which is called the mixture of the family of probability distribution functions G(z, x)
with the weight function ¢g(x). Animportant question of the mixture theory of prob-
ability distribution functions is the following: Let the probability distribution func-
tion F(z), and a family of probability distribution functions G(z, x) with parameter x
be given. What is the necessary and sufficient condition of having a probability dis-

Received January 9, 1984.
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tribution function ¢g(x), which satiesfies equation (1.1)? Or in other words, what is
the necessary and sufficient condition for the Fredholm’s integral equation of first
kind (1.1) to have such a solution, which is a probability distribution function?

This problem was solved by the author [2] in whole generality under the assump-
tion that g(x) is a discrete probability distribution function.

In this paper we give an answer to the raised question in case gq(x) is an abso-
lutely continuous probability distribution function. The method in force makes
necessary to introduce additional assumptions.

Let a and b, a<b, be given real numbers, where a= — o, b=co are permitted,
too. Denote by E(a, b) the set of continuous probability distribution functions,
which are strictly monotone increasing in [a, b] and have values 0 and 1 at the points
a and b, respectively. The inverse of F€E(a, b) is denoted by F~2.

Without loss of generality we can assume that G(z, x) is a family of probability
distribution functions with parameter x€[0, 1].

The problem, which will be solved in this paper, is the following:

Let F(2)€E(a,b) and the family of probability distribution functions
G(z, x)€E(a, b) with parameter x€[0, 1] be given. Assume that ¢(x) is an abso-
lutely continuous probability distribution function with probability density function
f(x), x€[0,1]. What is the necessary and sufficient condition for the Fredholm’s
integral equation of first kind

1.2) fl G(z, x) f(x)dx = F(2)

to have a solution with square integrable probability density function f(x)?

To solve this integral equation, it will be traced back to the solution of the mini-
mum problem of a symmetric positive definite Hilbert—Schmidt’s kernel, using a
* distance concept between two probability distribution functions ([2], Chapter II).

Besides the Introduction the paper consists of three chapters. In the second one
the problem will be traced back to the minimum problem of the above mentioned
Hilbert—Schmidt’s kernel. We deal with the eigenvalues and with the eigenfunctions
of this kernel too. In the third chapter the answer will be given to the above raised
question in two theorems. In the fourth one we give a family of probability distri-
bution functions, by which the given probability distribution function is not rep-
resentable as their mixture.

2. Preliminary

2.1, Let FcE(a, b),-and let

k
F(xNk) =']—v' (k=0’ la"', N):
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where a=xy,<xy<...<Xyy-1<xyy=>b are the Nth quantiles of F. Let G€E(a, b),
and let us form the expression

Dy(GIF) = ng"; [G (o) — G (eI
We say
D(GIF) = sup Dy(G|F)
N—+oco

to be the discrepancy of G€E(a, b) with respect to FEE(a, b).

This discrepancy idéa was investigated more generally by the author ([2]. Chap-
ter I1.) and the following statement shows that this concept is a measure of the dis-
tance of two probability distribution functions:

D(G|F) =1

with equality if and only if G=F ([2], Theorem 2.1.).

Denote by H(F)cE(a,b) the set of the probability distribution functions
with finite discrepancy with respect to FEE(a, b).

It can be shown ([2], Theorems 2.4. and 2.5.) that if FE€E(a, b), GE H(F), then
the probability distribution function G(F~1(z)), z€[0, 1] is absolutely continuous
with respect to the Lebesgue measure, and

1 2
d -
D(G|F) = of [-EG(F 1(2))] dz.
Let G;¢H(F) (j=1,2) be given. The quantity
1
d _ d —
@, 6 = [ [0 70 [ 6 @) az >0
is said to be the common discrepancy of the probability distribution functions G;
(j=1, 2) with respect to F. It is obvious that
(G, G)r = D(G|F)
with G;=G, j=1,2. It follows from the Schwartz’s inequality that
(G1, Gor = [(Gy, G)r(Ge, G)e]™™.
Let F€E(a,b), and let
.1 G(z, x)EH(F), x€[0,1].
Let us introduce the quantity

K(x: y) = (G(Z’ X), G(Z’ y))F =

2.2 1
s I [-j—z G(F-1(2), x)] [% G(F-1(2), y)] dz>0, x,y€[0,1],
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and suppose that K(x, y) is continuous in x and y. Moreover, let
1 1
(23) [ [ K (x,»)dxdy <<,
0 0 :

i.e. K(x, y) is a continuous Hilbert—Schmidt’s kernel ([6], p. 135.).
Let the functions f, g€ L,(0, 1) be probability density functions. Then the prob-
ability distribution functions

Gi(2) = [ G(z x)f(x)dx,

G,(2)= fl G(z, x)g(x)dx

are mixtures of probability distribution functions (2.1) with respect to the weights f
and g, respectively. Using Fubini’s theorem we obtain

(Gr, Gr = [ [ K(x,»)f(X)(y)dxdy > 0.

Based on the foregoing we obtain

24) [ [ K D@10y dxdy =1
with equality if and only if
(2.5) F@) = [ G(z %) f(x)dx.

By the help of the kernel (2.2) our problem formulated in the Introduction can
be expressed in the following way, too. Let FEE(a, b) and (2.1) be given. What is
the necessary and sufficient condition of having such a probability density function
J€L,(0,1) by which equation (2.5) is satisfied, or of having equality in the inequality
24).

2.2. Let the kernel (2.2) be given. It is well-known that if h€L,(0, 1) is arbi-
trary, then the function

.6) J&) = [ K(x, ))h(y) dy€L, 0, 1).

It is obvious that (2.2) is a symmetric kernel. It is well-known too that the integral
equation

@7 (-1 [ K(x, »)e()dy =0, x¢[0,1]
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has a solution different from ¢(x)=0 if and only if A satisfies the equation

2.8) f=D=0o,

where the entire function

(2.9 f@) =1+ 2a,z"
n=1

is the Fredholm’s determinant of the function zK(x, y), i.e. the coefficients of (2.9)
are given by the following way ([6], p. 159). Let
(2.10) - X 1€[0,1) k=1, ..., n),

Xp # X, Ve# Y, k#L
Moreover, let
[xl :_.x") K(xi9 yl)"'K(xl,yn)
yl‘“y" K(xn’ yl)"'K(xn’ yn)
It can be shown ([2], Theorem 3.1.) that the matrix
Xp ore Xy
o)
X1 ene X,
is positive definite or semidefinite, where M is the nXn matrix with entries 1. Thus
X1 eoe Xp 4
Det X [ ] =0
Xg oo Xy

on the n-dimensional unit-cube, except a subset of this cube with zero measure, where
inequalities (2.10) are not satisfied. From here we obtain

1 2 1 X1 eee Xy
a, =Hof of DetK(xln ]dxl...dxk>0 (k=1,2,3,..).

. X

The zeros of equation (2.8) are the eigenvalues of kernel (2.2). Since all zeros of
equation (2.8) are different from zero, and since kernel (2.2) is symmetric and positive
definite, the eingevalues of kernel (2.2) are positive numbers.

By the help of the inequality concerning to the determinants of positive definite
matrices ([1], Chapter 2, Theorem 7), we have

_ k! k!

Oy = =y - G, ki+..+ki=k (s=2,3,...; k=2,3,..).

100

In particular, we obtain

ay_1a; (k=1,2,..),

12
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where a, is the trace of the kernel (2.2) satisfying the inequality
1 1 1
a, = f K(x, x)dx%f f K(x, y)dxdy = 1.
0 0 0

Since the inequality
a1 k
(2.11) a = @

k=1,2..)

holds, based on the theorem of Kakeya ([5), p. 25) the moduli of zeros of the poli-
nomial

@2.12) £(2) = Z"akzk n=12,..)

lie in the closed interval the endpoints of which are the minimum and the maximum
of the numbers .
et (=1, .. ),

a

respectively. Thus the moduli of the zeros of polynomials (2.12) are in the interval
[1/a, =) based on (2.11). According to the theorem of Hurwitz ([3], p. 78) the zeros of
(2.8) are equal to the limit points of the zeros of polynomials (2.12). Therefore, and
since the zeros of equation (2.8) are positive numbers, we get that the eigenvalues of
the kernel (2.2) lie on the interval (1/a, ).

The eigenvectors of kernel (2.2) are the solutions of the integral equation (2.7)
if 4 runs over the eigenvalues of kernel (2.2).

In what follows let @ be the number of the eigenvalues of K(x, y), ie. wisa
positive integer, or equal to infinity accordingly to K(x, y) is degenerate, or non-
degenerate, respectively.

Let l/a,=A,=1,=... be the eigenvalues of K(x, y), and let ¢,(x), @.(x), ...
be the sequence of the corresponding orthonormal eigenfunctions.

Denote by E,(0, 1) the set of the functions defined on [0, 1], which can be repre-
sented by the formula (2.6) with square integrable functions. Assume that the inte-
grals of the functions of E,(0, 1) are equal to one. Let Ef(0,1) be the subset of
E,(0, 1) with non-negative elements. It is obvious that these sets are convex.

Let g, h¢L,(0,1). In what follows we apply the usual notation (g, h)=
1
= [ g()h(x)dx.
§ .

Lemma 2.1. Let the kernel (2.2) be given. Then the function (2.4) is concave on
Ey(0,1) and on Ef(0,1), respectively.
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Proof. Let

f€E O, D(EF (0, 1) (j=1,..,9, g¢;=0, 21 g;,=1.
i=

In this case
21 q9; /€ E» (0, )(EF (0, 1)).
j=

Using the theorem of Mercer ([6], p. 230) we get partly that

2.13) f f K(x, y)(Zq,f,(x))(Zq,f,(y))dxdy— 2 > [Zq,(f,,fpk)]

k Jj=1

and partly that

@ g f f K(x, ) f;(0f;(0) dxdy = 2 9 Z' - (f5 @
i= k=1
Based on the Cauchy’s inequality we obtain
(2 a;(fi 0= 2 g 2 9;(f; 0™
Jj=1 j=1 Jj=1

This inequality and expressions (2.13) and (2.14) give us the statement of the Lemma.
Lemma 2.2. Let fcE,(0,1). Then

[ [ K& »ff(ndxdy = 1.
Proof. First of all we mention that
?(2) ~—‘l-f G(F~(2), x) f(x) dx€ E5(0, 1).

Since ‘@(2)€E,(0, 1), it is sufficient to show that the integral of ¢(z) is equal to one.
But this is obvious. Namely, using Fubini’s theorem, we get

1 1

f ¢(@)dz = [ fRIG(B)-G@]dx =1.

[} 0
Accordingly

1 1 1 1
@15) [ [ K f@f0)dxdy = [ o*@)dz= [ o) dz=1,
0o o0 0 [
and this is the statement of our Lemma.
We have equality in (2.15) if and only if @(z)=1, z€[0, 1].

12%
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3. The solution of the problem

In this chapter we give a solution in connection with the problem mentioned in
the Introduction in the following sense. Let F€E(a, b) and the family of probability
distribution functions (2.1) be given. We look for a necessary and sufficient condition
of having a solution of (2.5) or having equality in (2.4) with a function f€Ef (0, 1).

Let us define the following quantites:

po = _inf f f K(x, y) f(x) f () dxdy,

fEEF Q)

3.1
m=,inl / f K(x, )/ () () dxdy.

Based on Lemma 2.2 we have

It follows from here that p,=1 is the necessary condition for the mixibility of
FeE(a, b) by the family of probability distribution functions (2.1). This condition
is sufficient too if f€E,(0,1) satisfying (3.1) is an element of the set Ejf (0, 1).
Accordingly we can proceed on the following way. We calculate y; and a function
fEE,5(0, 1) satisfying equation (3.1). If ;=1 and f€Ef(0,1) then F¢EE(a,b)
can be mixed by the family of probability distribution functions (2.1) with weight f.
If p=>1, orif p,=1 but f¢ES(0,1), the F cannot be mixed by this family of
probability distribution functions.

The number u, can regard as the measure of the mixibility of FeE(a,b) by
the family of probability distribution functions (2.1).

Theorem 3.1. Let {1} be the set of eigenvalues of the kernel (2.2) enumerated
in an increasing way, and let the suitable orthonormal eigenfunctions be the elements of
the sequence {@.(x)}. Let

3.2 u=(,0) k=1,2,..).
Then
33) | w=—
2 %
k=1
where

(3.4) 0< Sai=1.
=1
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Moreover

(3.5) f=m 2 U2y 0 (DEE (0, 1)

is the only solution, which satisfies equality (3.1).

Proof. Let
X

(3.6) @ = [ K k() dy= 3% 0,0 E 0, 1),

k=1

=

where h€L,(0,1) and _
3.7 n=he) k=12,.).

Considering the Hilbert—Schmidt’s theorem ([6], p. 227) we have

(3.8) ‘ 0f1f(x) dx = ﬁ’)‘—'; o =1

k=1

where the numbers «, are defined by (3.2). In this case

[ [KGnffGydxdy = [ [ Ky(x, »)h(x)h(y)dxdy,

where K;(x, y) is the third iterated of kernel (2.2) ([6], p. 144). On the basis of Mer-
cer’s theorem ([6], p. 230) we get that the series

39 Kox, p) = 3 @@ (o 1y

= AR
converges uniformly. Thus
© x‘%

(3.10) [ [ Kstx, PhCIhG)dxdy = 3 ik

k=1
Our next duty is to calculate the minimum of (3.10) under condition (3.8)-
Since (3.9) is a concave function on the set E,(0, 1), using the method of La-
grange’s multipliers, (3.10) has an absolute minimum inside of E,(0, 1) if and only if
0P

g, =0 k=12.)

with
o x’2‘ o Xy
(P(xl, Xa, ) = ZF—Z). Z)—ak,
k=1 4% k=1 /g
i.e. if the conditions

(3.11) , xe= A A2 (k=1,2,..)
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are satisfied. On the basis of (3.8) we have

(3.12) LS agh =1
k=1

Considering partly that the elements of the sequence {a,} are the Fourier’s coeffi-
cients of f(x)=1, x€[0, 1] related to the orthonormal system {@,(x)} and partly
that ’

1 1 @ a2 (-]

[ [ K@ ndxdy= 3 =a, 3o,

o 0 k=1 }'k k=1
we obtain

1 1
[ | K@, y)dxdy
0 0 -

Me
2
i
=

k

I
—

flK(x, x)dx

1.e. the inequality (3.4) holds.
Substituting (3.11) into (3.10), we get that

= A Zagik =4,
k=1

thus we obtain formula (3.3) on the basis of (3.12).

However substituting (3.11) into (3.6), we get that (3.10) touches his minimum
by the function (3.5) of the set E,(0, 1).

We must mention separately the case if each element of the orthonormal system
@(x), say @4 (x), is equal to one. In this case the minimum of (3.10) does not fall
into the inside of E,(0, 1), since a;=1 and a,=0, if ks£s. On the basis of (3.8)
x,=2A,. Evidently (3.10) has minimum, if x,=0, ks, and

W= J@)=1, x€l0,1)

Accordingly, (3.6) gives us the minimum of (3.10) in case the function (3.7)
falls to the boundary of E,(0, 1), too. Thus the proof of Theorem 3.1 is finished.

Corollary 3.1. Under the assumptions and notations of Theorem 3.1 the repre-
sentation

G(2) = f G(z, x)f(x)dx = 1, kgml’ oAy f G(x, 2)pi(x)dx

holds uniformly in z€la, b], where (G, G)p=1.
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Proof. Namely ‘
1 (¢
G@ = [ GG N1 2 ouhopu() d.
; <

Using the Schwartz’s inequality

(6@-m Sk [ 6Ena@d] =|f 6@nm 3 ahe)dd=

1 « «
s(fGGExdx) (g > apyr=w S R
k=n+1 k=n+1
[

=n

Since
© 1
8§ Sar= [ frx)dx <o,
k=1 3
the sequence

0
2 2 12| o
{#1 2 % )'k}n=0
k=n+1
converges to zero.

The chief result of this paper is the following theorem, which arises directly from
Theorem 3.1 and from Corollary 3.1.

Theorem 3.2. Let {1,} be the set of eigenvalues of the kernel (2.2.) enumerated
in an increasing way, and let the suitable orthonormal eigenfunctions be the elements
of the sequence {¢,(x)}. Let

X = (1’ (pk) (k = la 2’ )

The probability distribution function FcE(a, b) can be mixed by the family of proba-
bility distribution functions (2.1) with weight functions from the set EF (0, 1) if and
only if the conditions

and
S = kg; @i (x) = 0, x€[0, 1]
are satisfied. In this case the represantion

P 1
F(2) = kzl’ ot Ay f G(z, x)gr(x)dx
= 0
holds uniformly in z€[a, b).
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4. Construction such a family of probability distribution functions
by which a given probability distribution function cannot be
represented as their mixture -

The aim of this chapter is to prove the following theorem.

Theorem 4.1. Let o(x)=1, x€[0, 1] be a continuous function different from a
constant. Then F(z)€E(a,b) cannot be represented as the mixture of the family of
probability distribution functions

G(z, x) = (F(2))*™, x€[0, 1]

with a weight function of set L,(0, 1).

Proof. In this case

e ()
K(x,y)= W—i ; x, y€[0, 1]

on the basis of (2.2). Taking into account that the identity

_ p(x)e(y)
- K ) = S e~ le - Tle )=
holds, we get that _
2 (e)~-1 e(»)—1Y
“1) K& = 20%m o0

> X, y€[0, 11.

Let
(-1
“4.2) ‘ max. o0 = @,
Using (4. 2) and
(4.3, 0<0O <1,

we obtain that the series (4.1) \converges uniformly and
1 1 l
1 ééfdez(x,y)dxdy<1—_——é?..

Moreover, if h€L,(0,1) then representation

(4.9) f f K(x, YWh()h(y) dxdy = 2[ f ["’((px()x)l] h(x) dx]
holds.
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Namely let m, n be arbitrary positive integers. Let

400, m) = f f'%’"[“’(")“]k(‘P(y)‘l]kh(x)h(y)dxdy=

@ (x) ?(»)
= :é,:m [f ((p(x()) 1] h(x) dx]z.

Using the Schwartz inequality, moreover the relations (4.2) and (4.3),

A(n, m)<'3'm f[ ((Dx()x;l]zkdxfh2(x)dx<—@1—2%f1h2(x)dx tm=1,2,...).

Thus

-

xdy—-kné: [ofl (—q%;—l]k h(x) dx]2

e+ 1
- —170—2— 6/‘ hz(x) dx,
which gives us the representation (4.4).
Let now f€L,(0, 1) be a probability density function. Using representation (4.4)

[ kKGns@soaxdy =1+ [ [(L22L) 19 ax]
From here we get that the identity
S [EGx»f®)fG)dxdy =1
holds if and only if the conditions
1 1Nk
@.5) of ("’—(S‘()x)—ll f@dx=0 (k=1,2,..)

are satisfied. Since f is a probability density function, neither of (4.5) can be satisfied.
This completes the proof.

In particular, let @(x)=14x, x€[0,1]. Then

A+0)0+y) _ [L_J’_)k

Kx, )= x+y+1 T+x1+y

and @=1/2. Using Theorem 4.1 we obtain the following result.
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Corollary 4.1. Under the assumption of Theorem 4.1 FcE(a,b) cannot be
represented as the mixture of family of probability distribution functions

G(z,x) = (F(x))+*, x€[0, 1]
with a weight function from the set L,[0, 1].
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Stability properties of the equilibrium under the influence
of unbounded damping

L. HATVANI and J. TERJEKI

-Dedicated to Professor Kdroly Tandori on his 60th birthday

1. Introduction

It is a' well-known phenomenon that damping can make mechanical equilibria
asymptotically stable. However, as is to be expected, in the presence of too large
damping the system can remain far from the equilibrium position. For example, the
equation X+(2+€)x+x=0 due to LASALLE [7] admits nonvanishing solutions
x=a(l+e~*) (a=const.). Considering the second order nonlinear differential
equation '
X+Hf@, x, D)xPx+gx) =0,

BaLLIEU and PEIFFER [1] investigated which conditions on f assure attractivity Or
nonattractivity of the origin. They have proved that if f(-, x, X) is “not too large”
then the equilibrium is attractive, and if it is “large enough” then the equilibrium
is not attaractive. Now the following question arises: what happens in the second
case? Experience suggests (see also LaSalle’s example) that the deviation x tends
to a finite limit (possibly different from zero) and the velocity x tends to zero as t— oo,
In other words, the point asymptotically stops (possibly far from the original equi-
librium position).

In this paper we study the conditions of the asymptotic stop by Lyapunov’s
direct method and differential inequalities. In [12] the second author gave conditions
assuring x-stability of the equilibrium state and the convergence of the deviation x(¢)
as t—oo. Recently [4] the first author got conditions for the convergence to zero of
the velocities in a mechanical system. Here it will be pointed out that the two methods
can be combined to get conditions for the asymptotic stop.

- Received July 4, 1984,
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After some preliminaries (Section 2) we present a theorem for general differen-
tial systems which guarantees the stability of the zero solution with respect to a part
of the variables, the convergence of this part to a finite limit and the convergence to
zero of the further variables along the solutions as ¢—<- (Section 3). In the final
two sections we apply this result to establish stability properties of equilibria of dissi-
pative mechanical systems and of the zero solution of nonlinear second order dif-
ferential equations. The paper is concluded by the example of the mathematical plain
pendulum with changing length.

2. Preliminaries

Consider the system of differential equations
.1) x=X(, x),

where t€ R, :=[0, =) and x€R* with a norm |x|. Let a partition x=(y, z) (y€R™,
zER"; 1=m=k, n=k—m) be given. Assume that the function X is defined and
continuous on the set I''=R,XR"XD, where DCR" is open and contains the
origin, and X(¢,0)=0, i.e. x=0 is a solution of (2.1). We denote by x(f)=
=x(t; ty, Xp) any solution with x(f)=x,. We always assume the solutions to be
y-continuable which means that if x(¢)=(»(t), z(t)) is a solution of (2.1) and
lz(t)} is bounded in [t,, T), then x(¢) can be continued to the closed interval [t,, T].
The zero solution of (2.1) is said to be:
z-stable if for every e=0, t,¢ R, there exists a J(g, t))=0 such that [x,|<
<0(e, t,) implies [z(t; ¢, xo)|<e for t=t,;

asymptotically z-stable if it is z-stable and, in addition, for every f,€ R, theré
exists a o(f,)>0 such that |x,|<a(t,) implies [z(¢; t5, xg)| >0 as t—ce.

Instead of x-stability we will say simply stability.

With a continuously differentiable function V: I'--R we associate a function
V: I'-R by the definition

@

av(t, x)
ox

wv(t, x)
ot

V(t, x) = X, x)+

which is called the derivative of V with respect to (2.1). Here as well as in the sequel,
for two vectors a, b€ R* by ab we denote the scalar product of a and b.

Denote by L? the class of the Lebesgue measurable functions f: R, —+R with
[f |f|Y]1/7<oo 0<y< o)
0

1£lly:=
s:lépRess LF(s)] (y = ==).
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For a continuously differentiable function f: R, —~R, by the function of the
positive and negative variation of the function f we mean

ft[f(s)hds, f [f (9)]-ds,
respectively, where ’ ’
[a]; = max {a,0} [a]_ := max {—a, 0} (ac€R).
One of the basic notion of the main theorem will be the integral positivity.
A continuous function f: R, —R, is called integrally positive if f f=-o whenever
I
I=i61 [a;, b], and a;<b;<a;,,, b;—a;=6=>0 hold for all i=1,2, ... with some

positive constant §.
In the proofs of the theorem we will need the following

Lemma 2.1. If the functions f: R, —~R,, g: R, —~(0, =) are continuous, f is
integrally positive, and there exists an o (O<a=oo) such that

fl +1/a
g

c€L®,
then g is integrally positive.

Proof. Suppose that the statement is not true, i.e. there exists a sequence of

intervals [a;, b;]] possessing the properties in the definition of the mtegral positivity,
and such that

oo

.2) ' > f" g< oo

i=1
a;

Suppose that a<o<> and introduce the notations p:=1+1/a, g:=a+1. By
Hoélder’s inequality we get the estimate

2.3 3 = S v S e S g
23) Jr=Jergm=l[4 [fg,,,,,]

for all i=1,2,.... For every fixed natural number N the application of the Cauchy
inequality yields

N b N b N b rar1ylle
> [rslz [aes T 5]
i=1 a; i=1 g4 i=1 a ga
In consequence of (2.2) we have
w b
2=

in contradiction to the fact that f is integrally positive.
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In the case of o=, instead of (2.3) we start from the estimate

Jr-fek= g e

which leads to a contradiction because of (2.2). The lemma is proved.

3. The main theorem

Consider the system of the differential equations

3.1 y=Yty12, £=2@y,2),

where y€R™, z€R”, 1€R,, and right-hand sides Y, Z satisfy the assumptions in
Section 2.

Theorem 3.1. Suppose that there are continuous functions V., Vy: [ —~R;
c,r: RR—~R,; b: RS —~R,; a,9,¥,%: R.—~R, and real numbers a, p (0=p=a)
satisfying the following conditions on the set I': :

(i) functions Vy, V, are continuously differentiable and V,(t, x)=0, V(t, x):=

=Vt x)+ V,(t, x)=0, V(t,0)=0;

@) V(t, )= —@@) Vi, x)+r(t, V(1, X)), where ¢ is integrally positive; the
Sfunction r(t, -) is nondecreasing for every t€ R, and the zero solution of the equation
u=r(t,u) is stable;

(iii) 1Z(t, x)| = ¢ (WL, x)a(V (1, X))

and the function a is nondecreasing;

. s ey 3=
(W) et Y | 6= b V(s 2)

so that for every t€R, the function b(s, -, -) is nondecreasing in its both variables,
t

and for every ry, ry=0 the primitive f b(s, ry, ry) ds is uniformly continuous on R, ;
0

(V) IaVZ (szy 3 Z)

= y(e(lzL, V (1, y, 2)),

where ¢ is nondecreasing in its both variables;
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(vi) Y/@Pl*c L¥=8) and the function

t+1 ay1/(2—8)
f[";‘f] o =
B i a=p

is bounded on R, .

Then every solution (y(t), z(t)) of (3.1) with sufficiently small initial values exists
for large t, z(t)—const., V(t, y(t),z(t))~0 as t—~o=, and the zero solution is
z-stable.

Proof. If the initial value u, is sufficiently small then the maximal solution of -
the initial value problem

u=r{t,u) u(te))=u,=0

exists for all 1=1,, and being nondecreasing it has a finite imit u..(fy, ) as t—~oo.
Since the zero solution of the equation #=r(t,u) is stable, we have

lim u.. (%, #,) =O.
ty->0

For any solution x: [t), T)—~R* (ty,<T=<) of (3.1) introduce the notations
0y (0) = Vl(ty x(t)), v(f) == Vz(t, x(t))
v(0) = ()40 (), w(O) = v(1)+us(to, up) —u(t; Lo, Ug),

where uy:=uv(t,).

In view of condition (ii) function v satisfies the estimate o(t)=r(t, v(¢)), hence
by the theory of differential inequalities ([6], Theorem 1.4.1) we have v(f)=
=u(t; ty, uy) for all t€[t,, T). Therefore,

(33) wi) =—eMi() =0 (t<1t<T),
which together with w(¢)=0 implies
T
[ e@sdr <eo.
fo

Besides, the function w and, consequently, v as well, is bounded also above.
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In order to establish z-stability and the existence of the limit of z(f) we estimate
the variation of z(#) over an interval [4, B] making use of the Holder inequality:

(3.4 M@—dﬂhéfﬂ@xmwhéfwwﬁ@dﬁmmé

[f P2 ]ﬂla

a(um(to, “0)) f P o} = a(u,.(to, uo)) (pﬁ/a .

= a(u(ty, 1))

r (w(A—w(B)).

-5
First we apply (3.4) to prove the continuability of the solutions and the z-stability
of the zero solution. Let ¢>0, 7€R, be given such that |z]<e implies z€D.
Fix an xy=(¥y, z0) ([2o/|<#) and denote

T*:=sup {T: t,<T, |z(; ty, xp)| <& for t€[t,, T1}
We prove T*=< provided |x,] is sufficiently small. By (3.4)
lz(t)—z (O] = cla(u,, (t0, ¥ (%o, xo)))ueo(to, V(to, xo))

for every t€(t,, T) with an appropriate constant ¢,>0 independent of the solu-

tion. Because of
11r_{1 Vity, xg) =0, hm U (g, Uy) =

we can choose a 0<d(e, f)<¢/3 such that |xo|<0 implies |zo—z(¢; ty, xo)|<é&/3.
Consequently, |z(t; t,, xo)|<2¢/3 for all t€[ty, T). By y-continuability of the solu-
tions and the definition of T™ this means that T*=-<, i.e. the solutions x(¢; #y, X,)
with |xo|<6 can becontinued to all 7=+, and the zero solution of (3.1) is z-stable.

On the other hand, function w(¢) has a finite limit as 7— e, thus w(4)—~w(B)—0
as A, B~<. Hence, by (3.4), |z(4)—z(B)|~0 as A4, B—~, ie. z(¢t) has also a
finite limit as 7->co.

It remains to prove that ¥;(t, x(t))—~0 as ¢—cc. To this end, take an g,>0,
1,€R, and consider a solution &(r)=(n(t), {(¢)) of (3.1) with |E(tx)| <6 (e, o).
We know that |{(t)|=c,, v(t)=c, with appropriate constants c,, ¢c; and

o

(3.5) f¢@ﬂ@ﬂ<w

to

Suppose now that v,(¢)+0 as t—ee. This assumption together with inequality
(3.5) and the fact that ¢ is integrally positive imply the existence of a y=0 such
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that for every T=0 there are A=A(T), B=B(T) (T<A<B) with the properties
v (4) =2y/3, v (B)=1y/3
Y3 =v,(0) =2y/3 (4(T)=1t=B(T))
(3.6) B(T)—A(T)—-0 (T — ).

On the other hand, the sum v, (f) +v,(¢) has a finite limit; consequently, there exists
a 7>0 such that the positive variation of v,(¢) over {4A(T), B(T)} is greater than
for every T. But, by conditions (iti}—(v) of the theorem we have

B

(3.7 = [ [B@)dt = f [Va(t, E@)]wdt= [ b(t, [E@)], v(D) dt+
A

A

B
+ [ 1Y @f @ (€@, v(D)a(o@)dt =

B B
= [ b co e di+e(er, cdaler) [ k.
A A

Using the Holder inequality, for the last integral we get the estimate

af(a—p)y@—B)r B
(€RY) f I P vf [f ()z,#ﬂ)/(a = ] LS ou]™.
A

(3.5)—(3.8) and condition (iv) impiy

B(T)
O<t= f [5(D]s dt ~0 (T — o),

A(T)
which is a contradiction proving that v,(1)—~0 as t—<o. The theorem is proved.

Remark 3.1. It can be proved that the zero solution of the equation #=r(t, u)
is stable (see condition (ii) in Theorem 3.1) if and only if

oo

f r(t, uydt<eo

0

for every sufficiently small #=0, and the function u(¢)=0 is the unique solution
of the initial value problems

u=r(t,u), u(ty)=0 (t,=0).

Remark 3.2. It is clear from the proof that in condition (iv) the “positive
part” [-], on the left-hand side can be replaced by the “negative part” [.]_, the
theorem remains true.

13
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Remark 3.3. By Lemma 2.1, in consequence of condition (vi) in the theorem
we can require of function ¥ to be integrally positive instead of ¢.

Remark 3.4. Analysing the proof of the theorem one can easily see that esti-
mates (3.7)—(3.8) are not needed if we know the function v,(?) to be uniformly con-
tinuous on [t,, ). Consequently, if it is a priori known that the function
Va(t, ¥(t), 2(2)) is uniformly continuous on [t,, =) for every solution (y(1), z(t))
of (3.1), such that z(t)--const., V(t, y(1),z(t)) is bounded as t—< and

co

[ o@ve(n y(1), z(0) dt <<=,

[\]
then after dropping conditions (iv)—(v) and (3.2) the theorem reméins true. In the
next section we show how this condition can be checked directly in a special case.

4. Applications to damped mechanical systems

Consider a holonomic scleronomic mechanical system of r degrees of freedom.
Assume that there act upon the system potential and dissipative forces depending
also on the time. Let the motions be described by the Lagrangian equation ([10],
Appendix II)

@1 d oT oT

I TR e

where g€ DC R’ is the vector of the generalized coordinates (D is open and contains
the origin of R"), g€R" is the vector of the generalized velocities; 7'=T(q, 4)
denotes the kinetic energy which is a quadratic form of the velocities; IT=TII(t, q)
is the potential energy, the vector Q=0(t, ¢, §) is the resultant of frictional and
gyroscopic forces, i.e. Q(t, ¢, §)4=0 for all =0, g€D, 4¢R". Suppose that

_o o1 _
H(ts 0) =03 a_q'(t’_ 0)-_-

which means that g=¢=0 is an equilibrium state of the system.

Many authors have investigated the conditions of the asymptotic stability of the
equilibrium state (see {10, 11, 9, 2]). As the simple example in the Introduction shows,
for this property it is necessary to bound above the damping in some way.

In this section we examine what happens under the action of damping not re-
stricted above at all. It will turn out that if the damping is sufficiently large then the
system asymptotically stops, i.e. for every motion of (4.1) q(t)—»const (maybe
different from the origin), 4(t)—0 as t-—co,
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Theorem 4.1. Suppose that there exist constants h, y>=0 and continuous func-
tions ¢: Ry—~R,,r: RL—~R, such that the following conditions are satisfied on the
set I''={(t,q,4): t€R,, |q|=h, |d|=h}:

0) @ g9 =0;
. ol
(i) ‘ [W @ q)] =r(t, I(, 9),
+

where the function r(t, ) is nondecreasing for every t€R., and the zero solution of
the equation u=r(t,u) is stable;
(iii) the dissipation is complete and large enough in the sense that the inequality

Q(t’ q, q)q §—(p(t)lé|1+7
holds so that

“4.2) [ o<
0

(iv) the function

t+1
J max{

t

is bounded on R, .

Then the equilibrium state q=4=0 of (4.1) is stable, asymptotically §-stable, and
along every motion with sufficiently small initial values |q(t,)|, |4(%)| the vector of the
generalized coordinates has a finite limit as t—o (i.e. the system asymptotically
stops).

oI1 a+nly
Tealla=n e s

Proof. Itis known ([10], Appendix II) that the matrix in the quadratic form of
the kinetic energy is positive definite, so by introducing the new variable y:=4§
system (4.1) can be rewritten into the explicit form

“.3) y=Yty.q), 4=y
Take the auxiliary functions

Vi0h @)= T(@.3) Valt,3):=11(t, q).

An easy computation shows (see [10]) that the derivative of V(¢ y,q):=
=V,(y, )+ Ve(t,y) with respect to (4.3) reads *

44 V.5, 9)=0(, g, y)y+33g(t, Q) =—o@OP*r+r(L O @) (¢ », 9ET).

Because the kinetic energy T is a positive definite quadratic form, there are 0<A<A4
such that
RlylP =¥y, q) = £y (9] = h,yeR).

13+
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Therefore, from (4.4) we got the estimate

@3 Ve, 5, q) == 2y aein(y, g)4r( V0, 3, 9)

on the set I'. By setting a:=(1+y)/2, p:=1/2,
V(@)= 12, b, ri,r)i=r(t, 1), c(ry,r)i=1

1(0):= max{aa-iqj(t, q){: lg| = h}

all the conditions of Theorem 3.1 are met on the set I' (for the integral positivity of
¢ see Remark 3.3). Thus if we have proved y-stability of the zero solution of (4.3),
the further statements of the theorem follows from Theorem 3.1.

Function ¥V is positive definite with respect to y and in view of (4.5) it satisfies
the differential inequality #=r(¢, u). The zero solution of the associated differential
equation u=r(t, u) is stable; therefore, by C. Corduneanu’s theorem [5] (see also
[6]) the equilibrium state g=¢=0 is g-stable. The theorem is proved.

Remark. It is worth noticing that either the stronger version

(i) W) = (6 1, )

of condition (ii) or the condition that II(¢, ¢) is uniformly continuous for t€R,,
lgl=h can replace condition (iv) in the theorem.

Indeed, according to Remark 3.4 it is enough to prove that for every motion
q(t) with sufficiently small initial values |q(%,)|, |4(fy)| the function II(1, g(¢)) is uni-
formly continuous on R, provided that g(t)—const. as t--oo. This is obviously
satisfied if 11(¢, ¢) is uniformly continuous. On the other hand, for any ¢ fixed suf-
ficiently small, from condition (i) we get the estimate

(4, ¢)—1T(B, q)| = | [ r(t, ut; to, (10, 40)) di| =

= Iu(A; fo, H(tO’ 90))—u(BQ tO’H(IO’ qo))l -0 (A, B _’°°)

¢
Therefore, II(t, ¢)—~I1*(g) uniformly in a small ball around the origin as oo,
hence I(t, q()) also has a finite Limit, which is sufficient for the uniform continuity

of II(1, g(1)).
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5. Application to second order equations

In this section we apply our main theorem to study of asymptotic behaviour of
the motions of a rheonomic mechanical system of one degree of freedom. In differ-
ential equation language, consider the equation

.1 POy +g(t, x, )X +q(0) f(x) =0 (x€R),
where p,¢q: R, —(0, =) are continuously differentiable, and g: R, XR?-R,
f: R—R are continuous functions, and

xf(x)=0 (teR,,xER).

The following two theorems illuminate how to get different conditions for the same
asymptotic property of the solutions of the same equation by different choices of the
auxiliary functions. The first theorem concerns the case of bounded g, the second
one can be applied also to unbounded g.

Theorem 5.1. Suppose that
(i) there exists a function y: R,—R, such that

y() = g(t, u,v) (1€R,; u, vER)

1 -
2y+p

Gi) ofw [g] <o

(iii) either (2y+p)lp or 1)V p is integrally positive.
Then the zero solution of (5.1) is x-stable and for every solution x(t) with suffi-
ciently small initial values x(t)—~const. p(£)x%(t)~0 as t—oo.

E

2@O+p@0)=0. [

Proof. Introducing the notations y=p(#)%, z=x, we can write equation (5.1)
in the form

(5.2) {
Define

y=—q@)f(2)—zg(t z y/p®)y/p©®
z = y[p(®.

F@= [ f0)dr=0, V()= v, Valt, 2) = 4OF(E).

The derivative of the total mechanical energy V:=V,+V, can be estimated as fol-
lows:

. 2 . 2 . »
V=—(—g+£]V1+qF§—ﬁ£Vl+[—q-] V.
P p) P ql,
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By Lemma 2.1, condition (iii) implies the function (2y + p)/p to be integrally positive.
Because of (ii) the function ¢ is bounded, so the conditions of Theorem 3.1 are met by
the choices B:=1/2, ¢:=V2/p, x:=q and

c(r, s) .= max {|f(2)|: |z| = r}.

The theorem is proved.

Theorem 5.2. Suppose that
(i) there exist a constant h=0 and a function y: R, —~R, such that

() = g(t,u,v) (€R,, |u| = h, vER),

. y(0) .
(In (pq)) (’)“‘m >0;

= g
of p(n(pg)y+2y ~

(ili) either \gfp or (In (pg)) +2y/p is integrally positive.
Then the zero solution of (5.1) is x-stable, and for every solution x(t) with suf-
Sficiently small initial values x(t)—const., p(t)X2(t)/q(t)~0 as t—eco.

(i)

Proof. After setting

Vi@, y)= Va(2):= 2F(2)

1 2
FIOr IO
and computing

(V2 =(n (pq))-%—zf] 2

the proof of the theorem can be concluded in the same way as in Theorem 5.1.

Finally, in order to illuminate these results we give sufficient conditions for the
asymptotic stop of a mathematical plain pendulum whose length changes by the law
I1=1(t) (see [3]). Assume that there acts viscous friction on the material point such
that the damping force is proportionate to the velocity. Let the position of the mate-
rial point in the plain be described by the length I(¢) of the thread and the angle ¢
between the axis directed vertically downwards and the thread. Then the kinetic
energy T, the potential energy IT and the dissipative force Q are

T= %m[lz(l)fi’ziz(t)], I = mgl()(1—cos @) +1, Q@ =—h(OE1)¢,

where m is the mass of the matetial point, g denotes the constant of gravity and
h(t) is the frictional coefficient at the moment ¢. The motions are described by the
Lagrange’s equation _

. (mBR>)@) +h2(H)¢+mgl(H)sin = 0.
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Corollary 5.1. If
) h()+m(nl(@)) >0 (1€R,),

. oy .
f h+m(nly l) .
(i) ‘ [ Dl <o,
0
theﬁ the equilibrium state @=¢=0 is (p-s}able; every motion ¢ (t) has a finite limit,

and 1(t)¢(t)~0 as t—oo.
Corollary 5.2. If

0 3m(In 1)) +2h (1) =0 (t€R,);
N S
(i) f Smdnly +2h

(iii) either 1/Y1(t) or 3m(Inly +2h is integrally positive,
then the equilibrium state @=¢@=0 is @-stable, every motion ¢(t) has a finite limit
and VI)@(t)—~0 as t—oo.

Proof. They immediately follow from Theorems 5.1 and 5.2, respectively.

One can observe that Corollary 5.2 concerns the case of nonincreasing length
(perbaps /()0 as t— ), and Corollary 5.2 works mainly if /(f) is nondecreasing
(possibly, I(t)—~oo as t—oo).
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Empirical kernel transforms of parameter-estimated
empirical processes

LAJOS HORVATH

In honour of Professor Kdroly Tandori on his 60th birthday

1. Introduction. Let d=1 be an integer and let X,, X, ... be a sequence of
independent d-dimensional random vectors with common distribution function
F(x), x€R%. We assume that a parametric family of d-variate distribution functions
is given,

F = {F(x, 0): xER%; 0c @CR?},

and the common distribution function of the X, X, ... belongs to this family, i.e.,

there is a parameter 6,60 so that F(x)=F(x;0,)=Fy(x). The true value 8, is
unknown. Consider the estimated empirical process defined by

B.(x) = nV*(F,(x)— F(x; 6,)), xcR,

where F, is the empirical distribution function of X, ..., X, and 8,=(0,, ..., 0,,)
is some estimator of 8, based on the random sample X, ..., X,.

The weak convergence of the estimated empirical process was studied by several
authors. We will use the general strong approximation result of BURKE er al {1] in
this note. Introduce the notations 6=(6,, ...,8,) and

o =g+

0
VF(x; 0%) = VoF(x; 0)jg—o+ = (3%1 F(x; 0),..., 3TF(x; 0))
p
and let

P .
<x,y>: _Zl,xjyja x=(x15-'-axp)9 y=()’1,--~’yp),
Jj=

stand for the inner product in R?. Let a'=(a,, ..., a,)* denote the column vector
corresponding to the row vector a=(ay, ..., @,). The norm of a vector x=(xy, ..., X,)
and a matrix M={m;}} is defined by |x|=max {|x;|: 1=i=p} and

i,j=1

Received May 9, 1983.
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| M || =max {|m;;|: 1=i,j=p}. If £, converges to zero in probability we will use the
notation &,£-0 (n—<2). A Brownian bridge BFo(x), x€R® associated with the
distribution function F is a d-variate Gaussian random field such that EBFe(x)=0
and EBFo(x) B"o(y)= Fo(x\y) — Fy(x)F(y), where x Ay=(min (xy, yy), ..., min (x4, y).

Theorem A (BURKE, M. Cs6RGO, S. Cs6RGO and REvVEsz [1], and S. CSO6RGO
[2]). Suppose that the sequence 8, satisfies the following conditions:

0] W20,—00) = =12 3 1(X;;00)+én,
j=1

where I( - ; 0,) is a measurable d-dimensional (row) vector-valued function and €,%. 0
(n— ).
(ii) El(X1;6,) = 0.

(i) M(8)=EI"(Xy; 0,)I(Xy; 6,) is a finite and nonnegative definite matrix.

(iv) The vector VyF(x; 0) is uniformly continuous in x and 6€ A, where A is the
closure of a given neighbourhood of 0,.

(v) d=1; Each component of the vector function l(x; 8,) is of bounded variation
on each finite interval.

' d=>1; The partial derivatives of each component of the vector function I, with

order not exceeding d, exist almost everywhere (with respect to the d-dimensional
Lebesgue measure) on R, and for any u=0

X & 1(x; 6o)

su — 0

lellgu jg; j,,...,Zj:,go o0xqt ... Ox}e
JiFedia=i

If the underlying probability space is rich enough, one can define a sequence of
d-dimensional Brownian bridges {Bo(x)} associated with the distribution function F,
such that

Séj}gd |ﬁn(x)—Dn(x; BO)I Ei 0 (n e °°),

where
D,(x; 80) = BFo(x)—( [1(y; 00)dBI*(3), VoF(x; 00))

Is a sequence of copies of the Durbin process.

The limiting Gaussian process of this theorem depends, in general, not only on F
but also on 6, the true, unknown value of parameter. On the other hand, the distri-
butions of the functionals of D,(x; 6,) (supremum functional, square integral func-
tional) as functions of 8, are unknown. According to the references below, Bolshev
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asked whether there is a kernel & such that the random variable

co oo

[ [ k(x »)dDy(x; 0)Di(y; 60), d =1, x,yeR:
have a prescribed distribution. This problem was investigated by HMALADZE [6],
[7] and DzapaArIDZE and NIKULIN [5]. The methods of Dzaparidze and Nikulin
are based on the orthogonal expansion of the limiting Gaussian process. In the case
d=1 and when only shift and scale parameters are estimated they proposed statis-
tics whose limit distributions are independent of the unknown parameters and depend
only on F, but these limit distributions are usually complicated and therefore it would
be hard to compute percentage points for these statistics. Using the martingale prop-
erty of B,(x) if d=1, Hmaladze proved some weak convergence results in L,
sense. Analogous results were obtained earlier by NEUHAUS [10], [11]. He proved the
weak convergence of §,(x), x€[0,1]%, d=1, in supremum metric under contiguous
alternatives.
The above question was generalized by S. CsOrRGO [2], who introduced

[k(x, ) dB.(x), x€RY, yERS,
R4 .

a kernel transform of the parameter-estimated empirical process. Here ¢=1 1is an
arbitrary integer. Assuming some regularity conditions on k, he proved that

sup | [k(x, »)dB,(x)— [k(x, y) dD,(x; 6| £~ 0, n ~eo.

yERa 'gu R2
Unfortunately, he cannot choose a kernel k and a functional & on the space of con-
tinuous functions on R? such that the random variable

h ([ k(x, y)dDi(x; 6))

has a distribution not depending on 6,.

In this note we are interested in a sequence of kernel type transformations of
B.(x), where the kernel will also depend on the sample. We are able to choose a se-
quence of kernels {k"(x,y; 6y} such that

(1.1) J K x DB dx, yels,

converges weakly to a g-dimensional standard Wiener process or to the standard
Brownian bridge on /% (or, for that matter, to any prescribed Gaussian process) if
N and n(N) go to infinity, where 77 is the unit cube.of RY. The transformations (1.1)
depend, in general, on the unknown parameter 0,, therefore we will prove, that there
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is a sequence of random kernels {k% _(x, y)} based on the sample X, ..., X, such that

N,m

[ Km(x D) B(¥) dx,  yeI?,
R4

converges weakly to a prescribed process, if N, m(N), n(N, m) go to infinity. Our
methods may be extended to some more general parametric models. Section 2 pre-
sents a general result, where the role of §,(x) is played by an arbitrary sequence of
processes X, (x). Section 3 will then specify the result for 8,(x).

2. Main theorem. The reproducing kernel Hilbert space H(R) generated by a
covariance function R(t, s) plays a fundamental role in our note. Suppose that
X(1), tel’, is a centered Gaussian process having continuous paths on 7¢ a.s. and
continuous covariance function:

EX(H=0, EX(DX(s)=R(,s), t,scl’.

It is well known, that the space % of all continuous functions 7¢—~ R with the topology
induced by the supremum norm is a separable Banach space and the collection €*
of all linear and bounded functionals on € can be identified with the space of all
(regular) measures v on the Borel subsets of 7%. If v+ and v~ denote the Hahn decom-
position of v, then [jv]|=v* (%) v~ (1% is a norm on €*. Sato [12] has shown, that
for some complete orthonormal sequence (CONS) {e;(?), i=1} in H(R) one can write

e = [R( 5)vi(ds),

where v,€%* and

@1 vi = pilo;, wEL*,
@ bl = 1,
2.3) o; = [f [R(t, s)v,-(ds)v,.(dt)]llz> 0,
F A |
29 [ [R@ )vi(ds)yv;(d) =0, i
' i

MANGANO [9] proved that

2.5) f‘—’i(f)vj(d’) = 0;j

Id

where ;=1, 06;;=0, i#/. The following lemma is a simple variant of Lemma 2.2
in [9]. :

Lemma 2.1. Let R(t, s) and G(t,s) be continuous covariance functions of two
centered Gaussian processes with a.s. continuous paths on 1°. Let N be a positive integer
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and {e;(t), i=1, t€1%} be a CONS in H(R) generated by measures {v;, i=1}. If

2.6) sup |G(t,s)—R(t,5)] =4 =1/K,,
s €I

then there exists an orthonormal set {f;, 1=i=N} of functions in H(G) generated
by the measures {»;, 1=i=N} such that

Q.7 lt;i—v) = 4K,, 1=i=N

and

2.8) sup le;(D—f;(H| = 4K;, 1=i= N,
teld

where K, K,, K; are suitably chosen polynomials of N, M, |vi|l, 1 =i=N, with
positive coefficients and M= hax,, iR(1, 5)|.

Proof. The proof follows from the construction of Mangano. He constructed
measures %;, 1=i=N, which are linear combinations of the measures v;, 1=i=N.
It is not too difficult to check that the measures and functions f;(¢), 1=i=N, con-
structed by Mangano satisfy (2.7) and (2.8) with suitably chosen functions K;, K,, K.

Let {X,(1), t€1°} be a sequence of stochastic processes such that

(2.9) sup 1X,()—Y, (O] -0 (n —),

where {Y,(1), t€1%} is a sequence of copies of a Gaussian process {Y(z; ), t€1%}
depending on a parameter 6. We suppose, that the process Y (¢; 6) has continuous
paths on 7? a.s., its covariance function is continuous for every ¢@, where @ — RP
18 a compact parameter set, and

(2.10) sup |R(t,s; O)—R(t,s; 69| -0, if 6 -6
¢, s)e12d

It is well known from functional analysis, that the kernel function R(¢, s; 6)
has a sequence of eigenvalues {1;(), i=1} and eigenfunctions {g;(¢;6), =1},
that is

20 0i(t; 0) = [ R(s, t; 0) gi(s; 0) ds,
Jd
f(pi(t; 0)o;(t; O)dt = 6;;, 2,(6) =0.
14
The sequence of Aeigenvalues and eigenfunctions determines a CONS in H(R(9)):
@11) ei(t; 0) = (4(8) 2, (t; 0).

1t follows from (2.11) that in this case

2.12) vi(ds) = (4:(0)~2g;(s; 0) ds,
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so we have
(2.13) Iv: (@) = (2:(0)) %2 M (8),

where M(6)= sup |R(t, s; 6)].
(ts)erd

Let N be given. Then the polynomials K, K; and K; of Lemma 2.1 which
depend only on N, M(0) and [v;(0)]l, 1=i=N, are continuous positive functions
of 6. Let 0<e<2 inf {1/(K; min (1/K,, 1/K5))} and define 6(6)>0 for every

0¢ O

0€® in the following way: if |6*—6]<d(), then the inequality

1 1 1
2.14 sup |R(,s; 0)—R(t,s; 6* éimix[—,——]é—
( ) (r,s)EI;“I ( ) ( )l 2 K, K; K,
holds. The existence of §(0) follows from (2.10). Let A(¢, 8) denote the open ball
with centre # and radius 6(6). Then the union [(J A(g, ) covers the set ©.
8ceo

Using the compactness of ©, we have that a finite sequence 4,(e, 0y), ..., 4,(¢, 8)
also covers ©. If 6¢A,(e, 0), 1=i=l, then we can define with Mangano’s method
an orthogonal set {f;(f), 1=j=N} in H(R(f)) generated by the measures
{#;,:(0), 1=j=N}. As we said in the proof of Lemma 2.1, these functions and
measures are linear combinations of {e;;, 1=j=N} and {v;;, 1=j=N}, where
{e;,;» 1=j=N} is an orthonormal set in H(R(#))). If the measures {v;;, 1 =j=N}
are generated by the eigenfunctions {g;;, 1=j=N} of R(t,s;6,) then x;; can
be written in the form

(2.15) %;,:(dt) = c;0;,:(0) dt,

where the ¢;;, 1=i=l, 1=j=N, are constants. It follows from the definition of 4;

and from Lemma 2.1, that if 6, 0*¢4;, then

(2.16) sup 15,4085 O~/ 65 M <e 1=j=N,
t d

J»i

(2.17) loe;,: (@) =2, (0% <e, 1=j=N.

The covariance function of the limiting process {¥(¢; 6,), t€1‘} depends on an
unknown parameter 6,, which will be estimated with a sequence of random varia-
bles 6,, such that '

(2.18) 10,— 0615~ 0 (1 o).

Let &=2"" and define the following random functions and measures: if
0,€4;(2~™;0), then {f};,, 1=j=N} denotes the corresponding orthonormal
sequence and {x};, 1=j=N} denotes the measures corresponding to {v; ;(6),
1=j=N}.

JaiN and KALLIANPUR [8] proved that if {Y (¢), t€1%} is a Gaussian process with
continuous sample paths a.s., having mean zero and continuous covariance R(t, s),
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then the sums

(2.19) ;Z'NI &o; 0

converge uniformly in 1€/ to Y(t) a.s. as N—~oo, where {@;, j=1} isa CONS in
H(R)and {¢;, =1} is a suitable sequence of independent standard normal random
variables. On the other hand, in case d=1; if G is a covariance such that there exists
a Gaussian process with this covariance and with almost all sample paths continuous,
{&5, j=1} is a sequence of independent standard normal variables, and if
{¢;, j=1} is a CONS in H(G), then the sums

(2.20)

M=

&)

J

converge uniformly a.s. in ¢€[0, 1] to a Gaussian process whose covariance is G and
almost all of whose sample paths are continuous, as N-o (Theorem 2 in [8]).
If d=1, then some further conditions on G are needed to retain this statement.

We will assume in this section, that Z is a Gaussian process with almost all
sample paths continuous, '

EZ(t)=0, EZ(HZ(s)=G(,5), t, sl g=1,

and for every sequence of standard normal random variables {{}, j=1} there is a
centered Gaussian process Z* having continuous sample paths a.s. and covariance
G such that
N

(2.21) sup| 2 &3, (0=27() Zr 0 (N~ ),

tcle j=
where {{;(¢), j=1} is a CONS in H(G).

Let X}(s) denote the empirical kernel transform of X, (¢)

@2 X = ZN [X,O0;©)x: @), if 6,64,27™,0) s€I.

If the sequence {v;;, j=1} is generated the eigenfunctions {¢;;, j=1} of R(-,0),
then the transform can be written in the form

2.23) X5©) = [X,Ok,ndt, selt,
Id
where
N
2.29) kY, m = 21' ;i (OY;(s), if 0,427 0),
i=

is a random kernel function.
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Theorem 2.2. If the underlying probability space is rich enough, then we can
define a sequence {Z,(s)} of copies of Z(s) such that we have

sup | X7 () = Z,(9)| <+ 0,
sele
if N,m(N) and n(N, m) go to infinity.

Proof. Let ¢ and § be arbitrary positive constants. The distribution of
sup |¥,(t)| is independent of n, so there is a constant M, such that we have
teld

(2.25) Plsup |Y,(1)| = My} = &/8.
teIe

Using condition (2.21) we have that

(2.26) P{sup| 2 Eiv; ()| = 3/3} < 6/4,

s€l? j=
if N=N, for every sequence of independent standard normal random variables. Set
M, = max sup ;)]
Let m=m(N) be so large that
2.27) 2" < ¢/ BNMM,).

The sequence 68, goes to 6, in probability, therefore there is a paramater subset
A;(2=™, 8,) such that

(2.28) P{6,€4,27™ 0)} = 1-9/2,
if n=n(N, m).
The transformed process X.F can be decomposed as

X0 = [(HO-%0) S U0+
+ [Y.0 ,2” V()i (d)—;,: 0 @D) + [ Y, () z": W;(8)%;,:(60) (di) =
14 Jj=1 9 - Jj=1

) = ay, (S)+a2n(s)+a3n (S),
say. We assume that 0,€4;(2-™, 0,). Using (2.9) we have that

P{Sup |a1n(s)| = 8/3’ oneAi(z—m, 01)} =
sele
= P{sup DAGEDE (t)INMz( max l]v H+2-™ = ¢/3, 0,€4, (2"" 0} = 6/8

if n=ny=max (n,(N, m), ny(N, m)). The second term also goes to zero in proba-
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bility, because it follows from (2.25), and (2.27) that
P{SEIIZ laza ()| = /3, 6,€4,27™, 0))} =
= P{M1M2N11£_?§XN (o, —2;,:(B0)]) = &/3} = 0.
The orthonormal set {f; ;(6y), 1=j=N} corresponding to the measures {x; ;(6,),
1=j=N} can be completed to a CONS {f; :(6), j=1} in H(R(8,)). The sequence
jfl' &4 of;,i(t) converges uniformly in tel* to Y,(1), as Moo, a.s. with a suit-

ably chosen sequence of independent standard normal variables {&7,, j=1}
(see Theorem 1 of JAIN and KALLIANPUR [8]). So by (2.5), as,(s) can be decomposed
as a finite sum

as,(s) = gN; E_’;llpj(s)

Using the condition (2.21), the partial sums

N
jgl &5,y (9)

converge (as N—<o) uniformly in s€1? to a separable Gaussian process denoted by
Z,(s). On the other hand, we have that

{(Zn(s)> ;va é'!,ilpj(s))’ SEI‘I} ‘i {(Z(S), jgva ﬁj!pj(s))’ SEIq}s

where
Z(s) = Zl' Eivi(s) as,
=
and == denotes equality in distribution. So it follows form (2.26) that
P {sup |ag,(s)—Z,(s)| > &/3} = 6/4.
s¢Iq

Summing up, we proved that if N=Ny(e, §), m=my(N, ¢, 6) and n=ny(N, m, ¢, 6),
then
P {sup | X (5)—Z,(s)| > ¢} =
sela

= P{Sup |/Y:(S)—ZH(S)I > &, 0,,€Ai(2_m, 6i)}+P{9n€Ai(2_ma 91)} = 6;
scIq :

which is the desired conclusion.

3. Applications. So far g=1 was arbitrary, and from now on we choose
g=1 since univariate limit processes are more convenient to handle. First we study
the estimated empirical process when d=1. Let F~1(¢; 8) denote the inverse func-
tion to F(t; 6),

F~1(t; 0) = inf {s: F(s;0) = 1}.

14
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It follows from Theorem A, that
sup |B,(F~1(t; 6,))—D,(F~(; 6o); 0)] 20 (o)
and 0=sts1 .
ED,(F(t; 6,); 6,) = 0,
ED,(F~1(t; 04); 06)D,(F ~1(s; 0o); 0o) = Ry (1, 5; 05) = tAs—ts—
—J(F7(1; 00); 00)VEF(F2(s; 00); 00)—J(F ~2(s; 00); 00)V5 F(F ~1(; 65); 0o)+
+V0F(F “1(t; 0,); 00)M(90)V3.F(F_1(5; 00); 0,),

where
t

J(t; 60) = [ 1(u; 60) dF(u; 6p).

The processes D,(F~1(t; 6p); 6,) have continuous sample functions a.s. if
Vo F(F~(t; 6y); 6,) and J(F~1(t;0,)) are continuous functions of ¢. The cova-
riance function R, (1, s; 6*) will be continuous in 8* if M(6%), J(F~(¢t; 6%); 0%)
and VpF(F~'(t; 6%); 6*) are continuous functions of 6*¢@. The random function
Ry(t, 5; 0,) is an estimate of the covariance function of the limit process. So we can
define B}, the empirical transform of B,(F~(t; 6,)) as it was defined by (2.22) or
(2.23). The sample X, ..., X, from a distribution belonging to the parametric family
& determine only the random measures (and functions) in the definition of the empir-
ical transform, so we can choose the eigenfunctions {;, j/=1} of the limit process
without restriction. For example, if

3.1 Y () =(V2 [kn)sinkns, 0=s=1,
then the limit process will be the Brownian bridge. If
(3.2 Y1(5)=s,

(3.3) Yrs1(s) = (V2 [kn)sinkns, 0=s=1

then B¥(s), 0=s=1, will converge weakly to the Wiener process.

Theorem 3.1. We suppose, that the conditions (i), (ii), (v) of Theorem A are
satisfied and

(ii)* M(O%)=EI"(X*; 0%)1(X*; 6%) is a finite, nonnegative definite matrix and
M(0*) is continuous in 6*¢ O, where P(X*<t)=F(t; 0%),

(@v)* J(F~1(1;6%); 0*) and VoF(F~(t;60%);0%) are uniformly continuous in
t, 0=t=1, and 0*cO, where @ C RP is a compact parameter set and the true value
0, is an interior point of O.

Then we can define a sequence {Z,(s)} of copies of Z(s) on the probability space of
Theorem 2.2 such that we have

sup lﬁ:(S)—Z"(S)l L. 0:
0=s5=1 .

if N,m,n go to infinity.
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Proof. It follows from the conditions of the theorem that R, (1, s; 0), 0=t¢, s=1,
0¢ O, satisfies (2.10) and |0, —0y|5~0, as n—eo. The processes D,(F~(t; 6); 0)
have continuous sample path functions a.s., so this theorem is a consequence of
Theorem 2.2.

The most important special case of this theorem is when we estimate shift and
location parameters only, i.e., the parametric family can be written in the form

F 1—0 1 2
c/s= FT ,-‘°°<00<°°,00>0, tERl B
0

The covariance function of the limit process for the shiftand location estimated empir-
ical process was computed by DARLING [3] and DursIN [4] (cf. [5]). They proved
that the covariance function of D,(F~(r; 6}, 03); 65, 65) does not depend on
(63, 6):

ED,(F~(t; 65, 63); 6, 03) D,(F ~*(s; 63, 63); 85, 03) = Ru(t, 5) =
= t/\s_ts_[111122—1122]_1[Izzwl(t)wl(s)+
+ 1w (Dwa(s)— Ire (Wl Owa()+wa(Dw, (s))] s

wi(@=f(F7@®), w.()=F'Qf(F(©),

S f ')
f( )] f(x)dx! 112 - f [f( ) ] f(x) dx,

oS (x)
Iy = x)dx—1,
and £, f* are the first and second derivatives of F assumed to exists. In this special
case we do not have to estimate R, _from the sample, so the transformation of
B.(F~(t; 0,1, 0,2)) will be non-random. If {e}, j=1} isa CONSin H(R,) generated
by the measures {v¥, j=1} then the transformation of B,(F~1(r; 6}, 62))

3y Ups Uy

where

N
r(s) = f Bu(F72(t5 O, 0)) Z05()V] (@0)
¢ j=
is also non-random, and
sup [Br()—Z, ()| <> 0 (n —~o0),
0=s=s1

where {Z,} is a sequence of copies of Z.

Finally we study the general case, when d is an arbitrary positive integer. The
transformation of the parameter estimated empirical process into the unit interval
was very simple in the one dimensional case, but in the general case it is a bit more
complicated. Let F;(x;;60) denote the j® mariginal distribution of F(x;0),
x=(xy, ..., xz). There is a d-variate distribution function H(x; 0), all the univariate

14+
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marginals of which being uniformly distributed on {0, 13, such that
F(x; 0) = H(Fy(x,;0), ..., Fa(xs; 0);0), x = (x4, ..., Xp).

Let F;* denote the left-continuous inverse of F; and define the following function
F(t; 9) = H(F]_l(tl; 0)5 R ] Fd—l(td’ 0): 6), t= (tla ey ’d)'

So the process B,(F(1; 0,)) is defined on /¢ and it follows from Theorem A, that
sup [B,(F (1; 0)=Dy(F (t; 60); 60)| =~ 0 (1 ~=).
tele

The covariance function of D,(F(t; 6,); 6,)) can be computed from the representation
of the Durbin process. We have, for t=(t,, ..., 1)), s=(sq, ..., 835), that

EDn(F(I; 0o); 00) =0,
ED,(F(t; 60); 6o) D,(F(s; 00); 0o) = Ry (t, 55 0p) =
= F(F(tAs; 65); 00)—F(F (t; 65); B6)F(F (s; 0o); 60)—
—~J(F(t; 80); 05)V5 F(F(s; 00); 00)—J(F (s; 00);00)V3 F(F (25 0,); 0p)+
HVOF(F(t; 60); 0)MOIVE F(F (s; 60); 6o):

The following theorem is a generalization of Theorem 3.1 for arbitrary d. Let B}
denote the empirical kernel-transformed empirical process defined by (2.22) or (2.23).

Theorem 3.2. We suppose, that the conditions (i), (it), (v) of Theorem A are
satisfied and

(ii)* M(0*)=EIT(X*; 09I(X*; 0% is a finite, nonnegative definite matrix and
M(0%) is continuous in 0*€O, where P{X*'<t,, ..., X*<t,}=F(t; 0%, t=(t, ...
e 1), X =(XR, L XY,

@iv)* J(F(t; 0%);8*) and V,F(F(t; 6*); 6*) are uniformly continuous in t€1*
and 0*€©, where © C R* is a compact parameter set, and 0, is an interior point of ©.

Then we can define a sequence {Z,(s), 0=s=1} of copies of Z(s) on the proba-
bility space of Theorem 2.2 such that we have
sup |B;(9)=Z,(9)] = O,

0=ss=

if Nym,n go to infinity.

The proof of this theorem is very similar to the proof of Theorem 3.1, therefore
it is omitted. These conditions are stronger than the conditions of Theorem A in
order to guarantee the applicability of Theorem 3.1.

We proved only the existence of the empirical kernel transform with nice limit-
ing properties, but so far we said nothing about the decomposition A;(e; 6;),
i=1, ..., 1, of the compact parameter set ® and hence about the concrete choice of
the ¢; ; functions and the quantities ¢;,; in (2.24). We noticed in Section 2, that the
eigenvalues and eigenfunctions of R(t,s; 6) determine a CONS in H(R(6)). Let
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A1(0), ..., Ax(0) denote the first N largest eigenvalues of R(#). We can choose a @F
neighbourhood of 6,, such that there is a positive lower bound of 2;(6),
1=j=N, 0cO*. 1t follows from (2.12) and from the continuity of K;, i=1,2,3,

that we have
Ki(Ns M(o)’ “VI(O)I], LR ] []VN(H)”) = Lia i= 19 2, 3,

if B¢ O@*. Using (2.13) we see that every 0€©* can be the centre of the balls 4;(e; 0)
and the radii of 4;(e; 0) does not already depend on 6. Therefore an arbitrary devision
of ©* will suffice if this devision is fine enough (for example, the common radius of
the balls is small enough). But because 6,20, in practice we may assume that
0,€ ©*, and hence the devision of @\ ©O* is completely arbitrary. This choice of the
A(e; 8,) will be suitable for us, if we use the first N largest eigenvalues and the cor-
responding eigenfunctions of R(6) to make the empirical kernel transformation.

Acknowledgement. 1 am grateful to Professor Sandor Csorgs for reading through
the first draft to this note and for making a number of useful suggestions.
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On non-modular n-distributive lattices:
The decision problem for identities in finite n-distributive lattices

A. P. HUHN

To Professor K. Tandori on his sixtieth birthday

1. Introduction. It was proved in [1] that the lattice €(R"~7) of all convex sets
of the n—1 dimensional Euclidean space R*~' is a member of the lattice variety
D{ generated by the finite n-distributive lattices. It is an open- question whether this
variety equals D,, the class of all n-distributive lattices. An answer might be based
on a solution to the word problem for freelattices in D,,. In this paper we accomplish
a slightly different task and solve the word problem for free lattices in D. Besides,
we give a new example of a lattice in this variety, namely we show that the dual of
€(R"Y) is a member of D!, too.

We need some notions of universal algebra and lattice theory. By an n-distri-
butive lattice we mean a lattice satisfying the identity

xA V y;=V (xA V »)
i=0 j=0 i=0 X
izj R
A Iattice variety is a class. of lattices that can be characterized by a set of 1dent1t1es
The variety generated by a class K of lattices is the smallest lattice variety containing
K. The decision problem for identities in a class K of lattices is the problem of find-
ing an algorithm which, given any identity p=gq, decides whether p=¢ holds in
every member of K or not. It is equivalent to the word problem for free lattices in
the variety generated by K.

We are going to use the following concepts concerning convexsets. Let a, ro€ R* 2.,
Then the set of all r€ R™* such that the scalar product (a, r—r,) equals 0, is called
a hyperplane. The set of all rwith (a, r—rg) =0 is called a (closed) halfspace. A finite
intersection of halfspaces is a convex polyhedron. The convex closure of a finite
number of points is a convex polytope. It is well-known that convex polytopes,

Received July 2, 1984.
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convex polyhedra and convex sets of R~ ! all form lattices, and that in all these three
lattices the operations are the intersection and the convex closure of two convex sets.
(See [2].) Convex polytopes are exactly the bounded convex polyhedra, thus, in the
above list, the former lattice is always a proper sublattice of the latter one.

2. On the dual of €(R" ). We prove the following theorem.
Theorem 2.1. The dual of €(R"") is a member of the variety D].

Proof. In[1], Lemma 3.1, it was shown that €(R"" 1) is a member of the variety
generated by the lattice €, (R~ ") of all n—1 dimensional convex polytopes, there-
fore, it is also a member of the variety generated by € (R"~?) of all n—1 dimensio-
nal convex polyhedra. Thus it is sufficient to show that the latter lattice is 2 member of
the variety generated by all finite dually n-distributive lattices. By Theorem 1.1 of
(1, € (R™™Y is dually n-distributive and its meet-irreducible elements are exactly
the halfspaces of R™~*. Let K be a finite set of halfspaces and let €~ (K) consist of
all those convex polyhedra that are intersections of elements of K. €~ (K) is a lattice
ordered by the inclusion relation, in fact, it is a meet-sublattice of €, (R"?). Let
A denote the set of all finite subsets of the set of all halfspaces of R, The following
two facts obviously include Theorem 2.1. ’

Lemma 2.2. For any KeX, € (K) is dually n-distributive.

Lemma 2.3. € (R"™Y) is a member of the variety generated by all G~ (K)s
Kedt. . .

Proof of Lemma 2.2. The dual n-distributivity of €, (R"~") and the meet-
irreducibility of halfspaces in it imply that whenever a halfspace contains the inter-
section of a finite number of other halfspaces, then it contains the intersection of n
of these halfspaces. In fact, let h, by, ..., h,,, m=n, be halfspaces and assume that h
contains the intersection of the h;, i=1, 2, ..., m. Then (denoting by V the convex
closure) : '

h=bVN h= (O (hV ﬂh,-),.
i= icL _

and, by the irreducibility of h, there 1s an L, |L|=n with

h=hV Nk, ie, K2 (b

i€K icK

Clearly, the lattices €~ (K) also satisfy this property, as it refers only to inclusion and
intersection, which coincide in €, (R"~*) with those in €~ (K). This, in turn, implies
that the lattices €~ (K) are also dually n-distributive. To prove this, let a, by, ...
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. b €€ (K). Let h€K, and assume that

Then h contains a and h also contains n of the halfspaces occurring in the meet-
representations of the b;’s. Thus h contains n of the b,s, too, that is,

Thus the meet-representations of avVg ("\ b; and of ("] (avg N b)) coincide.
i=0 i=0 i=0
i%j

Proof of Lemma 2.3. Let p=q be an m-ary lattice inequality holding in
all the lattices € (K), K¢&. Let ay, ..., €€ (RY). Let 4 be the set of sub-
polynomials of p, that is, (i) let p€ A, (ii) for pyAp;€A or p,Vps€A let p,, p.€A,
and (iii) let A be minimal relative to (i) and (ii). Let B be the set of subpolynomials
of g. Finally let C be the set of all polyhedra r(ay, -.., 4,), r*€ AUB, and let K be the
set of all halfspaces occurring in the irredundant meet-representation of one of the
elements of C. (A polyhedron can be represented as an intersection of halfspaces in
different ways, however, the irredundant meet-representation is unique.) Let the reali-
zation of a polynomial r in the lattice €, (R"~") be also denoted by r and let its reali-
zation in €~ (K) be denoted by rX. Then

p(ay, ..., a,) = p¥(ay, ..., ay) = g% (ay, ..., a) = q(@y, ..., ay),
as K was chosen exactly to satisfy the two equalities in the above calculation.

3. On the variety D/, Here we deal with the word problem for free lattices of
D,{ , in other words with the decision problem for identities in D;,r 5

Theorem 3.1. The word problem for free lattices in Df is solvable.

Before the proof we introduce some notations. Clearly, every lattice polynomial
p can be written in the form

(0] p=V A V .. A Y Xiy iz o1

Lel ixelil iséli iy fac-2€1; izk—lelil...'

1oeelgc -8 -2

if we allow 7 and the I; ;’s to consist of one element. We define the depth d(p) of
p by d(p):=k. m(p) denotes the length (that is, the number of components) in the
longest meet:

m(p) = max {maxl s max 11 iisls -}

I’EI
'setix i
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Now define
¢(p)i= 14n+n?-m(p)+n®- (M)l +... +n4® . (m(p))*» .
We are ready to formulate the following lemma.

Lemma 3.2. Let p=q be a lattice inequality holding in all finite n-distributive
lattices containing at most c,(p) join-irreducible elements. Then p=gq holds in every
Sfinite n-distributive lattice.

To decide whether p=g holds in D/ requires now to check those finite n-distri-
butive lattices having at most ¢,(p) join-irreducibles. This can be carried out in finite
time, hence Lemma 3.2 implies Theorem 3.1.

Proof of the lemma. Let L be a finite lattice, let p and ¢ be lattice polyno-
mials in m variables and let a,, ..., a,€L. Let K denote the set of join-irreducible
elements of L. For a lattice polynomial r, let r* denote the realization of r on L. Let
b€K andlet b=p’(ay, ..., a,). Under the hypotheses of the lemma, we shall prove
that b=q"(a, ..., a,)- Let us introduce the following notations for subpolynomials
of p. (p is defined by (1).)

pl'l: /\ V o /\ V xil...l'gk_l’ ilel9

A A AU A R L.l AP T
Pini, = \% AIEER A . V A i€l iel,
€y, -2 €Xy g o Gk €T iy,

etc. Now, by the assumption on b, we have
b = .VIplL;(ala Tt am)'

Each p," (@, ..., a,) is a-join of join-irreducibles. By the n-distributivity of L we
may choose 7 of these join-irreducibles, say b,, ..., b, such that

n

b=V b;
Jj=1
(A detailed proof of this fact can be given by dualizing and generalizing the first part
of the proof of Lemma 2.2.) Now assign to each b; one (and only one) pf(ay, ..., a,,)
such that ' . '
b; = pl(ay, ..., ay).

Then, for every b, if p(a, ..., a,) is assigned to b;, we have

. b= Ph(ans ), iy,
that 1s,
bj = V p'inz l's(ala vrey am)’ 12€ Il'l’

‘Sellll’
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Now we carry out the same construction in these |7 | different cases on b; and on
V  pii(a as, ..., a,), with which we started on b andon V pi(ay, ..., a,):
ihel

g€y,

For arbitrary fixed i,€J; choose join-irreducibles by 4, ..., b

Jign

of L such that
b; =V bj,.
1=1

Again, each b;,, is less than or equal to one of the p{;,.l,.s(al, - @,)'s. Assign a
pf;izis(a]$ ey Gy) 1O bji,l such that

L
bjig = Pl 1,1, (G15 - > Q)

etc. Let K, be the set of join-irreducibles defined during this procedure, that is,

K0= {b}U{bl,..., b"}U ~U1 U {bjiz-].,"" bjizn}U“"
i= -

i€l
iis
assigned
to j
Clearly, |Kj|=c,(p). Let a=V ec.
c€Kp
c=a; :

Let, furthermore, L, consist of all joins of elements of K. Then, by the definittons
of Ky, L, and of d;, b=p™(a,, ..., 4,). By the hypotheses, p'(dy, ..., 4,)=
=q(a,, ..., d,). (Here we need the n-distributivity of L,, which is a consequence
of the fact that whenever a join-irreducible element in L, is less than or equal to a join
of elements of L,, then it is less than or equal to an n-element subjoin of that join.)
We obviously have glo(d, ..., d,)=q"(4y, ..., d,)=4"(a,, ..., a,). Hence b=
=q"(ay, ..., a,), as claimed.

References

[1] A. P. HunN, On non-modular n-distributive lattices: Lattices of convex sets, to appear.
[21 V. L. KvLEE (editor), Convexity, Proc. Symposia in Pure Math., 7, AMS (Providence, R. 1. 1963).

BOLYAI INSTITUTE
ATTILA JOZSEF UNIVERSITY
ARADI VERTANUK TERE 1
6720 SZEGED, HUNGARY






Acta Sci. Math., 48 (1985), 221—225

Multiplicative functions with nearly integer values
I. KATAI and B. KOVACS

Dedicated to Professor Kdroly Tandori on the occasion of his 60th birthday

We shall say that a realvalued arithmetical function f(n) is completely multi-
plicative if f(mn)=f(m)-f(n) holds for each pairs of integers. Let |z[| denote the
distance of z to the nearest integer, and [z] denote the integer part of z.

We are interested in to determine the class of those completely multiplicative
functions for which

M I/ ~0 (n ).
It is obvious that the validity of (1) does not depend on the sign of f(n), since
Izl =] —z|, so we may assume that f(n)=0.

We shall say that a real number @ is a Pisot-number, if it is an algebraicinteger,
0>1, and if all conjugates 6,, ..., 0,, are in the domain |z|<1. It is well known
for a Pisot-number the relation
V) le* ~o
holds. (See [1].) :

Let now the whole set of primes £ be divided into two disjoint subsets 2;, %,
and f(n) be defined for p€ 2 as follows:

{0 if pe,
/)= o= if pe,,

where x(p) is a positive integer for each p€#, and x(p)—~o if p—<s, furthermore
0 is a Pisot-number. Then the completely multiplicative f(n) determined by these
values satisfies the relation (1).

For an algebraic o let Q(«) denote the simple extension of the rational number
field generated by a.

Received December 12, 1983.
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Lemma 1. Let B be an algebraic number, f(n) be completely multiplicative with
values in Q(B). Let B, ..., B, be the conjugates of B over Q. Let ¢;(n) denote the con-
Jjugate of f(n) defined by the substitution B—~PB;. Then @;(n) are completely multipli-
cative functions as well.

Proof. Let f(m)=r,(B). Then ¢;n)=r,(B;). Since r,,(B)=f(mn)=
=f(m)-f(W)=rn(B)-r.(B), therefore @;(mn)=r,,(B)=rn(B)r.(B)=¢;m)¢;{).

Lemma 2. Let B be an algebraic number and f(n) a completely multiplicative
Sfunction the values f(n) of which are integers in Q(B). Assume that

©) @;(P)~0 a5 p~oo, (j=2,..7),
where p runs over the set of primes. Then (1) holds.

Proof. It is obvious that (3) involves that ¢;(n)—~0 (n--<). Furthermore
@;(n) are algebraic integers, and so

JM)+e,(n)+... +9,(n) = E, = rational integer,
whence (1) follows immediately.

To give a partial answer for our problem we shall use the following known theo-
rems [1] as Lemma 3 and 4.

Lemma 3. Let a>1 be an algebraic number, A0 be a real number and
@ fAe®] -0 (n ~ <).
Then o is a Pisot-number, A=a~Ny, where N=0 is a suitable integer, p€Q(e)-

Lemma 4. Let a=1, A#=0 be a real number and

) 2 N4 <ee.

0=n<eo
Then a is an algebraic number, consequently the assertion stated in Lemma 3 holds.

Lemma 5. Let f(n)=0 be a completely multiplicative function for which (1)
holds. If f(n))=1 for at least one ny, then f(n)=1 or f(n)=0 for each values of n.

Proof. Assume in contrary that O<f(mg)<1. Let b=f(n,), a=f(my),
a=f(m,), xo,=[—3log a]+1. For infinitely many k, / pairs of positive integers we
have . ’
—2x, log b —Xo

=k+1 = R
loga loga loga
—Xxo —2%,

since the length of the interval ( ) is at least three. For such pairs

loga’ loga
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k,1 we have 2 *o<g"b'<2-%_  consequently
2-20 < || f(mgnp)] = [a*b!] < 27%.
But this contradicts to (1).

Lemma 6. Let f=0 be a completely multiplicative function satisfying (1).
Assume that there exists an m for which f(m)=1 and f(m) is algebraic over Q. Let 2,
be the set of those primes p for which f(p) #0. Then the values f(p) are Pisot-numbers
Jor each p€P,, and for every p,,p;¢% we have Q(a,)=0(x,), a, =f(py),
, =f(pa)-

Proof. Let f(m)=a. Since a>1, « algebraic; and | f(m")||=|«"|| ~0 (k- <),
by Lemma 3 we get that f(m) is a Pisot-number.

Let now # be an arbitrary natural number for which f(n) 0. Since [ f(nm*)|=
=] f(n)a*| -0 (k—os), from Lemma 3 we deduce that f(n)=a~"y, N=0, integer,
7€Q(a). Hence B=f(n)=a"¥y€Q(a). Since B0, from Lemma 3 we get that
B>1, and so by repeating the above argument with f instead of «, we deduce that 8
is a Pisot-number and a€Q(f). The assertion is proved.

Corollary. Let f(n) =0 be a completely multiplicative function satisfying (1).
If 1<f(n)€Q holds for at least one n, then f(n) takes on integer values for every n.

Lemma 7. Let f(n)=0 be a completely multiplicative function satisfying the
relation

©) 1) = e(n),

where e(n) is a monotonically decreasing function, with

) kg £2(24) <.

Then the following possibilities are:

a) f takes on integer values for every n.

b) For a suitable n O0<f(n)<1. Then f(n)—~0 as n— oo,
~ ©) For a suitable m f(m)=>1. Let 2, denote the whole set of those primes p Jfor
which f(p)#0. Then there exists a Pisot-number @ such that Q(f(p))=Q(©) for
each pe,.

Proof. The relation (6) involves (4). If O<f(n)<1 then from Lemma 5
fm)y=1 for every m. If f(m)=1, then | f(nm")|=|f(n)| as k—oo; that contradicts
to(1). Consequently f(m)<1 foreach m=1. Assume that there exists a subsequence
m=<ny<... such that f(n;)—~1. Then f(nn;)—~f(n) (j—<-) that contradicts to (1).
Consequently f(m)—0 as m-—co.
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Let us consider the case c). Taking into account (6) and (7), the conditions of
Lemma 4 are satisfied with =1, a=f{m)=>1. Consequently o is an algebraic number,
and the assertion is an immediate consequence of Lemma 6.

Theorem 1. Let f(n)=0 be a completely multiplicative function that takes on
at least one algebraic value f(ng)=a=>1. Let P, denote those set of primes p for which
J(p)#0.

1f (1) holds, then the values f(p)=w, are Pisot-numbers, for each p,, p.€ %,
we have Q(a,)=0Q(x,). Let © denote one of the values w, (p€Z), O,,..,0,
its conjugates, @,(n), ..., ¢,(n) be defined as in Lemma 1. Then

® o;i(n)~0 as n—-o, j=2,..71.

In contrary, let us assume that the values f( 'p) are zeros or Pisot-numbers from a given
algebraic number field Q(©). If '

©® o;(M—~0 as p>e (j=2,..,7)
then (1) holds.

i

Proof. Let us assume that (1) holds. From Lemma 6 we get that the values f(n)
are zeros or Pisot-numbers taken from a given number field Q(®). Let us consider

the vector :
T(n) = ((Pz (n)’ ee (P,(n)),

and denote by X the set of the limit points of ¥ (n) (n— o). Let (x,, ..., x,)€X. Since
f(@®) +@:(n)+... +¢,(n) = rational integer,
/)] -0, we get that x,+... +x,#rational integer. Let m; be such a sequence for
which
¥(my) > (xg, .o X).

Then ¥(mi)—(x}, ..., x}), xb+...+x} =rational integer, consequently 0<|x;|<1
is impossible, that is x;=0 or |x;|=1. Let now n be fixed such that f(n)=0.
Then ¢;(n)#0, 0<|p;(m)|<1, ’

¥ (nm)) - (p2(n) x,, ..., q),(n)x,)_EX.

If x,#0 for a suitable /, then 03 |p,(m)x,|<1, which is impossible. Consequently
we have (8).

The converse assertion is an immediate consequence of Lemma 2.
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Theorem 2. Let f(n)=0 be a completely multiplicative function satisfying the
conditions (6), (7). Let us assume that f(n)-+0, and that f(n) takes on at least one
nonintegral value. Then f(n) takes on algebraic values, and the first assertion, stated in
Theorem 1, holds.

Proof. This is an immediate consequence of Lemma 7 and Theorem 1.
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Approximation and quasisimilarity
L. KERCHY

Dedicated to Professor Kdroly Tandori on the occasion of his 60th birthday

1. Introduction

For an arbitrary complex Hilbert space § let .2(9) denote the Banach algebra
of all bounded linear operators acting on §. For any T€2(9) let Alg T denote the
weakly closed subalgebra of £($) generated by T and the identity 7, while {T}
stands for the commutant of 7. We call a subspace M of $ to be cyclic for T if
V T"M=%H; M is a minimal cyclic subspace if it contains no proper subspace which

nz0

is also cyclic for 7. The number disc T is defined as the supremum of the dimensions
of all finite dimensional minimal cyclic subspaces for T.

In this paper we are going to investigate the problems of quasisimilarity invari-
ances of the approximating property “Alg T={T}” and the number “disc T
in the class of cyclic C,, -contractions. We remark that the commutant of a C,,-con-
traction T'is commutative if and only if T is cyclic. So to consider only cyclic contrac-
tions does not mean the restriction of the generality in connection with the first
problem.

Our paper is organized as follows. In section 2 we discuss the approximating
property “Alg T={T}” and describe its connection with the reflexivity problem of
Cy;-contractions. In section 3 the question of quasisimilarity invariance of *“disc T”
is performed. OQur main goal is formulated in section 4: to construct contractions with
special properties, whose study may give hope to solve the previous problems. Qur
construction is given in section 7 and is based on the results of sections 5 and 6.
Section 5 deals with injective contractions, while in section 6 it is proved that a large
amount of cyclic Cy;-contractions possesses 0 as an ‘“‘approximate reducing eigen-
value”.

Received April 6, 1984.
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2. The approximating property “Alg T'={T}""

Let us consider the normalized Lebesgue measure m on the unit circle T of the
complex plane C and let « be a Borel subset of T with positive measure: m(e)>0.
For any function ¢ from L=(x) let M, , denote the operator of multiplication by ¢
in L?(a). (The spaces Lf(a), p=2, oo, are defined with respect to the measure m on
«.) In the case of the identical function ¢ ({)={ we will use the notation M, for M, ,,
moreover My will simply be denoted by M. We remark that for two Borel subsets
a, p of T the operators M,, Mj are unitarily equivalent, M,=M;, if and only if the
symmetric difference aa B of these sets is of measure 0, in notation a=f [m]
(cf. [6]).

Let us denote by #=(a) the set of multiplication operators on L%(«), i.e.

L= = {M,,,: p€L=(@)}.
It is known (cf. e.g. {16, Theorem 1]) that the commutant of M, coincides with
L=(a). :
Let P=(a) be the w*-closure of the set of polynomials in L=(a). It can be easily

seen that the corresponding set of multiplication operators is exactly the closure of
the set of polynomials of M, in the weak operator topology, I.e.

{M,,,: o€ P~ ()} = AlgM,.

Furthermore, it is a remarkable fact that P=(a)=L>(«) if and only if m is not
absolutely continuous with respect to the measure y,dm, where x, stands for the
charactefisﬁtic function of a (cf. [16, p. 17]). Hence, it follows that

Alg M, = {M.},

i.e. every opérator in the commutant of M, can be approximated by polynomials
of M, in the weak operator topology, exactly when o=T[m].

Let T be a contraction acting on a complex separable Hilbert space 9, i.e.
Tc#(9) and ||T|=1. Let us assume that T is of class C;;, that is 3_1{2 | T"h| 0

#31’3{10 | T*"h| for every 02h€$9, and that T has a cyclic vector £, which means that

every vector h€$ can be approximated in the norm of $ by vectors of the form
p(T)f, where p(2) is a complex polynomial. Moreover, for the sake of simplicity,
we assume that the unitary part of T'(cf. [17, Theorem 1.3.2]) is absolutely continuous
with respect to the Lebesgue measure. Let C, denote the class of such contractions.

It is known (cf. [11, p. 15]) that for any operator T€C; there exists a unique
Borel subset « of T such that m(«x)=0 and T is quasisimilar to M,: T~ M,, which
means that appropriate quasiaffinities X, Y (i.e. operators with zero kernels and dense
ranges) interwine T and M,: XT=M,X, YM,=TY. (In connection with the theory
of contractions we refer to our main reference {17).)
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Now the question naturally arises:

Problem A. Is the approximating property Alg I'={T} a quasisimilarity
Invariant in the class C,?

The answer for this question is negative, as,it was pointed out for me by Hari
Bercovici. Indeed, let T be a completely non-unitary (c.n.u.) contraction from C,
which is quasisimilar to M, , where a>T[m]. We can choose T such that its spectrum
covers the whole unit disc: o¢(T)=D" (cf. [4, Proposition 3.1]). Since T is a Cy,-
contraction, its essential spectrum coincides with ¢(7T). So we can infer that the
Sz.-Nagy, Foiag functional calculus for T'is an isometry and Alg T coincides with the
w*-closure of the set of polynomials of T (cf. [1, Corollary 1]), consequently Alg T'=

~=H=(T):={u(T): u¢ H= - (the Hardy space)}.

On the other hand, the commutant {T'}" of T never coincides with H=(T), and
so Alg T#{TY contrary to the fact that Alg M,={M.,}.

The following argumentation proving the inequality {T} = H<=(T) is slightly
different from the one given by Bercovici.

Let us say that the subalgebra 2/ of £($) has the property (P*) if every non-zero
operator in .o is a quasiaffinity. Since every non-zero function u€ H= differs from 0
a.e., it is immediate that H>=(M,)={u(M,): u€ H=} has the property (P*). Let us
assume that T€C, is quasisimilar to M,, i.e. XT=M,X and TY=YM, with some
quasiaffinities X and Y. Then for any non-zero function u¢ H= the relations Xu(T)=
=u(M)X and u(T)Y=Yu(M,) imply that u(T) is a quasiaffinity. (The first one
implies that u(7) is injective, while the second one implies that its range is dense.)
So we infer that H=(T) possesses the property (P*).

Let us consider now an arbitrary operator § from {M,}. Then YSX¢{TY},
XY, XYSXYe{M,}) and since {M,}=F=(a) is commutative, it follows that
X(YSX)Y=(XY)S(XY)=S(XY)*=(XY)2S. These relations show that if $=0,
then YSX=0, and if YSX is a quasiaffinity, then so is S also. Since {M,}=2=(x)
does not have obviously property (P*), the statements above result that {7}’ does not
possess (P*) too.

Consequently; for every contraction T€C, we have H=(T)& {T}.

Owing to the negative answer for Problem A we introduce the operator class C;
consisting of those elements of C, for which Alg T H=(T). For example every
contraction T€C, whose spectrum does not include T belongs to C; (cf. [2, p. 337)).
Now we formulate our question in the following form:

Problem A’. Is the property Alg T={T} a quasisimilarity invariant in C;?

This problem seems to be relevant in connection with the reflexivity problem
of Cy;-contractions. (As for the notion of reflexivity see for instance [8, chapter 9].)
Indeed, the operators in some subclasses of C;\\C;, e.g. operators with dominating
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essential spectrum (so-called (BCP)-operators) belonging to C, are reflexive by a
tecent result of BErcovic, Foiag, LANGSAM and PEARCY [1]. On the other hand, it is
well-known that quasisimilarity preserves the reflexivity of the commutant (cf. [3,
Proposition 4.1]). So an affirmative answer for Problem A” would reduce the refle-
xivity problem to certain subclasses of C,\C, at least in the case of contractions
from C,; which are quasisimilar to some M, with aT[m]. Conversely, a counter-
example for Problem A" might be a candidate for a non-reflexive C;;-contraction.

3. The number “disc 7"*°

The second problem we are interested in was posed by Nikolskii and Vasjunin.
In connection with questions concerning controllable systems they have introduced
the number “disc” of an arbitrary Hilbert space operator (cf. [13]). Namely, for an
operator T¢.Z($) let Cyc T be the set of finite dimensional cyclic subspaces:

Cyc T:= {M subspace of H: dimM<e, V T"M = H}.
n=0
Then disc T denotes the number
disc T:= sup {min {dim R: NeCyc T, RcM}: MeCyc T}

Nikolskii and Vasjunin posed the question of quasisimilarity invariance of disc T in
general (cf. [13, p. 330]). In particular, it would be interesting to know the answer for
the following problem:

Problem B. Is the number disc T a quasisimilarity invariant in the class C,?

This question seems to be of considerable interest, because disc M, takes on
different values according to the case that a>T[m] or not. Namely, the following is
true: ' '

Proposition 1. disc M,=1 if a=T[m)], while disc M=2,

Proof. If a=T[m] then Alg M,={M,}'=%~=(a), and so Lat M,={y,L*(x):
Bca}, where y; is the characteristic function of f. This implies that fEL?(x) is
cyclic for M, if and only if f(x)>0 a.e. On the other hand by Szeg&’s theorem (cf.
{10]) we know that the cyclic vectors of M are the functions f such that f(x)=#0
a.e. and flog fldm=— oo.

T

Now, if a=T[m], McCyc M, and {f}_, is a basis in M, then 3 | £:(x)|0
i=1

a.e.. An elementary argumentation shows that f(x)#0 a.e. on a for a suitable linear

combination f= Z"' ¢ fi
i=1
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Indeed, proceeding by induction on n, we can reduce the proof to the case n=2.
So let us assume that |f;(x)|+]/2(x)|#0 a.e., and let «;={x€a: f;(x)=0} (j=1,2)
and o« =a\(e;Uay). Then m(o;Ney)=0 and so it is enough to show that f,(x)+
+cfy(x)#0 a.e. on o' with some non-zero complex number c¢. Taking different
numbers ¢ and d the sets E.={x€a: fi(x)+cfp;(x)=0} and E,={xco":
J1(x) +dfs(x)=0} will be disjoint. Therefore, for all but countably many points ¢
of C\{0} the set E, will be of measure 0, but.for such a number ¢ we have
Si(x)+cfs(x)=0 a.e. on «.

Therefore, we conclude that disc M,=1.

Let us determine now disc M! Let T* and T~ denote the upper and lower semi-
circle, respectively, and let M be the 2-dimensional subspace spanned by, ;. and
Xr-- Then MeCyc M, but M does not contain any cyclic vector of M. Therefore
disc M=2.

Now let MeCyc M be a subspace with dim Mi=n=2. We want to show that
min {dim N: ReCyc T, NCIM}=2. As before, we can infer that f(x)=0 a.e. for
some fEM. It can be assumed that f log |f|dm=> —oo for these functions. It is

T

well-known (cf. [9, Theorems II. 2 and 3}) that the invariant subspace lattice of M
has the form:

Lat M={L*a): acT}U{gH?: ¢ is a unimodular function on T}.

Let us assume that there exists a function g€ M such that 0<m({x€T: g(x) #0})<l.
Then M,:= \V M*g=L2(a) with =T [m], while M,:= \/ M*f=gH* with a unimod-
k=0 k=0

ular g. Since, for every he H?, f log |h|dm=> — (cf._[17, Sec. I11. 1}) we infer that
T
M VM, =L¥a)VgH?>=L*(T).

Hence we have only to deal with the case when for every nonzero f€9 we have
f log [f|dm=> —c. We prove by induction on n that M, VIR, =L*(T) for some
T

1=i, iy=n, i,#i;, where M;=M, for i=1,..,n For n=2 this is obvious.

n—1
Let us assume that it is true for n—1 (n=3). If V M,=L*(T), then we can apply
i=1 .

-1 . n—1
our assumption. If ”V M, = L(T), then \ M;=qH? for a unimodular function q.
i=1 i=1
On account of Beurling’s theorem there are inner functions w,€ H= such that
. n—-1
M=qu;H* for i=1,...,n—1 (cf. [9, Sec. II. 4]). Since (V M)VM,=
i=1

=(gH?»V(q,H)=L*T) (g, unimodular), and the multiplication by an inner func-
tion is a unitary operator on L*(T), we conclude that L*(T)=u,L¥(T)=
= (g HHV (4, H) =,V (g, (26, H)) < W, VM, C LX(T), and so M, v, =LA(T).

Consequently we obtain that disc M =2.
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Of course the values of disc M, (x=T[m]) and disc M can be computed from
the general formula of the Theorem of [13]. We have given the above simple proof
for the sake of the reader’s convenience.® :

4. Our programme

First of all we remark that in virtue of Wu’s results the answers for Problems A
and B are affirmative, if we assume that the defect indeces of the contraction T¢C,
are finite. (Cf. [18, Corollary 4.6}, [11, Corollary 1] and [13, p. 330].)

We have seen in section 2 that the answer for Problem A is negative in general.
Another fact which points out that the general case is more complicated is the follow-
ing. ‘ -

For an arbitrary unitary operator U let us denote by Lat, U the lattice of the
teductive subspaces of U. 1t follows by section 2 that if a>T[m], then Lat M,=
=Lat, M,, while Lat MsLat, M. A natural generalization of a reductive subspace
for a C,,-contraction T is an invariant subspace £€Lat 7 such that T|2€C,;.
Lat, T stands for the set of ‘“Cy -invariant subspaces”: Lat, T={Mi€Lat T:
T MeCp,}. Tt was shown in [4] (cf. Remark 3.4) that the property of reductivity
“Lat T=Lat; T” Is not a quasisimilarity invariant in C,.

In order to study Problems A’ and B in the general setting it would be very
useful to have contractions which are close in a certain sense to some M, with
a#T[m] and to M at the same time. The aim of the present paper is to provide such
operators, which may clarify the real situation, perhaps they can be candidates to be
counterexamples.

Our construction is based on theorems concerning injective contractions and the
approximate reducing point spectrum, which will be proved in the next two sections:

5. Injective contractions

We begin by proving two lemmas which are refinements of [4, Lemma 3.2].
Lemma 2. Let T (D) be a contraction. Then for every g, uc9 we have
ITg + Di+ul® = llgll®+ | Dy+ull®.
(Dr=(=T*T)"* and Dy.=(—TT*)V? are the defect operators of T.)
* After this paper had been submitted, prof. Vasjunin informed me théf a.direct proof . of

this proposition can be found in their paper “Control subspaces of minimal diménsion, and spectral
multiplicities” published in the Proceedings of the 6'" Operator Theory Conference, held in Romania.
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Proof. Using the identity D.T=TD;, we obtain (Tg, D}.u)y=(DnTg,
Dpsu)={(TD g, Dyxu)={D1g, T*Dy+u). Applying this and the Schwartz inequality,
it follows that

178 +D%sul® = | Tg|*+2 Re (Tg, DF+uy+||DFulf* = [ Tg|*+
+2Re (Drg, T* Dysut) + || Distt|* = | Tg|*+2|Drg| [T *Drruf +
+[DFsul? = | T8+ Drgll* + | T*Dyste|* + | D Dpru* = || g * + | Dt

We recall that, for an operator T€.2(9) and a vector f€9H, (f, TIEL(CPDYH)
denotes the operator defined by

(L TY00g)=000f+Tg)  (A€C, geH) (cf.[4D.

Lemma 3. Let TeZ(9H) be a non-ivertible injective contraction. Then for
every £=>0 there exists a vector f€9 such that ||f||=1—¢ and (f, T) is an injective
contraction.

Proof. If uéH\ran 7, then f=Di.u=(I-TT*ucH\ran T, and so (f, T)
is an injective operator. On account of Lemma 2 (£, T) is a contraction if [Dp.u=1,
so if ful=1. Since [[u]?=|T*ul®+|Dpt2=|T*ul2+]T*Dyeul 2 +|D2,ul?, it
follows that | fl1>=ull*—IT*ul>— | Dy T*ull*=lul|2— 2} T*ul|.

The injectivity of T implies-that (ran 7*)~ =$. Taking into account that T* is
not invertible we infer that 7* is not bounded from below. Therefore for an arbitrary
O<n=1 there exists a unit vector u,€$ such that || T*u| <.

Since T is injective, non-invertible, the closed graph theorem implies that .
ran T#$. It follows that H\yan T is dense in $. Hence for any 1=6=0 there
exists a vector u€$H\ran T such that |u—(1—68)uy]|<5. ‘Then |u| =1, so with
f=D%.u the operator (f, T) will be an injective contraction. On the other hand
112z ull® =20 T*ull*=||ul® —2() T*uoll +llu—uol)% and since [ulf =129, HT*uo||<'l
and [lu—u,| <25, it follows that

I£1? > (1—26)"—2(n+26)* = 1-165—29*.

We infer that || f|l=>1—¢ if #=0 and =0 are chosen to be small enough, and the
proof is complete.

To any operator T€.2($) let us correspond the number
v(T):=inf {max {| Tx|, | T*x{}: x€9, [Ix]=1}.

Proposition 4. Let T€L(H) be a non-invertible quasiaffine contraction with
v(T)<1/2. Then for any e=0 there exist vectors f,g€H such that | f|, lgl=
>1-2v(T)—e¢, |f—gl<2v(T)+e and (f,T), (8 THEL(CHD) are injective
contractions.
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Proof. Let v(T)<n<1 be arbitrary. By the assumption there exists a unit
vector u,€$ such that || Tuy) and || T*uyl| <n. The proof of Lemma 3 shows that for
any 1=>6=>0 we can find vectors uc¢H\ran I and v€H\ran T* such that
flu—(1—68)uglj<d and |lv—(1—8)uy|<5. Then, considering the vectors f=D%.u
and g=D3v, the operators (f, T) and (g, T*) will be injective contractions while
L1 Ngli2=1—-166—25n. Furthermore, we have

Lf—gl = 1(=TTu—(I-T*T)| = |u—v| +|T*u] +
HTo| = fu—ol +1T*uo| + [u— sl + | Trto]| +llv— o] = 66+21.

Consequently, we conclude that || f], | gll>1—2v(T)—c¢ and | f—gll<2v(T)+¢
if # is close enough to v(7') and ¢ is small enough.

Remark 5. Note that if v(T)=0, that is if O is an ‘“approximate reducing
eigenvalue” of T, then f and g can be chosen to be arbitrarily close to each other,
with norms arbitrarily close to 1.

6. C,-contractions with approximate reducing eigenvalue 0

In this section we shall show that there is an abundance of C,-contractions T
with v(T)=0. In proving our results we need the following lemma which will be
used in the next section too.

Lemma 6. Let o be a Borel set on T such that m(«)=>0. Then there exists a
sequence {B,}-, of closed arcs of T such that B,(\B,., consists of exactly one point

and m(a,)>0, where o,=p,Na, for all n, and D B.,=T.
n=1

Proof. Since m(x)=0, it follows that « contains a point C of density 1. More-
over, there exists a sequence {C,}:> , of different density points of « converging to C.
For every n, let 7, be one of the two closed arcs of T determined by C, and €. With
an appropriate choice of these arcs and passing on to a subsequence, if it is necessary,
we can achieve that {y,}=>, be a decreasing sequence of sets. For every n, let B, be
an arbitrary point of the set y,\(¥,41U{C,}). Now we define B, to be the closed
arc with endpoints B,_,, B, and containing C,, if n=2; while B, is the arc with
endpoints B,, C and containing C,.

Since each f, contains in its interior a density point of a, it follows that m(e,)=0
for every n. It is easy to see that the sequence {f,}>>, possesses the other properties
of the statement also.

Theorem 7. For every Borel set aCT with positive Lebesgue measure there
exists a Cy-contraction T such that T is quasisimilar to M, and v(T)=0.
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Proof. We first show that for every ¢>0 there is a C,-contraction T such
that T~M, and v(T)<e.

By Lemma 6 there exist closed arcs f’, B” of T such that g'UB"=T, BN’
has two points and m(¢)>0, m(a”)>0, where o'=p'Na and «”=p"Na. On
account of [4, Proposition 3.1] we can find non-invertible C,-contractions T'¢ £($")
and T"€L(9”), T’ being quasisimilar to M,. and T” being quasisimilar to M,..
Then Lemma 3 ensures us vectors f€9" and g€$” such that (f, TELCHH)
and (g, T)EZL(CHH”) are injective contractions. The matrices of these operators
are

G1=[) ] wa =[] ).

where f denotes also the operator of rank 1: f: C—$’, f: A—Af; its adjoint is
f* 9 —~C, f*: h—{, .

Let us consider the Hilbert space $=H"@CHCHCPHH” and define the oper-
ator T€#£(9) by the matrix

T 0 0 0 0]
£ 0 0 0 0
I o%s 0 0 0
0o 0 Le o o

2
0 0 0 g T

It is easy to see that T is a Cy-contraction. Since [[T(00®10040)|=
=|T*000D 1808 0)||=(1/2)¢, it follows that v(T)<¢. Moreover, by [4, Theorem
1.7] the residual part R, of T (that is the residual part of its unitary dilation) is uni-
tarily equivalent to Ry-@® Ry»: Ry=Rp-@® Ry». This implies that R M, O M, =
=~M,, and so T is quasisimilar to M, (cf. [4, Proposition 1.3]).

Let us now prove the existence of a C,-contraction 7 with T~ M_ and v(T)=0.
Let {«,}:>, be a sequence of Borel sets corresponding to « by Lemma 6. Then, on
account of the first part of this proof, for every n there exists an operator 7,€.2(%,)
such that T,~M, and v(T,)<1/n. It follows that the direct sum T= é T,

n n=1
of these operators is quasisimilar to M, and v(T)=0. The proof is finished.

Now we prove that it can be achieved that the spectrum of the contraction T
in the previous theorem be rather thin. We shall need the following:

Lemma 8. Let A€CY(9"), BEL(H”) be invertible operators. Then the operator
T acting on H=9" 09" and defined by the matrix T=[‘g, g] is also invertible, and

17~ =max {47, IB-}+I47IB~H if [Cl=1.



236 L. Kérchy

. . . . A1 0
-1
Proof. It is easy to verify that the inverse of T1s T —[_—B"CA'I Bl
Moreover, for the norm of T—! we have
ot =[5 I s S| = mestia by 1 -rcas
1) = — _ _ - -
=" el smcans o )] = mextiat 1w+ I =

= max {[477, | B} +]B7H4 7.

Furthermore we shall use the following notation. If T is a Borel set, m(x)=>0,
then «= stands for the support of the measure y,dm and, for any {€a™, D(xa, {):=
== U{rl: 0=r=1}.

Theorem 9. Let o be a Borel subset of T such that m(x)=0 and let { be any
point of a=. Then there exists a Cy-contraction T such that T~M,, v(T)=0 and
¢(T)=D(a, D).

We remark that if v(T)=0, then 0¢€o(T), and that for every C;-contraction
7 each closed and open part of ¢(T) intersects T, and that T~ M, implies o¢(T)Da™
(cf. [5]). In the light of these facts the spectrum of T in the previous theorem can not
be thinner.

Proof. Let {8,}=, and {a,};>, be sequences corresponding to « by Lemma 6
such that the cluster point of the endpoints of the arcs f, is the given (.

For every neN, the set of natural numbers, let Q, denote the domain
Q,={rA: 1 belongs to the interior of 8, and 1/(n+1)<r<1}, and let u,€Q, bea
point such that |u,|<1/n. By[5] we can find for every n a C;;-contraction S,€Z(R,)
such that S, is quasisimilar to M, , o(S)=o., [[(S,—AD Y =dist(, ;)" * for
all 2eC\Q;, and |(S,—u,I)x,|l<1/n for a suitable unit vector x,ER,.

Let us decompose N into the union of pairwise disjoint sets

N = (U N)U(U N7),
i€EN ieEN

each of which contains infinitely many points. For every i€N, let us define T €.2(%;)
and T/€L(H)) by T/= @ S, and T/= @ S,, respectively.

neN; neNy
Since in}\t; 1(S,—u,Dx,ll= in}\f; 1 (S,— D) x,[| =0, it follows that 7] and T/
neN/ neN;y

are not invertible. So we infer by Lemma 3 that there exist vectors f;€$; and g;€$;
such that (f;, 7/*) and (g;, T;) are injective contractions. Now we define the opera-
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tor T; acting on the Hilbert space $,=9, @CHCHCHH; by the matrix

fry o 0 0 0
f* 0 0 0 0
T,=|0 G+D* 0 0 0
0 0 (+DH10 0

0 0 0 g Tj
Finally, our operator T€ #(9) is defined as the orthogonal sum of these operators:
T=@ T;.
iEN

It is immediate that 7 is a contraction. We can show as in the proof of Theorem
7 that for every i

’ ",
Ti ~ Ti EBT‘; = @ Sn ~ @ Mzn’
nEN/UNY neNJUNY

and so
T~®( & M)~ M, =M,
iEN neN/UN/ neN
i.e. T is quasisimilar to M,. It follows that T belongs to the class C;.

Since v(T;)<1/i for every i, we infer that v(T)=0. :

Let us assume now that A€C\D(a, {). Then, for every n€N, the operator
S, —4I is invertible. Moreover, for all but at most two n, A belongs to C\ .. For
these indeces [|(S,—A~Y =dist (4, )7, and the sequence on the right side is
bounded. Hence we conclude that {||(S;—AI)"![]};cx is bounded, and so applying
Lemma 8 we obtain that {||(T;—AI)"Y},.x is bounded too. Therefore, we infer that
T—2I is invertible, i.e. A¢a(T).

On the other hand v(7)=0 implies that 0€6(7), moreover on account of [5]
we know that «=Co(T) and that every closed and open subset of ¢ (7T) intersects the
unit circle. Consequently, we obtain that o(T)=D(a, (). .

We remark that with the additional assumption that the defect number of 7 is
1 the statement of Theorem 7 becomes false. Namely, the following holds:

Proposition 10. The number v,=inf {v(T): T€C, with defect index 1} is
strictly positive.

Proof. Tt is evident that we can restrict our attention to c.n.u. C,-contractions
with defect index 1. We shall consider the functional models of these contractions
(cf. [17, chapter VI]).

So let H.” denote the set of outer functions $ in the (scalar) Hardy space H=
such that [3(e")[=1 a.e. and 3 is not a constant of absolute value 1. To any $€H_
there corresponds a Hilbert space

SO =[H*@ (ALY 7|0 {Iwddw: weH?},
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where 4(e")=(1—|9(¢")|?)"%, and an operator S(9)€L(H(9)) defined by S(9)=
=Py, U1H(9), where U denotes the operator of multiplication by ¢” on H2*@L?
and Pg, is the orthogonal projection in H*@L? onto the subspace $(9). The
operator S(9) is a C;-contraction of defect index 1 and being quasisimilar to M, for
a={e"e€T: |9(e")|<1} (cf.[17, Proposition VI 3.5] and [11, Corollary 1]). Moreover,
in this way we obtain all c.n.u. C,~contractions of defect index 1 up to unitary equiv-
alence.

So we have to prove that the infimum

v, = inf {y(S(9)): $eH>}

is not equal to zero.

Let 9€ H® be an arbitrary function. The Hilbert space $(9) can be decomposed
into the orthogonal sums

9(9) = Doy ® Dp) = Dscoy+ D Doyt

where Dgg,=(ker Dg))* and Dggyr=(ker Dgys)" are 1-dimensional subspaces,
the so-called defect subspaces of S(9). Since S(9)|Dgsy: Diisy~ Dy« 1S an iso-
metric surjection with inverse S(8)*|Dgie: Digye—~>Dyis), and for appropriate
unit vectors go€ Dy and hy€ Dy we have S(9)g,=9(0)h, and S(8)*hy=
=9(0)g, (cf. [17, Sec. VI. 4)), it follows that v,=0 if and only if for a sequence
{3,};—, in H;* 8,(0) and the distance of the subspaces Dg, y and Dy ), tend simul-
taneously to zero. Under the latter distance we mean the distance of the unit spheres
of these subspaces, i.e.

dist (Ds(s,)» Dss,p9) = inf {{x—y[: X€Ds(g,y, |x]| = 1, Y€ Dsea,+, 31l = 1}
An easy computation shows that for any u®veH(9) (J€H)
(I-S©)SE)) D) = u(0)Ps)(1 HO),
and again a usual computation yields that
Pg0y(100) = (1-3(0)9)® ~9(0)4 =:h.

The norm of his ||k =(1—|9(0)]2)/>520 and {hy=h/||h|} forms an orthonormal
basis in Dgy. Then

g=S®*h=e"3(0)(3(0)-9)D—e"*9(0)4
belongs to Dy, l£ll=13(0)] ||All and {go=g/llgl} is a basis in Ds(s)-
The distance of the subspaces Dy, and Dygg)e is by our definition
d(8):= dist (Ds(p), Ds(oy+) = inf {[|lahy—goll: a€C, || = 1}. _
Re (2(h, £)) _ Kn, &)l )1’2 )
(L Al gl

Since |]aho—g0||2=2(l— it follows that d(9)=1/5[1
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A direct computation shows that (h, g)=—9(0)%(0), and so we obtain that

_ 5 19 ©)]
a9 =72 (I—TTW) .

Being an outer function § has the form
9(4) = xexp [ f log |.9(e")[dm (z)] (€D),

where x€T is a constant of absolute value 1, and D denotes the open unit disc in C.
We infer that

19)j=exp| flog|9(e")|dm(n)] and |9 (0)|=213(0)] | [e*log }S(e“)ldm(t)l.
T - T

Let us assume now that 3,(0) tends to O for a sequence {8,}>>, in H.°. Then
=— f log |9, (¢")|dm(t) tends to infinity and so in virtue of [9,(0)|=2 exp (—y,) s

T
it follows that 9,(0) converges to 0. We conclude that 3{210 3,(0)=0 implies }}{lelo
d(3,)=V2. Therefore, the number v, is not 0.

7. The construction

Let « be an arbitrary subset of T such that m(a)=>0. Applying Lemma 6 we can
find a sequence {B8,}> _.. of closed arcs of T such that B,Np,, consists of exactly
one point, m(e,)=0, where o,=f,MNa, for every ne€Z (the set of integers), and

U B, covers the whole T except one point.

n=—co

For every n€Z, Theorem 7 ensures us a Cl-contractxon T, 63(55,,) with

v(T,)=0 and being quasisimilar to M, . Then the orthogonal sum T'= EB T,€

n=—oo

62(5= 69 9,) is quasisimilar to GB M, =M,.

Let us given a sequence {¢,};-__ of positive numbers such that O=<g,<l1
for every n€Z and lnllgrgc &,=0. Such sequences will be called admissible. On account
of Proposition 4 we can find, for every n€Z, vectors f,, g,€9, such that [f],
lgull =1—¢,, fi—8ull <&, and (f,, T), (&, T,)EL(CDY,) are injective contrac-

tions. Now we define the operator T7€#£($) to be the sum T"= S’ Jri198s,

where for any n f,,;Q8,€%(9., Horr) denotes the ' operator of rank 1:
(3198 h=<h, g0 fo11 (h€D,), and the partial sums of the series converge in
the strong operator topology.
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Definition. We call the operator S€L($) to be a quasibilateral shift, if there
exists a sequence {2} __ of pairwise orthogonal subspaces and for every n€Z
there exist vectors f,, g,€ 2, such that {|f,l}:2_.., {lg.l}> _.. are bounded sequen-

ces and S= Z' [i1198,.

n= « oo

We say that the quasibilateral shift S assymptotically approximates the bilateral
shift in order &, where e={g,}o> . is an admissible sequence, if the sequences
{fiyo_.., {gu)._.. fulfill the following relation:

: max {|[.fa] =1}, Hgd =1l J.fi—gul} < &
for every n€Z.

We note that every (simple) bilateral shift is unitarily equivalent to M.

It is evident that the sum T=T’+T" of the contractions 7/, T” obtained be-
fore is an injective contraction with dense range. With the notions introduced above
our result can be formulated as follows:

Theorem 11. Let a be a subset of T such that m(a)>0 and let e€{e,}or _
be an admissible sequence. Then there exist a C,-contraction T'€ () which is
quasisimilar to M, and a coniractive quasibilateral shift T"€ L(9H) which assympto-
tically approximates the bilateral shift in order & such that their sum T=T +T”
is a quasiaffine contraction on 9.

The contraction T is close, in different senses, both to M, and to M. Unfortuna-
tely, we are not able to prove yet that 7°can be a Cy;-contraction. However, by modi-
fying our construction and assuming that some subspaces of § are Cy, -semiinvariant
for T, we can show that T is quasisimilar to M,.

Namely, taking into account Theorem 9 we can achieve that the spectrum of
every contraction T,€£($,) considered be D(w,, {,), where {, is an arbitrary fixed
point of «. Let f,, g.€9, be as before, and let us introduce the operators
T €eL(8), T,eZL(Ky), T"€L(K) as follows:

Ti= @ Ty,T,= @ Toxs1, T” = 2 Jokrn® Lo

k=—co k=—~co k=—oo

where K;,= EB Hs and RZ—— EB Hoxs1- Now we define the quasiaffine con-

traction T¢€ Z”—(ﬁ) by =T

n

T = (T} +T")®T;.

Let M and It denote the subspaces M= EB Dor, R= EB Dor. It is evident

k==

that TIMeC,. and PyT|NeC,. Moreover we shall prove:



Approximation and quasisimilarity 241

Theorem 12. If T|Wt and PaT|M are Cyy-contractions, then T is quasisimilar
to M,.

Proof. We have to show that T|R, is quasisimilar to S EB M,
TP * ST

0 PrT|%N

K,=MDON the assumption T|M, PpT|NE€Cy; immediately implies that T€Cy,.

Therefore, T is quasisimilar to its residual part Ry (cf. [4, Proposition 1.3]). On

account of [4, Theorem 1.7] Ry is unitarely equivalent to R1i: @ Regrin® Ryyq, -

We shall prove that Ryjgp= 69 M . Applying [4, Theorem 1.7] several times

Cosidering the matrix T|®,= of T|K,; in the decomposition

we obtain that RTmz(GB R;, )®R N(G} M, )oR, = for ev-

T, é? S 1|, ® S
ery n€N. Takmg into account the functlonal model of Ry (cf. [6, Theorem X.10)),

we infer that M’'= EB M, can be injected into Ryg: M’ <RTm, that is some
k=0 ‘

injective operator X intertwines these operators: XM’=RpqX.

Next we want to show that T |SUI< M’. We are looking for an injection X such
that X(T|M)=M’X. Let us consider the matrix [X;);°;_, of X with respect to the

decompositions M= EB 9o and €= EB €,, where €, €, are the domains of M’

and M;: =M, , respectlvely The commutmg relation above can be expressed by
the equations .
(%) MX;—X;;To; = (X, j41 foj+1) D 82 (4, JEN).

Since Ty; is quasisimilar to M; ({€N is arbitrary), we can find an intertwining
quasiaffinity X;€ £(9,;, €) such that M, X;=X;T,;. Let us define X;; to be zero if
Jj=>i, and X;=2X; for every i€N. Then equality (*) holds, whenever i=j.

Let us now assume that 0=j<i. Since o(M)=aj;, 6(Ty;)=D(0;, {;) and
oy ND(ay;, {;)=0, it follows by Rosenblum’s theorem (cf. [14, Theorem 3.1])
that X;; can be expressed from (#) by the integral formula:

Xy = f(M DX 41 fag+0) @ 825) A—To) 71 dA,

where I';; is a rectlﬁable Jordan curve surrounding a;; and containing D (as;, Cz,)
in its exterior. We obtain X;; for j<i successively from X; by this formula.
It is easy to see that for every i€N there exists a constant K; such that

2 |1 X;l=K;lIX;]l. Since X;’s can be chosen with arbitrary smallnorms, we can achieve
i=0
i,j=0

actually defines an operator X¢€ Z(IM, €) (cf. [7, Sec. 36]), which will intertwine
T|M and M’, and is evidently injective. Therefore, T|I can be injected into M.

that S’ || X;;ll< < hold for the operators defined above. Then the matrix [X;;]7°
i,j=0

16
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Being a Cy;,-contraction, T'{9 is quasisimilar to its residual part Ry, and we
conclude by the chain of relations

RT|!JI ~ Tlmt l< M’ '< RT'“

that Rpq is unitarily equivalent to M. (Cf. [12, Lemma 6] and [17, Proposition
11.3.4))

-1
An analogous argumentation yields that Regrin= @ M, . Consequently
- k

= —o0

(R

o -1 oo ©o
RTERTI‘.UIeRPSITIWQRTIR,g(k@OMa,k)@ (kggm M’ﬂ‘)@(kg?m Ma,,‘“)%" ngém M,
~M,, and so T is quasisimilar to M,. The proof is finished.
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Local upper estimates for the eigenfunctions of a lmear
differential operator

V. KOMORNIK

Dedicated to Professor Kdroly Tandori on his 60th birthday

Let GCR be an arbitrary open interval, n€N, ¢, ..., ¢,€L; (G). arbitrary
complex functions, and consider the differential operator

Lu=u"4qu"" V4. +q.u.

We recall the definition of the eigenfunctions of higher order:

Given a complex number 4, the function u: G—~C, u=0 is called an eigen-
function of order —1 of the operator L with the eigenvalue 1. A function u: G—~C,
u#0 is called an eigenfunction of order m (m=0,1,...) of the operator L with
the eigenvalue A if the following two conditions are satisfied:

— u, together with its first n—1 derivatives-is absolute continuous on every
compact subinterval of G,

— there exists an eigenfunction u* of order m—1 of the operator L with the
eigenvalue 2 such that for almost all x€G

(1) (Lu)(x) = Au(x) +u* (3).

Let u be an eigenfunction of order m (m =O, 1, ...) of the operator L with some
eigenvalue 2. Let us index the n-th roots of A such that

2) Repy =...= Re y,.

It is known (see the references below) that to any compact submterval K of G there
exists a constant G=G,, such that
3 Jul =0 = C(1 +1111a;< [Re p, )|l 2wy

and for [A| sufficiently large
4 ) =gy = C(1 +1I§g" |Re I‘pl)“ WWlpg (G=1,...,n—1).

Received August 22, 1983.
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Furthermore, if ¢;3 ..., ¢,€LL (G) for some p€[l, =] then
® [ lera = CA+ )" (14 max |Re p )| rao-

The constant C does not depend on the choice of u.

Remarks. (i) If n=3 then the quantity max. [Re pu,| may be replaced by
lm]=|A|M": they are equivalent. One can see eagiI; by counterexamples that the
above estimates are the best possible.

(i) The estimates (3), (4), (5) were proved in [3] for the case n=2 and ¢,=0
(see also [2]), in [5] for the case n=3 and ¢,=0; in the general case ¢, %0, using
the results of the paper [5], they were proved in [6] for the case n=3 and in [7] for
the case n=2.

The aim of this paper is to show that if we replace the compact interval K on
the right side of the estimates (3), (4), (5) by another compact interval, strictly con-
taining K, then the terms (1 +1133i‘,. |[Re u,) can be omitted. This phenomenon

plays an important role in the local investigation of spectral expansions.

Remarks. (i) The first results of this type were proved by V. A. IL’ N [1]
and were used to prove a general local basis theorem. For the proof he used the
following condition: putting

[(—D"2212 if n is even,
©) p= [iA]/» if nis odd and Im A =0,
[—iAl¥" if nodd and Imi =0
where
3n
—2',

A

[rel'q:]l/n = rl/nei(p/n’ _% <@

the existence of a constant C was proved for any fixed band
@) [Im x| = C; (C, is constant).

Also, the coefficients of the differential operator were assumed to be sufficiently
smooth. As we shall see, the above conditions can be omitted.

(ii) In the proof of Theorem 2 of this paper we shall use a formula obtained in
[5] for the coefficients of which very simple explicit formulas were found by by Jo6
[4]. This will play an important role in the proof.

In the sequel we shall use the following notations:

1
® n = [2;—-], N =n'(m+1), N=n(m+1), p=y,, 0 = |[Reyl.
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Obviously

Q) o=min {|Repy,|: p=1,...,n}
and

(10) e=Rep if n is even.

Remark. Suppose n is odd and consider the operator
Lu=u"™ +§u" V4. +§,u

on the interval G:= —G where §,(¥):=(—1)° ¢(—). Then, for any eigenfunction
u of order m of the operator L with some eigenvalue A, the function #(y):=u(—y)
is an eigenfunction of order m of the operator L with the eigenvalue —J. This corre-
spondence makes us possible to consider always the case Re u=0 i.e. g=Re u.

In the sequel u=wu, will denote an arbitrary eigenfunction of order m of the
operator L with some eigenvalue 1. Let us introduce recursively the continuous func-
tions

u;: G -C, u;= Luj'ﬂ—/luj+1 a.c.on G

for 0=j=m~1. Then u; is an eigenfunction of order j of the opé¢rator L with the
cigenvalue 4 and u,_,=u".

1. Local “anti a priori’’ estimates. In this section we shall prove the following
result:

Theorem 1. Assume ¢ =0 and gqs,...,q,€LL (G) for some p€[l, ).
Then to any me{0, 1, ...} and to arbitrary compact intervals K,, K,c G, K,Cint K,,
there exists a constant C such that for any eigenfunction u of order m of the operator

L with some eigenvalue A=",

(11 [t ey = CA+ )" |l ey -
The proof will be based on the following assertion

Proposition 1. Given 0#ucC and t€R arbitrarily, there exist numbers
d(u, t), d,(u, t) and continuous functions D, (u,t, -} such that for any eigenfunctions
u of order m of the operator L with the eigenvalue A=p",

(12) t"d(ﬂ9 t) um—l(x) =
’ m n x+ Nt
= Z A dux+kn+ > > [ Dt x—1) g,@ui) @) d
. k=N'—N+1 P=Q s=1 x+(N' =N+t

whenever x+(N'—N+1)t€G and x+N’tcG. Furthermore, introducing the no-
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tation

(13)
Pp, ) = (u)"t*- +""eXlD( 2' (fm+ D+ + (=D m+1)+1) 41 - .)

=n"—n+1

there exist positive constants C,, C; and to any fixed positive number A a positive
constant C such that

(14 |de (i, D1 = Clul"= 1P, Dle~ e for all k,
s D, (u, 1, x—D)} = Clul @7 |P(u, 1)|e=el*~
Jor all x4+(N'—N+Dt=1=x+N"1,

(16) x/zsguzopgz |d (pe, f0)| > Cy|P(u, t)
whenever : : .
(17 Reu=0, 0=t=4 and |u|=C,.

First we deduce Theorem 1 from Proposition 1. For m=0 the theorem is ob-
vious because #*=0. Assume m=1 and that the theorem is true for m—1. Let us
fix a compact interval KcG such that

K,cint K and KcCint K,
and put
e = (N)1 dist (K;, 0K).

It suffices to consider the case Re u=0 in view of (10) and the Remark after (10).
For Ju| sufficiently large we can fix a number t€[e/2, €] by Proposition 1 such that

e, D = Clal =1, Dl 1D, (1, £, x—)| = CIUFO=" ld (g, ).

Fixing 7 by this manner, we have by (12) for any x€K,

’

-1 ()| = Cluf" vg’;v |um(x+kt)|+C_2 Zlul’“ Nl oo |52 Lo

k=1

whence

(18) lttm-slLry = Clul" | oy + C ;(; 22 A= =2 oo -

{Here and in the sequel C denotes diverse constants which do not depend on the choice
of u.) Being |u| large, by Theorem 2 of [5] we have

um=2leew = Clul™ - oo = Cll* "ty | Loy
On the other hand, using the inductive hypothesis, for r=2

= Loy = Cl] =01, | LP/(Ky) -
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Finally, using again Theorem 2 of [5] we obtain

lttm-alerexy = Clul |t Lok, -

Therefore we obtain from (18) the estimate ‘

ltm-allrk,y = Clpl™=* | Umll Lok,

1.e. (11) is proved for |u| sufficiently large. But for |u] bounded (11) follows. immedi-
ately from (5) and the theorem is proved.

Let us now turn to the proof of Proposition 1. Putting

‘ y
Ko(#:)’) 2 7o K y) = J Kol OK, s, y—8)de (r=1,2,..)
.0 .

and for any fixed x€G
19
m ¥
() = 4,0+ 2 [ Kot y=2) 2 gUG=P @) dt,  vy1(9) = 0P () — s (3),
it follows from the results of the paper [5] that v,, is an eigenfunction of order m of

the operator Lyv=v" (defined on G) with the eigenvalue 4, and v,,_,(x)=u,,_,(x).
Consequently the function v,,(») is a linear combination of the functions

y— ) Hp,(y—x)fer—0 (r=0,...,m, p=1,...,n);

therefore the determinant

vVu(x+kt) ... U, 1 (x)
(kptp Y
rl!’ ekust o Co(upt)"

[r=o,...,m, p=1,..,n k=N'-N+1,..,N’, c,=(1—5,0)[;']]

vanishes whenever x+(N’—=N+1)1€G and x+N’t€G. Developing the determinant
according to its first row, in wew of (19) we obtain (w1th obvious notations) the for-
mula (12).
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Let us set for brevity

2= S0+ G- DE+D+HD 1t

@1) g= 3 (Db b G DD+ D) it

i=n—n+
¥ = z{ +z3.
We shall also use the notation
w,é w, © Rew, = Rew,. .

First we prove (14). One can see easily that each term of the development of the
minor defining d,(u, t) can be estimated by an expression of type

Cluln_1+n(1+.'..+m) le?].
In view of (13) and (21) it suffices to show that we can always choose z such that
(22) Re (z—2z*) =—|k|ot.
Introducing the notation k=(m+D)L—l, Le{n'—n+1, .., 1"}, Le{O,...,m},
we can choose

z=1z;+ 2""1(i(m+1)+...+((i—1)(m+1)+1)),4,,,+1_it+

i=l+

+(hm+D)+.. +E+D+E-D+...+G—DM+1)) py sy g+
-1

+ _21 O+ =D+ ... +E— DM+ D) 4y it

is k=1, and
-1

z=z4+ 3 (im+D)+...+(—Dm+D+1) iyt +

i=n'—n+1

Hhm+D+D+. 4+ D+E—D+ + =D+ D)+ 1)) -t +

4 3 (D) (= DO+ D+D) it

if k=0. Using (2) hence we obtain
-1

z=2" = (L= D+ D=F) 1oy =M +1) 3 poyoyt

’é ((ll_1)(m+1)_k)(ﬂn’+l—11_”n')t'—kﬂn't é—kﬂn’t =—lk|ﬂn’t
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if k=1, and °

0 r
z—z%* = (ll(m+])+1—k)ﬂn'+1—11t+(m+1)(. lzvlﬂn'+1—it)_#n'+1t =
. =t~ .

= (hn+D)+1 =)y 13-ty — Mo s D) =Kl 41 1 =Kty 4y = k|t 412
if k=0. In view of (9) hence (22) follows in both cases and (14) is proved.
Now we prove (15). Let us fix r€{0, ..., m} arbitrarily and let I¢ {N'—N+2, ...,
..., N’} be such that
(23) x+(l-It=1=x+11

Then D,(p, i, x—1) is defined by the determinant which differs from the determinant
(20) in the first row:

in case 1=x the element v, (x+kt)isreplaced by K,(u; x—1+kt)if Isk=N’,
all the other elements are replaced by 0;

in case t=x the element v,(x+kt) is replaced by, —K,(u,x—1t+kt) if
N'—N+1=k=]-1, all the other elements are replaced by 0.

One can see easily by induction on r that with some constants c,,,

K., x—t4+kf) = Z 5" 3 cppa(pp(x— 1+ ko) ens—ctid
p=1 aml

In view of (17) it suffices to show that for any fixed g€ {1, ...,n} and B€{0, ..., r},
if we replace in the first row of the determinant (20)

in case 7=x the element v, (x+kt) by kPes*—* %) if [<k=N’, all the other
element by 0; :

in case 1=x the element v, (x+kt) by —kPera™—*+¥ jf N’ _N+1=k=]—1,
all the other elements by O, g
then this new determinant can be estimated by

Clul™ |P(u, ee*~l,

One can see esaily that those terms of this determinant the factors of which choosen
from the first row and from the row corresponding to p=q and r=f are in case
7=x in one of the /th,...,,N-th columns, in case t=x in one of the
(N’—=N+1)-th, ..., (I—1)-th columns, pairwise eliminate each other. All the other

terms can be estimated by
Clulr—1+nl+ .. +m) gz,

it suffices to show that here one can always choose z such that
24) Re (z—z*) = —g|x—1l.
Let us consider first the case z=x. Putting

I= (m+l)ll—l2’ lle{la cees n’}a 126{09 LR m}’
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we can take

2=zt 3 (it D+ A =D+ D+ D) aroit +ay (=D + A= Dy +

i=l

§|-(ll(m+1)+...+l+(l—2§+... +(Lh =DM +D) 411, +

+,_l_j: (Gm+D)—1)+...+( =DM+ D)) 41—t

if g=n"+1-1;, and
w : .
i+ 2 ({m+D+. + (=D + D+ D)) sy i+, (x— 1+ +
i=l+1

'+(11(m+1)+...+(1+1)+(1—1)+.‘. A= 1)+ 1)) g+

1,-1

+ gl' (GMm+D)—D+...+E—DMm+1)) py -t

if g=n"+1—/,. Now using (2) and (23), in both cases

-1
r

2=2" 5 sy (=B D D)~ +1) 3 s .;<

S (I‘ln 11 #n)(x_r+(ll_1)(m+1)t)+”n (x T) = Uy (x T) =—Hy |x TI

whence (24) follows. .
Letusnow consider the case t=x. Putting /| — 1 =(m+1), —L,, L€ {n' —n+1, ...,0},
5,e{0, ..., m}, we can take o
-1

z=z{+ 2 (l(m+1)+ +((‘_])(m+1)+1))n+1 1t+ﬂq(x T)+1,uqt+

i=n'—n+1

+((ll(m‘+1)+1)+...+(l+1)+(l—1)+...+((ll—1)(m+1)+_1)),u,,,+1_,1t+

o )
+ ,21((i(m+1)+1)+-..+((i—1)(m+1)+2))u"f+1-,-t—unf+1t
. L= 1+ .
lf an +1—11, and
l—l
z=1 +i 2 (im+1)+.. +((l_1)(m+1)+1))l‘ ‘+1- ;1+#q(x T+(l—1)t)+
=n—-n+1 .

H(m+D)+ D)+ +1H0=D)+ . H =DM+ D)+ D) gy 2 +

+ Hzoﬂ (Gm+ D+ +... +G=1)(m +1)+2))y,!r+1_i,_,,;,;1,
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if g<=n’+1—1,. Using again (2) and (23), in both cases

h . r 0 r
222" = -, (3= THGMAD D)=+ D (D pesr-il)— P aat =

i=l+1

= (ﬂn’+1—ll_#n'+1)(x—7:+'(ll(m+1)+1) t)+,u(x—t) = U +1(X—T) = Y 44— 1]
whence (24) follows and (15) is proved.
Fmally we prove (16) One can see by induction on m that

|d(u, t)l = |I‘flm(m+1)/2 Ieur|(m+1)(m+2)/2

if n=1, and
Id(y, t)l = I#tlm(m+1)n/2 H le”l"—e“qtl("'*'l)z

1=p<g=n

if n=2. In case n=1 (16) hence follows at once because |d(yu,7)|=|P(y, t)].
In case n=2, taking into account that e%:*+#)=1 we obtain

|d(u, )] = |P(u, 1)] J] |1—eWa—npk|m+DE
Taking into account that rEpmaE
' Rez=—12= [l—¢| = 1—e-1R2,
we have for any 1,€[1/2, 1] |
1d (1) = 1P (u, 1|1 — e~y ) T |1 —elba=ppo|tmty,
' sp<q=n

Re(u,—p)>-1

If we choose C, sufficiently large, the condition (17) implies for all the pairs (p, q9)
in this product

[t (u,—p, )| = 21
and then, in view of the inequality
Rez = —1= |l —¢°| = e~ sin (Im 2)|
(16). reduces_to the following lemma:

Lemma. Given ay, ..., a, €R, k€N such that |a|=>2n for all k=1, ..., k,,
we have

sup mm Isin (ba,)| = sin (n/(12k,)).
1e=b=1 k
Indeed, for any k€{l;..., ko} the meésure of the set
{bel1/2,11: Isin (bay)| < sin (7/(12 ky))}

is less than or equal to (3kg)~! whence the lemma follows.
The proof of Proposition 1 (and also .of Theorem 1) is finished.
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Remark. In case n=2 Theorem 1 remains valid under the weaker condition
q:1€Lf, (G), too. Indeed, we proved in [7] that in case n=2 there exists a positive
constant R such that for all the eingenfunctions u of order m of the operator L with
some eigenvalue A,

(25 luf =y = CeRIRemlu pmi, -

Using (3), (5) and (25),

le*eoy = CQA+|uh)" (1 +[Re pDlull iy = C(L+ )" L+ Re ] ] L=z =
= C(L+[u))" ' +|Re py)e~RIReml [y =gy =
= C(L+[u)" (1 +(Re py)2e=RReml | uf g,y =
= C(L+[pu)"Hullwwy = CA+{u)"Hull Lok, -

Conjecture. The condition g, =0 in Theorem 1 can be replaced by the weaker
condition ¢, €L} (G) in case n=3, too.

2. Local uniform estimates. We shall prove the following result:

Theorem 2. Assume q,=0. Then to any m€{0,1, ...} and to any compact
intervals K, K,CG, K ,cCint K,, there exists a constant C such that for any eigen-
Jfunction u of order m of the operator L with some eigenvalue 1,

(26) , Il L=y = C el gz -
For |A| sufficiently large we have also
(27) " u(i)"L"’(Kl) = C” u(")llu(xz) (l = 1, veey Il—'l).

We need the following assertion:

Proposition 2. There exist continuous functions f,, F, such that for any eigen-
Junction u,, of order m of the operator L with some eigenvalue A=py",

, % filu, DU (x+kt) =
(28) k=N'—N

x+N't n
DiF,(u, t, x~1) 5 q,(D)uls=P()de (i=0,...,n—1)
s=1

r

M=

0 x4+ (N —N)t

whenever x+(N'—N)t€G and x+N’tcG. Furthermore, introducing the notation

29) Q) =exp((m+DGut-.. +u)t),
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to any fixed positive number A there exists a constant C such that

(0) fols —Q (s DI = CIQ (s, )] eReGw'+1=1),
B fwer(p, N—em D tQ (g, B)] = Clem D 1Q (p, )Rl =t - 1)
©2) Vi D] = CIO G, Hle~Wle,

(33) IDLF, (1, 1, x—1)| = Cluf+¢+D0=7 0 (y, f)|e—el*—
whenever

G4 . Reu=0, 0=t=A and |u=1.

First we deduce Theorem 2 from Proposition 2. As in Theorem 1, it suffices to
consider the case Re u=0. Let us fix a compact interval KCG such that

K,cint K and KcintK,
and put
= (m+1+ N1 dist (K5, 0K)

Let us fix B;>0 such that
(35) Rep =B, and 1 = R/2= |fo(u, | = 271Q(u, )|
and then B,, B,>0 such that

(36) lul = By = [l L=y = Bolpl' 4| g,
and
(7 =By Reu=B, and 1= R2= |foeal )] = 27 e @ DmriQy, ).

This is possible by (30), (31) and by Theorems 3, 4 in [6] (if we are interested only in
the estimate (26), it suffices to use Theorem 2 in [5] instead of the results of the paper
[6]). Now we distinguish three cases.

If |u|=B, then (26) follows from (3).

If |u]>B, and Re u=B, then we apply the formula (28) with any x€K; and
‘R[2=t=R; in view of (22), (33) and (35) we obtain

m n
MEI=C 3 D Gk S 0 g a0 e,
k=0 o

Using Theorem' 2 in [5], Theorem 1 from the preceeding section and (36),
i+ O+ 0= ey = Clul* =t Loy = ClulP [P 1xy = CluPxy;

therefore
pel=C % | (e + kD[ +C ] 1rixy-
k=0 :
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R
Applying the transformation f dt we obtain
RY2

lug ()] = Cllud |y
whence
Nl =y = CluP sy
and (26), (27) are proved.
If |u|>B, and Repu<B,, then we apply the formula (28) with any x€K,
and R/2=1=R (we put x in place of x+(m+1)t); using (32), (33) and (37) we
obtain

wei=c = D G+ k) +
N —-N-m—-1=k=N—-m—1
k#0
m n .
$C 2 3O g g g2 o
r=0s=

hence we can conclude (26), (27) similarly as in the preceeding case. The theorem is
proved.

Now we prove Proposition 2. Let us denote by S, (u, ?) the elementary symmetric
polynomial of order k of e, ..., e"»* with the main coefficient (—1)"* if
k€ {0, ..., n}; otherwise we put Si(u, t)=0. Define

fl‘c+N'—N(1ua t) = Sn—k(ﬂ’ t)
if m=0, and

fiz+N’—N(ﬂ: t) = %'Z %'ZSn—rl(iu’ t) Sn—rm(/-l: I)Sn—k+r1+...rm(ﬂa ’)

if mzl It was shown by JoO [4] that for any eigenfunction v,, of order m of the
operator Lyw=v" with some eigenvalue A=y",

N
2 Julu, Don(x+ki) = 0;
k=N"-N
hence for ic€{0,...,n—1}

(3%) - k=N2h:,'—Nf;‘(”’ HoW (x+ ki) = 0.

Using the notations of the preceeding section, let us define v,, by the formula (19).
Then we have (see also [5])

@ WO =0+ 3 [ Dk - 3 et @

(38) and (39) imply (28) (with obvious notations).
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The estimates (30), (31), (32) follow easily from the explicit expressions of the
functions f; . To prove (33) we note that the formula (38) can be obtained if we develop
the determinant

U (x+kt)

ekupt

40) (ki tY
L

(r=0,...,m, p=1,...,n, k=N—-N,...,N)

according to the first row and then we simplify the obtained formula by a suitable
expression R(u, t). Repeating the proof of the estimate (15) in Proposition 1, we
obtain (33) under the condition R(yu, t)70. But this condition can be omitted be-
cause for any fixed u=0, both sides of (33) are continuous in ¢ and the set

{teR: R(yu, H) = 0}
is discrete.
The proposition (and also the theorem) is proved.

Remark. In case n=2 the condition ql_O in Theorem 2 can be omitted.
Indeed, using (25) and (3),
fulimy = CemRIReml ]y, = Ce=RIReml(1+|Re wy ) |4l Lrxy = ClullLixy-

Conjecture. The condition q,=0 in Theorem 2 can be omitted in case n=3,
too,

Finally we note another version of Theorem 2 which is a little weaker than the
above conjecture:

Theorem 3. Assume gq, ..., q,€ L, (G) for some p€[l, =]. Then to any
compact intervals K,, K,CG, K ,Cint K,, there exists a constant C such that for any
eigenfunction u of order O of the operator L with some eigenvalue 2,

@1 Nl L=eey = Clulzray -
For [A| sufficiently large we have also
“2) |49 ey = Clu®ray (=1, ooy n—1).

Proof. We repeat the proof of Theorem 2 with the following changes:
In case |u|=B, and Re pu=B, we have now

Pl =C 2 |u?(x+k)+C _21 =" gl oao g™ Loy -

o —n=kz=n
k=0
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Using Theorem 2 in [5] and (36),

|l =" g Loy = Cluf = ol Loy = Clutl o] iy = Clug? oy

therefore
WP =C Z  |ufP (x+k)|+Clluf’) ey,
w—nsk=n
k#0
|uf? ()| = Clud|| Ly + Clluf | Loy »
and

lusPli=y = Clul| Loy = Cllud| Lo,y -

The case |u|>B, and Re p<B, is similar.
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On the unitary representations of compact groups
1. KOVACS and W: R. McMILLEN

Dedicated 10 Professor K. Tandori on the occasion of his 60th birthday

Let G be a compact group and let g— U, be a continuous (strongly or weakly,
since one implies the other) unitary representation of G on a complex Hilbert.space
$. By definition, the dimensionality of the representation is the Hilbert dimension
of $. Denote by Z($) the von Neumann algebra of all bounded linear operators of §.
Furthermore, let % be the von Neumann algebra generated by {U,: g€G}. The
representation g—U, is said to be irreducible if U= 2B(9H).

One of the fundamental theorems of representation theory is that a continuous
irreducible unitary representation of a compact group G is finite-dimensional. Several
methods have been introduced in the literature to prove this theorem. Most of them
use the analytic geometry of Hilbert spaces and their compact operators, and some of
them use the elegant but highly intricate machinery of Hilbert algebras or von Neumann
algebras ([1], [3], [4], [5]). All of them use, however, invariant integration on G in
one way or another. In [4], invariant integration served also for the basis of a general
theory to create a mapping 7T of #($) onto %’, the algebraic commutant of
%, which yielded, in final analysis, a non-elementary, but an easy access to the fun-
damental facts of the representation theory of compact groups on Hilbert spaces,
including the above mentioned theorem (cf. [4], 2, §4). Later, Karl ' H. Hofmann,
apparently unaware of [4], came up with an explicit form of T as

) T= [U;iTU,dg (Te#(9)),

where dg is the normalized Haar measure on G, and (1) is taken, for instance, in the
sense of the weak operator topology of 2 (9). Furthermore, using certain considerations
.in topological vector spaces, he observed that the mapping T—7 carried com-
pact operators into compact operators, a fact which rendered the proof of the theo-
rem elegant, elementary, and easy (cf. [2]).

Received April 27, 1984.
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We are going to give a proof here which is technically different from Hofmann’s.
In fact, denote by &+ (9) the convex cone of the non-negative elements of Z(%H)
and consider an orthonormal basis (e,);c; of . For T¢#*(9), put

@ tr (T) = 2 (Tejle),

icl
where the symbol (- |-) stands for the inner product of $. For further references, we

precise . that the summation in (2) is understood in the following manner. Let &
be the family of all finite subsets J of 7. Then, by definition,

3) 2, (Te;le)) = sup { Z (Teilei)}-
il JeF ieJ

The extended valued function tr(-) which does not depend on the particular choice
of (e)) is linear, unitarily invariant, and is-known as the canonical trace of #* (9).
If P is an orthogonal projection of §, then tr (P)=dim P$. This implies that § is
finite-dimensional if and only if tr ()<<, where 7 is the identity operator of 9.
Now, choose, for instance, an arbitrary one-dimensional projection P of 9, i.c.
tr (P)=1, and observe that for every g€G we have

) 2 (U PUele) = tr (U7 PUY) = tr(P) = 1.
icl

For every JEZ, let f;(g)=1— > (U;'PU,e;le;). Then, (f)),cs forms a down-
i€y
ward directed family of continuous functions on G such that Ji€n£ f;=0. Then, an

elementary property of Radon integrals tells us that (4) can be termwise integrated
(cf. [5], 11, 2, §6):

() u@P=1= [u(P)dg = %l’f(Ug'lPUgeile,-)dgz g(ﬁei{ei):tr(ﬁ).

From this, we conclude that P>0. Furthermore, the translation invariance of the
Haar measure and (1) imply that Pc%’ and P=>0. Now, if the representation g—-U,
is irreducible, then %'=(B(9)) =(cl) ¢ (C is the complex number field), hence
P=c,I with ¢;#0. Then this and (5) imply tr(/)=1/cy<e, ie., $ .is finite-
dimensional. The proof is complete.

1y With respect to the inclusion of the clements of & as a partial ordering, % is an upward
directed set.
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A Bohr type inequality on abstract normed linear spaces and its
applications for special spaces

NGUYEN XUAN KY

Dedicated to Professor Kdroly Tandori on his 60th birthday

1. Introduction. BoHR [1] proved (in another form) that if a 2za-periodic in-
tegrable function g is orthogonal to every trigonometric polynomial of order at
most n then the following inequality is true :

M |fxg(’) d’l = Enl-lg(x)l (~e<x<o,n=12.)

where ¢, (and later ¢, k=2, 3, ...) denotes an absolute constant. Later an inequality
of type (1) was discussed by many authors (see e.g. [2], [3]), [4], [6], [9)).

Let L (1=p=-) be the Banach space of all 2z-periodic functions with the
usual norm

2n 1/p
1/, ={f fGPrdx} (1 =p<-e),
Il = esssup 1),

— oo X< 00

We denote by T, the set of all trigonometric polynomials of order at most n
(n=0,1,..)). For feL} let

@ BN = inf If-4l, (r=0,1,2,..).

Let D2, be the set of all 2z-periodic functions f which are absolutely continuous on
(— e, =0) and for which f’¢L2 . It is vell known that

c (4
3) EXN=2Ufl, 1 =pse, fiDh, n=1,2,..).
Using the inequality (3) (case p=1) we can prove the inequality'(l) and cohversely.

Received May 21, 1984.
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In this paper we prove this statement in abstract normed linear spaces and we give
applications for special spaces.

2. A Bohr type inequality in abstract spaces. Let X be an arbitrary normed linear
space. The norm in X is denoted by || - ||. Let furthermore X* be the dual space of X
(the space of all continuous linear functionals defined on X). The norm in X* is
denoted by [ -]|*. Let L be a subspace of X and

L =Li(X):={g€X*: g(x)=0 Vch[;}.

We can prove that L+ is a subspace of X* We define the best approximation of an
element x€X by elements of L:

E () = inflx—y].
Let T be the following operator:
@ , T: D(T)—~ X linear and T(D) =

where D D(T)(CX) denotes the domain of T.
Suppose that there exists an operator I which has domam D(I)CX *

®) I. D{I) - X* is linear,
1 and T satlsfy the following relation
6 : g(x) = I,(Tx) (vxeD(T) VgED(I ).

Then the following statement is true:

Theorem 1. Let Tandlbe two operators satisfying (4), (5), (6). a) If D (I).=”IH-
then the following statements are equivalent for A=>0:

™ E.(x) =2|Tx| (¥x€D(T)),
® I1gl* = Algl* (vgeD(I)).
b) In the case D(I)CL* the inequality (7) implies (8).

Proof. a) (7)—~(8): We have by the duality prmmple of Nikolskii (sec e.g;

SINGER (8, p. 22))
sup |Ig(Tx)| = sup Ig(x)I—EL(x)SlllTxll
geLL geLt
llgll“sl igi*=1

So for any fixed gED(I)CLL(llgII*Sl) we have
|Ig(Tx)| = A|Tx| (vxeD(T)).

-

Hence by (4) we obtain.
1le()| = Ayl (Vy€X)
therefore we get (8) from the definition of norm in X*.
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b) (8)—~(7): We have by duality principle and by (8)
E (x)= sup |g(x)|= sup |[(Tx)| = sup [Ig|*|Tx] = A|Tx].

geLt geLl geLl
Ngh*=1 Ng*ll =1 Ngh*=1

3. Applications. a) Let X=L} (1=p<e) and let L=T, : n=1,2,..).
Then we:have " X*=L% (1/p+1/g=1, 1=p<e) and (L3)*DL},. Let

2r

TH(L5) = {g€Ly: [ ghdx=0,V4€T,} (1=p<e).

0
* 1 2n
T (L) 2 {g€Llhs [ gt,dx =0, V14,ET )= O(LL).
0 ) . L

Let Tf:=f" (féD(T)::Dgn) and

fsi= [ gt [gen,m={

0

TH(LE) (1=p=<oo),
QL) (=) '

It is easy to see that T and T satisfy the conditions (4), (5), (6) (with D(T)=L* in
the case 1=p<oes, . D(T)CL™* in the case p=-<c). So by Theorem 1 we have

Theorem 2: Let 1=q=e, n=1,2,.... For every g&D,,(I) we have

c
Ly, = —ni “gHLg,,-:

rex
0

b) Let X =L"(w)' 1=p=o be the Banach space of all measurable functions

defined on [—1,1] with norm
1

Sl ={ [ I wdxf? (1 =p <),
o Mlep = 1Sle = ess sup /()]

where :
w(x) = (1—-xPA+x)f (¢, > —1, x€[—1, 1].

We have X*=[L"W)]*=L(w) (1=p<o, l/p+1/g=1) and [L=(w)}*D>L'(w).
Let I1, be the set of all algebraic polynomials of degree at most n (n=0, 1,2, ...)
and let L=1I1,. Then we have

1
Lt = I} (L (W) = {geLi(w): [ gp,wdx =0, Vp,ell,}
-1
&) ‘ (1=p=<e, l/pt+l/lg=1),

I [L=w)] > {geLw): [ gpwdx =0, Vp,£M,pi=Q,(w).
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For any feLf(w) (1=p=o) we define
E:(W’f) = p:gg" "f_pn"p,w (n = 0: 1: 27 )
The following class of functions was defined in [7]:
M, (w):= {fEL?(w): f is absolutely continuous in (—1, 1), Y1—x? f"(x)€L(w)}.
In [7] we proved that

(10) E(w,f) §%”V1—x2 P @low (L=pseo, feM,w), n=1,2,..).

Now, let us define the operators T and [ as follows:

Tf(X) =T, f(x):=V1=x* f'(x) (feD(T,):= M,(w)),
1509 = 1,809 =i [ vOe0dr (eepr,)
where D(/, ;) denotes the domain of I=1,, which is defined by
ay DI, )= [LPW)] 2<g=w, 1/p+l/g=1),

D(I,,):= {gcII}[LP(w)]: g satisfies condition (13)} (1 <g=2)

(12 D(I, )= {g€Q,(w): g satisfies condition (13)} (¢ =1),
where
a3 [ w@g@®dr=o[w"(x) Y1=5*] (x| - 1).

-1

We prove that the operators T and [ satisfy the conditions in Theorem 1.

X

Let feD(T,), geD({,,) and let G(x)= fw(t)g(t)dt,
=1
In the case (1=p<2, so 2<qg=) we have for —1<x<0

66 =| [ wos@ al = ( [ Ig(t)l"w(t)dt)‘“'(fw(:)dt)lf?g

= [ gl wOllx +1)P WP (x)] =
= (x+ )V O W VT = o [W/P@VI=x*] (x ~=1).
For 0<x<1, using the relation

x 1

Gx)= [wyg)dr=— [ w(®g(®dt

-1 x
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1
(which follows from the fact that f wgdt=0 since gED(I,,)). By a similar me-
-1
thod we obtain

G(x) =o[w/?(x) V1—x2] (x—=1).

So relation (13) is true for every gcD(l,,) (1=g=e, n=1,2,...). Therefore by
integration by part we have

f f@Dew@dx= [ f()Gx)dx =

1

V_— "o G(x)w(x) dx:_f1 Tf(x) Ig(x)w(x) dx.

Since this integral exists for every Tf€¢LP(w) and T[D(T)]=LP(w), we have by a
well known theorem of functional analysis that Ig€L%w) and the last formula
proves (6).

By Theorem 1, using (10) we have

= fVl X 3) ==

Theorem 3. Let 1=q=<, n=1,2,.... For every gcD(l,,) we have

Iﬁ;&} f w(t)g(t)“q'w = ilgllq w-

¢) Let X=LP=IL7(—oo, =) (1=p=<) be the Banach space of functions
defined on (—oo, ). Let

o(x) = 0,,s(x) = A +[x)/Pe= "2 (3 =2, 6§ =0, — <x <)
We consider the following subspace of LP:

L:= H,;:= {o(x)p,(x): p,€IT,} (n=1,2,..).
We have

L* = H} (L7) = {geL1: f gp,edx = 0, Vp,,EII}

—c0

(I1=p<es, 1/p+i/fp=1n=1,2,.))
and

Hi(L=) o {geL*: [ gpadx =0 Vp,€ll,}:= Q.
For any @fcL? we define

Efe.f) = inf, le(=pdl, (1=0,1,2,..).
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Freup [3] proved the following inequality:

c 4
) E@N=pmlel, ((=p== ofiM@, n=12..)
where
(15)  My(e);={ef€L?: f is absolutely continuous on (—ee, =), of"€L?}.

We define T=T, and I=1,, as follows:

T(ef) = of (ofeM,(0) :=D(T,)),

1e@= 45 [ e ar (D)),
where
gEH(LP) (1 =p<w) and g
D[I“’")::.{ g€Q (p=<) (satisﬁes condition (16))} ’
where
(16) - J eWedt = Olx["e ()] (Ix] +=2).

— o0

First we prove that T and I satisfy the conditions of Theorem 1. Let fc¢D(T},)
(1=p=<) and let gcD(I,,) (/p+1/g=1),

X

G()=[e@e®adr

— oo

Using (16) we obtain

F@GEI = 16@I| [ O di+ 0] = ollxlo@+o [P0 )| [ 7@ def] =
= o()+of| f k[ o (0)1f7 (@) def] = o(1)+o [|x[¥] f eO)If Odi]] =
0 0o

=o(V)+o [Ixfalef’l, |( [ di)"] = o) +o(1) = o(1) (Jx| ~e2).
So we have by integration by part
an J f@e@g®dx = [ f(DGH)dx =

= J Q(x)f'(x)gz;)'G(x)d-‘= [ Tenigas.
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Since the integral (17) exists for every T(¢f)€LF and T[D(T)]=L” we have IgcL?
and (17) proves condition (6). Other properties of T and [ follow from the definition.
We have by Theorem 1 and (14)

Theorem 4. Let 1=g=o, n=1,2,.... For every gcD(,,)we have

’ 1
)

200 f e(Dg(®) dt“q 5% gl
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Limit cases in the strong approximation of orthogonal series
L. LEINDLER®)

In honour of Professor K. Tandori on his 60th birthday

Introduction

Let {¢,(x)} be an orthonormal system on the finite interval (a, b). We consider
the orthogonal series

) S with <o,
n=0 n=0

By the Riesz—Fischer theorem series (1) converges in the metric L2 to a square-
integrable function f(x). Denote s,(x) the n-th partial sum of (1).
In [1] we proved that if O<y<1 and

M3

2

then

e2n? < oo,

3
i
-

n+1 Z(S"(x) ““f(x)) =o,.(n77)

almost everywhere in (a, b).
G. SuNoucHI [6] generalized our theorem to strong approximation in the follow-
mg way: If 0<y<1 and (2) holds, then

ip
® & 2 amikhm-r@r = ot

vy=0

also holds almost everywhere for any o=0 and O<p<y~1, where A:=("j;a).

We generalized this result in [2] in the following ways:

*) The preparation of this paper was assisted by a grant from the National Sciences and
Engineering Research Council of Canada while the author was visiting the University of Alberta.

Received March 31, 1983,
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First we showed that the assumptions of Sunouchi’s theorem imply, for any increas-
ing sequence {v,} of the natural numbers, that

n 1p
@ GUar bk 9= (g S ATHL@-SF} =06

also holds almost everywhere in (a, b). In the other words we proved that the conditions
of Sunouchi’s theorem imply the very strong approximation with the same order.
Since we speak on strong, very strong and extra strong (or mixed) approximation
according as in the investigated means the following partial sums s.(x), s, (x)
(Ve=<Vn41) OF 5, (x) (Where {1} is a permutation of a subsequence of the natural
numbers, or briefly a mixed sequence) appear, respectively.

Secondly we replaced the partial sums in (3) by (C, 6)-means, where § would
also take negative values. '

Very recently in a joint paper with H. SCHWINN [5] we have attained to the fol-
lowing four theorems: ‘ ‘

Theorem A. If O<py<p then for any increasing {v.} of the natural numbers
condition (2) implies that

n 1/p
®  m 8D O 0= {040 2P @~} = 0um)

It}

holds almost everywhere in (a, b).

Theorem B. Ifa andy are positive numbers, 0<py<1, and {v.} is an increas-
ing sequence, then condition (2) implies (4) almost everywhere in (a, b).

The novelty of these theorems is that the restriction y<1, which appeared in
the previous theorems, is omitted. The following theorems, holding this advantage,
extend these results to the case of extra strong approximation under a slight restric-
tion of other type.

Theorem C. Let {i} be a fixed permutation of a subsequence of the natural
numbers, moreover let y>0 and O<py<min (8, 1). Then condition (2) implies that

(6) hn(.f’ ﬁ’ D, {#k}a x) = ox(n_r)
holds almost everywhere in (a, b).

Theorem D. Let {,} be a fixed permutation of some subsequence of the natu-
ral numbers, let y=0and O<py<min (a, 1). Then (2) yields that

(7) . Cn(f; a, p, {/‘k}, X) = ox(n“’)

holds almost everywhere in (a, b).
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In a recent paper [4] we started to investigate the order of approximation of the
means h, defined in (5) under the assumption f=py; i.e. we investigated the limit
case of the restrictions of the parameters. We obtained, among others, that in the
special case p=2, condition (2) with y=pf/2 implies only

ha(f B, 2, {u}; %) = 0.(n™);

and in the case p#2, condition (2) does not ensure even this order of approximation.
In order to obtain the order O,(n~?), new conditions were required instead of (2).
More precisely, we proved (Proposition 2 of [4])

Theorem E. Let {v,} be an arbitrary sequence. Then for any positive B the fol-
lowing pairs of condition

(8) 0< P =2 and S’ nﬁ—l{ Z.o" CE}plz < oo
n=1 k=n+1
or
® p=2 and i’ n@/PE-D+1e2 o
n=1 X
imply
(10) hn(f; ﬁ, P, {vk}; x) = Ox(n—plp) (? — ﬂ/p)

almost everywhere in (a, b).

The aim of the present paper is to study whether Theorems B, C and D have
extensions for the limit cases of the restrictions of the parameters similar to Theorem
E. For Theorem E can be interpreted as an extension of Theorem A to the case
py=4. _

We shall also investigate what happens if we retain condition (2) but the para-
meter y takes the limit value of those in the previous theorems. In these cases, as
expected, the order of strong approximation will increase by a factor (log n)'.

Now we formulate our theorems:

Theorem 1. For any positive o« and for any increasing sequences {v.} of the
natural numbers the following pairs of conditions

<o ©o

a 0<p=2 and (3 apt<-
n=1 k=n+1

or

(12 p=2 and > cin<e
n=1

imply

(13 C.(f, o, p; {n}; %) = O, (n~1/P)

almost everywhere in (a, b).
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Theorem 2. If =0, B=min (B, 1) and {u} is an arbitrary permutation of
some subsequence of the natural numbers, then each of the conditions (8) and (9) with
B instead of B implies that

(149 ha(f; B, P} X) = O (n=17)
holds almost everywhere in (a, b).
Theorem 3. If =0, a=min(a, 1) and {4} is an arbitrary permutation oy

some subsequence of the natural numbers, then each of the conditions (11) and (12)
implies that

(15) . Cn(f’ A€, pa {l‘k}: x) :'Ox(n—ilp)
holds almost everywhere in (a, b).
In the following theorems the conditions on the coefficients will be of the same

forms as condition (2). The results to be presented can be considered as extensions of
Theorems A—D.

Theorem 4. If p and B are positive numbers then for bny increasing sequence
{v} condition

(16) Sane <o G = plp
implies that
a7 h(f, B, B, ;%) = 0(n= (log n)'"?)

holds almost everywhere in (a, b).

Theorem 5. If o and p are positive numbers then for any increasing sequence
{v.} condition

(18) SentP<e (y=1/p)
n=1
implies that '
(19) C.(fio, p, {(n}; x) = o.(n~'" (log n)V7)

holds almost everywhere in (a, b).

Theorem 6. If p and B are positive numbers, and B=min (B, 1), then for any
permutation {i,} of some subsequence of the natural numbers condition

(20) g cin®lP <o (y = B/p)
implies that
ey . h,(f, B, p, {i}; x) = o.(n=?7 (log n)'/7)

holds almost everywhere in (a, b).
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Theorem 7. If « and p are positive numbers, and &=min («, 1), then for any
sequence {u;} given in Theorem 6 condition

@2) S it <o (y = d/p)

n=1

implies that
(23) C.(f, o, p, {m}; %) = 0. (n=%/7 (log n)*/%)

holds almost everywhere in (a, b).

§ 1. Lemmas

To prove the theorems we require the following lemmas:

Lemma 1 ([2, Lemma 5]). Let {1,} be a monotone sequence of positive numbers
such that

m
D A = KA. ™).
n=1
I7
2 Cidy <oo,
n=1
then we have

520 () —f (%) = 0, (Az")

almost everywhere in (a, b)
Lemma 2 ({5, Lemma 4)). Denote
CoPo(x) if n=0,

* — n
T 3 @) ff PEn=2m=L
- k=2m

Then for any positive p and m=1

[ 2 b @—si @i = ko) S

Lemma 3 ({5, Lemma 5]). Let y>0 and p=2. Then condition (2) implies that
o 2m+l_3
2 2 K s () —sem(¥)— 0 ()P

m=0 k=2m

is finite almost everywhere in (a, b).

*) K,K,, K,, ... will denote positive constants not necessarily the same at each occurrence.
Similarly K(a), K;(a), ... denote constants depending on the parameter a.

18
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Lemma 4 ([5, Lemma 6}). Under the assumptions of Lemma 3 we have

2 ko (x)P <o
k=1
almost everywhere in (a, b).

Lemma 5 ([5, Lemma 7]). Condition (2) with any positive y implies

0. (x) = 0,(n™")
almost everywhere in (a, b).

Lemma 6 ([4, Lemma 3}). Let x>0 and {2,} be an arbitrary sequence of posi-
tive numbers. Assuming that condition

implies a “certain property T=({s,(x)})” of the partial sums s,(x) of (1) for any
orthonormal system, then (1.1) implies that the partial sums s, (x) of (1) also have the
same property T for any increasing sequence {m}, i.e. if

1) = T({s,(x)}) then (1.1)= T({sn, ()}
for any increasing sequence {m,}.

Lemma 7. Let y=>0, p=2 and py=1. For a given sequence {u} of distinct
positive integers we define another sequence {m,} as follows: m,=2" if 2™=p, <21,
Then (2) implies that the sum

@)= 3 k5 ()= 5w (=R COP

is finite almost everywhere in (a, b).
Proof. The case py<1 has been proved in {5] (see Lemma 8). If py=1 then
oo oM+l_g «
mEx) =2 [5:(X) = Som () — 07 (X)[P,

m=0 i=2m

whence, by Lemma 2 and p=2, we obtain that

b oo om41
[ m@yrdx=k 2 5 i<,
a m=0 n=gm+41

which prove our lemma with y=1/p.
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Lemma 8. Let y>0, p=2 and py=1. Then for any sequence {u.} of distinct
positive integers the sum

o ()= 2 kPr=1|g%, (x)]?

is finite almost everywhere in (a, b) if (2) holds.

Proof. If py<1 then our lemma is proved in [5, Lemma 9]. The case pr=1
follows from Lemma 4 with y=1/p, and so the proof is complete.

Lemma 9 ([3, Lemma 2]). Suppose that y is a real number and that (2) holds.
Then for any sequence {i} of distinct positive integers we have the inequality

f {2 28, () — S (]2} dx = K 2 c2n®,

where m,=2" if 2m=p, <21,

Lemma 10. Suppose that y=0, O0<p=2 and B=py, and that (2) holds. Using
the notations of Lemma 9 we have that

b / 1py2 oo
1y f{ s (ST S0, @ -sn ) | dx =K 3 cin

holds if B=1; if B=>1 then we only have

b 1/py2 o
(log n)?2 s-1 _ ,,) } - 2,9
(1.3) !{oésnufm (m 2 k |5k (Y) Smk(x)l dx = Kn=21 cpn v,

Proof. First we prove (1.3). If p=2 then a simple mtegratlon gives (1. 3) If
p<2 we use the following form of Holder’s inequality

(1.4) kgnl K75 () = S ()P = {k.f:l' k21D =25, (x) =5, (X)[2} 7% X

x{ > K= 2010) 2/ =) 4261/} P8,
The sum in the second factor does not exceed K log n, and so by (1.4)

Zn’ kP~ s (X) = S, ()P = K, (log n)l“”é{ S’ K2BIPI =15, (X) — Sy, (X212,
k=1 k=1

whence by Lemma 9 with g, =k and y=pf/p we obtain (1.3).

18*
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The proof of (1.2) for p=2 is also obtained by mtegratlon but here we require
that B=1. Namely,

oo b - ©o
kg'lk"“f 15, () —Sm,Fdx=K 3 3 kK 'Ei.=

m=02M=y, <2m+1
-] [--J oo

=K ZoEgm-zmﬁ =K, 3 Ei.2"" =K, Zl'c,z,n”.
. m= - m=0 n=

In-the case p<2 we distinguish two cases according as y=1/2 or O<y<I1/2. If
y=1/2 then we use the Holder’s inequality in the following form:

n
kz’ kﬂ lls‘lk (x) smk(x)lp = I(Z]'. kﬂ_l”£(1/2—ﬂ”i(?_l/z”sﬂk (x)_smk(x)lp é

(1.5)
= { Z‘ k"(ﬂ 1)/(2—P)#n(1 2y)/(2— P)}l P/2{ 2 #27—1|sﬂk(x)_Smk(x)|3}l’/2_'

Next we estimate the sum appearing in the first factor:

. n
S = k 21 K2(6~Di@=p) p(1=20)/@=P),

If y=1/2 then B=p/2, andso Z;=Klogn. If y>1/2 then 2(—-1)/(2—p)>—1,
and therefore with 2'-'<p=2'

Q. 6) 3= 3> H-Ie-p pa-tie-p) = Zlf + 5 = S+
m= ozmsfgzml m=0 m=Il+1
furthermore
= 2 2mp(1-27)/(2—p) 2 k2B-V/2-P) =<
.7 e
=K, 2’» 2mp(1-2)i(2— p) QmA+2/—D/(—PF) =< K, ZI' 1 =K,logn
and =t "
(1.8)
.= i 2mp(1—25)/(2—p) Z"» kHE-D/@-P) = Kplt2(-DIE-p)  JP1-20C-P) = K |
m=1+1 : k=

The estimates (1.5)—(1.8) and Lemma 9 give (1.2) for y=1/2.
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‘Finally we prove (1.2) for 0<y<1/2 and p<2. Asin (1.5) we use again Hol-
der’s inequality with k instead of u,. We obtain that

. kzl kP15, () = S, ()P =
(19 = {Z"v k2(B-D/2—p) kp(1—2)')/(2—p)}1——p/2{ Zn'k27_1lsﬂk(x)—smk(x)!z}”z =
k=1 k=1
= K(log n)l—p/2{ 2"' k#=t lsﬂk (x)_smk (x) |2}P/2.
k=1
If we can show that
! : o hind -
(1.10) [ Z K5, () =5, (P} dx = K 3 c2n¥;
s k=1 n=1

then (1.9) and (1.10) will yield (1.2) with 0<y<1/2, too.
Now we verify (1.10) as follows:

co b oo By
510 [ s @-sn0de= S 3 as
= : 1

k= n=m+1

om+1 onm+1 m oo gm+1

2 kY 3 =3 3 &k l=K3 3 ¥
"é,‘k<2

m+ 1 n=2m+1 m=0n=2m+1 k=1 m=0np=2m41

-]

[iA
Mz

2

I
)

il

Herewith we completed the proof.

§ 2. Proof of the theorems

Proof of Theorem 1. If a=1 then (13) follows from Theorem E with =1,
since h,(f, 1,p, {v.}; X)=C,(/, 1, p, {v}; x). On the other hand, in respect to the
following elementary fact:

Ay, K

=— fi =1,
T " or any oa=1

2.1
we have for a>1 that
(22) Cn(f; a} p’ {vk}; X) = KC,,(f; la P: {vk}; X),
so (13) is proved for any a=1. »

Now let O0<a<1. We put C,(x):=C,(f,a,p, {k}; x) and 2"=p<2m*!
{(m=2). Then

1 gm-L 1p
@3 G =k ({4 2 actis@—rer} +
1 n 1/p )
s 3 amtlhe-ror) )= k(EPe+cPe).
L 1 1

B k=2m-14
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Here the first term C(x) is of the order O,(n~?), for after smphﬁmtxon it
becomes a part of the mean C,(f; 1, p, {k}; x).
Now we estimate C®(x) as follows:

om_1 i/p
ey o=kt T st -w-@-er} +
n k=2m-141
1 om_1 1/p Yp
e 2 At w—ror] H 2 A e -se@—oer) +
An k=2m—l+1 A i
i/p 1 n 1p 5 .
e 3 akee—sor) a3 astlaer) )=k 3 00.
n k=2 n k=2m-141 =1
By Lemmas 1 and 5 we have
@3 D) +DP ()P (x) = 0,(n~"),

since it is almost trivial that conditions (11) and (12): separately, imply
(2.6) 2 2P < oo,
The implication (11)=(2.6) can be proved as follows: By p/2=1 we have
gcﬁnz/” = K(p) 2‘ m@p-1 Z‘ 2= K,(p) Z' 2m2(p Z' ca

n=m n=2m+1
=k0(3 27 > @r=Ke(S] S deee.
m=1 n=2m+1 n=1 k=n+1

In order to estimate DP(x) and D®(x) we use the Hélder inequality with ¢
being chosen such that ¢>1 and (¢—1)¢>—1. Then

PP = { B A B 100 —seni (0ot oY =
@) |

?m -1

=K {zm 1500 —sem-r () — g (P =2 D] ().

Furthermore, by Lemma 2 and (2.6), we obtain that

o b oo am
> [ @rDipdx =K, 3 2P S <o,
m=1 a m=1 :

n=2m-141
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which by (2.7) implies
D,‘,l)(x) = D:' (x) = ox(2"m/P) — ox(n—l/p).
D (x) can be estimated similarly by D},;,(x), and so D (x) = o,(n~7)

also holds almost everywhere in (a, b).
Collecting the given estimates we obtain the following result

C.(f, 2, p, {k}; x) = O, (n~"7)

almost everywhere in (a, b).
Hence, using Lemma 6 with x=p/2, 4,=1 for O0<p=2; and with x=1,
A,=1 for p=2; furthermore with the property T given by

T({s,(3)}) := Ci(f &, p, {k}; x) = O, (n™1/7),
we obtain the statement of Theorem 1 immediately. The proof is complete.

Proof of Theorem 2. First we prove the case f=1, then f=8, and so
(14) means that '

oo

@3 | 2= 2k s, (0—f ()P

k=1
converges almost everywhere in (a, b).
To verify (2.8) we first consider the case O<p<2. Then, using the notation
E}= 3 ¢, we have
k=n+1

m=0 2M=y, <2m+

SSyax=3 3 #7 [ @-f@Pds

=K >
m=0 2

b
B[ s —S@Pdx)™ =
m§”k<2m+l a
=K 3 EL S K, SnEL <,

whence, by the Beppo Levi theorem, the convergence of series (2.8) follows almost
everywhere in (a, b). ’
If p=2, then the following obvious estimate

@9 3= { Z KO s, )~ YR= (T
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shows that it is enough to prove that condition (9) with B implies the finiteness of 3,
almost everywhere. But, by —1<2/p(f—1)<0,

b
[(Sodx= > > KEE-00 [ s, () —f(®)Fdx =

m=02m=f<2m+l

=K Z’ Em(+2(8- l)lp)E2 =K Z'cz 14+2(8-1)/p <oo,

m=0 n=1

so the series (2.9) converges, which completes the proof for g=1.
Since

(2.10) ho(f; B, P, {i}; x) = b, (£ B, b, {1u}s )

always holds, thus the proof of Theorem 2 is complete.

Proof fo Theorem 3. On account of the following inequaﬁty

C,(f; o, p, {m}; ) = C(f, & p, {ue}; x)

we may assume that a=1, then a=«. Furthermore the case a=1 is the same as the
case f=1 of Theorem 2, so we may assume that O<a<1. In this case we can choose
a number g=>1 such that (x—1)g< —1; and if we now use the Hijlder’s ineQilal_ity
with this ¢ and ¢’=g¢/(g—1) then ‘ '

n 1/pq n
Gl fi i 9= fs DY (2 oSOy =

= Kn—*" {ké(', I5, (X) =S () [P} 1P¢

hoids. This will prove our theorem if we can show that

@.11) | 2 s (=11

converges almost everywhere in (a, b). But, by the special case =1 of Theorem 2,
our assumptions (11) and (12) imply the convergence of the series

2 I~/ (P

almost everywhere, and so on account of ¢g’>1 the series (2.11) converges almost
everywhere, too. This has completed the proof.

Proof of Theorem 4. If p=2 then Theorem E yields a sharpervzest.i'mate
than (17). Thus we have to prove our theorem only for p>2. First we prove (17)
for 0<p<2. By Lemma 6 it is also clear that it will be enough to prove (17) in the
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speical case v,=k. Then'

@D G p 9 =K 3 e @b+

1
+OEE . _Z (k+1)“llsmk(x)—f(x)l”}-

Here the second sum, by Lemma 1, does not exceed o,(n* log n).

In the estimation of the first sum we can use the statement (1.3) of Lemma 10.
$o we obtain that this sum has the order O, (n~#(log m)'~*/?) which is even ‘better
than the required o.(n~% log n).

These estimations and (2.12) obviously imply (17) for 0<p<2 and v,=k.

If p>2 then we use the following estimation with the assumption 2™=n<2m+!:

h,(f, B, p, {k}; x) = K{n=* 2 E‘ K- 1|sk(x)—f(x)|l’}1/l’ =
<K{n—ﬂv§) ’:é‘v kB2 s, () — sov (x) — Uk(x)l"}l“’-i-

+{n~* Z' Z ke Hse () —fCe)IPPP+{n =" Z’ ko= llak(x)lp}llp_Kl pA D.ﬁi’(i);f

Using Lemma 3 and 4 with y=pf/p we obtain that ,
DM (x)=0 (n—“/P) and DP(x) = O (n~4/P),

furthermore by Lemma 1
D (x) = o.(n~?/? (log m)*/*).

Summing up our partial estimations, we get that
h,,(_f, B, p, {k}’ x) = ox(n—/’/l’(]og n)l/p)'
and this, by Lemma 6, conveys the assertion of Theorem 4.

Proof of Theorem 5. On account of Lemma 6 we have to prove (19) only for
the special case v,=k. In the special case p=2 Theorem 1 gives a better estimate
than (19) does. Hence it is sufficient to consider the cases p=2, We can follow the
line of the proof of Theorem 1. Using the notatmns introduced there we have ‘

(2.13) C.(f; % p, {k}; x) = K(CP(X)+C2 (%)),
where C(x) has the order o,(n="?(log n)"/?) since -
CO(x) = Kh,(f; 1, p, {k}; x)

and so Theorem 4 conveys the order of approximation given above.
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The sum C{?(x) can be estimated exactly the same way as in the proof of Theo-
rem 1, namely the condition (2.6) which was used during the estimation of C®(x)
is the same as (18). So we have C®(x)=o0,(n" 7). Collecting these estimations, by
(2.13), we obtain (19) for v,=k; and this was to be proved.

Proof of Theorem 6. On account of the obvious inequality (2.10) we may
assume that =1 and so f=pB. We may also omit the proof of the case p=2,
for then Theorem 2 gives a sharper estimation than (21) claims. In the subsequent
steps of the proof we distinguish two cases according to O0<p<2 or p=2.

In the case O<p<2 we start with the following estimation

W B o (s D = K|y

( +1)ﬂ 2(k+l)ﬂ llsﬂk(x)—smk(x)l +

(2.14)
( +1)ﬂ Z (k'*'l)p’llsmk(x)'—f(x)lp} 21+22

Here the first sum, by the statement (1.2) of Lemma 10, has the following order
(2.15) 51 = O,(n#(log n)-?5), '

To estimate >, we assume 2'~'<n<2'. Then, by Lemma 1, we have

216) 2, = 2 0[ (kHyH) 0,(27™F) = Z+ Z Dt

gms,,k<2m+l (n-{—l)B m=0 m=I+1
k=

A simple consideration gives that

@.17) So=n 3 (3 k10,2 = o, (1~* logn)
- m=0 k=1
and
@18  Si=n? 3 (30,2 ™) = 0,27 = 0,(n"H).
m=I+1 k=1 .

Collecting the estimations (2.14)—(2.18) we obtain that

h,’: (.f’ ﬁ? p’ {uk}’ x) = x(n—ﬂ IOg n)

holds almost everywhere in (a, b), and this proves (21) for p<2.
If p=2 then we use the following estimation:

BB b s D = K[ty 3 G4 1P 5,0 —sm 00— 0P+

(n+1)F
Z (k+1Y~Hop, WP +——7 T _H)ﬁ 2 (k+1) |5, () —S(X)IP) =
= K(Zs""Zs""Zz)-

( +1)”
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Above we have verified that 3,=0.(n"* log n).
To estimate ; we apply Lemma 7, whence

Z 56— Ox (n_ﬁ)
follows. Similarly Lemma 8 gives that
2 6= Ox (n'_ﬁ)'

Summing up these partial results, we again arrive at (21), and this completes the
proof.

Proof of Theorem 7. Using the same arguments as we did at the beginning
of the proof of Theorem 3 we may assume O<o<1. Then we can use the Holder
inequality with 1/¢ and 1/(1 —a) and obtain that

kg"") A5, () —f P = {ké; I, ()~ S (P12} {kgno (Azzhyya-DYi-z,

Hence we obtain that

n 1/p B alp
{5 2 axzts. 7P} = Kn~eieqlog =l 3k, )~/ P}

n k=0

To prove (23) it suffices to verify that
@.19) (logm)™*17{ 3 Is,, ()= (IIP/}17 = 0,(1)

holds almost everywhere in (a, b). If we apply Theorem 6 with =1 and p/a (ip-
stead of p), then (21) gives that

{é; |5, () —F ()P}l = o, ((log n)*/?),

and so (2.19) is fulfilled, indeed. Theorem 7 is hereby proved.
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On strong approximation by logarithmic means
of Fourier series

W. LENSKI

Dedicated to Professor K. Tandori on his 60th birthday

Introduction. Let L2 (1<p<<) be the class of all real-valued functions f,
2n-periodic, Lebesgue-integrable with p-th power over (-, ).
Consider the Fourier series

S[f1= #——Fé’; (a,(f) cos vx+b,(f) sin vx),

and denote by S)(x;f) and of(x;f) the partial sums and (C, a)-means of S[f],
respectively, thus, e.g., :

k
oi(x; f) = Ai SATSG N @1 k=0,1,2,..),

where 4= (k —I*c- a] .
DEOKINANDAN [1] proved the following theorem: If f€L: , and for a fixed 4,

the condition

39 _ _ 2 . .
flf(x+u)+ft(x u)—2s| dt=o(loglt) as t—-0+
t
holds, then
oo gk
(%) : ZL'ISk(X;f)—S|2=o{log ) as r—1-—.
=1 k ' 1—r

In this paper we shall generalize and extend this theorem by taking the functions
JeLf (l<p=<o) and replacing the partial sums S;(x; f) in (%) by (C, a)-means
with negative a. More precisely, we shall estimate the quantity

15 o, P = (s 3 blote -]
S T og D kO ’

Received August 19, 1983.
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as a measure of this deviation we introduce the function

1 51 Ve
lo . — I — 14
Wx £ (5 > f)p,q = sup {logplq (h*-l + 1) 'f t kox (I)I dt} s

O<h=d

where ¢.(1)=0.(6;/)=f(x+1)+/(x—1)=2f(x).
We shall show that our results cannot be improved for some classes of functions,
too.

An analogous problem in the case of Riesz means was raised by LEINDLER [4]
and solved by Totik [5].

By C;() (j=1,2,3,...) we signify positive constants depending on the indi-
cated parameters, only.

Statements of results. First, we give the estimate for a=0.

Theorem 1. If fELl (1<p=q<<), then

B (53 0, 15 = Cu(p, w5 )
P

Sor n=1,2,3, ... and Ge(0, m).

q

An interesting case is if p=g=4g. Then this result cannot be improved in the
following sense.

Let LP(2) be the subclass of LE , generated by a nonnegative and nondecreasing
function Q defined on {0, =), with Q(0+)=0 and Q(¢)>0 for any t<m, consist-
ing of all functions g€ L% such that

1 5 QR(D) ]"”P}
— — lo, . co
M, = My(x) = sup {w,,s ©; ). [log(5—1+1) J—=—4 j==

and let
L3 (@) = {g: M, < M, g€ L?(Q), M=constant= 0}.

Theorem 2. If t=1Q(t) is a nonincreasing function of t, then there exists an
absolute constant C, (<Cy(p,p)) such that

| ~ QP (D
f

—-1/p
oG ] 7 dt] }§MC1(p,p)

MC, = sup {H,}”(x; O,f)p(

FELE(D)

for n=1,2,3, ... and 1<p<eoo,

For a€(—1/2,0), we have the following result.
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Theorem 3. Let feL: , 1/1+a)=p=-—1/a and —12=a<0; then

H*8(x; o, f); = C(p, g, @) sup {W‘;"(—lz—; f] }

1/Q+a)y=p=p pa

for n=1,2,3,... and p=q=—1Ja, G€(0,q).

For a=—1/2 Theorem 3 gives the following improvement of Deokinandan’s
result.

Corollary. If fe¢L3 , then :
Hi(e; —112, g = G2, 2, - 112w (L 7]
2,2
for n=1,2,3,... and g€(0,2).

In the special case p=g=g=1/(1+a) (—1/2=0-<0) there holds a theorem of
the same type as Theorem 2:

Theorem 4. If t~1Q(t) is a nonincreasing function of t, then we can define
the constant C,(a) less than Cy(p, q,2) so that the following inequalities

MCy (@) = sup {Hlog(x. a, f) ( j- Q"(t) dtJ—llp} = MCy(p. p. )
4 ——/EL&«n n s ] P 10g(n-k1) - LAV 2N 2

are true, whenever —12=a<0, p=1/(14+a) and n=1,2,3,....
In connection with the above theorem we formulate a statement.

Remark. Using the method of ToTik [6] we can prove analogously that the
estimate obtained in Theorem 3, for p=¢=g=1/(1 +a), is the best possible in the
sense considered in [6], because the logarithmic method satisfies the desired condition.

Auxiliary results. Let us start with the following inequality of Hardy—Little-
wood—Polya (H—L—P).

Theorem A. If g=1 and —1/2=0<0 such that —1=oaq, then -

{S ( Z”' (_"';}'_l)li—q_°l ld,,,l]q}llq = sin(ir— o) {,.,Z:l Idrzl"}ll"

n=1 \m=1

for any sequence {d,} of real numbers.

This inequality can be deduced from the general inequality of H—L—P ([3]
Theorem 318, p. 227) but, in our special case, it is easier to give the direct proof.
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Namely, -
Z(Zrar= ) = 22 G 0a) =
o b e R N O

where a<f<0 and 1/g+1/¢’=1. Hence, by Holder inequality, the left-hand side

of our inequality does not exceed

S’{S’ |d,.|2 (%]H(a—m[kgﬂ%(%)—w]q/q'}=

n=1 tm=1 m(m +n)

_ 2.,, {ldml" S 1 (ﬂ)u(«z—m[ - 1 (k]—ﬁq'Jq/qr} -

m ,cim+n\n k=1

xﬂq'

S B S () e

_ |d,,,|‘1( © p—+az-po) )[ ° ba )q/«_
=2 m f 14y dy (;[1+xdx -
< ldul

it : g
= Sin (r(14+ag—Bq))(sin (—npg"))* ,,gl m’

if 0<l4+ag—pg<1 and 0<—Bg'<1 (cf. [3], (9.2.1-2) p. 228).
Taking P=a/g’, we obtain that 1+ag—pg=1+a and sin (n(l+a))=
=sin (—na); whence we have our inequality with the desired constant.
We require the following inequality, too.

Theorem B (3], Theorem 346, p. 255). If =1 and p>1,

then

2 n=8D2 = Cy(B, p) _S’ n=5(nd,)?

Jor any positive sequence {d,} and D,=d,+d,+...+d,.

The following two theorems of Hardy and Littlewood will be needed, too.

Theorem C ([7] Theorem 5.20, Ch. XII). If h€ L] and r=s=r (r'z=2), then

1/s b
{'“0(”)| + 3 @40 (0, (0P +b, B} = cor{ f morar,

where A=1/s+1/r—1 and 1jr+1/r=1.
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Theorem D ([2] Theorem 10, p. 369). If l<p=q and [t Yo, (t)PcL]
then

2n°

i/p

oo 1 /g . g ~ t P
{3 Lises n-rom 2o of f 2004l
k=1 (1]
Proof of Theorem 1. The relation
4 oE
5 N=f@) == [ 0.0 d1,
(1]
where D, (¢) denote the Dirichlet’s kernel, gives

1 \ 1/q
{log(n+1) kZIkISk(x n f(x)l} =

1 n 211/q
= {log(n—}-l)k A OD() dt } +
1 7y1/q ‘
+{log(n+1) 2k f ¢ Dt } =tk
Since
- |D,(D)] = k+1/2 < 2k,
we have .

1/n

2 1 n L 1/q
L=2 f l(px(t)ldt{log(n-{-l)k k } =

2n 2 i 4 1n Al
= logll"(n+1);0f |(Px(t)|dt {m] I(px(t)l dl} .

We observe

{ ?wa(t)l d’}l/pé{%"(fnlfl’x(t)l”dt} {]’"Iq’x(t)l }

1/n

and, further
2u 1p

) [ lo.Pdr| =

sup :
O<u=l/n /4 (_
2ulog T +1

u 1/p
) [ lox@Pal +
0

=2"Y sup
O<us1jn m(
ulog 5 +1

1 t
+ sup f !(px( )l dl
a<u=1/n 2P/ [ + 1)

19
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Hence, because

log(2u+] log3 l)lg( +1] if O<u=s '1—, n=1,213,..),

we obtain
i/p
sup f ool ar| =
O<u=1ifn u log”/" ( + 1]
1 v 1/p
= sup '1— f |¢x(t)lpdt =
0<v=2/n v logp/q [_+ 1] 0
v
1 1/p
0<2u=2[n 2u log”/q[ +1 )
—1/q : 3 He
=282 [ le.pdi| +
og?2 O<u=1/n u logp/q [_+ 1] 0
u
-1/q r P i
N [log; B 1] sup 1 f l(Px(t)l dt
log 0<u=1/n log?/® [l.}. 1) u !
u
Therefore

L

[IA

4 10g3 ]1/‘1 —llp}_1 log(1 . ) log(l J
;{[logZ -1 2 RN L s g =G, v n s

To estimate of the second integral we apply Theorem D. Then

P a

I _Z{__l__ jl| f" D (t)dtr}l/q—
2 allogn+1) & k " P=U) P -

IIA

1/q
~ oz 2 150 /-7 O

k= 1

= C7(p’ q){logp/q(n +1)

[ Lot Ll d,}""

= ¢ ) f;

£ o0 1

ng/q (n + 1) A

where f*(t)=f(x) for te(—1/n,1/n) and f*(t)=f(x+t) otherwise.
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Summing the above estimates we have the desired result with the constant
Cs(p, )=Cs(p, 9+ Co(p, 9)-

Proof of Theorem 2. Since, for feL%(9),

w!‘og(%; f] <M{log(n~l-l) f Qp(t) dt} ’

pp

we have the first inequality, immediately.
To prove the second one, let us consider the function

0= mﬁi—])ki {Q [%]—Q [ﬁ]} cos k(t—x).

By our assumption, # 'Qu)=(Au)"'Q(Au) if A<1. Arguing as in [6], we see that

o (5 ) = MQ(D),

(i 2),, =l f S

which gives f,€LE(Q).
Hence, in view of

M T
55 10109 = g 2 ()

and

we obtain
Yp
o o M L 2l
fes}.‘j{ﬁﬂ) Hyo (e 0, f)p = %t (x; 0, £, = 4(8n+1) {log(n+1) kglv k =
. Y e
- _M 1 1 T f)p_(“_Tl_]du = M{ ! i) dt}w
= 4@z +1) log(n+1) 8 ; u+1 log(n+1) 5/ ¢ )

Thus Theorem 2 is established.

Proof of Theorem 3. Since

o3 N—F@ == [ 0. OKD b,

where K%(t) denotes the (C, o)-kernel, and
K3 ()] = 2n,

19*
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the proof reduces to estimate the second term in the following expression

(3L peron] =
log(n+1) S k" * -

1 01 1/n q\1l/g
= {—— 2% ;of %(t)Kk(t)dtl} +
i 94 1/q
{W]—)k % I f‘Px(f)Kk(t)df } =N+,
Here
2 1 b 1
J=—= {—————— 2k xtdt} = Gy(p, wL"“(—; ] ,
lOg(n+1)k lk{ f(p() l 8(p q) n fp,q
by the same argument as before.
Using the following form of the kernel
, sin {(k+1/2+a/2)t—-’3;} | _
K = gy me 5 e -
(2 sin 5] 2A§ sin > -
sin {(k+1/2+a/2) z—”—“}
2 1 S et |
= —Nive - — _%IA‘, sin k—v+—2- =
A (2 sin -2—) ’ 2A% Sin—- -
sin {(k+1/2+a/2)z—%} .
= R t 14a Aa ZAll*i-an k(t)
A (2 sm.EJ
we obtain
q)1/q
,,sin((k+1/2+a/2)t—ﬂ]
B s S 2o dd § +
2= T 1+a x '
log(n+1) %3 & | ln A (2 sin _J
2
1 ay\lgq
e 2 il ,f 1 2 A o0 | =
) 1/q
2n ,,(p,(r)cos(lza t—%‘f)
sin kt dt +

- e—
= log(n +1) ; Ag A [2 sin LJl+a
2
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9} 1/q
1 n 2/11? u¢x(t)8in(1_2’-at—n_a)
+ log (n+1) i< 2 k| A f T )ire cos kt dt +

ln 2 sin —

2

1 n 111 N N a\1g
———— a—1 Copey _
+{log(n+1) kZ; k A; "Z An+1 k(o, f ) f (0)} } 121+J22+J23.

The terms Jy,, Jo,, J53 will be estimated separately. First we consider the sum Jy,
In view of

Co(@)k* = A3 = Cro(k* (@ #—1,-2, .., k=1,2,..)
([71 (1.15) Ch. IIT) we have

/g
Jp= GGl Skt (3 kY0 S-S O]

Co(a) =
_ Cyla—1) 1 L = ke o i ay1/q
TGy {]og(n-l'—l) kgl (v;; (v+ k) 1S,-1(0; /)~ ((O)I) } :

Further, by Theorems A and D,

— Cila—1) n 1 * * ()4 e -
sy = 28 mkmﬂmeM21&x0f>f@d =

] * *
_ 2Y97Co(o—1) { 1 215,00, =) ]llq li a(fM—1*(0) _
= Co(a) sin (—na) | \log (n+1) /&4 v Tos i (n+ 1) =

219 Cpo(a—1) mwv“” Vi 4 _
= E@sinCm {[ log"/“(n+1) f d’] T Tog i (n ¥ 1) 1,[ <] dt} =

- 21/4C10(0(—1)7t(c7(p, q)+ 1) 1 T l‘/’x(t)lp 1p
= Cy () sin (— na) {logPl‘l(n+1) 17/ df} .

The estimates for J,; and J,, are similar, so we shall examine in detail the

term J, only. Then we can apply Theorem C with A=1/g+a=0, s=g¢, r=1/(1+a),
r'=—1Ja and

. (14 an
“’x(’)s"‘( 2 ’”T) . 1
h(f):: (2Sin_z]l+a if lE[';;, 7I>,
) 2

0 otherwise,
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and obtain

2 1
=T {log(n+1)k

k-e-va L fh(t)sml\tdt

}llq

-1/q —a—1/q NYg <
C()log (n+1){2|k by (m)%}

1
CG[I-}-a)

=— " log™Yi(n+1 h(DYA+D gy 1+a <
G108 ){_fnl @) )

1 1+a |
_ 26 (r=) e — [l b
- Co(e) logH10+2(n+1) ; :

Thus our proof is completed, Theorem 3 holds with the

1y Cs (—1 ) ntte
2 qu(a—l)n:(C7(p, CI)'*'I) l+a

constant  C3(p, ¢, ) = Cs(p, )+ Co (@) sin(—ra) Co()2~ 1% °

Proof of Theorem 4. The first estimate may be proved similarly as before.
To prove the second one let us consider the function £, too. By the identity

k
aiti(x; ) =:4—;1—;f ;(’)A:ai‘(x; /) (cf. [7] Theorem 1.21, Ch. III),

applying Theorem B, we get
S lotts N1 =
= Ci(o) z"k-u+a<«+1»|k,4;(a;(x; N—@r =
. k=1

=z CRp' () Cy

W00 N =

C“(a+1) . 2 1
CH@Cs(1+q(+1), q) ¥Si k

e 3 Ao —f(x))[

= Cule q) kg;I Iai,c-”(X; =)
Hence, since .
M

Si(x; f)—fi(x) = 4(8n+1) (k+1
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we have

sup Hi®(x; o, hja+a = H% (x5 o, fya+a =
SELE (D)

=Cn (“’ 1-1+a]{log(:11+1) kznl’ ok s f")_f“(x)lu(lm} -

1/(1+a)}1+a

B 1 1 nl] 1k N
- C“[“’ 1+a){log(n+1) k:ZJIAz“ v:ZoA"‘”(S“(x’ £)~1x9)

l/(l+a)}1+a

B 1 1 1] 1 M ( ]
“C“[“’ 1+a]{10g(n+1)k Lk (AT ZA" “4(8n+1)Q v+1

- M 1 { 1 n ]_ 1/ 42) [ 1 )}1+a
= 4(8n+1) Cu (a, 1+oz] log(n+1) kgkg k+1 )

Hence, the desired inequality follows with the constant

Cy(a) = C2C11(Ot, 1/(1 +“))

as in the proof of Theorem 2.
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Toeplitz-Kriterien fiir Matrizenklassen bei Riumen
stark limitierbarer Folgen

EBERHARD MALKOWSKY

Herrn Prof. K. Tandori gewidmet zum sechzigsten Geburistag

Kapitel 1. Einleitung, Bezeichnungen und grundlegende Ergebnisse. Im Satz von
Toeplitz wird die Klasse (¢, ¢) aller unendlichen Matrizen bestimmt, die den Raum
¢ der konvergenten Folgen in sich abbilden; dabei wird (c, ¢) durch Bedingungen fiir
die Matrixelemente charakterisiert, die sogenannten Toeplitz-Kriterien. Wir
wollen Toeplitz-Kriterien fiir Klassen (X, Y) angeben, wo X oder ¥ Raume stark
limitierbarer Folgen sind. Fiir einige interessante Fille ist es in allgemeinen Sitzen
gelungen, die Charakterisierung von (X, ¥) auf die Bestimmung der zugehorigen
Ko&the-Toeplitz-Dualrdume zuriickzufiihren. Fiir spezielle Wahl von X bzw.
Y erhilt man daraus Satze, die unter anderem bekannte Ergebnisse von Maddox
aus [1] verallgemeinern. Dariiber hinaus werden Toeplitz-Kriterien fiir Matrix-
abbildungen zwischen Rdumen absolut und stark limitierbarer Folgen angegeben.

Zunichst bendtigen wir einige Bezeichnungen. Wir setzen die Begriffe ,,r-nor-
mierter Raum” und ,,Schauder-Basis” oder kurz ,,Basis” als bekannt voraus
(s. [2], S- 94 und S. 87).

Mit A bezeichnen wir unendliche Matrizen (a,), , n komplexer Zahlen und mit
A’ die zu A transponierte Matrix.

Mit s bezeichnen wir die Menge aller komplexen Folgen x=(x,),.

Wir benutzen die iiblichen Bezeichnungen fiir die Folgenraume [, (0<p<<),
lw, ¢o und ¢ sowie |- |, und || - .. fiir die zugehorigen p-Normen (0<p<1) bzw.
Normen (I=p=c). 4

Wir schreiben e™ (meN) fiir die Folge mit e™:=1 fiir k=m und &™:=0
fiir k=m, e fir die Folge mit e.:=1 (k=1,2,...).

Sind X und ¥ Teilmengen von s, so schreiben wir:

(X, Y) fiir die Klasse aller Matrizen A, fiir die

Eingegangen am 10 November, 1983.
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A (x):= g'a,,kxk fiir alle x€X und fir alle ne€N existiert und
k=1
A(X):=(4,(x)),€Y fiir alle x€X;
X, ¥ |:={A€(X, )| 3 lawxd <o fiir alle neN und fiir alle x€X);
k=1

(X, YY :={A|A’c(X, Y)} und |X,Y|:={A|4’¢|X, Y|}
Ist X ein r-normierter Raum, so setzen wir

Sy = {x€X| |x]| = 1}.

Ist B ein beschriankter linearer Operator von einem r-normierten Raum X in einen
normierten Raum Y, so definieren wir die Operatornorm von B wie iiblich durch

|81 == sup {|B()] |x€Sx}.

Fiir Teilmengen X von s definieren wir die folgenden Dualrdume von X
X1:= {a€s| > ayx, konvergiert fiir alle xe X},
k=1

den Kothe

Toeplitz-Dualraum von X,
XMW= {aes| 3 |axx| <o fiir alle x€X}
k=1
und falls X ein r-normierter Teilraum von s ist

XUt — {a€S| sup 3 |ay x| <°°}
x€Syk=1

und weiter
(a1 lalt:= sup| S ayx| sowie Ja|it:= sup ( 3 layx,)
x€Sy k=1 x€Sy k=1

fiir alle a€s, fiir die die Ausdriicke rechts existieren.

Fiir beliebige lineare metrische Raume X bezeichnen wir mit X* den Raum der
stetigen linearen Funktionale auf X. Sind zwei lineare metrische Raume X und Y
isometrisch isomorph, so schreiben wir X=7Y.

Im folgenden sei X stets eine Teilmenge von s.

Ist acX, so wird durch

(1.2) fo):= 3 ayx, fir alle xcX
k=1
ein lineares Funktional auf X definiert. Wir schreiben X'c X* wenn aus acX!

folgt f,€X*; analog ist die Schreibweise X'M'cX* und X'""cX* zu verstehen.
In [3] haben wir die folgenden Sitze bewiesen:
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Satz 1. Sei X ein r-normierter Teilraum von s mit Basis (e®),. Gilt XTcX*,
so folgt XT=X*

Satz I1. Sei X ein vollstindiger r-normierter Teilraum von s. Gilt XtcX*,
so folgt :
AE(Xa Im) had Sug “(ank)k”T< .

ne

Satz III. Sei Y ein Teilraum von s und (Y1, |- l;) ein normierter Raum. Gilt
yht.—(yH'" =y, so folgt

A€(l.,Y) = supH(Z a
NcN k€N

Die Klasse (X, ¢) konnen wir durch den folgenden Satz bestimmen:
Satz 1.1. Sei X ein vol/srandlgei r-normierter Teilraum von s mit Basis (e),.
Dann gilt

B Mi="sup [(@,)]t <o
Ae(X, o) =y "N
) limay,=a, (k=1,2,..).

Beweis. Es folgt, dal X ein FK-Raum ist (s. [8], Korollar 1, S. 208), und daher
ist XTcX* (s. [8], Problem 1, S. 203).

Es gelte A€(X,c). Wegen cc/. folgt A€(Y,/.) und daher (i) mit Satz II.
Wegen (4,(x)),€c fir alle x€X gibt es zu jedem e®MecX (k=1,2,..)) ein q€C
mit lim 4, (e®)= lim q,=a,.

Umgekehrt seien (i) und (i) erfillt. Wegen (i) und (1.1) existiert A,(x):=

= ia,,kA‘k fiir alle xéX und fiir alle nEN. Es ist (g),€X", denn: Sei x=
k=1
xke(")EX beliebig; sei ¢>0 gegeben. Wihle k6N so groB, daB fir alle
k=
1m>k0 (m=0) mit x™:.= 2) e® gilt: [x™| <(@/M) (M#0; fir M=0
ist die Behauptung klar). Dann onlt fur alle /, m=ky und fiir alle neEN

m m m
Ikz; akxk‘ = ’kZ{ (ak—attk)xk|+!k2; aukxk! =

= l 2 (ak_ank)xkl+||(ank)h”T ot = ’2 ((lrlk_ak)xk|+£~

Mit (ii) folgt daraus fiir n-—co: ]g'akxk|<s fir alle m,/>k,. Also konvergiert
. fir alle x€X, d. h. (g),€XT. Wegen XTcX* gilt f,€X* wobei f,(x):=

k
= S’akxk fiir alle x€X. Sei x= Z’xke"‘)EX. Sei >0 gegeben. Wihle k6N

k=1 k=1



300 Eberhard Malkowsky

so groB, daB

S ofr - &8
2., I < sarirm

Wihle nun NyéN, so daB fiir alle n=N,

ko
IkZ; (ank_ak)xkl < ¢/2.
Dann gilt fiir alle n=>Ny:

14, =o ) = 4 ( 2 1)~ 2 )| =
ko oo -
=12 @u—adnf +a( 2 xe®)+|4( 2 ne) <
k=1 k=ko+1 k=kg+1

< g2 +(M+||fa||)“k=k2”’+1 xke(")”l/’ <&

Somit ist (A4,(x)),€c fiir alle x€X, und der Satz ist bewiesen.
Man erhalt sofort:

Korollar 1.1. Sei X ein vollstindiger r-normierter Teilraum von s mit Basis
(e®),. Dann gilt

(i) M<o (M wie in Satz 1.1)
A€ (X, co)c:»{

(i) lima,=0 (k=1,2..)

Im weiteren Verlauf der Arbeit benutzen wir noch die folgenden Bezeichnungen :
Ist z eine beliebige komplexe Zahl, so schreiben wir:

ﬂ fir z=0
sgnz: =14 ¢
0 fir z=0.
o fiir 0<p=1
_ max {1,1/p} fir 0<p<-o= P )

1 fir p= o,

so daB /1=/, fiir alle p mit O<p=eo, und wir erhalten damit fiir alle x€/, und
fiir alle y€l,

(1.4) S eyl = [x1805];

N®:= {[eN2*=I=2"*'—1} fiir alle véN,, Z, bzw. max, als die Summe bzw.
das Maximum gebildet iiber alle Indizes € N,
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Fiir alle «¢R und fiir alle #=0, 1, ... bezeichnen wir mit A% den n-ten Cesaro-

Koeffizienten der Ordnung a, also A%:= (n : &

fiir alle «>0 und fiir alle #/€R  x(a;¢) fiir die Folge (x,(a; #)), mit

]. Ist x€s beliebig, so schreiben wir

a—1
A2V+ l_k

a
Az

1/t
xk(a;t):=[ ] .x, fir kéEN® (v=0,1,..),

und fiir alle v€N, schreiben wir x'"(«; ¢) fiir die Folge (x("(«; 7)), mit
xi(a; 8) fiir ke NO
0 fiir k¢ N,

Kapitel 2. Die Riaume [C,]?, [C,]? und [C,]%,. In diesem Kapitel beschéftigen wir
uns mit bestimmten Rdumen stark limitierbarer Folgen. Dazu definieren wir:

xM(as 1) = {

Definition 2.1. Fiir alle «=0 und fiir alle p mit O<p<-<o definieren wir
die Mengen

[C,]P:_—; {x€s|Es gibt ein 1€C mit ([(x— )™ (x; P)lI,).€co}s
[CJ = {x€s|(1x ;P )€ co}

[CJe. = {x€s|(|x(a; Pl )€l

Bemerkungen. (1) x€[C,}” bedeutet nach der von Borwein in [4] einge-
fiihrten Schreibweise fiir die starke Limitierbarkeit, daB die Folge x zu einem
IeC [C,, IP-limitierbar* ist, x€[C,]? bedeutet, daB die Folge x zu 0 [C,, /1*-limi-
tierbar ist, und x€[C,)2. bedeutet, daB die Folge x [C,, /]*-beschrinkt ist; dabei
bezeichnet C, das modifizierte Cesaro-Verfahren der Ordnung « mit der zugehérigen
Matrix C,=(C%),, mit

und

o {ek(a; 1) fir kEN®, n=2
k- 0 sonst (v=0,1..).

(2) Ist x€[C,)°, dann ist das [€C mit |[(x—le)®(x; p)ll,=0(1) (v—<) eindeutig
bestimmt. (Das zeigt man leicht; oder s. [5], Satz 2.)

Um im folgenden die Bezeichnungen zu vereinfachen, schreiben wir [C] fiir die
Mengen [C.F, [C.J5 und [C..

Man sieht sofort, daB die Mengen [€] mit der iiblichen Addition von Folgen und
der iiblichen Multiplikation von Folgen mit einem Skalar zu linearen Rdumen werden.

Definition 2.2. Fiir alle «a=>0 und fiir alle p mit O<p<1 definieren wir
die p-Norm und fiir alle p mit 1=p<oo die Norm | .|| fiir die Rdume [€) durch
Ixllgy:=|| (1 Co; P, || fiir alle x€[C).

*) I bezeichnet die Einheitsmatrix bzw. des entsprechende Limitierungsverfahren.
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Wir beweisen als erstes einen Satz iiber die Struktur der Riaume [C].

Satz 2.1.

(@) Fir alle a>0 und fiir alle p mit 0<p<oo sind die Raume [C] mit || - iy
vollstdndig.

(b) Fiir alle a=0 und fir alle p mit O<p<oco ist (e®), eine Basis fiir [C,)2,
und die Folgen e, e® (keN) bilden eine Basis fiir {C,)P.

Beweis. (a) Die Vollstindigkeit von [C,]5 und von [C,}2 bzgl. || - |, folgt
mit [6], S. 318, und die Vollstandigkeit von- [C ]” bzgl. || - [l;7 folgt mit Satz 5 (ii)
aus [6].

(b) Man sieht leicht, daB fiir alle k€N e""E[C‘] und e€[C,]°. Sei x=(x)€[C,]?
beliebig. Dann ist fiir alle meN -

2"’, X e(k)e[('j‘a]g.

Sei >0 beliebig. Wegen x€[C,]2 gibt es ein veN,, so daB fiir alle v=v,
lx*a; p)l,<e. Dann gilt fiir alle m=2"

|lx— Zm'xke“‘)nm <&
k=1

Also hat x die Darstellung x= S’xke“‘), und man sieht leicht, daB diese Dar-
k=1

stellung eindeutig ist.
Genauso zeigt man, daB jedes x€[C,JF mit [(x—Ie)”(x; p)ll,=0(1) (v—oo)

die eindeutige Darstellung x=le+ S’(xk—l)e(") hat.
k=1

Wir wollen nun einige Bemerkungen machen, die unter anderem die Verbindung
der Riume [C,]* zu den bekannten Riumen w,, herstellen: In [1] sind die Rdume w,
der [Cy, I]P-limitierbaren Folgen fiir Q<p<eo untersucht worden:

= {xESIEs gibt ein /¢ C mit [-’11— 2” ka—ll”) Eco}
k=1 n

mit den durch
I = sup(- S k) und Ll = Il

fiir alle x€w, definierten und auf w, dquivalenten p-Normen (0<p<1) bzw. Nor-
men (I=p<o) || '“(‘2 und | -[l,, (s. [1], S. 286).
Wenn wir fiir alle =0 und fiir alle p mit O<p<oo
[C.)? := {x€s|Es gibt ein [€C mit  (o3(|x — le|?),€cy)},

[CJE = {x€sl(oh(IxIP)a€coy und  [C,J2 = {x€sl(o5(Ix|"))n€ L}
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schreiben, wobei fiir alle n=1,2, ... und fir alle x€s
P& e L
gi(x) = — A2Ztx, und |x|? fir die Folge (|x./?):
n—1 k=1

geschrieben wird, so ist fiir -a:=1 [C}’=w,. Wir schreiben kurz [C] fir [C,)’,
[C8 und [C,)2. Es gilt:

Satz 2.2. Fir alle p mit O<p<oo ist

(@) [C1c[C] fir alle a=0 (d. h. [C)c[C)F usw.);

(b) [C1=[Clea=1;

(©) [C] ist vollstindig mit | -[ljmyea=1.

Beweis. (a) ergibt sich sofort aus der Definition der Mengen [C] und [C].

(b) Sei a=1. Wegen Teil (a) miissen wir zeigen [C]c[C]. Wir zeigen die Be-
hauptung nur im Fall [C1=[(,]?, und [C]=[C,]%; die anderen Fille gehen voll-
kommen analog. Sei x€[C}]?, beliebig. Zu jedem ncN gibt es ein eindeutig bestimm-
tes v(M)EN, mit acNC™), und es gilt

o v 1 , v 2J (] , max(L, p)
on(|x]?) = 20 o 2ilal? = 2 |57 Zilal) = 2xlg ™"
J=

j=o 1

Sei umgekehrt az1. Wir zeigen: [C]#[C].
Sei zunachst [C]=[C,}%, und [C]=[C,%,. Wir definieren die Folge x® durch:

fir o < 1: und fiir 1 < a:
PP fiur k=2+1 2P fifr k= 2411
x{® :={ X ::{
k 0 fir k#2"+1 _ 0 fiir k=2"t1_1
v=0,1,..) v=0,1,.).

Sei nun [C]=[C,)” und {C]=[C,)” sowie l€C. Wir definieren die Folge x® durch:

filr o < 1: und fir 1 < a:
“ {2vafv+1 fiir k=2"+1 © {2vlv+1 fiir k=2+1_1
Y= fir k=241 F 1 fiir ks 20l
(v=0,1,..) - (v=0,1,..).

(I=0 ergibt den Fall [C]=[C,]§ und [C‘]=[C‘a]g .) Mit diesen Folgen gilt
x@e[CIN\IC).

(¢) Wir miissen zeigen, dafl fiir a1 [C] mit I+ Nz micht vollstandig ist.



304 Eberhard Malkowsky

Dazu definieren wir fiir alle m¢N, die Folge (x{*#'™), durch:

fir a<f<1: und fiir 1 < < a:
0 fiir k=2m+! 0 fir k=z=2m+!
xéd,ﬂ:M);= 2P fiir k=2"+1 x’Ea,ﬁ;m) ={B/P fiir k=2"v1_ 1|
0 fir k=2"+41 0 fir k=2"t'-1
O=v=m) O=v=m).

Dann ist (x(*#™),, eine Cauchy-Folge in [C,)5C[C,J%, [C.)% beziiglich |-,
jedoch konvergiert die Folge nicht in [C,]? .
Wegen Satz 2.2 (b) haben wir fiir den Fall a=1 insbesondere [C, P=w,.

Kapitel 3. Die Dualriume der Riume []. Wir definieren nun weitere Mengen,
die sich in Satz 3.1 als K&the-Toeplitz-Dualrdaume von [C} herausstellen werden.

Definition 3.1. Fiir alle «=0 und fiir alle p mit O<p<o definieren wir
die Mengen %,(x) bzw. CX%,(«) durch %,(a):={acs|(lla” («;—p)l,)€h} bzw.
durch CX%’,(«)::{ﬁ:(ak)keNoEs|aOEC, a=(a),nE%,(@} und die Normen
I -llg @ bzw. ||°||chgP(a) durch ||al|gp(a)3=|l(||a(v)(0!;—P)llq)vlll fir alle a€%,(v)
bzw. durch 12l cxer =10l +ldll ¢ fiir alle G€CXE, ().

Man sieht sofort, daB3 die Mengen %,(«) und C X %,(«) mit der iiblichen Addition
von Folgen und der iiblichen Multiplikation von Folgen mit einem Skalar Zu einem
linearen Raum werden und daB} || - "‘6’,,(«) und |- ||ng,p(a) eine Norm fiir die Raume
%,(@) und CX%,(x) sind.

Wir bestimmen nun die Dualrdume der Riaume [C]:

Satz 3.1. Fir alle a=0 gilt:

(@) [Cl'=%,(® falls O0<p~<oo;
(d) (1) =[] falls O0<p<oo;
(©) (CPy =CX[C]" (bzgl. | -llexat) Jalls 0<p<eo;
@ [CT"=[C) falls 1=p<oo.

(Dabei wird CX[C)' anstelle von CX%,(x) geschrieben.)

Beweis. (a)
() %,(@)c[CY. Sei ac%,(o) beliebig, dann gilt fiir alle x¢[C] mit j und ¢
wie in (1.3) mit zweimaliger Anwendung von (1.4)

k_Zl lag x| = _Z{)ZJ%(OG =D |x(a; p)| =

Gn = 1@ - Pl @ I =
= 1(1a® @5 =PI @5 PIPM-=

=lale,wlxlie <<,
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d. h. a¢[C]'. Wir bemerken noch, daB aus (3.1) fiir alle a€%,(«x) folgt
(3.2) lal* = llale,@ <=,

d. h. |la||t ist auf ganz @,(«) definiert (| -||* wie in (1.1)).
(i) [C1Tc%,(@). Sei a€[C]' beliebig. Dann konvergiert die Reihe A(x):=

= S'akxk fiiralle x¢[C]. Fiiralle véN, definieren wir die Abbildung f,:=[C]~C
k=1

durch f,(x):=Z,a,x, fiir alle x¢[C]. Dann ist £,€[C]* fiir alle veN,, denn f,
ist trivialerweise linear, und wie in (3.1) erhalten wir fiir alle x¢[C]

3.3) A£G = 12 @ —p), I x)f-
Also gilt fiir die Abbildung 4 mit A(Y)=lim > f,(x)
m—co v=0
A€[CY,

d. h. es gibt eine Konstante M¢R, so daB fiir alle x¢[C]
(3:4) [4@)] = Mx|fy.-

Sei nun méEN, beliebig. Wir definieren die Folge x™¢[C] durch:
fir 0<p=l1
0 fiir k=2mt!

(3.5 x{™:= exwy(a; —p)sgnay,, fir k= k(v), wobei k(v) die kleinste
) L Zahl ke N™ ist, fiir die |ag.)(2; —p)| = [a™(¢; — p)|lw
0 fiir k= k( O=v=m)

und fiir l<p<ee

0 fir k=2m+!

BGo)  xm = (ex(a; —p))ai}¥?|la(e; —p)| ;%P sgn a, fiir alle ke N fiir
' koo diejenigen v =m, fir die |a®(«; —p)|, =0
0 sonst O =v=m).

Dann gilt mit (3.4) fiir alle p mit O<p<ec mit (3.5) bzw. (3.6)

3.7 g(')lla(”’(oc; D, = [Ax™)| =M (g wie in (1.3)).
Da méEN, beliebig war, erhalten wir daraus a€%,(«) fiir alle p mit O<p<oo.
Damit ist Teil (a) gezeigt.

" Wir bemerken noch, daB fiir alle m¢N, und fiir alle a¢[C] fiir O<p=1 mit
dem x™ aus (3.5) und fiir 1<p<eoo mit dem x" aus (3.6) wegen x(™€ S, folgt

2 1a9@: =P, = falt

20
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und da méN, beliebig war |a|, (a)éllallf. Im f‘olgenden schreiben wir stets
P
I -lgt fiar |l -||,gp(a) und erhalten mit (3.2) .

(3.9) laliizt = llalt fiir alle ac[C]t.

(b) Die Folgen e® (k¢N) bilden nach Satz 2.1 (b) eine Basis fiir [C,]2. Wir
haben in (a) Teil (ii) gesehen, daB [C]'c[C]*. Daher folgt die Behaptung mit Satz I
und (3.8).

() Seien fe(IC)?)* und x€[C,JP mit [[(x—/e)(a; p)ll,~O0 (v—e). Dann gilt
nach der Bemerkung im Beweis von Satz 2.1 (b) fir x=(x,),

x=le+x, mit x,= 2’ (x,—DeWe[C2.

Wegen Teil (b) gibt es eine Folge a=(a),n€[C]" mit

Sflx)) = kg ag(x,— 1.

Wegen a€[C]' und (3.1) konvergieren die Reihen S'ak und Z”'akxk absolut,
k=1 k=1 .
1

und wir erhalten mit ay,:=f(e)— S’ a, wegen fe({C]P)*
k=1

(3.9) 6 = lay+ 5 Q%

Wegen [l|=|x||f, (5 aus (1.3)) erhalten wir
/@) = (aol +laliet) I xlfe d. b
1A = (laol +laliei) = ldllexiey T mit @ = (ay, ay, -..).
Fiir alle meN definieren wir die Folge y™:=x™+42z™, wo x™ wie in (3.5) bzw.
(3.6) und
0 fir k=2m+1—|

Zm:=1 0 fir k=2”} Ve et
sgna, fir k=2 =m i

Dann gilt: y"™¢[CJ°, denn [|(y*™—sgn a,- €)™ (a; p)ll,~0 (V->°°) Y™y =1
und

oo ov+i_q

SO —|lao|+2 la®(@; —p)l+ Z' aksgnao|< (74 ll

v=m+1lk=

Wegen der absoluten Konvergenz der Reihe S a, geht die letzte Summe auf der
k=1
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linken Seite fiir m—< gegen Null, und es folgt

lao| + ;’) la® (@; —p)ll, = laol +lalert= lal cxieit = 11

d. h. insgesamt [allcy gt =11 |-

Es ist klar, daB umgekehrt die rechte Seite von (3.9) ein f¢([C,]?)* definiert,
wenn g€C und a=(ay),nE[C]" vorgegeben sind. Da die Darstellung von f in
(3.9) eindeutig ist, definieren wir die Abbildung

T: (CJP)* — CX[CT
f—d
mit @ aus (3.9). Man sieht leicht, daB T die gewiinschten Eigenschafien hat.
(d) Sei 1=p<oo. Trivialerweise gilt [F]1c[C]™. Sei ac[C]™ beliebig. Dann
konvergiert die Reihe A(x)= iakxk fiir alle x¢[C]'. Fiir alle véN, definieren

k
wir die Abbildung f,: [C]'~C wie in Teil (a). Dann ist £,€((C])*, denn f, ist
trivialerweise linear, und fiir alle x¢[C]" gilt wie in (3.3) mit Vertauschen der Rollen
von a und x

A = [a® (@5 p)]I*] et
Da A(x)= lim Zm' f,(x) fiir alle x¢[C]' existiert und wegen Teil (b) [C]' voll-
meee y=0
standig ist, ist A€([CTh*, d. h. es gibt eine Konstante M€R, so daB fiir alle xc[C]
(3.10) [4(x)| = M| x|t
Sei nun mé€N, beliebig. Wir definieren die Folge x™¢[C]' durch:
fir p=1
0 fir k=z2mtl

e (o; 1) sgn a, fiir k€ N®), wobei v, die kleinste
Zahl v = m ist, fiir die [a®d(x; D];= max la® (a; D,

0 sonst _(Oé Vv =m)

3B11) xi™.=

und fiir l<p<eoo

0 fiir k=2mtl

(ex(a; PYPlaglP—* |t (a; p)li,; P/9sgn g, fiir k€ NOo, wobei v,
(3.12) x{m:= _die kleinste Zahl v = m ist, fiir die |a®d(a; p)|, =
= max [a®(@; p)],, sofern |a®(a; p)l, # O,

0 sonst.
Mit (3.10) erhalten wir fiir alle p mit 1 sp< < max la®™(a; pll,=M, und da meN,
beliebig war a€[C,]7.. B

20*
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Wir bemerken noch, da8 aus (3.1) mit Vertauschen der Rollen von ¢ und x fiir
alle a€(C1"=[C,]%, und fiir alle x€S;t folgt

lalt = lalig << (-]t aus(1.1), X =[C]),

d. h. |lall? ist auf ganz [C]" definiert. Andererseits folgt [|afl;=llall' wie im AnschiuB
an Teil (a), so daB wir insgesamt

(3.13) la|t = flalig fiir alle a€[C]1 (1 = p <o) erhalten.
Wir benétigen noch

Lemma 3.1. Fiir alle a=0 und fiir alle p mit 1=p<eo gilt:
@ [CIM=(Cl wnd |xlet=lIxle fir alle x€[Ce,

®  [CTN =[Cl und x| = |xley fiir alle x€[CT.

Beweis. (a) Sei 1=p<ece. Wir schreiben kurz || -] fiir |- [l iaf-

Aus (3.1) folgt fiir alle x€[C.)2 Ix]=|xlg, d. h. [CIMTCICE.

Wenn wir im Beweis von Satz 3.1 (d) die Rollen von x und a vertauschen, er-
halten wir wegen a™¢€St fiir alle mEN,:

max 1% (2; p)ll, = kgl' laf™x ] = x|, d.h fxlig = |x],
d. h. insgesamt |x||5=Ix] fiir alle x€[C,)2, und es ist [C]""' =[C,]2,.

(b) Analog Teil (a).

Kapitel 4. Toeplitz-Kriterien fiir (X,Y), wo entweder X =[C] oder Y =([C].
Wir sind nun in der Lage, Toeplitz-Kriterien fiir einige Matrizenklassen im Zusam-
menhang mit den Riumen [C] herzuleiten. Fiir alle =0 gelten die folgenden Sitze:

Satz 4.1. AE([G], lw)ésgg ”(a,,k)k[|[611<oo fir Q<=p<oco,
Satz 4.2. A€(l..,[C2 )k <oo fiir 1=p<eco.
atz €=, [C2 )= sup H(ké; Inllies fur 1=p=<

Satz 4.3. A€(l, [Q]‘;)@sgg | (@ndell o= = fir 1=p<oo,

Satz 4.4. A¢([C], I})< sup ”( > a,m)""[E]T< oo fir O<p<oo.
NcN ' KEN
Satz 4.5.

(i) sup [(@udillieyt <o
... "EN

A€( é,p,c @{
[C6. ) () ay—a, (n—) firal k=1,2,..

fir 0<p<eco.
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Satz 4.6. v
@ sup [(@mhliat <.
neN

ACACP, o) = () au—a, (m—>o) firale k=1,2,..
(i) Xam—~a (n—~)
k=1

fir 0<p <eo.
Satz 4.7. A€(c, [CI2)=(l, [CJ2)=(co, [CI2) fur 1=p=<ece.

Beweis von Satz 4.1. Die Behauptung folgt wegen Satz 2.1 (a) und (3.8)
aus Satz IL

Beweis von Satz 4.2, Satz 4.2 folgt wegen Lemma 3.1 (a) aus Satz IIL

Beweis von Satz 4.3. Es ist bekannt, daB |X,Y|=(X,Y), wenn X ein
normaler Folgenraum ist (s. [7], S. 373). Nach einem bekannten Satz von ALLEN
(s. [7], Satz 3) ist

e ' I, [Clel = 1T, 1),

da IM=I. und [C)'=[C], wie man sofort am Beweis von Satz 3.1 (a) sieht.
Wegen der Normalitiit der Folgenrdume /, und [C] erhalten wir damit (4, [C,]2.) =
=), I..) und daher

@.n (4, [CJR) = (CT, Lo
Wegen Satz 3.1 (b) und (3.13) folgt mit Satz 1I

A’E([C]Ts l°°) g SE]EI) |I(akn)k”[cl< o

und daher mit (4.1) die Behauptung des Satzes.

Beweis von Satz 4.4. Sei O<p<e und [C]=[C,]2 oder [C]=[C,]2.
Mit dem Satz von Allen erhalten wir wie oben

(4.2) (CL 1) = (I, [CTTY.

(Hier wird nur [C)"1 5[] gebraucht. Da [C,}® im allgemeinen kein normaler Fol-
genraum ist, kénnen wir den Satz von Allen fiir [C,}? nicht anwenden.)

Sei 1=p< . Wir wenden Satz III mit ¥:=[C]" und Y'=[C,}2, mit |.|l;=
=+l an. Wegen [Cc[C)5, ist eMe[C,]%, fiir alle kEN. Satz 4.4 folgt fiir
1=p-<¢ aus Satz III mit Lemma 3.1 (b).

Sei nun O<p<1. Wenn wir den Beweis von Satz III (s. [3], S. 9—11) mit
Y=[C]" und |-|t anstelle von |-|{™ durchfilhren, so erhalten wir die
Behauptung des Satzes fiir [C]=[C,]?, und [C]=[C,)? auch fiir O<p<1. Wegen
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(€15, =(C.)%, i) und [CRc[CrcICl gilt
(CL. L) c (CJr, 1) < ((Ck, 1),

d. h. Satz 4.4 gilt auch fiir [C,]”.

Beweis von Satz 4.5. Satz 4.5 folgt mit den Sitzen 2.1 (a), (b) und 3.1 (b)
aus Satz 1.1.

Aus Satz 4.5 folgt sofort

Korollar 4.1.
) sup l(@ilat <=

AE([Ca ga Co) <=>{(]i) hm Ay = 0 fur alle k = 1 2

fiir alle a=>0 und fir alle p mit 0<p<oo.

Beweis von Satz 4.6. Es ist klar, daB aus A4€([C,)°, ¢) die Bedingungen
(i), (i) und (iii) folgen.

Umgekehrt seien (i), (ii) und (iil) erfillt: Wir setzen
M := sup [[(aulert-
neN
Es ist klar, daB

@4.3) it = M.
Wir schreiben fiir alle x¢[C,)”

4,0 = S axet 3 @n—a)0—D+ 3 (@am—apl
k=1 k=1 k=1
(wo l€C mit lim I(x—~I1e)(; p)||, = 0).

Wegen (4.3) existieren S’ a,x, fiir alle x¢[C,), S‘ a, (da ec[C,}") und wegen (iii)
Z’a,,k fiir alle n€N, und es ist a= lim Za,,k Sei A:=(dy)n i Mit dyi=dp —ay
n-»oo k=

fur alle n,k=1,2, .... Dannist A¢({C,}3, co) nach Korollar 4.1. Wegen x—~lec[C,}2
gilt also

tim 4, (x—le) = lim > (au—a)(x—1) = 0.
B Al =

Daher ist fir alle x€[C,)°: lim 4,()= 3 ax+al—1 3 a,, d.h (4,(x))cc.
Lonshad k=1 k=1
Aus Satz 4.6 folgt sofort:
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Korollar 4.2.
)] sup l(@miliest <<

A€ ([C)P, co) & } (i) lim a,, =0 firalle k=1,2,..

l(iii) lim Za =0

Sfir alle =0 und fiir alle p mit O<p< oo,

Beweis von Satz 4.7. Da /. und ¢, normale Folgenrdume sind, folgt Satz 4.7
mit Satz 3.1 (d) und einem bekannten Ergebnis von ALLEN (s. [7], Korollar 1 zu Satz
3,S.375).

Zum AbschlluB dieses Kapitels bestimmen wir noch die Toeplitz-Kriterien fiir
die Klasse ([C,)%,, c¢). Der Beweis des entsprechenden Satzes verlduft Zhnlich wie der
des Satzes 6 in [2], S. 169. Im folgenden schreiben wir | - 4 fiir ||« llgt - Zundchst
bendtigen wir

Lemma 4.1. Fir alle «=>0 und fiir alle p mit 0<p<ec> folgt aus ||bylly<e
fiir alle n€N und aus lim (bu)elly =0 die gleichmdipige Konvergenz von |(bu)lls
in n.

Beweis. Wegen [[(byill;—0 (7<) gibt es zu jedem ¢=0 ein ny:=ny(e)EN,
so daB fir alle n=>n, gilt (bl <e. Wegen [[(bu)illy<<o= gibt es fiir alle » mit
I=n=n, ein m:=m(n;e), so daB R;(2™*1, (by),)<e, wobei fiir alle x¢[C]'
und fiir alle ueN,

R; (1,3):= =2: 19 —p)l, (g wie in (1.3)).

Wihle vy:=2"7%! mit my:=max {m(n; e)]l=n=n,}. Dann gilt fiir alle p=v,
R; (1, (b)) <€ fiir alle neN.
Satz 4.8. Fiir alle a=0 und fiir alle p mit O<p<eo gilt

() [(au)ly konvergiert gleichmdifig in neN
A€(CE, o) = {(ii) lim a, = a, fir alle k=1,2, ...
Beweis. Die Bedingungen (i) und (ii) seien erfiillt. Aus (i) folgt, daB die Reihen

A, (x):= Z”'a,,kxk fir alle x¢[C,]?. gleichmaBig in n und absolut konvergieren.

Also existiert hm A (x) Z'a,‘x,‘ fir alle x€[C,J2, mit (ii).

Umgekehrt gelte AE([Ca 5 €).
Dann folgt (ii) sofort. Wegen ccl. gilt weiter ((CJ2, o)c(C.)%, l.) und
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daher mit Satz 4.1
4.4 M= Slg]g "(ank)k"1- oo

Fiir alle n, k€N setzen wir b, :=a,;—a, mit a,‘:=’§im Q-
folgt leicht, daB [(a)ll,=M. Also gilt

4.5) (By())si= (3 buxe€e fiir alle x€[C,12.

Wir werden zeigen, daBl daraus folgt

@6) lim (bl = 0.

Aus (4.4) und (if)

Wenn wir (4.6) gezeigt haben, folgt mit Lemma 4.1 die gleichmiBige Konvergenz von
[(bu)illy in 7 und daher nach der Definition von B=(b,),,; auch die gleichmiBige
Konvergenz von [[(@u)lly in n:. Wir zeigen nun (4.6): Annahme, es wire
'}_1311 (Badilly=c>0. Sei 0.B.d.A. "l'i*rr‘}o [(Bmdill y=c. Da by—~0 (m—<) fiir alle

keN, konnen wir ein m(1)éN so wihlen, daB

¢ c
”(b:(no()n,k(“; ~P))k”q =10 und  |[[(bpqy, Dillt —¢l < 10

Wegen [[(by, il y<<oo fiir alle mEN gibt es ein v(2)=1 mit

c
R (v +1, (bugy, i) < 10

v(2)
Damit gilt | 37 |55}, (23 —p)),,llq—c|<3c/10. Zur Abkiirzung schreiben wir fiir
v=1

alle m, 1, I,
l!
B(m, b, )= > (B2 (s — Pl

Wir wahlen nun m(2)=>m(1), so daB

[B(m(@), 1, =)—¢| <5 und B(m@), 1L v@) <15

und weiter v(3)>v(2), so daB B(m(2), v(3)+1, )<¢/10. Damit folgt

|B(m(2), v +1,v(3)—¢| < f_(c).

Wenn wir so fortfahren, kénnen wir rekursiv zwei Folgen natiirlicher Zahlen (m(r)),
und (v(r)), definieren mit m(1)<m(2)<... und 0=v(l)<v(2)<..., fiir die fiir
alle r=1,2,... gilt: B(m(r),1,v(r))<c/10; B(m(r), v(r+1)+1, =)<c/10;
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|B(m(r), v(r)+1, v(r+1))—c|<3¢/10. Wir definieren nun eine Folge x€[C )8
mit [x[ =1 durch:

fiir O<p=1
0 fir k=1
(1 eym(@; —p)sgnbuyey ey fir k= k(v), wobei k(v) die
x,:=14 Kleinste Zahl k€ N© ist, fiir die [bp,ien(®; —P)| = ([CIACHES )1

0 fiir k#k(v);
vy <v=v(@FE+1); r=1,2...

und fiir l1<p<e

0 fir k=1

=1y (ek(“Z '—P))q |bm(r),k{q/p||(br(nv()r),k(a; _p))k”q_q/p sgn by, fiir alle
X 1= ke N® fiir diejenigen v, fiir die ||(b$hy k(e —P))l, # O,

0 sonst;

vr)<v=vEr+l); r=1,2, ..
Fiir diese Folgen gilt

< c
| 2 b —(=1)¢| < > (r=12 ..,
K=

so daB (B,(x) ),,=(k§; b x)s keine Cauchy-Folge ist und daher nicht konvergiert.

Gilt (4.5) nicht, dann gibt es also ein x€[C,}2, mit (B,(x)),4c im Widerspruch zu
(4.5). Also muf} (4.6) gelten, und der Satz ist bewiesen.

Fiir die Anregung und freundliche Unterstiitzung dieser Arbeit danke ich meinem
Lehrer, Herrn Prof. Dr. K. Endl
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The asymptotic distribution of generalized Rényi statistics
DAVID M. MASON

In honor of Professor Karoly Tandori on lis sixtieth birthday

1. Introduction and preliminaries

For each integer n=1 let Uy, ..., U, be independent Uniform (0, 1) random
variables, U; ,=...=U, , be their corresponding order statistics and G, the right
continuous empirical distribution function based on these n independent uniform
(0, 1) random variables. We shall begin by stating some results in the literature that
motivated our present investigation.

Daniers [5] showed that for any —oco<x<oo

where
X
F(x) ={x+1°
0, for x<0.

for 0=x <o,

Let N(t), 0=t=-ee, denote a right continuous Poisson process with parameter one.
PykE [10] proved that for any —co<x=<oo

) P{oiltlgmﬁ(—?;t = x} = F(x).

Combining statements (1) and (2), we have for each n=1

sup N (tt) —t

0=s=1

sup

0=t<co

Gn (S) —S§ 2
s = )

where £ denotes equality in distribution. More generally, a slight modification of

Received February 1, 1984,
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the techniques of Mason [8] establishes that for each 0=v<1/2, as n—oo,

3) n* sup &_)v_si sup W

0=s=1 S Ost<os
(The symbol 2~ denotes convergence in distribution.) A result closely related to (3)
proven in MasoN [8] is that for any 0=v<1/2, as n—oo,

G, (s)—s| o
4 n’ sup ————— N,VN,,
@ 0§s§1 (S(l_s))l_v
where
t)—t
N,:= sup ——lN(lzv I,
0=t<oo t

N.ZN,, N, and N are independent random variables, and the symbol V denotes
maximum.

Ifa 1/2=v=1 is chosen, the Poisson limit behavior in (3) and (4) breaks down.
In particular, when 1/2<v=1 and n"is replaced by n'/2, the limiting distribution of
the left side of (4) is the same as that of

|1B(s)|
omemy (SU =)

where B(s), 0=s=1, is a Brownian bridge defined on [0, 1]. When v=1/2, with
additional normalizing constants applied, the limiting distribution of the left side of
(4) is an extreme value distribution. For details the reader is referred to O’REILLY
[9], EickERr [6], JAESCHKE [7], the discussion in MAsON [8], or to the exhaustive study
in M. Cs6rGO, S. CsorG6, HORVATH, and MasoN (Cs—Cs—H-—M) [4].

When v=0, the limiting Poisson behaviour of the left side of (3) can break
down in another way, if the supremum is not taken over the entire interval [0, 1].
RénvyI [11] (also see M. CsOrRGO {3]) showed that for any fixed O<a<1, as n—co,

: 12 _
) (] sup w100z 2, qp
) 1-a ass=1 N

0=st=1
and
1/2 _
© () sup w1873l G g,
1-—-a ass=1 s osts1

where W(t), 0=t=1, denotes a standard Brownian motion defined on [0, 1].
CsAxi [2] demonstrated that (5) remains true if a is replaced by any sequence of
positive constants a, such that as n— oo,

@) O<a,<1, a,—+0, and na, —-o.
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This suggests that if the supremum on the left side of (3) is restricted to [a,, 1}, where
the sequence a, satisfies condition (7), when appropriately normalized, its limiting
distribution should be the same as that of the supremum of a certain Gaussian
process; and the same should be true if the supremum on the left side of (4) is re-
stricted to an interval of the form [a,, 1 —a,]. In the next section, we shall show that
this is indeed the case. Such statistics will be called generalized Rényi statistics.

The main tool which we shall use to establish our results will be a new Brownian
bridge approximation to the uniform empirical and quantile processes recently ob-
tained by Cs—Cs—H—M [4]. We shall now describe some of its basic features.

In Cs—Cs—H—M [4] a probability space (2, &, P) is constructed carrying a
sequence U,, Us, ..., of independent Uniform (0, 1) random variables and a sequence
of Brownian bridges B,(s), 0=s=1, n=1, 2, ..., such that for the uniform empirical

process
o,(s) = n'2{G,(s)—s}, 0=s=1,

and the uniform quantile process

ﬁn(s) = nl/f.’{s__ U"(S)}, 0=s=1,

where
Vo 3 (k=Dn<s=kn, k=1,...n
U"(S)_{UI'"’ lf s :0’
we have
]an (S)_B,,(S)l - _
© 1/"5;1sp§1 R Op(n~%),
lan (s)_Bn (S)I _ 5
© 0§§2P—1/n (1 —s)tz—8 Op(n=%),
1B, (s)—B,(s)|
10 BO=B.ON _ 5 (),
to 1/("-52111)15)5_851 s1/2—d, p(n=%)
and

B©-BO _, s

(10 ogséf-l-l?/(nﬂ) (L—syz—% Op(n™2),

where 8, and 8, are any fixed numbers such that 0=6,<1/4 and 0=4§,<1/2. State-
ments (8) and (9) are contained in Corollary 2.1, while statements (10) and (11) follow
from Theorem 2.1 of the above paper. We shall also need the fact that statements (8)
and (9) remain true on this probability space for any 0<48,=1/2 with the supremum
taken over [0, 1] and the Op(n~?) replaced by 0p(1). This follows from the general
results on g-metric convergence in Cs—Cs—H—M [4]. In the proofs of the next sec-
tion it will be assumed without comment that we are on the probability space just
described.
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2. The main results
For any 0=v<1/2, let

X,:= sup Wft),
oses1 L
and
Y,:= sup lWSI)I
o=t=1 [

Since 0=v<1/2, a simple application of the law of the iterated logarithm for Brow-
nian motion shows that X, and Y, are almost surely finite.

When v=0, our first theorem contains the results of REny1 [11] and CsAki
[2] quoted in the Introduction.

Theorem 1. Let a, be any sequence of positive contants such that for some
0<f<1 we have O0<a,=B for all large enough n, and na,—~e. Then for every
0§v<1/2, as n-—o,

1/2—v
(12) (lf"a ) SSUI; oz,,(s)/(sl v(l S) )__, X”
1/2—v
(13) (12"‘1 J ossglp_. an(s)/((l_s)l—vsv) 2, x
a 1/2—v
(14) 1_"a ] ssupS !d (S)l/(sl V(l_s)v)
and " |
a, 1/2—v . .
9 P B O (RO L

Proof. First consider (12) and (14). Choose any 0=v<1/2. Observe that for
all n sufficiently large '

1/2—v
( = ) sup o, ()= B, (N/(s* (1 = 9)*) =

1-a, a,ss=1
=(1-p)ay®" sup |o,(s)—B,(s)|/s' 7+
a,Ss=f
PP sup 1, = By (1= = Ayt

Applying the version of statement (9) with the choice 8,=1/2—v, where the suprg;
mum is taken over [0, 1], we see that

(16) A2,n = OP(I).
Also notice that for 0<d,<1/4, not necessarily the same &, as above,
) Ay = (1=B)""2a7% sup o, (s)— B, (s)|/s¥2~%.

nz=s=1
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Now applying (8) we see that the right side of inequality (17) equals
(18) (1—B)~2a;#10p(n=%) = Op((na,)~%),

which by the assumption that na,—~< as n—o equals op(1).
Since for each n=1 such that O0<a,<1 the process

{[]_ i"a")llz—an(S)/(sl—V(l——s)v): a,=s= 1}
t= 1}, ‘

P{(ﬁ%‘;)llz—" sup B,()/(s'"(L—s)) = x}

a,=s=1

=rllezs) s, ) (20) () =4 -

= P{sup W()/r = x}.
0=t=1

1s equal in distribution to the process

(=) () (2 (59 o

we have for each —oco<x<oo that

A

Obviously the same statement holds with B,(s) and W (¢) replaced by |B,(s)| and
W (1)] respectively. Thus on account of (16), (17), and (18) we have (12) and (14).
Assertions (13) and (15) follow from (12) and (14) respectively by symmetry consid-
erations. This completes the proof of Theorem 1.

Theorem 2. Let a, be any sequence of positive constants such that na,— o
and a,—~0 as n—co. Then for every 0=v<l1/2, as n—<o,

(19) Spvi=ay®™" sup «,(s)/s"V 2 X,;
a,=s=1

(20) Spvi=ay? sup  a,()/(1—-s) 2 X,;

0=s=1—a,

21 T, ,:=a¥*" sup |o,(s)|/s*" L Y, ;

( ) s ¥ n p n v
a"§s§1

and

(22) T, :=a*" sup |e,@1-s"Z 7,

0=s5=1-a,

’
v

Moreover, the random variables S, , and S
and T, are asympiotically independent.

nv?

respectively the random variables T, ,
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Proof. Choose any 0=v<1/2. Let b, denote any sequence of positive constants
such that (i) nb,—<=, (ii) b,—~0, and (iii) a,/b,~0 as n—oo. Write
Sn,v(am.bn) = a'll/z—v sup a, (s)/sl—v

a,=s=b,
and
Spv(@, b)=al>>  sup a4, (s)/(1—s)'7".

1-b s=s=1—a,

n=

Notice that for all »n sufficiently large

all
l1-a,

1/2—v
@) 1SSt = (2] s mOUETa-9).

Applying (14) and (iii), we see that the right side of inequality (23) equals

1f2—v —1f2+v
a, b" ~
[]‘_an) (]—bn] OP(l) = op(].).

Thus we have

(24) |Sn,v_Sn,v(ana bn)l = OP(I)'
In the same way we have
(25) ISl:,v'—S::,v(ana bn)l = OP(]-)'

Hence to prove (19) and (20) it is sufficient to show that, as n— oo,

(26) S,v(@y, b) 2> X,
and
@n Snv(@,, b) 2~ X,
Clearly
1/2~v
sup Ia,‘,/z‘”oz,,(s)/sl_"—[] a,,a ) o:,,(s)/(sl‘”(l—s)“) =
a,=ssb, T Up
a 1f2—v
s sp (1-a) (=il ) @ -5,
a,=s=b, — Uy
which obviously equals
a 1/2—v
o] s @Y (-9,
t—a, a,=s=b,

Statement (14) implies that this last expression equals o(1)Op(1)=0p(1).
Notice that it was shown above that

l—a,

1f2—v .
e (2] sup O (-9) = 0p(1),



Asymptotic distribution of generalized Rényi statistics 321

From (28) and (12) we have that

1/2~v
29 ( il ) sup a,,(s)/(s“”(l—s)“)—%» X,

l_an a,=s=b,
which by the preceding arguments implies (26). Since
Snv(@n, b)) = S, (an, b)),

assertion (27) follows from (26). Hence we have established (19) and (20). Statements
(21) and (22) follow by almost the same argument as that just given.

We shall now demonstrate that the random variables S, , and S, , are asymp-
totically independent. On account of (24) and (25) it suffices to show that the
random variables S, , (a,, b,) and S, , (4, b,) are asymptotically independent.

Choose any sequence of positive integers 1=k,=n such that k,—~e, k,/n—0
and nb,/k,—~1/2 as n-—e. Observe that the function

I/n,v = n.v(an: bn)I(Uk",n = bn)

(I(x>y)=1 or 0 according as x>y or x=y) is almost surely a function only of
the lower extreme oider statistics U, ,, ..., U, , and the random variable

Vn/,v = r:,v(an! bu)l(l _bn - (]n—k,,,n)

is almost surely a function only of the upper extreme order statistics U,,_km,,,
.. U,.,. Since k,—~e and k,/n~0 as n-—eo, we conclude by Satz 4 of ROSSBERG
[12] that the random variables V, , and V; are asymptotically independent. Also

an elementary argument shows that, as n— o,

n Uk,..n/kn L 1
and
n(L— Uy _y, k£ 1.

(See page 18 of BALKEMA and DE HaAN [1].) Thus by our choice of k,, we have, as
n— oo,

P{Vn,v = n,v(an’ bn) and Vn/,v = S:;.v(an, bn)} g la

which implies that the random vatiables S, ,(a,, b,) and S, ,(a,, b,) are asymptotic-
ally independent. Subsequently the same is true for §, , and S, ,. The proof of the
assertion that 7, , and T, , are asymptotically independent is along the same lines,
so the details are omitted. The proof of Theorem 2 is now complete.

The following theorem should be compared to the result stated in (4) in the
Introduction. We see that the generalized Rényi statistic version of the statistic on
the left side of (4) given in (31) below also exhibts asymptotic independence behavior
due to the asymptotic independence of the suprema of the weighted empirical proc-

21
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ess in the upper and lower regions of (0, 1), except that now this behavior is Gaussian
instead of Poisson.

Theorem 3. Let a, be any sequence of positive constants such that na,— o
and a,—~0 as n—eco. Then for every 0=v<1/2, as n—eo,

30 al?-»  sup a,,(s)/(s(l—-s))“"i» xX.vx,;
a,ss=1-a,

and

@1 @ sup |a,@|(s(L-s)' "2 Y VY,

a,=s=1—a,

where X!Z£X,, respectively Y ZY,, and X, and X, respectively Y, and Y, are
independent random variables.

Proof. Choose any O0=v<1/2. Let b, denote any sequence of positive con-
stants satisfying conditions (i), (ii), and (iii) as stated in the proof of Theorem 2.
Observe that

a®" sup |n,@Y(s(L—s))7 =

n=s=1-b_

2GR sup [, (IS 2T sup [ (-9,

b,=s=1/2 1l/2=s=1-b,
which by Theorem 2 and (iii) equals

Op((a,/b)V2-") = 0p(1).
Notice that

| ssugb Oy (S)/(S(l __s))1~v_S"’ v(an’ bn)l = sup '(l —S)—1+ Y- 1] 1(1" (s)l/sl—v,

S53b, n=5=b,
which by (21) and (i) equals o(1)Op(1)=0p(1). Similarly we have
| sup e ()(s(L—8)) =S, (@, by)| = 0p(D).

1-b,=ss1-a,
Therefore by (26), (27) and the asymptotic independence of S, ,(a,, b,) and S, (a,, b,)
established in the proof of Theorem 2, we have (30). Assertion (31) follows by
essentially the same argument. Thus Theorem 3 is proven.

With very slight modification of the proofs of the foregoing theorems it can be
shown that the statements of Theorems 2 and 3 remain true with «, replaced by 8,.
The statements of Theorem 1 with f, substituted for «, also remain true if the suprema
in (12) and (14) are taken over the interval [a,, 1 —1/(n+1)] and the suprema in (13)
and (15) are taken over the interval [1/(n+1), 1 —a,].
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On the |C, «>1/2, f=1/2|-summability
of double orthogonal series

F. MORICZ*)

Dedicated to Professor Kdroly Tandori on his 60th birthday

1. Introduction

Let (X, #, ) be a positive measure space and {@u(x): ,k=0,1,...} an
orthonormal system (in abbreviation: ONS) on X. We will consider the double
orthogonal series

(1.1)

"[\43

g kP (X)

where {ay: i,k=0,1, ...} is a sequence of real numbers (coefficients).

Let « and B be real numbers, > —1 and > —1. We remind that the (C, «, p)-
means of series (1.1) are defined by

o’:np;l(x) = ﬂ 2 ZAm tAn katk(ptk(x)

n i=0k=
where

a [T -
A,,,-—( m] (mn=0,1,..)

(for single series see, e.g. [13, p. 77]). Rhe case a=p=0 gives back the rectangular
partial sums:

T (X) = Zm' Z": A3t Pit (X) = Spun (%),
i=0x=0

*) This research was completed while the author was a visiting professor at the Indiana Uni-
versity, Bloomington, U.S.A.

Received June 8, 1984.
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while the case a=f=1 provides the first arithmetic means of the rectangular partial
sums:

k=0

= (m__*_'l_)l_(m é::ké;sik(x) (mn=0,1,..).

2. Main results

Series (1.1) is said to be absolute (C, «, f)-summable (in abbreviation: |C, «, |-
summable) at a point x if

(21) 20 gl (X) am ln(x) O-mrx l(x)+am i,n— l(x)|<°°

where we agree on putting
(2.2) e ax) =0t 1) =0 _1(x)=0 (m,n=0,1,..).

In other words, the series in (2.1) can be rewritten as

TN+ 3 1o =001+ 3 038 () =08, ()

Z | (x) O.aﬂ ln(x) amn 1(x)+o" -1,n— l(x)l
In the sequel, we will use the notations
(2.3) 4%, =0 () —0i_1, (D) =0 i1 () +0H 1 poa(x) (m,n=0,1,..)

with agreement (2.2), and

llMg

2p—1 2‘1—
dpq - {l ZZP' 1= oq 'k}ll- (p’ q 0 1 )

while identifying 2~ with 0 in this paper.
Theorem 1. If a=1/2, B=1/2, and
249 Z Z'Mpq =2
p=0qg=

then series (1 1) is |C, a, Bl-summable a.e. on X.

Theorem 1 is the extension of the theorems of TANDORI [11] (a— 1) and LEIND-
LER [5] (¢>1/2) from single orthogonal series to double ones..In the special case of
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two-dimensional trigonometric series, Theorem 1 was proved by PONOMARENKO
and Tmmax [8]. ‘

Condition (2.4) is not only sufficient but also necessary for the a.e. |C, a, fi|-
summability of series (1.1), for a fixed pair of a=1/2 and f=1/2, if all ONS
{pa(x)} are considered.

To be more specific, let (X, &, ) be the unit square [0, 113X[0, 1] with the Borel
measurable subsets as & and with the plane Lebesgue measure as u. In the sequel,
the unit interval [0, 1] is denoted by Z, the unit square /X1 by S, and the Lebesgue
measure by |- | (it will be clear from the context whether |- | means the linear or plane
measure). We consider the two-dimensional Rademacher system {r:(xDr(xy):
i,k=0,1,...} on S, where the

(%) = signsin 2'nx)) (i=0,1,...; x,€I)

are the well-known Rademacher functions (see, e.g. [1, p. 51] or [13, p. 212)).

Theorem 2. If a=1/2, B=1/2, and condition (2.4) is not satisfied, then the
two-dimensional Rademacher series

g Ay T; ()7 (x2)

k=0

M

2.5

I
°

is not |C, a, B|-summable a.e. on S.

This theorem is the extension of the corresponding results of BiLLARD [2] (x=1)
and GREPACEVSKAJA [4] (a=>1/2) from single orthogonal series to double ones.
. Putting Theorems, 1 and 2 together, we can draw the next

Corollary 1. Let a=1/2 and B=>1/2. Series (1.1) is |C, o, Bl-summable a.e.
Jor every double ONS {@,(x): x=(x,, x,)} defined on S if and only if condition (2.4)
is satisfied.

This result for single ONS defined on I was proved by Taxpori[11] and LEND-
LER [5] («>1/2). Both authors constructed a new ONS in the counterexample,
rather than using the Rademacher system.
~ Let {A;: i,k=0,1, ...} be a nondecreasing sequence of positive numbers such
that

=z 1
2.6 . S
@6 2B TFDCT I
or equivalently,

3 |
>3 <e
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We note that {4,} is said to be nondecreasing if
}*ik = min {;'H'l,k, )'i,k'i-l} (i’ k= 0: ]’ "')'
Applying the Cauchy inequality to the series
o oo 29 . 1
Z Z /op 1,4~ 1{ 2 ,k}llz
p=0q= )2‘: 1,99-1 i=2P-1f= 2“ 1

yields the following
Corollary 2. If a=1/2, f=1/2, and {};} is a nondecreasing‘ sequence of
positive numbers satisfying condition (2.6) and

,
|k L <=0,

"M%

then series (1.1) is |C, «, ﬂ[-summable ae.
The corresponding result for single orthogonal series is due to Ur’sanov [12

Pp. 46—47].
3. Generalizations and extensions

a) Let / be a real number, /=1. Following FLETT [3], series (1.1) is said to be

[C, «, B|,-summable at x if

3 Zn+D0n+ DI 5N <.

The.case I=1 gives back |C, «, B|-summability.
Using the same arguments as in the proof of Theorems 1 and 2, one can derive

the following three generalizations.
Theorem la. If a=1/2, B=1{2, 1=1=2, and

- OO,

HMS

G.1)

then series (1.1) is |C, a, B{,-swmnable ae.
Theorem 2a. If a=1/2, B=1/2, 1=1=2, and condmon (3 1) is not samﬁed

then series (2.5) is not [C, a, B|,-summable a.e.
Corollary 2a. If a=1/2, B=1/2,1=1=2, and {),;} is a nondecreasing sequence

of positive numbers satisfying the conditions

o 1
(3.2) 2 AT DEIDT,

[\43

0
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and

2 12—t
ag lyt <o,

[A\VF:
M3

i=0k=0

then series (1.1) is |C, a, B|,-summable a.e.

In case /=2, condition (3.2) can be dropped.

Theorems 1a, 2a and Corollary 2a are the extensions of the corresponding theo-
rems of SzALAY [9] and SpEvakov [10], respectively, from single orthogonal series to
double ones.

b) Let x={x;: i=0,1,...} and A={4: k=0, 1, ...} be two strictly increasing
sequences of nonnegative numbers, both tending to . Instead of (C, «, f)-means
we can consider the (R, », A)-means of series (1.1) defined by

amn(%’ )"9 x) = g 2"1(1_ . ](1— }”k )aik(pik(x) (’n, B = 03 1: )
% '1"+1

i=0k=0 m+1

(for single seties see, e.g. [1, p. 139]). Series (1.1) is said to be |R, %, A|-summable at x if

2 2 4w 25 x)] <<=,

where 4,,(%, 2; x) is defined similarly to (2.3).

Let »#(¢t) and A(¢) be strictly increasing functions of the nonnegative variable ¢
(constructed from the corresponding sequences, e.g. by means of linear interpolation),
for which »(i)=x; and A(k)=4, for all nonnegative integers i and k. Denote by
A (t) and A(2) the uniquely determined inverse functions of »(¢) and A(¢), respec-
tively. For the sake of brevity, we write

1, =[A2P)], v,=I[4(2Y],
and

- f1p—1 vq—l
Hpg = { 2 2 a?k}ll2 P, g=0,1,..;0.,=v_,=0),

i=n,_, k=vq_l

where [-] denotes the integral part and in case n,_,=n, or v,_;=v, we take
=0, |

The next two theorems can be also proved by using the methods of Sections 4
and 6.

Theorem 1b. If

A pg <,

Mg
(R

3.3)

i
o

0

p=Vg

then series (1.1) is |R, x, \|-summable a.e.



330 F. Moéricz

Theorem 2b. If condition (3.3) is not satisfied, then series (2.5) is not |R, x, |-
summable a.e.

Both theorems are the extensions of those in [6] by the present author from single
orthogonal series to double ones.

¢) Finally, we point out that Theorems 1 and 2 as well as their variations men-
tioned above in (a) and (b) admit quite natural extensions to multiple orthogonal
series, 100.

4. Proof of Theorem 1

One important thing is to find a good representation for 4% (x) defined by
(2.3). Using the identities

m . oa+m—
:l 1= atm Am’ Al;zn—i:: —a_A‘rzn 11’
and
Mooy = T AL @>—1, a#0),

one can obtain for m=1 and n=l1

m "AalAﬁklk

(41) Afnl;(x) Z;kz a —Zg_mn lk(plk(x)’
for m=1 and n=0
A“" i
(42) Afn"o(x) = Z A, m ;o‘P;o(x),
for m=0 and n=1
AL K
4.3) B = kzl‘ A—ﬂkgam%k(x):

while for m=n=0, AB(x)=0(x)=anPew(x). These representations are valid
even in the cases. where «a=0 or B=0, i.e. for all values of «a>—1 and f> —1.

We recall the inequality

a~1
449 A'” :

] 0{ } (i=12,...; a=1/2),

which is well-known in the literature (see, e.g. [1, p. 110}).
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By Minkowski’s inequality (keeping agreement (2.2) in mind)

@.5) {[1Z S UL@Pdu}” = { [ b8 @Pduc}”
X m=0n=0 X

+ 3 { [t @pan)+ 3{ [ ustcorduco)”

+ 3 =21{ S 142, Pdp )} = S, +S,+S5+S,,  say

Obviously, S;=lag|=o4. We are going to show that S, S, and S, are also ﬁmte

We treat S, in more detail.
Applying the Cauchy inequality, then (4.1) and (4.4), we get that

{ [ @rd)™ = 3 32w

S4 = pg g m=2P np=
oP+1_1 29+1__3 /2 oo oo
x{ > f [43,RFdu(}* = 5 3 2er2erx
m=2P n= p=0 g=0
{2p+1 1 2q+1 1 m [A:,_lg ] [ 2 121(.2 2}1/2 _
P n= 2‘1 i= lk m2n2 ik o
o oo 2P+1_1 0a+1_1 Au -1 Aﬂ 172 12
= Z’ Zz-p/22—q/2{ Z' Z' 2 2' ] B] zkzaizk} —
p=0 g=0 m=2P p=27 i=1k=1 A
2p+1 1 Aa 1]2 g +1_1 [Af ,‘1] }1/2=
A7

{ 2p+1_399+1_3

3 3 ek
m= max{‘zP i} n=max 2‘1 k)
2P+1_1 2q4+1_3

— S' gz—plzz—qlz
S’ ~-pP)- q{ Z Z izkza?k}l/z_
04g=0

p=04=0

8

=o{1}

p

Finally, using the elementary inequality

{a+b+.. . J2=a24+b?+... (@=0, b=0,..)

yields
0{1} 2’ 22 p)-— q{Z Z szzzzdz}l/z
pP=0¢=
. = p+1 g+1
=o0{l} 2 >2° "222’2’&1:—
=0 4=0 =1 1=
(4.6) ?
= 0{1} 2 22"21”‘” 2 2—p Z 2_q =
j=1i=1 p=j-1 a=I-1
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Following the above pattern, one can show that

@.7n S, = 0{1} _Zl'djo and S;= O{1} 'Z;do,.
o =

Collecting (4.5)—(4.7) together, by (2.4) we can conclude

{Jr. 5 314t dcp” =0l 3 3oty <.
This means that
2 S MBI, 7,

and, in particular, (2.1) follows for almost every x.

5. Auxiliary results on finite sums in terms of two-dimensional
Rademacher functions

We remind the following two results coricerning finite sums in terms of one-
dimensional Rademacher functlons

Lemma A. (see, e.g. [13, p. 213, Theorein (8.4)]). For every r=0 there
exists a constant D, such that for every finite sum

P(x) = kév; ar(x) (N=0,1,..)

we have

;.1 f |P(x)[ dx, = D, {ké’ aky .

Lemma B. (OrvrICZ [7)). Given any measurable set E(CI) of positive measure,
there exist an integer ko and a constant C,>0 such that for every finite sum

P = 3 an(e) (V= k)

we have

N
J1PGldn = G 2 ai

Our goal is to extend these results to finite sums in terms of two-dimensional
Rademacher functions. We note that the extension to higher dimensions runs in the
same way. '
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Lemma 1. For every finite sum

M N
P(x1, %) = .g’Ok;;aikri(xl)rk(xZ) (M,N=0,1,..)

we have

(5.2) f f [P(x1, x))*dx, dx, = Df[ 2 2 ag]*.

i=0k=

Lemma 1 actually holds true for every r>0 instead of r=4 (cf. the proof of
Lemma A in [13, pp. 213—214]). But inequality (5.2) is enough for our purpose.

Proof. By Fubini’s theorem and (5.1) for the r,(x,),
J= f f [P(x1, xp)] dx, dxy = f {f [2 ( Za k"k(xz))r (xl)]4dx1} dx, =
M N M N
=D, f [ig(; [ké') aikrk(xz)]z]zdx2 =D, ié; f [kg(; aikrk(x2)]4dx2+

+2D, 2 2 f[Zak’k(xz)]z[Za i Tr (X2) |2 dxs.

i=0 j=it+ly

Applying the Cauchy—Schwarz inequality and (5.1) for the r,(x),
M N
J =D} 2[2“?]:]2-{-
i=0 k=0

+2D4 > {f [2 AT (x)] dx, f [Z a;krk(x2)]4dx2}ll2 =

i0j1+1

M N M—-1 M N N M N
=D} [ ailP+2D; 5 2 [Zail[ 2 ah] =Di[ > 2 ail*
i=0 k=0 i=0 j=i+1 k=0 . k=0 i=0 k=0

Lemma 2. Given any measurable set E(CS) of positive measure, there exist
an integer ny and a constant C,=>0 such that for every finite sum

(5.3) P(xy, xp) = Z’ 2’ agri(x)ry(xy) with max {‘m, n} = n,

i=mk=n

(Méméo and N=n=)0),
we have

(5.4) f f |P (1, xo)|dxydx, = Cof 2 2a2}1/"

i=mk=n
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Proof. We consider the 4-tuple system I1, defined by

nm, = {ril(xl)rkl(xZ)riz(xl)rkg(x2): iy, g, k1, ke =10,1, ...;
=iy, ky=ky, and (i), ky) # (iy, ko)}-

The proof of Lemma B (see [7]) is based on the fact that the 2-tuple system
I, = {ril(xl)rig(xl): i1,ie=0,1,... and i; < i2}

is an ONS on 7. Hence it immediately follows that I7, is an ONS on §.
By Bessel’s inequality, for any function f(x;, x;)€L%(S),
222
iy=0k —0!2—11 =k,
CAFS YOS
Letting f=yxg, the characteristic function of the set E, and ¢=|E|*/16 there exists
an integer n, such that

(5.5 .é; k20|§ [ f f 7, () 1, (o) 1, (X1) 74, (x0) d Xy dvg] =e.
! Ig;,x(l);(l):;kz

co oo

[f ff(xlax2)ru(x1)rk1(x2)rtg(xl)rkz(XZ)dxldxz <o,

We consider a finite sum P(x;, X;) given by (5.3). Applying Hélder’s inequality
with the exponents 3/2 and 3, while representing 2 as the sum of 2/3 and 4/3, we get
that

S 1P, x)Fdxidx, = { [ PGy, xo)l dxy oo} { [ [ 1P (1, x0)] dx, dix} ™,

whence
(5.6)

1 1
SS1PGo, xldxydx, = { [ PG, % dixi doxe) ™2{ [ [ 1P (xy, xo)Pddxy dix} ™.
E 0 o0 E
We square out in [P(x;, X,)]* and use the Cauchy inequality and (5.5) to obtain

f (PG, xPdxdx, = |E] 3 2 aj+

i=mk=n

+3 33 3 apan, f [ ) G iy (e iy (x0) dxydoxy =

iy=mk,=n lz=m ky=n
(' 1)?‘(‘1 z)

'E’ 2 Za;k {2 222‘1'1"1 'zk-

i=mk=n ik iy Ky

X2 kZ' 2 :.Z’ [ff riy (X)) iy (x2) 73, (X0 7y (x2) dxy dx2] }1/2 =
hok ik T

i=mk=n
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On the other hand, taking (5.2) into account, from (5.6) we get that

ff |P(xy, X2)|dxydxs = = |EP"? {2 2a2}1/9

3/21) i=mk=n

which is (5.3) to be proved.

6. Proof of Theorem 2

We need the following properties of the binomial coefficients.
(i) A% is positive for a=—1, and is increasing as a function of m for «=0
(see, e.g. [13, p. 77, Theorem (1.17)]).
(ii) There exist two positive constants C; and C, depending only on « such
that

C, = 1;1'" =C, (m=12,...; o >—1)

o

(see, e.g. [1, p. 69, formula (25)]). Hence one can derive that

a—1
> Am i

6.1) P o{1} (i=0,1,..; «=0).

(iii) There exists a positive constant Cs depending on o such that

6.2) Ase =C; (p=0,1,...;a>0).

a
gP+1

We will prove that if series (2.5) is |C, a, f|-summable on some subset of S with
positive measure, for a certain pair of o=>1/2 and f=>1/2, then (2.4) necessarily
holds. Consequently, if (2.4) is not satisfied, then series (2.5) can be |C, a, B|-summable
only on a set of measure zero for any pair of ¢>=1/2 and f=1/2. '

To begin with, by Egorov’s theorem there exist a constant B and a set E(cC.S)
of positive measure such that

6.3) S,’ S’ [428 (xy, x5)| = B for every (x;, x)€E.
m=0n=0

We are going to apply Lemma 2. To this end, we must get rid of the Rademacher
functions ry(xy)ri(xs) in the definition of A% (x, x,) for which max {i, k}<n,.
This can be done in the following way. Set temporarﬂy

B {a,.k if max {i, k} = n,,
% =10 if max {i, k} < no;
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and denote by 4% (x,, x,) the correspondmg differences. Then, by (6.1)

35 geewls 3 3 M. xl+

m=1n=1 m=1 p=1
max{m,n}=n, max{m,n}z=n,

o oo min(m,"o—l)mi"’("»"o—l}A‘;‘,,__liAg-—k1 ik

+ —_— |4l =
mé'lng],. i=1 k=1 A, A,e mn l lkl
max{m,n}=ny
oo oo no—1 ny—1 ng—1 oo
= 2' lAmn(xl’ x2)|+ Z 2 lklatkl{ 2 2 +
m=1 n=1 m=i n=n,
max{m,n}=n,

S 'E} AL 48] -
=ny n=k mA‘,’,, nA,’,’ -

e

m=ny n=ny

S

ng—1 np—1

= 2 2 |4% (x1, x2)|+3 2 Zlkla,kIX
}

T AT 3 A,’f:,}
XZ mAa ;; nAf - mz ":Z' IA (x19x2)|+0{1}
max {m, n}=n,

where O {1} does not depend on (x;, x5). One can similarly obtain that

Z |Zf,‘,{',(x1,x2)| = _2 IA:fo(xn x2)|+0{1}
and ’ °

oo

2 A (1, x| = 3 |438 (31, x2)| +O{1}.
n=n, n=n,

So we may assume, without loss of generality, that ;=0 for i,k=0,1, ...,
..., np—1 and use the notations a; and Af‘,,ﬂ,j(xl, x,), rather than dy and A%4(x,, x,).
Set

5;2(3'1, Xy) = U;g+1—1,29+1—1(x1= xz)—0;£-1—1,24+1—1(x1a Xy)—
‘—O';Jﬁnl_l’gq-l_l(xl, x2)+0';g—1_1’2q—1_1(x1, x2) (p, q= 1, 2, )

On the one hand,

op+1_1 9g9+1_}

|5Zi’; (%1, X2)| = 2 2 |A7nﬁn(x1, xa)l,

=2P-1 p=29-
whence

> St xl =4 3 3 14 0a, %)

p=14=1

=
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Consequently, by (6.3)
(6.4) > 2 [[1686(x1, x,)|dxdx, = 4BIE|.
p=14g=1"F
On the other hand, by (5.4)
(6.5) [ 165 (x,, x) | dxydx, =
E

=

- 1_ .4 2 2 1/2
C {2”'H 129471 A2p+1_1_i] Ag"”—l-—k] 2} !
2 .

P B Aix
i=2P-1 f=29-1 A2n+1__1 Azq-)l__l

On applying Lemma 2, we took into consideration only those terms in the represen-
tation of 6%(x,, x,) which contain a; with 22='=i=2P*1—1 and 29~'=sk=27"'-1.
Due to the monotony of A% in m (see (ii) at the beginning at this Section) and (6.2)
for 2P '=j=2P-1 and 29 '=k=21—1,

Ag"""—-l—i Ag"*’—l—k - Agp qu

A;p+k_1 qu+1._]_ - Agp+l qu-n
From here and (6.5) it follows that
6.6)
2P—1 29-—1
ff 6% (%1, xp)|dx,dx, = C,C3{
E

i=2P-1 g —=929-1

= CL

aj Pt = C,Cist,, (p,9=1,2,..).

Combining (6.4) and (6.6) yields *
Ssdied 4B |E|
¢ PR

Starting with

0% (%1, Xp) = oo i 1,0(%1, x2)—a'§g-1_1,0(x1, x) (p=12.)
and

535(3‘1, Xp) = a;?ﬂ*‘—l(xl’ xz)—agfzq-l—l (xx) (@=1,2,..),

respectively, one can find in the same manner that
(6.8) S <o and 3y, <o
p=1 g=1

The fulfilment of (6.7) and (6.8) is equivalent to that of (2.4).
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A local spectral theorem for closed operators
B. NAGY*)

Dedicated to Professor K. Tandori on the occasion of lis 60th birthday

1. Introduction

Operators with spectral singularities were first studied in the particular case of
ordinary differential operators by NAIMARK [10], SCHWARTZ [14], LancE [7], and
PavrLov [11], [12]. The first attempts at constructing a general theory for the case of
a bounded operator have been made by BAcaLu [1] and NaGy [8]. This theory has
been extended in the more general case of a closed operator by NaGy [9]. The aim of
this paper is to present sufficient conditions for a closed operator (in a reflexive Ba-
nach space), having in its spectrum what may be loosely called an “exposed arc”,
to be K-scalar with a certain subset K of the spectrum (see the definitions below).
These conditions are clearly of local character, and are satisfied e.g. by wide classes
of ordinary differential operators. However, for reasons of space, the application of
these results to the above-mentioned classes will be published elsewhere.

The main result (Theorem 1) may be regarded as an extension of a result of
DuNFORD and SCHWARTZ [2; XVIII. 2.34]. Since the proof there does not seem to be
adaptable to the local case, we follow completely different lines, and make essential
use of a remarkable result of SussMANN [15]. We note that related results have been
obtained by Jonas [5], [6] under certain assumptions on the global structure of the
spectrum of the operator (which will not be made here).

Now we fix some notations and recall some definitions and results. In what
follows X will denote a complex Banach space, and C(X) and B(X) will denote the
set of closed and bounded linear operators in X, respectively. C and C denote the
complex plane and its one-point compactification, respectively. If T€¢C(X), then
o(T) denotes its extended spectrum, i.e. its usual spectrum s(7) if 7€B(X), and

*) Parts of these results were obtained while the author was holding a grant from the Alexan-
der von Humboldt Foundation in the Federal Republic of Germany.

Received July 16, 1984,
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s(T)U{=} otherwise. If Y is a T-invariant linear manifold, then T|Y =T, denotes
the restriction of T to YND(T). By a locally holomorphic (in general X-valued)
function we mean a function that is holomorphic in each component of its domain.

If HcC, then H¢ will mean C\ H, and H will denote the closure of H in the
topology of C. Let T€¢C(X), and let K=Kc(T). The oc-algebra By consists of
those Borel sets in C that either contain X or are contained in K¢. A K-resolution of
the identity E for T is a Boolean algebra homomorphism of By into a Boolean
algebra of projections in B(X) with E(C)=I which is countably additive on By
in the strong operator topology of B(X) (i.e. a By-spectral measure), and satisfies

E(b)T C TE(b), o(TIEB)X)C b (beBy).

An operator T€¢C(X) having a K-resolution of the identity E will be called a K-
spectral operator. It can be shown, as in [8; Corollary 1 to Theorem 1] for the case of
a bounded T, that the K-resolution of the identity for T is then unique. If E is the
K-resolution of the identity for T, and K,=KMNa(T), then the definition

E(GUK)  boK,

El(b)={E(anc) if b Ky (b€ Bx)

extends E to the K, -resolution of the identity E; for T (cf. [8; p. 38]). So T is K-spec-
tral if and only if T is K;-spectral.

If E is the K-resolution of the identity for T, and the restriction T|E(K)X
is spectral of scalar type in the sense of Bade (cf. [2; XVIII.2.12]), then T will be
called a K-scalar operator.

Note that an operator T€C(X) is spectral in the classical sense due to Bade
(cf.[2; XVIII1.2.1)) if and only if T is @-spectral with the @-resolution of the identity E
for which E({=})=0. By definition (cf. [9]), if an operator is K-spectral, then the
spectral singularities of the operator are contained in the set K. So any statement
establishing that an operator is K-spectral is an estimation of the set of the spectral
singularities as well as a structure theorem for the operator.

 Acknowledgement. The author acknowledges the benefit of helpful conversations
on the subject of this paper with E. Albrecht during his stay as a Humboldt Fellow in
Saarbriicken.

2. The results

Lemma 1. Let X be a reflexive Banach space, and T€ B(X). Let a<b, ¢=0
be real numbers, and

J={26C: a<Rez=<b, |Im z| < ¢c}.
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Let p be a one-to-one holomorphic C-valued mapping on a region containing J, p(J)=H,
and

6)) G = HNao(T)cp((a, b)) = G;.

Assume that there are dense linear manifolds Xo=X,(H) in X and X)=X[(H) in
X* (the dual of X), respectively, such that with the notation R(z, T)=(z—-T)"?
1° for every (x,, X3)€XoX X, there exist in almost every point s¢(a, b)

* * =i * —i
. R (P(S): Xo> xo) tl_g.ni xoR(P(S if), T)xo,
2° there is a positive number M=M(T, H) such that for every (x,, x}) in
XoX X,

JIR*(z, 53, x)— R~ (2, x3, x0)| |dz| = M]x¥]||xo].
G

Assume further that there is a positive number M,=M,(T, H) such that for
every z€ HN\G, (here d is the distance in C)

3¢ |[R(z, T)| = M,d(z, G)™.
With the notation
V) ' K= HNo(T)

the operator T is then K-scalar with the K-resolution of the identity E, for which

X EB)xy = Qui)™t [(R*(z, x5, x)— R~ (2, x3, %)) dz (b Borel, bCG).
) » b

Remark. If X is an arbitrary Banach space, the spectrum of T€B(X) satisfies
(1), with the notation (2) T is K-scalar, and H, is a compact set in H, then there is an
M,=M,(T, H;)=0 such that for every z in H,\ G, the relation 3° holds. Indeed, if
E denotes the K-resolution of the identity for T, then

3 R(z, T) = R(z, T|E(G)X)E(G)) +R(z, T|E(G5) X ) E(GY).
Since E(G5)=E(G;Na(T))=E(K), hence
| o(T|EG)X) C K,

the second term on the right-hand side of (3) is bounded on the set H;. The operator
T|E(G)X is spectral of scalar type, therefore there is an L=0 such that

IR(z. T|E(GY X)| = | f (z—v)'lE(dv)|E(Gl)X| = Ld(z, G)™~
’ &

In view of (3) we obtain 3°,

The proof of Lemma 1. Let C'(C, K) denote the algebra of those functions
f: C—~C which are of class C" on C=R? and are locally holomorphic on K (i.e. on
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some neighbourhood U=U(f)cC of K; we may assume that U has a finite number
of components.) Sussmann (see [15; Theorem 10 and Remark, p. 188]) has proved
that 3° implies the existence of an algebra homomorphism

A4: C¥(C,K) -~ B(X)
such that A(py)=I and A(p,)=T hold, where
pi: z— zF (z€C).

Though Sussmann has stated this result for the case of a densely defined operator in
Hilbert space, it is easy to check that it is valid (with the proof unchanged) under our
conditions (cf. VAsILEscu [16; V.5]).

Let B,=B,(G, K) denote the algebra of those functions f: C—~C, for which
the restriction f|G is bounded Borel, and f|K=0. Let f¢B,, x,€X,, xg€X,, and
define the bilinear form b, on the set XXX, as follows:

@ by(x3, x0) = @ri)* [ f(D(R* (2, x5, X)— R~ (2, X3, X)) dz.
G

.

By 2°, this form is continuous. Since it is densely defined, it can be uniquely extended

1o a continuous bilinear form b, on X*XX. Since X is reflexive, there is a unique
O(f)€B(X) such that

x*Q(Hx = I;f—(x*, x) (x*eX* x€X).

The méppin'g Q: B,—~B(X) will be called a B, functional calculus. If £(G) denotes
the characteristic function of the set G, then clearly

Q(f) = 0(fk(@) (fEBy.
Let {f.}cB, be a sequence, and f;¢B,. We shall write
Lim f, = f;,
if lim Jo(@2)=fo(2) (z€G) pointwise, and N
sup {|/,(D]: z6G, n=1,2,...} =L < .
Byv2°, we have then
[X*Q(f)x| = LM|x*||x] (x*€X*, x€X, n=0,1,...).
Therefore, for every xF€X,, Xo€X,, n=0,1, ... |
Ix*Q(f)x —x5 Q@ (f)xo} = LM (Ix* —xg] [x] + |x5] Ix — xo)-
Further we have
[x*Q(f)x—x*Q(fo)x| = [x*Q(£)x—x3Q (f) %ol +1x5 Q(fo) X0 — x5 @ (fo) Xo| +
+1x0 @ (f)xo—x*Q (fo) x!.
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The first and third terms of the right-hand side are uniformly small in n, if |x*—x}|
and Jx —x,] are small. By 2°,(4) and the Lebesgue convergence theorem, the second
term is small, if » is large. Therefore, Lim f,=/; implies

&) limx*Q(f)x = x*Q(f)x (x*€X*, x€X).

Let B,=By(G, K) denote the subalgebra (in general without unit) of B, consist-
ing of those f in B,, the suppoits of which satisfy suppfMNK=@. We show that

© A(H)=0(f) (feC3(C, K)NB,).
Since f€B,, therefore

suppfNo(T) = suppfNG
is a compact (in C) subset of the analytic arc G,. Sussmann [15; Lemma 6] shows that
A(g)=0 for every g€ C3(C, K) that vanishes in a neighbourhood of ¢(T). Hence for
the function f there is fo€ C3(H)c C3(C, K)NB, such that

™) A(f)=A4(f), 2(N)=2(f0).

(To obtain f, use a suitable partition of unity.) Further, the quoted proofs ([15;
Theorem 10) and [16; V.5.2]) show that f,€ C3(H) together with 1° and 2° imply

x5 A(fo) xo = 2ri)™1 ffo(z)(R+(Z: Xg, Xo)— R~ (z, x3, xo))dz = x5 Q(fo) %o

for every x3€X,, Xo€Xo. From (7) we obtain that (6) is valid.

Now we show that the (clearly linear) mapping Q is an algebra homomorphism,
i.e. for every f,g€B,
® 2(NA() = 2 (f2).

At first let f, g€ C*(C, K)NB,. Since A is an algebra homomorphism, (6) yields

2(NQ(R) = A(NHA(g) = A(f3) = 2(f2).

~ Now let f€C°(C)NB,, gasabove, then there is a sequence {f,}c C3(C, K)NB,
such that Lim f,=f. For every pair (f,, g) the equality (8) holds, thérefore (5) implies
that (8) holds for the pair (f, g). Let g be as before, and let

D = {feB,: Q(/)Q(g) = 2(f3)}-

Since {f,}cD, Limf,=f imply, by (5), f€D, we obtain that D=B,. Fix now
J€B,, and repeat this argument for the function g, then we obtain that (8) holds for’
every pair f, g€B;.

Let B=B(G, K) denote the algebra of those functlons f: C~C which are
locally holomorphic on a neighbourhood U=U(f)cC of K, and for which f|G
is a bounded Borel function. Let f¢B, and let the open set U, contain K and be such
that f|U, is locally holomorphic. Let U, have the same properties and let U,cUj;.
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With the notation U,=C\U,, let (g,, g5 be a partition of unity subordinate to
the open covering (Uy, Us,) of C, and define the operator F(f)€B(X) as follows:

F(f)= A(Jfe)+2 (2o T

This operator is well-defined: clearly, fg,€ C=(C, K) and fg,€B,; further, if (g}, g¥)
Is a partition of unity subordinate to the open covering (U}, UJ) of C (with the same
properties), then g,—gy=gi—g, implies

A(fe)—A(feD) = A(f(g1—2D) = 2(f(g5 — 22) = Q(f£g) —Q(f2o),

since f(g,—g})€C=(C, K)NB, and, as (6) shows, the calculi A and 0 coincide on
this set. The mapping F: B--B(X) is clearly linear. We show that 1t is also multi-
plicative, i.e. it iS an algebra homomorphism.

The mapping F is an extension of the calculi 4 and Q,=Q|B,. Indeed, let e.g.,
fEC3(C, K). Since G, is compact in C, we have f¢B. Let (U, Uy and (g1, g2)
be as above. Then fg,€C3*(C, K)(NB, and, by (6),

F(f) = A(f2g)+Q2(fg2) = A(fg) +4(fgo) = A(f).

The proof for the calculus Q, is similar. :
If /1€C3(C,K) and f;€B,, then f,f;,€B,. Further, we have

&) A(G(f) = 2()4(f/) = C(f1.fo)-

Indeed, if, in addition, f,€B,NC3(C, K),. then f,f,€C3(C, K)hBo. -By (6) and by
the multiplicativity of the calculus 4, we obtain (9) for this case. Let...

= {fa€By: (9) holds with every f,€C3(C, K)}.

A reasoning similar to that in the proof of the multiplicativity of the calculus 10 shows
that Dy=B,. :

Now let f;, £;€B, let U, be contained in the intersection of the domains of local
holomorphy of £, and f,, otherwise let (U, U,) and (g, £2) be as above By (9) we
obtain

F(fF(f2) = (A(f18) +Q(fi8))(4 (280 +Q(f282)) =
= A(f1128) +2Q (fifa8182) +Q (1 28D

Smce F is an extension of the calcuh A and Q,, respectlvely, further &1 +g2=l
we have

F(F() = F(fi£f2(8.+82°) = FUAfD),

5O | Fis multlphcatlve
Applymg our earlier notations, p; C3(C K) (=0, l) 1mp1y that F(Po)—-_
=A(p))=1, and F(p)=T.
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Let k(b)=k(b;z) denote the characteristic function of the Borel set b in C.
If k(b)eB, then define the operator E(b)¢B(X) by

(10) E(b) = F(k(b)).

Let S be a closed neighbourhood (in C) of the set XK. If the set b belongs to the o-
algebra By, then k(b)€B. Since F is an algebra homomorphism, E is a homomor-
phism of the Boolean algebra Bg onto a Boolean algebra of projections in B(X).
If {b,}=BsNS° is a nondecreasing sequence of sets with the union b,, then E(b,)=
=Q(k(b,)) and Lim k(b,)=k(by). Hence, by (5),

Hmx*E(b)x = x*E(by)x (x€X, x*¢ X*).
n
Therefore E|Bg is countably additive in the weak and, by [2; IV. 10.1], in the strong_

operator topology of B(X), i.e. it is a Bg-spectral measure. The multiplicativity of F
implies that every E(b) commutes with T'=F(p;). Further, we show that '

(1) o(TIEG)X) < b (beBy).

Let zy¢b, and let r: z—{(zy—2)"%(b; z) (z6C). Then réB, and r(z)(zy—z)=
=k(b; z). The multiplicativity of the calculus F yields that

F(r)(zo—T) = (z,—T)F(r) = E(b).

From this we see that (11) holds. Hence E By is the S-resolution of the identity of the
operator T.

Let beBsNSY, x{€X{, xo€X,. Since E(b)=E(bNa(T)), by (4) we obtain

xsE(b)x, = x5Q(k(bNa(T)))xo = (2m)— f (R+(z,xo,x0) R~ (z, x§, x0)) dz. -

bNG
Applying the notation So=S°Na(T)=8°NG, the set S, is bounded, thereforé
[ zE(dz)e B(X). - |
Further, by (4), N
X f zE(dZ)x, = f zxg E(dz)xy =

Sy

= (2ni)~1 fz(R*(z, X3, X)) — R~ (2, x§, xp))dz =

= Xp Q(P1k(so))xo = Xp F(Pl k(So))xo-
By the multiplicativity of F, we have
' [zE@dz)= [zE(dz) = F(p)F(k(Sp)) = TE(S°).
se 5, :
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Hence for every x,=E(S%)x,
Tx, = f 2(E|E(S9)X)(d2) %,

sc
i.e. the operator T is S-scalar for every closed neighbourhood § of the set K.
If b€BgNK®, hence k(b)EB,, then let

E(b) = Q(k(5), E(CN\b)=I—E(b).

This definition is clearly an extension of the definition of the mapping E in (10) to the
g-algebra By. If {b,} is a nondecreasing sequence in BxNK?°, converging to b, fur-
ther x€X, x*¢X*, then Lim k(b,)=k(b) implies

x*E(b)x = x*Q(k(b))x = lim x*Q(k (b)) x = lim x*E(b,)x.

Hence, as above, it follows that E is countably additive on By in the strong operator
topology of B(X). In particular, if {S,} is a sequence of closed neighbourhoods of K,
converging nonincreasingly to X, and b is as above, then

E(b)x =lim E(pNS)x  (x€X)

in the norm topology of X. The technique of [8; Theorem 3] shows that the operator
T is K-scalar.

Remark. It can be seen from the proof above that instead of 3° it is sufficient
to have an estimation

3 |R(z, T)| = M, d(z, G)™"

with some positive integer r. In this case the only necessary modification in the proof
is that A will be an algebra homomorphism of C"*%(C, K) into B(X). The other
parts of the proof remain unchanged.

In the following lemma we apply the notation p,: C—C, p,(z)=2* (z€C,
k integer), further for hcC we set h~l=p_,(h).

Lemma 2. If Te€C(X) is K-scalar (K=Kco(T)), and there exists
T-€C(X), then T~ is K™ 1-scalar.

Proof. Let E denote the K-resolution of the identity for T. It is not hard to seec
that the projection-valued mapping E, defined by

E (b)) =E(b) (b €Bx-1)

is the K~'-resolution of the identity for 7-1. We shall show that the restriction
T~ YE, ((K~Y)°)X is spectral of scalar type in the sense of Bade (cf. [2; XVIIL.2.12)).
Let .
Y = E((K))X = E(K)X.



Local spectral theorem for closed operators 347

Since T and E commute, and T is injective, (T|Y)~*=T"|Y. Since T|Y is spectral
of scalar type, from [2; XVII1.2.11(h)] (and with the notations there) we obtain that

TYWY =(T|Y)™=Ty(p) ' = Ty(p-o)-
Thus for y in Y we have A
T-ly=1lm [ z'Ed2y

" e, @l=n
in the sense that yeD(7T~1Y) if and only if the right-hand side limit exists in the
norm topology of Y. Hence, by [2; I11.10.8. (f)],

T 1ly=lim f zE,(dz2)y,

ne |z{=n
again in the above sense. Therefore the operator T is K~ *-scalar.

Theorem 1. Let X be a reflexive Banach space, and UcC(X). Let a<b,
¢>0 be real numbers, and
J={z€C: a<Rez<b, |Imz| <c}
Let p be a one-to-one conformal mapping of a region containing J into C (hence p is
meromorphic with at most one pole in this region), p(J)=HcC, and
6)) G = HNa(U)cp((a, b)) = G;.
Assume that there are dense linear manifolds X,=X,(H) in X and X,=X,(H)

in X* such that
1° for every (x,, x3) in XoX X, there exists in almost every s€(a, b)

RE(p(s), x5, %) = lim x5 R(p(s—ir), U)xo,
2° there is a positive number M=M(T, H) such that for every (x,,x}) in

X, X Xg
[IR* (z, %%, X)— R~ (2, x5, xo)|1dz| = M]x§||x,].

G

Assume further that there are a positive number M,=M,(U, H) and a positive integer
r such that for every z€ H\G, (here d denotes the chordal distance in C)

3° IR(z, U)| = Myd(z, G)™".
With the notation
K= HNe(U)

the operator U is then K-scalar with the K-resolution of the identity E, for which

xg E(b)xy = (2mi) ! f(R*(z, x4, Xo)— R (2, x5, x,))dz (b Borel, b c G).
b
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Proof. Due to (1), the resolvent set o(U) of the operator U is nonvoid, and
there is a point z€g(U)NGS. There is a positive number c¢;=c such that (with
understandable notations) the corresponding image set H(c)=p(/(c,)) is a subset
of H=H(c), and z¢H(c,). With these notations then

K(c)) = H(c)’Ne(U) = H(cNeo(U) = K(c) =K.

So we may assume that there is a point z€o(U)NH'. Hence the operator
T=(U—2z)"! belongs to B(X). Without restricting the generality we may and will

assume that z=0: ie. that 0co(U)NH  and T=U"€B(X).

With the notation p, of the preceding lemma we have o(T)=p_,(c(U)), and
the function p_,op is a one-to-one holomorphic mapping of a region containing J
into C. Further, p_,op(J)=p_,(H), and

p-1(G) = P—1(H)HU(T)CP—1°P((0: b)) = p_1(Gy).

So with the function p=p_,op replacing p and with the “reciprocals” of the sets
occurring in condition (1), the bounded operator 7 satisfies condition (1) of Lemma 1.
Now we show that it satisfies conditions 1° and 2° there. Since

R(z,T)=z1—z2R(z"%, U) (z7'€o(V)),
for every (xo, x}) in X,X X, there exists in almost every point s€(a, b) the limit
RE(P(s), x5, %) = tlilgli xe R(B(s—i?), T)x,.
Further, for almost every point z=p(s) on p_,(G) (s€(a, b))
R} (z, x§, %) =Ry (2, x%, xp)= —2z"3(R* (271, x}, xo) —R™(z™ %, x§, X))

If the integral of a function f on G, exists, i.e.

SIr@lldzl= [ 1f(e@)p (t)ldt <o,
G, a
then (cf. [2; I11.10.8])
Jlf@ldzl= [ 1f@EHz7?ldz].

p_,(Gy)
Hence

[ IR (2 x8, x)— Ry (2 x5 xo)lldz] = [ [R*(z, x5, x0)—
P-I(Gl) G,

—R~(z, x5, xp)||dz] = Mx5||xo]  (xo€ Xy, X5€X5),
so condition 2° of -Lemma 1 is also satisfied.

EscuMEIER [3; II1.1.7. Korollar, p. 58] has shown that the growth condition 3°
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on the set H\G; implies

[R(z, )| = Mzd(z’ 17--1(G1))_"»2 (ZEP—1(H\G1))-

(The exponent on the right-hand side can be —r if «~¢G,.) Thus Lemma 1 and the
Remark after it yield that the bounded operator T is K~ *-scalar. Applying Lemma 2,
we obtain that U is K-scalar.

For the K~1-resolution of the identity E; of the operator 7' Lemma 1 gives that

XFE, (b7 x = Qu))™t [ (Rf (2, X3, x0)— Ry (2, %3, X)) dz

b-1
(b~ Borel, b~1cG™).

If E denotes the K-resolution of the identity for U then, by Lemma 2, E(b)=E,(b™")
(b€Bg), and an integral transformation yields again

X3E(b)xo = ni)™* [(R*(z, X3, x)—R~ (2, X3, xp))dz (b Borel, bcG).
; ]

Remark. It is similarly seen as in the bounded case that if X is an arbitrary
(not necessarily reflexive) Banach space, the spectrum of the operator UcC(X)
satisfies (1), and with the notation above U is K-scalar, then for every z,cG,NC
there are a neighborhood N=N(z,) and a positive number M,=M,(U, N) such
that

|R(z, U)| = Msd(z, G)™' (26 N\Gp.

In partjcular cases of a spectrum of similar local structure several authors (cf. PAvLov
(13], GAsYMOV and MAKsSUDOV [4]) have considered the spectral singularities as those
points of the curve, in a neighbourhood N of which the resolvent operator satisfies
a growth condition of order larger than one, i.e. the set {d(z, G,) R(z, U): zEN\G,}
is unbounded.

. Corollary. Under the conditions of Theorem 1 and with the notations there the
set GNC: is contained in the continuous spectrum of the operator U.

Proof. Let zéGNC, and let E denote the K-resolution of the identity of the
K-scalar operator U. By Theorem 1, we have E({z})=0. Let e€Bg. Since U is
K-spectral, with the notation U,=U|E(e)X we have o(U,)Ce.

Let d be an open neighbourhood (in C) of z such that d€B,. Then the set e=d*
belongs to By, and z€o(U,). Hence

E@X=(z-U)E(eXc(z-U)X,
where VY means V(YN D(V)) for any operator ¥ and any set Y. Since E is count-
ably additive, we obtain that E({z})Xc(z—U)X. Since E({z})=0, we have

@ X=0z=-0)X.
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Assume now that (z—U)x=0 for some x in X. Then, for every e as above,
(z—U)E(e)x =E((z—U)x =0.

Since z€p(U,), we obtain that E(e)x=0. By the countable additivity of E, we have
E({z})x=0, hence x=0. So z is no eigenvalue, and (4) shows that it belongs to
the continuous spectrum of U.
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Geodesics of a principal bundle with Kaluza—Klein metric
PETER T. NAGY

Dedicated to Professor K. Tandori on his 60th birthday

1. Introduction

Let be given a riemannian space-time manifold M, a principal fiber bundle
7n: P-~M over M and a connection form ¢ on P. The structure group G of the bundle
{P, m, M} acting on P from right and the connection form ¢ on P can be interpreted
as internal symmetry group and potential of a given Yang—Mills field (cf. [2]).
We suppose that the group G is equipped with a left invariant riemannian metric
determined by a scalar product (-, - ), on the Lie algebra g of G. We call the rieman-
nian metric defined by

o XY )pi= (X, m, Y I (@ (X), ¢ (¥)),, (X, YETP)

the Kaluza—Klein metric on P.

Usually, the bundle space metric (-, - )p in Yang—Mills theory is defined with
help of a biinvariant group metric. Now we generalize the construction of bundle
metric using an arbitrary left invariant group metric instead of the biinvariant one.
We shall investigate the geodesics in the bundle space P which can be interpreted as
trajectories of “combined” classical motions of test particles in a given external
Yang—Mills field ¢ and gravitational field (-, - ),,.

The equation of geodesics in a principal bundle has been studied in [2], {3]
under the assumption that the scalar product {.,.), is given by the Killing—Cartan
form. For the description of geodesics in P with respect to the metric (1) we shall
apply our results on geodesics in a riemannian submerison [5]. We shall use V. 1.
Arnold’s approach of investigation of geodesics on a Lie group with left invariant
metric interpreted as motion of a generalized rigid body [1].

Received February 23, 1984,
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2. Geodesics on a Lie group with left invariant metric

Let be given a scalar product {.,.), on the Lie algebra g of the Lie group G.
g can be considered as the Lie algebra of left invariant vectorfield on G, thus (.,.),
defines a left invariant riemannian metric on G. A scalar product on T,G(g€G)
defines a linear operator maping the tangent space T,G onto its dual space T;G.
This maping gives a left invariant tensorfield 7,: T,G—~T,G satisfying

(Ig(v), w) = (v, W)y, v, weT,G.

Proposition 1 (V. L Arnold). The curve g(t) on the Lie group G is a geodesic .
with respect to the left invariant riemannian metric {.,.), if and only if the covector

¢)) m(f) = R;k(r) OIg Y e 9*
is constant, where R,: G—G is the right translation: R, (h)=hg.

Proof. Let e,(g), ..., e,(g)€g be a left invariant orthonormal frame on G
and ', ..., 0" its dual coframe, that is w*(e,)=0} is satisfied (here and below
A, u, v run through the indices 1, ..., k). If c,fv are the structure constants, that is

do* =—ck 0P\ w”

the riemannian connection form @=g}e;@w" can be expressed by

1
0; = 5 (=t 30

Indeed, @)= —¢¥4 and do*= —@}Aw* are satisfied, and these properties determine
the riemannian connection form uniquely. We get the equation of ‘geodesics

(g
V.d = V,(¢%e;) = W'*‘c).ug gle;.

The components of the tensor 1, are 64 by the choice of frames, hence the equation
of geodesics can be written as

d , . .
H—t(L; ol,gy=adjoL;ol,g, v=Lsg,

where L;: G—G is the left translation and ad}: g*—~g* is the coadjoint represen-
tation of g that is (adX ¢, w)=I({v, w]), for any wé€g, {€g*.
On the other hand we get using the fact that

Lyolg = L}oR;_ym(f) = Ad;m(r)
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the following equation

d . dm
3) I Lyolg)= (Ad*) m+Ad; —— I
We have

d
3? (Adg(t))!o = g(ro) dt (Ad "(fo)g(f))fo - Ady('o) Oadv’

where v=L _,xg€g, thus we get

d
| E(Ad;) = ad} o Ad}
and consequently

%(L;‘ oI,g) = ad} o Ad} o R*_,0L,§ +Ad’ ‘;—"t’ = adfoL}olg+Ad ‘Z’t’
Comparing with (3) and using the fact that the operator Ad; is invertible, the Prop-
osition follows.

3. The Kaluza—Klein metric

We consider now the riemannian scalar product (1) on the total space P of the
principal fiber bundle {2, n, M }. The riemannian manifolds P, M and the projection
n: P—M yield a riemannian submersion, that is the map =n,: TP—~TM preserves
the length of horizontal vectors.

The principal fiber bundle {O,(P), p, P} of adapted frames on P of the submer-
sion 7: P—~M is defined by the following: {0, (P), p, P} is a subbundle of the
orthonormal frame bundle {O(P), p, P} over P consisting of frames (x;ey, ...,
«es €44 )€ O(P) such that the vectors ey, ..., e, are horizontal (i.e. orthogonalto the
fiber n~1(y), where y=m(x)) and the vectors e,.1, ..., €, are vertical (i.e. tangent
to the fiber 7~ 1(y)). The structure group of the bundle of adapted frames is the prod-
uct of orthogonal groups O(@m)XO(k).

If  and 8 denote the R"**-valued canonical form and the orthogonal Lie
algebra o(n+k)-valued Riemannian connection form on O(P), their components
o', 0% 63, 0%, 05, 05 satisfy the structure equations

(4a) do’=— BN —BAw?,
(4b) _ do® =— Ao’ — 05N w7,

where the indices run the values: a,b,c=1,...,n; «, B, y=n+1, ..., n+k.
The form with the components 63, 65 is a connection form on the adapted frame
* bundle {0, (P), p, P} resulted by the projection o(n+k)—~o(n)®o(k) of the values

23
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of the connection form 6. The difference form with components 84, 6; is a tensorial
form, thus they can be written as linear combinations of the components of the can-
onical form

1 1
©) 5= 5 Aje0t + Tho! 65 =62,
where the tensors A=45_¢,Q0*Qw® and T=T, ,‘,’ye,®a)ﬁ®w” are the fundamental
invariants of the submersion (in detail see in [1]).

Let be given an orthonormal frame Ej, ..., E, in the Lie algebra g. It defines a
global orthonormal vertical frame field &,., ..., &,,, on P such that ¢(&,,))=E,.
Thus the adapted frame bundle {O(P), p, P} can be reduced to the subbundle
{0,,(P), p, P} consisting of the frames {ey, ..., €,; €41, -.-, &,44), Where ey, ..., €,

are orthonormal horizontal tangent vectors. If we consider the R"**-valued canonical

form o on this subbundle O, (P) and if we use the identification R"**=R"@g,
the components w"t?, ..., @"** of the canonical form w are corresponding to the
components ¢l, ..., ¢* of the connection form ¢ with respect to the frame E,, ..., E;
in g. It follows that the forms w"*2, ..., @"** satisfy the structure equations of the
connection @: '

1 ;
©) de**" =—-2—c;}vm"+"+-:12—9,',‘cw"/\w°.

As compared (6) with (4b) and (5) we get
Q)] Aprr = Q.

Since the parallel translation with help of the connection on the bundie {P, , M}
commutes with the right action of G on P, it follows that the translation of the fibers
is isometric. Indeed, if y(¢) is a curve in M, v€T, P is a vertical tangent vector to the

= Y(y(t,)) and @(v)=we€g, then v=d/dt(R exp tw)xolo. If Tty denotes the trans-
lation n=1(y(ty))~n"'(y(r;)) along y(t) we have

d
(Tto,tl)*v = a (chpthl)o’

t

where x(t) is a horizontal lift of the curve p(¢) such that x(f))=x,, x(f)=x,.
1t follows
lole = le @l = Iwllg = 1(zi, ) 0lp,

thus we get the isometry property. It folows that the normal variation of the metric
tensor of the fibers vanishes i.e. the fibers are totally geodesic submanifolds:

®) 7§, =0.

We summarize our results (7), (8).
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Theorem 1. The Kaluza—Klein metric on P defines a riemannian submersion
on the bundle {P, n, M }. The fibers of the bundle arre totally geodesic submanifolds. The
Jfundamental tensors of the submersion satisfy

(A2)Y, U)p ={2(U,Y), ¢(2Z)),,
T(Z,U)=0
for any tangent vectors Y, Z,Ue€T,P, x€P.

4. Geodesics on P

We shall apply our recent result ({5], p. 353).

Theorem. If {P, n, M} is a riemannian submersion with totally geodesic fibers
the curve x(0) is a geodesic of P if and only if the following conditions are satisfied

(i) the first vector of curvature of the projection curve y(6)=rnox(c) is

66.)}, = R*A (x’)x,,

where o is the arc-length parameter of y, prime denotes the derivative by o and V is the
riemannian covariant derivative on M,

(ii) the development z(0)=1,, x(0) of x(o) in the fiber n~1(y(0y)) is a geodesic,
where the map t, , : n=Y(y(6))~n"(y(oo)) is the parallel translation of the fibers

G,Uo'

along y(c) defined by the horizontal subspaces of TP.

If {P, =, M} is a principal fiber bundle with structure group G and the riemannian
submersion on this bundle is defined by the Kaluza—XKlein metric (1) we get the
following description of geodesics.

Theorem 2. The curve x(o) is a geodesic of P if and only if

(i) the curve z(0)=t,, x(0) is a geodesic on the Lie group (¥ (00))=G
with respect to the induced fiber metric,

(ii) the first vector of curvature of the projection curve y(e)=nox(c) satisfies
for any tangent vectorfield U of M along y(o)

<§ayl’ U>M = (’”, Qy(a)(Ys U));

where j(c) is a horizontal lift of the curve y(a), Y(c) and U(o) are horizontal lifts of
the vectorfields y’ (6) and U(o) and meg* is a constant covector corresponding to the
geodesic z(0) on n7(y(00))=G

m (0') = R;((U) (o] Ig(a) Z’
(cf. Proposition 1, z(a)=1v(0)g(0o)).

23*
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Proof. We have to prove the property (ii). We know that
Vo y', Upy =—(n, A(X)x, Uy =— (A (x)x', Uy
By Theorem | we get
<§ay” U>M = <¢ (x'), QX(Y’ U)>g

If we identify the fibers n~!(y (o)) with the group G such that the unit of the group
G is corresponding to the section ji(o) we can write

<§oy” U>M = <(p(2’), Qz(Y, U)>g’

where x(o)€n~?(y(0)) corresponds to the pair {y(c),z(0)}, z(6)En~*(¥(oy)).
But ¢(2)=(L,.,), 2 and the scalar product (.,.), is left invariant thus we have

<V7,y’, U>M = ((Lg—l)* z, Qz(—Y: U))g = <z” (Lg)*'Q: (—Y’ U))s =
= (z/,(R,), 0Ad,Q.(Y, I_J)>g.
Since Ad, 2.(Y, 0)=Q__.(Y, U)=Q,(Y, U) we get
<§ay,’ U>M = <zla (Rg *(Qy(a)(yy U)>g = (R:(o) OIg(O) 2/3 Qv(g)(Y, U))

Thus the theorem is proved.

5. Geodesics on the orthonormal frame bundle

It is well known that the configuration space of a moving rigid body in the
euclidean space E3 is the orthonormal frame bundle O(E3) over E3. This bundle is a
trivial one that is the decomposition O(E®)=FE®*XO0(3) is canonically defined and
the action function of a free motion (the kinetic energy function) is the sum of the
kinetic energy function of a moving masspoint in E® and of a rotating body. It
means by the “Least Action Principle” that the trajectories of combined advancing
and rotating motions will be geodesics on O(E?) with respect to the Kaluza—Klein
metric corresponding to the trivial connection on the bundle {O(E?), n, E?®}.

Analogously we can consider the orthonormal frame bundle {O(M), n, M}
over a riemannian manifold M as configuration space of “infinitesimal” rigid bodies
in M. A scalar product (.,.),,, on the orthogonal Lie algebra o(n) corresponds to
the kinetic energy function of a rotation, the Klauza—Klein metric (1) on O(M)
defined by the riemannian scalar product (.,.),, on M, the riemannian connection
form ¢ on O(M) and the scalar product (.,.),, gives an action integral

f {<7Z* X! T[*'*>M +<(P (X), ¢(x)>n(n)} dt
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on the configuration space O(M), the geodesics with respect to this metric will de-
scribe the inertial motion of an infinitesimal rigid body, corresponding to the least
action principle. (The mass of the rigid body is supposed to be equal to 1.)

At the same time a detailed investigation of geodesics on O(M) can serve as an
application of the previously discussed equation of the classical motion of a Yang—
Mills particle.

If x(¢) is a curve in O(M) describing a combined motion of an infinitesimal
rigid body (or particle) in the riemannian space M we call the projection curve
y(t)=mox(?) the trajectory of the advancing motion and the curve z(f)=rt,, ox(f)
on the fiber n~1(y(#,)) the trajectory of the rotation.

We know by Theorem 2 that the trajectory of the rotation of an inertial motion
is a geodesic on the fiber n~1(p(,)) and the trajectory of the advancing motion satis-
fies the differential equation

<6o'y,7 U>M = (’n5 Qp(a) (Y—z U)):

where m is a constant €o(n)* defined by the initial values of the geodesic x(¢) and
X(2). It means that the curve y(¢) is a trajectory of the motion of a masspoint in M
under the action of the force (m, Q(Y, U)). In our case P=0(M) the Lie algebra
valued curvature form Q defines a tensorfield R on M called the curvature tensor
and the constant m¢o()* defines a covariant constant tensorfield M, along the curve
y(0) satisfying

R(X, Y)U =z.(2Q(X, Y)(z"'U)) for X,Y,UET,M
and
. M, X = z-(m*(z71X)) for XeT,,M,

where zern~(y) is identified with the map R"—>T, yM defined by the frame z and
m* denotes the vector from the Lie algebra o(n) corresponding to the covector
mEn(n)* determined by the Killing—Cartan scalar product on o(n), that is

m(v) = Trace m*» for v€o(n).
Thus we get the following

Theorem 3. The trajectory y(6) of the advancing motion of an infinitesimal
rigid body in a riemannian space M satisfies the equation

N,y Uy = %Trace (M,oR(y’,U)) for UET,M,
where V,M,=0.

1f the riemannian space M is of constant curvature &k then the components R},
of the curvature tensor are

Ry = k- (028pa— 038 -)
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Hence we can write

1 1
5 Trace (M, 0 R(y', U)) = 5 k- M (52 goa—0386c) ¥ U? =
1 re re
= ok (M2 g U~ Mgy U°),

where M are the components of the tensor M,,. Since the tensor M, is corresponding
to the vector m*€o(n) it is antisymmetric that is

MU, VY=—(U, M, V) for U, VETM,
or equivalently
Mgy =— M3 gy,
Thus we get

—

Trace (M, oR(y",U)) = k-(M,y’, U)y.

IN]|

It follows

Theorem 4. The trajeciory of the advancing motion of an infinitesimal rigid
body in a riemannian space of constant curvature k satisfies the equation

66)7, =k- ng,,
where V_ M, =0.
If dim M =3, the action of antisymmetric tensors on the tangent space can®be
written in the form of cross product
M,y = p, Xy,
where p, is a uniquely determined tangent vectorfield along y(o). Since V,M,=0

we have 66u0=0. Thus we get

Corollary. The trajectory of the advancing motion of an infinitesimal rigid
body in a riemannian 3-space of constant curvature satisfies the equation

Voy =k ps Xy,

where the vectorfield u, along y(o) is covariant constant.
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Uber Approximationseigenschaften differenzierter Hermitescher
Interpolationspolynome mit Jacobischen Abszissen

L. NECKERMANN und P. O. RUNCK

Herrn K. Tandori zum 60. Geburtstag gewidmet

1. Einleitung

Auf ihr Approximationsverhalten in bezug auf die m-te Ableitung einer in
[—1,1] definierten und mindestens m-mal differenzierbaren reellen Funktion f
werden Folgen von ebenfalls m-mal differenzierten f zZugeordneten Hermiteschen
Interpolationspolynomen H,[f] mit den Nullstellen x,=x, ,(«, B) der Jacobischen
Orthogonalpolynome P,*#(x) (¢>—1, f>~1) als Abszissen untersucht. Dabei
werde das Hermitesche Interpolationspolynom mit m paarweise disjunkten Abszis-
sen x, gegeben durch

D HIf; ¥i= 3 (0, £Ge) 4, ()
mit )
(1.2) By () = by () = 0, (L),
(13) 8 () = 00 (= 1= 2 () = 140, ()
und
_ . _ g _ 1 wnz(x)
(14) bv(x) - I)v,n(x) o (x xv) lv (x) — [CU,,' (xv)]2 (x__xv) ’
wobei [, die Lagrangeschen Grundpolynome
@, () :
L L@=h,m=]EReEm T
1 (x=1x)

Eingegangen am 2. August, 1984.



362 L. Neckermann und P. O. Runck

mit

(1.6) w,(x) = ¢ J] (x—x,), 03 ccR
v=1

sind.

Im Sonderfall der Jacobischen Polynome P,*#(x)=w,(x) gilt fiir (1.3)
(vel. [10), S. 337 (14.5.1))
.7 o) = 1= 2=Pr@tf+Dx,

1—x2

( _xv)'

In Satz 3 werden von « und f abhingende Bedingungen iiber f angegeben, unter denen
die differenzierten Polynome D"H,[f]=H{™][f] fiir n— e gleichmaBig im Intervall
[a,b] (—1=a<b=1) gegen f™ konvergieren. Der Sonderfall m=0 sowie hiermit
zusammenhingende Konvergenzuntersuchungen der verallgemeinerten Interpola-
tionspolynome von Hermite—Fejér an'hv(x) f(x,)+ an b,(x)f, (|f]|=A<<) finden
sich im wesentlichen (mit weiterer Literaturangabe) bei SzeG6 [10], S. 338 f (man
vergleiche hierzu auch SzaBapos [9)).

Entsprechende Untersuchungen iiber die m-mal differenzierten Lagrangeschen
Interpolationspolynome wurden von den Verfassern in [5] durchgefiihrt. Die Appro-
ximationseigenschaften der differenzierten Lagrangeschen und Hermiteschen Inter-
polationspolynome werden am SchluB dieser Arbeit gegeniibergestellt.

Um optimale Ergebnisse zu erhalten, verwenden wir analog zu [5] bei der Her-

leitung der Ergebnisse anstelle der Lebesguefunktionen Zn’ [h,(x)] und Z" 15, ()]
v=1 v=1

die von einem Hilfsparameter y€R abhingenden Funktionen

19 seree = Zrn e (L) =0

19) smes = Z om0l (L) 6=

Denn bei den Jacobischen Abszissen handelt es sich um Interpolationsstellen, fiir die
afn=|x,—x,4|=(cfn) V1 —x,2=0 (v=2, ..., n; ¢, ERT unabhingig von n) gilt.
Mit Hilfe von #£"(x;y) und $7(x;y), deren asymptotisches Verhalten fiir n—
untersucht wird, und dem Approximationssatz von Jackson—Timan erhalten wir die
Ergebnisse. (Man vergleiche hierzu [3), [6], [8].)
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2. Hilfssiitze iiber differenzierte Grundpolynome

In [5}, Hilfssatz 1 wurden zwei verschiedene Darstellungen fiir die m-te Ablei-
tung des n-ten Lagrangeschen Interpolationspolynoms /,(x) gegeben. Mit Riicksicht
auf die bei der Hermiteschen Interpolation auftretenden Quadrate von /,(x) leiten
wir in Analogie zu [5], Hilfssatz 1, entsprechende Formeln fiir D™/.2(x) sowie. fiir
D™h,(x) und D™h,(x) her. Es gilt

Hilfssatz 1.
(= 1"m! WQm(x)

D D) = o G E e ¥ =X m = 0)
mit
(2_2) (I)va(x) = Zm' (___1_)‘:(’7;'__#-*_1) (x—-x‘,)“D" wn2 (x)’
r=0 :
m — 1 m
@.3) D0 = G m e GoE e (%)
bzw.
mi 2 —_ 5’" 27z
(249 D"l (x) = WD w,” (X),
mit

X:=x,+6(x—x,), |0|=1.

Beweis. Die Ableitungsformel (2.1) mit (2.2) ergibt sich mit Hilfe der Leib-
nizschen Regel unmittelbar aus (1.5). Wegen ®Q,"(x,)=0,

DOQm(x) = 2( D" e x e Drt 1,2 "5 DVR() =0
und h=e

2.5) Do) = C nl)m (x—x,)"D" 2w, (%),

was direkt aus (2.2) folgt, hat das Polynom MQ,"(x) in x, eine (m+2)-fache Null-
stelle. Hiermit und mit Hilfe der ’Hospitalschen Regel ergibt sich (2.3) aus (2.1).
Nach dem Taylorschen Satz folgt wegen MQ(x,)=DVQ™(x,)=0 aus (2.5)

e = S ES coxynpm o

mit X=x,+6(x—x,), |0]=1, und hieraus (2.4).
" Durch Ubertragung des Beweises von [5], Hilfssatz 1, folgt fiir §,(x) aus (1.4)

Hilfssatz 2. -
o 1y Qo m
29) D) = -CDm Z)

[60’,, (xv)]2 (x - xv)m+ !

(x = x,,m=0)
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mit
@) @009 i= 3 EX cmnypraren,

m — 1 m+1 2
(2.8) D™y, (x,) = ml) @,*(x,)
bzw.

m — _a*—m m+1 2 £ K

(29) D [)v(x) - [wn’(xv)F D @y (x )
mit

x* = x, 0% (x—x,), [6%] =1
Fiir h,(x) aus (1.2), (1.3) ergibt sich
Hilfssatz 3.
2.10) D"h,(x) = v,(x)D™1.2(x)+mv,” (x) D™ 11 2(x) (m = 0).

3. Hilfssiitze mit Jacobischen Polynomen w,(x)=P*#(x)

Von nun an sei w,(x) stets das Jacobische Orthogonalpolynom P, (x)
(@>—1,f=>—1) vom Grad n mit den voneinander verschiedenen Nullstellen
x,=x, (2, ). Ferner bezeichne ebenso wie in [5], (12) (mit x=cos 9)

(3.1) N,:= {9, mit P, (cos3,) = 0}

die Menge der Nullstellen von P,*#(cos 9), die der GroBe nach geordnet seien. Zu
vorgegebenem 3 sei weiter wie in [5], (26) und (16)

n

(3.2) WM, =M, (9, c):= {9,e<n" mit [9—9,| < %} N

(mit festem c¢=>2r) und _

3.3) ;= Y00 = miin {.9,- mit |9-§; = gxeig?" IS—SVI}GﬂRn

die (gegebenenfalls kleinere) zu 9 nédchstbenachbarte Nullstelle aus M, .
Hilfssatz 4. a) Fir 0=9=n/2 und n— gilt

34 0,09 = 8,~*(@ +a)9,-2—a9v2)+0[.9;2[%+.9,.4)+ 9.5+ ‘gjz] (0 5= %)
o@=3)7) (5 =9.<x).
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b) fir 0=9=n/2 und n-—o gilt ferner

—(u+2)9,72(14+0(9,9) (o <9, = %)
3.5 v,/ (x) = -
o@-90")  (E=9<

Beweis. Aus  (1.7) folgt o,(xX)=(01—x)"Y1+Qa+1)x,2~a+2)xx,+
+(B—o)(1—x,)(x—x,)} bzw. v/(x)=(1—x)"{-(2+20)x,+(B—x)(1—x,)} und
hieraus (3.4) und (3.5) mittels x=1—(1/2) 3,2+ 0((3;/n) +9j4) und x,=1—(1/2)9,2+
+0(3,9(0=39, 9,=n/2).

Weiter folgt aus [5], Hilfssdatze 3 und 4 wegen

Do = 3(4)po,mpio,m
i=0
in der Bezeichnung von (3.3)
Hilfssatz 5. Fir n—o gilt mit 0=9=n/2

36 D[P, ™ (cos 92 = O(n*~1) ;- 2—#-1

0(8,2+3n ™) (o <9, = -;‘-]
3.7 (D[P, ? (cos 9))]) 2 =
O((n—9,)%#+°n71) [—723- =9, < n) .

Fiir die Hilfsfunktion

(A—x)"n"" |D*[P,P (x)P

(38) Yy (x; y):= [DP P (x)F  |x—x, "t "

O=x=1,x#x)

folgt aus diesem Hilfssatz 5 und der Ungleichung

| $-82 | 3V2

7
lcos $—cos 9, ] ) 7

2 2

(3.9) nz (0§.9§ 0<.9v<1r)

in der Bezeichnung von (3.3)
Hilfssatz 6. Fir 0=9=n/2 und 0<3,<n gilt, falls 3,¢M,, fir n—-o
(3.10)

9 23 (0 <9, = _n_)
Y (x5 y) = O nkmrm29;m il 2 g AR 2
(n—9,)7+28+3 (% =9, < n)

mit einem nichtnegativen Hilfsparameter y und u=0,1, ..., m.
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4. Abschiitzung von ™ (x;7) mit w,(x)=P,*#(x) fiir n—oco

Zur Abschitzung der durch (1.8) und (1.9) mit w,(x)=P,*?(x) gegebenen
Summen #"(x;y) und 97 (x;7y) fir hinreichend groBe Werte von n geniigt es
0=x=cos3=1 zu wihlen. Zunichst wird das Verhalten von #™(x;y) fiir n—oo
untersucht, wobei sich das Abschitzungsverfahren an den Aufbau der Abschitzung
von £"(x;y) in [5) anschlieBt. Nach (1.8), (1.2), (1.3) und Hilfssatz 3 gilt

4.1) H(x; )= —21 D, (x; )
mit

42 9,"(x; 9= {jp,()D"L*X)|+mp, () D" LA (x)[}A — x5~

a) 9,€M,; 0=9=n/2. Nach (3.2) und (3.3) gilt 9,=0(9) und 9=0(9)
fiir n—oo. Ferner ergibt sich aus (2.4) fiir w,(x)=P,*#(x) unter Heranzichung der
Hilfssétze 4 und S fiir n—eo

4.3) o, () D™ LX) (L —x,"*n"? = 0()n™"79;7~™ (m = 0)
4.9 v, @)D" LX) (L —x"n~Y = 0(D)nm- =19~ (m = 1).

Da nach [5), Hilfssatz 2 (1/(n$;))=0(1) fiir n— o gilt und die Anzahl der 9,cM,
gleichmiaBig beschrinkt ist, folgt aus (4.2-—4)

(4.5) 2 D (x; ) =00)n"37™™ fir n —oo,
3, €M,

b) $,¢M,; 0=9=n/2. Fir I,4M, schitzen wir aufgrund voh (2.1) mit (2.2)
jeden Summanden ¢,"(x;y) aus (4.2) fir w,(x)=P,*P(x) wie folgt weiter ab

4.6) D, (x; y) = gmo o (x; ) (8,4M,)
mit ) g

(@T) @0x; )= (m—p+Dlo, Gl +en—lGe—2)0 I TG )

und den in (3.8) definierten ¥, ™(x; y). Hierfiir gilt der
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Hilfssatz 7. Ist $,4M,, 0=9=n/2, so gelten fiir n-—o

(4.8) o (x; y) =0Q)nm-7-1gymm1 (O <9, = %Sj)
3

49) ¢ (x; y) = O(L)n*=7=29,77m|9;— 8, Jr=m=* [%9,- =%, =59, 9v<£i’Rn)

(4.10) o *(x; 7) = O(D[8;%9, > +a+(m—p)nt—1=29; 72 —#=-1g y=2m+2ud2a—1

@11 PACxs ) = O(yms=1=29, -2k (g yr 28+

(—;—Sjé 3, und = 9‘,<TE).

r
2

Beweis. (4.8—11) folgen aus (4.7) und den Hilfssdtzen 4 und 6, wobei fiir (4.8)
(n9,)"t=0(1) (A=j,v) und fir (4.10—11) die Beziehung (9,2—9;)"1=9/59,"2
(39;/2=9,<m) zu beachten sind.

Analog zu [5], Hilfssatz 6 erhalten wir weiter

Hilfssatz 8. Fiur n—oo gelten bei vorgegebenem 3€[0, n/2]

2 3o =0n) (6 =-1),

9,=3;/2

=0 = 00 {1 ) ot
9,259,539, 12 = S log(n3;) (c=-1)

v

S 95=0mI7 ) =0(n"") (6 <—1),

3,=39,/2
9 o) { 1 (c =—1)
v" = n)-
avg%j/z ( logn (o =-1).

ba) 0<8,=39,/2 (=3r/4). In diesem Fall ist 3,=0(9,) fiir n—o, und es
folgt aus den Hilfssitzen 7, (4.8—9) und 8 (unter Beachtung von (9;m)~'=0(1))
fiir n—soo
@ (x; ) =073 (u=20,1,..,m)

0<9,=38,2
s

v n

und damit nach (4.6) fir n—o

4.12) : 2 o (x; p)=0)nmrymm
o<gv§33j/2 .

v n
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b.p) 39,/2=9,<m. Mittels (n/3)*3,*"=0(1)(n/3)" (u=0, 1, ..., m) ergibt
sich im Fall 39,/2=89,=7/2 aus Hilfssatz 7, (4.10) fiir a0 und n—

@ (x; ) = 0O()nm—7-2Ymmmmlg -l (= 0,1, ..., m,a % 0)
Analog folgt fir «=0 und n—o
@ (x; Y)=0)nm 772,92 (u=0,1,...,m,a=0).
Mit diesen Abschitzungen und mit (4.6) und Hilfssatz 8 ergibt sich fiir n—

(4.13)
1 QQu+y=0bzw.x =7y = 0)
D" (x;)=0Q)n" 719,711 logn (Qa+y =0, = 0)
39,229, 502 92247 (22 < 244y < 0)
J 4 .

Im Fall 3,=n/2 dagegen folgt aus Hilfssatz 7, (4.11)

P63 1) = O()nm=r=28, =ML (m—g Y+ (u=0,1, .., m),
womit sich im Fall y+2f= —1 wegen O<n—3,=n/2 und im Fall —2<y428<—1
vermoge Hilfssatz 8

(4.14) S @ (x; ) = O(Dnmrigmmmel

nf2<9,<n

filr n—o ergibt.

Zusammen ergeben die Teilabschidtzungen (4.5), (4.12—14) fiir die durch (1.8)
erklarte Summe S#"(x;y) nach (4.1) fiir n—~e und 0=x=1 die Abschitzung

(4.15)
max {I, n713;7* "1} Qa+y >0bzw.a =7 = 0)
A (x; ) =0)nm 737" max {I,n"19; 7 logn} Ru+y =0, a=0)
1 (-2 < 20+7 < 0).

Ebenso wie bei der Abschitzung von £"(x;y) in [5] 1aBt sich eine entsprechende
Abschiitzung auch fiir —1=x=0 bei Ersetzung von 3; durch (7—9;) und von «
durch B bzw. § durch a erhalten.

Im besonderen folgt aus (4.15)

Satz 1. Bei vorgegebenem o= —1 und m=0 gilt firr n—o
a) A (x; y) = 0()

mit
D) y=m fir 0=x=1, falls m+2a0<0 und m=a=0 ist,
und fiir 0=x=1-6 (0<0<1/2), falls m+20=0 ist,
und mit
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2) y=2m+2a fiir 0=x=1, falls m+22=0 ist
bzw.

b) A" (x; ) = O (log m)
mit y=m fir 0=x=1, falls m+20=0, a=0 ist.

‘Zusatz. Ein entsprechender Satz gilt bei Ersetzung von o durch B in —1=x=0.

5. Abschitzung von H7'(x;y) mit w,(x)=P,*P(x) fir n—c

Die Abschiatzung der durch (1.9) erkldrten Summen

(CRY) B (x5 y) = ;’1 ¥, (x5 9)
mit
(5.2) 0 (x; 9) = [D"h, ()1 xR (3 = 1)
erfolgt ebenso wie die von H#£7(x;y)
a) 9,€M; 0=9 = %

Ebenso wie bei der Herleitung von (4.5), nur mit Hilfe von (2.9) statt (2.4), ergibt
sich fiir n—+oo
(5.3) > W ) = 0()nmrgn
3,eMm,
b) 9,4M,; 0=9=n/2. In Analogic zu (4.6) schitzen wir im Fall 39,¢M,
aufgrund von (2.6) mit (2.7) jeden Summanden ¥ ,"(x;y) wie folgt weiter ab

n

(5.4) Y )= DA )

n=0
mit
’n!(l_XVZ)(y—l)/2n—7+1
5.5 Fx; ) =
(5.5 Yt(x; ) 1 [DP,P (x )

e —x, [~ D[P, &P (x))°).

Fiir das Verhalten des Summanden ¥ *(x;y) folgt in Analogie zur Herleitung der
Hilfssdtze 6 und 7 fiir 0=9=n/2
(5.6)

9 2ty [0 <9

1)
rof &
Sevm—

Yr(x; y) =0 pr—r=1 g, 2—k=1 9_2~_9v2 d—m—1
J Jj .
(m—8)+2ty (7 =9, <

2
N’

sowie

24
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Hilfssatz 9. Im Fall 3,¢9M,, 0=98=n/2 gelten fiirr n—oo

5.7 Blx; p)=0Q)nm"1-13r-1-m 10 <9 <2

( . ) !/Iv (X, )’)_ ()n Jj < v=?'9j

2

(5.8) (x5 7) = O()nr=2779,77"18, =9, =" (3

9; =9, 5%91-; SVQQDI,,]
(5.9 Y, (x; y) = 0()nr171y,mRamaslg Budmby+ e [% =9, = —g—)
(5.10)

3

Y (x; y) = OQ)n#—1m7 9, em (g — 9 yrap+e (7 9, =9, und % <9, =< n]

(t=0,1,..,m

b.a) 0<9,<39,/2 (=3n/4). Mit 3,=0(9;) fiir n— e folgt nun mit Hilfe der
Hifssdtze 9, (5.7—8) und 8 (analog zur Herleitung von (4.12))
(5.11) 2> P)"(x; ) =0M®)n"r8; " log (nd)).

0<3,=33,[2
T

v

b.g) 33;/2=8,<mn. Ebenfalls mittels (n/9,)* 9, *"=0(1)(n/9)™ (u=0, 1, ..., m)
ergibt sich aus (5.9) fir n—eo

l//v"(X; v) = 0(1)n"" t 79-""‘2“‘1&’ t2a (u =0,1,..., m)
J
und damit fiir n—ce

(5.12) > Y)(x; y)=0)nmrgmremol

3.9j12<.9v§1tl2

Im Fall 3,=n/2 folgt schlieBlich aus (5.10) entsprechend der Herleitung von (4.14)
fiir n— <o

(5.13) > ¥r(x; y) =0@)nmr g Emme

nf3<d <m

Zusammen ergeben die Teilabschitzungen (5.3), (5.11—13) fiir 0=x=1 und n—o
die Abschitzung

(5.14) O (x; ) = 01)n"~79, " max {1, log (nd), §;77~*~1}.
Hieraus folgt ‘

" Satz 2. Bei vorgegebenem a>—1 und m=0 gilt fir n-—oo.

a) OT(x;p=0() mit y=2m+20+1 fir 0=x=1 und m=1 bzw. m=0,
=0
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b) $7(x; y)=0(ogn) mit y=m fir 0=x=1-6 (0<06<1/2) und m=1
©) H%x; D=0(n"logn) fir 0=x=1-06 (0<6<1/2) und a=0
H(x; )=0(max {n~tlogn,n*}) fir 0=x=1 und —l<a=0.

Zusatz. Ein entsprechender Saiz gilt bei Ersetzung von o durch fin —1=x=0.

6. Approximationsaussagen

Fiir die Abweichung des m-mal differenzierten Interpolationspolynoms von Her-
mite von ¢ gilt mit (1.1—4), (1.8—9), falls Q,,_, ein Polynom vom Grad =2n-1
ist '

6.1) |H™Uf; x1=f )] = HS U5 X1= Qo1 )]+ ()~ Qon- 1™ ()|

und
(6.2) (™ x]= Qo a™ D) = [H, " [~ Qo1 | =
m Yi=x} =x,* Y [f(x)—Qan- 1(-7‘7)|ny
= S ) (F55) L et
(Vl x? ]”‘ |7 60)—Qan—a (x)[n? 7
U=
= gpm I C6) —Qon s (XN If" ) = Q-1 ()07
A (x5 y) max Vi) +957 (s y) max Tt

(man beachte x,#+1, v=1,...,n). Fiir die weitere Abschitzung der Terme in
(6.1—2) zichen wir den Approximationssatz von Jackson—Timan fiir simultane
Approximation heran: Fiir k-mal stetig differenzierbares f mit dem Stetigkeitsmodul
o(f®, 8) existiert zu jedem n=k ein Polynom Q, vom Grad =# mit der Eigenschaft

©63) ()= 0,9 (%)] = ex(dn (@) (P, 4,(x));

_ Y1—x 1} -
An(x) - lnax{ n s "F ’ xE[—‘ 1’ 1]

+ g"’w"'b )|

(x=0, 1, ..., k) mit (von fund » unabhingigen) positiven Konstante c, (vgl. z. Bsp.
1, @, (. |

In (6.1) ist x=m(=k) undin (6.2) »=0 und x=1 zu wihlen. GleichmaBige
Konvergenz fiir die in Frage kommenden Intervalle 7 liegt dann vor, wenn die rechte
Seite von (6.1) von der Ordnung o(1) gleichmiBig beziiglich x€7 ist. Aus den Sitzen
1 und 2 folgt sodann

Satz 3. Es sei f in {—1, 1] mindestens m-mal stetig differenzierbar, H,| f] das
zugehdrige Hermitesche Interpolationspolynom mit Jacobischen Abszissen zu vorgege-

24‘
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benen Parameter a>—1 und B> —1. Die Folge H,"™[f; x] konvergiert fiir n— o
gleichmdpig gegen f™(x)
a) fir —1+6=x=1 (0<dé<1/2) im Fall
i) m=1 oder m=0, a=0 unter der zusitzlichen Voraussetzung f*® mit
k=2m+[2a+1] ist fiir {—1, 1] aus der Klasse lip 2u+1—[200+1])*) bzw.
im Fall
i) m=0, —1<a=0 unter der zusdtzlichen Voraussetzung f° stetig in
[-1,1]
b) fir —1+d6=x=1-0 (0<d<1/2) im Fall
1) m=1 unter der zusitzlichen Voraussetzung, daf f™ in [—] 1] einer
Dini-Lipschitzbedingung®) geniigt, bzw. im Fall
ii) m=0, a=>=0 unter der zusdtzlichen Voraussetzung f’ stetig in [—1, 1].
Eine entsprechende Aussage gilt in —1=x=1-06 bei Vertauschung von o mit B
und in —1=x=1 bei Ersetzung von o durch max (a, f).

Zusatz a) Im Fall m=0, —1<a=0 folgt fur die Konvergenzgeschwindigkeit
H,[f; x]—f(x)=o(max {n~'log n, n**}) (gleichmdpig fir —1+6=x=1), falls f’
stetig in [—1, 1] vorausgesetzt wird.

Zusatz b) Fir —1l<a<O0 konvergieren die verallgemeinerten Interpolations-
polynome von Hermite—Fejér gleichmdfig fir —146=x=1 (0<d<1/2). Fur
a=0 liegt fir —1+6=x=1-0 gleichmdifige Konvergenz dieser Polynome vor.

Bemerkungen 1. Beim iiblichen Abschitzungsverfahren (Lebesguefunktion
und Jacksonsatz) erhalten wir statt (6.2) aus (4.15) und (5.14) im Fall —1=<a=0

(62) ... = A (x; On T +H0(; DumTH = 0N 4O (1) nmreioy,

Im Fall —1<a<—1/2 erhalten wir hiermit gleichméBige Konvergenz fiit 2m-mal
stetig differenzierbares f gegeniiber fCm+[*2+1D¢lip (2a+1—[2¢+1]) in Satz 3.
Beziiglich des 1. Terms erhalten wir sogar eine Verbesserung um den Faktor n%,
falls —1<a<0 gilt.

2. Der Vergleich der Konvergenzaussagen der m(=1)-mal differenzierten Inter-
polationspolynome von Lagrange und Hermite zeigt, daB fiir —1<a<1/2 das m-mal
differenzierte Hermitesche Interpolationspolynom in —1+4+6=x<1 giinstigere
Abschitzungen liefert (es gilt f®clip & mit k=2m+[2a+1], &’'=2a+1—[22+1]
im Fall von Hermite und k=2m+[o+1/2], kK’=a+1/2—[a+1/2] im Fall von
Lagrange).

) gelipa:onlg, §)=10(6") O=a<1); g geniigt der Dm1~L1pschnz——Bedmgung <«
(g, §)=o((log 1/6)~1) fiir 0.
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3. Mithilfe von (4.15) und (5.14) lassen sich wie in [15] die Approximationsaus-
sagen von H®™[f; x] fiir x=cos 8(n), $(m)=0(l) (n-><) verschirfen.

4. Sind die Strukturbedingungen der betrachteten Funktionen besser als in
Satz 3 angegeben, so erhilt man mithilfe von (4.15) und (5.14) sofort aus (6.2) und
(6.3) sehr gute Abschitzungen tiber die Konvergenzgeschwindigkeit.

5. In den Arbeiten [1], [2] von Badkov betr. die Approximation von Funktionen
durch Partialsummen der Jacobi—Fourier-Entwicklung werden ebenfalls feinere
Methoden angewandt, die Approximationspolynome mit verbessertem Randver-
halten benutzen.
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Embedding theorems and strong approximation
J. NEMETH

Dedicated to Professor Kdaroly Tandori on his 60th birthay

1. Let f(x) be a continuous and 2r-periodic function and let

. f(x)= %-{- S’ (a, cos nx+b, sin nx)

n=1

be its Fourier series. We denote by s,=s,(x)=s,(f; x) the n-th partial sym of (1),
and the usual supremum norm by | - ||. We define a class of functions in connection
with the strong approximation:

Sp()‘) = {f ” ;(;Anlsn"—.f[p!] <°°}a
where A={4,} is a monotonic sequence of positive numbers and O<p< s,
It is well known that the classical de la Vallée Poussin means
: 1 2n
L, =1, x)i== 2 s, n=12,..
N g=p+1

usually approximate the function f, in the supremum norm, better than the partial
sums do. Thus it was reasonable that L. LEINDLER and A. MEIR [2] introduced, in
analogy to S,(4), the following class of functions:

ACTVE D )
They proved the following result concerning the relation between S,(4) and V,(1).

Theorem ([2, Theorem 11). If p=1 and {4,} is a monotonic sequence of positive
numbers satisfying the restriction

2. . Aflew =K n=1,2,..

Received August 6, 1984,
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with fixed positive K, then
3 S,(D) V(D)
holds.

Furthermore it is well known that in many cases the classical Fejér means

0= onlfi )= = 200

approximate the function better than the partial sums do, but worse than the 7,
means. Therefore we introduce a new class of functions in connection with the appro-
ximation by o,(x):

F,():={f: ||'§ Znlo,—f 1P| <<}

The aim of the present paper is to investigate some relations among this new class
and the previous ones.

2. We shall establish the following results.

Theorem 1. If p>1 and {4,} is a monotonic nonincerasing sequence of positive
numbers, then
©) S,(A) < F,(A)
holds.

Our Remarks show that the assumptions p=>1 and A,{, in certain sense, are
necessary. If we omit one or the other (4) does not hold any more.

Remark 1. For every p=1 there exist nondecreasing sequences {);f} and
{A¥*} such that o
S,(AY) € F, (%)

and
(=) S, (%) & F,(0*).

Remark 2. For any O<p=1 there exist a nonincreasing sequence {A*} and a
nondecreasing sequence {A¥*} such that :

S, & F,0%) and S,(**) & F,(A*).
The proof of these remarks is very elementary and simple, therefore we only

present the suitable sequences {1*} and {3}*}, and the function f, furthermore we
detail the proof of ().
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Theorem 2. If O<p<e and {A,} is a monotonic sequence of positive
numbers satisfying (2) then
&) F,(HCV,(A)
holds.

Proof of Theorem 1. Since

©  ZhlosP = 3ty S = S (SlsslP =1,

we have to estimate I, from above. Using an inequality of LEINDLER (see inequal-
ity (8) of [1])

™ Sh(Saysk S 3a)
- n=1 k=1 n=1 n k=n
which holds for any 4,=0, a,=0 ‘and p=1, we have
oo A«k 4
had /1 k=21_k—p_
(8) = Zl'_p' 7 IS ~f|<K8 Z)nlsn fl
n?

where the last inequality follows from the fact that {4,} is monotonic nonincreasing
sequence and that p=>1. Inequalities (6) and (8) clearly imply (4), which proves
Theorem 1. ‘

The first part of Remark 1 instantly follows taking A¥=n®="* (using ine-
quality (7)). Now we prove the second part of Remark 1.

p-1 cos
Let Z:*:F):g:—(irl—l—) and f(x)= Z nx. We show that f€S5,(1**) and

JEF,(2**). Since

p—1 < coskx|?

>, - =
2 Falsa =S = Zlogp(n+1) D

1
i nlog(n +1)

oo np—] ( oo 1)? o p—1 1 oo
= 2 gL ) = gog”(n+1)n” P

that is, f€S,(A**). Let x=0 and N be large enough. Then we get

I

n+1)

ZN Ialo, @) —F O = Zl—og—,}— ; ( 2 2 11)

1 » _
Zlog"(n-{-l) —log?(n+1) =K Z’——
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nP—1

which gives that f¢ F,(2**). Remark 2 can be obtained taking }':z__(log e

cos nx
1+1/p (log ny3/p :

= cosSnx

and f(x)= Z

s—; or J*=logn and f(x)= 3
n n=2 N

Proof of Theorem 2. If O<p=1, then using the trivial inequality

® ~ alP = [blP+]a+b]P,
we get
2n p
o - 2 (se—f)
(10) Zlnlrn—'flp = Z)n R =
n=1 n=1 n
n P 2n p
o 2 (s=1f) o 2 (se—=f)
s Shf=—rd + S =—| =1.
n=1 h n=1 n

Using condition (2) we obtain

o Z"’ (se—f) ’ o g (s—F)

= k=0 K=0
(11) hE 30 Ky 3 00— s
n 4
.,, 2 (=) oo
= KZ Z)n HT = K3 2)'11 |0'"—flp.
n=1 4 n=1

Estimates (10) and (11) give (5) in the case O<p=]1.
"In the case p>1 we use the inequality

lal? = 20-X(|blP +]a +bIP)
instead of (9) and we get

oo

(12) Sal—fP=K 3 ilo.—fF
n=1 1

n=

similarly as before. Inequality (12) immediately gives assertion (5).

References

[1] L. LEiNnDLER, Generalization of inequality of Hardy and Littlewood, Acta Sci. Math., 31 (1970)
279—285. .

[2] L. LENDLER and A. MEIR, Embedding theorems and strong approximation, Acta Sci. Math., 47
(1984), 371—375.

JOZSEF ATTILA UNIVERSITY

BOLYAI INSTITUTE

ARADI VERTANUK TERE |
6720 SZEGED, HUNGARY



Acta Sci. Math., 48 (1985), 379—394

On the comparison of multiplier processes in Banach spaces
R. J. NESSEL and E. VAN WICKEREN

Dedicated to Professor K. Tandori on the occasion of his 60th birthday,
in friendship and high esteem

1. Introduction. This paper continues our previous investigations (cf. [3—5; 7])
on the comparison of (commutative) approximation processes in Banach spaces.
Whereas the results of [3—5] were based upon rather restrictive global divisibility
conditions, a local divisibility property was employed in [7] to estimate a given process
in terms of the particular one of best approximation. The present paper now yields
results on the general comparison of different processes, which in particular include
classical inverse approximation theorems in the applications.

Since this paper, though essentially self-contained, may indeed be considered
as a sequel to [7], we may be very brief concerning motivation for the approach and
results. In fact, in [7] we followed the multiplier approach of [3—5] and employed
global criteria for multipliers, based upon (radial) Riesz summability and correspond-
ing global BV, ,[0, e]-classes of functions. Section 2 now indicates how these con-
cepts may be localized in order to formulate counterparts to those local conditions,
important in the classical context of trigonometric analysis.

In Section 3 these localized concepts are then used to derive the general compari-
son Theorem 3.8. Here we are heavily influenced by work of H. S. Shapiro concerned
with local divisibility within the Wiener ring of Fouriet—Stieltjes transforms (see
[13, Chapter 9], also Remark 3.11 for more detailed information). Indeed, standard
“partition of unity’’ arguments are now available, even in the present abstract setting
(cf. [2; 10; 12; 17] for similar arguments in the context of Besov spaces).

In Section 4 some first illustrating applications are given, emphasizing the uni-
fying approach to the subject. In fact, we essentially confine ourselves to those con-
crete problems, already treated in [7], in order to point out the additional results now
available.

The authors would like to express their sincere gratitude to Werner
Dickmeis for his critical reading of the manuscript and many valuable suggestions.
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2. Local multipliers in Banach spaces. For a complex Hilbert space H let E be
a (countably additive, selfadjoint, bounded linear) spectral measure in R”, the Eu-
clidean n-space (n€N, the set of natural numbers) with inner product (x, y):=

= Z"' Xy, and norm |x|:={x, x)V2. If L*(R", E) is the space of complex-valued,
k=1
E-essentially bounded functions, then for each t€L=(R" E) the integral
T(r):= ./.T(,\') dE(x)
R"l

is a bounded linear operator of H into itself (for basic properties and further details
see [9, pp. 900, 1930, 2186)).

For a given orthonormal structure (H, E) let X be a complex Banach space
with norm | - | such that H and X are continuously embedded in some linear Haus-

dorff space (this hypothesis should be added in {3], see [17, p. 116]) and such that
HNX is dense in H and X, i.c.,

.1 HNX""m =g, HOAX"'=X.
Then (cf. [5]) t€L=(R", E) is called a multiplier on X if for each fE HNX
22 T@)f = [t(dE®SfEHNX, [T @©)f] = C|f]

. o

(here and in the following C denotes a constant which may have different values at
each occurrence). In view of (2.1, 2) the closure of T(7) (represented by the same sym-
bol) belongs to [X], the space of bounded linear operators of X into itself. The set
of all multipliers 7 on X is denoted by M=M(X), the corresponding set of multi-
plier operators 7'(t) by [X],,. With the natural vector operations, pointwise mul-
tiplication, and norm ’

ltlae = 1T@lexy = sup AT @SN fEHNX, | f] =1}

M is a commutative Banach algebra with unit, isometrically isomorphic (under T)
to the subspace [X],,clX].
To deal with multipliers, let us consider the Riesz factor (u€[0, <), 1€(0, =),
JEP:=NU{0}) | ’
(l—u/ty, 0=u=t
()= { 0, u=t

In the following _¢ denotes an arbitrary index set. Moreover, « o § is the composition
(in case it is defined) of the functions a and f: («xopB)(x):=a(B(x)), and a~?! the
inverse function.
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Definition 2.1. Let X be a Banach space satisfying (2.1) (with respect to a
given orthonormal structure (H, E)) and consider a family y:={{,: o€ #} of
functions ¥,(x), defined on R" with values in [0, =). If T'(r; ,0¢,) is X-measurable
in ¢>0 (this condition should be added in [7], see [5]) and if for some j¢P the
Riesz summability condition

23) FiiOW €M with  |lr; o,y = C <o
holds true, uniformly for 7>0, g€ #, then X is called R -bounded.

Local multiplier criteria may then be derived in terms of the following classes of
functions (see [11}).

Definition 2.2. For 0=a<b=o< and jEP the space BV;,[a, b] is defined
as the set of all complex-valued functions 7 which are j-times differentiable on
(a, b) such that 1 is of bounded variation on each compact subinterval of (a, b) and

b—
[ W d? )| <.
a+

Obviously, BV;,,[c,d|CBV;la;b] for O0=c=a<b=d=-. Moreover,
BV, ,.la, b} is a Banach space under the norm

b

B -1 f w | deD ()] + ZJ’L’ lim #*t® ()|
BY ; +yla,b] - — ]| k=0k! u--b— ’

a

Theorem 2.3. Let X be R} -bounded and t a complex-valued function, defined
on [0, o), such that t€BV,[a, b] for some O0=a<b=eo. Then for each 0,6 M(X)
satisfying .
- (24 g,(x) =0 for xeR" with y,(x)éla, b]

one has c,(toy,)eM(X). In fact,
2.5) log(tovdlu = Cloglaltlsy,, a0

For a proof of this theorem as well as for further details concerning these
localized concepts of BV, ,-classes and multipliers see [11].

Remark 24. For 4=0, b= condition (2.4) is empty so that the unit
g,(x)=1 for all x€R" is admissible. Thus Theorem 2.3 also includes our previous
multiplier criterion BV [0, e] oy C M(X), in particular, for every 7€BV;,[0, -]
(cf. Remark 2.8)

(2.6) HT(T ° ("//e))”[X] =:[ro (Wl = Clitlsy,.st0,=15

uniformly for #=0, g€ # (cf. [5; 15], also for fractional extensions).
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To formulate some further results concerning BV ,(a, b] (see [11; 16] for de-
tailed proofs), let Cqg[0, <) be the set of realvalued functions on [0, <o), arbitrarily
often differentiable with compact support (in notation: supp).

Proposition 2.5. One has  Cgl0, =) BV; (0, ==].  Moreover,  for
2ECH[0, ) the family {A(tu): t€(0, <)} is continuous in t with respect to the top-
ology of BV;;110, =), thus

lsl_[‘} [4(su)— 2 ()| 8y, , 10,001 = O-
As an immediate consequence of (2.6) we conclude that for 1€Cgy[0, ) and

¥, subject to (2.3), the family {A(1,(x)): 1€(0, <)} is continuous in ¢ with respect
to the topology of M, thus for each t€(0, <)

2.7 tim |T(2 0 (s¢)) =T (% 0 ()] |y = O,
uniformly for ¢ 2.

Theorem 2.6. Consider families {a,}, {b,} of numbers with 0=a,<b,=
for each o€ ¢. Suppose that the functions t,£BV;,,la,, b,] satisfy (cf. Definition
3.7) .

(28) sup “TQHBV_Hl[ae, bl <o

ecf
2.9 inf {|t,(w)|: a, < u<b,, g€ £} = 0.
Then 1/t,£BV;,4la,, b,l, uniformly for o€ f.

Remark 2.7. To illustrate condition (2.8), let DY, jeéN, be the set of real-
valued, continuous, strictly increasing functions n on [0, =) with #(0)=0,
lim n(u)=< which are (j+1)-times differentiable on (0, =) such that

u—- oo

(2.10) ® WY@ = C') O=k=j, u>0),
' (i) tim ' (u) = 0.

If ¢(0) is a (real-valued) positive function on #, then for every 7€BV;.,[a, b]
and n€DY) the functions 7,4, w):=1(¢(e)n(w)) (of Hardy-type) belong to
BV .ila,, b,) with a,=n"(a/p(0)), b,=n"*(b/e(e)), and one has, uniformly for
0€S7,
(2.11) 1Tl v, 1tae 501 = Clitly,, 21a,61-

Remark 2.8. Obviously, r;,€BV;.,[0, =], and therefore by (2.11) (take
nw)=u) r; €BV;;,[0, <], uniformly for r=0. Again by (2.11) it then follows
that for every n¢ D and positive function ¢(g) on #

1Cr5.0 wernllav; a0, =1 =ClIrsll8v, 10,35
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uniformly for ¢=0, g€ #. In view of Remark 2.4 this implies that if X is R/ -bounded,
then X is also Rj-bounded with ¥,=0(0)(n0¥,). '

3. General comparison theorems. Throughout X denotes an R}-bounded Ba-
nach space.

Definition 3.1. A family {7 },., of uniformly bounded multipliers is called
locally divisible (at the origin) of order  if (cf. [7]) there exist some 6>0 and a
family {6}, of uniformly bounded multipliers such that

3.1 To(%) = Y, (x)0,(x) in case Y, (x) =4.
If (3.1) holds true for all x€R", g€.#, then the family {z,} is said to be globally
divisible.
Proposition 3.2. Local divisibility implies the global one of the same order.
Proof. We proceed as in [7]. Let {z,} satisfy (3.1) and A€Cg[0, =) be such
that A(1)=1 for 0=r=4/2 and =0 for r=6. Since 1—Ai(t)=0 for 0=1=4/2,

the function a(z):=(1—A(?))/t belongsto BV;,,[0, «s]. Thus {ooy,}, {Loy,}cM,
uniformly for g€ # (cf. (2.6)). Moreover, on R”

]-_AO'/JQ = ‘pg(aoll’g)s Tg('loll/a) = '/jgeg(}“o‘//g),

and therefore 7,=T1,(Zoy,)+1,(1 —20y,)=y,[0,40y,)+1,(c o,)]. Hence the
assertion follows since the terms in [...] are bounded in M, uniformly for g€ #.

Remark 3.3. Let 7 be a function on [0, =) satisfying {roy,}c M, uniformly
for g€ #. Let n€DY be such that t/n€BV;,4[0, ] for some 6=0. If 1 is given
as in the previous proof, then again Aoy,&éM and (Loy,)(x)=0 for all x€R”
with ,(x)=8. Therefore 8,:=(Aoy,)((x/n) oY,)éM by Theorem 2.3 with

10,10 = CliA oy lmlt/ml sy, 0.1 = Cl A bv,, 110,17/ Bv, 1110, 525
uniformly for g€, #. But if (noy,)(x)=n(6/2)(=:9), then

(0¥ (%) 6, (x) = A(¥, (x))t(;ﬁg(x)) = (10Y,)(x)

_ so that the family {roy,} is locally divisible of order 5 oy (cf. Remark 2.8). Thus,
local BV,,-conditions (at the origin) ensure corresponding local (and therefore
global) divisibility properties.

For g=>1 let peCyl0, =) be such that (partition of unity)

62 0sp@=1, sp@ il [ @1,

0
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ca

Since f p(us)u~'du=1 for every s=>0, one has for the function
0

(3.3) v(0):=1, v(s):= fmp(us)-dui= [ p(u)fui

that v€Cqi[0, =) with v(s)=1 for O0=s=1 and v(s)=0 for s=gq.

Lemma 3.4. For s,1€[0, o) there hold true the identities

3.4 1—u(ts) = ftp(us) %,
(3.5) p(s) = p()(1—v(g9),
(3.6) 1-0() = [ [1—o(us)~p(us)] ‘i;‘.

Proof. (3.4,5) are immediate consequences of the definitions. Moreover,
~ du bl PP dr] du
Ju=s@nfe= [ [(f+ yrea S5 -

= fp(rs)$+fm [j° du] p(rs)%=l—v(s)+jop(rs)—"g.

u2

Consider the operators T(po (1)), T(vo(ny,)) which belong to [X],,, uni-
formly for =0, g€ ¢ (cf.(2.6)). By (2.7) terms like T(p o(1},) )/ are continuousin ¢
with respect to the topology of X so that the following integrals are well-defined
(in X).

Pr'opositi'on 3.5. (a): For each fecX, (>0, 0EF
37 IT(p o (Wf|| = Clr—T(wo (4 ) S,

68 U-TEowfl = [ /=T (o @fl+IT(po )l o

(39) J O k=

1

du
u

= [ /~1Go )]

u
(b):- If for each feX, p€ ¥ (theorem of Weierstrass-type)

(3.10)  Jim |7 (oo () S/~ = 0,

then one has additionally

3.11) If~T@o @ rl = [ T(p o)l ‘i—“
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Proof. In view of (2.6) assertion (3.7) is an immediate consequence of (3.5),
~ whereas (3.8) follows by (3.6). Furthermore, (3.7) delivers

S 1o @i ) || 5e = ¢ [ |~Tolqu)s|| S =

= 4C [ |/~ Twow)f| = qC [ |l/~T(oo wh)f]| 22,

thus (3.9). Concerning (3.11), the identity (3.4) implies that for fEX, O<e<t

f~T@o W) f = [ T(po (whp)f d—:+[f—T(v°(8¢/g))f]~

In view of (3.10) this yields the assertion upon letting ¢—~0+.

The following result is to be compared with the Steckin-type estimate of [7]
which now appears as an auxiliary result towards Theorem 3.8.

Theorem 3.6. If {z,},., is locally divisible of order V, then for each feX,
ecF

3.12) ITGI=C [ |T(o ) f~f H%-
Moreover, if (3.10) holds true, then
(3.13) T = C [ [T(po aap)s]min {1, 1142

Proof. Since yx(u):=up(W)=uv(u/q)p(), uv(u/q)eCyl0, =)CBV; 1[0, ],
one has the estimate (cf. (2.6))

(3.14) |7 Gco )7 = C|T(p o (o) /|
as well as the identity (cf. (3.3))

bewoud = [ dolpo @) = [ go(up) e,

the latter integral being absolutely convergent with respect to the topology of M
(cf. (2.6, 7). Consequently, since by Proposition 3.2 the family {z,} is also globally
divisible of order ¥, say 1,=y,0,, one has the representation

o) =0, [ xow) e,

25
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and therefore by (3.14)
1T = 1TCHT (0o ¥ )N +HIT @)U —T (woyd f1l =

(3.15) = C[fw “T(po(mpo))f”%-!-[|f—T(v otﬁe)f"]

Thus (3.12) follows by (3.8, 9). Finally, (3.13) is a consequence of (3.10, 11, 15) since

IlT(tg)fllsc[f 170 s ]| 2 + fllT(pO(ul//Q))fll

u®

-c j |70 o Gat) ] min f1, L} 22,

To formulate the main result, let & be the set of functions o, contmuously dif-
ferentiable and positive on (0, =) such that

lima() =0, lima()=e, «®=0 (=>0).

Obviously, DWc/ for every jEP. Moreover, if o, f€of, then aof, a—lcf,
too.

Definition 3.7. Let a€o/ and B be any function with a(t)<p(¢) for each
t=>0. A family {6,};>0 With 6,€ BV, {a(t), B(t)] is said to satisfy the Tauberian
condition of type (o, f) if

(3.16) . sup loelsy, s staer,pem <=,
> ’

3.17) inf {Jo,()|:0(t) < u < B(£), t > 0} >0.

In view of Theorem 2.6 conditions (3.16, 17) are chosen in such a way that
1/6,£BV; 1[a(?), B(2)], uniformly for ¢=0.

Theorem 3.8. Let y:={y,},. ,C/ be such that X is (R}-and) R} -bounded.
Suppose that the family {1}, , is locally divisible of order Y and that the family
{0:};>0 satisfies the Tauberian condition of type (a, B) such that for some gq=1

(3.13) SIEJB 7.(g5, ) = B(1) (1 =0),

where J,:= y;‘ oa. Let g,0y,0y, belong to M(X) such that (T(o,0y,0y,)f| is
measurable in t. If B(t)=e for all 1=0 (i.e., (3.18) is trivial), then one has the com-
parison estimate (fcX, o€ #)

st

(3.19) ITG)fl=C f L CATA AV EAOL A
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whereas in the general case P(1)= oo the additional assumption (3.10) implies

G20) TSI = C [ [T (01,001 min {1, 1/5,(0}5; () du.

Proof. First of all, a,y,64 imply 7,7 0,65 for each o€ #. Substituting
u=1/6,(t) it follows by (3.12,13) that

51 )
(3.21) TG fl=C [ T( ‘/’9 ) a0 dt,
(3.22) IT¢)f] = C f “T(po 5 (t) j“mm {1, 1/5,(D}o, (0 dt,

respectively. Let us first consider the case f(f)=<o for all 7=0. Since X is R}-
bounded, the multipliers 1—v(Y,(x)/5,()) belong to M, uniformly for ¢=0,
€ # (cf. (2.6)), and vanish (cf. (3.3)) for (y,0¥,)(x)=«(?). Thus Theorem 2.3, 6
yield

Ui g = [1—00 5 (t) /a,onOpoEM
”ﬂt,g”M =C|l-vo 5‘p€t) o lll/atllBVj+1[a(!),°°] = C,
since X is R}, -bounded, too. Hence
(323) /-1 (oL 25 f“ = CIT(0, 7,041

which establishes (3.19) in view of (3.21). To prove (3.20), one has by (3.2, 18) that
P(Y(x)/6,())=0 for (y,0¥)(x)4la(?), B(1)]. Again Theorem 2.3, 6 yield

v
He, =D 0%/0@?@ oYM
with [, ol =C. Hence

(o 3%5) = CITGonob) I,

giving (3.20) in view of (3.22).

Remark 3.9. Concerning the measurability of |T(o, quowe)f | - with respect
to u, assumed in Theorem 3.8, the proof indeed proceeds via the integrals on' the
right-hand side of (3.21, 22) (wellfdeﬁned in view of (2.7)) plus-a pointwise estimate
of the integrands (cf. (3.23)). So, if the measurability of | T(o, 0y, 0¥, )f | cannot be
assured in advance, one may replace the majorant | T(o, oy, o¥,)f| in the pointwise.

25%
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estimate (3.23) by some measurable one, e.g., by the monotone majorant
sup {|IT(a, 0y, 0¥ )fll: r=u} (cf. [13, p. 219 ff], in particular the notion of a 6-mod-
ulus, which indeed generalizes the classical modulus of continuity (4.10)).

Remark 3.10. Obviously, (3.18) is satisfied if y, is a homogeneous function
(of some fixed positive degree) and gu(t)=p(t) for some §=1. On the other hand,
if, eg., Y,(x)=¢ log(l+]x]) and y,()=e*—1 so that (y,oy)(x)=]|x] (cf.
(4.1)), then (3.18) reduces to (14+a(r))'=1+p(1).

Remark 3.11. As already mentioned, the results of this section are extensions
of corresponding ones known in the concrete situation of the (trigonometric) Fourier
spectral measure (cf. Section 4). More specifically, the estimate (3.19) of Theorem
3.8 is to be compared with {1, Corollary 2.4], whereas (3.20) is related to [13, Theorem
9.4.4.5]. Of course, the present methods of proof need different tools (cf. Section 2),
due to the abstract setting. Let us mention that one may now also formulate a coun-
terpart to {13, Theorem 9.4.4.4], based upon local divisibility (at the origin) of two
families of multipliers.

Without going into details, let us finally mention that, even in the present ab-
stract frame, the sharpness of the estimates obtained may again be discussed along
the lines outlined in [7]} (see also the literature cited there).

4. Applications. Let us recall that the approach of Section 2 to a multiplier
theory in abstract spaces subsumes many classical orthogonal expansions in the appli-
cations. Since this is already worked out in our previous papers (cf. [5; 15] and the
literature cited there), we may here concentrate ourselves to a very important special
situation, the (trigonometric) Fourier spectral measure over R

To this end, let X be one of the spaces LP(R"), 1=p<-e<o, of functions f, pth
power (Lebesgue) integrable over R" with (finite) norm

111, = (@m)="* [If)Pdx).
R
Let & be the Fourier—Plancherel transform on L2 and & ~1 the inverse transform.
For a Borel measurable set BCR" let 2, be the multiplication projection

(Zsf)(x):=f(x)
for x¢B and =0 for x¢B. Then E(B):=%"12y,% is a spectral measure for
H=L? (cf. [9, p. 1989]). Furthermore, for the spaces X mentioned above condition
(2.1) is satisfied, and (2.2) coincides with the classical definition of Fourier multipliers
€M, (R):=M(L"(R")) (cf. [14, p. 94)).
Concerning the Riesz summability condition (2.3) it is a classical result (cf. [14,
p. 114)) that

“.1) Vo) =Ix|, £={1}=@2.3) for j= @m-1)l/p—1/2|.
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Other admissible choices of ¥, used in the following are based upon the fact that (in
the Fourier spectral case) any surjective affine transformation A from R” to R™
induces an isometry from M,(R™) to M_,(R") via 6(4x), x€R", 6€M,(R™) (cf.
[2;, p. 15]). For example, take m=1, 09€R", and Ax={p, x). Then it follows by
(4.1) (on RY) that

“4.2) Yo (x) = o, )|, F=RN{0}=(23) for j=0.

Note that in all these cases condition (3.10) is satisfied (theorem of Weierstrass-type).

In the following we revisit those applications, already mentioned in [7], and point
out what kind of additional results are now available via the (localized) COncepts of
the previous sections.

4.1. Abel—Cartwright means. Let n¢DY for some j=>(n—1)|1/p—1/2| and
¢(t)>0 for t=>0. Consider the Abel—Cartwright means W (¢()n), corresponding
to the multiplier w((p(t)n(lxl)), w(u):=e™". Since wEBV;.4[0, ] for every
Jj€P, the operators W (¢(t)n) are well-defined in [LP(R")] (cf. (2.6, 11), (4.1)). The.
results of Section 3 may now be used to compare means of different orders .

Corollary 4.1. Let j=m—1|l/p—1/2] and neDP, k=1,2. Then for
every feLP(R"), t=0
1o(t)

4.3) | (@ @) f~f, = Co® [

wl|—12

( (n“(u)))

Proof. Let 1€ #=(0, ), 7,(x)=1—w(e(t)ny(}x])). Since
(1 —e™")/u€BV; 40, =],

it follows that 7, is globally divisible of order @ (#)n,(}x]) (cf. (2.6, 11), Remark 2.8,
(4.1)). Setting o,(1)=1—w(na(u)/n(ny*(s))), one has a,€ BV; [0, =], uniformly for
s=>0 (cf. (2.11)), and o, (m)=1—e"' for u=n;'(s). Hence it follows that {0},
satisfies the Tauberian condition with «(s)=472(s), B(s)= . Moreover, for y,(u)=
=07 ulp(1)), thus S,w=¢()u, one has o,(r(@(O)m(xD))=0o,(xDEM (cf.
(2.6), (4.1)). Therefore (3.19) implies (4.3) (note that the integrand depends contin-
uously upon u, analogously to Proposition 2.5, (2.7)).

In particular, n,(w)=¢(u)=w’, y=0, yields the standard Abel—Cartwright
means W, (t)(:=W(t’n,)) which subsume for y=1 the Abel—Poisson and for
7=2 the Gauss—Weierstrass means (cf. (4.12)). Corollary 4.1 then reduces to

' Corollary 4.2. For every y,6=0 one has

4.9 W, f~fl, = € [ Wadf —fl,u~""du.
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Since (1—exp {—u’})/(1—exp {—u’})€BV; [0, =] for -0<xd=y (cf:[15, p.
54 ff]), it follows by (2.6) that in these cases one has mdeed the direct estimate (cf.
8))) :
45 W, S, = CIIW.s(f)f S,

which, of course, is stronger than (4.4).

On the other hand, concerning the :shdrpness of (4.4) for 6>)’), it is shown in [6]
that for each O<pu<1/2, O<v<1 there exists an element f, , such that for e.g:
y=1, 6=2; p=1

. = O .
s {2 iy =0,
@6 tim sup WO us usls 1 _

w0t e fuv—Sunrlh _ . '
Thus an estimate of type (4.5) is impossible for 6=y, even for nonsmooth elements.i

4.2. Marchaud-type inequalities. For h€¢R" let symmetric differences of order
2r,reN, be given by . .

CX)) A7 f= 4 £, (i )X := f(x+h)—=2f(x) +f(x—h),
corresponding to the multipliers (2(cos (h, xy—1)). Let S,_1:={0eR": o= 1}

Corollary 4.3. Given r,s¢N and 1=p<oco, there exists a constant C such
that for every feL?(R"), w€S,_,, t=0

(4.8) . 421, = — f 1422, f1, min {1, (5/uy*+*} du.
Probf. To apply Theorem 3.8, consider
@9 d@):=2(1—cos ), o(u):= [ d*(ur)(1—v)do.

Obviously, d°(u)= 2 a,jcosju with a,>0, and therefore "
. _ j=0

0w =%+ Jay7 L.

Now, d(u)/u® and consequently (cf. (2.11)) d(ju)/(ju)? belong to- BV, 1[0, «] so that
in view of kn; o(u)=a,/270 there exists a=0 such that

g(;}) =a,./4=0 for u=a, aEBVj;l[a, o).
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Again by (2.11) this implies that o¢,(u):=0(u/t)€BV;,,[at, =] with

Hat”BV,“[at =] = C”a”BV]“[a ] = C”a”BV_,.H[O @]

uniformly for 7=0. Since also lo,(u)l=a,,/4 for u=a(t):=at, the family {0,},,,
satisfies the Tauberian condition with «(t)=at and B(t)=-c-.
Thus, in order to apply (3.19), set

(t, w)ef = (0, =)XS,_1, Y10 (¥) =[1[w, x)|/al*,
o) = auV’t, 1, ,(x) = & (1w, x))).

Since d(u)/(u/a)? and hence [d(x)/(u[a)’]" belong to BV;.4[0, <], it follows that
1, is globally divisible of order ¥, , (cf. (2.6, 11), (4.2)). Moreover,

. ('yt,(‘nol"t,w)(x) = Kw3 x>l>

and therefore (6,07, 0¥, o)(X)=0,({w, x)DEM,. Thus X=LP is R}- and
R:,,- bounded and. :

1/u

IT@uor,w0¥0o) fl, = || f Am,uf(x)(l—vwvn =u f |42, f1,dz.

Moreover, 8, ,(w)=y, s(@a)=w)*, & (W)=2r*v*~", and 6]} (1)=y, a,(l)-l/t
Hence with (3.19)

1jt 1/u

l45f 1, ———":IIIT(r,,m)fII,, =C uf u Of 42 flpdz 2> u® 1 du =
. g;;cﬁf fwv**-2(fr+ f) ||A§i,f[]pdzdz;‘:
=Crr [f 142,11, dzf Rl 2dv+f |4%, £, dz f v=¥2dy] =
=§ftl mfll,,d2+Ct2' f z7 A% fpdz =

=< j 142 f||,,mm{ [%]W}dz.'

Let the 2rth modulus of continuity of fE€LP(R") be defined for réN, h>0
by (f. 47))
(4.10) " @y (h, f; L’(R”)) = sup {] 4%, [ ,: w€S,_1, O0<1t<Hh}.

Then (4.8) implies the familiar Marchaud inequality (see also [1])

@.11) oy (h, f; LPR") = Ch* fw e, FL"(R"‘))u“..z"ldu.ﬂ "
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Indeed, for w€S,_,, O0<t=h !
1421, = Cloa(0. s L)+ [ oufuf; @Y= di] =
| = Qr+1)Cr fm wa(u, f; LP(R™)u~>~"du
‘
50 that (4.11) follows since w,, (¢, f; L?(R")) as well as the right-hand side are increas-

ing functions of t.

4.3. A semidiscrete difference scheme for the heat equation. Let n=1. In order
to approximate the exact solution of the heat equation (x€R, ¢=0)

dfdt u(x, t) = d*/dx? u(x, 1), u(x, 0) = f(x)€ L?(R),

given by the Gauss—Weierstrass means (cf. Section 4.1)

@.12) WoP9) () = (i) [ flx—y)erindy,

consider the initial value problem for h=0
dfdt u,(x, ) = h=2[u,(x+h, ) —2u,(x, )+ u,(x—h, )], u,(x, 0) =f(x).
This leads to the semidiscrete difference scheme (cf. [2, p. 69])
uy(x, 1) = D, (D) f(x) := T (e=€®) f(x),

the function d being given by (4.9). Thus the multiplier s, (€ M,(R), uniformly for
h,t=>0) of the remainder D,(t)—W,(¢tY?) has the representation

@.13) 2,1 (X) = e~ D _g-t* (¢ > ().

For example by the results obtained in [7] (see also [2, p. 72] for a concrete approach)
it follows that for r=h?

1D, (B f—Wa()f |, = Cwa(h, f; LP(R)).
Theorem 3.8 now enables one to derive the following inverse estimate (cf. [2, p. 79]).

Corollary 4.4 One has (cf. (4.10) with n=1)
@14 ufh f; @)= C [ 1D,GF~ W, 1, min {1, (bufy 22,

Proof. With h€ £=(0, «), 7,(x)=d?(h|x]) (cf. (4.9)) it follows as in Section
4.2 that {r,},>, is globally divisible of order (k|x])*. Consider

o(s):=e0—e=, 0,(s):=o((2n—1)s/u). .
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Since 6€BV;;[2n—1,2n+1] and for |s—2zm|=1

O'(S) — e—d(s—27!)___e—s2 = e—(s—2u)3_e—(21:—1)’ = e—l_e—-(2u—1)3 - O,

{0.}.>0 satisfies the Tauberian condition with a(w)=u, B(u)=[(2r+1)/(2r—1)]u
(cf. (2.11)). Moreover, for y,(s)=s"*/h(2r—1), thus §,(s)=(sh(2n—1))", con-
dition (3.18) holds true for ¢=[(2n+1)/(2z—1)}", and one has (cf. (4.13))

(o, 07 oY) (%) = o (|x]/1) = su-1,u-:(X)E M, (R).
Therefore by (3.20) ‘

1471, C [ IDus (e /~Wa(u™ £l min {1, (wh2r— 1)} 2.

Substituting 1/u=2z, the result follows.

Let us finally mention that one may employ the analysis outlined in [8] in order
to discuss the sharpness of (4.14) in a sense similar to (4.6).
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0o OZIHOﬁ OlCHKE OPTOI'OHAJIBHBIX MHOIOYJICHOB
E. M. HUKUIIIVH
Ipogeccopy K. Tandopu no cayuaro ezo 60-semusn

Hyérb
o) = [p(0)dO+v(e)

npou3BoJibHasg Mepa Ha [0, 2x], nMeromas GecKOHEYHOE YUCIIO TOYEK pocTa. 3hech
pEL,[0,2n], a v-cyMMa CKauykoOB M CUHIYJISIPHOM cocTaBisiomed Mephl 6. Ilycrh

&,(2)=2"+...
TIOCTEIOBATENBHOCTE OPTOTOHANBHBIX IO MEpPe 6 MHOTOYJICHOB:

jzf D,(e€)D,,(¢9)de(@)=0, n#m.

0

Muorounenst {®,(z)} yaOBIeTBOPSIOT PEKYPPEHTHBIM COOTHOLLIEHHSM:
) Po=1, D,41(2) = 20,(2)— 3,9, (2)
f;[e n=0,1,2,... u ‘
i (z)= 2", (in .
Yucna {a,};., YAOBJIECTBOPAIOT HEPABEHCTBAM:
@ _ la,| <1, n=0,1,2,...

M Ha3bIBAIOTCA KPYrOBBHIMH HapaMeTPaMH.

OGpaTHO, €C/IM 3JIeMEHTHI MOCACAOBATENbHOCTH {4}, YAOBIETBOPAIOT (2),
TO COOTHOIIEHHS (1) ONPENENIOT HEKOTOPYIO IOCIEAOBATEIBHOCTL MHOTOMIICHOB,
KOTOpHIE OYAYT OPTOrOHAJILHBIMH IO HEKOTOPOH Mepe o, nMerowel 6eckoneynoe
YHCJIO TOUEK POCTA.

Hoctymano 12 niona 1984.
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Opma M3 3324 TeOPHH OPTOTOHAJBHBIX MHOTOWICHOB 3aKIIOYACTCA B H3YICHHH
HMX CBOMCTB IO 3aJlaHHBIM KPYTOBBIM HapaMeTpaM. AHaJIOrHYHas 3a/ladya BO3HH-
KaeT B OTHOLIEHWH MepH! o.

B monorpaduu [1} S. JI. Tepornmyc nokasbiBaet, 9t0 ycioBde I'. Ceré

2n

3 [ 10p(©)d0 > -
0

H HEPABEHCTBO

@ zo a2 <o

3kBHBaJieHTHEL [1pw BhinOMIeHNH HepaBeHCTB (3), (4) HOpMHAPOBOYHBIE MOCTOSHHEbBIE

2x

Br= [ 12,(¢9)da ()

1]

YAOBJICTBOPAIOT COOTHOLUCHHAM:
Bn+1§ﬁn9 ’}-I.KEB,, =ﬂ>0

B [1] nmokasbiBaeTcst Takxe, TO €CIIH

8

o) la,| <o
0

TO Mepa ¢ abcomoTHO HempepeiBHa (v=0), p(©)=0, p€C[0,2n] u
sup || 2, (€| cro,2m) <=
n
B pa6ote [2] I'. BakcTep yCHIHII 3TOT pe3yabTaT, NOKa3aB 3KBHBAJIEHTHOCTH YCJIO-

Bus (5) u
p(©) =0, p(©)E A0, 2x].

3mecs A4 [0, 2n]-winacc ¢yuxumit ¢ abcomorHOo cxopsmmMca pagoM Pypre, a
C[0, 2n]-nempeprIBHBEIE Ha Bcell ocH, 27-mepHoAmdeckde (QYHKIOWH ¢ paBHOMEPHOM
HOpDMOH. VkaxkeM Takxke Ha pabory [3] B 3TOM e HampaBJICHAH.

B nacrosmie#i paGoTe Mb! TMpOAOIDKAEM 3TH HccnenoBaHmsd. IlycTs 3amaHml -
KpYTOBHe mapaMetpl {a,}o, u la,| <1,

2 @) <ce.
n=0
ITonoxum

&, a(0) = Z"'ave""’, O=k=n.
v=k

CropasemuBa
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Teopema 1. Jua ecex O€[0,2n] umeem mecmo oyenxa:

lln Icpn(eie)” =G +G, kg(; lal lex,» ()]

20e nocmosannvie Cy, C, He 3agucam om n u ©.
W3 TteopeMsr 1 mojyuaercst

Cnexpcteue 1. Ecau kpyzosvie napamempu OeticmeumenvHst u

an‘o (k;l') lakl2 <°°)
mo mepa ¢ umeem 6uo: '
do = p(©)dO +v,

20e vy-mepa cocpedomouernan ¢ mouke 0.

HokxazarenbctBo TeopeMbi 1. OTINpaBasick OT PEKYPPEHTHOrO COOTHO-
menus (1) merko monyyuth paeeHcTBO (cM. [1])

n D.(2)
Di(z)= ][] {I—a —"——}
( ) o I'%4 ¢:(Z) L
Tonaras z=¢ (0=0 =2r), nonyynm
D} (') = "0 P (/).
&, (¢'9)

{1 —a,‘e“'(""l)e —__——} .
P, (e'®)

k=0
Ilyctp
B, (€)= |B,(e®)] e4®.

dypxnpn A, (O) MoxHO BHIOpaTh HempepblBHEIMH Ha {0, 27]. Bce Hynm monnwHOMa
®,(2) nmexat BHYTpM emuHMuHOro kpyra. ITostomy

A Cm) = A, (0)+2=nk.
Honoxmm
2 (0) = kO —4, (9)-,

Torma g,(0)eC[0,2n] u g,(0)=g,(2n). Umeem
n—1 . n—1
|¢" (eia)leig"(e) = H {1 —a, e—i(k-1)@ em,‘(O)} — H {1 —-ake"("“)e e—2iyk(8)}'
k=0 k=0
W3 3TOoro COOTHOWIEHHS ClieqyeT, MTO MBI MOXeM CYUTATh

n—-1
© 2,(0)=Im 3 In {1 —a,e*+V0e—2ia(®)}
k=0
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rae
—In(l—-2)= z+§+..., |z} < 1.

Us (6)

' |gn+l(@)_gn(6)| = Iln {I_Hnei("+l)oe_2ig"(o)}l = Cllanl

rae C; He 3aBucuT ot n U @. TakuMm obpazom

(7) |gn+l(6)—gn(0)l = cllanl'
Hanee

n—1 n—1
In|0,(e9)] = Re 3 a,66+19e-10®+0( 3 |a,f?)
k=0 k=0
rae noctositnHas B O He 3aBUCHT OT n u @. Tlyctb 0=k <n, TOrga

akeiw = &,n (@) —¢&+ 1,n (@).

HMmeeMm
n_l . II—I . = .
D R O R Ll N
k=0 k=k

Ortcrona, ucnoapdys (7), nony4um

A n—1 ,
lIn |2, ()| = Czk;l’ lex,n (@) lak —1]+ €0, (@) +

n

Hown (@) +Cy = Cut Cs 3] [, n(O)]

=0
Teopema 1 nokazana. -

HoxasatensctBo CnencrBusa 1. Umeem

(2]
(@] = Al (fts 2] +1)

rae A He 3aBucHt oT n B O. o Teopeme 1

Iln ]¢"(ei9)” = C, [ctg %I-*—Cz.
OTcrona

1
—— . = +2C)|ctg6/2}+2C;
® EHCO T ’

Hanee ucnonbsyeM cooTHoweHue (cM. [1])

d
e Ao @) fo = 12l
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B cMbIcne cnaboit cxognMoctu Mep. (MMeeTcs B BUAY, YTO V,—~V B cJ1abOM CMBICIIE,

€CIH
2n 2n

[ fav,—~ [ fav
] 0 0
mna moboit  f€Cl0, 2n]). Kak ykassmanoch BBIE, NP BHITOJHEHHH YCIOBHS
T'. Ceré,

lim g, =p, 0<f <o

IlosTroMy B cuny oueHkH (8) Mepa ¢ OyneT abCOIOTHO HeNpephIBHA HA MHTEPBAJIE
(0, 27). Cnencreue 1 mokasaHo.

3aMeyauue. SICHO, 4TO YTBEpXAcHUC CIeACTBUA 1 OCTaéTcs CUpaBedJIMBEIM,
ecnn a,{0. B oboux 3THX ciyvasx Ha [J, 2r—J] BHINONHAIOTCA pPaBHOMEDHBIE
OLEHKH:

—A—ll—- =P, ()] =M;, n=0,1,2,....
s

JInt epaTypa

[1] A. JI. TepoHuMyc, Muozouaenst opmozonasusie na oKpysciocmu u na ompeske, PU3MaTrus,
(M. 1958).

[2] G. BaxTER, A convergence equivalence related to polynomials orthogonal on the unit circle,
Trans. Amer. Math. Soc., 99 (1961), 471—487.

{31 B. JI. Tonunackuii, O npenenvuoii teopeme I. Ceré, Hze. AH CCCP, cep. mam., 35
(1981), 408—427.

CCCP, MOCKBA 117234 N

MOCKOBCKHM IOCYOAPCTBEHHBIX YHUBEPCUTET
HM. M. B. IOMOHOCOBA .
MEXAHHUKO-MATEMATNYECKHUHU ®AKVJIILTET
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OnenxH 11 IPOR3BOAHBIX FAPMOHHYECKAX MHOI0YJIEHOB
H ceprHYecKHX NOJHHOMOB B L,

C. M. HUKOJIbCKUAM = TI. . JIN30PKUH

Hpodgeccopy K. Tandopu no cayuaro e2o 60-1emusn

Beenenne

B paborax A. JI. Hlaruuaua [1} u E. I'. Tonpmrelina [2] 6b11M nonyueHp
OLIEHKM TPOU3BOAHBIX IAPMOHMYECKHMX MHOTOYIICHOB B PABHOMEDHOH MeETpHMKE U
pPaccMOTpPeHBI HEKOTOphble WX NPUAOKeHHs. B manHo# pabore momobuule OuEHKH
noyiydensl B L,. [lonyTHO A0Ka3bIBAIOTCA HEKOTOPBIE OUEHKH, OTHOCALIMECS K TO-
JIHHOMAM

To(W) = 3 Yi(t)
k=0

no cgepuveckuM rapMonukaM Y, (n) (u o603HAYMAET TOUKY HA eOUHHYHOM cdepe o
eBKJINOBA rpocTpaHcTea R”). OcHOBHAA TPYAHOCTE 3aKNI0YAJach B JOKA3aTEIbCTBE
HepaBeHCTBa

(l) "Grad Tm“L,,(u) = Tpm”Tm”Lp(a)’ 1 = 14 = oo,

B § 1 crateu npuBoasTCca 0003HAUEHUS, BCIOMOTATEIEHBIE CBEJEHUS M TIPEAJIO-
xeHusa. B §2 maercsa olieHKa HOpMaJibHOM cocTasJiigiouieil, B § 3 — TaHreHUMaIbHOM
coctasnmouleil rpajgdeHTa rapMOHHYECKOTO MHOro4wyieHa. OO6luuve OleHKH TpOoU3-
BOAHBIX TapPMOHMYECKOI0 MHOIOYJEHA TOoJyYeHH! B § 4, KaK CJIE€JCTBHE OLEHOK
§2u § 3. 3axyiounTeibHBIH § 5 mOCBALIEH OueHKaM npocTeliiuero nceBnaoandbepen-
UMaJIbHOTO oneparopa Ha cdepe.

B nocneayroweit Hamed pabore OyayT MOJyHeHbI HEPABEHCTBA PA3HbIX METPUK
g TapMOHMYECKHX MHOFOWIEHOB M PACCMOTPEHBI CBS3aHHBIE C STHMH OLEHKAMMU
BONPOCH TEOPHH NPHONHKEHHH.

Mocrymiiro 12 wions 1984 r.,

26
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§ 1. BcooMoraTeanHsie CBe/IEHHA H NpeAI0KeHIA

JloroBopuMcst O clexyrouMx o0o3HaYeHWsX: R"-eBKIMIOBO NPOCTPAHCTBO TO-
uek X=(Xy, ..., X,), 0"~ =0 —enunianas chepa B R" C UeHTPOM B Hayajle KOOPAMHAT

0:
1= {x, x€R, |x]| = Vxi+...+xE= 1}.

ToukH Ha ¢, kax mpaBHyIo, 6yaem o6o3HauaTh uepes u, u’, u°, ' u .0. C(6)=C —
MPOCTPAHCTBO HETPEPHIBHBIX (QYHKUKH HA 0 C HOPMOM

I/ ke = max 7G|

L ,(6)=L,—TNpoCTpaHCTBO CYMMHPYEMBIX B CTENEHH P, 1 = p < oo, GyHKIUAN C HOPMOH
1 ip
171, = {7 [ Veoras}”,

rae do — 3neMeHT 06beMa Ha 6,2 Q=Q,_;— 06beM chepbi 6" (IpH p= o WMeeTCs
BBUAY 0ObiuHas Momubukaums). Ilpocrparctso L,(o) mpu p=2 npeBpamaeTcx
B TAIIEOEPTOBO MPOCTPAHCTBO L,(0) €O CKAISPHBIM TIPOW3BEAEHUEM

® (9=L [r0ewads.

B naneheiilneM cumBoil X ob6o3HauaeT oAaHO w3 mpocTpaHcts C unu L,
1=p=<eco.

Ans 3anannoit va o Qynxuum f(p), Grad f obosnavaer rpanuent f, a Df —
onepatop Jlamnaca-benpTpamu ot f. Omeparop Jlammaca-Bensrpamu wumeer
B KavyecTBe COOCTBEHHBIX 3HaueHHH Ha cbepe ¢ wuucna A,=m(m-+n-—2),
m=0, 1,2, .... Kaxgoe 3 yucen A, ABIAETCH COOCTBEHHBLIM 3HAYEHHEM KOHEYHOM
KPATHOCTH, T. €. €My COOTBETCTBYET TONPOCTAHCTBO M3 COGCTBEHHBIX (BYHKLMI
pa3sMepHOCTH NN,

(m+n—3)!

N,=02m+n-2) =21 "

11 cobCcTBeHHbIe (YHKUHH WMEHYIOTCS ChepUHECKHMH rapMOHHKAMU TIOpAAKa m
u obo3navaroTcs yeped Y, (n). OHKCHPOBAHHBII OPTOHOPMHPOBAHHEBIA Ga3uc
B TOATIPOCTPAHCTBE CHEPHUECKUX TAPMOHHK TIOPSKA m Gy[eM 3anHChIBATL B BHIC

Yo, 1=1,2,..., N,

B aTux 0003HayeHUsAX HPOH3BOJIbHOM CymMMHpyeMoii Ha clepe ¢ (QyHKUMH
J () MoxHO mOCTaBHTL B COOTBeTCTBHE €€ psin Jlammaca

) f@~ ZNim= 3 (3 atie)
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rae
ai= (1) =5 [ F0¥iGde,
@ ’

Y =TQEED [ R tdeg), 1="32,

(u - u* obo3nauaer ckanspHoe NpowusBeneHue BekTopoB Oy, Ou'). COOTBETCTBEHHO,
TIPOHM3BOJIbHBL MHOTOWIEH T),(1) MO chepryeckuM rapMOHHKAM CTENCHA m 3allH-
LIeTCA B BHIE

5) T, (W) = 2 Ye(®),

rae T,, u Y, cBsizansl opmyinoii (4). Muorowren T,,(u) 6yaeM uMeHoBaThL cepH-
YeCKHM MHOTOYJIEHOM CTENEHH M.

HanomanM emte, uto dynkuun P/(7), —1=t=1 B (4) npencraBastoT coboi
monuHoMbl ['ereHbayspa, BO3HHKIINE B pe3yjbTaTe OPTOTOHAJH3AUHUH CTEIEHEH
1, t, £% ... ua orpeske [—1, 1] ¢ Becom (1 — A)*~%2 Cuuraercs, uto P2(t) cranmap-
TH30BaHbI COOTHOINEHHEM
I'(k+22)

—I'cm, 20 =n-2.

Pi(t) =
(Tlpn n=3 peus wuper o mommuoMax Jlexanapa: Py(1)=P(1).)
TlepeunciaeHHbie 3EMEHTEL TapMOHHYECKOTO aHaIm3a Ha cdepe MOXHO HaHTH
B JI060M M3 COBPEMEHHBIX PYKOBOICTB, CM., HampuMep, [4] (rae mommmombr P}
o6o3Hayensl yepe3 Cr).

1.2. ChopmymupyeM Temeph pPe3yJbTaT, Ha KOTOPBIA MBI OyaeM OMHPaThCs.
OH B cymecTBeHHOM npuraieMuT Creiiny [5] 1 KorGetnsauny [6] 7 B dopme,
JKBHBaJICHTHOM HIXENPHUBEHEHHOM, comepxuTcs B crathbe ITaBenke [7].

Teopema A. Ilycme 3aduxcuposano yeaoe uucao r>(n—2)/2. Cywecmsyem
nocaedosamenviocms Auneiinsix ozpanuvennsix ¢ X onepamopos {V0}=_. co csoii-
cmeamu:

1) ecau feX, mo Vf;)f ecmb cfhepuneckuil NOAUHOM CcmeneHu He 8oiule
r+Dm-—1;

2) Haiidemca namypaavtoe N, maxoe umo ecau m=>N u T, -cdhepuueckuii
ROAUHOM CMEneHy m, mo

(©) VO (W) = Tn(W);
3) Ecau 0aa f€X esecmu onepamop o\ ycpednenus no Ueszapo nopadxa r,

26.
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onpedenennslit pageHcmMaom

Kk
Q) o (f; )= (Ai)‘ljZ(;Ai—ij(f; x)
(20e A= ("H) — bunomuanvhble Ko3PPuyuenmst), mo
® Vi=a,,08),+a, PSR+ +ar+1,r0(r+1)m -15
2de Koapfuyuenmsr a;, 3asuUCAM OM M HECYWECMBEHHO 6 MOM CMbICAE, UMO
lai, rl =4
4) Cywecmeyrom nocmosunble M, u K,, He 3asucawue om m, maxue umo
(9) “V,(.f)fﬂx = Mr“f“X UEX’ m= 11 2’ )
@10 I/~V9flx = KE,.(f)x (feX,m= N)

20e uepes E,(f)x obosnaueno Hauayuwee npubaurcenue @ynxyuu f chepudeckumu
MRO204AeHaMU cmeneHu m no Hopme X.

OT™MeTHM emle cieaylolide MOMEHTHI, CBf3aHHBIE ¢ TeopeMoil A. Omepatop
o npencrasnsercs cBepTKOH

oD M= [Kalw 1S (o)
C AApOM ’

an K0 = S, R po,
KOTOPOE CYMMHEDYyeMO IO chepe 0, DpHYeM

@12) f[K;,((ﬂ-yl)lda(ul) =k, (r >A= "2;2 m=0,1,2, )
(Acro, 90 HamHECaRHEI HATErpaj He 3aBHCAT OT 4.) C y4eTOM CKa3aHHOTO Hepa-
BEHCTBO (9) yToUHseTCs

13) W flx = (r+ DAk flx = M, [ f]x.

1.3. B manBEOM myBKTe OyAeT ZoXa3za®a BaXKHad A JajibHeHIero BCIIOMOTa-
TenbHas oneHKa (HepaseHcTBO (15)).
O6o3raguM gepe3 H,, mOgOPOCTPAHCTBO CHEPHICCKHAX rapMonmc mopsanxa m,

a gepes Hs,,— obbenHenue nolmpocrpaﬁc"m Hyck=m:Hs,= @ H,.. 1na xaxnoi

dbyxcapoparHO# Touku u’c€o B H, 1Meercs eauHCTBeHHAS (C :ro‘mocrmo [0 MyJihb-
THIUIAKaTHBHOM YIOCTOAHHOM) cepruecKkas TapMOHHKA, 3aBHCAIAN JHIUb OT PAacc-
TOSHAA TOYKA i 10 u° (A1d, 10 Apyromy, oT u - u®). T2 rapMonAKa NPONOPIHAOHAII-
Ha nomeOMY P} (i - ). Jlmneiinas o6onouxa mommaoMoB Pr(u- %), k=0, 1,2, ...,
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..., m, 06pa3yeT moanpocTaHcTBo B Hs,,, KoTOpoe Mbl o6o3uauum yepes Q,,(1°).
O6beaunenne nonrEOMoB u3 Q,,(1°) npu BeceposMoxmbix p’co 0603naunM yepes
0,, (=30HaJbHbIC TOJUHOMBI CTENEHH =m).

Jlemma 1. ITyemb 6 auneiinom npocmparncmee H=,, 3a0an sunetinviii KoMmynmt-
pyrowuii co cosuzom onepamop S, obaadarowuil ceolicmeom

(14) "STm"L.,, = SmHTmI]L vaEHém'

Tozoa npu 1=p=co cnpasedsuso HepaseHcmo
(15) 1SUnlL, = Sml Unlle, VUn€Qn.

JloxkazaTenbcTBO. TTOCKONLKY HpH p=co (15) ABAf€TCA HENOCPEACTBEHHBIM
cnencrsueM yciiosua (14), MOXHO CUMTaTh B HanbHeilieM 1=p-<co, Bo3pMeM
TIpOH3BONLHBIA 3neMeHT U,€Q,, M PacCMOTPHM CBEPTKY

(16) F6) =5 [Unli- 08000,

rae g€L,., (1/p)+(1/p")=1, p€[0, ). Scuo, uro dynxmus f(1) B (16) — chepueckuii
Muorowied U3 Hx,. Ilpumensas x (16) omepaTop S, MOXHO, OY€BUAHO, HANMCATH

a7) W= [SUalr e W)do ().

B cuny ycnosma (14) nemmrel, mMmeeM

1Sf(lr.. = sl flL..-

OTcloa MOJy9MM C NOMOUILIO HepaBeHCTBe I énmbaepa

(18) 1) = 1S Wl = sl =
=s5a(% [10at0 -u’)l"da(u')l/p lglz,, = snlUnl, - 12l -

C mpyroit croponsl, u3 (17) BEITeKaeT

(19) |7 ()] = |SUL, Nelz, -

ITo cpoiicTBaM, mpHCymuM HepaBeHCTBY I'€nbpaepa, 3max papeHcrBa B (19) mpm
1<p<oo moCTHrAacTCs Ha dieMenTe €L, , U KOTOPOro |g|P UpONOpIOHANLHO
|SU,|P. BriGepeM xoshduupmeHnT IpPODOPOHOHANBHOCTH Tak, 9ToObl g L,,=1’
T. €. HOJOXHM

’ SU, * I"',) p-1
@0) g) = Ao0n (k)

ISUn(u- gt

-sign SU, (u - 1).

Hpu TakoM BHGope g pasercTso B (19) Gymer mMers MecTo m Ipa p=1 (upHEdeM
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HOpMa ofipeaenseMoit cootHonmeHweM (20) dynxonu g B L.. pasHa 1). Takum obpa-
30M TipH Beex 1=p <o monytnMm m3 (19) (ompH ykaszaHHoM BbIGOpe DyHKOHH g)

IS/ = ISUpe,- .
Ho Toraa u3 uepasedctna (19), mockonsky gl Lp,:l, BBITEKAET
(21) [ISUm"L = sm“Um"L

CrnenyeT NOMHHUTB, KOHEYHO, 4TO Qynkuun SU, u U, B (21) 3aBucar OT p- [T
YIDU BHIYHCIICHHH HOPMBI HETEIPHPOBaHHeE IPOBOANTCA 110 4. OJIHAKO, 3aBHCHMOCTS
OT p HcYe3aeT TIPH MATErPHPOBAHHH, MOCKOABKY omepaTophl S n E KOMMYTHPYIOT
¢ BpaweHueM. Takum o6pa3zoM jsiemma 1 Joka3aHa MONMHOCTLIO.

§2. Onenxa HOPMAJIBHOH COCTAB/AONIEH TPASHEHTa TAPMOHAIECKOTO NOTHHOMA
Ha cdepe o B Merpuke L,(0), | Sp=-oo

JIro6oit rapMonudeckii B R” cTeneHn nt IOJIMHOM W,, MOXHO 3aHCATh B BU/E

. ) m x
@) w) = 3r(Z).
n - B
rae r=|x|=(_21' x})Y%. Hopmanbhas coctapisiomas grad w,, 3anHWETCA B BHIE
= -

(i=7) '

r=1

CrenopaTtebHo, IOJXYYIM u3 (22)

ow,,
or

Teopema 1. Cywecmsyem nocmosunas v,, He 3a8ucAwyas om w, makas 4mo

= Zm' kYk(ﬂ)-l
K=0

r=1

Ty

@3 |2 5l = vm | 20, 15p=w

3ameuaune. Hepasencrso (23) monyueno JI. K. Vrynasoii b ctatee [3]. Oa-
HAKO COOTBETCTBYIOIIEE JOKA3aTELCTBO B [3] OCHOBBIBaETCSA HA HEOMYOIIHKOBAHHOM
pesylnbTaTee apropa. MBI BOCHPOH3BOJMM 3M€Ch JIOKA3aTeJbCTBO HEPABEHCTBA
(23), ommpasice Ha TeopeMy A Creitna u ap. (§ 1). D10 mokazaTennerso.caMo mo
ceGe HeCeT B PaMKaX AAaHHOM CTaTby GOJBHIYIO JOLONHHTENLHYIO HAIPy3Ky: Ipe-
TIAPHPYS €T0 HAIJIEXAIIM 05Gpa3oM, MBI IPHXOJEM K OCHOBHOM Hamreii omerxe (1).
Onenka (1) 1 (23) B COBOKYIIHOCTH PEIIAIOT 33a98 06 OmeHKe uemex npomnop;ﬂmx
rapMOHHMYECKOr0 MHOro4icHa B L. .
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Hoxa3zarenscrBo. IIp p=co 53TO yTBepxkaeuue H3BecTHO (cM. [1], [2]).
BocnosbayeMcsa 3TiM. MIMeHHO, BO3bMEM B KauecTBe oneparopa S jieMMsbl 1 omepa-
TOp

@ S(3rw) = 2 enm.

Toraa u3 (23) (npn p=oo) n neMMEL | cnexyer (cM. ( 15)) HEPABEHCTBO
(25) “SUm"L,, = vmm” Um“LPs l1=p=eco,

rae U,, — NONMHOM TIOpAIKA 7 TI0 30HATbHBIM [ADMOHHUKAM, 4 V., — IIOCTOAHHAS, C
KOTOPO# BBHINOJIHAETCS HEPaBeHCTBO (23) mpH p=-co,

Hanee, B cuiy yTBepXxaenus 2) TeopeMsl A CyluecTByeT omepatop V", takoit
uwro V0T, =T, mus m=>N. Cornacro (8) u (11) oneparop V' npencrasisercs
B BHJIE CBEPTKH '

1 ’ s r
(26) Virf = [GP 1) f W)da (),
rae (cM. (8), (10), (11))
27 GO () = ay, k& (D +az, ki) _1+... +ar+1,rk3)+1)n—1-

Sapo G®(t) sBasercs NOAWHOMOM (OTHOCHTENBHO [=yi-)t') TO 30HAJILHBIM
rapMonukaM cremeHn =[r+1)m—1].

IMpumennM k obewM yvactsaM paseHctBa (26) ¢ f=T,= Zm’ Y, omepatop S
k=1

(28) L SUPT) = [SGY (1) T (u)do,

Cnera B (28) moxuo nanucars ST, BMecTo S(VT,). Bo3bMeM 3aTeM OT 06enx
yacTeil HOpMy M CnpaBa BOCHOJb3yeMcsi HepaBeHcTBoM FOnra. IMonyuum

ISTonlle, = 1SGL G- 1)1y - 1Tl = veolm (r + D=1 GL - Wy 1 T, =
= vm["l(r'*'l)—1](r+1)kr”Tm"L,, = Vp‘l]Tm”Lp'

3mech Ha BTOPOM LUAare MCMOJIb30BaHa OUeHKA (25) st 30HAJBHOTO MHOTOYJICHA
G® crenenn [m(r+1)—1], na TperbeM — npeacrasinenve (27) u ouenka (12).
CrieniyeT TORYEPKHYTH ellle, 4To HopMa |G (- )| L,» B3ATAf 1O NepEMEHHOMY
1’, He 3aBUCHT OT [.

" TakuM 06pa30M, HepaBeHCTBO (23) MOKa3aHO C KOHCTAHTOM

29

vy = Voo (F+1)%k,.
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§ 3. Onenxa TanTeHOUAJIBHOI COCTABANIOMICH IpaTHeHTa
rapMOHHYECKOr0 HO/IHHOMA

Ecau w —rnangkas ¢yukuus B R”, 10 grad w Ha cdepe 6 MOKHO pa3JIOKHTH HA
JIBE COCTaBJSAIOUINE TaHTeHIManpHyr grad, w|, m HopManbuyro grad, w:

grad w|, = grad,wj, +grad,w|,.
OueBHAHO, YTO
oW
rad wl, = F—| .

grad wl, =724
Hopmanbphas cocTaBisiowiad rpajieHTa rapMOHAYECKOr0 MHOTOWICHA W, CTEIIEHHU
m oneHeHa no HopMe L,, 1=p=o, B npeaplaymiem naparpade. B cany semMmer 2
MOXHO TIBITaThCs TPH OLEHKE grad, w,, BOCHONB30BATLCA TOH K€ CXCMOH.

JMemmMma 2. Iycme w(x) — eapsonuyeckuii muozounen cmenenu m u grad, wi, —
manzenyuassnaa cocmagafrowasn grad w na cgepe o. Tozoa

(30) H gradt wm” L@=m ” wm"lm(ﬂ) .

HoxaszarenscTBo. Ha cdepe ¢ rapMoHnveckmit mouaoM w(x) npeBpamaerca
B chepudecknii nonmuroM T, (1). Acuo, aro cocrasasiomas grad, w,|, cosmanaer co
cepuveckum rpagweaToM T, (1)

grad,w,,}, = Grad T,,(n).

BaduxcupyeM Touky p°co. IIpoBeneM depe3 Hee IO ¢ FEOAE3MYECKYIO OKPYXHOCTH
I' B nanpasnenun Grad T, (u°). Ha oxpyxaocta I' nosmaom T, (p) npespaiiaercs
B TpUTOHOMeTpHYeckmit MHorowrted cremenn m, Grad T, (u) coBmajaer ¢ mpoH3-
BOJHOM 3TOro MHOrowiena mo xyre. [JoaroMy mo HepaBeHCcTBY bepHurreiiHa

31 [Grad T,,(u%)| = m max 1T
n
3amenss B (31) max T, () Ha r‘?élg(lwm(u)[ U TIOJIb3YSCh TIPOU3BONLHOCTHIO 1,
TOJIYIAM
(32 |Grad T,,[ ., = m|T,lL...

3TO HepaBeHCTBO 3anuchiBaerca B Buge (30) u semMMa 2 fokasaHa. . .

Hanwmuue Hepasencrsa (30) He 103BOABAET, OJHAKO, HEMIOCPEACTBEHHO HCIIONb-
30BaTh JemMy 1. DTO BBI3BaHO TeM, YTO paccMaTpmBaeMeni onepatop Grad T, —
BeXTOpHO3HAYeH. IT03TOMY IPHXOAUTCS HECKOIBKO MOARGHIIEPOBATh PACCYXIACHHMS
JieMMHL 1. ByieM IONB30BaTLCA TeM, 4TO it HOOOTO MO eJAHAYHBIX BEKTOPOB
e(u) Ha chepe cnpaBeqIMBO COOTHOILIEHHE

|Grad T, (1) - e ()| = |Grad T, (4)].
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Tlostomy B cuny (32)
(33) IGrad T,,(+)-e( )., = m{ Tl

3aduxcupyeMm Ha chepe o chepuieckyro cucTeMy KoopauHart 6, 0s, ..., 0,5, @,
0=0,=n, i=1,..,n—2, 0=¢p<2n. Torga

M, =cos 6,
Hy = sin 6, cos 0,

Uy = sin 0, sin 8, cos O,

Up—y =s5in0;sinf,...sinf,_,cos ¢
U, =sin 0, sin B, ... sin 6,_, sin @

TIpyu 3TOM C Kaxmo¥ Toukoi u€o Gyaer cssan penep e, (u), €, (1), ..., € _;(y),
efl,(;t)ze‘,"_1 OPTOHOPMHPOBAaHHBIX BeKTODOB, HANPAaBICHHBIX BIOJb COOTBEICT-
BYFOIIMX KOOPAWHATHBIX JIMHWH, MPOXOASILUX Yepe3 K.

HefictBys Tak ke, KaK M TIPH JOKA3aTE€NbCTBE JIEMMEY 1 (cM. (.16)), HaIHIIEM

(6 76 = [ Unle- )80G0

Pacemorpim mpoexnuro Grad f(i) Ha oxuH #3 6a3UCHBIX BEKTOPOB €, (11). O4eBuHO,
49TO

a7) Grad (e, (1) = 7 [ Grad UGu- i)e(Dg(u)do ().

Otcrona ¢ noMouero (33) m uepasenctBa Iénbaepa mony4uMm (0603HAYMB

Grad (1) - €, (=G (1))

G = 16, = mfGl..
) = m(g [10nGe-10Pda )" Nelzy, =miUale, bels,

C mpyroit croponst, u3 (17°) BriTexaeT
’ 1 ’ , 1/p
(19) G/ = (g [1Grad U (- ) -e;I7do () " lgl,

Paccyknasi, Kax ¥ NpH JOKa3aTeJIbCTBE JEMMBL 1, MOXHO Mog06paTh g TaK, YTOo
B (19’) 6yneT BHINONHATCS paBeHcTro. [Tpu TakoM Beibope g w3 (18°), (19°) cnenyer

1/p
09 {5 [10radUnu ) e @PdoGI} " = miU, j= 1,1
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Kaxk mu3BecTHO, cnpaBeanHBO apHpMeTHYECKOe HEPABERCTBO

n—-1 n—1
(35) Sat=c(Z a3y’ a;=0, p=1.
Jj=1 Jj=1
ITockoneky
n—1
(36) Z; |Grad U,, (i - 1) - €;(W)F = |Grad Un (i~ )%
J=

To H3 (34), (35) ¢ yueroM (36) cienyeT HEpaBEeHCTBO
@37 IGrad Uy|L, = tpm|UfL,, 1=p=c.

TaxuM 06pa3oM, AOKa3aHO ClIEAYIOILEE YTBEPXKACHHE:

Jlemma 3. [Jas 30naavnozo muozousena U, cmenenu =m cnpaeedauéo Hepa-
sencmeo muna Bepmwmeiina (37).

Tenepb MBI MOXeM A0Ka3arh HHATEPECYIOIIYIO HAac OHEHKY TaHIe¢HIIHAJbHOR
COCTaBJISIONIEH TPajiAeHTa TAPMOHHIECKOTO MOJIHHOMA.

Teopema 2. Ilycmob w,,(x) — 2apmonuueckuti muozouten cmenenu =m. Tozoa
ezo cyxcerve T, (1) Ha 6 noouunAemMCA oyenKe

(38) l]Grad Tm”L, = Tpm”Tm"LPa 1= P =oo,

20e nocmoanHaa Tp >0 ne 3asucum om m.

3ameuanue 1. TIpencTapisieT WHTEpEC BHIYMCIEHWE MOCTOsAHHOM T, B (38).
Cornacao nemMe 2 uMmeeM T..=1. B HepaBHectse (37) mocrosmuas T, paBHa efu-
HHILE NpH p=2, p=co. Ecnu OBl yHajloch MOKa3arh, YTO T, =1 Npu Beex 1=p=eco,
3TO OTKpPBUIO GBI NYTh K NOJLYYEHHIO XOPOIINX OLEHOK ANIs T,. lyMaercs, He WCKIIIO-
4eHa BO3MOXHOCTb TOYO, YTO 7,=1.

HoxasatenscTBo. PaccyknaeM 1O cXxeMe J0Ka3aTeNbCTBA TeOpeMbI 1.
Tlopctasnss B (26) BMecTo f chepudecksit ionuaoM T, ¥ TPHMEHAS K 06EHM HacTsM
pasencrBa omepatop Grad, monyanm Bmecto (28)

Grad 7,,(4) = = [ Grady G (u- k) Ty () do (1)
Scuo, uro

1 r r I
(39) Grad T,, ()| = [ IGrad, G (u+ )17 (")) do ().
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Bo3sbmeM oT obeux vacTedl HepaBencTBa L,-HODMy M ClIpaBa BOCTIONb3yeMCs Hepa-
BeHCTBOM IOHra. ITo TeM xe coobpaxeHdsM, 9TO M B BeIKJIanke (29), nMeeM

(40)
IGrad T,,l,, = |Grad G (u- )| - | T, = 11 [ + D —11|GY (- 1)1, -
NTale, = 11k (r+1m| T, -

Ha Bropom mmare 3aech MBI BOCHONB30BajIACh HepaBeHCTBOM (37) npu p=1. He-
papencTo (38) (a ciemomaTeNbHO M TeopeMa 2) JOKa3aHBL C IOCTOSHHOH C,=
=tk (r+1)%

§ 4. OueHkH NPOA3BOJHBIX MAPMOHHYECKOT0 MHOTOWIEHA
MEI HOZOLWUIM K OCHOBHOMY PE3YABTATY JAHHOH CTaThM, KOTOPBIH SBIsETCA
caencTeueM TeopeM 1 m 2:

TeopeMa 3. IIycmb w,,(x) — npoussosvHblil 2ap MOHUUECKUTE MHO20YAEH CINEneHU
=M oM NepeMeHMbIX Xy, Xy, ..., X,. J020a npu 1 =p=co cnpasedausa oyenxa

(41) []grad wm‘(x)[]LP(a) = cpm” wm (x)"l.p(a)’
20e nocmosaunaa C, He 3asucum om m.

Vi3 Teopemp! 3 MOXHO H3BIIEYL DS CIEJCTBHIA o
Bo MHOrMX BOWpOCax NPHXOZUTCS HMETh IeNo He ¢ grad w,, a ¢ YaCTHBIMU

NPOM3BOIHBIMU OW,,/0x;, j=1, ...,n. SIcHO, yTO M3 oleHkn (41) cienyer, 4TO

ow
(42) - =c ]Iwm"L {a)> ] = 1> ey

ox; e~ ° »
Bollee TOro, NMOCKOJIbKY YaCTHBEIE MPOM3BOIHBIE
oy, (x)
a — m =
D wm(x)_‘ (7x§1...3xf{" 4 I“I d1+..._+d",

CaMH ABJIAIOTCA TapMOHHYECKHWMH MHOTOYJICHAMH, M3 (42) o MHAYKUMM IOJYIUM
(43) ”Dawm”LP(a) = Cl:| (nl— lal)(m - |a| + 1) oo muwm“L,,(a) = (cpm)la' ”wm”Lp(a) .

Ouenxu (41—43) MoxHO 0606LIMTE Ha cnyvai L ,-HOpM, BEIYHCIIEMBIX 11O chepe
O g MPOM3BOJILHOTO paguyca R. Boliee TOro, MOXHO IIepeHTH K L,-HopMaM no mapy
Iy, orpaunyensoMy cdepoit 6. DTO OTKPBIBAET ITyTH AJIs MOJNYYEHHS COOTBETCTBY~
JOUIMX OUEHOK IJI NPOH3BOJNBHBIX TAPMOHUYECKHX MHOrowleHoB B obaacrax R”.
Ha 3ToM nyTH pelaloTCA HEKOTOpbie BOMPOCHI TEOPHH BPHUOIMXKEHMH, KOTOPBIM
TIOCBAILEHA HAIla CTaThs, YIIOMSIHYTast BO BBEICHWH.
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§ 5. O ncesmomudpepenmanbHLIX OHEPaTOPaX NEPBOro MOpsjKa Ha cdepe.
Onenkn oneparopa A 6 ero creneneii

B npeapiayiuux naparpadax Mbl HCIONb30BANH AU(depeHIHANTBHYIO OIIEpaLHIO
nepBoro nopsiaxa Ha cpepe — Grad £ DT1a onmepanus wMeeT JIOKAJIBHBIA XapaKTep
(1. e. Boruncnenus 3Hadenms Grad f B Touke p TpeGyeTcs 3HaTh 3HAYCHHA f B KaK
YTOOHO MAaJIOH OKPECTHOCTH y) H XOMMYTHDPYeT C BpauieHueM. K coxalleHWIo ona
BEKTODHO3Ha4YHa H 3TO HE Bceraa ymoOHO.

W3BecTHO, 9T0 Ha cepe He CyHIECTBYET CKAJIAPHO3HAYHBIX AnddepeRnuanbHBX
OIIEpPaTOPOB MEPBOTO MOPAIKA, KOMMYTHPYIOIMX C BpamenAeM. EqurcTBeHHBM (C
TOTHOCTHIO HO MYJNbTHILIAKATHBHON NOCTOSHAOK) MuddepeHIHANBHBIM OIIEPATOPOM
BTOPOIO IOpsAIKa, HHBAPAAHTHHIM OTHOCHTEJBHO BpallleHWi, SBJIAETCA OHepaTop
Jlanmaca——benbTpaMmy.

PaccMOTpUM  HEKOTOpPHIe TceBaomnbdepennuanbubie ONEpaTOPHl IEPBOrO
NOpPsAAKa Ha 0, TIOJIE3HEIE B Psaie Boupocos. IIpexe Bcero ckaxeM elle HECKOJIBKO
cioB 00 omepatope S u3z § 2.

OmnepaTop S MOXKHO OTlepe/ie/IHTh KaK MyJIbTHIITHKATOPHEBI OepaTop, KOTOPBLA

byuxuun

@) S~ S Yl
CTaBHT B COOTBeCTBHE (DYHKIMIO
“3) ) ~ 3 m¥nlfs ).

OH BO3HHKaeT B pe3yjbTaTe Takux AelicTsnit. CHavana mo GyHKCHHH f ¢ pa3moxe-
nueM (45) cTpouTCcs rapMoOHMYecKas (yHKLUS

u(p, ) ~ 20 Y u(f, 0.
m=
Boludcias HOpMaJbHYIO HPOM3BOJHYIO OT u Ha cepe, monayyum

du| _ Ou
onl, ar
Mst BUAMM, 4TO omeparop Sf cBs3aH ¢ aubdepeRmuanbHOil onepamnueil neproro
nopsanka — auddepeHIIApOBaHAEeM TapMOHUYIECKOTO MPOAOIDKEHUS f IO HOPMAJIH.
ScHo, 4TO 114 BEIMHCIICHUSA 3HaYeHHA Sf B TOUKe HEG TpedyeTcs 3HATH 3HAYCHUA f
Ha Bceil chepe.

MyIbTHIIHKATOPHOE ompeieicHUe S, BEIPaKEHHOE COOTHOIEHnAMH (44), (45),

MOXHO BBIPAa3HTh PABCHCTBOM

(46) Yo (Sfip) = mYu(fip), m=0,1,2, ...

oo

= 2 mm 'Y, wl. = Sf.
0

L4 m=
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Ha stoM s3pike oneparop Jlamnmaca—bensrpamu D xapaKkTepH3yeTcs PaBeHCTBOM

Ym(Df> #) = 'n(nl +n _Z)Ym(f: ﬂ),
a €ro CTENICHH

“7) Y,(D*f, 1) = m*(m+n=2YY,(f, ).

(OTt™ermMm, uTO onpenenenue (47) NeHCTBYeT M TIPH OTPHUATENLHBIX O HA (QYHKIHAX
/¢ HyneBBIM cpenHuM 3HaveHWeM Ha cdepe). ITpu maTypanbubix a=k, k=1,2, ...,
paBeHCTBO (47) ompenenser nubdepennmanbubli onepatop D¥, mis xoToporo, ko-
HEeYHO, BBIIOJHsETCST CBOMCTBO JioxanbHOCTH. ITpH Hemenwix o=>0 omepatop D* —
nceppoaupdepeHnnanbHbIIA.

PaccMoTpuM, B YaCTHOCTH, ONEPATOP A=]/B. W3 ero onpenencHus

Yo(Af 1) = I Yo (i 1), 2=V m(m+n=2)
BHIHO, YTO OH 6IM30K omepaTopy S B TOM CMBICHE, YTO
Am ~ M TIpH GOJNBIINMX M.

D10 06CTOATENBCTBO O3BOJIAET NEPEHECTH OLIEHKH, IOJTyYeHHBle B § 2 [7is1-onepaTopa
S, Ha omepatop A. ViMenHo, cupasernwsa

Teopema 4. [Jaa mobozo chepuneckozo noauroma T,,(i) cmenenu m cnpased-

AUBA OYeHKa
AT e, = Cm|T,|L,, 1=p =<,

2_08 nocmoannaa C He 3agucum om m.

Ins moxa3aTeabcrBa TEOPeMbI 4 MCIONB3yeM H3BeCTHBIN mpueM {(cM. [8), crp.
465), ocHOBaHHBIH Ha cielyrollel JeMmMe (B KOTOpoi n 0003HA4YaeT pa3sMepHOCThb
paccMaTpuBaeMoro mpocrpaHcrsa R”).

JemMa 4. ITyemob daa dyuxyuu (1), 1 =0, cnpasediuso paztoxcenue no Gop-
myae Teiiropa

{48) o@=14+0'0)t+...+

(n—1) ()
0" 0Q) ,,, 0PQ

(n-—-1)! n! o 0=&=y

npuvem |0 ()| =c, npu 0=t=n-2, 20e c,— Puxcuposannas nocmoannas. Tozda
nocaedo8amensHOCMb

- n—2
{wm}m=07 Wy = 09 @, = w( m ]

A64aemcea p-myAvmunaukamopom paooe Jlanaaca, m. e. ecau f — npou3sgoavnas PyHk-
yug uz L,(0), 1=p=eo, u

£G) ~ 20 Yolf; 1),
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Mo eblpadicenue

oo

Zo 0, Y, (f, 1)

npedcmasasem coboii pad Jlansaca enoane onpedenennoii Pynxyuu  gpu)EL, (o)
maxkoii, ymo
lgle Ho) = =c|fle,s L=Sp=cs

20e nocmoanHasa ¢ He 3asucum om f.

HoxaszateabcTBo NeMMBI. IloacTaBuM B (48) BMecTO f 3Hadenme (21)/m
(rae A=(n—2)/2). Homyyum

@’ (0)22 oV OH 1 o™ EORY" 1
_— — —.
m (n—1) m n! m

o, =1+

MB!I BUAMM, YTO TIOCHEAOBATENBHOCTD {W,,}; pacnagaeTcs B CyMMy NOCJIEZOBATE b~
HocTei

R g O W EC LR

m 1 n! m*Jy

KaxIas 3 KOTOPBIX ABISETCS p-MYJbTHIDINKATOPOM, |=p<eco. Ins mocienora-
TEJIBHOCTH M3 1 3TO o4eBMAHO. I{7a MociaenoBaTeNbHOCTEHA {cj/m"}, Jj=1,..,n-1
TIOAYePKHYTOE YTBEPXKACHHE BBITeKaeT U3 pe3yabTaToB cTarhH [9]). Heno B ToM, yTo
MYJBTHIIMKATOPHBIL ONEpaTop, COOTBETCTBYIOIWH TOJNBKO YTO HANMHCAHHBIM
TOCTIeTOBATENILHOCTAM, H300paxkaeTcs clepuyeckoil CBEpTKOH, SAAPOM KOTOpPOH
SBIIAETCS 30HAJIbHAA (YHKOWS

haid )& i
Z] m_;}»_ %P,,f (cos 0),

HHTErpupyeMas 1o ¢ (4to ¥ ycranasiupaercs B [9]). TakuMm o06pa3oM, npuMeHEHME
K YNMOMsHYTOM CBEpTKe HepaBeHcTBa FOHra peinaeT Bompoc npu j=I1, ..., n—1.

Ocranoce pa3obpaTbesi C HeHCTBHEM IIOCIENHEr0 MyJbTHILUIEKaTopa B (49).
Ha stoT pa3 meno ceoauTcs K IpyOBRIM OLiEHKaM szpa

= OPOQ 1 m42
m=1 n! m" A

(50) P2 (cos 0).

Jlerko MpoOBEPKETCS, YTO HANUCAHHBIA PAX CXOAHTCH aBCONIOTHO M PABHOMEPHO.
B camoM jpienie, B CHIY YCJOBMM JieMMEL, nMeeM: o' (£)|=c¢, npu 0=¢=n-2
(3T0 MoCneAHEe HEPABEHCTBO BEIIOJNIHEHO NPH BCex m=1, 2, ...). Kpome Toro (cM.
4D,

|P}(cos §)] = PL(1)| = (m+3f_1] = O(m¥-Y).
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MostoMy Moayip obuiero wiena psaaa (50) maxopupyercs Beiuunnon 1/m? Cre-
JoBaTeNibHO, cymMa psiga (50) ecTh HempephbBHASA 30HAJIbHAsA QYHKIMA H B pacc-
"MATPHBAEMOM cCiy4ae peus HaeT 06 omneHke cepHueckoii cBepTKH, AApO KOTOPOI
HENpPEepBIBHO. B YacTHOCTH, Takoe SAPO MHTErpPHPYeMO M LEJIO ONATH CBOJUTCSA
K TIpMMeHEHHIO HepaBeHCTBa IOmra. JleMma 4 nokasawa.

IMokxa3aTenbCTBO TeopeMH 4. 3anuineM MyJbTHIUIHKATOP, COOTBETCTBY-
o1ui onepaTopy A B BHAE

Ym(m+n—2) = ml/ 1+n—;;;—2, m=1,2,...

Oyuknus o(H)=V1+1¢ ynonnerﬁopsieT ycnoBusM JteMmbt 4. ITosaTomy mocnenosa-

TECIABHOCTD
w, = 1/1+"“2 ., om=1,2, ...
m

3aJ1aeT Q-MYJILbTUIUIMKATOp TpH l=p=co. OOO3HAYAM COOTBETCBYIOIIHMii 3TOMY
MYJITHIUTHKATOpY omepatop depes Q. Torma uMeeM A=SQ U crenoBaTeNbHO

(51) ’ | AT, e, = [SQT 1, Scn QT

Ha nocnenseM 1iare Mbl BOCHIOJIB30BaJIHCh T€M, YTO MYNbTHILIARATOPHLIA onepa-
Top Q nepesoaut T,, B chepryeckyii MHOTOUJIEH CTETIEHH M H IPAMEHHIIM TEOpEMY 1.
OcTanock BOCIOIB30BATLECS OrPaHAYEHHOCTRIO onepaTtopa Q B L,(6), yrobs! u3 (51)
MOJIYYNTh HEPABEHCTBO, YTBEPKIOAEMOE TeopeMou 4.

3amedanne 2. U3 TeopeMs! 4 Ul HATYpaJIbHBIX CTeNeHed omeparopa A
HOJIy4aeM HePaBEHCTBO

(52) “AkTm”Lp(a) .5._ ka "Tm"Lp(a)’ k = 1, 2, v

IIpn veTHbix k=2/ uepaBeHcrBO (52) mpespalllaeTcs B XOPOINO H3BECTHOE Hepa-
BEHCTBO I CTencHeH ouepaTtopa D

ID'Tpl ) = em™ | Talli,, 1=1,2, ...

OTMeTHM, 4TO B ClIydyae IIPOM3BOJILHBIX MOJIOKHTENBHBIX k onenka (52) aHoH-
cuposana B paGore [10].

3amedanue 3. I1o cyiecTBy HAIIHMU PACCYXXACHUSMH JOKa3aHO HEPABEHCTBO
BepuiuTeiiHa i omepaTopa ¢ MYyJAbTHILIHKATOpOM {m®,), Tie w, Gepercs n3
JeMMBI 4.
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On the rate of approximation by orthogonal series
H. SCHWINN

Dedicated to Professor K. Tandori on his sixtieth birthday

1. Introduction

Let {¢,(x)} be a normalized system of orthogonal functions (ONS) with respect
to the space L2[0,1]. We ask for additional conditions on coefficients {c,} with

2”’ c2<c such that the partial sums {s,(x)} of the orthogonal series S’ Cpn®Pu(X)

n=0 n=0

are convergent to a limit function f(x), uniquely a.e. determined by the Riesz—Fischer

theorem, with a certain speed. K. TANDORI [10] proved the following basic result:
~Theorem A. Assume that {A(n)} is an increasing sequence tending to oo. If

5’ c222(n) (In n)2<oo, then the estimate
n=2

n

0 F@—5.0) = o, (ﬁ] ae.
‘holds.

Asking for the finality of Theorem A as a consequence of a result of L. Leindler
([7], Hilfssatz 2) it follows that in case A(n+1)>C*A(n) (C*=>1) the factor (In n)?
may be omitted. On the other side, for certain sequences increasing slowly enough,
V. A. ANDRIENKO [2] proved the finality of Theorem A. Later on V. 1. KOLYADA [6]
proved the following result:

Theorem B. Assume that the positive increasing sequence {A(n)} is such that
Inn = o(A(n))
and that there exists a sequence {v,} with the properties:

l (vn + 1)
A(vn)

”(")= n+1_vn§2’ 1<Q§ =r.

Received August 7, 1984.
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If 3 c21*(n)<<o, then we have the estimate
n=0

_ — ll'l Au(qn+1) ) .

FO)=5() = o, [GELD) g,

where g, is defined with the aid of the strictly increasing function v(t) with v(n)=v,
and its inverse v=1(t) by q,=[p"1(m).

V. 1. Kolyada also proved in [6] the finality of Theorem B in the following way:
the speed In p(g,+)/A(n+1) may not be replaced by a speed (A(n))~! tending faster
to zero, ie. if A(m)-In pu(g, )/ A(n+1)—co.

In this paper we want to establish a general condition for estimations of type (1),
which is also necessary for a special class of coefficients {c,}. In the following let
{A(n)} be a nondecreasing sequence tending to infinity. We consider in dependence of
a fixed chosen constant g=>1 the uniquely determined sequence of increasing
natural numbers {u} with

3 Mies) = q-A() and Al —D<gq-A(w) (k=0,1,..).
Theorem 1. Let

o Myl
> a2 (In(n—p+2))F <
k=1 n=p,
be fulfilled. Then the estimation
1
(3) f(X)—S"(X) =0, (m] a.e.

holds.

We can extend this statement to partial sums {s, (x)}, where {n;}is an increasing
sequence of natural numbers. With respect to the above considered sequence {u,},
let [(k) be defined by '

4 Mgy-1 < Mm—1=ng, (k=1,2,..).

Then I(k+1)—I(k) indicates the number out of {n;} between g,—1 and p,,,—1.
The above definition also admits the case [(k)=I[(k+1); therefore let {k;} denote the
sequence of those numbers when [(k;+1)—I(k;)=0. Putting

n

©) C={ 3 & (=01,.; ny=-1)
n=n;_,;+1
we prove

Theorem 2. Let

o I0e+1)

> CERmy+1)(In (—I(k)+2) <=

S=1i=1k)+1
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be fulfilled. Then for {s,(x)} the estimation

.

S =50 (¥) = o, (7(711?3) ai.
holds. '

Theorem 3. Let
2, cad(n) <eo
n=1

be fulfilled and let a(n) be defined by a(n)=In(n—p,+2) if pw=n<p,,. Then
the estimation .

N B I
holds.

It is possible to show that the conditions of these theorems are also necessary if
the coefficients {c,} resp. {C;} are nonincreasing in a restricted sense. The following
theorem is close to K. Tandori’s theorem [9] on the necessity of the condition of
coefficients in the Rademacher—Menchoff-theorem (cf. G. ArLexits [1, p. 83)]).

Theorem 4. If c,=c,., for w=n=p,—2; k=1,2,..., and

< Hra1—
357 @rmn —m+ D) =,
k=1 n=y,

then there exists an ONS {p,(x)} with

© O E A0 5@ == e, 1.

Remark. V. A. ANDRIENKO and L. V. G'RNEVSKA [3] have proved that

S’ ER(n)<e implies estimation (3) if {¢n(x)} defines a convergence’ 'system
n=0

(ie. Z’c <oo 1mphes the convergence a.e. of Zc,,(p,,(x)) they further proved
that in (3) {A(m} must not be replaced by a sequence {A (n)} tending faster to infinity.

By Lemma 3 we can conclude that Z’ c2)*(n)< o is also necessary, for in the case
n=0 ' "

> 222 (m)=<~ it always exisfs -a convergence system such that.estimation (3) fails.

n=0

In a way similiar to that of L. CseERNYAK and L. LEINDLER [4] used to extend
K. TAnDORI’s theorem [9] to subsequences {s, (x)}, we can prove with terms (5)

27¢
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Theorem 5. If C;=Cyy, for Wkp=i=l(k;+1)-2, j=1,2,..., and
w 1k, )—1

> 2 CEm+)(In(i—1(k)+2)) =<,

=1 =1k
then there exists an ONS {o,(x)} with
I 2+ DI @) =5, 0] === (x€0, 1)

Obviously Theorems 2 and 4 are generalizations of Theorems 1 and 3. But the
result of Theorem 3 is a necessary step in the proof of Theorem 4 and the proof of
Theorem 2 is based on Theorem 1. The finality of Theorem 3 follows finally with

Theorem 6. If c,=c,41 for w=n=p,,—2; k=1,2,..., and
b ZIORSS
then there exists an ONS {¢,(x)} with
o A(n+1)

nvoe  ot(n)

)=, ()] =< (x€[0, 1)).

2. Proof of Theorems 1, 2 and 3

The following result will be essential.

Lemma 1. For any ONS {¢,(x)} the following estimation holds:

1
f { max e (x0)+... +cj(pj(x)|2}dx =K, (c3+ % cz(In n)?).V
(] n=2

1=i=j=N

Proof: cf. K. TANDORI [11; Satz VII]; see also A. ZyGMUND [13, p. 193].

Proof of Theorem 1. In the first step we prove the assertion for the partial
sums s, _,(x), k=1,2,..; namely by (2) we get

3 [ 20 @ =sunrax= 2w 375 @ =
= 375 Srw=00) 3 are <=

J

-

n=y; k=1 n=pu,

1) K, K,, ... denote absolute constants.
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With the aid of B. Levi’s theorem we conclude

1
7 X)— Sy -1(X) = 04 (————] a.e..
™ @) =501 = 0:| 575
For the remaining partial sums Lemma 1 leads us with
6(x)= _max __[s,(x)—s,,,-1(%)]
He=n<py -1

to

Py [ 2 S ax = K, 32w S in -+ =

= n=p

=0 3 "3 e215(n) (n (0 — gy + D) <o
k=1 n=p,

This shows

1
sn<x)—su,‘m(x)=ox[m] ae. (4 =nS 1)

by An+1)=q-A(y) for w=n=pu,,—2 (cf. (2)) together with (7) it follows

S =509 = OW (D)= 811 Hsus 1 =52 = 02 (755 ) 2

thus Theorem 1 is proved.

Proof of Theorem 2. We represent {s, (x)} as (direct) partial sums {S;(x)}
of an appropriate orthogonal series with coefficients (5); instead of {1(n)} the sequence
{A@)} with A@)=i(w) if m=m+1<p,, is taken. Here with respect to (2)
{I(k;)} assumes the role of {y,} (cf. (4)). Theorem 1 gives f(x)—Si(x)=f(x) =8, (0)=

1
( AT )); noting that A(n;+1)=0(A(y)) for n;+1<p, . the assertion fol-
lows immediately.

Proof of Theorem 3. By the proof of Theorem 1 it yields
® =51 = o[ s ac
. X) =5, -1(x) = o, 100

Now, for the partial sums s*(x) of the series S’ cro,(x)withci=c,- (In (n—p+2))~?
n=0
if m=n<p; k=0,1, ..., the proof of Theorem 1 has shown that

() = max [s¥x)—sk,,,-1(%)] = o, [7:&1-,5) a.e.

B S<fly 1y

and

H@ =, max W O-sha@l = o) ae

B =n-<p,
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By Abel’s transformation (cf. G. ALEXITS [1; p. 68]) we get with u,=n<p, .,

15, () = S0 -2 (¥)| = | S L0, (%)| —| 2 In(v—p+2ct o, (x)| =

v=yg,

= l 2’ (In(v—pe+D—In v+ 1= +2))(sk(x) —sk ~ 1 (x)) +

V=

+10 (1= e+ (53 ()~ 55, -1 ()] = 31 (1— e +2)55 ().

This proves A(ud(ln (n—p4+2) ) (s,(x) =5, _1(x))~0 a.e. (n—~c), the assertion
follows by (8) and (2).

3. Proof of Theorems 4, 5 and 6

To prove the necessity of the conditions stated in these theorems we need some
auxiliary results. We use the following lemma of K. TanDORI [9] (cf. G. ALEXITS
(1, p. 87]) which plays an important role in the proof of divergence phenomena of
orthogonal series in general.

Lemma 2. Let {a,} be a nonincreasing sequence of positive real numbers, and let
N, =2+*_4 r=0,1,.... Then, for every r, there exists a measurable set F, with
measure ’

#‘(Fr) = K{ min {1, N, ,;a% ,,(In'N, )%} (Kl > 0),

r+1

and an ONS {P,(x)} consisting of Dpiecewise functions; such that
(d) the sels. Fy, F1, ... are stochastically zndependentl)
()] for all x€ F, it exists a number n,(,‘)<2"+2 such that <D (%), . )
are of the same sign and

N+n

r(x)

O3, () F Py, ()] = 2= (K =0).

r+l

Remark. The proof of the lemma shows that F, may be chosen as a simple set
(i.e. consisting of a finite number of segments) and with the additional property:
if @y(x), ..., y _,(x) are constant in a segniént I*, then either F,NI*=@ or
I*cF, = : o |

Nowy

To prove the necessity of the condition in Theorem 4 we first state

vE, F,...are stochasucall) mdependentwnh respect to [0 1], lf ky<ky...<k, then u(Fi, N Fr,N
0. N Fiy=p(Fr)u(Fi,).. -M(F). : : T
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Lemma 3. Let' {c,} be an arbitrary sequence of real numbers. If condition

D c2i2(n) =oo
n=0

is fulfilled, then there exists an ONS {¢,(x)} consisting of piecewise constant functions
which forms a convergence system with

"l_@ )"(n +1)|f(x)_sn(x)| =oe.

Proof. We can find a nonincreasing positive sequence {¢,}—~0 with

©) S e =
n=1

We define the system of functions by induction. In the basic step we put with
r(x)=sign (sin27x) (O=x=1)

@o(x) = r1(x).
Now let ¢y(x), ..., @,-1(x) be defined. The segments where each of these functions

. qm .
are constant are denoted by 1§, ..., If (with >’ u(If™)=1). Putting
m i=0

{ 1 if ¢,=0 or c4i2(m)ed =1,
v(m) = c2 A2 (m)e?, elsewhere, '
we choose in each I/™=(s™, ") a partial segment J, =M, v™) with u(J)=
=y(m)p(I™) and with -u{™=s{. In general, for a segment J=(u, v) and a func-
tion f(x) defined on {0, 1], let the denotation
' x—u) .
(10) Ui =17 (v—u] it xeJ
0 if x¢J
be valid. Then we put
1 9

Pm (x) = ]/'y(—m IZ rl(‘]l(m); x)'

=0

1t is easy to verify that @y(x), ..., ¢, (x) constitute a set of orthogonal and normalized
functions.
The sets

qm
G,=UJ"™, m=12,..,
1=0

are stochastically independent. Thus by the second Borel—Cantelli lemma (cf.

W. FELLER [5, p. 155]) we deduce that with u(G,)=y(m) and S 1(G,)=oo (cf. (9)),
1

n=
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for G=Iim G,, pu(G)=1 holds. Taking x,¢G we can find an infinite set of numbers
m with
lem| 4 (m)
Am)cn pm ()| = =—.
Hrm) T em

Because of ¢,—0 and because of the estimate

[f(X) =Sm-1D)| = 6P ()] = |/ (%) —5m ()]
the above stated equality contradicts the estimation f(x)—s,-1(x)=0, [}.( )]
a.e.. Changmg the values of {¢,(x)} in [0, 1]—G in an appropriate way, we get the
assertion of Lemma 3.

To prove that {¢,(x)} is a convergence system, we mention a lemma of D. E.
Menchoff ([8], Lemma 2) proving that the following conditions are sufficient
for {¥.(x)} to be a convergence system: Let the segments 1™, I=1, ..., p,, with

. p" .
IONIP=9 if 17, and lg; u(I™=1, satisfy

(@ ¥,(x) has constant value in 7, ("), I=1, ..., p,;
() [Yn(x) dx=0 for I=1,..,p,; m=n+1,n+2,..;

I(") R
(iii) nhjg max pu(I")=0;
@iv) if m=n then for every 1™=(s,t) (I=I=p,) it exists an index
o=0(l,n,m) such that for I™=(u,v) yields u=s.
It is obvious, that the above mentioned functions {¢,(x)} and the sets JI™
(I=0,1, ..., q,; m=1,2,..) satisfy conditions (i}—(iv), which completes the proof.
Proof of Theorem 4. We first mention that the case Sl’cf/P(n):oo is

treated in Lemma 3. Therefore, in the following, we may assume that > ¢22%(n) < oo.
n=1 '

For the terms

Myl
2 ERMIn(—my+2) if peaa—py >4

ok = n=p,

0 if - =4

where {y} is given in (2), the series > o, is divergent. Again we can find a nonincreas-
k=1 .

ing sequence {g}—0 with

an D o468 =oo.

k=1
On the basis of this series we define an ONS which satisfies (6). By the aid of the
Rademacher functions r,(x)=sign (sin 2°nx), n=0,1, ..., we take

(pn(x)=rn(x)5 h = 0, 1; crey ”1_1



Rate of approximation by orthogonal series 425

Now let @o(x), ..., ¢, _;(x) be defined and let us denote by I¥, =0, ...; g;
the segments in which each of these functions have constant value; we may assume
that either IPcI*™ or IPNIF-P=0. In the case of . —w=4 we put
(by transformation (10))

%
(P,,(x) = 120 r”_”k+1(1,(k); x), H= U, .., ”k'i‘l—l'

Otherwise if g, — >4 we select ry=ro(k)=0 such that with the numbers {N,}
defined in Lemma 2 N, y1<f11— =N, 4, iS satisfied. Then we refer to Lemma
2 and set

(12) a, = CpantiA(t), n=0,1,..., N, y.

Let 7] and 1, denote the two halves of I, I=0, 1, ..., g,; then we put with the
functions {®,(x)} out of Lemma 2

9
Ppretn(X) = go{cb,,(l{; x)— 0,17 x)}, n=1,..,Nyy;.

In the case N, a1t l<pipa—p, we again select all segments I*, /=0, 1, .. ds
in which the already stated functions have constant value. We then put

%
(pyk+N,.o+1+n(x) = I—Z'o s x), n=1, ---:uk+1—Nro+1—1'

With the transformation (0, 1)—1] resp. (0,1)—1 if u1—w >4 the sets F,,
r=0, 1, ..., ry(k), considered in Lemma 2 will be transformed into the sets F,(/))
resp. F,(1). Then we set

4.
G = U {FUHUEU))}.
=0
Let 1, I, ... denote those numbers with H, +1—u,j>4. Then the following is
true:

(i) the sets G2, r=0, 1, ..., ry(l;), are stochastically independent (which follows
by the definition and by the Remark to Lemma 2); furthermore

q'j qu
w(GH) = P {u(F D) +r(FUN)} = m(F) P @) +uUM)} = uF) =
= K* min {1, Nr+1cil_+N,.+‘alzj)"2(ﬂl_,-)(ln Nr+1)2};

(i) if x€GY?, then there exists a number n.(x)=n,(/;; x)<2"+? with

B*
X)+... )=z ——
|¢ulj+N,.( )+ +‘Pu,j+1v,+n,(x)( | o W)
1
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and the considered functions have the same sign at x. By the second Borel—Cantelli
lemma, - using ¢,=c,;, and A(n)éq}.(u,) if H EnEpy o, — 1, furthermore that

) . . o ro(lp)
(13) > 5 u(G¥) =,
i=1lr=0

(cf. (i), (1D) for G=Iim G¢? we have u(G)=1. On the other side we get by (ii)
with x€GY?, 0=r=ry(l)); j=1.2, ..., that for a suitable n,(x) it holds

#y,+ N, +n,(x) B*
A(.ulj'*-Nr)l 2 Cn(OH(X)IE——-—boo’
n=u[J+N,. 81;

whence (6) obviously follows (changing the values of {¢,(x)} in a suitable set of
measure 0, if necessary).

The proof of Theorem 5 is based on Theorem 4, the method being close to that of
L. CsernyAK and L. LeinDLER [4] where the following extension of K. Tandori’s
theorem [9] is proved: Let {C;} (cf. (5)) be a nonincreasing sequence. If

S’ Ci(Ini)®=-o, then it exists an ONS {p,(x)} with Lm|f (x) —s, (x)}=co. But

A=2 i+co

at first we want to mention a result concerning the Rademacher functions {r,(x)}.

For any sequence {c,}, 5‘ 2< oo, and for f(x)~ S’ ¢,r,(x) given by the Riesz—
n=0 . n=0

Fischer theorem it holds

oo 1 oo
aas C A{ S = [ 1fldx = B{ 3 P
: - R =0 o - n=0

(A, B absolutely constant; cf. A. ZyGMUND [12, p. 213]). On the basis of estimation
(14) L. Csernydk and L. Leindler proved

Lemma 4. For an arbitrary sequence {c,} let the sets E, ,, be defined by
E _ { . n+m ) 1 n+m N1z
o = X! Ivg'" cvi\.(x)! > —2—{‘%: cv} }
Then the sets E, , are simple sets with

A2
#(En,m)z 4 ’

A given by (14).
Proof of Theorem 5. (a) By Theorem 4 we can find for the sequence {C;}
an ONS {®:(x)} such that for the partial sums {S;(x)} of the series S’ C;P,(x)
i=0

we have
Tm 2(n,+ DIf(0) =S| === (x€[0, 1)).
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As in [4] it will be proved that with the aid of {®;(x)} we can set up an ONS {p,(x)}
for which the assertion of the theorem is true. We outline the proof and refer the
reader to [4] for complete argumentation.

We distinguish two cases: I(k;+1)—Il(k))=0(1) and I(k;+1)—-I(k)=0(1)
(for definition of I(k;) cf. the preliminary remark regarding Theorem 2) and treat only
the (more complicate) latter one.

When [(k;+1)—1(k;)=0(1) let If, I}, ... denote those indices with
I+ = 4.

By the proof of Theorem 4 we can find some simple sets Gflf’ > r=0,1, ..., re(l}),
with

>3 w6t =
J=1r=0
(cf. (13)), and for .\'EGﬁlf*) numbers i0=l(1f._)+N, and n,(x) such that
ig+n.(x)
(15 L+ 3 Cdi(x)| > —  ({e} ~ 0),
. i=ig j

and these functions are of the same sign on Gflf*).
(b) Next, corresponding to I} and r=r,(I}) the number x(j, r) is defined by

%(j,r) = max {(n;4,~n): [(I)+N, =i < 1(/})+ N,s1}s
r=0,1,...,r); j=12...

Now let us choose a fixed /7 and r. With the above value x=x(j, ) we divide [0, 1]
Q*=2"*1 partial segments with equal length 7,=(u,, v,), 1=g=0* With respect
to some , , where n;(,;HN =n; <mgpy+N the number of segments /,, where

r+1’

II"0+1-'"‘0 ",0_‘,_1 "

(16) "21' Cngytnlt FalX) > —{ "2' Chy, +n} 2,

is at least p*=2"34%Q* bearing in mind that #,((1/2)+x)=r,((1/2)—x). Let us
then change the segments 7, and simultaneously the corresponding values of the
functions r,(x), n=1, .., mn 1 s in such a way that (16) holds for the first p*
segments. The new functlons are denoted by r (), n=1,..,m ,—n, de it
yields

n; —n; n;
igt+1 ig ip

2 n, +nFig, ,,(X) = _{ 2 C121 ]/2;

n=1 n= n,

*

x€l, g=1,...,p"
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With the ONS {®;(x)} mentioned in (a), we consider the functions (cf. (10))

8ing(¥) = &;,(I;; x), ¢=1,...,0%
and we put

Q*
(17) Yn,-o-i'n(x) = q;; rio,n(x)gioq(x), h= 1: (XA ] nio+1_nio'

As in [4] we can prove that {y,(x)} are orthogonal and normalized functions.

(¢) For those n; which are not covered by (b), namely when i*=I(I})+ N, )11
and m,=m<mgy,,) we put QF=2%«"%*l and define y, (%), ... ¥, (%)
analogously to (17) in (b).

(d) For fixed [} and r with respect to the transformation (0, 1)—7, in (b) the
set G(If will be transformed into the set G(If’ (1,). Taking

— Q*
G = U Gy
we get

(18) ' u(GD) = 274 42 u (GY0).

On the other side, with {=I(/})+N, we can find for ,\EG(’), e.g. xEG( )(1 ),
a number n,(x) with (cf. (15), (16))

a9 375 anc=["3" s 3 anen@l - A
¢ 7. (0] = i (X CTikmn (X —_—
£ A kvl\ P g g ) k k— 28’1 }u (ﬂl;‘)

(e) In the last step we have to give the ONS {¢,(x)} asked for. At first we put
0, (x)=r,(x), n=0,1, ..., i3y -

Now let with i,=1(/})+ N, the functions @y(x), ..., @, (A) be defined. Denoting with

J,=J%, g=1, ..., R(iy) all those partial segments where these functions have con-
stant value, we may assume that JWNJ%"D=J% or that JWNJG~D=p. The
two halves of J, may be marked by J, and J.

In the case v=r,(/})+1 and I(} )—1())>N,;;, we put with R=R(ip)
(cf. (10))

R
o (%) = g’l(vk(J;; =75 X)), k=n,+1 g s

otherwise if v=r,(/}), then we take

R
Pr(x) = ag; U2 )= (I %), k=mn,+1, ..., ity eN, -
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In the last case we also take up the set
R
HY = ) (GHIHUGEN(I)),
=1 v v

whereby GS,’J'* ) is transformed into Gf,"* ¥4 ) when (0, 1) is transformed into J.
The sets Hv(”, v=0,1,...,r(;); j=1,... are stochastically independent
and

g °§ W(HD) = oo
(cf. (18)), i.e
p(lim HP) = 1.

But with x€ HY we can find n(x) such that for i*=I[(l})+N, then e.g. for
€6}

Iitg’m S 0 ()| = Il* S e x)| =, A8

=t n=m+1 S on=m+1 2813*/‘{.([1,;:)
(cf. (19)) which is not bounded. But this contradicts the estimation f(x)—s, (x)=
=0 (,1( 11 1)) Changing the values of {¢,(x)} on a set with measure 0 we get

the assertion of Theorem 5. .
(f) In the case [(k;+1)—I(k;)=0(l) we proceed as in ().

The proof of Theorem 6 is similiar to that of Theorem 4, taking

My pp—1
2> ) if >4,

Ok =\ n=u
0 if fe—m =4,

in case ﬂk+1_ﬂk#0(1) Wlth

kgl oiei === ({&a} ~0)
and putting in (12)
a, = cpk+n£ks h= 0, 1: [AAE) Nro+1;

otherwise, if p,,.,—u,=0(1) the assertion follows by Lemma 3.
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Some Fourier multiplier criteria for anisotropic -
H?(R")-spaces

A. SEEGER and W. TREBELS

Dedicated to Professor K. Tandori on the occassion of his 60th birthday

1. Introduction. In this paper we introduce anisotropic HP-spaces along the
pattern of CorrmMaN and WEISS [7] and discuss the question when an operator 7,
given by its Fourier transform, is bounded on H”. The multiplier criteria obtained
partly improve, partly generalize results of MryacHi [15},[16] and PErAL and ToOR-
CHINSKY [17]. Stress is laid on the practicableness of the multiplier criteria which
are in the nature of best possible.

To fix ideas let us give some notations. By LP=L?(R"), O<p= o, we denote the
standard Lebesgue spaces with (quasi-) norm | -[,, by S the set of all C=(R"-
functions, rapidly decreasing at infinity, and by §” its dual, the set of all tempered
distributions. As Fourier transformation F we define

FIA® = £ ©) = [ (e ®dx, fes,

(when the integration domain is all of R"” we omlt mdlcatmg it). By F~* we denote the
mmverse Fourier transformation.

Let 4,=¢® be a dilation matrix, P=diag (4,, ..., 4,), v=tr P, ;>0; we define
the dilation operator J, by d, f(x)=f(4,x). Following BEsov, IL’IN and LIZORKIN-[2]
(see also Dappa [9]) we call ¢€C(R") an 4,-homogeneous distance function if
0(x)=0 for x#0 and ¢(4,x)=19(x) for all =0, x€R"; all ¢’s are comparable
with the typical distance function g,(x) is the sense that

.10  Co® = 0= _2 b = Co@),” x=0

(see [3], [20], [9D-
_ A p-atom a is a bounded function on R" w1th the followmg properties:

i) there is a g-ball B (xo) {xER" o(x— x0)<r}

Received August 2, 1984, -
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with supp ac B,(x,),
i) fafle=r—",

iif) fx”a(x)dx =0 for |o]= [

(L—' 1)] =:N, Amin = m.'in}.j.
p J

mln

Following CorrMAN and WEIss [7] we define H?=H?(R"; P), 0<p=1, as the set of
all €S’ which can be represented in the form

f= '2‘; niaj, 2 lulP <o,
i=
a; being p-atoms for j=0, and
115> = inf{Z l?: f= 3 pa;}.
If 2;=1, j=1, ...,n, then these H?-spaces coincide with those in CALDERON and
TORCHINSKY [5] (choose there A4, diagonal; see[13]). A bounded function m is said to
be a Fourier multiplier for H? if T,,, T, f=F~'[mf"], maps H” boundedly into
HP?. The set of all multipliers m 1s normed by the operator (quasi-) norm of T,,:
Imlmary = sup {{Tn flne: [f]ue =1}

Our aim is to give sufficient, nearly best possible multiplier criteria of Hormander
type for m to belong to M(H?), 0<p=1. For this purpose we introduce function
spaces S(q,y; B, D) as follows:

Let p€C=(R,) be a bump function with support in [1/2,2] and satisfy

Jol)5-r -0

0

Let B(r) and D(t) be positive continuous functions on [0, ) with

B(st) D(st)

for all s in a compact interval of (0, =) and assume additionally that
(1.3) Bf)zc=>0, t=0.

Then S(g, y; B, D) consists of all mcL] (R;) which have finite norm
Imlse,y = sup D) {los,m|,+B(@)~?|D*(95,m)],}, 1< g<eos,

where D?f=F~1[|£]’f"] is the y-th, n-dimensional Riesz denvatlve Using Stein’s
Lemma [18; p. 133), an elementary calculation shows that

(14) sup DB (@3, m)(- [B®)]sg
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is an equivalent norm on S(g, y: B, D); here L is the standard Bessel potential space
[18; p. 135].

We have
(1.5) Imle = Cllmlsq,»> 7> n/q,

if B(t)"/D(¢) is uniformly bounded in =0, since by the imbedding properties of
the Bessel potential spaces there holds

jml.. = Csup lo(&/B®)é;m(¢[BM))e = C(fgg B()"4[D (1)) m]lseg, -

Our results now read as follows.
Theorem 1. Let O<p<1, meS(Q2,y; B, D) for y=n(ljp—1/2) and D(t)=
=B(1)"MP-YD  Then there holds

1Tafllae = Clmlse,nl flur, fEHP.

This will be proved in Sect. 2. Using Theorem 1 and interpolation of analytic
families of operators acting on HP-spaces we will derive in Sect. 3

Theorem 2. Let 1=p<2 and D()=B@)"¥*~Y®,  If y=n(/p—1]2),
l/g<1/p—1/2, then
1Taflne = Cllmliseg, | f1ue-

(Note that H?=L*? for p>1). In particular we deduce in Sect. 4 for quasi-radial
multipliers m(&)=mqy00(E), m, defined on R, the following

Corollary. Let 0<p<2, D(t)=B(t)"?~Y3, y>n(1/p—1/2), and g€ CI+(RY).
Then

trl+1 o x dsY?
Iimgoellmur = C 2; sugD(t)B(t)_—J (f s/ m{P ()} T) ,
j= > t

where q=2 for O<p<]1 and 1/g<1/p—1/2 in the case 1=p<2. In particular,
if B(t)=D(t)=1, then we have also for fractional y=n(1/p—1/2), 0<p=1, that

2t 1/2
,ds
(1.6) im0 ol = C {Imal+sup ([ lrmP©r%) "],
=0 %
Here the notion of a fractional derivative is that of GASPER and TREBELS [12]

(see also [6]).

Remarks. 1. Theorem 1 is due to Mivacht [15] in the isotropic case (for
B=D=1 see also [21]); Theorem 2 for g=-<o is proved in Mivachi {16] (for the

- . -isotropic case). ; :

28
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2. It is not hard to generalize Theorem 1 in the sense that F~1[(1 +|&[]»)"3),
y=n((1p)—(1/2)), DO=BE'*~YD is replaced by F(1+&®)],
B=¥((1/p)—(1/2)), D(1)=B(1)*?=Y3 where § is a C=(R)-distance function
homogeneous with respect to another dilation matrix 4,=1?, the eigenvalues of P
have positive real parts, #=tr P; thus we could partly regain a result of CALDERGN
and TORCHINSKY [5; II Theorem 4.6] in the case A,=A,.

3. Our results for O<p=1 are nearly optimal. As test multipliers consider the
well discussed examples:

a.m el (1 +EN~PeM(HP), O<p=2, a=l,
if and only if b=an((1/p)—(1/2)) (cf. [16]) and

. 2(mn+1)
(1.8) (1—=KPireM(HP), 0<p§Tf—3_’

if and only if a>n((1/p)—(1/2))—-1/2 (see [19], [11],.[9D).
It is not hard to verify the conditions of Corollary for the functions e**(1 +1)~°

and (1 —1)3 so that Corollary gives the correct positive results for 0<p=1, if we
choose A,=diag(t, ..., 1), e(®)=|¢|.

4. The multiplier condition (1.6) is an essential improvement of a result of
PerRAL and TORCHINSKY [17; Theorem 1.4] in the case of diagonal dilation matrices
with eigenvalues A=1 since y=>v((1/p)—(1/2))+1/2, v= tr P=n is assumed in [17]
in comparison to our y=>n{(1/p)—(1/2)).” :

5. The results of MapycH [14] (see also DapPPA and Lugrs [10] in the quasiradial
case) suggest that Theorem 1 remains valid if the diagonal matrix A, is replaced by
1", P* being a real nXn matrix whose eigenvalues have positive real parts. -

We now give some applications of Corollary.
N L 11y 1 '
) (1—e(®)yeMH?), a=n 77 2)7 72 O<p=1l:

i) Let #€C=(R;) be | for. t=2 and 0 for ¢=1; choose

Plogl(l+1), t=1
log?2, - t=1,

flogf(1+1), t=1

_;é‘(_t)z{ loge2, =1, P‘(»')z{
where a, b, ¢, d=0, then
| 000()eme D 00EMHY), 0'< p<2,

1f d/c b/a>n((1/p) (1/2)) or bla=n((1/p)—(1/2)) and ¢, d=0.
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(i) Let By, D,,a,b,c,d, ® be as in ii).
‘Pog(&) (C05+ Blog(f))“+iﬁ/D1og(f)EM(HP), O<p=1

for a=>n((1/p)—(1/2))—1/2=0; itis easy to verify the first condition in the Corollary
for integer y=>n((1/p)—(1/2)); complex interpolation then gives the rest of the
assertion.

2. Proof of Theorem 1. This is a modification of the corresponding proof of
[15; Theorem 1] so that we will be quite concise at some part of the proof. We have
only to prove

| Tnal, = Cllm]se,

for p-atoms q with C independent of a; for it is proved in [16; Theorem 3.4.] that this
implies T, to be bounded from H? into HP in the isotropic case; this argument can
be generalized to the anisotropic case by a result of TRIEBEL [22]. Since T, is transla-
tion invariant we may assume that supp ac {x: ¢(x)=r}; further we choose M >0
so big that o(x)>Mr and g(»)=r, O<s<l, imply @(x)>2¢(sy). Then, by
Holder’s inequality, the Parseval formula and (1.5),

2.1) [ ITaa®)Pdx = Clm|ge,y-
o(x)=Mr
If we set '
i 2i+1 o dt
@2) K@= [ ¢(@nm®,
there remains to estimate )
.3) [ Taa@Pdx= 3 [ |Kxa@Pdx.
o(x)=Mr < == a)EMr

Now observe that, by the properties of the p-atoms and by Taylor’s formula

(2.4) IK;xa()| =r" [ |K;(x—y)ldy
e(y)=r .
2.5) K% a(x)]| = c;-—wl ] > [[1D°K; (x—sy)l|y°|dyds,
al= 1%

where Q={(s,y): 0<s=<1, ¢(¥)<r}. In order to estimate the latter integral we use
a covering argument for Q. First observe that, by the triangle inequality and the
boundedness of A,, there is a 6=4(J, r)=>0 such that

26)  |ldes(x=sp)|—|des (x—5y)|

7 ’ - 1
= Ay —s'Y) =5 [A2i (x—sy)| -

for |sy—sy'|<d, o(x) =Mr. Now define a family of balls in R"+! by
' By(s,y) = {(s,0): ls=s"|+Iy—y|=¢ (5)€Q;

28*
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choose &’ >0 suchthat jsy—sy'|<é for (s, )EBss (s, ¥) and such that |y—z|=
=56, 9(y)<r imply g(z)<2r. Then (cf. [18; p. 9]) select a disjoint sequence of
balls B;.(s;, y)=B; such that the expanded balls B (same center as B; but with
diameter five times as large) cover Q. An elementary homogeneity consideration
shows that at most K balls B} overlap; here K does not depend on §=4(J, r) (but
only on the ratio [B}|/|B;|, |B;] the Lebesgue measure of B;). We now have by (2.6)

J[ID°K;(x—syliyldyds = C 3 (1+|Aws(x—s:3)/ B~ [ [ ID7K;(x—sp) X
[7) t B}

X (L+ | A (x—sy)[B)?ly°|dyds

and therefore, by the Hélder and the integral Minkowski inequality,

( [ e [ 1D K, x—sy)l [yl dsdyledx)*® =
o

e(x)=Mr

= Cr™? 3 |(1+142 (x—s5:7)/B@)I) || @257 X
27 X f f (1 +142s (x— sp)/B@9)|)"D? K; (x —sp)|| |y |dsdy =
Bf

= Cr—YIP(29)~YWp-1/» B(2JyW/p—1/2) f [---lelyeldy =

e(y)=er

= Crv(l— 1/p)+ie (2j)~— v(1/p— 1/2)B (2)‘)::(1/1:— 1/2) ” . u 2,

where Ao = 2"’ Ajo;. Here the second inequality follows by the translation invariance

=1
of the L?-norm and the fact that at most K of the Bf overlap, and the last inequality,
on account of (1.1) with x=1, by

f ly’ldy =C ﬁ( fz yjlesdy;).
e(p)=2r i=1 |yf=erts

Analogously,

Ir ~ [ le(x—Y)ldyl" dx)'? =
2.8) . . e(x)=Mr oG=r

= Cpra-yn (27)-+/r-1/2) B(zj)n(llp—llz)”(l + A2 x/BQ2)|) K;(X)|l2-

Thus there remains to estimate ||...[[; for |o]|=0 and for |o|=N+1 (recall N=
1
=[ Av (—— 1)]] Using the definition (2.2) of K, the fact that
min \P -

|40 x/B(29)| ~ |A,x/B(t)|, 2 =t=2/+}, .
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the integral Minkowski inequality and repeated substitutions, we see that |l...||,
can be majorized by

C 272 B(2))~2 f ||F2 [920 0(&/BO)(Ai&/B(@)) m(4,¢/B()] (x)(1+lxl)’llz

2J+l

= C2 B2~ [ |
s

20 0(&/B)(A:E/BOY m(A,E/B®)]uz% <
by the Parseval formula. Now observe that
lefle=C oS 1D gl fll 2 = Clgllws,,, 1f]22

which is obvious for integer y and hence, by interpolation, also for fractional 12
Thus we have for 2/=¢=2/*!, on account of (1.2),

@9) |-l = Cl{e 0 o(&/B®) (A:/BOY Yw,,, 2D @) Imlse, -
Now, by (1.3),
(2.10) ll@ 0 e(/BO)(AE/BO)Y||ws, ., = Cr,

for |¢|=0 and |o6]=N+1. Combining (2.10), (2.9) with (2.7) and (2.8) we arrive at

IK;*a(@)|Pdx = C(2/r)®Ymin {1, Q7r)*?}|m| 3¢,y

o(xy=Mr

which“cleAarly implies the convergence of the series in (2.3). Thus Theorem 1 is estab-
lished.

3. Proof of Theorem 2. We essentially interpolate between S(2,7,; B, Dg)C
CM(H?), py<1 near 1, and L=cM(H?. We use the following imbedding and
interpolation properties of the Besov and Bessel potential spaces (see [18; p. 155],
[1; p. 153]):

3.n L=B®, L1c B for ¢=2;

By=c L= for y=0; [B2, Bi™le=BY, 7,

Y0?
when

0. 19 = 1= (10, 5] +061,0, 0<0 <1

Now choose

Yo>n (% _%) 71> 0(small), Dy(f) = D()V2-9

then Dy(t)=B(t)"Pe~13  With V=L§ or B} we define the auxiliary function
space Xo(V; B, D) as consisting of those functions, locally integrable away from the
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origin, which satisfy

:xellz) Imlx, , <= li?w fm|x,, =0,

k=~
where
Imllx,,, = D(2)B(2Y~ "¢ o gdxm|y.

Observe that we have for me Xo(L3; B, D)
Sl:P Imlix,,. = Imlsc.y: 5,0y
By the methods in [6] (see also [8]) one can show that
Vi=Ly or ByY g¢4=2 ¢, =0)
[Xo(Vo; B, Dy), Xo(Vs; B, Dle = Xo([Vs, Vile; B, D)
where [ ], is Calderén’s lower interpolation method [4]. By (3.1) we obtain
X,(L%; B, D) C X,(B%; B, D)= [X,(BZ; B,Dy),X,(B:~; B,D]eC
C [S(2, 705 B, Dy), L~]e.

Now consider the dense subspace H? of HP?-functions whose Fourier transforms
have compact support away from the origin; for fE€ HPo let

1O = [ o)

such that Y =1 on supp /" for suitable & and N. Then, by the interpolation of ana-
lytic families of operators on H?-spaces [5], {7], it finally follows that

VE 2 mf " Tlme = [F myf  Nar = Clmlisgplflur = Clmlsgpnlflae, |
1/p=(1-0)(1/p,) +(@/2), thus the assertion.

4. Proof of Corollary. We observe that a further equivalent norm on S(g, 7;
B, D) for integer y is given by

sup D) B()™ 2> 1D°((¢ © 23, m)(E/BOY),,

=|o|=

which follows from (1.4) and the identification of the Bessel potential space with the
Sobolev space [18; p. 135]. If we now consider quasi-radial functions m=m,o0 ¢, m,
being defined on R ., then the first part of Corollary is an immediate consequence of

@.1) [D°{@ 0o (- [B@)mo(te(- BN}, =

< Sanpey( [ im(e@)rde;
i=0 T

t=p(5)=2t

fof the introduction of polar coordinates ¢(¢)=s, dé=s""'dsdw (do being a finite
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measure on {&: ¢(£)=1} leads at once to the assertion. To establish (4.1) we need
the Leibniz rule

4.2) . 7 | ‘
Do{poe(e/BO)mo(te@/BON)} = 3 D7(poe(e/BO)D (mo(ie(¢/B())

and the following consequence of the chain rule:

o] i
4.3) D'(geo)= 2 8(e©®) 2 I[ D" e,

. . . J .
where the sum is taken over all possible representations of o= > 7. Now
&

L . Jj )
D7 (@ 0 2(¢/B@))||. = ,é; 09 00(¢/B() Z I D (o (&/B())||-

which is clearly bounded for |6’|=0 on account of (1.3), since p€C=(R,) and, by
definition of ¢, we have o_nly to consider

172 = o(¢/B() = 2.
If ¢”7=(0,...,0), then

mo(re@/B@))Pde)" = CB@yar1( [ |mgoe(@)i*de)”

12 o(8/B(N)=2 2= =2
which is of the desired type. Let j6”|30; then
Do {mq(t0(&/B(N)YdE)" =

1/2=0(5/B())=2

scS( [ mPe@BO)IBO )"

J=1 o= e(é)B(r))=2

(4.1) in combination with the above estimates gives the assertion.
In the particular case B(t)=D(t)=1, O<p<1 the first condition in Corollary

reduces to
12

pf X ds .
sup 2(_[ ls"mf,”(s)]“—] , 7y integer,
>0 j=0 1\ s

which is an equivalent norm on o
S(Z: 7 R+) ={m€leoc(R+): "muS(2,7; RY) <°°},

Il = 590 (f1F 1A+ 0()me )] QIOPds)”

(here "~ and F~? denote the one-dimensional Fourier transformation and its inverse,
resp.).
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Now define the operator
T, S2,y; Ry) - 8Q2,y; 1,1; R, T,my;=myog.

Then the above estimates show that T, is bounded if y€ N0 Therefore, for vy, y,€ Ny,
'YO¢Y15
T,: [S2,70; Ry), S2, 715 Ry ~[SQ2, 705 RY), S(2,7:; R

is bounded, where [,]° is Calderén’s [4] upper interpolation method. But it is shown
in [6] that
[S(Z: yOa R+)’ S(2> YI: -l-)]8 S(2 7, R+):

where y=(1 —0)y,+07y,,0<@<1; the same argument applies for the n-dimen-
sional situation so that

Te: S(2: Vs R+) - S(Zs Vs R")
is bounded, i.e.,

“m()"S(&y;R,,) = C||m009115(2,v;1.i;li")9 y=>0.

Further, in [6] it is shown that ||m0||5(2,?;k'+) for y=>1/2 is equivalént to the con-
dition in Corollary, which hence is proved up to the case p=1. By the same reason-
ing we obtain for p=1

S((I, Vs R+) = M(Hl)’ Y= '1/2

and g=>2 arbitrarily close to 2. A slight increase of y allows to take g= 2 by the
imbedding properties of the LJ-spaces, thus the assertion holds.

Concluding let us observe that we have estimated the n-dimensional potential
norm of the quasi-radial function m=m,0¢ by a one-dimensional potential norm
of my; i.e., loosely speaking, on the space of quasi-radial functions we have majorized
an n-dimensional fractional differential operator by a tractable, one-dimensional
fractional operator. o

. .. Added in proof: The authors realized that all the results of the paper remain
valid if, in the definition of S(g, y, B, D), the diagonal matrix P is replaced by
a real nXn matrix whose eigenvalues have positive real parts; then we have
multiplier theorems on” H?(R", P*). The key for this generalization is to be seen
in a right application of Taylor’s formula: replace (2. 5) by

IK;*a(x)| = Cr‘”/"ffl(y V)"“K (x— sy)ld};ds

and modify appropnately ‘tlhe following estimates. - .
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On the almost everywhere divergence of Lagrange interpolation
on infinite interval

J. SZABADOS and P. VERTESI

To Professor K. Tandori on his 60th birthday

1. Introduction

1.1. Let X={x,,}, n=1,2,..., 1=k=n, be an interpolatory matrix in
R:=(— o, ), i.e. '

(1.1) 00 < Xy < Xpdp < Xgy <Xy, n=12,...

Restricting ourselves to nodes which are uniformly bounded with-n, say —1=x,,=1,

I=k=n, n=1,2, ..., the behaviour of the corresponding Lagrange interpolatory
polynomials
1.2 L,(f. X, x) = L,(f, x) = kZ; S i) len (%)

for feC (i.e. fis continuous on [—1, 1]) were thoroughly investigated. The first
result is due to FABER [1], proving that for any interpolatory matrix Xc[—1, 1]
there exists an f€C such that

(1.3) Lm |L,(f, X, )} = o=
Here we used the notations

_ __ ox) _ _ ‘
(1'4) lkn(A,’ x) - llm(x) - w’/'(xk")(x_xkn)’ k= 13 2’ ey N = 1, 2, “en

(where w,(X, J€)=w,.(x)=ci.klj1 (x=x) le@l=lgl=_max |g(x)| for gcC).

-1=x=1
Almost seventy years later the second named author in a joint paper with
P. Erd8s proved the following conjecture of ErDGs [2].

Received January 6, 1984.
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Theorem 1.1 (ErRpGs and VERTESI [3]). For any interpolatory matrix X in
[—1, 1} one can find a function F(x)€C such that

(1.5) Iim |L,(F, X, x)] =< for almost all x€[—1,1].

1.2. Some years ago the second of us completed the corresponding result for the
unit circle ([4)).

In the same paper results for the trigonometric case were proven.

2. Infinite interval

2.1. Contrary to the case of the finite interval we know very little on the infinite
ones. If the nodes are unbounded, as far as we know, even the analogue of Faber’s
result has not been proved yet.

Generally, the'corresponding theorems deal with

a) special nodes (Laguerre or Hermite nodes, see e.g. [7]);

b) nodes where the maximal distance of the consecutive ones tends to zero (see
e.g. [8]);

¢) a finite interval [a, bjCR (see e.g. [9]).

" 2.2. To illustrate these we quote the following statement of divergence type.
Let X@={x®W}, 1=k=n, n=1,2, ..., where x is the k-th root of the n-th Laguerre
polynomial L®(x), a=>—1. ' :

Theorem 2.1 (POvCHUN [7]) Let X=X, o> —1. Then there exists a func-
tion f(x) continuous on [0, =) such that

n im |L,(f, X@, x)| == a.e. on. [0, ).

2.3. Dealing with infinite intervals the main problem may be formulated in the
" following way. The functions F(x) serving as counter-example generally have the

form 5’ ¢ @r(x). Here J|c]<<e and ¢, (x) are. uniformly bounded polynomials,
=1
say, in [—1,1].
On the other hand, if x—<o, even the continuity of F(x) is questionable. Of

course, one can “cut” somehow ¢,(x) but then we could not use the very useful
property Ly(¢y, X)=¢i(x) if N=>deg ¢,.

In this paper we were able to overcome these problems and to generalize Theo-
rem 1.1 to infinite intervals.
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3. Results
3.1. First let C(R):={f(x);f(x) is continuous for any x€R}. Our main state-

ment is the following.

Theorem 3.1. For any interpolatory matrix XCR one can find a function
F(x)cC(R) such that

(3.1) Iim |L,(F, x)| =< for almost all x€R.

3.2. To prove this, first we use a special lemma which may deserve a separate
formulation.

Lemma 3.2. Let ¢>0 be given. Then for any interpolatory matrix XCR
and for any fixed [a,bJcR one can find a function F,(x)=F(a,b, X, ¢, x)€ C(R)
such that
3.2 EE; |L,(F.,x)| = on S,
where S,Cla,b] and [S,j=b—a—e¢.

3.3. Let us remark that the set of divergence in (3.1) is dense and of second cate-
gory on R. V

4. Proof of Lemma 3.2

We shall use many ideas of [3], even our notations will be similar, too.
First a simple remark. If

“.n A, (%) = Z"'.Ilk(x)l, Agi= Er[nax ]l,,(x), n= 1,2, ...,
k=1 XEWxnn, *1pn

then .

@.2) o R I L A

8Vn~

1 Indeed, as OrLICZ [6] proved:
If Ais a topological space of second category, DC A is a dense subset and {h,}, n=1,2, ...,
are continuous functions on A with

lim h,(x) =« whenever x€D
R=>00

then the set S, DCSCA, . _
§:= {x€4; lim h(x) ==}
° n~co

is dense and of second category in A.

Now let PCR be the set for which (3.1) holds, By |[R\P|=0, P is dense in R. ¥ h,(x)=
=|L,(f, x) and D= P, we obtain statement 3.3. '

%
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This relation was proved by S. Bernstein and G. Faber (see e.g. NATANSON [5],
Volume 111, Ch. II, § 1). Actually, they supposed that the matrix X is_ contained in a
finite interval but their proof does not use this fact. .

4.1. First let us suppose that there exists a finite interval [4, B] which contains X.

It is enough to prove the lemma for {a, b]2(4, B]. Indeed, applying Theorem
1.1, we obtain an F(x) which is continuous on [a, b] and for which Ii_ﬁ {L,(F, X)|= oo
a.e.inla, b). If

F@a if x=a
4.3) F(x):=1F®)}if a=x=b ,

F(b) if x=b
we obtain the lemma. (Remark that now [S,|=b—a, moreover F, and S, do not
depend on &.)

4.2. Now let us suppose that E [max (|x1,], |Xm)]=<=. For sake of simplicity
we may assume that
CX:)) lim x;, == and Xxp < X33 <...

n-sco

(otherwise we can select a subsequence having this property).

For an arbitrary sequence A,>0, 4, /<, we can construct F, as follows.
First, we cover all the points of X with an interval-system 7, of total measure =e.
We suppose that x,,, say, is the middle point of its covering interval. Then obviously

4.5) 8,(8) = J‘énki{lls =0, n=1,2,....
Le., if

4.6) F() =B when x€(— oo, xu)

( N ) e(x i 51(8) when X s X11hs
then

CXN)) |Ly(F,,x)| = A, when x€RN\J,.

4.3. Generally, if we defined F, on (—oo, X, ,-4] (n=2), then we define F,
on (—e,x;,] as follows. Let

(48) Fe(x) = Fc(xl,n—l) ]f xE[xl,n—la an]

where a,:=max (Xp,, X1, ,-1)s 1=2, 3, .... Considering (4.4), a,<x;,. So we can

define the function F,(x) at x,,. First we remark that '

k;; Fo(Xin) liea (x)
(%)

‘because deg l;,=deg (tz”; ...), ‘moreover, we excluded a certain neighbourhood of the

(49) A" (8) = xlg}?a<(lc
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poles of the rational function appearing in (4.9). Now let

(4.10) F (x1,) = —=+4,().

5()

Finally, let F, be linear if x€[a,, x,,]. By these we completed the definition of F,
on (- o, xy,]. Using again (4.4), we can say that F, is defined for any x€R, moreover
F,€C(—oo, ). Then for any x€éR\J, we have

@.11) IL,(F,, %)| = t_z Fo () b (9] = |11 () Fe(xm)+k§2 =

= I IIF. |~ 4,01 = 6,0 [+ 4,0~ 4,0)] = 4,
(see (4.5), (4.9) and (4.10)), i.e. we proved
m |L,(F,, x) == on R\J,

(see (4.11)) which is more than stated in Lemma 3.2.

5. A lemma

5.1. Later we need the next

Lemma 5.1. If gy,8, ...€C(R) and
(5.1) Iim g,(x) =< (x€B, |B| <),
then for arbitrary fixed A, ¢ and M (A, =0, M =1, integer) there exist a set HS B
and anindex N=M such that |H|=¢ andif x¢ B\H then for a certain u(x) we have
(5.2) Sun(X) = A where M = u(x)=N.
(The proof of Lemma 5.1. is in [3, 4.4.13.].)

6. Proof of Theorem 3.1

6.1. For a fixed k,k=1,2, ..., applying Lemma 3.2 with the cast g:=2"%"1
and [a, b}:=1, (I, will be determined later), we get F,€C(R), max |F(x)i=1, for
which , ‘ i

HE iLn(Fk’x)l =oo if xETk’

where T,cI, and |T|=[L|-27%" (F(x) and T, correspond to
F (),)[ max, [F.(x)|]=* and S,, respectively).
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Now let k=1 and I;:=[-1,1]. Using Lemma 5.1 with g,(x):=|L,(Fy, x)],
A=A4,:=2, g:=¢,:=2"% M:=m;:=1 and B:=T,, we get the set S, T, with
|$1]=2—2"1 and the index n; such that
(61) ILu(x)(Fl.: X)I = Al = 13#0 if xESla
moreover my=u(x)=n,. Here py:=1 (S}, n, and u(x) correspond to B\H, N
and u(x), respectively).

Now let a;:=min (-1, min x,), b:=max(l, max X1, and let I:=
:=[a,—1, by +1}. Clearly [— 2 2_]CI2 We can construct a polynomial ¢,(x) for
which ¢,(x;,):=Fi(x;,) (=i=n, 1sn=n) and |o,(xX)—F(x)|=1 if x€I,
(see [10, Part 3, Chapter 2, §3, Lemma 3)). Then, by |Fi(x)|=1 (x¢€L),

(6.2) lpu()| =2 if x€k.

By ¢,(x;)=Fi(xi), (6.1) holds for ¢,, too. Finally, let deg ¢, =N,.
Now by induction, for any fixed k=2, using similar arguments and the nota-
tions

_1'= max maxi(x),
(63) - {“k ! 1=i=n_, x€I, ( )
A=Ky 41, g:=2" k=3 my = Ny_1+1,

we get the set S, C 1, |Si|=2k—2~* theindex i, and a polynomial ¢, (x) of degree
=N, for which
(6.4 lee(@)| =2 if x€1,

moreover for a certain u(x), m,=u(x)=n,,
(65) lLu(x)((pka X)( = Ak = ksuk-l if xESk'

Let a,:=min (—k, mm Xp)s  bpi=max (k, ,max xl,,) and let [k+1::[ak¥l,
=ng
bL+1] Clearly [ (k+1) k+1]clk+1 and Ik Ik+1 (k=2, 3, ).
By construction we may suppose that

(6.6) My <n <Ny <my<nyg< Ny <...,
while by (6.3)
(6'7) R ll() é l“l é llz §
6.2. Now let
S _Ou(x)

6.8 F(x):= L
63) W= 3
and
6.9) S:=N (U S)

k=1 i=k

” First we state that F€ C(R). To this end, let x€R be arbitrary. By [—s, s]S/,,
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one can find a fixed s for which x</,. If we prove that F is bounded on (the closed)
I, then, by the continuity of ¢,, F will be continuous on I, especially at x.

s—1 oo
Let F(x)=(2 + 3) c@u(x), where c¢,:=(k*m_,)"1. Here the first sum can
k=1 k=s
1
be estimated by SZ Ck r;lealxl(pk(x)|:= a,< oo, the second one, using that |, (x)|=2
k=1 s

because x€I,SJ, (see (6.4)), by 2 3 <2 > k~%:=2E,<= which was to be
k=s k=1

proven.
Now we prove that

(6.10) Iim |L,(F, x)| =< if x€8S.

Indeed, for any fixed x€S there exist infinitely many S;, j=ry,ry, ..., for
which x€S;cI;. For each fixed ; there exists an index u;=u(x) such that by (6.5)
6.11) IL,, (@, X)| = 4;, x€8;, m;=u;=n;.

For a fixed j (j=ry, 1y, ...) We write

j-1 b
Luj(Fs x) =(Z + 2+ Z )ckLuj((pk,x) = J1+J2+J3'
k=1  k=j k=j+1

In the ﬁrst sum Lu (Qr> X)= (%) because deg =N, =N,;_;<m;=u;.
Le., Jl—(Z + Z’)ckqok =J,+J;. Here |[J,|= 2 ¢ max I(pk(x)]—oc further |J5|=

=2 2 ¢y<2E, by |gy(x)|=2 because xCI, I, (see (6 4)) Thus [/,|=«, +2E;.
For Jy, by (6.11) and (6.5) we get that |J,|=4; ;=22 >
Finally we estimate J,= D2 S ck(é'(pk(\',‘,)l‘,,j(x)) Here all the values
(

=j+1

I(pk(xm)[_2 by x,¢€la;, bjlcl W EL, k=zj+1. Le, [4=2 ¥ CM,,I.(X)=

k=j+1

+

=2 2 cyp;<2E, (see (6.3) and (6.7)).
k=j+1

Summarizing, we get that
|Ly,(F, )| = | o] = || = Js| = j—a,—4Es, j=r1,Ts, .0,
which is =j/2 if j is big enough.
6.3. To complete the proof of the theorem we show that
(6.12) IR\S| =

Indeed, by (6.9), R\S= U (R\Qk)_U P, if Q= U S; and Pi=R\Q,.
Obviously 0,20,>. .Wh]Ch means Plch .. Here |Pe|=2"*+1 TIndeed,

29
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considering that S; overlaps [—i, 7] except a set H; of measure =2~‘, we get that
o= O S; overlaps R except the set P,C D H;. Hence |P= 2'” |Hy =
i=k i=k i=k

§i§2“'=2“"+1. Using P,CP,c..., we get that 'R\S|=|,lek|=,!il‘l |P[=0

which was to be proven.
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On the generalized absolute Cesaro. summablllty of double
orthogonal series

I. SZALAY

Dedicated to Professor Kdroly Tandori on his 60th birthday

Introduction. As usual we denote by o7 the n-th Cesaro means of order a of a
single numerical series Ja,. The following definition is due to FLETT [1]: A series.
>a, is said to be summable [C, a, 7|, (¢>—1,y=0,x=1) 1t' the series
Swrt*—1igt g% _ [* converges.

Very recently MGricz [3] introduced a definition of |C, (x, ﬂ)[,‘ summability for
a double series

@) Zk' Ay
namely, series (1) is summable |C, («, B), (x=>—1, B=—1,%=1) if
2 2 (mny Y4 <o,
m=1n=1
where
(2) A:lﬁn = afnﬂn_ofnﬂ—l,n-'a;uﬁ;n—l'}'o:xﬂ—l,n—l (m’ n= 1, 21 '-')
and
a’:ﬁl ﬂ 2 Z'A n kalk (m,n=0, 15)
nl =0k=

is the rectangular (C, (a, B)) mean of double series (1) with the binomial coefficients |

_U4)QHY) .kl g, )

=1, 4 —

Considering the rectangular partial sum of series (1)

Zzalk (mn_OI )

i=0k=

Received October 12, 1984,
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we have the identity

a:wnz ﬁ Z ZA‘! 1An ksxk (m,n=0,l...)

A nlok

which is the rectangular (c, («, §)) mean of the sequence {s;}. Denote by 732 the
rectangular (c, («, f)) mean of the sequence {ika,}, that is,

)] 'r;ﬁ,—za—— > Z’A‘},,_llAﬂ “likay (myn=1,2,..).

n i=1k=
Now we introduce the definition of the |C, («, §), (1, V)|, summability as follows:
Double series (1) is said to summable |c, (x, ), (1, V)|, (@=—1, f>—1,0=u<l,
0=v<l, 2=1) if

3 3wt g <o
m=1n=1
The identity
. (4) T;npn = mn(agn‘;l—a:lﬁ—l,n_a‘rznﬁ,n—l'i'o'gnﬂ—l,n—l) (m: h = 1’ 2’ "°)

shows that our definition is an extension of the Flett’s definition, and — by (2) and
(4) — it is a generalisation of the Moéricz’s definition. Here we mention a very useful
identity
Ty = af(oih—0nf 7 —aizt P 4oin V") (myn=1,2,.)),
too. . _ '
Our first result extends a theorem of FLETT ([1], Theorem 1) for summability

‘C’ (a7 ﬂ)’ (Il’ v)lk'

Theorem 1. If p=x=>1, u=0, v=0, a>u—1, B>v—1 and min (6, §)>
>x"1—g™! then the inequality

(5) {Z 2 mer— ]nqv 1I,L_a+6 ﬁ+3|¢}1/0<K{2 meu 1pxv— llTaﬂln}l/y

m=1n=1 m=1n=1

holds,*) so the summability |C, («, B), (1, V)|, implies the summability
IC, (246, B+8), (1, V-
In 1960 TANDORI [5) published the very interesting

Theorem A. The condition
m+l

2( > 2)1/2<oo

m=0 n=27M+1

*) K will denote a positive constants not necessarily the same at each occurrence.
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is necessary and sufficient that for any orthonormal system {¢,(x)} on the interval.
(0, 1), the series

S’ 8, 0a(X)

be summable |C,1, 0]1 almost everywhere in (0, 1).

This result has a lot of generalisations and extensions. For example, in the first
step, it was extended for |C, «, 0]; (¢> —1) summability by LEINDLER [2], and using’
the Leindler’s method, for [C, «, 7|, (a=>—1,0=y<1, %x=1) summability by the
author [4].

Denote by I the two-dimensional unit interval (0, 1)X(0, 1) and let {p;(x, »)}
be an orthonormal system on . Very recently MORricz [3] proved the following
theorems.

Theorem B. If a>1/2, p>1/2, 1=x=2 and

© L 2 23( 2 3 aytee
then the double orthogonal series
@) : Zk' ag@u(x,y)

is |C, (a, B), (0, 0)|, summable almost everywhere on I.

Theorem C. If a>1/2, B>1/2 and in the case »=1 condition (6) is not satis-
fied, then the two-dimensional Rademacher series

@®) é:; kg agri(x)r(y) (ri(x) = sgnsin 2'zx)

is not |C, («, p), (0, 0)], summable almost everywhere on 1.
Generalizing these results we have two theorems.

Theorem 2. Let a=1/2, f=1/2, 0=p<1, 0=v<1, 1=x=2 If

om+1_q on+l ]

© S 3( 3 3 ket <e,

m==0 =0 i=2m k=2"

then the inequdlity“""

(10)
ff(Z’ Z’m"“ e o (x, y)]")dxdy<K"§' 5(2 s 2?‘ oy

m=1n=1 i=2m.
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holds**) and double orthogonal series (7) is |C, («, B), (i, V)|, summable almost every-
where on I.

Theorem 3. If series (8) is summable |C, (a, B), (u, V)], (@=1/2, B=1/2,
0=u<l1, 0=v<l1, 1=x=2) on a subset ECI with positive measure then (9) holds.

Proof of Theorem 1. The proof is based on the identity
1
Aa+a Aﬂ+a 2 ZAfn I'A" kAaABT‘i'f

i=1k=

an T P40 =

which can be proved by definition (3) and the elementary identity of binomial coef-‘
ficients

ZAa lAal Aa+51

Let S denote the expression on the right of (5), 2 and @ be numbers to be choosen
later, but certainly such that 2>(x")"% (x~1+(x)~'=1), O<w=<1, min (5, §)>1
>1—(*¥'(1—w))~%. Using (11) and applying Holder’s inequality with indices
0,% and xg/o—x (if g=3: then with indices ¢ and 3" only) we have

r;;,""”*ﬁ = Km—*p~F"? Z’ 2(m—l+1)" Yn—k41)y-1 i*k® |t28| =

i=1k=

= Km—*9%p—8- -3 Z‘ 2‘ {(m_l+1)(5 l)u(n k+1)(5 l)mx

i=1k=
Xl“’" Gep—1){o—x)/xe B+ 2—(xv—1)(e— x)/xa'-[dﬁlx/a}x

X {(m —i+ 1)(15 Q- w)(n — k+ 1)(3—1)(1—0))1—4]( 11} {lh’ll 1fxv—1 Itﬂ?lx}(q—x)luq =

(12) = Km=*%n=#~ 3{2’ Z(m—l-{-l)‘?(" Ve (n—k +1)e@-Do x

i=1k=

X jex+ed—Gau—1)(e—x)/x [.of +o2— (xv—1)(g—x)/x It?"ﬂ Ix}l/g X

X{ Zm' Z"' (m—i+1)E=-DU=0) ([ 4 1)E-Da-o) j-ix k—lx’}llx‘ % :
i=1k=1
X{ Zm' 2"' jre—1fxv—1 lfaﬂl"}(" x)fxe_
i=1k=1
Having
Zm' Z"' (m—i+1)0-DU-0 ([ 4 1)0-DA-o) =4 [ ~ix <
i=1k=1

= Km@®-10-0)x +1-1¢ (-1 -o)x’+1-ix’

**) 728 (x, y) is the rectangular (C, (¢, §)) mean of the sequence {ika, Pu(x, y)}
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and considering that the last factor in (12) is less than S*~*/¢ we get

T:;"'Hi’l = Km—o~1-d0to—i+@)1y—p—1-3o+o—2+0)? §1-x/e

x{ Zm' S (1n—i+1)°(n—k+1)5i"+"“‘1k"+"”‘1]12‘,{’]"}1/‘?,

i=1k=

where a=p(a+A+x"1—p), b=o(f+Ai+x"1—v), c=9(6—1)w and t=9¢(6—1)w.
Since gp—1—p(—a—1—-dw+w—A+(*)"')=—a—c—1, and similarly
ov—1—p(—p—1-bw+w—2A+(x)"1)=—b~c—1 for any M=1 and N=1 we
obtain

M N 5 pu3
> S men—lpev=l it btoe <

m=

[
-

n=

M N m n
= KSe—* Z' Zm-—a—c—l"—b—i-—lz 2’(m——i+1)°(n—k+l)Ei"+”“'1k"+“"‘1|1:g‘,f|"=

m=1n=1 i=1k=1

M m N N
= KSe—* Z m—a—c—1 Z(m—i-kl)ci““‘"_l 2 kb+”v—1|t?,f|" Z'n—b—a~1(n_k+1)5§
i=1 k=1 n=k

m=1

N M m
= KSe—* 2 k*v—1 2 m—a—c-1 Z(m_i_*_l)cia+xu—llrsflx
k=1 i=1

m=1
provided that ¢>—1 and b=0, which is possible by choosing w=x"/x"+¢ and

) 1= +p—-v)<i<(x)"L With wo=x"/x"+0 and (x) *—(1+a—p)<i<(x)"?
the inequalities ¢=>—1 and a=0 are also fulfilled, so using the above method, we get

~1 —1|.2+3,8+6 ¢
mer—pev=1" |¢ =

(W
M=

]
i
A
[
L

N M
= KSe=* 3 k=1 3 pu— e[ = KSe
k=1 i=1

and this, assuming that M and N tend to infinity, proves inequality (5), moreover
means the |C, (x4, B +6), (4, v)|, summability of double series (1).

Proof of Theorem 2. Applying Hélder’s inequality and considering (3) we
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have the estimations:
2’1 Zlm""“n""‘ff [tafn (e PP dxdy =
m= n= t

© o xp—1 v—1 < 2 e _
= mé; ,,g;m “n ([flrmn(x: y)l dXdy) |
oo co 2P+1._1 929+1_7 xlg
=Kz 2 2 > mipe- l(ffh  (x, y)|2dxdy)
n=24

=1 0017 2 ff [t3m (X, y)Izdde’)"lz

ol +1_7 eq+1_
=Kk 5 3 omuumgeteoun (3 fflr (x5, D) Fdxdy)™ = 3.
m=2°P p=

A routine calculation gives
P41 2941-1 m n ( ga-1 461 *[2
35" 3 (e

2pe(p—1/2) Jax(v—1/2) (

2i=K2 2
p=04qg=0 m=2P p=29 |(=1k=1
o oo ap+l_] A¢_1 0q+1_7 °q+1_1 Aﬁ_l 2)#/2
=k 3 Zoreompeem T3 S(BA T g "5 (A"
p»=04=0 m=2P (=1 k=1 n=max(29,k) Aﬂ
oo oo 2q+1.3 op+1_73 2p+1..7 Ae-1 2Y%{2
=K 2242@—1) 2’217:4(# 1/2) 2’ k2 > i?a%, 2 ( m— z] =
d=0 -p=0 i=1 m=maxce?,n \ A7,
co oa+l_1 op+1_—
=K Z’ 2ax(v—1) Z’ 2px(p—1) ( Z‘ Z 2k2a?k)*’ = 2'2.
g4=0
To approach the form of our condition we go on as follows
hid Rsd oo q gm+l_q1gn+i_
2 2 ZZPX(#—l)zqk(V—l)(Z' 2 2 2 lzkza?k)"/" =
p=04=0 m=0n=0 i=2m f=gn

om+l_q1on+l1__3

2ex(p—1) )qx(v—1) 2' Z( 2 2' i2k2a 2):«/"_

m=0n= i=2m

1A
>
DMs
Ms

~
Il
S
'
[
o

om+l._q9n+1_.1 S ©o
2 k‘za‘gk)x/z 2 2 2qx(v—l)29:¢(v—1) =
p=md=n

(2 2

0 i=2m k=27

I

S
1

M3

n
om+l__qon+l_ 1
i2k2aZ) ).

S‘ mx(p—l)zme(v—l)( Z'
n=90 k=27

i=2m

ll/\
il [\4 8

Regarding condition (9) and inequality (10) we can apply the Lev1 s theorem, so our

proof is completed.
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Proof of Theorem 3. This proof is very similar to that of Theorem C, but
certain modifications are required to obtain a wider range of parameters u, v and x.
Since these are not quite obvious we give the proof here. We need a

Lemma (MOricz [3), Lemma 2). For every finite sum

P(x,y) = _2 Za.kr(x)'k(y) M=m=0, N=n=0)

i=mk=n

and for any set ECI of positive measure, there exist an integer ny and a constant K,
such that if max(m,n)=n, then

fflP(x »ldxdy >K0(Z' Z a2,

To begin the proof of Theorem 3, without loss of generality, we may assume that
a,=0 for i,k=0,1, ...,n,—1. By Egorov’s theorem there exist a constant K* and
a set E*CE of positive measure such that for every (x, y)¢E*

(13)

IIMS

Z' uu+x 1 xv+z¢ IIA (x, y)|x§ K*

where 4% (x, y) is the suitable difference (see (2)) in the case of series (8). Using
Hélder’s inequality we obtain

S 3 memr i [t e dxdy =

m=1n=1

=K S' S’ mpEr—lyxvix—1 (ffMi‘,,”,,(x, 53] dxdy)" =

m=1n=1
) =k 353 et 3 e [ 14 Pidedy)'=
p=14=1 m=3p-1 n=2a-1
S < %y rot xu+x—1
zKpé; q§12" mz; e ( ffu  (x, y) dxdy)* =

P+1_1 99+1_

=k 3 Zrer( 3 3 f ([ 143, )l dxdy)” =

=2P-1p=24-1
Setting
6':,%(36,}1) = O';gn_l,zqn_l(x, y)—agf—l_l,gqu_l(x, y)—

- 0';£+1_1’ 2q-1_.1(x, y) +0';g—l_1'2q-1__1 (x, y)

it is easy to see that
gp+l_1 ga+l_g

(15) ey = > 2 dmx ).

m=2P-1 p=29-1
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Applying now Lemma and using the monotonicity of the binomial coefficients we
may write

P11 29431 0 ga N2( 45, .. 2 12
[ paxay =K F "5 (”*ﬂ[”-hﬂ@].

—op-1 -1 a 8
2p=1 k=29 A2p+l_1 A2q+l_1

Using this fact and (15) we continue estimation (14) as follows

2P+1_] 2a+1—] A% s N (Afoir 2 x/2
22]{2’ Z'szuzexv( Z Z' ( 27 —1—;] ( 29+ —l—k) aing .

p=14= i=2P-1 k=221 A;}‘H»l_l qu+1__1

Considering that there exists a constant K, , , s such that

Afprsa_iAbasioii A3 Abe

a = a
A?}-}l_l qu-bl_]_ AgpA+1_1qu+1_1

=K g =0

P9 a,

we have
. oP+1._7 2a+1_3

SEK 3 Zwewe( 35 ayes
p=149=1

j=2pP-1 Lk—2949-1

2P+l 0a+1_3

=K 3 2 ( 3y 2 apy’?,
p=14=1

i=2P

and by (13) and (14) inequality (9) holds.
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Holiday numbers: sequences resembling to the Stirling
numbers of second kind

L. A. SZEKELY

Dedicated to Professor K. Tandori on his 60th birthday

1. Introduction. The first appearance of the often rediscovered Stirling numbers
seems to be Stirling’s work Methodus differentialis in 1730, but some mathematicians
attribute them to Euler without prima facie evidences. Although their importance
was clear in that time, Ch. Jordan had to summarize their meaning in finite differ-
ence calculus in 1933 {6). Combinatorial properties of Stirling numbers were exhibited
by E. T. BELL [1], {2], [3], [4], but we must know that Dobinski’s formula for the sum

oo n

1
of Stirling numbers — Z"J‘; was found as early as 1877 [5]!
e j=aj!

The aim of the present paper is to investigate the analytic and combinatorial
properties of two sequences introduced by Z. 1. SZabé. Investigating Hilbert’s fourth
problem, in order to define a transformation on some cylindric functions whose do-
main is R", Z. 1. Szabo introduced the following transformation on continous real
functions of one variable:

) nj2
Sh(x) = f cos" 2o f(x sin o) de,
0
and its inverse transformation for odd and even numbers as follows. We use the
abbreviations E=(1/t)(d/dt), D=1t(d/df) and E™, D™ for their powers. Now the in-
verses are
2m+1)-t 1 pm—1(pm-1 (2m/—\|-1)

= n— l m—

R e R A G A )
for m=1 and

(em)-1 1 1( om—2 (2m) @,
A () =n—(2m—_3)—!!"{5'"' (Bm=2f A ()},

Received March 2, 1984.



460 L. A. Székely

for m=2. The inverses can be rewritten with some constants a,, ; and b, ; as

@m+1)-t m . (@m+1) .
(N= 2 an:t’if ~ O
i=0
and
@m)~?
A

) =5 by {iH1f R (OYR,
i=0

o 2m m) . . .
if f P (tesp. f(zl\ )) is m times differentiable.

It is time to define the holiday numbers. We call i (m, i) the holiday numbers of
the first kind (resp. ¢(m, i) of the second kind) where

©") ¥o(y) = (E"@E 1) = S gm, iy®
and -
©”) @,00) = E"(Emy) = 3 o(m, i)i'50.

The background of these names will be given in the fourth section.
Now we have by easy calculation that

1 . _ 2 .
Ap,i = mlﬁ(m, i) and b, ;= mq)(nl, i).
We note that Z. 1. Szabo was interested only in the existence of a,, ; and b,, ; and not
in their behaviour.

Our investigation is based on the substitution of the exponential function into
¥, and &,, what is essentially the same as done by BELL [2], RoTA [10], ROTA,
KAHANER, and ODLYZKO [11], where the exponential function is substituted into the
formula
) Sa() =D"(y) = 2 S(m, ) £y®,

The reason of the applicability of the same method is that in

S @+ L,
x~%m(... x7% (x—a(x =2 79 )

the coefficient of 3 is a monomial of x.
If o;=0, we have a trivial case.

If a;=1, wehave (0”), if a;=—1, we have (0’). We mention the Lah numbers,
which have properties similar to the Stirling and holiday numbers [7].
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In the following we number the analogous formulae concerning with S; ¥, @
by ("), (n”), (n”). Even though the present paper does not contain any new result on
Stirling numbers, we sketch proofs for them, since these proofs are carried over to
the holiday numbers. All these results can be found either in RIORDAN [9] or in
LovaAsz [8], in analytic and in combinatorial treatment. More references on
Stirling numbers can be found in [10] and [11].

We are indebted to Z. 1. Szabé and L. Lovasz for the encouraging talks on holi-
day numbers.

2. Generating functions. We complete the definitions with
S(0,0) =¥(0,0) = ¢(0,0) = 1.

Applying S,,, ¥,, and &,, to ¢ we have

{9 S (1) = k"t
a W, () = @m+k—1)@m+k—3) ... (k+1) 2,
a” &, (1) = Qm-+k)@m+k—2) ... (k+2) 1%,

thus applying them to €' we have

@) 5' =¢ Z’ S(m, k) t¥,

2 2m+n—1D2m+n-3)...(n+1)

n=0 n!

" =, () =¢. > ¥(m, k)t*;
k=0

@ 'é:; Cm+n)(2m +nn!— 2)...(n +2)

= Qm(et) tkgn:;(p(’n’ k) .

On the one hand, dividing by ¢ it gives explicit formulae

@) S(m, k) = 2( 1)k+,( )k',
@) = 3 (])(2'"+1 hemsi=3)...GED),

(3") pn, 1y = 3 1y () EADEnAIZD - U3
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and so, the right sides of (3), (3”) and (3”) are zero for k=>m. On the other hand,
substituting t=1 into (2'), (2”), (2”), we have

n™

v nl

"[\48

Zm,’ S(m, k) = i
k=1 e 4

b

m =2m+n—1)C2m+n-=3)...(n+1)
kg lll(m k) T e n=0 n! ’
m = (2Cm+n)2m+n—-2)...(n+2)
g olm, k) = e ,,é', n! )
Calculating from (2'), (2”), (2”) the generating functions, we have
m tn
@ Gsta=1+3 2 14+ 3 3 L e e,
Go(t, ) =1+ 3 22 Sy, g =
4" —H e
1
c© oo — _ -1
143 3 Cm+n—-D2m+n-3)...(n+1) z"'—t—e“= 1 er[ﬁ__2; ]’
n=0m=1 m! n! 1/1—22
Go(t,2)=1+ 2 T Z'qo(m k=
(4///)

1
_ S 3 @m+m2m4n-2)..n+2) " . 1 '( 1_2:”1)
_1+n§m§1 m! T _1—2Ze )

3. Recurrences. Since (ry)‘")=2(’;] (D y=D=1M L pp=1 we have from

), (1", (1”) '
Sm(y) = Sm—l(("y),)—sm—-l(y)

Wm(y) = glm—l((ty’))'i'(z’n_z) qlm—l(y)
¢m(y) = ¢m—1((.ty)’)+(2n1—1) ¢m—l(y)

and the following recurrences:

) Sim, k) =kS(m—1,k)+S(m—1,k—1)
5" Yy(m, k) =QCm+k—0D)yYy(m—1,k)+¢(m—1, k—1)
57 o(m, k)= Q2m+k)em—-1,k)+o(m—1, k—1).

Now it is an easy task to tabulate some holiday numbers.
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" ;{ 0 1 2 3 4 56
0 1 0 0 0 000
1 1 1 0 0 000
2 3 5 1 0 000
3 15 3 12 1 0 00
4 105 279 141 22 1 0 0
5| 945 2895 1830 405 35 1 0
6 10395 35685 26685 7500 930 51 1
k

o k 0 1 2 3 456
0 1 0 0 0 000
1 2 1 0 0 000
2 § 7 1 0 000
3] 4 57 15 1 000
4| 388 561 207 26 100
53840 6555 3045 545 40 10
6 |46080 89055 49185 11220 1185 57 1

We gain some more complicated recurrences comparing the generating functions
with their partial derivatives. Applying 0/0t to the generating functions we notice

% Gs(t, 2) = (€ —1) Gs(1, 2),

P 1
5 Ge(t, )= [ = I)G.p(t 2),

% Golt, 2) = ( - 1) Go(t, 2).

1
V1-2z
Comparing the coefficients in the previous identities we have the following recurrences.

1 m
T 121[ ]S(m—],k) for k=1 and S(m,1)=1,

6" W(m, k+1) =
El—_ﬁ( )(21 DU¥(m—j, k) for k=0 and ¥(m,0)=2m—1!

) S(m, k+1) =

(6/”)
@(m, k+1) =k—1-— Zm'( ](21 DY m—j, k) for k=0 and ¢@(m,0)=2"m!
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Applying 0/0z to the generating functions we notice

a_az' GS(I’ Z) = test(t, Z),

{f_z Ge(t, 2) = {(1—-22)"1 +1(1-22)"¥3 G (¢, 2),

d _ 241(1—27)" 1
a—z Go(t, Z) = —'—‘_‘_—1_22"' Gd)(t’ Z).

Comparing the coefficients (and using for (7"’) the easy identity

2551 {1+Q'—2—t—1,)'—'} = @s+ 1),
we have
) Sm+1, k) = Zm'(mJS(m-—s, k—1),
s=1\§

M Yym+1,k) = Z(T)Zss!lll(m—s,k)+ Z":;[':)(Zs+1)!!tll(m—s, k-1),

s=0

) e(m+1,k)= 5’ (':J 25+15lp(m—s, k)+ Zm' (T] @2s+DMeo(m—s, k—1).
s=0 s=0

From (7°), (77), (7”) we have recurrences analogous to the recurrence of Bell num-

bers (the sum of Stirling numbers of second kind):

N Sm+1, k) = 2"'[’5") 5" S(m—s, k),
x=1 s=1 k=1

;2:1 Ym+l, b= 3 (':) (ZSs!+(2s+1)>!!);§s Y(m—s, k),

s=0

k§1¢(m+1, k)= Zm;(r:)(?“s”(zs“)”)g Pm=sb.

4. The combinatorial meaning of the holiday numbers. The leader of the social
department of a company is to make plans for m married couples for their holidays.
We say that he is to compile a ¥-plan, if his tasks were (1), (ii), (iii).

(i) He is to compile k nonempty, pairwise disjoint groups of married couples.
It is possible that some couples do not belong to any group. :

(if) He is to make a complete matching in the groups made in (i). Every man or
woman of the group can be matched with every man or woman of the same group.
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(iii) He is to make a complete matching in the rest that may have been made in
(i) on the way written in (ii). We say that the leader of the social department is to
compile a @-plan, if (iii) were changed for (iv):

(iv) he is to order the married couples of the rest (for the next year holidays)
and to write in his notebook the name of either the husband or the wife.

Let us denote by y/(m, k) (tesp. ¢(m, k)) the number of all possible ¥-plans
(resp. P-plans) for m married couples into k& groups.

Theorem. §(m, k)y=y(m, k) and @(m,k)=p(m, k).

Proof. We prove that {, ¥ and @, ¢ have the same initial values and obey the
same recurrence. It is easy to see that Y (m, 0)=(2m—1)!'=§(m, 0) and ¢(m, 0)=
=2"m!=@(m, 0). Now we prove that (6”) and (6”) hold with iy and ¢ instead of
¥ and ¢. In both foimulae the right-hand side means the choice of j couples and
a matching on them, and a plan for m—j couples into groups. This way all the
plans are enumerated k+1 times.

We note that (6") has a combinatorial proof on a similar way. The reader can
give alternative proofs on the theorem using other formulae rather than (6”), (6”),
e.g. using (5”) and (5”) and distinguishing cases by the mth married couple (see [8]
1.6); using (3”) and (3”) and sifting (see [8] 2.4); using (7”) and (7”") and distinguish-
ing cases whether the (m+1) th married couple travel or not and by the length of the
alternating circle of couples and matched pairs containing the (m+1)th married
couple in the latter case for ¥ (and by the position of the (m+1) th married couple in
the notebook for &).

As a corollary of the theorem of the present section we give new explicit for-
mulae for the holiday numbers:

1 [m) m—xl) (m—xl...—xk_l]
m, k) = — X
w( ) x,zg’l :,Zg'i x,‘zé'l k! \xy X2 Xx

k k
i=1 i=1

and

1 (mY(m—x m—x;—... —X_

b= 3 3. 3 L()(roR). (rm )

¢ (m, ) xé’lx,é'l x,‘zéllk! X1 Xg Xk X
X3+ tx=m

n— 3 x k k
X2" =1 (m— 3 x)! [T @xi— DI
. © =1 i=1

5. Holiday transformation of sequences.



466 L. A. Székely
Theorem. Suppose b,=2 y(m,k)a, and dm=2 o(m, k)c,. Then
k

o= st 01 3 ()2 35602

and
— Ay t ] . dl
o= 3002 3 () 2560
where s(k, t) is the Stirling number of the first kind.

Proof. At first we state new explicit formulae for the holiday numbers in terms
of the Stirling numbers of the first and the second kind

'R blm, =27 3 (-1 ('t] 2-is(m, i)S(t, k),
8" om B =2" 3 (- 1)m+'( )2 's(m, i) S(t, K).

Having applied ¥,, to %, (0”) and (1”) give
Cm—-14+x)2m—-3+x)...(1+x)= > ¢(m, k)yx(x—1)...(x—k+1).
k

But we have

x 1
(2m—1+x)(2m—3+x)...(x+1)=(—2)"‘m![ 2m 2]
) 1 i n . 1 i i
o gmof- -3 - o zmn(-2) 2
X2 S kK)x(x—1)...(x—k+1),

and comparing the coefficients of the linearly independent polynomials
x(x—1)....x—k+1), we get (8"). '
Analogously, having applied @,, to 5, (0™) and (17) give

Cm+x)2m—2+x)...2+x) = J o(m, b)x(x—1) ... (x—k+1),
k
and we have

=1

Cm+x)@m—=2+%) ... 2+%) = (=2)"m! fn =
— 93 sms ) ~1-3) = (27 Z s(m DD
xz()z 2 S( )x(e=1) ... =k +1).
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Cdmparing the coefficients we get (8”). (8”) and (8”) implies the theorem through a
Stirling, a binomial and again a Stirling inversion as follows:

n=ZU0m Da = 327 31 ([)27s0m DG Day
k k it
is equivalent to

3(0) zsepa = 2s6ry

which is equivalent to
356 va= 30 (i) 3 o560
which is equivalent to the first part of the theorem. Analogously we find that

= Zo(m Mo, = Z27 3 1+ (12775 m, DSC Bey

is equivalent to

3()r 35000 = Z 056

t

which is equivalent to
At cre o dj
256 Ra= I ()2 3060 s
k i 1 j (-2)
which is equivalent to the second statement of the theorem.
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Multivariable composition of Sobol’ev functions
F. SZIGETI

Dedicated to Prof. K. Tandori on his 60th birthday

1. Introduction

In this paper we shall prove some theorems on the composition of a multivariable
outer function and inner functions of one variable belonging to certain Sobol’ev
spaces. These theorems are based on a generalization (see [7] and Assertion 1) of
the result of F. RiEsz [4] and the well-known Sobol’ev embedding theorems. Very
interesting special cases are considered when W;(Q):=H*(Q). Really, in this case
the spaces H*(£) can be characterized by Fourier coefficients, thus a relation can be
proved between the convergency rate of the Fourier coefficients of the components
and that of the composition.

2. Results

The following main results will be proved.

Theorem 1. Let nEN, ¢, déR (c<d), p, q,‘r, s€R. Suppose that p, q, r€ll, o
and that the equality

ey

and the inequdlity

® s>1+n—1

are satisfied. Then, for each f¢W,(R") and monotonous functions g, g, ..., &€
€W (c, d), the composition fog belongs to W(c, d).

Theorem.I and the Sobol’ev embedding theorems give us the following

Received June 28, 1984,
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Theorem 2. Let nEN, c¢,déR (c<d), p,q,r, sy, 55, S3€R.  Suppose that
P.q,.rell, =, p,q=r, and that the inequality

1 1 1
©)) So = (1—;] (1_?]+T <1
is satisfied. Let s,€]s;, 1],
SR
P ’ P 3 r q ’
1 1 ( 1)‘1 [
® SeE[l, ?4-(53 T) 1—;
be numbers satisfying the inequality
n 1 1
© [ R

Then, for each feWW(R") and monotonous functions gi,gs, ..., 8.€W;2(c, d), the
composition fo (g, &a, .-, 8, belongs to W(c, d). = :

Now, we mention the special case of Theorem 2, when p, g, ri=2. We can usé
the following characterization by the Fourier transform and series
a) feH(R") if and only if x—f(x)(1+|x]?)%€ Ly(RY),

b) g€H*(c,d) if and only if > g(n)itn®<
n=1

where {g(n): n€EN} are the Fourier coefficients of the function g¢L,(c, d) with
respect to the system {@,: n€N}, of the eigenfunctions of the eigenvalue problem

(=D XG4 x = Ix,
W () = x*+V() =...= x®*-V() =0, xP(d) = x*+V(d) =...= x*-V(d) =0

induced by the immersion H*(c, d)c L,(c,d) and s=k. If k: _1 then ¢@,(t)=
=(d-c)7,
0, =2(d-c) tcos[(n—Dr(t—c)(d—c)™] (n=2).

Theorem 3. Let neEN, c,d¢R, (c<d). Suppose that the numbers

3 n+1 n—2 T2 1
N e |

satisfy the inequality
n 1 1
@) (51_?] [52—?) >53_?-
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Then, if
® x > () (L+]x]Dn/2€ Ly (R,
©) > [g(nPnzs <o (i=1,2,..,m)

n=1

and g; (i=1,2,...,n) are monotonous, then
P
= / AN
(10) _Zl | fo (g -y 8)(M)[Pn?s <oo
also holds.

It is clear that in Theorem 2 the space H*(R") can be replaced by H*({) for a
bounded region QCR”, such that the closure of the range R, of g=(gy, ..., &,)
belongs to Q. In this case for each f€ H*(Q) there exists a function fc H(R") such
that fo(gy, ..., 8)=fo(g1, ..., &) holds. For this it is enough to resctrict f to a

region R,CQ,CQ such that Q, is a “good” region having the extension property
(see [1}, [2]). Thus the relation (8) can be replaced by

I tppnen <o

where {f(n): n€N} are the Fourier coefficients with respect to an orthonormed
system of eigenfunctions of an elliptic problem related to the embedding
HY(Q)cL,(2) where s=k holds (see [3], [5]).

For the spaces W,'(R") and VI{,Z(C, d) we can prove Theorem 4 because the order
of differentiability is high enough.

Theorem4. Let nEN, ¢, deR (c<d), pER. Suppose that 1 <p, s=2+(n—1)/p.
If few; (R") and the monotonous functions g, g, ..., 8€ VI{,z(c, d) then the composi-
tion fo(gy, g2, ..., 8n) belongs to the same space H{f(c, d).

In Theorems 1—4 the monotony of the inner functions play a very important role.
Finally we show a theorem, in which the monotony of the inner-functions can
be omitted.

Theorem 5 Let neN, c,deR (c<d), ' D, g€J1, o[, s€R. Suppose that

s=>1+(nlp). Then, if fEWSR"), gW,'(c,d) (i=1,...,n), then fo(gy, ..., &x)€
€W} (c, d).
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3. Outline on Sobol’ev spaces
In this section we survey some facts on the Sobol’ev spaces. '
Let k, n€N, p€]l, «[, QCR” be an open subset. The Sobol’ev space W"(Q)
is defined by
W"(Q) {f: D*feL,(Q), lo| =k}
equipped with an appropriate norm (see [1, Ch. III]). - . -. SR T PR
Let W(Q):=L,(Q).
If s€R,, then the Sobol’ev space W () is defined by

s s D*f(x)-—D* P
W @) = {feH@): f | ' L y)|"+<s SO 45 dy <o, el = [s]}
equlpped again w1th an approprlate norm (see [1, Ch. VII]) :

Here [s] denotes the entire part of the real number s. The Sobol’ev embeddmg
theorems will be used (see [1], [2]) in the next: -

a) if s>n/p, then W (Q)cCCy(2) and the embedding is contmuous and lmear

b) if 51, 5:€R, py, po€]1, [, 51=5;, py=p. and (nfp)— 312("/1’2) —S2, then
Woi(Q)oW,x(2) and the embedding is continuous and linear.

The mentioned result of F. RiEsz [4] is the following: an absolutely continuous
function f: ]a, b[+R (or C) has its derivative f’€L,[a, b] if and only if there exists
a number K=0 such that, for any system {Ja;, b; [C]a b[ i€l} of nonoverlappmg
bounded -subintervals, the inequality . . : :

|f(b)—f(a)lP _ e
2 W =K . T :
holds, and the best constant is [/ |]"

As it was mentloned in the mtroductlon the proofs are based on the Rlesz theo-
rem and ' :

Assertlon 1 (see [7T]). Let nEN, p,scR. Suppose that pe]l oo[ and
s>1+((n— 1)/p) If feWS(R"), then there exist real numbers K,>O (z—l 2 ,n)
such that, fot- any integers I,EN, systems
‘ : {ay, bICR: j=1,2, ., I}
of . nonoverlapping bounded subintervals and sets {;€R""': j=1,2, .. I } the in-
equalities Lo
. 51 |f;,bu (éij) —fl:,ﬂu (fl'j)lp

j=1 lbu if

hold, where for any i=1,2, ...,n, acR thefunction f; ,: R""'-=R (or C) is defined by
éHf(éla seny 6;‘—19 a, fia LERY 6n-—].)'

=K
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We mention thatb the best constants K; (i=1,2, ..., n) are
S UGSl xgneny -
R

Next, we need the following

Assertion 2 (see [6]). Let ¢, deR (c<d) pell, «[. If f, gEW‘(a b), then
JEEW, (a, b). :

The proof can be made by the Riesz theorem.

4. Proofs and remarks

Proof of Theorem 1. Define the number o:=r(1 ——(l/p)A). We can easily
see that (1) is equivalent to the equality

1
(1 p+q[1—-p—]_1.

Our proof if based on the Riesz theorem and Assertion 1. For this, let I€N,
{le;, dic]e, dl: i=1,2,...,1} be a system of nonoverlapping subintervals. Let
&= (g1(dD, ..., 8j-1(dD), gjs1(c)s --r galc)) (ER™Y),
dij = g; ), c¢j;:= gj(ci)

(j=1,2,...,ni=1,2, ..., I). Then by (11) we can estimate with the Holder inequality :

AL CNRY HICh Ly ATCAREY AICH 98
i= ld;i—ciI™~* -

Lo 5 fa, G S e, DI 1g(d)—g; (el <
ig'ln g [dij—ci;l* T di—elt T

K

’ N—f: N N (e} Y1
L ,f;,du(élj) f:’c”(éu), ) (2 'gj(dl) gj(cl)l ] .

n
-1 L4
=0t (g 5 — P O

We can check that a(p/r)=p—1, (r—1)(q/e)= q—l afq= (r/q)(l —(1/p)) thus by
Assertion 1 and the Riesz theorem

_ZI' |f0 (815 --es g")l(‘;l:)_—;;lfril(gl, vees g..)(ci)l = nr 1( 2 "a f p(r/p) “ gl“r(l-(llp)))

because

S1@1. o dt = najfn';v;-xm;; |
R . :
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that is
(o (grs ---» 8 |le, = ne=0r (jg,; 19; w11 gl ey <

=m0 flys (,‘g (P70

Proof of Theorem 2. From (3) the inequalities

(1= (1-1) <ot =1L
¥4 q r r

follow immediately. Thus the inequalities

-1 -1
e b )
p p r q r q

-1 -1
e e ) =0
q q r p r p

hold, so the intervals (4), (5) are nonempty, and the inequality 1=s,<14(1/q)
is satisfied. Thus there exist numbers p,=p, gy=q, ro=r such that for p,, g, ro

A

[
p—

n 1 1 1 ( ] ( )

12 S =i, sm—=11——, |s—Zlls-=|=:1——
(12) T P g % q
hold. By theorem 1, if fe€W,*(R") and the monotonous functions g,EWl(c, d)
@i=1, ..., n), then the composmon fo(gy, ..., &) belongs to Wl(c d). By (12) the
Wi (c, d)C W‘(c d) and W(c, d)DWl(C d) embeddings are continuous and
linear, so, if fEW‘l(R") and the monotonous functions g;cW(c,d) (i=1, ..., n),
then fe W/;,?(Rn) (P =Po), gien{]:(cs d)> thus fO (gh AR ] gn)6 W:(C, d)cn/;ss(c’ d)
too.

Theorem 3 follows from Theorem 2 and the characterizations a), b) (see Sec-
tion 2).

Proof of Theorem 4. By assumption feW (R"), and geW(c,d)
(i=1,2,...,n), so by the chain rule

4y (o (81> 8o o 1)) = 2 3,50 (21, 8a» - 8-

Again by assumption the functions g;€W*(c,d) are monotonous and clearly
i feW; ' RY) s—1=1+((n—1)/p). Thus by Theorem 2 &;fo(gy, &, .-, €
€W,}(c,d). On the other hand g{€ W' (c, d) holds obviously, so by Assertion 2 the
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sum (14) of products belongs to W,'(c, d). This means that the composition
fo(g1, 8, -, 8IEW(c, d).

Remark 1. In the special case p:=2 we can use the characterization of the
spaces of type H® in terms of the Fourier coefficients. If QcR” and (¢, d)cR are
bounded, f€L,(Q), the monotonous functions gi€L,(c,d) (i=1,2,...,n) and
there exists the composition fo(gy, ..., g,), .then from

g |f(n)|2n?J =2

lg (MPnt <o (i=1,..,n)

IlMg

follows that
/\

= N\
2 1o (g s 80t <0

The Fourier coofficients relate to the above mentioned orthonormed systems of eigen-
functions.

Proof of Theorem 5. Apply the Sobol’eb embedding theorem for W (R")C
CCY(R"). Thus by the chain rule (14) is satisfied almost everywhere over (c, d).
Let M denote the norm of the embedding W:“l(R")CCB(R"). Then

i

“(fo (gl, s 85 / L, = ”ig"]’.a[fo (gla ceey gn)gl{”Lq

= é;(f 10:fc (g15 -5 gD|® Ig',’lq)llq =
= 310 flesaolgilz, = M 310 flw-sl8ile, =

= Mfly, 2 leil,
Thus fo(gs, ..., 8g)EW (¢, d).
Remark 2. Theinequality

(s) ICFo s - &)y = M1y 2 il
also is obtained.
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On G-finite WW*-algebras*
JOSEPH M. SZUCS

Dedicated to Professor Kdroly Tandori on his 60th birthday

Let M be a W *-algebra and G a group of *-automorphisms of M. In [3] we have
proved that if there exists a faithful G-invariant normal state ¢ on M, then for every
te M, the w*-closure of the convex hull of the orbit of 7 under G contains a unique
G-invariant element 7°. (In fact, we have proved this result under the more general
assumption that the family of G-invariant normal states on A/ is faithful, i.e., M is
G-finite. If M is g-finite, for example, if M is an operator algebra in a separable
Hilbert space, then this assumption obviously implies the existence of a faithful
G-invariant normal state on M). In the present paper we shall prove that the assump-
tion of normalcy of ¢ is superfluous in this theorem in case G contains all inner auto-
morphisms of M. In fact, we shall prove the stronger result that the mapping ¢--¢¢
is normal, i.e., M is G-finite [3]. Under additional hypotheses, we shall also prove
that ¢ is 1tse1f a normal state.

At the end of the paper we shall make two comments on our paper [4].

Proposition. Let M be an Abelian W'*-algebra and G a group of *-automor-
phisms of M. If there exists a faithful G-invariant (not necessarily normal) positive
linear form @ on M, then M is G-finite. ( For the notion of G-finiteness, cf. [3].)

Proof. Let e be the least upper bound of the supports of all G-invariant normal
positive linear forms on M. According to [3], we have to prove that e=1. Assume
“on the contrary that e#1. Since e is a G-invariant projection in M, the restrictions
of the elements of G to the W *-algebra M(1 —e)=(1—e)M(1—e) form a group
G, -, of *-automorphisms of M(1 —e). By the definition of e, the only G, _-invariant
normal positive linear form on M(1—e) is the .zero functional. Consequently, to
prove the theorem, i.e., to obtain a contradiction to the assumption e#1, it is suf-

*) This work was supported in part by organized:research money granted by Texas A&M
University at Galveston.
Received July 23,.1984.
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ficient to show that there is a nonzero G, _.-invariant normal positive linear form on
M(1—e¢). Since the restriction ¢,_, of @ to M(1—e) is a faithful G,_,-invariant
normal positive linear form on M(l—e), we may assume that e=0 and thus
M=M(-e), G,_,=G and ¢,_.=¢. In other words, we have to prove that
under the hypotheses of the theorem, there exists a nonzero G-invariant normal
positive linear form on M.

Let .S denote the family of those projections p in M for which 71— (1p)=¢(ptp)
is a normal positive linear form on M. We are going to show that

(1) if p,q€S, then pVgeES

(2) sup S=1.

To prove (1), let p, g€ S. Then by the commutativity of M, we have pyg=
=p+q—pq and thus the functional t—¢(t(pVq))=¢(tp)+¢(1(¢—pg)) is a normal
positive linear form on M. (Because p, g¢S and g—pg=gq.) This proves (1). To
prove (2), we have to show that every nonzero projection p in M majorizes a nonzero
projection belonging to S. This can be shown by using arguments of J. DixMIEr [1],
which originate from Lebesgue’s work. Let p be a nonzero projection in M. Consider
a normal positive linear form g on M, such that u(p)=¢(p). Me are going to prove
that there exists a nonzero projection ¢ in M, such that ¢(r)}=u(r) for every pro-
Jection r in M, such that r=gq. Then the spectral decomposition theorem will imply
that ¢(#)=u(t) for every t€ Mq, t=0. Since every positive linear form majorized
by a normal positive linear form is normal [1], this will prove (2). Now assume on the
contrary that every nonzero projection g=p in M majorizes a nonzero projection
réM such that ¢@(r)=p(r). By Zorn’s lemma, there exists a maximal family C of
mutually orthogonal nonzero projections s in M such that ¢(s)=>pu(s) for scC.
By the indirect hypothesis, Jiccs=p. Then @(p)=0(Sicc )= Siccp(s)>
>cc H(s)=p(p), which contradicts the choice of u (ie., that u(p)=e(p)).
Consequently, there is a nonzero projection g=p in M, such that @(r)=pu(r)
for every projection ré M majorized by q. Hence (2) is proved.

Since S is an upward directed set, it may serve as an index set for generalized
sequences. We shall prove that

(*) V(O =limpeso(tp), €M

exists (and is finite). First let ¢r=0. If p=qg and p, ¢€S, then the equality
tg=tp+1t(g—p) shows that 7g=ip. By the positivity of ¢, the function p—¢(tp)
is a nondecreasing nonnegative numerical-valued function on S and @(fp)=e(?)
for pcS. Consequently, the finite limit lim,¢5¢(fp) exists and is equal to
sup {p(1p): p€S}:

(x%) lim, s ¢ (tp) = sup{p(tp): p€S}, t=0.

The existence of lim,¢g ¢ (tp) for all t€ M follows by linearity.



On G-finite W*-algebras 479

It is clear that y is a positive linear form on M. Moreover, V¥ is normal. Indeed,
it is an elementary observation that for p€sS, the functional ¢—¢@(1p) is normal
on M. The normalcy of ¢ follows from (% %) by using the elementary result that the
supremum of an upward directed family of normal positive linear forms is normal [1].

Now we. are going to prove that y is G-invariant. First let us consider any ele-
ment p, of S, g, of G and ¢, of M. Since ¢ is G-invariant and py€ S, the linear form
1~¢(1gy(py)) is normal. Consequently, go(p)€S. We have

¥ (20 (10)80(Po)) = 1im, 5 ©(20(10)80(P0) P) = lim, 25000, pes (80 (10) 8o (P)P) =
= Mz gy po), pes P80 (10)80(P0)) = @ (80(f0)20 (Do) =@ (8o(toPo)) = @ (foPo) =
=lim,3 p, pes @ (foPoP) = lim,e5 @ (foPop) = ¥ (45 D0)-

So we have shown that ¥ (ge(%)g0(Po))=V¥ (fopo). By using property (2) of S, proved
above, we can let p, w*-converge to 1 in this equality. Then relying on the normalcy
of ¥ and on the continuity properties of g,, we obtain that ¥/(gy(fy))=¥/(f). Since
20€G and t,€ M have been chosen arbitrary, we have proved that ¥ is G-invariant.

Finally, ¥ is not identically zero. It is in fact faithful. Indeed, if €M, =0
and t#0, then Y(T)=sup {@(tp): p€S}. By property (2) of S, we have ¢@(tp)=0
for some p€S. Therefore, Y (#)=0 and the proof of our proposition is complete.

Theorem. Let M be a W *-algebra and G a group of * -automorphisms of M
containing the inner automorphism group. If there exists a faithful G-invariant (not
necessarily normal) positive linear form on M, then M is G-finite.

Proof. Since G contains the inner automorphism group, ¢ is central [1].
Let 1€ M be such that t*t=1. Then (1 —tt*)=¢ (1) —@{ti*)=@(t*t) — o (1t*)=0.
Since 1—1t* is a projection, the faithfulness of ¢ implies that #*=1, ie., M is a
finite W *-algebra. Let Z denote the center of M. It is easy to see that Z is invariant
under the elements of G. Consequently, we can apply Proposition to Z, the restric-
tion G, of G to Z and the restriction of ¢ to Z. We obtain that Z is G,-finite. The
G-finiteness of M follows from (simple) results of [3].

Corollary. Suppose that under the hypotheses of the theorem, for every element
t of the center Z of M, the uniformly closed convex hull of the orbit of t under G contains
at least one G-invariant element. If the restriction of ¢ to the algebra Z¢ of G-invariant
elements of Z is normal, then ¢ is normal on M.

Proof. Let I be the inner automorphism group of M. We know [1] that for
every t€M, the norm closure of the convex hull of the orbit of ¢ under 7 contains at
least one element.z% of Z. Moreover, by the hypotheses of the corollary, the norih
closure of the convex hull of the orbit of % under G contains a G-invariant element
t¢. It is clear that /4 is a G-invariant element in the norm closure of the convex hull of



480 Joseph M. Sziics

the orbit of # under G. Now let 11 be the G-canonical mapping of M onto M¢
{31. Since € is the unique G-invariant element in the w*-closure of the convex hull of
the orbit of ¢ under 1% we have t°=1; and 1% is in the norm closure of the convex
hull of the orbit of ¢ under G.

Since ¢ is norm-continuous and G-invariant, ¢(1)=¢(t°), i.e., ¢ is the compo-
sition of the mappings t—1¢ (tc M) and s—¢(s) (s€ M®). We know [3] that ¢~—¢
is normal. If ¢ is normal on MY, then this composite mapping, i.e., ¢, is also normal
on M.

Remark 1. We do not have to use generalized sequences in the proof of the
Proposition if G, as a subset of the space of linear self-mappings of M is separable in
the topology of pointwise w*-convergence. In this case we can choose a dense coun-
table subgroup G,={g;, &3, ...} of G, a non-zero projection q in M, such that ¢ is
normal on Mg and take the ordinary limit ¥ () =1lim,- . @(1[:1(q)V ... V&.(9)]). It can
be shown that ¥ is a non-zero G-invariant normal positive linear form on M. It is
easy to see that G is separable if the predual of M is separable. This will always be
the case if we only consider W *-algebras M of operators in a separable Hilbert space.

Remark 2. The assumption of Proposition that ¢ is faithful is essential.
Indeed, let G be an abstract infinite Abelian group. Then G acts naturally on
M=[=(G) as a group of 3% -automorphisms. A G-invariant state on /*(G) is nothing
else but an invariant mean on G. We know that there are infinitely many invariant
means on G, none of which are normal. In this situation the entire proof of the theo-
rem is valid except that  will be identically zero. Indeed, § will consist of the charac-
teristic functions of finite subsets of G. It is an elementary fact that every invariant
mean is zero on such functions.

Finally, the author would like to make two comments on his paper [4]. The first
comment is that in Proposition 2 and in its corollary the assumption that M is
o-finite should be replaced by the assumption that the predual of M is separable.

The second comment is that all the results of the above mentioned paper remain
valid if G is only assumed to be an amenable group (instead of an Abelian one).
Indeed, if U,CG is a summing sequence {2], then it is easy to prove that under the
hypotheses of Lemma 1, the sequence [U,|™* 5,y g(f) w*-convergesto 1 for every
1€ B*, The remaining results of the paper can be extended to amenable groups G

without altering the proofs.

Added in proof: By adapting the method of proof of Proposition to the
nonabelian case, Theorem can be broved withoit the assumption that G contains
the inner automorphisms. As suggested by R. R. Smith, this can be done even in a
simpler manner by appealing to the decomposition of a state into singular and
normal parts:



On G-finite W*-algebras 481

References

[1] J. Dixmier, Les algébres d’opérateurs dans 'espace Hilbertien ( Algébres de von Neumann ), 2nd
ed., Gauthier-Villars (Paris, 1969).

[2] F. P. GreeNLEAF, Ergodic theorems and the construction of summing sequences in amenable
locally compact groups, Comm. Pure Appl. Math., 26 (1973), 29—46.

[3] 1. KovAcs and J. SzUcs, Ergodic theorems in von Neumann algebras, Acta Sci. Math., 27 (1966),
233—246,

[4] J. Sz{cs, Some weak-star ergodic theorems, Acta Sci. Math., 45 (1983), 389—394.

TEXAS A&M UNIVERSITY

DEPARTMENT OF GENERAL ACADEMICS
MITCHELL CAMPUS

GALVESTON, TEXAS 77553, U.S.A.

31






Acta Sci. Math., 48 (1985), 483—498

Representation of functionals via summhbility methods. 1
V. TOTIK |

Dedicated to Professor K. Tandori on his 60th birthday

§ 1. Introduction

Summability theory has benefited from functional ana1y51s several of its funda-
mental results have source at the main principles of the latter. In this paper and In the
continuation of it we show that conversely, some problems concerning, funcuonals
and measures can be solved by the aid of summability methods.

Let C(K) be the sup-normed Banach space of real valued continuous functions
defined on the compact Hausdorff space K. The representation problem of the bound-
ed linear functionals on C(K) has a long history. It was shown by HADAMARD [3] in
1903 that every LEC*(K), where K= [0 1], has the form :

Lf = lim f ) pa(x) dx

where {p,(x)} is a suitable sequence of continuous functions. The so called Riesz
representation- theorem, which asserts that every LE C*(K) has the form ...

(.0 o = [

with a suitable signéd Borel measure u, was proved for K=[0,1} by F. Riesz [5]
in 1909, for metrizable K by BANACH and Saks [1, 6] i in 1937—38 and for every X by

KAKUTANI [4] in 1941.
Here we present another way for representmg every bounded linear funcuonal

which, as it seems, have been-overlooked so far. This is the form

clf(x].) + +cnf(xn)

n-oao

(1.2) Lf =

Received December 1, 1982.

31



484 : : : . V. Totik

with appropriate ¢.’s and x,’s. Naturally, (1.1) is a more convenient form than (1.2),
nevertheless, (1.2) has some advantages: (1.2) may be exact up to the domain of L,
(cf. Theorem 1 below), the ¢;’s and x;’s can be obtained, at least for positive L, in a
constructive way, the representation (1.2) can be extended to larger spaces, finally a
quite similar representation can be given for subadditive and homogeneous functio-
nals: all we have to do is to replace lim by limsup.

The paper is organized as follows. In § 2 we give the represéntation (1.2) for
K=][0, 1] and treat the analogous problem with ¢,=1. In § 3 we investigate the sub-
additive functionals and quasmorms and, finally, in § 4 the generahzatlon to metri-
zable K’s is given.

There will be a forthcoming paper w1th the following content: (1.2) can be ex-
tended to the space Q[0, 1] of functions having discontinuities only of the first kind
and Q[0, 1] is maximal among certain “‘natural’ spaces with this property; we shall
determine those functionals of R[0, 1], the space of Riemann-integrable functions,
which have the form (1.2) and give an application to density measures and, finally, we
also characterize those’ summability methods by which the (C, 1)-method in (1.2)
can be replaced.

§ 2. Functionals in C|0, 1]

Let ¢={¢};~, be a bounded sequence of real numbers and X={x;};>,<I[0, 1]
a sequence from [0, 1]. For an f€C[0, 1] we define

@D Lexf = lim afG) -+, /()

n—+coo n

if the limit on the right exists-and let D, x be the domain of L, . Clearly, D, yisa
closed subspace of C[0, 1]and L, x is a bounded linear functionalon D, x, [|L, x| =
=sup leil-

Our first result states that every bounded linear functional has this form.

Theorem 1. If DECIO0, 1] is a closed subspace and L:D—R is a bounded
linear functtonal onD lhen there are sequences ¢ and X such that L=L,y, D=D, x.

orollary] If LeC*{0,1]) then there are sequences {c;}, lcs|=||L|j and
{x}<(0, 1] such that

22) Lf = lir
holds for every feCI[0, 1].
Corollary 2. If DCC[0,1] is a closed subspace and L is a bounded linear

im clf(x1)+-.. +C,,f(x,,)

n
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functional on D then there is a sequence of polynomials {p,} such that

[Ipl=00) (=12,

Pf & im ffp,, A

n-—oo

exists if and only if f€D, furthermore, Pf=Lf for all f€¢D.

Let us call a functional of the form (2.1) partial weighted (C, 1)-functional, and
a one with domain C[0, 1] a weighted (C, 1)-functional. If for all k£ we have ¢,=1
then we call L, y=Ly a partial (C, 1)-functional or (C, 1)-functional according as
Dom LyS C[0,1] or Dom Ly=CJ0, 1], respectlvely Thus, the (partial) (C, 1)-
functionals have the form

@2.3) Lef= &l)i—“ﬂx—") (feDom Ly)

n->°°

with a sequence X={x,}<[0, 1]. It is clear that every such Ly is a positive linear
(partial) functional of norm 1 (L,1=1) which shall be abbreviated in the following
as: Ly is a PL1 (partial) functional. :

By Theorem 1 every bounded partial linear functional (i.e. a functional with
domain S CJ[0, 1)) is a partial weighted (C, 1)-functional. Now what about PL1
functionals? Does every partial PL1 functional have the form (2.3)? The answer is
given in

Theorem 2. Let DEC[0,1] be a closed subspace and L a PLI1 functional
on D. The following assertions are equivalent to each other:
(i) L has the form (2.3), i.e. there exists a sequence X with L=Ly, D=Dom LX,
(i) to every f€CIO, 1]\D there are two PL1 extensions, say LP and LD, of
L to C[0, 1] for which LPf=LPf,
" (iii) D contains the constants, and if for an fEC[0, 11 we have

2.4 inf Lg= sup Lg

geED,g=[ gED,g=f
then f€D.

E.g. if D={f]f(0)=/(1)} and Lf=f(1/2) for fin D, then there is no X with
(L, D)=(Ly, Dom Ly). Indeed, for f(x)=x (2.4) is satisfied, but f¢D. In other
words, the partial PL1 functionals of the form (2.3) are the ones which have no
unique extension to any larger subspace of C[0, 1].

Corollary 3. If L is an arbitrary PL1 functional on C[0, 1) then there exists



486 . . V.Totik

a sequence {x}<(0,1] with

2.5 Lf = lim M

n—eo n
Jor every feC[0,1].

Corollary 4. Let T=(tw)y -1 be a non-negative summation matrix,
DC C[0, 1] a closed subspace containing the constants and L: D—+~R a partial PL1
functional. If there is a sequence {x,}<[0, 1] such that

Lf = T—lim f(x) 2 lim i tuf(x) (fED)

and the limit on the right does not exist for any f¢D, then L is a partial (C, 1) func-
tional.

This corollary tells us that the (C, 1)-method is the strongest one from the point
of view of the representation of PL1 functionals.

In connection with the representation (2.3) the following very natural questions
arise: when do we have Dom Lyx=C][0, 1], and in this case for which other sequences
Y="{»}EI[0, 1]. do we have Ly=Ly? The answers are given by -

'Proposition. (i) The limit

@2: 6) c ' lim — (f(x1)+ +f(x..))

exists for every f€C|0, 1] if and only if there is a Sequence {z,,,}C[O 1] dense in [0, 1]
such that {x,} has density in every interval [0, z,,).

(ii) Two_sequences X and Y determine the same PL1 functional ( via (2 3) ) lf
and only if there is a dense sequence {z,,} in [O 1] such that X and Y have the same den-
szty in every interval [0, z,).

Remark If we allow the sequence {c,‘} in (2 1) to be unbounded then (2.1) still
defines a (possibly unbounded) linear functional L .onsome linear subspace of
CI0, 1]. However, if the domain of L is C[0, 1] (or any closed subspace of it) then, by
the uniform boundedness principle, the obtained L is bounded, so we have lost very
little in assuming {c,} to be bounded.

Proofs. In the proofs of the above statements the following lemma. will be
useful

Lemma 1 Let g1 8z --+ lkdrbitrarffuhctions frorri C[O'l]- and L a'partial
Imear Sfunctional with g;¢Dom L for j=1, 2, .... If there are partial (C, 1) funcnonals
L,,L,, .. with gi€DomL, for n,j=1, 2 . such- that -

Jim L,g; = Lg;. »(J. =12
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then there exists a partial (C 1)- functzonal L with -
L'g; = Lg, (G=12..).

Proof. For the sake of 'bfev1ty we introduce the notation

N , 1 :
o'n({xk_}a f) = "n_ (f(xl) +... +f(xn))
Let L, be represented in the form (2.3) by the sequence {x™}=  i.e. let
Jim o, "}, ) =L,f (feDomL,).

We define the i increasing sequence {m}, {M } and {Ni} in succession so that the fol-
lowing conditions be:satisfied: .

\L,g;—Lg;|<1fi for 1=j=i and nzm, |a,,({x('"*)} gJ) ngl<1/z for
1=j=i and n=M,, M,+1/N<l/1 (2’ N)/N<1/1 for i=1,2, ..., and finally we

put - Ko——O and - K;= Z'N for i=1,2,.... Let x,=x{",  for K, ;<=n=K,.

We claim that the partlal (C, 1)-funct10nal L’ represented by the sequence {x.};,
is suitable for wus.

Indeed, let j be an arbitrary but fixed natural number. For i>j, K;<n=K;,,
we distinguish two cases according as n—K; is less than M, or not.

1) n—K;<M;,,. By the definitions

o, ($xe} 8 — Lgjl = lou({x}, g)—o.($xfm), g+
. : K;_, n
+lo, ({0}, g,)—Lg; =—(§'1 max|g;|+ > max|g;]+

1 1 1
+ 2 maxlg)+— = —max|g|(Ki-, +(n—K)+n—N)++ =
D op=N1 . n

1
i-

1
—1—(1 +4 max |g;)).

2) n—KiéMiH We obtain similarly

Ki_
lo.({x:}, g)—Lg;| = l 2 (gj(xr)_ng)+

2 o (), £ L)+ o), £)- L) =

n—K;
. n(l+l)_

K, N, 1
= —=2( ILg,|+max lg,|)+ (ILg,I+max lg;l+1)

and the proof is over.
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We shall prove our theorems and their corollaries in the following order:
Corollary 3, Theorem 2, Corollary 1, Theorem 1, Corollaries 2, 4, Proposition.

Proof of Corollary 3. For a natural number n let g®=1 and for
i=1,2,..,2" '
0 if O0=sx=(G-1)/2"
.7 g (x)=11 if i'=x=1
linear on [(i—1)/2" i/2"].
Since L is positive with unit norm we have L1=1 and
0=LgW=.=Lg"=Lg{" = 1.

To every &>0 there are integers O<m,.<...<m;<m, such that

(2.8) '—”i_Lg§">| <t O=i=2"

mo 1
be satisfied. Let x; =X, =... =Xmpn=1, Xmyn+1=".. =Xmgn_; =1 —(1/27), ..., Xpp_41="..
o F Xy =1/2", Xy 11=...=x, =0. Clearly for every 0=i=2" we have

Z; g (x)=m;
j=
ie., by (2.8),

L S ey —rg®| < ©=i=2.
my j=1

The sequence Xy, Xz, ..., Xy s X15 ++s X » X1, ... Tepresents a (C, 1)-functional L
with
[LWg® —TgM| <¢ (0=i=2".

Putting here e=1,1/2, ..., Lemma 1 yields a partial (C, 1)-functional ‘L, with
L,g™ =Lg" (0=i=2).

But then the same equality holds for the linear combinations of the g®’s and among
them there is any g™ with m=n. Thus,

lim L,g{™ = Lg{™

for all m and 0=i=2" and another application of Lemma 1 yields a partial (C, 1)-
functional L’ with

2.9) L'gm=Lgm (mn=12,..0=si=2m).

Since the linear combinations of the gf™’s are dense in C[0, 1] and both L and L’
have norm one, the equality L=L" readily follows from (2.9).
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Proof of Theorem 2. (i) = (ii). If f¢D then, by assumption, there are two
subsequences {n{’} and {n{®} of the natural numbers such that

(2.10) ’}LIE’ 0',,’(‘1)(X,f) # IHEIO o (X, f)

and both of these limits exist. Let us define the partial functional L’ and L” by
L'g=lim o,0(X, ), L'g = lim o, 00(X, 9). |
Since
L'g=supg(geDomL’), L’g=supg (g¢DomL"),

L’ and L” can be extended by the Hahn—Banach theorem to C(0, 1) so that the pre-
vious inequalities remain valid for all g€C[0,1]. The obtained functionals L{P
and L are clearly PL1 functionals and, by (2.10), LPf=Lf=L"f=L{f.

(i)=(i). By assumption to every f¢D there are two PL1 extensions LY and
LY of L with LPf=LPf, say LPf<LPf. Then there is a nelghbourhood U, of
fand an - £,>0 such that

Lf(l)g_<___Lf(2)g—gf for all gEUf

Since C[0, 1]\\D is a separable metric space it satisfies the Lindelsf property, so
that

Cl0, IND = D U,.

for some sequence {f,): SC[0, 1]\D. Let {L,} be a sequence of the functlonals
{LP, LP)=_, which contains every LP and LY.

By the above proved Corollary 3 there are sequences {xMye representlng L,
in the sense (2.5). Now let {x,} be any sequence guaranteed by the following lemma:

Lemma 2. If (x> ,n=1,2, ... are the just introduced sequences then therezsa
union {x,}:o,= U {xM}> | of these sequences such that

(i) every {x(")}k L IS a subsequence, say {x,(u)}k, of {x,} and it has upper denszty
1 in {x,}, i.e. ‘
llrkn sup k/j{" = 1,

(ii) for every m there are four indices ny(m), ny(m), k;(m) and -kz(m) such that
(@) m~(ky(m) +ky(m))=0(m) (m—=)
(B) the finite sequences {xM}Ya(m gyg {x("=('”»}"’('") form two dlS_]Olnt subse-

quences of {x )i, and
(y) for a dense countable subset D’ D and for every. fED we have

Oy )XY, ) = Ly ey f+0(1) (k1 (m) — <o)
Fuaim ({52}, ) = Lugmf+0(1) . (ka(m) — 5=).
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(i) («) and (B) say that for every m the sequence {x;}7 is essentially formed from
two initial segments {x{MV} apngd (xE:NY(  The proof of this lemma is
straightforward, we omit it.

Returning to the proof of (ii)= (i) we claim that the partial (C, 1)-functional L’
respresented by the sequence {x,} satisfies L’=L, Dom L'=D. Indeed, for feD’
(cf. (i) , in the preceding lemma) we have L, f=Lf{ for every n, hence, by Lemma 2,
(i)

k, (m)

m({x} .f) - om(1)+
4 a(m)

Gy (™}, )+

akz(m)({xlsn“”') Y, )= 04 (D) +2—= ( m) (Lr +0k1(m)(1))+
+ 520 (1 (D) = L +0u (D)

where 0,,(1) denotes a quantity that tends to zero together with m. The relation above
shows f¢Dom L’ and L’f=Lf. Since this holds for every f€D’ and D’ is dense in
D we can conclude that DcDom L’ and L’ agrees with L on D. On the other hand,
if f¢D then feU, for some n and thus, by our construction and Lemma 2, (i)

liminf o,,({x:}, /) = limsup 6,,({x.}, /) —¢,

ie. f¢Dom L’ and so L=L’ has been verified.

The equivalence of (it) and (iii) is clear from any standard proof of the Hahn—
Banach extension theorem.

We have completed the proof of Theorem 2.

o Proof of Corollary 1. By Riesz’ decomposition theorem L=alL,—BL,
where a=0, $=0, a+p=|L| and L, and L, are PLI functionals. If L, and L, are
represented by the sequénces {x("} and {x?} via (2.5) and {#{®} and {n®} ar¢
disjoint subsequences of the natural numbers N with density «/(a+ f) and B/(x+ ﬂ)
respectively, furthermore N={n"}U{n®} then the sequences

xM if n=n® IL] if n=n®
% = X - x
x® if n=n®», —IL} if n=n®

clearly satisfy the requirements of Corollary 1.

The Proof of Theorem 1 is similar to that of Theorem 2 if we notice that
to evety f¢D there are two extensions of L, say LY and LP, for which L®f>=L®f,
ILPH, ILPI=IL|+1 and if we apply Corollary 1 1nstead of Corollary 3

Corollary 2 follows easily from Theorem 1 since the Dirac measures J,, can be
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approximated by polynomials p? satisfying p} =0, f pi=1 and? max__ pr(x)<1fi

|x—x;1=1/i
in the sense [ fpf=fom)+o(1) (/€ CT0, 1.

In the Proof of Corollary 4 the fact that to every f¢D there are two PL1
extensions LP and LP of L with LPf#LP [ can be proved exactly as in the case of
the (C, 1)-method in Theorem 2 (use that by 1¢D, L1=1), and we have to apply
only Theorem 2.

Proof of the Proposition. (). Let

- 1(2) =liminf 0, ({xe}; 10,20
and
#(2) = lim sup a,({x,}, ¥ro.z1);

1 f 0=x==2
X[O,z](x): 0 if z<x=1

be the lower and upper density of {x;} in {0, z]. = and u are increasing functions, so
they are continuous everywhere but a denumerable set. If ¢=0 and

1 if x=:z
2.(x) =10 if x=z+4e¢
linear on [z, z+¢]
. then
1(2) = p(2) = lim 0, ({0, g-,.) = (2 +¢)

and so t(z)=pu(z) atevery point z where 7 is continuous, and this proves the necessity
of the condition.

Conversely, if t(z,)=u(z,) for every z, in a dense set then the limit (2.3) exists
for every f which is the linear combination of the characteristic funtions of the inter-
vals {0, z,] and every continuous function can be approximated uniformly by such f’s.

(ii) can be proved similarly. :

_ We have completed our proofs.

§ 3. Subadditive functions and quasinorms

In this paragraph we preseht some representation theorems for subadditive
functionals which are very close in spirit to the results of the previous chapter.
Recall that a functional, 7: C[0, 1]-R “is called subadditive if

@gn - (f+g) =t(N)+(g)
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is satisfied for all £, geC(0, 1). It is positive homogeneous if 7(Af)=/it(f) for all
f€C[0,1] and A=0. If 7 is both subadditive and positive homogenenous then we
call it convex functional. Quasinorms are the non-negative convex even functionals,
i.e. besides (3.1) they satisfy t(f)=0, t(Af)=|2|t(f) for all f and A.

If {¢}ER, |a|=0(1) and {x}ES[0,1] are two sequences then each of the
following defines a bounded convex functional on CJ0, 1]

(3.2) | (f) =limsup i ("1)+-;1- +cnf(x.,),
(3.3) *(f) = lim sup lclf (x)+ £ +enf(x) {
(3.4) () = limsup LAl GO+ el /Gl

Obviously the 7 in (3.3) and (3.4) is a quasinorm, furthermore [f|=[g| implies
1(f)=1(g) in (3.4). Now all of these statements have converses:

Theorem 3. Every bounded convex functional © on C[0, 1] has the form (3.2)
with suitable sequences {c,}SR, |¢,]=0() and {x}<[0,1].

Theorem 4. Every bounded quasinorm on C[0, 1] has the form (3.3).

Theorem 5. Every bounded quasinorm t on C[0, 1] with the property

©(f) = 7(g) whenever |f]|=|g]
has the form (3.4).

E.g.every LP-norm (1 §p; )
1
o (N ={[ lr1e}"”

has the form (3.4) with suitable {c;} and {x;}.
From our results one can deduce other representation theorems, e.g. Theorem 4
implies that every bounded quasinorm 1 on C[0, 1] has the form

clf(xl)+"" +Ch'f(xn) —]lm mf clf(x1)+ +cnf(xn) .

n n—- oo n

(f) = lim sup

We mention also that, as can be seen easily from the proofs, the sequences {c;}
in Theorems 3—S5 can be chosen so that they also satisfy |[¢;]|=||z].
We also give the characterization of those convex functionals which can be
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obtained from (3.2)—(3.4) with ¢,=1 i.e. which have the forms

(3.5) «(f) = lim sup SO+ = +£(x,) ,
(3.6) «(f) = lim s;lp’ JG+ 2 +/ (%) } ’
3.7 7(f) = lir'fl_.scl;lp | f(x)]+ n + 1/ (%) ,
respectively.

Clearly, we have [f=1 in these cases.

Theorem 6. For a convex functional © with norm 1 the following assertions are
equivalent:

(i) T has the form (3.5),
(i) t(D)=—-7(-D=1,
(ii)) t(f+co)=1(f)+c for feC[0, 1], c€R,
(iv) 1(f)=max f for feCl0, 1],
(v) if L=r is a linear functional then L is positive and has norm 1 (i.e. L is PL1
Junctional ).

Theorem 7. For a quasinorm t with norm 1 the following assertions are equiva-
lent:

(i) © has the form (3.6),
(i) (®) max (z(f+c), t(f—¢))=1(f)+c for dl [ and ¢=0 and
(B) |fl=g implies T(f)=1(g) for all fand g,
(i) t(f)=max (u(f), u(—f)) (feCI0, 1) with a u satisfying any of the con-
ditions of Theorem 6.

Theorem 8. For a quasinorm t with norm 1 the following assertions are
equivalent:
(i) T has the form (3.7),
i) (@) t(f)=t(g) whenever |f|=|g| and
B t(f+c)=1(f)+c for all f=0 and c=0,
(i) t(H=u(f]) with a u satisfying any of the conditions of Theorem 6.

Remarks. (1) Most of our results have analogues for superadditive func-
tionals i.e. for functionals satisfying

(f+8 = 1(f)+1(g),

naturally we have to use lim inf instead of lim sup. We do not go into the details.
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(2) Here, again, we might restrict ourselves to bounded sequences {c,} because
of the uniform boundedness principle.

Proofs. First we verify Theorem 6.
(1)=(ii) is obvious.
()= (iii). By the subadditivity we have
) he = 1= (-9 S 1+ 5 1(N+O = 1N+
(iii)=(iv). Since 7 has norm 1 we obtain
©(f) = «(f—min f)+min f = ||| f/~min /] +mio f =
= max (f—min /)4 min /= max f.
(iv)=>(v). If f=0 then we have
Lf=—L(—f)z—1(—f)=z—max (—f) =0,
1.e. L is positive, furthermore
1=tz zll=—L-)z—1(-D)=-—max(-D=1
ie. Ll=1 which, together with the positivity of L prove that |L}=1.
(v)=(i). By the Hahn—Banach theorem and (v)

(= swp  Lf (feClo, 1.
Ll = lf‘f ;ositive

Since C[0, 1] is separable and any convex functional T with norm 1 satisfies

(fN)—e=t(NH-(f-g =1 =1(N+(g~f) =1(f)+e
provided ||g—fll=e, we obtain at once that there is a sequence L, of PL1 functionals
for which L,=t and
«(f) = supL,f (feC[o, 1))

If L, is represented by the sequence {x{"};>, in the sense of Corollary 3 and if {x,}
the sequence associated with {x{"}> |, n=1,2,... by Lemma 2 (i) then an easy
calculation gives (3.5).

We have completed our proof.

The ‘Proof of Theorem 3 is much the same as that of (v)=(i) above if
we use Corollary 1, the formula

()= sup Lf (feClo, 1))

and the fact that L=t implies —l S = —(~f)= - LN =Lf=t(f) =l HfH,
- ILE =]
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Proof of Theorem 7. (i)=(ii) is obvious because t(f+e)=1(f)+c or
©(f—c)=1(f) +c¢ according as

©(f) = limsup o, ({xi}, )

or :
©(f) = limsup o, ({xi}, —f)
respectively.
(i)=(iii). First of all we notice that for f=0 and ¢=0 we have
3.8) t(f+¢) = max (z(f+c), 1(f—0) = t(f)+c

because |f—c|=f+c implies t(f—c)=1(f+0).

Now let us define u by p(f)=1(f+c)—c where f€C[0,1} and cisa constant
with f+c¢=0. By (3.8) u is uniquely defined and an easy consideration yields that
i is a convex functional with pu(1)=—u(—1)=1. Since for large ¢=0

—2(f) =—1(=N) =1 (=N +e(f+)+i(=NH—c =
= u(f) = (N +1(Q)—c = 1(f),
palso has norm 1. Thus, u satisfies the condition of Theorem 6. Applymg the previous
inequality also to —jf we obtain

max (u(f), #(=) = (/)

and here the equality sign holds for all f because of (ii), «, which proves (ii)=>(iii).
(iii)=(i). If p is represented by {x,}in the sense of (3.5) (see Theorem 6), then we
have (3.6) for this {x;} because '

lim sup |s,| = max (lim sup s, lim sup (—s,))

for every sequence {s,}.
The proof is complete.

The proof of Theorem 4 is easy on the ground of Theorem 3. By Theorem
3 ‘there are  sequences {c,}, {x} for Wthh

PPN euf G+ .. +'c"f(xn)
(f) = r(;tf) = llr'n*sagpi - '

and this immediately gives (3.3).

Proof of Theorem 8. Again, (i)=(ii) is obvious.

(ii)=(iii). Arguing as in the proof of (ii)=>(iii) in ‘Theorem 7 we obtain that
©(f)=u(f) for all non-negative f with a u satisfying the conditions of Theorem 6.
This also proves our assertion because for every f€C[0, 1]

() = </ = ullfD-
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(itf)=(1). It is clear, that if u has the form (3.5) then t(f)=u(|f]) has the form
(3.7) with the same sequence {x}.

Proof of Theorem 5. Let us consider the positive cone C . = {f€ C[0, 1]| f=0}.
For every f€C, there is, by the Hahn—Banach theorem, a linear functional L,
with L,f=t(f), |L,g|=1(g) (g€CI0, 1]). Let
Lfg= sup L, geC,

0=sh=g
and

Lig ¥ Ltgr—Lrg~, gcC[o, 1l

where g=g* —g~ is the decomposition of g into its positive and negative parts.
Then L} is a positive linear functional on C[0, 1] (the positive part of L) with the
properties

Lrg=Lf(gt~g)=L*gt = sup L;h=

O0=h=g+

= sup () =(g") =1(g) =1(9 (g€CI0, 1)),

O=sh=g*
N =L f=Lf=1(f), |LH] =]

Thus, for all feC,
()= sup Lf

HLil =lzlt, L positive
L=t

and this yields again a sequence {L,} of positive linear functionals such that |L,}j=
=|+}, L,=t and

() =supL,f (feCy)
By Corollary 3 every L, has the form

I f= tim Mol S+ H L] fD)

m-»co m

with a suitable sequence {x{”};> ;. Now Lemma 2 (i) gives a sequence {x,} and also
a corresponding sequence {c,} (every c, is some || L;[}) with

G+ + e 6|

m

©(f) = ©(f D) = sup L,(1]) = lim sup

and we are done. .
We have completed. our proofs.
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§ 4. Extension to compact metric spaces

Theorem 9. All of the results of §§2 and 3 hold if we replace in them C[0, 1]
by C(K) where K is an arbitrary compact metric space.

Naturally, in Corollary 2 the term “polynomial” must be replaced by “generaliz-
ed polynomial” corresponding to a system satisfying the assumptions of the Stone—
Weierstrass approximation theorem.

If K is a compact Hausdorff space then the metrizability of K is equivalent to the
separability of C(K). Now what about nonseparable spaces? Does Theorem 9 hold
without the metrizability assumption? The answer is no: if K is a non-separable
compact topological group with Hausdorff topology and p (u(K)=1) is the left
invariant Haar-measure on K then

Lf= [ fu

is not a (C, 1)-functional. Indeed, if {x,};>, is any sequence from K then there is a
function f€C(K), f=0, f0 such that fis zero on the closure of {x;}, but, by the
properties of u, Lf=0. '
Now at this point one might suspect that the metrizability of K is necessary in
Theorem 9. However, this again turns out to be false: if X is the one point (so called
Alexandroff) compactifications of a non-countable discrete space, i.e.

K= {xa}aEAU {W}, IAl > Ro

then every continuous function is constant on K\ {a countable set} and hence for
every complex Borel measure g

Jrar= Z fEmEDHMEE - 3 nixd)

(take into account that in the sums we have u({x,})#0- for at most a countable set
of the o’s), and it is obvious that the functional on the right hand side is a (C, 1)-
functional.

We were not able to give necessary and sufficient conditions for a compact Haus-
dorff space K that every LEC*(K) be a weighted (C, 1)-functional.

Proof of Theorem 9. Since C(K) is separable, all of our considerations
remain valid for C(K) if we can prove the analogue of Corollary 3. Examining the
proof of Corollary 3 we can see that it is enough to show that every PL1 functional
L is the weak™-limit of a sequence of functionals of the form

L = — () + .. H(s))
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Since the extremal points of the weakly compact and convex set of all PL1 functionals
are exactly the point evaluations (= functionals corresponding to point masses), the
required statement follows from the Krein—Milman theorem [2, p. 440]: if M is a
compact closed subset of a locally convex linear topological space then M is the
closure of the convex hull of its extremal points. We have completed our proof.
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M. A. Armstrong, Basic Topology, (Undegraduate Texts in Mathematics), XII+251 pages,
Springer-Verlag, New York—Heidelberg—Berlin—Tokyo, 1983.

This is a topology book for undergraduates familiar with a first course in analysis, together
with a knowledge of elementary group theory and linear algebra. The author shows several ap-
proaches in several branches of topology rather than too deep results in any articular area. The book
deals with general topology, geometric and algebraic topology.

The clear geometric motivation is supplied by 132 figures. The author cares the delicate equi-
librium of lengthy theories and applications, what helps the beginner reader.

The first chapter is an introductory one, the following three chapters contain a basic knowledge
in general topology (compactness, connectedness, product spaces, glueing, topological groups).
In the fifth chapter the fundamental group is introduced and is applied to prove the Brouwer fixed
point theorem for a disc and the Jordan curve theorem. The following two chapters are devoted
to triangulations, complexes, barycentric subdivision and simplicial approximation, the classification
of closed surfaces. Two chapters deal with simplicial homology and its applications (degree of maps,
the Euler-Poincaré formula, the Borsuk-Ulam theorem, the Lefschetz fixed point theorem, the in-
variance of dimension), but the author misses to give any systematic method for calculating homology
groups, since the beginner may meet this trouble later as well. The last chapter is devoted to knots,
an appendix on generators and relations is also included.

The book is highly recommended to undergraduate and first year graduate students. I have to
emphasize its wide coverage, you have really an unusual introduction to topology. The previous
edition of the book was published by McGraw-Hill (Great Britain) in 1979.

L. A. Székely (Szeged)

Differential Geometric Methods in Mathematical Physics, Proceedings, Clausthal, Germany,
1978. Edited by H. D. Doebner (Lecture Notes in Physics, 139), VIII+ 330 pages, Springer-Verlag,
Berlin—Heidelberg—New York, 1981.

This volume contains the text of 16 lectures presented at the conference “Differential Geometric
Methods in Mathematical Physics™ held at the Technical University of Clausthal, Germany, July
1978.

The lectures have been arranged into the following four groups according to the subject they are
dealing with.

1. Quantization Methods and Special Quantum Systems: geometric quantization, vectorfield
quantization, quantization of stochastic phase spaces, dynamics of magnetic monopoles, spectrum
generating groups. 2. Gauge Theories: phase space of the classical Yang—Mills equation, nonlinear
o-models, gauging geometrodynamics, exceptional gauge groups. 3. Elliptic Operators, Spectral
Theory and Applications: the Atiyah—Singer theorem applied to quantum-filed theory, spectral
theory applied to phase transitions. 4. Geometric Methods and Global Analysis: systems of non-

32¢
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Hausdorff spaces and non-Euclidean spaces, Weyl geometry, Lorentz manifolds, manifolds of em-
beddings.
The excellent papers communicated in this book are worth studying for mathematicians and
physicists interested in any of the four mentioned research fields.
L. Gy. Fehér (Szeged)

Equadiff 82, Proceedings, Wiirzburg, 1982. Edited by H. W. Knobloch and K. Schmitt (Lecture
Notes in Mathematics, 1017), XIII+666 pages, Springer-Verlag, Berlin—Heidelberg—New York—
Tokyo, -1983.

The international conference EQUADIFF 82 held at the University of Wiirzburg during the
week August 23 to August 28, 1982 was the fourth in a sequence of international conferences, with
focus on the subject of differential equations, which were started in 1970 in Marseille.

What is the use of conferences? Besides to meet old friends and to get acquainted with new ones,
it is to obtain a cross section of current research in the field. These proceedings consisting of 59 pa-
pers, give such a cross section also to those experts of the theory of differential equations not being
able to participate the conference. It focussed on the branches of ordinary, functional and stochastic
differential equations, partial differential equations of evolution type, and difference equations. Un-
fortunately, there is no room in such a review to list all the lectures, here are some topics special
attention was paid to: infinite dimensional dynamical systems, semigroups of operators in Banach
spaces, stability and bifurcation theory, Hamiltonian systems, functional differential equations with
infinite delay, epidemic models, diffusion reaction model, numerical methods and applications in
physics, engineering and biology.

The volume will give a very useful panoramic vision to every expert in the theory of differential
equations and its applications.

L. Hatvani (Szeged)

P. Erdés, A. Hajnal, A. Mé4té, R. Rado, Combinatorial Set Theory: Partition Relations for Car-
dinals (Disquisitiones Mathematicae Hungaricae, 13 and Studies in Logic and the Foundations of
Mathematics, Vol. 106), 347 pages, Jointly published by Akadémiai Kiad6, Budapest and North-
Holland Publ. Co. Amstedam—New York—Oxford, 1984.

~ Starting from the familiar result known as Ramsey’s theorem, a large portion of set theory,
called the partition calculus, is developed in a considerable pace. The main interest of this calculus is
in generalizing Ramsey’s theorem for large cardinals. By now, the subject has achieved a stage when
a systematic synthesis is possible (and desirable for further research). This book is devoted to such
a systematic treatment. As the authors write: “we want to give a discussion of the ordinary partition
relation for cardinals without the assumption of the generalized continuum hypothesis; we tried to
make this latter as complete as possible’.

The first two chapters, entitled Introduction and Preliminaries, respectively, provide the neces-
sary backgrounds from classical set theory; for example, the basics on Zermelo—Fraenkel set theory,
including axioms, Mostowski’s Collapsing Lemma, equivalents for the Axiom of Choice, stationary
sets, Fodor’s and Solovay’s theorems and the like, are considered briefly. Partition calculus proper
begins in Chapter III, where Ramsey’s result and its first important generalization, the Erdds—Dush-
nik—Miiller theorem are proved. A separate section is included here in order to describe the main
partition symbols used in the literature. In the next chapter (infinite) trees are treated in details, thus
obtaining a powerful tool (the stepping-up lemma) for deriving positive ordinary partition relations.
Chapter V is devoted to negative ordinary partition relations, while the next one develops important
auxiliary results, called Canonization Lemmas, which are used later for establishing some positive
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partition relations for singular cardinals. Partition relations on large cardinals are investigated in
Chapter VII, in particular a theorem due to Hanf and Tarski is proved. The next two chapters consid-
er ordinary partition relations with “superscript” two and greater than two, respectively. Finally, the
last two chapters give some applications of combinatorial methods, including Arhangel’skii’s result
on the cardinality of the first countable compact Hausdorff space, the set-mappings theorems due to
Fodor and Hajnal, the effect of using Suslin, Kurepa or Aronszajn trees in obtaining results without
the (generalized) continuum hypothesis, and some positive results on the existence of (infinitary)
Jonsson algebras.

The volume is clearly written; its complete understanding requires little familiarity with other
branches of set theory and mathematics, only; and so it will certainly be a usefual readlng for anyone
interested in infinite combinatorial methods.

P. Ecsedi—Toth (Szeged)

Evaluating Mathematical Programming Techniques Proceedings, Boulder, Colorado, 1981.
Edited by John M. Mulvey (Lecture Notes in Economics and Mathematical Systems, 199), XI+379
pages, Springer-Verlag Berlin, Heidelberg—New York.

This book contains approximately 30 lectures given at a twoday conference in Boulder. The
main topic of this meeting was to consider how mathematical programming techniques cught to be
evaluated. .

The papers of the first two sections deal with several test problems and their computational
experiments. The reader can find several comparisons of differently generated test problems for linear
and non-linear problems. There are statistical reviews and methodological approaches as well. The
next part of the book contains those examinations which consider computational comparisons for
such integer programming and combinatorial optimization problems as the Euclidean travelling
salesman — and the multidimensional knapsack problem. There is a description of an interesting
algorithm, named SLIP, to choose the options from several algorithm factors. The next section is
considered with identifying ideas that, perhaps, will guide future studies on comparisons of algorithms
and codes. Three methods were selected for critical review: The Sandgreen—Ragsdell’s, the Schitt-
kowski’s and the Miele—Gonzalez’s studies. The remaining part of the book contains such approaches
to software testing which use other disciplines, for example statistical methods.

- These proceedings give a good overview of the recent research on this field of mathematics.

G. Galambos (Szeged)

E. Fried, Abstrakte Algebra. Eine elementare Einfiihrung, IV -+ 340 Seiten, Akadémiai Kladé
Budapest, 1983.

Dieses Buch ist die Ubersetzung des im Jahre 1972 erschienenen ungarischen Originals. Das
Buch hat das Ziel, die Methoden darzulegen, die in der abstrakten Algebra auftreten. Gleichzeitig
wird auch gezeigt, daB man diese Methoden zu Losungen von Aufgaben welchen Typs verwenden
kann. Dieses Ziel wird allerdings auf elementarem Weg erreicht. Die Kapitel beschiftigen sich mit
Gruppen und Halbgruppen; Ringen, Koérpern und Vektorrdumen; Verbdnden, Booleschen Alge-
‘bren; universellen Algebren und Kategorien. Ein groBer Vorzug des Buches ist, daB es die sich erhe-
benen algebraischen Begriffe durch interessante Beisplcle klarstellt, Die Aufgaben sind auBeror-
dentlich niitzlich und anschaulich. Dieses Buch popularen Charakters ist fiir alle vorzuschlagen, die
snch fir die abstrakte Algebra interessieren.

' L. Megyesi (Széged)
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James Glimm—Arthur Jaffe, Quantum Physics: A Functional Integral Point of View, XX 1417
pages, Springer-Verlag, New York—Heidelberg—Berlin, 1981.

It is a basic “experimental fact’” that physical problems of the most diverse origin can be dealt
with be using common mathematical techniques. For classical physics the mathematical method of
primary importance was provided by the theory of differential equations. The favourite candidates
for this role in the case of modern physics are probability theory and analysis over function spaces.
The authors, leading constructive field theorists, apply this fascinatingly uniform approach to three of
the main branches of modern physics: quantum mechanics, statistical mechanics and quantum field
theory.

The book consists of three parts of different style and intention. Part I is an introduction to the
conceptual structure of quantum and statistical physics. Here the authors’ purpose was to make the
treatment of physics self-contained as far as it is possible. This is a big help for mathematicians but
physicists and students also will find this survey useful. Among others there is a clear explanation of
the famous Feynman—Kac formula here from the view-point of Wiener integrals. Part II is devoted
to the main subject of the book: quantization of nonlinear fields. It gives a mathematically self-con-
tained development of the theory of certain non-Gaussian measures on function spaces. Complete
construction of boson fields with polynomial interaction in two spacetime dimensions has been pre-
sented. The compatibility of relativistic quantum mechanics and the constructed nonlinear quantum
field theoryis proved. This and other examples (all of them exist in two or three dimensions) answer
the long standing question about mathematical implementability of quantization defined by renor-
malized perturbation theory in the positive. But it has been an open question up till now for the four
dimensional case. Scattering theory, bound states, phase transitons and critical pints, the method of
cluster expansion, reconstruction of quantum mechanics from path integrals form the theme of Part
III. This part of the book is written at a more advanced level and provides an introduction to the
literature.

The present book is highly recommended to all who are interested in the mathematical struc-
ture or applications of statistical and quantum physics.

L. Gy. Fehér (Szeged)

Victor Guillemin and Shlomo Stermberg, Symplectic techniques in physics, XI 4468 pages, Cam-
bridge University Press, Cambridge—London—New York—New Rochelle—Melbourne—Sidney,
1984.

This clearly written, excellent book contains extraordinarily wealthy material on pure symplectic
geometry and on its extensive physical applications. Symplectic geometry has appeared as the modern
version of the “old theory” of canonical transformations. Now it is one of the most active reserach
areas where the frontiers of mathematics and physics are connected along questions of fundamental
importance for both closely related sciences. Many of the results presented in the book werc available
only in journal articles so far and some of them are new. The authors’ purpose is twofold: to provide
an introduction to the subject and to present the central results from a modern point of view.

In the first chapter they give a general survey of the mathematical and physical ideas involved
in the development of symplectic geometry. Among them are the optical analogies of classical and
quantum mehcanics, the problem of quantizations, particle motion in electromagnetic and gravity
fields. The style is rather elementary but almost all the questions detailed further on with more sophis-
ticated techniques are sketched here. Chapter Il is devoted to the description of the key mathematical
results about symplectic manifolds and homogeneous spaces, Hamiltonian group actions and their
moment maps, foliations and reduction procedures. Applications concerning the problem of collec-
tive motions — collective Hamiltonians and an outline of the geometric quantization theory are
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given. The main points of the third chapter are the motion of particles in Yang—Mills and gravity
fields, the principle of general covariance. A new local normal form description is presented for Ha-
miltonian actions of compact Lie groups. Chapter IV deals with the use of group theoretical methods
in the investigation of complete integrability, with questions from the theory of solitop.and the
higher-order calculus of variations. The final part contains several standard resuits on Lie algebras
ang highly non-standard ones about the deformation theory of Lie algebras and the associated sym-
plectic homogeneous spaces. This is. of central interest in the limiting process from a general physical
theory to one of its special cases according to Bohr’s principle of correspondence. The main results
are taken from Coppersmith’s unpublished thesis and generalize for example the widely known con-
traction of the Poincaré algebra to the Galilean one. Besides the mentioned themes many important
physical examples and mathematical theorems are treated.

In conclusion this book is warmly recommended to everyone interested in symplectic geometry
and its applications. It can be used as an up-to-date textbook for graduated students and will have
durable significance for mathematicians and theoretical physicists.

L. Gy. Fehér (Szeged)

L. Henkin, J. D. Monk, A. Tarski, H Andréka, and I. Németi, Cylindric Set Algebras (Lectur,
Notes in Mathematics, 883), VII+323 pages, Springer-Verlag, Berlin—Heidelberg-—New York
1981.

Henkin, Monk and Tarski published a book in 1971, entitled Cylindric Algebras, Part I, which
soon became a basic reference to algebraists and logicians. Their intention in writing a second part
on the topic was clearly put in the title; and, indeed, they noted there that a preliminary chapter of
the continuation was available in mimeographed copies. The first paper of the present volume is a
revised and considerably extended version of that chapter, and also, is considered by the authors
as a starting piece of a series of papers “which would form the bulk of Part II of their earlier work™.
The paper is (almost) self-contained and presents the basic definitions and properties of several
different kinds of cylindric set algebras. In particular, applications of such general algebraic concepts
as subalgebras, homomorphisms, direct and ultraproducts, relativization, reducts and the like are
treated in details. The results obtained in this way are nice and deep.

The volume contains a second study due to Andréka and Németi. The first three authors write
in the introduction (referring to their paper): “As their writing proceeded, they learned of the closely
related results obtained by Andréka and Németi, and invited the latter to publish jointly with them-
selves™. In the second paper “certain aspects of the theory are investigated more thoroughly; in par-
ticular, many results which are merely formulated in the first paper are provided with proofs in the
second one”.

Central to the discussion of Andréka and Németi are the so called regular generalized cylindric
set algebras which play a role analogous to that of played by Boolean set algebras in the theory of
general Boolean algebras.

These two long papers are extremely clearly written, contain several new, nice and deep results
and so, no doubt, will become a basic reference for anyone interested in algebraization of logics.
We warmly recommend to model theorists and algebraists to have this book on their bookshelf.

P. Ecsedi-Toth (Szeged)

Paul van den Heuvel, The Stability of a Macroeconomic System with Quantity Constraints (Lec-
ture Notes in Economics and Mathematical Systems, 211), VIT+- 169 pages, Springer-Veriag, Berlin—
Heidelberg—New York, 1983.
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One of the central questions of mathematical economics is the study of the existence, unique-
ness and stability of equilibrium of economical systems. The classical walrasian equilibrium concept
was investigated already in the 19'® century. This equilibrium is characterized by the equality of de-
mand and supply for all goods by the assumption that the prices are fully flexible. In the keynesian
economical models the prices are not completely flexible and the rigid prices cause inequalities be-
tween demand and supply. These inequalities are called quantity constraints in the mathematical
model, and the corresponding equilibrium concept is called non-walrasian. )

Barro—Grossman (1971) and Malinvaud (1977) defined a neokeynesian model where the eco-
nomics consist of two sectors: consumption and production, and three commodities: labour, con-
sumption good and money. This book is devoted to the detailed mathematical study of this econom-
ical model, the corresponding equilibrium concept and the related stability questions.

The book is written in a very clear style. The only prerequisite for its reading is some basic
knowledge in convex analysis and ordinary differential equations. This book is of interest to special-
ists engaged in equilibrium theory of economical systems. Moreover it is warmly recommended to
everyone who is willing to get acquainted with the background of mathematical economics.

Péter T. Nagy (Szeged)

Paunl Kelly—Gordon Matthews, The Non-Euclidean, Hiperbolic Plane, Its Structure and Con-
sistency (Universitext), XIII+4333 pages, Springer-Verlag, New York—Heidelberg—Berlin, 1981.
The purpose of this book is to give an introduction to axiomatic Bolyai—Lobatchevsky plane
geometry accessible to anyone with a good background in high school mathematics. The authors
present a strong “metrical’” axiom system which makes possible to derive the basic structure of hyper-
bolic plane geometry and of its euclidean models without difficulties concerning the order and con-
gruence relations and their consequencies. They say “The development... is especially directed to
college students who may become secondary teachers. For that reason, the treatment is designed to
empbhasize those aspects of hyperbolic plane geometry which contribute to the skills, knowledge,
and insights to teach euclidean geometry with some mastery”. Chapter I outlines the history of the
“parallel-postulate” problem. Chapter I is a review of George Birkhoff” axiom system of absolute
geometry. Chapter I1I gives a syntetic development of central theorems in hyperbolic plane geometry.
Finally, a short introduction to “distance geometries’ is given in an appendix.
The excellent textbook is warmly recommended to students and to everyone who is interested
in teaching of geometry.
Péter T. Nagy (Szeged)

D. V. Lindley—W. F. Scott, New Cambridge Elementary Statistical Tables, 80 pages, Cambridge
University Press, Cambridge—London—New York—New Rochelle—Melbourne—Sydney, 1984.

The concept of what constitutes a familiar or elementary statistical procedure has changed in
the last 30 years and the rapid progress of pocket calculators made some statistical tables unneces-
sary. The reason for the publication of this set of tables is to replace the Cambridge Elementary
Statistical Tables (Lindely and Miller, 1953). As the authors explain in the Preface they wanted to
provide a convenient set of tables for the teaching and study of statistics in schools and university.

The binomial, Poisson, normal, x? and ¢ distributions have been fully tabulated and the book
contains the percentage points of these distributions as well. The percentage points of the Behrens’,
F, Spearman’s S, Kendall’s K, Wilcoxon’s signed — rank and Mann — Whitney distributions and
the upper percentage points of the one — and two — sample Kolmogorov—Smirnov, Friedman’s
and Kruskal—Wallis statistics are also given. There are also tables of sums of squares of normal
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scores, random sampling numbers, random normal deviates and expected values of normal order
statistics. The gerat experience of the Cambridge University Press guarantees that there are not mis-
prints in the tables.

. Lajos Horvdth (Szeged)

J. Macki—A. Strauss, Introduction to Optimal Control Theory (Undergraduate Texts in Mathe.
matics), XIII+165 pages, Springer-Verlag, New York—Heidelberg—Berlin, 1982.

Perhaps one of the most characteristic feature of this book can be gathered already from the
sentences of the first chapter: “In control theory, one is interested in governing the state of a system
by using controls. The best way to understand these three concepts is through examples.” Then we
find examples: A national economy, Water storage and supply and the example which is used through-
out the monograph: The rocket car. Because of the generality of the concepts of systems, state and
control the authors could just as well have chosen examples from biology, space flight and other
fields. Itis worth enumerating some of the exercises of Chapter 1.: A model for the optimal harvesting
of fish; A model for the control of epidemics; The moon landing problem; Neoclassical economic
growth model.

The book is written in a nice style, emphasizing motivation and explanation, avoiding the
ponderous “definition — axiom — theorem — proof® approach.

In proving theorems the authors often just prove a relatively simple case. The general case is
omitted or is given in the appendices. At the end of the chapters one finds several notes, references and
examples.

The book is in some sense self-contained, the prerequisities are only advanced calculus (includ-
ing Lebesgue integration), basic course in ordinary differential equation and linear algebra.

Chapter headings are: Introduction and motivation; Controllability (with an appendix contain-
ing the proof of the bang-bang principle); Linear autonomous time-optimal control problems;
Existence theorems for optimal control problems; Necessary conditions for optimal controls — the
Pontryagin Maximum principle; Appendix to the previous chapter: a proof of the Pontryagin Maxi-
mum principle. :

Summarizing, this excellent concise introduction is useful not only for advanced undergraduates
in mathematics, but also for economists, engineers and applied scientists because the authors find
the ideal balance between the theory and application of mathematics.

' ' . L. Pintér (Szeged)

Measure Theory and its Applications, Proceedings of a Conference held at Sherbrooke, Québec,
Canada, June 7—18, 1982. Edited by J. M. Belley, J. Dubois and P. Morales (Lecture Notes in
Mathematics, 1033), XV+317 pages, Springer-Verlag, Berlin—Heidelberg—New York-—Tokyo,
1983. .

This volume contains 28 papers on several branches of measure theory. The topics are ergodic
theory, vector measures, measure theory and topology. Choquet, G., Representation integrale, Con-
vexes et cones convexes non localement compacts, Formes lineaires positives et mesures; Oxtoby, J.,
.Transitive points in a family of minimal sets; Hida, T. and Streit, L., White noise analysis and its
‘application to Feynman integral.

Seven papers are in French. The conference proceedings are completed with a selection of open
problems of the problem section. In order to call your attention to the contained open problems,
T quote a beautiful problem of P. Erd8s (cited by D. Mauldin in the book).

Let K be a compact subset of R?, with Lebesgue measure A(K)>0. Does there exist a point,x
such that {{[y—x||: €K} contains an open interval? .

i : L. A. Székely (Szeged)
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Angelo B. Mingarelli, Volterra—Stieltjes Integral Equations and Generalized Ordinary Dif-
ferential Expressions (Lecture Notes in Mathematics, 989), XIV + 317 pages, Springer-Verlag, Berlin—
Heidelberg—New York—Tokyo, 1983.

The author’s aim is to present a qualitative and spectral theory of Volterra—Stieltjes integral
equations giving special. interest to applications in ordinary differential equations as well as in
difference equations.

In Chapter 1. the author studies the extension of the classical Sturmian results — comparison
and separation theorems — on Stieltjes integro—differential equations. In Chapter 2. oscillation
and non-oscillation theorems are given on Volterra—Stieltjes integral equations with applications
to second order differential and difference equations. In Chapter 3. the author uses a natural
extension of a method introduced by I. S. Kac. This method shows that the integral equation
investigated before can be thought of as defining generalized differential operators. Here is treated
the famous Weyl classification (limit point, limit circle) of singular generalized differential
operators.

In the final two chapters one finds Sturm—Liouville difference and differential equations with
an indefinite weight-function, and the spectral theory of generalized differential operators.

The appendices containing a part of the necessary mathematical background make the book in
some sense self-contained.

This thoughtful work on a vividly developing field is warmly recommended for everybody in-
terested in differential and integral equations.

L. Pintér (Szeged)

Model Theory of Algebra and Arithmetic (Proceedings, Karpacz, Poland, 1979). Edited by L
Pacholski, J. Wierzejewski, and A. J. Wilkie (Lecture Notes in Mathematlcs, 834), VI+410 pages
Springer-Verlag, Berlin—Heidelberg—New York, 1980.

The volume consists mostly of papers presented by invited lecturers at the Conference on Appli-
cations of Logic to Algebra and Arithmetic held at Bierutowice—Karpacz in Poland, September 1—7
1979. Some invited papers not presented personally and a few contributed ones are included, too. The
21 titles of the book are as follows: J. Becker, J. Denef and L. Lipshitz, Further remarks on the elemen-
tary theory of formal power series rings; C. Berline, Elimination of quantifiers for nonsemi-simple
rings of characteristic p; M. Boffa, A. Macintyre and F. Point, The quantifier elimination problem
for rings without nilpotent elements and for semi-simple rings; E. Bouscaren, Existentially closed
modules: types and prime models; G. Cherlin, Rings of continuous functions: decision prob-
lems; P. Clote, Weak partition relations, finite games, and independence results in Peano arith-
metic; F. Delon, Hensel fields in equal characteristic p>0; M. A. Dickmann, On polynomials over
real closed rings; J. Duret, Les corps faiblement algébriquement clos non séparablement clos ont
1a propriété d'indépendance; U. Felgner, Horn-Theories of abelian groups; P. Hajek and P. Pudlak,
Two orderings of the class of all countable models of Peano arithmetic; A. Macintyre, Ramsey
quantifiers in arithmetic; K. L. Manders, Computational complexity of decision problems in elemen-
tary number theory; K. McKenna, Some diophantine Nullstellensitze; G. Mills, A tree analysis of
unprovable combinatorial statements; J. B. Paris, A hierarchy of cuts in models of arithmetic;
G- Smorynski and J. Stavi, Cofinal extension preserves recursive saturation; L. von Den Dries,
Some model theory and number theory for models of weak systems of arithmetic; A. J. Wilkie,
Applications of complexity theory to X,-definability problems in arithmetic; G. Wilmers, Minimally
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saturated models; B. 1. Zilber, Totally categorial theories: structural properties and the non-finite
axiomatizability. ;

The book gives a good overview on the present state of the arts (of course, at the date of edition)
and so it is recommended to experts as well as to graduate students intrested in the subject.

P. Ecsedi—Toth (Szeged)

E. E. Moise, Introductory Problem Courses in Analysis and Topology (Universitext), VII+94

‘pages, Springer-Verlag, New York—Heidelberg—Belin, 1982.
‘ This book consists of two parts: Analysis and Topology. In each chapter there are given defi-
nitions and theorems guaranteed to. be true. The first job for the reader is to prove the proposed
theorems. In the problems stated after one finds true and false propositions the reader’s task is to
give the right answer. This requires to focus his/her attention on the heart of the matter which is not
easy for a student, but the result is an unusually rapid progress.

Let us mention some examples: After defining continuous and Lipschitzian functions we have:
“Theorem (?). Every continuous function is Lipshitzian. Theorem (?). If fis a continuous function
[a, b]—R, then fis Lipschitzian. Theorem (?). Every Lipschitzian function is continuous.” The follow-
ing example is taken from the second part (Topology):,,A set MCR has the Heine—Borel property
if for each collection G of open intervals covering M, there is a finite subcollection G’ of G which
also covers M. Theorem (?). If M has the Heine—Borel property, then M is closed and bounded.”

These problem courses are useful for the major part of students because as the author says:

“Some have supposed that problem courses are advantageous only for students of real brilliancy,
but my own experience over many years indicates the contrary. The time that is ‘wasted’ while stu-
dents grope their way makes the pace of a problem course very slow. (It often happens that a whole
haour is spent analyzing a ‘proof” which turns out to be quite worthless.) This means that a competent
student is able to keep track, and finds at the end that he understands the course completely. This is a
valuable experience, and for many students it is new.”

L. Pintér (Szeged)

Roe Nottrot, Optimal Processes on Manifolds; an Application of Stokes’ Theorem (Lecture
Notes in Mathematics, 963), VI+ 124 pages, Springer-Verlag, Berlin—Heidelberg—New York, 1982.

The optimal control theory developed extremely rapidly during the last twenty years. The cen-
tral topic of investigations was the generahzatlons of Pontryagin’s “maximum principle’” which has to
be satisfied by an “optimal process”. This book gives a unified treatment of variational theory of
optimal processes described by a set of ordinary or partial differential equations. The general maxi-
.mum principle is proved by an application of Stokes’ theorem.

Chapter I contains a brief introduction to alternating. differential forms, mtegranon, Stokes’
theorem on a smooth manifold. Chapter Il is devoted to the proof of the maximum principle. Chap-
ter 1II—V deal with applications of the general theory to processes described by ordmary, first and
second order partial differential equations.

This book is highly recommended to all who are interested in control theory.

Péter T. Nagy (Szeged)

David R. Owen, A First Course in the Mathematical Foundations of Thermodynamics‘ (Under-
graduate Texts in Mathematics), XVII+178 pages, Springer-Verlag, New York—Berlin—Heidel-
berg—Tokyo, 1984.

There are two approaches to the foundations of thermodynamics. One of them, beeing in close
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contact with statistical physics, postulates the existence of the state functions energy and entropy.
The other, more traditional treatment, having its roots in the works of Carnot, Joule and Clausius, is
based on the concepts of work, heat and temperature.

This book is a modern and a mathematically precise version of the traditional approach, operat-
ing of course on more general and more absiract notions. The truth of the classical theory has not
been questioned since the end of the last century, nevertheless when reading a standard textbook on
thermodynanics, often a kind of dissatisfaction may rise in the reader, wanting a more coherent ex-
pansion of the subject. The feeling of frustration is resolved by D. R. Owen. Unsophisticated mathe-
matics and appropriate amount of reference to physical content make this book interesting and use-
ful. It will be certainly appreciated by everyone, who is familiar with the empirical facts of heat theory,
but who wishes to see the strict logical order of precisely defined quantities, fundamental assumptions
and exact theorems of thermodynamics. After an overview of the properties of homogeneous
fluid bodies, the concept of a system with perfect accessibility and the general notion of a thermodyna-
mical system, containing both the states and the possible processes of them, are introduced. They
make possible to state the first and second laws, and to prove the existence of energy and entropy in a
simple manner. )

In the course of development the role of the ideal gas — the classical object of the theory — is
sometimes felt to be exaggerated, but the reader is compensated at the end of the book by the
treatment of elastic filaments and viscous bodies, usually falling out of the scope of traditional
applications. .

M. G. Benedict (Szeged)

L. C. Piccinini, G. Stampacchia, G. Vidossich, Ordinary Differential Equations in R”. Problem«
and Methods (Applied Mathematical Sciences, 39), XI1+ 385 pages, Springer-Verlag, New York—
Berlin—Heidelberg—Tokyo, 1984.

The authors write in the Preface: “Our text ... aims to give a simple and rapid introduction to
the various themes, problems, and methods of the theory of ordinary differential equations. The book
has been conceived in such a way so that even the reader who has merely had a first course in calculus
may be able to study it and to obtain a panoramic vision of the theory”. The book answers this not
easy purpose in an excellent way.

The purpose is not easy because just the basic theory of differential equation requires knowledges
not included in the first courses in calculus. One of the advantages of the book making it a very good
introductory lecture notes is the way as it acquaints the reader with these things. We can find short
(but completed with proofs where it is necessary) surveys on these topics in bodies of the chapteérs
where they are applied (e.g. review of metric spaces, review of Banach spaces, elements of linear al-
gebra, the topological degree). At the end of the sections exercises are proposed illustrating the results
and giving possible applications and complementary material.

The book is not only a good text-book but also a very useful monograph for the experts in
differential equations. Reading the book they can get acquainted with new aspects of the basic theory.
The most original chapter is the third one, titled Existence and Uniqueness for the Cauchy problem
under the condition of continuity. It gives a “panoramic vision” of the results obtained by the Italian
school in this field (the Peano-phenomenon, G-convergence, ...). Separate chapter is devoted to
boundary value problems, which is written in a modern way but so that it is understandable for
beginners, too. The chapters are concluded by bibliographical notes which serve as a guide for
further studies.

' L. Hatvani (Szeged)
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Probability Measures on Groups VIL. Proceedings, Oberwolfach, 24—30 April 1983. Edited by
H. Heyer (Lecture Notes in Mathematics, 1064), X+ 588 pages, Springer-Verlag, Berlin—
Heidelbere—New York—Tokyo, 1984, '

The main aim of this series of meetings on Probability Measures on Groups is to cover the recent
advances in this field of probability theory and to present new results. This volume contains four
survey articles written by H. Heyer, A. Janssen, R. Schott, M. E. Walter and 31 research papers. The
authors have raised also some open problems and possible extensions of the presented material.
The editor of this collection has classified the contributions under the following topics: (i) probability
measures on locally compact groups (decomposition, infinite divisibility), (ii) random walks on groups
and homogeneous spaces (reccurence, polynomial growth, dichotomy theorems), (iii) Markov
processes on hypergroups (transience, Lévy—Khinchin formulae, central limit theorems), (iv) Non-
commutative probability theory (subadditive ergodic theorems, Gaussian functionals), (v) Random
matrices and operators (law of large numbers, random Schrodinger operators, characteristic expo-
nents).

Lajos Horvdth (Szeged)

W. T. Reid, Sturmian Theory for Ordinary Differential Equations, XII 4 559 pages, Springer-
Verlag, New York-—Heidelberg—Berlin, 1980.

On the first page one finds: “Dedicated to Dr. Hyman J. Ettlinger. Inspiring teacher, who intro-
duced the author as a graduate student to the wonderful world of differential equations.”

In this book the reader is introduced by the author into one of the most interesting branches
of ordinary differential equations in such a way, that he can hardly get rid of attractive problems.

The famous 1836 paper of Sturm, dealing with oscillation and comparison theorems for linear
homogeneous second order ordinary differential equations, is one of the most important starting
points of the investigations of the qualitative theory of solutions of differential equations.

The basic works of M. Bocher, D. Hilbert, G. D. Birkhoff, G. A. Bliss, M. Morse are fundamen-
tal for the development of the theory.

“The prime purpose of the present monograph is the presentation of a historical and comprehen-
sive survey of the Sturmian theory for self-adjoint differential systems, and for this purpose the classi-
cal Sturmian theory is but an important special instance.”

The organization of the chapters seems to be ideal to the reviewer. Every chapter contains a body
of material which presents concepts and methods central for the investigated theme. This is followed
by a section with more detailed comments and references to pertinent literature and — frequently —
up to date problems, Finally — the most interesting for many readers — we have a section on Topics
and Exercises. The well chosen problems characterizing the author’s interest, make the typical feature
of the book.

The titles of chapters are: Historical prologue; Sturmian theory for real linear homogeneous
second order ordinary differential equations on a compact interval; Self-adjoint boundary problems
associated with second order linear differential equations; Oscillation theory on a non-compact in-
terval ; Sturmian theory for differential systems; Self-adjoint boundary problems; A class of definite
boundary problems; Generalizations of Sturmian theory.

This book is warmly recommended to everyone who is interested in differential equations, and
also to other mathematicians — working in various branches of mathematics ~— who after having
read this book will have a survey of this theme and perhaps will find pleasure in making research in
this field.

L. Pintér (Szeged)
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Séminaire de Probabilités XVIII, 1982/83. Edited by J. Azéma and M. Yor (Lecture Notes in
Mathematics, 1059), IV 4- 518 pages, Springer-Verlag, Berlin—Heidelberg—New York—Tokyo, 1984.
This 182 of the now Paris-based Seminaires de Probabilités consists of original research papers
in diverse areas of the theory of stochastic processes. The presented 33 papers provide up-to-date
overviews of the research activities of the French school of probability. We do not have space to list
the titles of the papers published in this volume but we hope that the following list of authors will help
to form an opinion of the content of this book. The authors of these proceedings: M. T. Barlow,
E. Perkins, R. F. Bass, L. C. G. Rogers, F. B. Kninght, W. S. Kendall, R. F. Gundy, F. Bronner,
J. Jacod, M. Liao, H. Rost, C. Stricker, W. A. Zheng, P. A. Meyer, S. W. He, A. Erhard, D. Bakry,
C. S. Chou, J. Ruiz de Chavez, J. G. Wang, L. Schwartz, M. Talagrand, Ph. Novelis, F. Russo,
R. C. Dalang, J. Neveu, R. Azencott and M. Emery.
Lajos Horvdth (Szeged)

K. T. Smith, Primer of Modern Analysis (Directions for Knowing All Dark Things, Rhind
Papyrus, 1800 B. C.), (Undergraduate Texts in Mathematics), XV +446 pages, Springer-Verlag,
Berlin—Heidelberg—New York—Tokyo, 1983.

Seeing a new introduction to analysis, the reader is to look for those topics the author can show
from a new point of view, topics, which are unusual on the level of introduction. You will find
these topics, so Smith’s book is worth reading.

The author has dealt with the crucial points of analysis from the notion of limit up to research
level. The book consists of three parts. The first one is a usual first course in calculus, the rest of the
book is of greater importance. The second part contains metric spaces, algebra and geometry in R",
the calculus in R” and surfaces. It is a fruitful approach to treat algebraic and geometric structures of
R” in a textbook of analysis, since just the connection of several structures belongs to the “set of
dark things” of a part of students.

The third part of the book is devoted to some advanced topics of analysis, e.g. Lebesgue measure
(included Sard’s theorem on regular values), differentiability of regular Borel measures and of Lip-
schitz functions a.e. surface area, degree of maps (through degree of C™ maps by the approach of
Milnor), and extensions of differentiable functions.

It is impossible to write a book introducing to all chapters of analysis. The present book omits
e.g. complex analysis and Fourier analysis. I think the author is right, a too long book would terrify
the possible readers.

I recommend the book to under graduates and graduates as a reference. It is the second edition
of the original book published by Bodgen and Quigley, 1971, with substantial revisions.

L A. Székely (Szeged)

J. Stoer and R. Bulirsch, Introduction to Numerical Analysis, IX+ 609 pages, Springer-Verlag,
New York—Berlin—Heidelberg, 1980.

Since the publication of its original German edition this book has found very wide acceptance
The table of contents reads as follows.

1. Error Analysis 2. Interpolation 3. Topics in Integration 4. Systems of Linear Equations 5.
Finding Zeros and Minimum Points by Iterative Methods 6. Eigenvalue Problems 7. Ordinary Dif-
ferential Equations 8. Iterative Methods for the Solution of Large Systems of Linear Equations.
Some Further Methods.

This introduction contains all standard topics and much more. To name some extras, the sec-
tions on minimization problems, extrapolation methods and for example, the multiple shooting
method are not considered in all customary introductory courses.
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The presentation of the material meets the highest mathematical standards. Most of the results
including theorems about convergence rates and error bounds appear with full proofs. Special atten-
tion is paid to the practical implementation and the comparison of different methods. Numerous
algorithmic descriptions are more or less formally provided in ALGOL 60. Each chapter ends with
a list of references covering a significant amount of research articles and textbooks published between
1960 and 1974. Some new items up to 1978 are contained, too.

Nearly 200 exercises referring to interesting generalizations and additional results help the reader
in the deeper understanding of the ideas presented in the main text. The readability of the book has
considerably been increased by illuminating figures, comprehensive informal descriptions and fully
worked out numerical examples.

Because of these outstanding features we can warmly recommend the book to all students of
mathematics or computer science at the advanced undergraduate or graduate level. Even the more
experienced lecturer can utilize some useful ideas about teaching this topic.

J. Virdgh (Szeged)

K. R. Stromberg, An Introduction to Classical Real Analysis, IX+ 575 pages, Wadsworth Inter-
national Group, Belmont, California, 1981.

This volume is the outgrowth of lectures held by the author during the past twenty years”. The
emphasis is on “twenty years”. This characterizes the whole work, which seems to be a masterpiece
among the various books discussing classical analysis.

Chapter headings are: Preliminaries; Numbers; Sequences and series; Limits and continuity;
Differentiation; The elementary transcendental functions; Integration; Infinite series and infinite
products; Trigonometric series.

This is real analysis in the sense that we do not have the theory of analytic functions but complex
numbers and complex functions appear throughout the book. This text contains the preparatory topics
which are necessary for learning complex and abstract analysis. The book is recommended first of
all for advanced undergraduate and beginning graduate students, but also an experienced teacher will
find something new in every chapter: a natural introduction of a notion, a simpler proof of a well-
known theorem etc. Here in Szeged the sixth chapter is especially interesting, containing the elemen-
tary development of the theory of the Lebesgue integral due to F. Riesz (who spent his most fruitful
years at Szeged University).

The excellent, attractive examples and exercises mobilize the reader’s activity, sometimes one
cannot get away from them without having the solution. The author says in the Preface: “I spent at
least three times as much effort in preparing the exercises as I did on the main text itself”.

Having read the book one comprehends a former reviewer’s opinion (taken from a prepubli-
cation review): “This is the book I wish that I had written.”

L. Pintér (Szeged)

J. Szép—F. Forgd, Einfiithrung in die Spieltheorie XXIX+ 292 Seiten, Akadémiai Kiad6, Buda-
pest, 1983.

Dieses Buch ist die deutsche Ubersetzung der im Jahre 1974 erschienenen ungarischen Ausgabe.

Das Buch gewhirt einen Uberblick iiber die Ergebnisse der Spieltheorie. Die ersten Kapitel
enthalten die ganz allgemeinen Begriffe und Sitze der Spieltheorie. Das Buch beschiftigt sich am aus-
fiihrlichsten mit dem 2-Personen-Spiel — das ist der am besten verwendbare Zweig der Spieltheorie,
aber es behandelt auch einige spezieile n-Personen—Spigl und wirft mehrere neue Probleme auf.

L. Megyesi (Szeged)
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Theory and Applications of Singular Perturbations. Proceedings. Edited by W. Eckhaus and
E. M. de Jager (Lecture Notes in Mathematics, 942), V4363 pages, Springer-Verlag, Berlin—
Heildeberg—New York, 1982.

This volume contains 22 papers delivered at the conference on “Theory and Applications of
Singular Perturbations” held at Oberwolfach, August 16—22, 1981. The papers deal with recent
specialized research in the theory of singular perturbations which is an important area of thé
theory of ordinary and partial differential equations. Roughly speaking a differential equation is
singularly perturbed if the differential operator in ithe equation is multiplied by a small parameter.

The first part of these notes consists of primarily pure analytic considerations on free boundary
problems, nonselfadjoint and nonlinear elliptic eigenvalue problems, coercive singular perturbations
singular-singularly perturbed equations, etc. Classical, functional, nonstandard mathematical tech-
niques and numerical methods are applied.

The second part is devoted to the applications concerning two-dimensinal viscous flows, in-
compressible flows at high Reynolds number, swirling flow between rotating coaxial disks, wave
pattern, combustion theory the physics of ionized gases, Kramers’ diffusion problem and the kinetic
theory of enzymes.

T. Krisztin (Szeged)

B. L. van der Waerden, Geometry and Algebra in Ancient Civilizations, X+ 233 pages, Springer-
Verlag, Berlin—Heidelberg—New York—Tokyo, 1983.

Until quite recently, in almost all books and papers on the early history of mathematics, we
could read that the history of mathematics begins with the Babylonian and Egyptian arithmetic,
algebra and geometry. However, this picture has been changed by three recent discoveries.

The first of them was made by A. Seidenberg, who studied the altar constructions and other
ritual applications of mathematics in the Indian Sulvasutras. In these relatively ancient texts squares
are constructed equal in area to a given rectangle. In the constructions the “Theorem of Pythagoras™
was used similarly to that of Euclid.

Secondly, the author compared the ancient Chinese collection “Nine Chapters of the Arithmet-
ical Art” with Babylonian collections of mathematical problems and found so many similarities that
the existence of a common origin seemed to him unavoidable. According to his views the “Theorem
od Pythagoras™ must have played a central role in this source.

The third discovery was made by A. Thom and A. S. Thom. They found that in the construction
of megalithic monuments in Southern England and Scotland “Pythagorean Triangels”, right-angled
triangles whose sides are integral multiples of a fundamental unit of length, have been used.

Combining these three discoveries the author has ventured a tentative reconstruction of a
mathematical science which must have existed in the Neolitic Age, between 3000 and 2500 B.C.,
and spread from Central Europe to the British Islands, to the Near and Far East. )

In Chapters 1 and 2 we can read the author’s ideas on this ancient science analyzing written
sources, archeological evidences, and comparing Chinese and Babylonian mathematical texts as well.
One of the fundamental evidences of his hypothesis on the common origin is that we not only meet
“Pythagorean Triples” like (3,4, 5) in Babylonian, Indian, Chinese and Greek texts, but their
methods of calculating such triples are very similar, and there are equivalent methods as well.

In the subsequent chapters there is a very interescting comparative analysis of some fields of
the Greek, Babylonian, Indian and Chinese mathematics and astronomy. ]

In Chapters 3, 4 and 6 the several traces of the pre-Babylonian geometry and algebra, which
can be discerned in the work of Euclid and Diophantos and in popular Greek mathematics are dis-
cussed. In this discussion the four newly found books of Diophantos® Arithmetica (the Books IV to
‘"VII) are concerned, too.
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In Chapter 5 the different methods in solving linear Diphantine equations and Pell’s equations
due to the Indian and Chinese mathematicians are compared with the Greek science. We can conclude
here to the fact that the Euclidean Algorithm played a central role in their solutions.

In Chapter 7 the author points out that the work of the excellent Chinese geometer Lin Hui
(third century A. D.) and some mathematical passages in the works of the great Indian astronomer
Aryabhata (sixth century A. D.) are influenced by the work of Greek geometers and astronomers like
Archimedes and Apollonios.

This very interesting, informative and enjoyable book — the first volume of the author’s “His-
tory of Algebra” — is highly recommended to anyone, who is interested in the ancient history of
mathematics, especially in the origin of mathematics. We hope that the further volume (or volumes)
will appear soon.

Lajos Klukovits (Szeged)

M. J. Wygodski, Héhere Mathematik griffbereit, X1+ 832 Seiten, Akademie-Verlag, Berlin,
1982.

Dieses Buch ist die (verarbeitete, erweiterte) deutsche Ubersetzung des russischen Originals.
Uber das Ziel des Buches vermittelt das Vorwort folgendes:

“Das Buch ... hat eine zweifache Bestimmung. Erstens ibermittelt das Buch Auskiinfte iiber
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