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Abstract

We present new oscillation criteria for the second order nonlinear dif-
ferential equation with damping term of the form

(r(t)e(@)f(2)) +pt)p (9(z), ()Y () f(£)) + q(t)g(z) = 0,

where p, ¢, r : [to,00) — R and ¥, g, f : R — R are continuous,
r(t) > 0, p(t) > 0 and ¢(x) > 0, zg(x) > 0 for z # 0, uf(u) > 0 for
u # 0. Our results generalize and extend some known oscillation criteria
in the literature. The relevance of our results is illustrated with a number
of examples.

1 Introduction

We are concerned with the oscillation of solutions of second order differential
equations with damping terms of the following form

(OB + ) (GBI @D) + @) =0 (=) ()
where r € C[[t,, ), RT], p € C[[to,00),[0,00)], ¢ € C[[to, ), R], ¥ € C[R,RT]
and g € C'[R,R] such that zg(z) > 0 for z # 0 and g (x) > 0 for z # 0. ¢
is defined and continuous on R x R — {0} with up(u,v) > 0 for wv # 0 and
w(Au, Av) = Ap(u,v) for 0 <A < oo and (u,v) € R x R —{0}.

We recall that a function z : [t,,t1) — R is called a solution of equation (E)
if x(t) satisfies equation (E) for all ¢ € [t,,¢1). In the sequel it will be always
assumed that solutions of equation (E) exist for any ¢, > 0. Such a solution
x(t) is said to be oscillatory if it has arbitrarily large zeros, and otherwise it
said to be nonoscillatory. Equation (E) is called oscillatory if all its solutions
are oscillatory.
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Oscillatory and nonoscillatory behavior of solutions for various classes of
second-order differential equations have been widely discussed in the literature
(see, for example, [1 — 37] and the references quoted therein). There is a great
number of papers dealing with particular cases of equation (F) such as the linear
equations

E(t) + q(t)x(t) = 0, (Er)
(r@®)a(t)) + q(t)z(t) =0, (E2)
the nonlinear equations

E(t) +q(t)g (x) =0, (Es3)
(r()y(z)a(t)) +q(t)g (z) =0, (E1)

and the nonlinear equations with damping term
(r@®)z(t)) +p)2(t) +q(t)g (z) =0, (Es)
(r@)¢(x)2(t)) + p(t)(t) +q(t)g (x) =0, (Es)
(r@)f (@) +p@)e (g(x), r(t)f(#)) + q(t)g(x) = 0. (E7)

An important tool in the study of oscillatory behaviour of solutions for equa-
tions (Ey)—(E7) is the averaging technique. This goes back as far as the classical
results of Wintner [32] which proved that (E;) is oscillatory if

lim — / / u)du ds =
t—oo t t,

and Hartman [10] who showed the above limit cannot be replaced by the limit
superior and proved the condition

hmmf / / u)du ds < limsup— / / u)du ds < oo,
t—o0

implies that equation (E1) is oscillatory.
The result of Wintner was improved by Kamenev [11] who proved that the
condition

1 t
lim SUp Ty / (t —s)" " tq(s)ds = 0o for some n > 2,

t—o0 °

is sufficient for the oscillation of equation (E}).

Some other results can be found in [21], [27], [34] and the references therein.
Kong [12] and Li [15] employed the technique of Philos [27] and obtained several
oscillation results for (Es).

Butler [2], Philos [22], [23], [24], [25], [26], Philos and Purnaras [28], Wong
and Yeh [33] and Yeh [37] obtained some sufficient conditions for the oscillation
of equation (E3) and Grace [7], Elabbasy [3], Manojlovic [18] and Tiryaki and
Cakmak [31] for the oscillation of equation (Ej).
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In the presence of damping, a number of oscillation criteria have been ob-
tained by Li and Agarwal [16], Grace and Lalli [9], Rogovchenko [29], Kirane and
Rogovchenko [14], Li et al. [17], Yang [36] Nagabuchi and Minora Yamamoto
[20], Yan [35], Elabbasy, Hassan and Saker [5] for equation (Ej5), Ayanlar and
Tiryaki [1], Tiryaki and Zafer [30], Kirane and Rogovchenko [13], Grace [6], [7],
[8] and Manojlovic [19] for equation (Eg) and Elabbasy and Elsharabasy [4] for
equation (FE7).

In this paper we extend the results of Wintner [32], Yan [35], Elabbasy [3],
Elabbasy and Elsharabasy [4], and Nagabuchi and Yamamoto [20] for a broad
class of second order nonlinear equation of the type (E).

2 Main Results

Theorem 1. Suppose, in addition to condition

©(l,z) >z forall z#0, (1)
9C) S o0 forall @20, 2)
()
Foo
Mcly <oo forall &>0, (3)
+e 9()
and
0<L; < 1) <Ly forally# 0 and lim ) exist, (4)

that there exist a positive function p € C[t,, 00) such that (p(t)r(t))” < 0 for
all t > ¢,. Then equation (F) is oscillatory if

sy [ [pw)q(u) - Tl (24 p<u>)2] duds = oo, (5)

where M = L£

Proof. On the contrary we assume that (E) has a nonoscillatory solution z(t).
We suppose without loss of generality that x(¢t) > 0 for all ¢ € [t,,00). We
define the function w(t) as

w(t) = p(t)% for all t > t,.
This and equation (F) imply
_ A oy w(t)y, L r(OY(@)f(E)g (2)E
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Integrating from ¢, to t we obtain

[ ootors < ote -t - [ [HLD (8D ) o)

Thus, for every t > t, we have

/ [p(sms) - (28 - 0o ] s < w(ty) ~ wlt)

- /[ ) - (%p@)] s

Hence, for all t > t, we have

/ [p<s>q<s> ) ] ds < wity) ~ wlt),

/t lp(S)tI(S) - % <@ p(s)) ] ds < w(t,) — p(t)M_

From (4) we obtain

/t [p(S)q(S) - T(Z\/}(S) (® —p(S)) ] ds < w(t,) — Llp(t)r(f)w(w)ob.

p(s)

Integrate again from tg to ¢t we obtain

[ l”(“)““) T p<u>>2] duds

< wlt)(t — 1) — Lo /t p(s)r(s)“/;((‘””;f ds. (6)

Since 7(s)p(s) is nonincreasing, then by the Bonnet’s theorem there exists a
N € [to, t] such that

! Y(x)i

—Ll/t r(s)p(s)gl/(]iggi?)ds = —Lir(to)p(to) t g(z(s)ds
I(tO)
= Lttt [ ) ey
_ o if z(t,) < x(n),
Lur(t)olts) [ X8y i a(t,) > 2(n)
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hence

—00 < —Ll/t r(s)p(s) Vlz)d ds < kq,

. g(x(s))

k1 = Lir(to)p(to) /OO MCly

9(y)

where

Hence (6) becomes

/t /ts [p(u)q(u) - % <% p(U)) ‘| duds < w(to)(t — to) + k. (7)

Divide (7) by ¢ and take the upper limit as ¢ — oo which contradicts the
assumption (5). This completes the proof.
Corollary 1. If the condition (5) in the above theorem is replaced by

2
hm sup — / / (—u§ — p(u)> duds < o0,
(u
thm sup — / / u)duds =

then the conclusion of theorem 1 still true.

Remark 1. If p(t) = 0, 7(t) = 1 and p(t) = 1, then Theorem 1 reduce to
Wintner theorem in [32].

Theorem 2. Suppose, in addition to conditions (1), (2), (3) and (4), that there
exist a positive function p € C1[t,, 00) such that

(r@®)p(t)) =0, ((r(t)p(t))” <0,
v() = (r@t)pt)p(t) — p(t)r(t)) >0 and A(t) <0 for all t > t,, (8)
and

lirgo 1nf/t p(s)g(s)ds > —o0 (9)

hold. Then equation (F) is oscillatory if

o [ s oo 0

Proof. On the contrary we assume that (E) has a nonoscillatory solution z(t).
We suppose without loss of generality that z(¢t) > 0 for all ¢ € [t,,00). We
define the function w(t) as

r()y(z(t))f(@(t))
ED) for all ¢ >t,.

w(t) = plt)
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This and equation (F) imply

pt) w(t)

w(t) < mw(t) —p(B)la(t) + p(t)e(1, M)] —p(t) 72 (2(0)
From (1), (2) and (4) we obtain
By L
P < ~(t) + Edutt) = p(0alt) = M—s®(0), (1)
. PN o) 1O NP S
plt)a(t) < ~lt) 20 S — pr s

} 1
Y@z 1 ey
t) p(t)r(t)

Integrating from 7" to t we obtain

t — W — t S w(x)z S — t#uﬁ s)as
[ psates <o(r) o) - 1y [ 9 s - ar [~ ()gg)

Now evaluate the integral

Since v(t) is nonincreasing, then by the Bonnet’s theorem there exists a7 € [T, ]
such that

i), o )i
/T”” ¢ 7(T)/T (=)

g(x(s gz

o z(n)ﬁ
B 7(T)/zm g(y)dy

B Z(T)M
- 7(T)/gg(n) gt "

_ { 0 if x(n) > «(T),

Y (T) [ U8 dy if 2(n) < 2(T),

hence

—00 < — t S V(z)e S
<= fo gy < e -

ke =(T) /OO Md«y-

9(y)

where
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From (14) in (13), we have

t t ,
/T p(8)q(s)ds < w(T) — w(t) + Liks — M/T mw (s)ds. (15)

Thus, we obtain for ¢t > T > t,

/ttp(S)Q(S)ds _ /tTp(S)q(S)ds+/tp(3)‘J(5)d5

o o T
t 2
< O -w(t) - M/ ws) g, (16)
v p(s)r(s)
where
T
C1 =w(T) + Liks —|—/ p(s)q(s)ds.
to
We consider the following two cases:
Case 1. The integral
co 2
/ w(s) ds 1is finite.
v p(s)r(s)
Thus, there exists a positive constant N such that
t 2
/ W) 4s< N forall t>T. (17)
7 p(s)r(s)

Thus, we obtain for ¢t > T

2

[oma] = {ei-wio- [ 2200
< ACT + 4w (t) + 4M> [ /T t péji‘g(l)ds]z.

Therefore, by taking into account (17), we conclude that

2

i pela(s)is| < o+ 40,

where )

e[ 20
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Thus, we obtain for every t > T

2

/t t [ /t p(u)q(u)du] ds

2

/t T { /t p(u)q(u)du} ds

2

4 /T t [ /t p(u)q(u)du] ds

2

- [ t [ /:p(u)q(u)du] ds

t
< 03+Cg(t—T)+4/ w?(s)ds

= C3+Ce(t—T)+ 4/T p(s)r(s) p?;g:s(i) s

Since p(t)r(t) is positive and nondecreasing for ¢t € [t,, o), the Bonnet’s theorem
would ensures the existence of T7 € [T, t] such that

t w2(s) _ . t w2(s) .
Py ds = ettt /T FOLOR

Also, since p(t)r(t) is positive on [t,,00) and (p(t)r(t))" is nonnegative and
bounded above, it follow that p(t)r(t) < Gt for all large ¢t where § > 0 is a

constant. Which ensures - J
s
= 0.
/t p(s)r(s)

o

Thus, we conclude that

/t: [/t: P(u)q(u)du] i ds < Cs+ Cy(t —T) + 43t /Tt péjiil)ds

So, we have

2

/tt |:/t P (u)q(“)du] ds < O3+ Ca(t —T) + ANt

This implies
2

t s
lim sup %/ [/ p(u)q(u)du] < Cy+4Nf < oo,
to LJto

t—o0

which contradicts (10).
Case 2. The integral

* Kw?(s) .
/T p(s)r(s)ds is infinite. (18)
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By condition (2), we see that

- ﬂuﬁ S S =
/T O i

By virtue of condition (9), it follow from (16) for constant B

_w 1 gs)

2B+ 1 | oreeeE)
We can consider a 75 > 1T such that

Cp LT e

C=Br | Sy e > o

Then (19)ensures that w(t) is negative on [T, 00). Now, (19) gives

w?(s)ds for every t > T. (19)

1@ [ e o T L =g 0)Ew)
Ls p(Or(t w<>{ L) oo ee@ ”d} 2 T Lagal®)
g (e(t)é(t)
= T GW)
and consequently for all t > T5
B+ %ft ﬂuﬂ(s)ds
S O OTEED zmggg(f;f})))’ —

Hence

L g@ s o 9@ (D)
Bt /Tp<s> (8)ds 2 0@y

So, (19) yields

—w(t) >

where C' = Cg(z(T)). Thus, we have

From (4) we have
=1
U A ORO)

Integrate from T5 to ¢, we have

z(t)

- o1
e /T or(s)

ds — —oc0 as t — 00,
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a contradiction to the fact xz(t) > 0 for ¢t > t,, and hence (18) fails. This
completes the proof.

Remark 2. If p(¢t) = 0 and f(¢) = & then Theorem 2 reduce to Theorem 1 of
Elabbasy [3].

Theorem 3. Suppose, in addition to (1), (2) and

2(y) < Lyf(y), (20)

that there exist a positive function p € C1[t,, 00). Moreover, assume that there
exist continuous functions H, h : D = {(t,s),t > s > t,} — R and H has a
continuous and nonpositive partial derivative on D with respect to the second
variable such that

H(t,t) = 0 forall t>t,, H(t,s)>0 forallt>s>t,,
OH(t,s)

3 = h(t,s)\/H(t,s) forall (¢,s)€ D.
s

Then equation (E) is oscillatory if

tin sup 7o [ (e oterat - H20 Q200 bas . (21
Where
Qlt,s) = [h(t, 5) - (% —p<s>) G, s>] and M=%

Proof. On the contrary we assume that (E) has a nonoscillatory solution z(t).
We suppose without loss of generality that x(¢t) > 0 for all ¢ € [t,,00). We
define the function w(t) as

r®y (1) f (@)
g(x(t))

This and equation (F) imply

w(t) = p(t) for all t > t,.

o(t)

o0) < 2000 01001, 2y PLEDIE NS )30,

(1) p(t) g% (x(t)
From (1), (2) and (20) we obtain
A & —p(s) | w(t) — — Luﬂ
50 < (55 = 5()) wl0) = p0a(0) - L)

Thus, for every t > T, we have

/TtH(t,s)p(S)q(S)ds < /Tt (% —p(s)) H{(t, s)w(s)ds
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/ H{t, 8)o(s)ds - M /T peEE Ol

- /T U s)o(s)ds

Since

The previous inequality becomes

(s)ds

n+ [ 25
1 [ e T4
/Hts s)ds < H(t,T)w(T) /

M/; p(s)r(s) (s)ds

' r(s)p(s) o
/T [H(t, s)p(s)q(s) — WQ (t, s)] ds < H(t,T)w(T)

Hence we have

(VALY r(s)p(s) ’
/T< (s)p(s) w(s) + WaTi Q(t,s)) ds. (22)

By (22) we have for every t > T > t,

/T {H(t,s)p(s)q(s)—%QQ(LS)} ds < HOLT)(T)  (23)
< H(T)|w(T)
< H(t, 1) o(T)|

We use the above inequality for T'= T, to obtain

t r($)o(s)
[ [ oterate) - "2 )| s < ey ot

Therefore,

/ #.90(6)a00) - T Q0] s
_ /T s - )| ds
v [ [t - 220G s
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Hence for every t > t, we have
! r(s)p(s) 2 }
H -t d
| )l - ") as

T,
< H(t,t,) { / o(s) a(s)| ds + |w<To>|} | (24)

o

Dividing (24) by H(t,t,) and take the upper limit as t — oo we get

Jim s g | (0,0l - ") | ds <

which contradicts (21). This completes the proof.
Corollary 2. If condition (21) in Theorem 3 is replaced by

t

lim sup H(t,s)p(s)q(s)ds = oo,

t—o0 H(tvto) to

1 t
tlggo sup a0 /to 7(s)p(s)Q%(t, s)ds < o0,

then the conclusion of Theorem 3 remains valid.

Corollary 3. If we take H(t,s) = (t — s)® for a > 2, then the condition (21)

in the above theorem becomes

Jim swp o [0 )% pls)ats) — "D

x [a —(t—s) (Z((j)) p(s)ﬂ : (t — 5)°2ds = oo,

Remark 3. Theorem 3 extended and improved Theorem 2 in [4].

Remark 4. If f(i) = &, ¢(z) = 1 and ¢ (g(x),r(tw(x) f(yb)) — i, then
Corollary 2 extend Nagabuchi and Yamamoto theorem in [20] and Yan Theorem
with g(z) = = in [35].

Example 1. Consider the differential equation

4t% + 2 cos? (1nt)$, t) 1+232()\\ N sin?(Int)
t2 + 2 cos?(Int) 4+ 282(t) 12
4t%42cos?(Int) . 14242 2
(t ;2:2 (:Coos52 ((ln tt))z(t) (412128;)) + :CQ (t) " 1 (t) 0. t>¢ 1
—xT — 0 = .
x(t) 2t T

If we take p(t) = 1 and H(t,s) = (t — s)?, then we see that all hypotheses of
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Theorem 3 are satisfied where

Jim s 7 {9 - 2.9 o

/t (t—5)? s4s%+2cos?(Ins)
1 4 s2+2cos?(In s)

x@+ﬁ:ﬁiﬁﬂfhs

2s

105 (t—11)2 /lt l(t ;sS)Q -5 [“ (tQ_SS)ﬂ ds

li ! My Bp, Tepy L
= m sup ——5 n =
e P12 \8" 32" 16 32

Y
B
]
=

e}

Hence, this equation is oscillatory by theorem 3. One such solution of this
equation is z(t) = sin(Int).

Theorem 4. Suppose, in addition to condition (1), (2) and (20), that there
exist a positive function p € Cl[t,, 00). Moreover, assume that the function H
and h be as in Theorem 3, and let

. .. . H(,s)
< .
0< slgfto ngg) inf H(t,to)} < o0 (25)

Suppose that there exists a function 2 € C([t,,00), R) such that

1 t
Jim sup 77 / D@ 5)ds < o0 (26)

tim sup g [ @) - LI s ), o)

for every T > t,. Then equation (E) is oscillatory if

IO
/to o) (28)

where Q (t) =max{Q(t),0} for ¢t > t,.

Proof. On the contrary we assume that (E) has a nonoscillatory solution z(t).
We suppose without loss of generality that :(t) > 0 for all ¢ € [t,,00). Defining
w(t) as in the proof of Theorem 3, we obtain (22) and hence for ¢t > T > t,, we
get

i swp s [ s - Q2 as

. 1 Y1VML\/H(t,s) Vo (
Sw(T)—tEI{.glnf H(t,T)/ l )00 w(s) + 2\/— ts] ds.
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Thus, by condition (27) we have for T' > ¢,

VAL /HT ) NGOnO) :
BRO) w(s) + Wi Q(t,s)] ds.

t—o0o

e 1
w(T) > Q(T)+ lim inf HET) /T

This shows that

w(T) > QT), (29)
and
o [VEYEGS) IOTOPWINE
tlirgomf H(th)/T l T 5)0) w(s) + Wi Q(t,S)] ds < o0.
Hence

1 [VMHES) (5)9(5) ’
m>t£r&1nf 1) /tol 70s) w(s) + Wil Q(t,s)‘| ds

. 1 YTM H(t,s) ,
> tlirgomf 1) /to [ ()p(5) w(s) +Q(t,s)vV H(t,s) w(s)} ds.  (30)

Define the function a(t) and 3(t) as follows

B 1 tMH(t,s)MQS )
") = Ft,) / @pls) B

B(t) = m /to Q(t,s)\/H(t,s) w(s)ds.

Then (30) may be written as

Jim_inf [a(t) + B(t)] < oo. (31)
In order to show that 2 (s)
[ att <= 32)
Now, suppose that ,
/ wils) o (33)
t, P(s)r(s)

By (25) we can easily see that

lim «a(t) = oo. (34)

t—oo

Next, let us consider a sequence {T}, }
such that

_in (t,, 00) with lim T}, = oo and

n=1,2,3,.. " 00

lim [a(Tn) + ﬁ(Tn)] = tli{go inf [a(t) + ﬁ(t)] .

n—oo
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Now, by (31), there exists a constant N such that

a(Ty) + B(T,) <N (n=1,2,..).

Furthermore (34) guarantees that

and hence (35) gives

2
S
2
~
DO =

provided that n is sufficiently large. Thus,

T, -1
gETn; < 5 for all large n,

which by (37), ensures that

lim il ()

n—oo a(Tn)

= Q.

(38)

On the other hand, by Schawrz inequality, we have for any positive integer n,

F(T,) = m Vt " Q(T, $)V/H (T, ) w(s)ds]

MH(T ) o
HTn,t )p(5) w (s)ds]

1 r()els)
H(Tn,to) / M Q*(Tn, S)ds]

X

= O‘(Tn)

H(Ty,,t

52(Tn) 1 T T(S)p(s) ,
a(Th) = H(Tn,to)/ Q°(T, s)ds.

It follow from (38) that

or

lim _r /Tn 7(8)p(8)Q* (T, 8)ds = 00
nso H(To to) Jy, " '

(39)
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Consequently,

1 ! 2
lim sup i) /to p(s)r(s)Q=(t, s)ds = oo

t—o0

but the latter contradicts the assumption (26). Hence, (33) fails to hold. Con-
sequently, we have proved that inequality (32) holds. Finally, by (29) we obtain

> Q% (s) * Ww2(s) ~
/t p(s)r(s)g/to o()r(s) =%

o

which contradicts the assumption (28). Therefore, equation (E) is oscillatory.
Example 2. Consider the differential equation

14+sin?t 1 .\ 2.
t2 1+$2$ +t_3z

1 +sin’t 1
+ T |2+ =0, t>t,=1. 40
t2(3 4 2sin?¢t) { 1+z2] (40)
We note that ) A
g (z) 2x
=3+ ——>3=K.
Y(z) (I+2%)

If we take p(t) = 1 and H(t,s) = (t — s)?, then we have

— 00

1 t (1 + sin? 2t 2\?
= lim sup 2/ ( —|—s;n S) <2+——2> ds
1

. 1 ‘ 2
thm supm/1 r(s)p(s)Q(t, s)ds

t—o0 (t—1) s s s
1 t2 2t 27 8
< — [ 2 e+ 2 L) as=2<
= tirgosup( 1)2/1 52< Jr53 52> FTTS
tlim SUP —r ( q(s) — MQQ(L s)) ds
(t—s)?2(1 1+ sin? 2t 2\°
:limsup / °) + sin” S)f( +sm S) 24+ —5——= | ds
t—oo0 s2( 3+2sm s) 1252 s3  s?
t 1 1 2t 2\?
> 1 t—s)P(os) = — (242 d
im sup( —T)Q/ (( s) (382) 62 < + 2) s
1 7T% ~ 2 ey
= — Q
21 T7 (T),
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and, finally,

[ e = [ (&) (55

/t 1 756 —2\? /82 ds —
L\21 &7 9 )T

Thus we conclude that (40) is oscillatory by Theorem 4. As a matter of fact,
x(t) = sint is an oscillatory solution of this equation.
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