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Abstract

In this paper we apply a cone theoretic fixed point theorem and obtain conditions for the
existence of positive solutions to the three-point nonlinear second order boundary value
problem

u”(t) + )‘a(t)f(u(t)) =0, te(0,1)
u(0) =0, au(n) =u(l),
WhereO<77<1and0<oz<%.

AMS Subject Classifications: 34B20.
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1 Introduction

In this paper, we are concerned with determining values for A so that the three-point nonlinear
second order boundary value problem

u’ () + Xa(t)f(u(t) =0, te(0,1) (1.1)

w(0) =0, oau(n) =u(l), (1.2)
where 0 < n < 1,

(A1) the function f : [0,00) — [0, 00) is continuous,

(A2) a:[0,1] — [0,00) is continuous and does not vanish identically on any subinterval,
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(L4) lim {2 =,

Tr—00

(L5) lim 2% — 1 with 0 < I < o0,

x—0

and
(L6) lim £ = [, with 0 < L < o0

r—0o0
has positive solutions. In the case A = 1, Ruyun Ma [11] showed the existence of positive
solutions of (1.1)-(1.2) when f is superlinear (I = 0 and L = o), or f is sublinear (I = oo and
L = 0). In this research it is not required that f be either sublinear or superlinear. As in [§]
and [11], the arguments that we present here in obtaining the existence of a positive solution of
(1.1)-(1.2), rely on the fact that solutions are concave downward. In arriving at our results, we
make use of Krasnosel’skii fixed point theorem [10]. The existence of positive periodic solutions
of nonlinear functional differential equations have been studied extensively in recent years. For
some appropriate references we refer the reader to [1], [2], [3], [4], [5], [6], [8], [9], [12], [13], [14],
[15], [16] and the references therein.
In section 2, we state some known results and Krasnosel’skii fixed point theorem [10]. In section
3, we construct the cone of interest and present a lemma, four theorems and a corollary. In each
of the theorems and the corollary, an open interval of eigenvalues is determined, which in return,
imply the existence of a positive solution of (1.1)-(1.2) by appealing to Krasnosel’skii fixed point

theorem.
We say that u(t) is a solution of (1.1)-(1.2) if u(t) € C|0, 1] and wu(t) satisfies (1.1)-(1.2).

2 Preliminaries

Theorem 2.1 (Krasnosel’skii) Let B be a Banach space, and let P be a cone in B. Suppose {2
and € are bounded open subsets of B such that 0 € 21 C Q1 C 5 and suppose that
T:PnN (52\91) — P
is a completely continuous operator such that
(1) |Tu| < ||ull, w € PNOQy, and [|[Tu| > |Jul], © € P NINs; or
(i) | Tul| > ||lu|l, w € P NI, and ||Tul| < ||lu|, uw € P N ONs.
Then T has a fixed point in P N (Q2\Q4).

In arriving at our results, we need to state four preliminary Lemmas. Consider the boundary
value problem
u’'(t)+y(t) =0, te(0,1), (I)

u(0) =0, au(n) =u(l), (II)
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Lemma 2.2 Let an # 1. Then, for y € C[0, 1], the boundary value problem (I) — (II) has the
unique solution

at

w) = A[= [ - 2 Mot

1—an

t A%1@M@m] (2.1)

1—an

The proof of (2.1) follows along the lines of the proof that is given in [7] in the case A = 1, and
hence we omit it.
The proofs of the next three lemmas can be found in [11].

Lemma 2.3 Let 0 < a < % and assume (A1) and (A2) hold. Then, the unique solution of
(I) — (II) is non-negative for all ¢ € (0,1).

Lemma 2.4 Let an > 1 and assume (A1) and (A2) hold. Then, (I) — (II) has no positive
solution.

Lemma 2.5 Let 0 < a < % and assume (A1) and (A2) hold. Then, the unique solution of
(I) — (I1) satisfies

inf u(t) > v||ul|,
t€[n,1]

where v = min{a, O‘l(i;?]) N}

The proofs of Lemmas 2.3, 2.4 and 2.5 depend on the fact that under conditions (Al) and
(A2) the solution u(t) concave downward for ¢t € (0, 1).

3 Main Results

Assuming (A1) and (A2), it follows from Lemmas 2.3 and 2.4, that (1.1)-(1.2) has a non-negative
solution if and only if o < 1. Therefore, throughout this paper we assume that a < % Let
B = C[0,1], with ||y|| = sup |y(¢)]-

te[0,1]

Define a cone, P, by

P={yecCl0,1]:y(t) = 0,t € (0,1) and trr[linl]y(t) > 7llyll}-
€ln,

Define an integral operator T': P — B

at

Tu(t) = )\[ - /Ot(t — s)a(s)f(u(s))ds —

t
1—an

/0 (0~ )a(s) f(u(s))ds

1—an

/%1@4@f@@»@] (3.1)
0
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By Lemma 2.2, (1.1)-(1.2) has a solution u = u(t) if and only if u solves the operator defined by
(3.1). Note that, for 0 < a < 1/n, the first two terms on the right of (3.1) are less than or equal
to zero. We seek a fixed point of T" in the cone P.

For the sake of simplicity, we let

4= fo0 = oale)ds 1_557(5)615, (3.2)

and .
n [, (1= s)a(s)ds
1—an '

B =

(3.3)

Lemma 3.1 Assume that (A1) and (A2) hold. If T is given by (3.1), then T : P — P and is

completely continuous.

Proof: Let ¢,¢ € C[0,1]. In view of Al, given an ¢ > 0 there exists a § > 0 such that for
ll¢ — ¢|| < & we have

ti}fﬁ}lﬂ@ — W< ap e

Using (3.1) we have for ¢ € (0,1),

[(To)(t) = (T)(B)] < /0 (1 = s)a(s)|f(d(s)) — f(¢(s))lds

£ [ alsel) - e
1 1
[ - sl - 16l
< [0- A+ ad + A F(6(5) — F(60)
<

AR+ a(l - n)}tgﬁpl]lf(qﬁ) - fW)l<e

Thus, T is continuous. Notice from Lemma 2.3 that, for v € P,Tu(t) > 0 on [0, 1]. Also, by
Lemma 2.5, TP C P. Thus, we have shown that T : P — P. Next, we show that f maps bonded
sets into bounded sets. Let D be a positive constant and define the set

K ={z e C[0,1] : ||z]| < D}.
Since A1 holds, for any z,y € K, there exists a § > 0 such that if ||z — y|| < §, implies
[f (@) = fly)l < 1.

We choose a positive integer N so that § > &. For z(t) € C[0,1], define z;(t) = 2l for
j=0,1,2,...,N.For z € K,

Tj —XLi_q = sup
|| J J || te[ol] N N
ll=ll _ D
— < =<4
- N ™ N
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Thus, |f(z;) — f(z; —1)| < 1. As a consequence, we have
N
J@) = 10) =Y () = flay)).

Jj=1

which implies that

N
HOIESBIHCHES (CRIEHO!
< N +1f(0)].

Thus, f maps bounded sets into bounded sets. It follows from the above inequality and (3.1),
that

ITaOll < d=e [ 0=l
1 1
< == [ G- 170
< AN+ 1FO).

Next, for t € (0,1), we have

@0 = A= [ o) - [ e s

1—an

1 1
*17QUA(17$M$fw@»m]
Hence,
|(Tz)'(t)] < 1710”7/0 (1 — s)a(s)|f(x(s))|ds
< A(N+|f0)]

Thus, the set
{(Tz):zeP,|lz|| < D}

is a family of uniformly bounded and equicontinuous functions on the set ¢ € [0,1]. By Ascoli-
Arzela Theorem, the map T is completely continuous. This completes the proof.

Theorem 3.2 Assume that (A1), (A2),(L5) and (L6) hold. Then, for each A satisfying

1 1
Lo 4
SBL ST Al (34)

(1.1)-(1.2) has at least one positive solution.
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Proof: We construct the sets ;7 and s in order to apply Theorem 2.1. Let A be given as in
(3.4), and choose € > 0 such that
1 1
— <AL —
YB(L—¢€) =~ A(l+¢)
By condition (L5), there exists Hy > 0 such that f(y) < (I + €)y, for 0 <y < H;. So, choosing
u € P with ||u|| = Hi, we have

@) < At [ a s
< At [ outsys
< A [ s s
- Aljan /Ol(l—s)a(s)(l—i-e)Hlds

< AU ull < Jlufl-
Consequently, ||Tul| < |Ju||. So, if we set
O ={yeP:llyll < Hi},

then

[|Tu]| < lu]|, foruePnNoQ. (3.5)
Next we construct the set Q2. Considering (L6) there exists Hy such that f(y) > (L — ¢)y, for
all y > Hj. Let Hy = max{2H,, %} and set

QD ={yeP:lyl < Hs}.

If u € P with ||u|| = Ha, then

min y(t) > |lyl| > o
ten,1]

Thus, by a similar argument as in [11], we have

1—an

(T > A / (1 - s)a(s)f (u(s))ds

n 1
> T /77 (1= 9)a(s)(L —€e)u(s)ds
> s [0 o) - s
= n ' — S)als — € S
= g [t -
> ABY(L —o)lu
> ull
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Thus, ||Tu|| > ||u||. Hence
[[Tul| > ||u||, for u € P Nos. (3.6)

Applying (i) of Theorem 2.1 to (3.5) and (3.6) yields that 7" has a fixed point u € P N (Q2\ ).
The proof is complete.

Theorem 3.3 Assume that (A1), (A2),(L5) and (L6) hold. Then, for each A satisfying
— <A< — (3.7)

(1.1)-(1.2) has at least one positive solution.

Proof: We construct the sets € and s in order to apply Theorem 2.1. Let A be given as in
(3.7), and choose € > 0 such that

1 1
— <A< —
~vB(l —¢) SAs A(L +¢)

By condition (L5), there exists Hy > 0 such that f(y) < (I — €)y, for 0 < y < Hy. So, choosing
u € P with ||u|| = Hiy, we have

(Tu)(y) > 1:70”7 / (1 — s)a(s)f(u(s))ds
> 7 :70”7 /77 (1 —=38)a(s)(l —e)u(s)ds
> o [ 0= s ol
= il 1 — S)als — € S
_ 10”7/77(1 Ya(s)(l — ¢)Hyd
> ABy(l = o)lu|
=2 ]

Thus, ||Tu|| > ||u||. So, if we let
O ={yeP:llyll < Hi},

then
[[Tul| > [Jul|, for ue P noy. (3.8)

Next we construct the set 5. Considering (L6) there exists Hy such that f(y) < (L + €)y, for
all y > Ho.

We consider two cases; f is bounded and f is unbounded. The case where f is bounded is straight
forward. If f(y) is bounded by @ > 0, set

H2 = maX{QHl, )\QA}
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Then if u € P and ||u|| = Hz, we have

T < At [ (1= (e (us)s
Q 1
< /\1_6”7/0 (1 —s)a(s)ds
— )AQ
< H,
= Jull

Consequently, ||Tul| < |Ju||. So, if we set
Qo ={y € P:lyll < Ha},

then
[|[Tul| < Jul|, for u e P noQs. (3.9)

When f is unbounded, we let Hy > max{2H;, Hy} be such that f(y) < f(Hz), for 0 < y < Hy.
For u € P with ||u|| = Ha,

T < A [ (1= (e (u(s)s
< A= [ a9 mas
< A _1007/0 (1= s)a(s)(L + €) Hads
1 1
= A= [ A= 9a) s
= MNA(L + ¢)||u]]
< .

Consequently, ||Tul| < ||u||. So, if we set
Qo ={y € P:lyll < Ha},

then
[|Tu]| < lu]|, forue PN oQs. (3.10)

Applying (i) of Theorem 2.1 to (3.8) and (3.9) yields that T has a fixed point u € PN (22\Q).
Also, applying (ii) of Theorem 2.1 to (3.8) and (3.10) yields that 7" has a fixed point u €
P N (£22\Q1). The proof is complete.

Theorem 3.4 Assume that (A1), (A2), (L1) and (L6) hold. Then, for each X satisfying

1
— 11
0<A< o7 (3.11)
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(1.1)-(1.2) has at least one positive solution.

Proof: Apply (L1) and choose H; > 0 such that if 0 < y < Hy, then

Define

If y € PN 0y, then

Vv
pe
=

(Tu)(n)

Y%
>
&S

v
>
-
s
Q
— _
\
T
2
=
>
&
QL
Va)

> .

In particular, ||T'u|| > ||u||, for all uw € P N OQ;. In order to construct 2z, we let A be given as in
(3.11), and choose € > 0 such that

1
<AL ——.
0sas A(L+¢)

The construction of €25 follows along the lines of the construction of €25 in Theorem 3.3, and
hence we omit it. Thus, by (i¢) of Theorem 2.1, (1.1)-(1.2) has at least one positive solution.

Theorem 3.5 Assume that (A1), (A2), (L2) and (L5) hold. Then, for each X satisfying

1
A< — 12
0<A<— (3.12)

(1.1)-(1.2) has at least one positive solution.

Proof: Assume (L5) holds. Then, we may take the set €; to be the one obtained for Theorem
3.1. That is,

D ={yeP:|yll < Hi}

Hence, we have
[|Tu]| < lu]|, foruePnNoQ.

Next, we assume (L2). Choose Hy > 0 such that f(y) > MLB, for y > Hy. Let Hy =
max{2H;, 22} and set
v

Qo ={y Pyl < Ha}.
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If w € P with ||u]| = Ha,

Vv
pe
=

(Tu)(n)

%
>

Y
>
3
—
\ \

=N
S~—
>
&
QL

Y%
=

Consequently,

| Tul| > |[ul], for u € PN ONy.

Applying (i) of Theorem 2.1 yields that 7" has a fixed point u € P N (Q2\).
We state the next results as corollary, because by now, its proof can be easily obtained from the
proofs of the previous results.

Corollary 3.6 Assume that (A1) and (A2) hold. Also, if either (L3) and (L6) hold, or, (L4) and
(L5) hold, then (1.1)-(1.2) has at least one positive solution if \ satisfies either 1/(yBL) < A, or,
1/(vBl) < A
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