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Abstract

We prove a Filippov type existence theorem for solutions of a
higher order differential inclusion in Banach spaces with nonconvex
valued right hand side by applying the contraction principle in the
space of the derivatives of solutions instead of the space of solutions.
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1 Introduction

In this note we study the n-th order differential inclusion
2™ —\x € F(t,x), a.e. (I) (1.1)
with boundary conditions of the form
2D(0) = 2N(T) = p;, i=0,1,...,n—1, (1.2)

where A € R, F is real separable Banach space, I = [0,T], F(-,-): [ X E —
P(E)and pu; € E, i =0,1,...,n—1. When X # 0 the linear part in equation
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(1.1) is invertible and, in this case, the problem (1.1)-(1.2) is well known as
a nonresonance problem. Moreover, if y; = 0, ¢ = 0,1,...,n — 1 then the
conditions (1.2) are periodic boundary conditions.

The present note is motivated by a recent paper of Benchohra, Graef,
Henderson and Ntouyas ([1]) in which several existence results concerning
nonresonance impulsive higher order differential inclusions are obtained via
fixed point techniques. The aim of our paper is to provide a Filippov type
result concerning the existence of solutions to problem (1.1)-(1.2). Recall
that for a differential inclusion defined by a lipschitzian set-valued map with
nonconvex values, Filippov’s theorem consists in proving the existence of a
solution starting from a given ”quasi” solution.

Our approach is different from the one in [1] and consists in applying the
contraction principle in the space of derivatives of solutions instead of the
space of solutions. In addition, as usual at a Filippov existence type theorem,
our result provides an estimate between the starting ”quasi” solution and
the solution of the differential inclusion. The idea of applying the set-valued
contraction principle due to Covitz and Nadler ([6]) in the space of derivatives
of the solutions belongs to Kannai and Tallos ([7]) and it was already used
for other results concerning differential inclusions ([3,4,5] etc.).

The paper is organized as follows: in Section 2 we recall some preliminary
facts that we need in the sequel and in Section 3 we prove our main result.

2 Preliminaries

In this short section we sum up some basic facts that we are going to use
later.

Let (X, d) be a metric space and consider a set valued map 7" on X with
nonempty closed values in X. T is said to be a A-contraction if there exists
0 < A < 1 such that:

du(T(x),T(y)) < Md(z,y) Y,y € X,

where dp(-,-) denotes the Pompeiu-Hausdorff distance. Recall that the
Pompeiu-Hausdorff distance of the closed subsets A, B C X is defined by

dy(A, B) = max{d*(A, B),d"(B,A)}, d"(A,B)=sup{d(a, B);a € A},

where d(z, B) = inf cp d(z, y).
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If X is complete, then every set valued contraction has a fixed point, i.e.
a point z € X such that z € T'(z) ([6]).

We denote by Fiz(T') the set of all fixed points of the set-valued map T'.
Obviously, Fiz(T) is closed.

Proposition 2.1. ([8]) Let X be a complete metric space and suppose
that T, Ty are A-contractions with closed values in X. Then

sup d(T1(z), Tx(2)).

- zeX

In what follows F is a real separable Banach space with norm |-|, C(I, E)
is the Banach space of all continuous functions from I to E with the norm
|z(-)|lc = supse; |2(t)], ACH(I, E) is the space of i-times differentiable func-
tions x : I — F whose i-th derivative x'(-) is absolutely continuous and
L'(I, E) is the Banach space of (Bochner) integrable functions u(:) : I — FE
endowed with the norm |Ju(-)||; = fy |u(t)|dt.

A function x(-) € AC" (I, E) is called a solution of problem (1.1)-(1.2)
if there exists a function v(-) € L'(I, F) with v(t) € F(t,z(t)), a.e. (I) such
that (™ (t) — Az(t) = v(t), a.e. (I) and z(-) satisfies conditions (1.2).

In what follows we consider the Green function G(-,-) : I x I — FE
associated to the periodic boundary problem

™ —xz =0, 290)-2zDT)=0, i=0,1,...,n—1.

For the properties of G(-, ) we refer to [1].
The next result is well known (e.g. [1]).

Lemma 2.2. ([1]) Ifv(-) : [0,T] — E is an integrable function then the
problem

' (") (t) = Az(t) = v(t) ae (I)
z®(0) —2(T) = p;, i=0,1,...,n— 1.

has a unique solution x(-) € AC" (I, E) given by

() = P(t) + /0 LGt s)u(s)ds,

where

n

1 8@
H(t) = %G@v O)Mnflfi- (2'1)

™

i
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In the sequel we assume the following conditions on F'.

Hypothesis 2.3. (i) F(-,-) : I x E — P(E) has nonempty closed values
and for every x € E F(-,x) is measurable.

(ii) There exists L(-) € L'(I, E) such that for almost all t € I, F(t,-) is
L(t)-Lipschitz in the sense that

dH(F(tax)vF(tay)) < L(t)|ZL‘ _y| v T,y € E

and d(0, F'(t,0)) < L(t) a.e. (I).
Denote Ly := [; L(s)ds and M, := SUp( syerxs |G (¢, 8)].

3 The main result
We are able now to prove our main result.

Theorem 3.1. Assume that Hypothesis 2.3 is satisfied and MyLy <
1. Let y(-) € AC" (I, E) be such that there exists q(.) € L'(I,E) with
d(y™(t) — \y(t), F(t,y(t))) < q(t), a.e. (I). Denote fi; = y@(0) —y(T),
i=0,1,...,n—1.

Then for every € > 0 there exists x(-) a solution of (1.1)-(1.2) satisfying
forallt el

1 My
t)—ylt)| < —— P,(t) — P;(t —_—

T

| atyd+=,
0

where P,(t) is defined in (2.1).

Proof. For u(+) € L'(I, E) define the following set valued maps:
T
M, (t) = F <t, P.(t) + / G, 3)u(3)ds> L tel,
0

T(u) ={¢(.) € L'(I,E); o(t) € My(t) ae. (I}
It follows from the definition and Lemma 2.2 that z(-) is a solution of
(1.1)-(1.2) if and only if (™ () — Az (+) is a fixed point of T'(-).
We shall prove first that 7'(u) is nonempty and closed for every u €
LY(I, E). The fact that the set valued map M,,(-) is measurable is well known.
For example the map t — P,(t) + [ G(t, s)u(s)ds can be approximated by
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step functions and we can apply Theorem III. 40 in [2]. Since the values of
F are closed with the measurable selection theorem (Theorem IIL.6 in [2])
we infer that M, (-) admits a measurable selection ¢. One has

o) < d(0,F(t,0)) +du (F(t, 0), F (t, P.(t) + /0 ' G(t, s)u(s)ds>>

< L) (1 B+ s [6(6,9)] [ |u<s>|ds) ,

which shows that ¢ € L'(I, E) and T'(u) is nonempty.

On the other hand, the set T'(u) is also closed. Indeed, if ¢,, € T'(u) and
|pn—&]|1 — 0 then we can pass to a subsequence ¢,,, such that ¢, (t) — ¢(t)
for a.e. t € I, and we find that ¢ € T'(u).

We show next that T'(+) is a contraction on L'(I, E).

Let u,v € L'(I,E) be given, ¢ € T(u) and let 6 > 0. Consider the
following set-valued map:

vaf.

From Proposition I11.4 in [2], H(-) is measurable and from Hypothesis 2.3
ii) H(-) has nonempty closed values. Therefore, there exists ¢(-) a measurable
selection of H(-). It follows that ¢ € T'(v) and according with the definition
of the norm we have

lo—wlh = [ lott) — w(o)lat
< /OTL(t) </OT|G(t, s)||u(s)—v(s)|ds> dt+/OT<5dt

H(t) = M, (1) N {as € B 1o(t) - o] < L(t) \ [ 6t 9)u(s) — v(s))ds

_ /OT (/OT LG, s)|dt> u(s) — o(s)|ds + To
< MyLo|lu — vl +T9.
Since 0 > 0 was chosen arbitrary, we deduce that
d(6, T(v)) < MyLollu — vl
Replacing v by v we obtain

dp(T(u), T(v)) < MoLollu — ]|,

EJQTDE, 2007 No. 8, p. 5



thus 7'(+) is a contraction on L'(I, F).
We consider next the following set-valued maps

Fi(t,x) =F(t,z)+q(t)B, (t,z)elxE,

M) =Fy (t, Pi(t) + /OT G(t, s)u(s)ds> , tel, wu()eLYI,E),

Ti(u) ={¢() € LI, E);  o(t) € My(t) ae. (1)},
where B denotes the closed unit ball in £. Obviously, Fi(-,-) satisfies Hy-
pothesis 2.3.
Repeating the previous step of the proof we obtain that T is also a
My Lg-contraction on L'(I, E') with closed nonempty values.
We prove next the following estimate

d(T(0). Ti(w)) < sup [ Pu(0) — Plt)lLo+ [ aOdt. (3.1)

Let ¢ € T'(u),d > 0 and define
Hﬁﬁﬂ@@m&ea W@—ASMM%ﬁ—&®Hw®+%}
With the same arguments used for the set valued map H(-), we deduce

that Hi(-) is measurable with nonempty closed values. Hence let ¢(-) be a
measurable selection of H;(-). It follows that ¢ € T7(u) and one has

lo—wlh = [ 16()  v(o)

< /OT [L(mpu(t) — Pu(t)| +q(t) + %1 dt
< AT<HP< (ol + [ gl
< Losup| Pyt |+/ Bt + 0.

Since ¢ is arbitrary, as above we obtain (3.1).
We apply Proposition 2.1 and we infer that

) Lo 1 T
Ay (Fia(T), Fin(T})) < g3 sup [ Pu(t) = Palt)| + g—p [ a0yt
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Since v(-) = y™(:) — Ay(-) € Fiz(T}) it follows that there exists u(-) €
Fiz(T) such that for any € > 0

LO 1 T 3
— < — P,(t) — Pt 7/ t)dt + —.
o= ull < ;o sup Pu(®) — Palt)| + 1y [ aa +

We define z(t) = P,(t) + [} G(t,s)u(s)ds, t € I and we have

z(t) —y(1)] < IPu(t)—Pﬂ(t)\+/OT\G(t,8)HU(8)—v(S)Id8

MyL
< sup |Bu(t) — Pa(t)] + sup [P, (1) — Pﬁ(t”%
el tel i ™
Lo fr d
- - t)dt
+1—M0L0 0/0 q(t)dt +e
1 Mo "
SR SRR 7/ t)dt + ¢,
- 1—MOLostlel?| (1) M()|+1—M0LO 0 wiydtre

which completes the proof.
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