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Abstract

In this paper, we investigate the existence of positivet&mis for a class of nonlinear semi-
positonenth-order boundary value problems. Our approach relies erkdlasnosel'skii fixed
point theorem. The result of this paper complement and expeeviously known result.
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1. Introduction

The BVPs for nonlinear higher-orderftéirential equations arise in a variety of ar-
eas of applied mathematics, physics, and variational problof control theory. Many
authors have discussed the existence of solutions of higiter BVPs, see for exam-

ple [1-4, 6-7, 9-10], and the references therein.

In this paper, we study the existence of positive solutiohstio-order boundary

value problem

u™(t) + Af(t,ut) =0, O<t<1,
{ (1.1)

u(0) = h( I8 u(t)dg(t)), W(©0)=0,---,u"d(0)=0, u(l)= g( I8 u(t)do(t)),

wheren > 3, 2 is a positive parametefol u(t)ds(t), fol u(t)do(t) denote the Riemann-
Stieltjes integrals, we assume that

(B1) £, 6 are increasing nonconstant functions defined ga]ith £(0) = 6(0) =
0;

(B>) there existdM > 0 such thaff : [0, 1] x [0, +o0) — [—M, +o0) is continuous;

* E-mail addressczbai8@sohu.com

EJQTDE, 2008 No. 7, p. 1



(B3) h,g: [0, +0) — [0, +00) are continuous and nondecreasing.

We note that our nonlinearity may take negative values. Problems of this type
are referred to as semipositone problems in the literatlioethe best of the authors

knowledge, no one has studied the existence of positiveéignfifor BVP (1.1).

In special case, the boundary value problems (1.1) reduéesrgoint or three-
point boundary value problems by applying the following kkelown property of the

Riemann-Stieltjes integral.

Lemma 1.1 [5]. Assume that

(1) u(t) is a bounded function value dm,b], i.e., there exist, C € R such that
c<ut) <C,Vtelahb];

(2) £(b), 6(t) are increasing ofa, b];

(3) The Riemann-Stieltjes integra];g u(t)de(t) and fa g u(t)dz(t) exist.

Then there existy, v> € R with ¢ < vy, v» < C such that

b b
f LAY = va(6(b) — 6(a), f L)AL = V(L (b) - £(a).

a a
For any continuous solution(t) of (1.1), by Lemma 1.1, there existn € (0, 1)

such that

1
fo u(t)dZ () = u(é)(Z(1) - £(0)) = u€)z ().

1
fo u(t)de(t) = u(m)(6(1) - 6(0)) = u(mo(1).
If h(t) = g(t) =t, t € [0, +0), we takeax = £(1),8 = 6(1), then BVP (1.1) can be
rewritten as the followingith-order four-point boundary value problem

{ u™() + Af(t,ut) =0, O<t<1, (1.2)

U(O) = (ZU({,:), U/(O) = 07 ) u(n—Z)(O) = 0» U(l) = ﬂu(n)»
If h(t) = 0,t € [0, +o0) andg(t) = t, t € [0, +0), we takes = 6(1), then BVP (1.1)
reduces to the followingth-order three-point boundary value problem

{ u™() + Af(tut) =0, O<t<1,

u0)=0, W(0)=0,---,u™d0)=0, u(l)=pAu(r), (1.3)

For the case in whicl = 1 and f(t,u(t)) = a(t)f(u(t)). Eloe and Ahmad [6]
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established the existence of one positive solution for B{P3) by applying the fixed

point theorem on cones duo to Krasnosel’skii and Guo.

Motivated by [2] and [5], the purpose of this paper is to elisatthe existence of

positive solutions for BVP (1.1) by using Krasnosel'skiidikpoint theorem in cones.

The rest of the paper is organized as follows. In Section gimesome Lemmas.
In Section 3, the main result of this paper for the existerfcatdeast one positive
solution of BVP (1.1) is established.

2. Lemmas

Lemma 2.1. If n > 2 andy(t) € C[0, 1], then the boundary value problem
{ ul®) +y(t) =0, O<t<1,

u(0) = h( IS u(t)dg(t)), w()=0,--,ud0)=0, u(l)= g( IS u(t)do(t)), (1)

has a unique solution

u@) = [ G(t, 9y(g)ds+ t-1g ( I8 u(s)de(s)) +(1-tYh ( I8 u(s)dg(s)) ,

where
_ Q\h-14n-1 _ _ Qn-1
(1-9m 1ft 9 , 0<s<t<1,
Gt 9=1 q_gripa?
W, O<t<sx<l

Proof. The proof follows by direct calculations, we omitted here.

Lemma 2.2. G(t, ) has the following properties
() 0 < G(t, ) <k(9),t,s€[0,1], where

1-9™*
(n-2)! °’

(i) G(t, s) = y(Hk(s), t,s€ [0, 1], where

) -1 (1- t)tn—Z -t ,
y(t) = mln{ =1 e

n-1 n-1 =,

k(s) =

NIk O
IA A
IA A
b e

Proof. It is obvious thatG(t, s) is nonnegative. Moreover,
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(t(a- 9 - (-9
G(t,s) = (1-9™ r?[n_—ll)!
(n-1) °

1 S(L-tL - )" 2+ (L - )"t —9) +---
“(n- 1)!{

+Ht(L - 9)(t— 93+ (t— 9™, O<s<t<l,
(L1-9" ™, O<t<s<1

1 (n-1Ds(1-9™1, 0<s<t<1,
(-1 1-9"s, O<t<s<1

_ Qn-1
<s(l S

n=2) =k(s), t,se0,1],

that is, (i) holds.
If s=0ors=1,itis easy to know that (ii) holds. K € (0,1) andt € [0, 1], then

we have
(1 _ S)n—ltn—l _ (t _ S)n—l
G(t,s) _ (h-s1-9gmt sst
k(S) - (1 _ S)n—ltn—l f<s
(n-1)s(1- 9™’
LD - 92+ (L= -9+ -+ =97 __
_ (n-1)s(1- 9 CoEh
tn—l
(n-1)s’ t<s
s(1-tt"3(1-9"2
S EEEEE
(n——l)s’ t<s
(1-t)th-2 )
> 1 ’
n-1’ t<s
which implies that
Gk((ts)s) > y(t), for se (0,1)andt € [0, 1].

Thus, (i) holds.
Lemma 2.3 [8]. LetE = (E,| - |) be a Banach space and letc E be a cone in

E. AssumeQ; andQ, are open subsets & with 0 € Q; andQ; c Q, and let
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A: Kn(Q\ Q1) — K be a continuous and completely continuous. In addition,

suppose either

() IIAU]| < Jjull, u € K N aQy, and)|Aul| > ||ull, u € K N dQy, or
(2) [|AU|] = |jull, u € K N 0Qq, and||Au|| < ||ul|, u e K N Q.

ThenA has a fixed point itk N (Qz \ Q).
3. Main result

Let E = C[0, 1] be the real Banach space with the maximum norm, and define th

coneP c E by
P={ueE:u®)=y@®lul, te[0,1]}
wherey(t) is asin Lemma 2.2.

For convenience, let
Q={ueE:|ul<ry, Qo={uekE:|ull<ry},

1 n-1(1 _
p(t):f0 G(t,s)ds:%

1 1-7
Clzfo k(s)ds, ngf k(s)ds,

* = maxy(t) = max 1 (n— 1y
LA = A (n-pp2-t> 1 J°

. Uo(t) = AMp(t), O<t<1, (3.1)

(3.2)

Theorem 3.1. Assume tha{B;), (B,) and(B3) hold. Suppose the following conditions

are satisfied:

(By) there exisy, ¢ € C([0, =), [0, o)) are nondecreasing functions wittu), y(u) >
0 foru > 0, such that

f(t, u(®)) + M < w(u), (t, u) € [0, 1] X [0, o), (3.3)
f(tu(t)) + M > ¢(u), (t,u) € [r, 1 - 7] x [0, o) (we choose and fix € (0, 3) ), (3.4)

(Bs) there exist two positive numbers r, with ry > maxr,, g(r16(1)) + h(r1£(1))}
andr, > AM(n — 1)/n! such that
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f2 . r1— g(r16(1)) — h(ra£(1))
¢(8r27’n—1/(n ~ 1)) < Ay*Cy, ) > ACq, (3.5)

heree > 0 is any constant ( choose and fix it ) so that AM(n — 1)(1—7)/ron! > &
(notee exists since, > AM(n — 1)/nl > AM(n - 1)(1-7)/n!) andC,, C,,y* are as in

(3.2), respectively.
Then BVP(1.1) has at least one positive solution.

Proof. Consider the following boundary value problems
un(t) + At u(t) —up(t)) =0, O<t<1,
UO) = b ( [ - @A), V=0, ur20)=0, (3.6)
U = g (5 - uo()dary).

whereuy(t) is as in (3.1),

. | f(tu(t) —uo(t) + M, u(t) - ug(t) >0,
Pt u(®) - wo(V) = { F(E0) + M. u(D) — ot < 0.

1
g ( f ) - uO(t))de(t)) = { g(fo (u(® - UO(t))dg(t))’ O -w® 20,3
0 0, u(t) — up(t) < O,

(3.7)

and

1 1
h ( f (U(t)—uo(t))d{f(t)) ={ (' - wo®)dz(0). u®) - wo(®) 2 0. (3.9)
0 0, u(t) — up(t) < 0.

By Lemma 2.1, this problem is equivalent to the integral ¢igma

1 1
w0 =1 [ 69 (s.u9 - ta(s)ds g ( [ (u(s)—uo(s))de(s>)

(1 -t ( [ W - uo(s»dz(s>)

We define the operatdr as follows

1 1
(MU0 =1 [ 6 91'(s U9 - to(S)ds+ g ( [ - uo(s»de(s))

+H1-t"Hh' ( fo 1(U(S) — Uo(8))dZ (S))-

Next, we claimT(P) c P. In fact, for eachu € P, by view of Lemma 2.2 (i) and

Condition (Bs), we obtain
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1 1
(UM = 4 fo Gt 9T (s U(S) - to(9)ds + t™1g° ( fo (u(s)—uo(s))de(s>)
H(1- Yy ( [ U - uo(s»dz(s>)
0
1 1
<2 fo k(s)f*(au(s)—uo(s»ds+g*( fo (u(s)—uo(s»de(s))

+h* (fol(u(s) - Uo(S))d§(3))r

which implies

1 1
(ITull < ﬂfo k(s)f"(s u(s) — uo(s))ds + g (fo (u(s) - Uo(S))d9(S))

1
+h” (j(; (u(s) - uo(s))dg(s)). (3.10)

On the other hand, by (3.10) and Lemma 2.2 (ii), we have

1 1
(Tu®) = A fo G(t. 91°( U(S) - Up(9)ds + t g ( fo (u(s) - uo(s»de(s))
1
H(1- Y ( [ - uo(s»d_z(s))

> Ay(t) f KT (s U

( f (u(s)—uo(s»de(s))
+(1—t)(1+t+-~-+t”3+t”2)h*( f (u(s)—uo(s))dg(s))
0
1 1
> () fo k(S)f*(S,U(S)—Uo(S))dS+7(t)g*( fo (u(s)—uo(s))de(s>)
1
_ n—Zh* _
(10t ( fo s UO(S))d§(S))

1 1
> Ay(t) f k(s)f*(su(s)—uo(s»dsw(t)g*( fo (u(s)—uo(s»de(s))

(1 t)tn 2

( f (U9 - ()9

1
zy(t){z fo k(s)f*(su(s)—uo(s»ds+g*( [ (U(S)—Uo(S))dH(S))
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+h* (fol(u(s) - uo(S))dK(S))}

> y@®ITull, te[0,1].

which implies thafl (P) c P. Similar to the proof of Remark 2.1 [3], it is easy to prove
that the operatof : PN (Q1 \ Q,) — Pis continuous and compact.

Letu e PN 9y, then||ul| = ry andu(t) > y(t)||ul] = y(t)rz fort € [0, 1]. Lete, T be
as in the statement of Theorem 3.1. Thus, we have

MO—%®=U®—AMMDZETJ_AMW4G—D

1 n!
ottt AM(L-t)(n=1), _ rpt™? AM(L-7)(n-1)
_n—l(l_ n'ry )Zn—l(l_ n'ro )
erpr™1 1
>=F . teln3) (3.11)
and we get fot € [$, 1 - 7] that
n-2¢1 _ n-1c1 _
()~ o) = u) — amp(y > L9 AME -0
n-1 n!
_rﬁm%l—oa_ﬁmm—lﬁ
T n-1 n'ro
n-2¢1 _ _ _
L reA-y ) AM- Do),
n-1 n'ro
erpot™1
> = (3.12)
Clearly, from (3.11) and (3.12), we obtain
n-1
u@® - wo® > S, telnl-1]
which yields
f(t, u(t) — Uo(t)) = f(t. u(t) — uo(t)) + M > $(u(t) — uo(t))
erpr™ 1
Z¢( n—l)’ te[r,1-1]. (3.13)

By (3.5), (3.13) and Lemma 2.2 (ii), we get
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1 1
Tul = g;tag{a fo Gt 9 (s U(S) — to(9)ds + t™Ig° ( fo (U(S)  Uo(9) b9
1
f(L- Y ( [~ uO(S))dZ(S))}
1
> A(r)gtz?l(fo G(t, 9 f*(s u(s) — up(s))ds

1-7
> Amax () f KT (5 U(S) - Uo($)ds

n-1 1-7
lemaXy(t)q&(grzT ) f k(9ds

O<t<1 n-1
eror1
= v" C
Y ¢( m—] ) 2
> rz = ||ull.
Thus,
[Tull > [jull, uePnNoQ,. (3.14)

On the other hand, lat € P n dQ4, so|jul| = r1, andu(t) > y(t)r, fort € [0, 1].

Thus, in view of (3.3) ang, g are nondecreasing, for eagle P N 6Q;, we have
(8, u(t) — uo(t)) = f(t, u(t) — uo(t)) + M < y(u(t) — Uo(t))
<yP(u(t) < e(r),  u(t) —uo(t) > 0,

f(t, u(t) — Uo(t)) = f(t.0) + M < ¥(0) < y(u(t)) < ¥(ra), u(t) — uo(t) <O,

¢ ( [ - uo(t»da(t)) - g( [ W - uo(t»de(t)) < g( [ 1 u(t)de(t))

1
< g( fo rlde(t)) =g(r6(1)), u(t) — uo(t) > O,

and

1
g ( [wo- uo(t»de(t)) ~0< g(re(L).  ut) - uot) < O,
0

which implies

1
£ (6 u(t) = tolt) < (o). g*( [ (u(t)—uo(t»de(t))sg(rla(l)). (3.15)
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Similarly, we get

1
h ( [ wo- uo(t»d_z(t)) < h(rs(L). (3.16)
0

Form (3.5), (3.15) and (3.16) and Lemma 2.2 (i), we obtairufarP n Q; that

1 1
uTun:gQ@{a [ G(t,s>f*(su(s>—uo(s>>ds+t“-1g*( [ (u(s)—uo(s»de(s>)

_ =1L\ ! _ )}
(1= tYh ( [ @ - sz
1 1
<2 fo KO (S U(S) - Wo(9)ds+ g ( fo (U - uo(s»de(s))

1
o ([ w09~ w(pacs)
< ACu(r2) + gra6() + h(rsZ(D)
< ry=lull.
Hence,
ITul <lilul, uePnoQ. (3.17)

Therefore, from (3.14), (3.17) and Lemma 2.3, it followstthehas at least one fixed
pointu* € P N (Qy \ Q) with ry < |Ju*|| < r1. This implies that the BVP (3.6) has at
least one solution* € P N (Q1 \ Q) satisfyingr, < [Ju*|| < ry.

Letu,(t) = u*(t) — up(t) for 0 <t < 1, thenry < ||u. + Ug|| < r1. This together with

/lM(n 1)

ro > yields

U.(t) = [u.(t) + Uo(t)] — Uo(t) = y(®)llu.(t) + Uo(®)ll — AMp(t)

ol ) + wo(®ll - MHED, o<t

_{ 0 u, (1) + up(ll - M0 Lo,

rzt” ! /1Mt” t 0<
29 drzasy " aMeias 01
5<

n-1 n!

{5@ me-b) - gop<d
1

n-2
t ngllt) (rz /lM(n 1)) 1ote
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which implies
u.(t)>0, forte(0,1). (3.18)
Then, by (3.7)-(3.9) and (3.18), we get
U (t) + Uo(t) = u*(t) = (Tu)(t)

1 1
- f G(t,s)f*(su*(s)—uo(s))ds+t“-1g*( f (u*(s)—uo(s»de(s))
0 0
1
(1= Yy ( [we- uo(s»d_z(s))
1 1
=f G(t, 9 f*(t, u.(s))ds+ uo(t)+tnlg*(f u*(s)de(s))
0 0

1
+(1-t"YHh* (fo u*(s)dg(s)).
= fl G(t, 5)f(t, u.(9)ds+ ug(t) + t" g (fl u*(s)de(s))
0 0

1
+(1-t"Hh (j(; u*(s)dg(s)).

It follows that

u.(t) = fol G(t, 9)f(t, u.(9)ds+ t"1g (fol u*(s)de(s))

+(1- t“-l)h( f ' u*(s)dg(s)), O<t<1l (3.19)
0

Thus, by (3.18) and (3.19), we assert thais a positive solution of the BVP (1.1).

The proof is complete.
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