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Abstract

Using a particular locally convex space and Schaefer’s theorem, a
generalization of Krasnoselskii’s fixed point Theorem is proved. This
result is further applied to certain nonlinear integral equation proving
the existence of a solution on R4 = [0, +00).
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1. Introduction

Two main results of fixed point theory are Schauder’s and Banach’s theorems
(also called contraction mapping principle). Krasnoselskii combined them
into the following result (see [5], [8], [9], [10]).

Theorem K. Let M be a closed conver non-empty subset of a Banach
space (X, ||-]]) - Suppose that A and B maps M into X, such that the following
hypotheses are fulfilled:

(i) Av+Bye M, (V) z,y € M;

(ii) A is continuous and AM is contained in a compact set;

(iii) B is a contraction with constant o < 1.

Then, there is a x € M, with Axr + Br = x. O

The proof is based on the fact that from hypothesis (iii) it results that
the mapping [ — B : M — (I — B) M is a homeomorphism. Therefore, the
proof is reduced to showing that the operator

U:=(I-B)'A

admits fixed points. However, it is easily seen that the operator U satisfies
the hypotheses of the Schauder’s fixed point theorem. This is a captivating
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result and it has a number of interesting applications. In recent years much
attention has been paid to this result. T.A. Burton (see [2]) remarks that
in practice it is difficult to check hypothesis (i) and he proposes replacing it
by the condition
(i)
(r=Bx+ Ay, ye M) = x € M.

In particularly, if
M ={ze X, |z| <r},
the hypothesis (i’) is fulfilled if the following conditions hold

AM C M,
=l < W= B)all, (1) ze M.
Following the improvement of hypothesis (i), Burton and Kirk (see [3])
prove the following variant of Theorem K.
Theorem K’. Let X be a Banach space, A, B : X — X, B a contraction
with o < 1 and A a compact operator.
Then either
(a) = AB (§) + Mz has a solution for A =1
or
(b) the set {x € X, v =B (5) + Mz, A € (0,1)} is unbounded. ]
We mention that through compact operator one understands a continu-
ous operator which transforms bounded sets into relatively compact sets.
The proof of Theorem K’ is based on the remark that AB ($), A € (0,1)
is a contraction, too, with the same contraction constant o and therefore

T

=\B
o= 2B (3

) + Mz <= z=\I—-B) Az
and it uses the following fundamental result due to Schaefer (see [8]).
Theorem S. Let E be a linear locally convex space and let H : B — B
be a compact operator. Then either
() the equation x = NHz has a solution for A =1
or
(B) the set {x € X, = AHx, X € (0,1)} is unbounded. O
In [3] one uses the variant of Schauder’s theorem in F, a normed space
(see [9]) and one takes H = (I — B) ™! Ax.
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In a recent note, B.C. Dhage (see [4]) recall that the condition that B to
be a contraction is only sufficient to ensure the existence and the continuity
of the operator (I — B )71 ; this also happens in the case when an iteration AP
is a contraction. Actually, this property that I — B to be a homeomorphism
on the rank is a property available in metric spaces, without any reference
at the linearity of the space (see [6], [7] or [10]). In this direction, Dhage
proves the following result.

Theorem K”. Let (X, ||-]|) be a Banach space, A, B be two operators
such that:

(A) A is a compact operator;

(B) B is linear and bounded and there exists a p € IN* such that

|1BPx — Byl < @ (llz —yl)), (V) z, yeX, (1.1)

where ® : IRy — IRy is a continuous nondecreasing function such that
O (r)y<r, (V) r>0.

Then either

1) the equation NAx + Bx = x has a solution for A =1

or

2) the set {z € X, Mz + Bx ==z, (Y) A€ (0,1)} is unbounded. O

Recall that an operator which satisfies (1.1) is named nonlinear con-
traction; this condition ensures the existence and the continuity of (I — B) ",
Simultaneously, from the linearity of B it results that AB (§) = B () and
the proof follows the same way as in Theorem K.

2. Some remarks on the Dhage’s result

Obviously, in a certain sense, the Dhage’s result is more general than the one
of Burton and Kirk. To illustrate this thing, Dhage considers the equation

v (t) = q(t) + /Ou(t) o(t,s)e (6(s)) ds + /Oa(t) k(ts)g (s, (n(s))) ds (2.1)
in the space
X ={x:[0,1] — IR, z bounded and measurable}
endowed with the norm

[#]| := sup |z (t)]. (2.2)
t€[0,1]
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At this point, the operator B is given by

w(t)

(Bz) (1) = / v(t,s)z(0(s))ds. (2.3)

0

The assumed hypotheses are:
v is continuous on the set {(s,t), 0 <s <t <1}, (2.4)

i, 0:[0,1] — [0,1] are continuous and p (t) <t, 6 (t) <t. '
One verifies immediately that
Vn

1B"z = Byl < —llz =yl (2.5)

where
V =sup{|v(t,s)], 0<s<t <1},

hence it results that B™ is contraction, for n large enough.
The reality is that B is contraction, but not with respect to the norm
(2.2); it is a contraction with respect to an equivalent norm, i.e.

|z||, == sup {]w (t)] e*M} , A>0. (2.6)
t€[0,1]

Indeed, since 6 (t) < t, it follows that
[ (8 (1)) =y (@ ()] e™ < [ (8(1) =y (@) e < o~y

and we have

o(t)
B0 - B O < V[ @) @) e Nds <

t v
AS jo _ At
< Vie—yly | eds =5 o=yl (¥ ~1) <
14 A
< 3 |z =y, ™.
Therefore,
IV 4
|(Bx) (t) = (By) ()] ™™ < ~llz —yll, (v)t € 10,1]
and so v
1Bz~ Byl < 5 lle — ol (2.7)
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By taking A > V, it results that B is contraction.

Evidently, to prove the compactity of the operator A, one may use the
norm (2.2) as well as (2.6) . Let us remark in addition that the existence of
the operator (I — B)_1 does not depend on the norm considered in X and
if it is continuous with respect to a norm, it will be continuous with respect
to any equivalent norm.

Observe that the operator B is compact, too. Indeed, the continuity of
B follows by the fact that it is a contraction. Being continuous with respect
to the norm ||-||,, it is still continuous with respect to the norm ||-||. By the
continuity of the operator B, it results

®) )
(B2) ()= (B2) ()] < | [ o) e @@)lds— [ 0 (t.9) 2 @ ()] ds

()
< /OM lv(t,s) —v(t,s)]|x(0(s))|ds+ (2.8)

u()
|/ v (t',s)| |z (6 ()| ds| .

If ||| < r, then

1
|(Bz) (t) — (Bz) (t')] < r/o lv(t,s) —v(t,s)]ds+ Vol (t) —p ()],
hence, the uniform continuity of the functions v and p gives us

(V) e > 0, 3) d=0(e), (V) 2, 9, [zl <7, [yl <7, (2.9)
) t, t' € [0,1], |t—t] <4, |(Bz)(t)— (Bz) ()] <e

By (2.8) and (2.9) it results, based on the Ascoli-Arzela Theorem, that
B is a compact operator on each set {x € X, |[|z|| <r}. Since B is, as A, a
compact operator, one can get the Dhage’s result, by using the topological
degree.

In his work, Dhage proves that in certain hypotheses on the functions g,
k, o, n, the operator A is compact and that there is a positive number r
such that if z fulfills the equality

x = Bx + Mz, fora A € (0,1),
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then
lz]| < r. (2.10)

Consider in X the open and bounded set
Q={reX, |z <2r}.
Define on Q x [0, 1] the operator
H (z,\) = Bz + M\Auz.
Obviously, H (x, ) is a homotopy. From the above, it follows that
x# H(x,\), ©€0Q, Ae (0,1), (2.11)

where 0f) denotes the boundary of (2.
If v = H(x,1), x € 09, then Tz is a solution for the equation (2.1); it
remains to study the case z # H (z,1), x € 0.
Obviously,
(x =H (z,0)) <= (z=0).

Therefore, we have
x# H(x,\), v€0Q, Ael0,1]. (2.12)

Using the invariance property of the topological degree with respect to
a homotopy, we have

deg (I — H (-,1),9,0) = deg (I — H (-,0),,0). (2.13)

But
deg (I — H(-,1),9Q,0) =deg (I — B,Q,0) = +1,

since B is linear, compact, injective and 0 € €2, from a well known property
of the topological degree. By (2.13) one gets

deg (I — H (- 1),9,0) #0

and, hence H (-,1) has at least one fixed point. Obviously, each x for which
x = H (z,1) represents a solution for the equation (2.1).
For further details regarding the topological degree, we recommend [10] .
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3. A theorem of Krasnoselskii type

If we are interested about the existence of solutions on a noncompact interval
for a concrete problem we cannot always use always the theorems K, K’ and
K”, since the spaces of continuous functions on noncompact interval cannot
be organized always as Banach spaces. We are forced to use spaces more
general than the Banach spaces, for example the Fréchet spaces.

Because the terminology is diverse, we are forced to enumerate some
fundamental definitions and properties.

We call Fréchet space each linear metrizable and complete space. One
of the most convenient ways to build a Fréchet space is the one based on
the notion of seminorm.

Let X be a linear space; recall that a seminorm on X is a mapping
|| + X — [0,+00) having all the properties of a norm except that |z| = 0
does not always imply that x = 0.

Suppose that we have a numerable family of seminorms on X, ||, ; we
say that this family is sufficient iff

V) ze X, 2#0, (3) ne N, |z|, #0. (3.1)

Every space (X, |-|,,) , endowed with a numerable and sufficient family of
seminorms can be organized as a metric space, by setting the metric

L _lz—yl
d(z,y) = — " (3.2)
7;1 21 + ‘I‘ - y’n

If (X,]|,)) is complete in the metric (3.2), then it will be called Fréchet.

Recall that the convergence determined by the metric (3.2) can be char-
acterized more precisely with the seminorms, i.e.

(20 = @) <= ((vV) n € N*, Tim_ |z, — 2], =0).

We mention that two families of seminorms |-|,,, [|-||,, are called equiv-
alent iff they define the same metric topology. Obviously, if (E,|-|,,) is
complete, it will remain complete with respect to each equivalent family of
seminorms.

We remark that for every family of seminorms ||, , there is an equivalent
family of seminorms, ordered in the sense that

(\V/) nem*a (\V/) CL‘GX, |$|n§ |£L'|n+1.
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It is easy to characterize continuity of a mapping and the compactity of
a set through the notion of seminorms.

Let a = (an),en be a sequence of real numbers and let (X, |[-,)) be a
Fréchet space. Let us consider M C X.

Definition 3.1. Let U : M — X be an operator. We call U an
a—contraction on M iff

V)ne IN*,(F) a, € [0,1), V) z,y € X,|Ux —Uy|,, < anlz—yl,. (3.3)

Theorem B (Banach). Let (X,|-|,,) be a Fréchet space and let M C X
be a closed subset.

FEvery a—contraction mapping on M, U : M — M admits a unique fixed
point. O

The proof is an immediate consequence of the fact that, if U is a a—contraction,
then for d given by (3.2), we have

d(Uz,Uy) < kd(z,y), (V) z, y € X, (3.4)

where
o0 a,
n=1

We remark that U may not be a contraction in (X,|-|,), but it can
be contraction in a space (X, |-|,,), endowed with a family of seminorms
equivalent with the initial one.

The Theorems K, K’, K” can be extended to the case when X is a Fréchet
space; we will state only the extension of the Burton-Kirk’ Theorem K’.

Theorem K”’. Let (X,|-|,)) be a Fréchet space and let A, B: X — X
be two operators; set Uxx := AB (z/\) + AAx.

Suppose that the following hypothesis are fulfilled:

(A) A is a compact operator;

(B) B is a contraction operator with respect to a family of seminorms
|-1l,, equivalent with the family |-|,, ;

(C) the set

{reX, e=Uyx, N€(0,1)}

18 bounded.
Then there is x € X such that

r = Ax + Bzx. (3.5)

d
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The proof of this theorem is immediate. Indeed, hypothesis (B) ensures
us the existence and the continuity of the operator (I — B)_1 . By applying
to the operator x — A (I — B)™' Az the Theorem S, from hypothesis (C)
the conclusion follows, since Ujz = Br + Ax.

4. An example

We would now like to apply the Theorem K”’. To this end, we take the
Dhage’s example in a more general framework.

In what follows, IR := [0, 4+00), v (¢, s) and k (¢, s) are continuous on the
set {(s,t), 0 < s <t < co} and quadratic d x d matrices, g : R4 xIR? — IR¢
and ¢ : Ry — IR? are continuous functions, the functions y, 6, o, n : R4 —
IR are continuous and satisfy the conditions u (t) <t, o (t) <t, n(t) <t,
(V) t > 0.

Consider the equation

w(t) a(t)
x(t) = q(t)+/0 v(t,s)x (0 (s))ds—%—/O k(t,s)g(s,x(n(s)))ds, (4.1)

teR;.
Theorem 4.1. Assume that the following hypotheses are fulfilled:
(i)
lg(t2)| <) (z)), t € Ry, z € R,
where ¢ : IRy — Ry is continuous and ¢ : Ry — (0,+00) is a continuous
and nondecreasing function;

(i)
/+oo ds
— -t
o s+v(s)
Then, the equation (4.1) admits solutions.
We set as a fundamental space, the space

X=C.:= {CE ‘R, — RY, 2 continuous} )

endowed with the ordered, sufficient and numerable family of seminorms

|z, := sup {|z ()]}, (4.2)
te[0,n]
where for x = (;),.75 € IR? we denoted

|z| = max{\mi\, i€ L—d}
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The space (C¢, |-|,,) is a Fréchet space.
For a quadratic matrix d x d, C' = (cij), ;14 we set

d
|IC| = m%z |cijl -

i€ld i

Consider in C, the operators A, B : C. — C,, defined by
o(t)
(A1) = a+ [ ks)g(samis))ds,
()

(Bz) (1) = /O” v(t,s)z (0 (s)) ds.
We set

K, = Sup{|k(ta3)|a OSSStén},
Va sup{|v (t,s)], 0 <s<t<n}.

We show firstly that B is a contraction mapping; to this aim, we consider
in C, the family of seminorms

lzll, == sup {|= (®)] e """, t € [0,n], hy >0}, (4.3)
which is equivalent with the family (4.2), since
e Mhn lz], < |z, < x|, (V) z€Ce (V) n>1.
Repeating the reasoning from the Section 2, but now on the whole in-
terval [0, n], we get an inequality of type (2.7), i.e.

v,
1Bz = Byll, < 3= llz = yll,, (4.4)
n

Choosing h,, such that h,, > V,,, it follows from (4.4) that B is contraction
and so there exists (I — B)_1 : C. — C, and it is continuous.

Let us show that the operator A : C. — C. is compact; to this aim, we
must prove that it is continuous and it transforms every bounded set into a
relatively compact set.

Let us prove firstly the continuity. Let x,,, x € C. be such that z,, — x
in Cg, i.e.

M n > 1, (V) e>0, (3) mog=mo(e,n), (¥Y) m>myg, (4.5)

|Tm — 2|, < e
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Let n > 1 be fixed; we have

o(t

(®)
|(Azp) (1) — (Az) ()] < /0 [k (8 8) g (s, 2m (1 (5))) — g (s, (1 (s)))| ds,

and so, for ¢t € [0,n], we get

() () =~ (A2) ()] < Ko [ g (5.2 (0(5) = g 5.2 (0 ()] ds. (46)

But the convergence of a sequence implies the boundedness; hence there
is a number L,, > 0 such that

|Tm (8)] < Ly, |z (t)] < Lp, (V) t€0,n], n>1.
But the function ¢ is uniformly continuous on the compact set
{(t,2) e Ry xRY, £ [0,n], |2 < Ln}.
Taking into account that

[2m (1 () =2 (1 ()], < |2m () =2 ()], s

it results that

|9 (&, zm (n(1))) = g (2 (n (1)) <
Then, from (4.6) it follows
| Az, — Az|,, <€, (V) m >my.

The continuity of A is proved.

For proving the compactity of A it remains to show that this operator
maps bounded sets of C. into relatively compact sets of this space.

Recall that M C C. is bounded if and only if (V) n € IN*, (3) r,, > 0,
(V) z € M, |z|,, < rp; and M = {z(t)} C C. is relatively compact if and
only if (V) n > 1, the family {x (t) ‘[Ovn}} is equi continuous and uniformly
bounded on [0, n].

Let x € M, M bounded, i.e.

(V) neN*, @)r, >0, (V) zeM, |z[, <r.
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One has, for t € [0,n],

[(Az) ()] < sup |q(t)] +nK, Gy,
te(0,n]

where
Gn = Sup{|g (tax)| , te [O,TL] ) |‘T| < Tn}

and so
|Az|, < nkK,G, +sup{lq(t)], t € [0,n]}.

It remains to prove the equi continuity of the set {Az, z € M}; to this
aim we shall adapt the method applied in Section 2 to the operator B on
[0,1] and to the operator A on [0,n].

For applying the Theorem K”’, we must check hypothesis (C).

So, let us consider x € C,, such that

w(t)
$() = M)+ /0 v (ts)z (0(s)) ds + (4.7)

o(t)
+ A [ k(g (o (s) ds,

for an A € (0,1); by (4.7) and taking into account that A € (0, 1), it follows
that

1(t) a(t)
B QutVa [ l2@@)ds+ Ka®y [ p(als)Dds, (45)
0 0
t € [0,n], where

Qn =sup{lq(t)], t € [0,n]}, ®n:=sup{p(t), t €[0,n]}.

We set
wy, (t) :=sup{|z(s)], 0 <s<t<n}.

Clearly,
|z (t)] < wy (t), (V) te]0,n]. (4.9)

On the other hand, there is t* € [0, ], such that

and wy, (t) is increasing on [0, 7] .
Taking into account that |z (6 (s))| < w (s), |z (n(s))| < s and the mono-
tonicity of 1, from (4.8) one gets
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B(t*)
w(t) = |z ()] < %+%A w(s)ds +
o(t*)
bR [0 (w(s)ds <
0

S QutCo [T pE)lds, (@10

(¥)t € [0,n] , where
Cyp = max{V,, K,®,,Q,}.
Set t
un (1) = Qn + C"/o [w () + 4 (w ()] ds, ¢ € [0,n].

We have
Wn, (t) < Up (t) , tE€ {O,TL]

and
Un (t) = Cn [wn (8) + ¥ (wn (5))] < Cn [un () + ¥ (un (1))], t € [0,n].

Therefore,

t Up, (3) B un (t) L i
/0 Un, (8) + 1 (un (s))ds B /u(O) s+(s) <Cn te0n].  (411)

Since uy, (0) = @, we get definitively

un(t) ds

Consider now the strictly increasing function

t ds

From

Fn ([Qn, +OO)) = [0’ +OO)’

it follows that there is an unique 7, > 0 such that

E, (rn) = Cy.
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Since u,, is strictly increasing, it follows that

(/u”@ _ds cn> s (un () < ).

s+ (s)
But
|z ()] < wp (t) <up(t), tel0,n],
|z ()] < 7y, t €0,n]
and

which ends the proof.

5. Final remarks

It would be interesting to study the case when I — B is not injective. In
this case, in certain conditions, (I — B)f1 could be seen as a multivalued
operator and one could try to apply to the multivalued operator (I — B) 14
one of the numerous interesting results looking for the existence of fixed
points for multivalued operators.

A great part of the existence problems are related to the equations of
type Lr = Nx, where L is a linear operator and IV is an arbitrary operator;
one can study the problem when such an equation can be written, in an
equivalent manner, under the form x = Ax + Bx. O
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