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Abstract

In this paper, we establish the existence of at least three positive so-
lutions for the system of higher order boundary value problems on time
scales by using the well-known Leggett-Williams fixed point theorem.
And then, we prove the existence of at least 2k-1 positive solutions for
arbitrary positive integer k.

1 Introduction

The boundary value problems (BVPs) play a major role in many fields of
engineering design and manufacturing. Major established industries such as
the automobile, aerospace, chemical, pharmaceutical, petroleum, electronics
and communications, as well as emerging technologies such as nanotechnology
and biotechnology rely on the BVPs to simulate complex phenomena at differ-
ent scales for design and manufactures of high-technology products. In these
applied settings, positive solutions are meaningful. Due to their important
role in both theory and applications, the BVPs have generated a great deal of
interest over the recent years.

The development of the theory has gained attention by many researchers.
To mention a few, we list some papers Erbe and Wang [7], Eloe and Henderson
[5, 6], Hopkins and Kosmatov [9], Li [10], Atici and Guseinov [11], Anderson
and Avery [2], Avery and Peterson [3] and Peterson, Raffoul and Tisdell [12].
For the time scale calculus and notation for delta differentiation, as well as
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concepts for dynamic equations on time scales, we refer to the introductory
book on time scales by Bohner and Peterson [4]. By an interval we mean the
intersection of real interval with a given time scale.

In this paper, we address the question of the existence of multiple positive
solutions for the nonlinear system of boundary value problems on time scales,

ylAEm)) + f1<t7 3/173J2) = 07 te [CL, b] (1)
yZAn +f2(t>?/17f92) = 07 S [a’a b]

subject to the two-point boundary conditions

ylA(i)(a) =0, 0<i<m-—2,
y1(0?(b)) = 0,
, (2)
(@) =0, 0<j<n-2
y2(0(b)) = 0,

where fi : [a,07(b)] x R* — R, i = 1,2 are continuous, m,n > 2, q =
min{m,n}, and ¢?(b) is right dense so that ¢?(b) = o"(b) for r > q.

This paper is organized as follows. In Section 2, we prove some lemmas
and inequalities which are needed later. In Section 3, we obtain existence and
uniqueness of a solution for the BVP (1)-(2), due to Schauder fixed point theo-
rem. In Section 4, by using the cone theory techniques, we establish sufficient
conditions for the existence of at least three positive solutions to the BVP
(1)-(2). The main tool in this paper is an applications of the Leggett-Williams
fixed point theorem for operator leaving a Banach space cone invariant, and
then, we prove the existence of at least 2k — 1 positive solutions for arbitrary
positive integer k.

2 Green’s function and bounds

In this section, we construct the Green’s function for the homogeneous
BVP corresponding to the BVP (1)-(2). And then we prove some inequalities
which are needed later.

To obtain a solution (y;(t), y2(t)) of the BVP (1)-(2) we need the G,(t, s),
(n > 2) which is the Green’s function of the BVP,

—yA" =0, t€a,b] (3)
y2"(a) =0, 0<i<n-2 (4)
y(a"(b)) = 0. (5)
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Theorem 2.1 The Green’s function for the BVP (3)-(5) is given by

n—1 (t—c'"'(a))(c" (b)—0'(s))
Hi:l (c"(b)—o—1(a) ) t S S

)

1

Gn(t,s) = CE

n—1 (t—o'~1(a))(c" (b)—0c'(s n—1 i
Hizl (t (Jn((b)))_(aifl)(a)) (5)) - Hi:l (t — 0 (3))7 O'(S) S t.

Proof: 1t is easy to check that the BVP (3)-(5) has only trivial solution. Let
y(t, s) be the Cauchy function for —yA(n) = 0, and be given by

n—1

y(t,s) = o /S)/U% /, ATAT. AT = (n_1> H(t o' (s)).

(n—1) tlmes

For each fixed s € [a, b], let u(.,s) be the unique solution of the BVP
—uA(n)(., s) =0,
uA(i)(a, s)=0, 0<i<n-—2 and u(c"(b),s) = —y(c"(b),s).
n—1

Y(t,8) t=on)= (_71)' ﬂ(a"(b) —o'(s)).

n—1)!

Since

t t ot t
ui(t) = 1, us(t) = / AT, un(t) = / / / ATAT...AT
a a (a) o"=2(a)

(n— 1) times

are the solutions of —u2" = 0,

u(t, s) = ag(s).1 + aas). / AT+ o+ (s // / » ArAT. A7

tlmes

By using boundary conditions, uA(i)(a) =0, 0<i<n-—2 wehave ay =
ay = ... = a1 = 0. Therefore, we have

u(t, s) = an/ / / ATAT...AT = anH(t — o' Ya)).
(a) on— 2(a

(n— 1) times
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Since,

it follows that
n—1 A 1 n—1

o [ [("(0) = 0"} (a)) = 1) [Le"®) = o'(s).

i=1 ti=1

From which implies

_ H —0'(s))
on (n—1)! (om(b —crl a))
Hence G, (t, s) has the form for t < s,

g1 ppl-oi@)(e"(b) ~o(s)
Galt, 5) <n_1>!}} (0"(h) =o' (a)

And for t > o(s), G,(t,s) =y(t,s)+ u(t,s). It follows that

IR el ) A O RO N = SR
G =yl -e@ - ol

Lemma 2.2 For (t,s) € [a,0"(b)] X [a,b], we have

Gn(t,s) < Gu(a(s),s). (6)

Proof: For a <t <s<o"(b), we have

(t—o' ( "(b) — o'(s))
Gt s) = n—l'H a" — oi=1(a))
—0’ 1(a))(<f"(b)—0’i(8))
~(n—1) 'H b) — oi=1(a))
= G(a(s), )-

Similarly, for a < o(s) <t < 0™(b), we have G, (t,s) < G,(0(s),s). Thus,
we have

Gn(t,s) < Gy(o(s),s), forall (t,s) € [a,0™(b)] X [a,b)].
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Lemma 2.3 Let [ = [U”(bi+3a’ 30"(5)*“], For (t,s) € I x [a,b], we have

Gn(t,s) > 16’11 cGn(o(s), 5). (7)

Proof: The Green’s function for the BVP (3)-(5) is given in the Theorem 2.1,
clearly shows that

Gn(t,s) >0 on (a,0"(b)) x (a,b).

For a<t<s<o™b)andte I, wehave

And for a <o(s) <t <o"(b) and t € I, we have

Gn(t,s)
Gu(o(s),s)
IS (=0 (@) (0" (b) = '(s)) — [T, (t — 0 (s)) (0" (b) — 0" (a))
[T (o(s) = 0= (a))(a™(b) — 0(5))
o I (= o' (@) (0"(b) = 0'(s)) =TT (t = o'(5)) (0" (b) — o'(a)
B [T

a"(b) = o*=*(a))(o"(b) — o*(s))

_ [o(s) = a)(o®(b) = OIS, (t = o' (@) (0" (b) — 0 (s))
- [T:5 (07(b) — 07=1(a))(07(b) — o' (a))

1
= 1671

Remark:
Gn(t,s) > vGy(o(s),s) and Gp(t,s) > vGn(o(s),s),

for all (¢, s) € I x [a,0?(b)], where v = min { o+

16n—1> 16 }
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3 Existence and Uniqueness

In this section, we give the existence and local uniqueness of solution of the
BVP (1)-(2). To prove this result, we define B = E'x E and for (y1,y2) € B, we
denote the norm by |[(y1, y2)|| = [[y1llo+ [|y2[lo, where E'= {y : y € Cla, ()]}
with the norm |[|y|lo = maxycp,0am){|y(t)|}, obviously (B,| . ||) is a Banach
space.

Theorem 3.1 If M satisfies
Q < Me,

1

2max{€em,en}’

where € =
o(b) o(b)
€m = Max / Gn(t,s)As; and €, = max / G, (t, s)As
t€la,01(b)] J, tela,o1(b)] Jq

and () > 0 satisfies

Q & II¢ T {‘f1<t’y17y2)‘7 ‘f2<t7 y1,y2)|}7 fOT t e [a,(fq(b)]a

y1,92)[|<M
then the BVP (1)-(2) has a solution in the cone P contained in B.

Proof: Set P = {(y1,y2) € B || (y1,¥2) ||[< M} the P is a cone in B, Note
that P is closed, bounded and convex subset of B to which the Schauder fixed
point theorem is applicable. Define T': P — B by

o(b)

a

o(b)
T(y1,y2)(t) := </ Gm(t, 8) f1(s,y1,y2)As, Gal(t, 8)f2(87y17y2>A8>

= (T (y1, y2)(£), T (y1, y2) (1)),

for ¢t € [a,09(b)]. Obviously the solution of the BVP (1)-(2) is the fixed point
of operator T'. It can be shown that T': P — B is continuous. Claim that
T:P— P.If (y1,y2) € P, then

I T (1, y2) [| =l Ty, v2) llo + || Tulys, v2) llo
— Tm s —+ Tn ,
teg}?j%b)]‘ (y1,92)] te%ﬁ%)“ (y1,92)|
< (€m+€,)Q
<&
€

where

> max t, Y1, N falt, yr, ’
@2 ||(y17y2)||§M{|f1( Y1 y2)|s | f2(8, y1,y2) [}
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for t € [a,0?(b)]. Thus we have

” T<y17y2) ”S M,

where M satisfies Q) < Me. O

Corollary 3.2 If the functions f1, fa, as defined in equation (1), are contin-
uous and bounded. Then the BVP (1)-(2) has a solution.

PT’OOf.' Choose P > Sup{‘f1<t7y17y2)|7 |f2<t7 yby?)‘}7 t e [CL, 0q<b)] Pick M
large enough so that P < Me, where € = L Then there is a number
@ > 0 such that P > ) where

2max{€em,en} "

9=z H(yf23ff<M{|f1(t’yl>y2)l, |f2(t,y1,92)|}, T € [a,a9(b)].

Hence

< <

)

o]
liS

Ql=

and then the BVP (1)-(2) has a solution by Theorem 3.1. O

<

4 Existence of Multiple Positive Solutions

In this section, we establish the existence of at least three positive solutions
for the system of BVPs (1)-(2). And also we establish the 2k — 1 positive
solutions for arbitrary positive integer k.

Let B be a real Banach space with cone P. A map S : P — [0, 00) is said
to be a nonnegative continuous concave functional on P, if S is continuous
and

SO+ (1 \y) > AS() + (1 - N)S(y),

for all x,y € P and A € [0,1]. Let o’ and 0’ be two real numbers such that
0 < a <V and S be a nonnegative continuous concave functional on P. We
define the following convex sets

Py ={yeP:|yl<ad},

P(S,a V) ={yeP:d <Sy),|yl<V}

We now state the famous Leggett-Williams fixed point theorem.
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Theorem 4.1 Let T : Py — P be completely continuous and S be a non-
negative continuous concave functional on P such that S(y) <|| y || for all
y € Py. Suppose that there exist a’, b, ¢, and d' with 0 < d' <a <V < ¢
such that

(i1){y € P(S,d', V) : S(y) >d'} #0 and S(Ty) > a fory e P(S,d V),
(@) | Ty < d" for ||y l< d,

(131)S(Ty) > d' fory € P(S,d',c) with | T(y) ||> V.

Then T has at least three fized points yi, Yo, ys in Py satisfying

[y < d,a" < S(ya), || ys |>d,S(ys) < d. O

For convenience, we let

tel tel

Cpm = min/ Gn(t,s)As; C, :min/ Gn(t, s)As.
sel sel

Theorem 4.2 Assume that there exist real numbers dgy, dy, and ¢ with 0 <
do < dy < % < ¢ such that

At (0.0(0) < 5 and olt,n(0).:(0) < 3 8)
fort € [a,09(b)] and (y1,y2) € [0,dg] x [0, do],

At (0).5200) > 57— o Sl in(0,3(0) > 5o )
fort €I and (y1,2) € [dr, 2] x [dy, 4],

At (0, 2(0)) < 5 and ol (8), (1)) < 5~ (10)

fort € [a,09(b)] and (y1,y2) € [0,¢] x [0, ¢].
Then the BVP (1)-(2) has at least three positive solutions.

Proof: We consider the Banach space B = ExE where E = {y|y € Cla,c?(b)|}
with the norm

= max t)|.
v lo=, max | (t)|
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And for (y;,y2) € B, we denote the norm by || (y1,v2) [|=] v1 llo + || 2 llo-
Then define a cone P in B by

P=A{(y1,42) € B:yn(t) 20 and y,(t) 20, ¢ € [a,a(D)]}.
For (y1,y2) € P, we define
S(y1,y2) = min {y: ()} + min {gz(1)} .

We denote

o(b)
To(yr, 1) (¢) = / Gon(t, 5) (5, 1(5), ya(5)) s,

o(b)
To(yr, 1) (¢) = / Golt, 5) a5, ya(3), ya(s)) A,

for t € [a,0%(b)] and the operator T'(y1,y2)(t) := (Trm(y1,y2)(t), Tn(y1, y2)(1)).

It is easy to check that S is a nonnegative continuous concave functional
on P with S(y1,v2)(t) <|| (y1,92) || for (y1,42) € P and that T : P —
P is completely continuous and fixed points of T" are solutions of the BVP
(1)-(2). First, we prove that if there exists a positive number r such that
fl(tayl(t)va(t)) < 2§m and f2(tay1(t)7y2(t)) < é for (ylayQ) S [0,’/‘] X [07T]7
then T : P, — P,. Indeed, if (y;,92) € P,, then for t € [a, 0(b)].

o(b)
1) = e | [ Gutos) il 11(5),a(s) s |
a(b)
+ max | / Gty ) fol 5,11 (), ya(5)) As |
t€la,0(b)] a
r [ e sns s [ G oA
<E ] m(t,S) S+£/a n(t,S) S=T.

Thus, || T'(y1,y2) [[< r, that is, T(y1,y2) € P, Hence, we have shown that if

(8) and (10) hold, then T' maps Py, into Py, and P, into P.. Next, we show
that {(y1,y2) € P(S,ds, %) :S(y1,y2) > di} # 0 and S(T(y1,y2)) > d; for all

(y1,y2) € P(S,dy, %) In fact, the constant function

d + & d,
2 € < (y1,12) € P(S,dy, 7) 2SSy, ye) > di g
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Moreover, for (yi,y9) € P(S,d;, %), we have

% 2 (g1, y2) 12 91(8) + y2(8) = min {ya ()} +min{ys(6)} = S(y1, ) = do,

for all t € I. Thus, in view of (9) we see that
S(T(y1,92))
o(b)
—mind [ Gt 5) il 11(5),a(5)) s

tel

o(b)
+min{/ Gt S)fz(sayl(s)ayz(s))As}

tel

> i [ Gults) il n(o) (e s

tel

ruind [ Gt (o) (o)

>—m1n{/ Gn(t, s)A } {/ Gn(t,s)A }:dl,
tel tel

as required. Finally, we show that if (y1,y2) € P(S,dy,c)and || T(y1,y2) ||> %
then S(T(y1,y2)) > di. To see this, we suppose that (y1,y2) € P(S,dy,c) and
| T(y1,y2) ||> %, then, by Lemma 2.3, we have

o(b)
S(T(y1,y2)) = T?elln {/ Gml(t, s)fl(sayl(s)ayQ(S))As}

o(b)
+min{/ Gt S)fz(sayl(s)ayz(s))As}

tel

o(b)
> / Gon(0(3), ) f1(5,51(5), ya(5)) A
’ a(b)
s / Gol(0(), 8) fal5, 31(5), () As
o(b)
> 7 max { Gm<t73)f1<57y1<5)7y2<3))A5}

t€la,oq(b)]

tela,09(

o(b)
+7 maxb)} {/a Gin(t, 5)f1(57y1(5)7y2(5))A5} ;
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for all ¢ € [a,0?(b)]. Thus

o(b)
S(T(y1,y2)) > max {/ Gml(t, S)fl(sayl(s)ayz(s))As}

tela,o9(

o(b)
+9 maxbﬂ{/a Gm(t,S)fl(s,yl(S),yz(S))AS}

t€la,09(
dy
= T(y1,92) ||> 1= dy.

To sum up the above, all the hypotheses of Theorem 4.2 are satisfied.
Hence T has at least three fixed points, that is, the BVP (1)-(2) has at least
three positive solutions (y1,v2), (u1,us), and (wy,wsy) such that

| (Y1, 92) 1< do, di < Tgleiln(ul,UQ), | (w1, wa) ||> do, Tgleiln(wl,wz) < dy.
O

Now, we establish the existence of at least 2k — 1 positive solutions for the
BVP (1)-(2), by using induction on k.

Theorem 4.3 Let k be an arbitrary positive integer. Assume that there exist
numbers a;(1 <i <k) and bj(1 <j<k—1) with0 <a; <b < %1 < ay <

by < %2 <o <ap1<b,_< b’“v‘l < ap such that

At (0, 92(0) < 5= and St(a(0) < 5= (1)
fort € [a,09(b)] and (y1,y2) € [0,a;] x [0,a;],1 <i <k
AEn(Om(0) > 52 o hltunl.w®) > 12)

fort eI and (y1,y2) € [bj,%] X [bj,%],l <j<k-1.
Then the BVP (1)-(2) has at least 2k — 1 positive solutions in P, .

Proof: We use induction on k. First, for & = 1, we know from (11) that
T : P, — P, then, it follows from Schauder fixed point theorem that the
BVP (1)-(2) has at least one positive solution in P,,. Next, we assume that
this conclusion holds for £ = r. In order to prove that this conclusion holds
for k = r + 1, we suppose that there exist numbers a;(1 < ¢ < r + 1) and
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bi(1<j<r)with0<ay <b <% <ay<bh<®<.. <a <b
a1 such that

A
2§
AN

a;

At (0),02(0) < 5= and ot (03e(0) < 5= (13)
for t € [a,09(b)] and (y1,y2) € [0,a;] x [0,a;],1 <i<r+1
A1) > 52— or hltnlw) > 2= (9

for t € I and (y1,92) € [b; %J] X [b;, %’], 1 < j <r. By assumption, the BVP
(1)-(2) has at least 2r — 1 positive solutions (u;,u})(i = 1,2,...,2r — 1) in
P,.. At the same time, it follows from Theorem 4.2, (13) and (14) that the
BVP (1)-(2) has at least three positive solutions (uq,u)), (v1,v2) and (wy, ws)
in P, ., such that, || (ui,u)) ||< ar,b, < minger(v1(t),v2(t)), || (w1, w2) ||>
ay, minger(wy(t), we(t)) < b.. Obviously, (vi,vs) and (wy,ws) are different
from (u;,u})(i = 1,2,...,2r —1). Therefore, the BVP(1)-(2) has at least 2r+ 1
positive solutions in P, ,, which shows that this conclusion also holds for
kE=r+1. O
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