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1 Introduction
Let Q C RY(N > 1) be a bounded domain with smooth boundary 092. We are concerned with the
behavior of the following superlinear wave equation with dissipation

gt — Au — wAUy + g™ ug = [ulPu, x e Q, >0,
u(z,t) =0, xr e, t>0, (1.1)

u(z,0) = up(x), we(x,0)=ui(x), x € Q,

where w >0, pn >0, m>1, p>1, and

% for w >0
1<p< if N> 3,

& forw=0 (1.2)
l1<p<oo if N=1,2.

ug € Hol(Q), up € LQ(Q). (1.3)

We introduce some related works first and then explain in detail which are our main results. For the
well posedness of problem (1.1) and why the natural regularity for the initial data is precisely that
of (1.3), we refer to [8]. Equations with damping terms have been considered by many authors. For
equations with linear weak damping, we refer to [7, 10, 14]. For equations with possibly nonlinear
weak damping, we refer to [9, 12, 16, 20, 23]. Much less work is known for equations with strong
damping, see the seminal paper by Levine [15] and also [18, 19], but still many problems unsolved.
Gazzola et.al. [8] discussed the case when the weak damping term and the strong damping term
are both linear (m = 1 in (1.1)). It is our purpose to shed some further light on damped wave
equations of the kind in the problem (1.1) in both presence of nonlinear weak damping and linear

strong damping.
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Cazenave [5] proved the boundedness of global solutions to (1.1) for w = p = 0, while Esquivel-
Avila [7] recovered the same result for w = 0 and @ > 0 and showed that this property may fail
in presence of nonlinear disspation, however, by exploiting the same technique in [7], we proved,
under the restrictions E(t) > d,Vt > 0 (the energy goes beyond the mountain pass level all the
times) and m < p, the global solutions can still be bounded even in presence of nonlinear weak
damping.

From a different angle of consideration, it is interested to find out for which initial data (1.3)
problem (1.1) does have a global solution. For the weakly damped case(w = 0, > 0), Iketa [12]
proved that the solution is global and converges to equilibria ¢ = 0 as ¢t — oo if and only if £(0) < d
and ug € Ny. In Theorem 4.2 we extend this result to the case w > 0. For related asymptotic
stability results the reader is referred to [2, 3], where the authors investigate qualitative aspects
of global solutions of hyperbolic Kirchhoff systems, both in the classical framework and in a more
general setting given by anisotropic Lebesgue and Sobolev spaces. In particular it is shown that a
global solution u converges to an equilibrium state in the sense of the energy decay, provided that
the initial data are sufficiently small.

Not all local solutions of (1.1) are global in time. For the weakly damped case(w = 0, p >
0, m = 1), Pucci and Serrin [21] proved nonexistence of global solutions when E(0) < d and
up € N_. In the case when w > 0 and p = 0. Ono [19] showed that the solution of (1.1) blow up
in finite time if F(0) < 0, which automatically implies ug € N;. Ohta [18] improves this result
by allowing E(0) < d and uy € Ny. Gazzola and Squassina [8] extended this result to the case
when p # 0 and E(0) < d. All those works mentioned above dealt with the linear damping case
(m = 1) or when the weak damping is absent(x = 0). In the case of (1.1) with m > 1 however,

2

the most frequently used technique in the proof of blow up named ” concavity argument” no longer
apply, so it is necessary to use another approach, namely the blow up theorem 2.3 in [17] for all
negative initial energies. In the recent paper [4], thanks to a new combination of the potential well
and concavity methods, the global nonexistence of solutions has been proved for Kirchhoff systems
when w = 0 and the initial energy is possibly above the critical level d.

The paper is organized as follows. In section 2, we state the local existence result and recall
some notations and useful lemmas. In section 3, we present the boundedness result of global
solutions under the assumptions F(t) > d and m < p. In section 4, we state a sufficient and

necessary condition on which the solution of (1.1) is global. In section 5, blow up behavior of (1.1)

is investigated. In section 6, we present a exponential decay result.

2 Preliminaries

We specify some notations first. In this context, we denote || - ||; by the L9 norm for 1 < g < oo,
and ||Vuls the Dirichlet norm of u in H}(2). We define the C* functionals I, J, E: H}(Q) — R
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1 1
1 1
I(u) = [Vull3 = flulpiy,  J(w) =51Vl - bt 1 el

1
E(t) = E(u(t)) = 5HU¢H§ + J(u).
Note that E(t) satisfies the energy identity
t t
B+ [ IVu)Bdr [ Jur) s = Bs). V0 < s <0< sy (22)

where T},q, is the maximal existence time of u(t). The mountain pass level of J is defined as

d= inf  maxJ(A\u). (2.2)
u€Hg (2)\{0} A=0

Denote the best sobolev constant for the embedding Hg(Q) — LPTH(Q) as Cpyq

Cppr= mf  Vule (2:3)
ueHG@\{0} [[ullp41

We introduce the sets

S ={¢ € HL(Q) : ¢ is a stationary solution of (1.1)},
Si={pecS:J() =1} (IeR").

And the Nehari manifold NV is defined by
N = {u e HY(@)\ {0} : I(u) = 0},
which intersects H}(€2) into two unbounded sets
Ny ={ue Hy(@)\ {0} : I(u) > 0y U{0}, N= = {u € Hg()\ {0} : I(u) < 0}.
We also consider the sublevels of J
J*={uc H}(Q): J(u) <a} (a€cR),
and we introduce the stable set S and the unstable set U defined by
S=JNN, and U=JNN_.
Denote 8 = dist(0,N) = ulgj{[ |IVul|2, the following lemma is a direct consequence of (2.2) and (2.3).

Lemma 2.1 d has the following characterizations

p—1 4 p—1
- Ccrt — .
2+ ) T

Now, we state the local existence theorem for the nonlinear wave equation (1.1).
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Theorem 2.2 Suppose that (1.2) holds, then for every initial data (ug,u1) satisfying (1.8), there
exists a unique (local) weak solution (u(t),us(t)) = S(t)(ug,u1) of problem (1.1), that is

d

a(ut,w) + w(Vug, Vw) + pug™  ug, w)a = (JulP " u,w)g ace. in (0,T),Yw € HY(Q) N L™H(Q),
(2.4)

such that

u € C([0,T]; HE(Q)) N CY0,T; L*(Q)), us € L™ x (0,T)),

where S(t) denotes the corresponding semigroup on H}(Q) x L2(Q), generated by problem (1.1).

Moreover, if
Tnaz =sup{T > 0: u = u(t) exists on [0,T]} < o0,

N(p—1)

5 .
We restricted ourselves to the case w > 0, u # 0 and N > 3, the other cases being similar. For a
given T' > 0, we choose the work space H = C([0,T]; H3(Q)) N C1(0,T; L?(Q)) endowed with the

norm ||ul|3, = max (IIVu(t)||3 + [Jue(t)||3). We divide the proof the local existence theorem into

then . liTm |lullq = oo for all ¢ > 1 such that q¢ >

)

two lemmas.
Lemma 2.3 For every T > 0, every w € H and every initial data (ug,u1) satisfies (1.3), there
exists a unique u € H such that uy € L2([0,T]; HE (Q)) which satisfies the following problem

gy — Au — WAU + plug| ™ uy = |[wPlw, € Q, >0,

u(z,t) =0, xed, t>0, (2.5)

u(z,0) = up(x), u(z,0)=ui(x), x € Q.
Proof. Existence. We consider a standard Galerkin approximation scheme for the solution of (2.5)
based on the eigenfunction {e;}2°; of the operator —A with null boundary condition on 9€2. That
is, we let up(t) = X}_ un i (t)ex, where uy(t) satisfies

(ting, v) + (Vn, VU) + 0(Vting, V) + p1([ting|™ Y, v) = (Jw|P~w, v)
(un(0),v) = (uo,v),  (unt(0),v) = (u1,v)

for all v € V;, := the linear span of {e1,ea,...,e,}, (,+) denotes the standard L?(€2) inner product.

(2.6)

By standard nonlinear ODE theory one obtains the existence of a global solution to (2.6) with the

following a priori bounds uniformly in n
1 t " t
S0 + a1 1 [ (D +0 [ V)

= 50V O + lew@IB) + [ [ [0 i (dadr, Vo€ 0.7 (27

We estimate the last term on the right-hand side
t
//|w(7)|p1w(7)unt(7)dxd7
0 JQ
' P (e 2 w [* 2
< [ IO el < 55 [ 190 Pdr+ 5 [ [Fun(r)dr
0 w Jo 0

< C(T) +§/0 Ve (7)||3d7, ¥Vt € (0,T]. (2.8)
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It follows from (2.7) and (2.8) that

¢ t
IV )13 + 1) + 1 [ ) Hdr 0 [ Vel < O
S
Hence, there exists a subsequence of u,,, which we still denoted by u,,, such that

u, —u weakly x in L®([0,T]; Hi(Q)),
nt = weakly + i L([0,T]; L(©)) 1 L2(0, T): HA()) N L™1(@ x [0, ),
Upge — U  weakly x  in LQ([O7 T H_l(Q)).

Since u € H([0,T]; HL(Q)), we get u € C([0,T]; H(R)). Moreover, since u; € L%([0,T]; HL(2))
and uy € L2([0,T]; H~1(£2)), it follows from the Aubin compactness argument that u; € C([0,T7]; L*(£2)).
The existence of u solving (2.5) is proved.

Uniqueness. If uj,ug are two solutions of (2.5) with the same initial data, set v = u; — ug,

substracting the equations and test with u;, we obtain

%(HVU(t)H%ﬂL IIUt(f)H%HM/O (9(ut) — g(uar))(uas —U2t))d7+w/0 IVue(7)||3dT = 0.

Observe that g(u) = |u|™ 'u is increasing, we immediately get u; = uz. The proof of the lemma is
complete.
Denote F' the mapping defined by the equation (2.5), i.e., u = F(w). Let R? = 2(||Vug|* +

|lu1]|?). Consider
Br ={u € H :u(0) = ugp,u(0) = u; and |jul]|x < R}.
Lemma 2.4 F(Bg) C Br and F : Bp — Bp 1is compact.

Proof. By Lemma 2.3, for any given w € Bp, the corresponding solution satisfies the following

energy equality
2 2 ! 1 ! 2
IVu(t)llz + \IUt(t)\|2+2M/O IIUt(T)HZLdTﬂLQW/O [V (7)|l2d7

:mwwM+mmmwaAAWMVMmmmmm (2.9)

We estimate the last term on the right-hand side by using Holder, Young’s inequality and Sobolev

embedding theorem
t
2/ /|w(7')|p_1w(7')ut(7')dxd7'
0 JQ
T T T
<10 [ @ lulrdr < € [ V0@ Par+ 20 [ 190 Bar
t t
< CTRZp—}—Q,u/ Hut(7')||%i%d7'—i—2w/ | Vug (7)]3dT, (2.10)
0 0

where 2* = 2N/(N —2),a=1—-(p+1)/2*,C = C(Q,w, p), but C is independent of T.
Combining (2.9) with (2.10), by choosing T sufficiently small, we get [|ul[y < R, which indicates
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that F(Bgr) C Bg.
Observe that for any given ball K C H, any solution to (2.5) with w € K with finite initial energy

must satisfy
IVu@®l3 + llue@)ll3 < Cllwln, [ Vuollz, [[uall2).

The above inequality and Simon’s compactness lemma imply the compactness of F(K). We need
only to prove that F': Bp — Bp is continuous.
For this purpose, take wi,ws € Bpg, substracting the two equations (2.5) for u; = F(w;) and

ug = F(wq), set u = u; — uz and then we obtain for all € H&(Q),
(ugt,n) +/ VuVn +w/ VuVn + M/(|u1t|m1u1t — [uge| ™ T uge)n
Q Q Q
= [ (P tun
Q

take n = u;, integrate the above equality over (0, t], notice that the last term on the left-hand side

of the equality is nonnegative, we obtain
1 2 2 t 2
IFuE + 1)+ [ [V dr
t
< /0 /Q p(Jwn (7)) + [wa ()P~ (wr — wa)ue(7)dardr
t
< CRXP DT w; — w3, +w / |V ue(r) 3,
0

which implies that
|1F(w1) — F(w2)|3; < Cllwy — wall3.

The proof of the lemma is complete.

Now we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Combining Lemma 2.3 and Lemma 2.4, the main statement of the theorem
is a direct consequence of Schauder’s fixed point theorem.

It follows from the above proof that, the local existence time of u merely depends on the norms of
the initial data, therefore, if T},4, < 00, we obtain

lim lu(t)|3 = oo (2.11)

t—Tmax

As a consequence of the energy identity (2.1), E(t) is nonincreasing and the following inequality

holds

1 1
§(HVu(t)H§ + lue()]13) < ]mHUHZL + E(0), Vtel0,Tma), (2.12)
which, together with (2.11) yields
i fullpr = oo (213)
The Sobolev embedding theorem implies
. lijgn IVulls = oo (2.14)
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Moreover, by (2.12) we obtain

le@®)Ifi1s t € [0, Tnae),

2
IVull3 < 2E(0) + » P

+1

combining with the Gagliardo-Nirenberg inequality, it follows

_ 16
CIVull3 — € < [u@®)|PE] < Cllu(@)| P+ | Tu(t)| 7,

where 6 =2N(p+1—4q)/((p+ 1)(2N + 29 — Nq)).

Since N(p—1)/2 < ¢ < p+1 implies 6 € (0,1) and (p+1)# < 2, the above inequality combined with
(2.14) immediately yields the last assertion of the theorem. This completes the proof of Theorem
2.2.

Lemma 2.5 ([7]) For every solution of (1.1), given by Theorem 2.2, only one of the following
holds,

(i) there exists a tg > 0, such that E(tg) < d, u(to,:) € S, and remains there for all t € [to, Tinaz),
(ii) there exists a ty > 0, such that E(ty) < d, u(to,-) € U, and remains there for all t € [to, Tinaz),
(iil) wu(t,-) € {u|E(u) > d} for all t > 0.

Lemma 2.6 Under the assumptions of Lemma 2.5, the following inequalities hold

p—1 2
Iw) > P lIVul} if 0£ues. (2.15)
p—1 2
d< 2(p+1)HVuH2 if 0#pel. (2.16)

The proof of the above two lemmas are elemental, so we omit it.

3 Boundedness of Global Solutions

Lemma 3.1 Assume that E(t) > d for all t > 0, then for every t > 0, there exists a positive

constant C, such that

[Vu(t) = Vut+1)[| <C  forw>0,
llu(t) — w(t 4+ 1)||me1 < C forw=0.

Theorem 3.2 Assume that w > 0, let m < p and E(t) > d for all t > 0, then every global solution
to (1.1) is bounded. Moreover, ifn=1,2 orifn>3 and 1 <p < Z—‘f%, then there exists a positive
constant 1 such that S; # 0,
lim E(t) =1, lim disty (u(t),S) =0, lim [|ue]|3 = 0. (3.1)
—00

t—o0 t—o0

Proof. According to [8], the difficult part is to prove the boundedness of global solution. Once the
boundedness result is established, the convergence up to a sequence of solutions of (1.1) towards a
steady-state result of the theorem can be arrived by following the same arguments as in [8] step by

step.
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Taking into account that u,(7) € H}(Q?) for a.e. 7 > 0, combine Poincaré inequality with the
energy equality (2.1), we have for every ¢ > 0,

t 1 t
| higar < 5= [ 19w ar < c(20) - ).

Letting t — oo, we can conclude

/ l|ug(7)||3dT < 0o and / | Vg (7)]|3dT < oo, (3.2)
0 0

It is easy to observe from the above inequality that, for every ¢ > 0, there exists a positive constant
C, such that
2
Jue(B)]2 < C. (3.3)

Furthermore, by the definition of E(t), we can obtain

lu@2t > PELvu() - o+ 1EO). (3.4)

Set E(t) = ||lus(t)||3 + ||Vu(t)||3, inspired by [7], we shall prove
t+1

E(r)dr < C, (3.5)

where C' > 0 is a constant.

For this purpose we introduce the function
H(t) = (u(t), w(t)) — ME(),

where M > 0 to be specified later. Hence and from the energy equality, by applying Hoélder and

Young’s inequality, in view of the convex property of the norm Hu”%ﬂ, we have

H(t) = [lue ()13~ [Vu(®)]3 - w(Vu(t), Vu(t /!ut )™ g (tu(t)da
I + Mllue(®) ]+ MV (5)]3

€ 1 € m
> [l ()]l = [Vu@llz = SIVe@)l3 - - IVu®llz - e (8) 1

m—+1
Ol + e + ML+ MITw O
> Ju®I ~ Ve - SIVu(OI3 - = [u(®IE ~ S+ [u)2:]
> o)l + (1 = ez - (1+ g 3 ) IVt
zwawu%%nwt)n% =20+ DE0) - (145 + 55 ) IVulo)3
> ol + (= 1+§+;1 ) IFu®IE - (o + DEO)
& 5IVu(Bl3 + l(®)13 ~ (o -+ DE) (36)
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we take e = (p+1)/(4 +2p+2/A1), then § =6(e) 2 (p+ 1)(1 —¢)/2 — (1 +¢/2 +¢/2\1) > 0.

1l _m_
2’ m+1

Take n = min{d, 1} > 0, we get from (3.6) that

For this chosen ¢, take M = max{ 8_%}, then all the above inequalities hold.

H(t) 2 nE(t) — (p + 1)E(0). (3.7)

Integrate the above inequality over (¢,¢ + 1) and then estimate the integral on the left-hand side,
from Holder inequality and (3.3),

" H(s)ds = (u(t + 1), us(t + 1)) — (u(t),us(t)) — ME(t +1) + ME(t)

< lu+1) —u@)[[flue(t + 1) — w(t)|| + M(E(0) — d)
< O|Vult + 1) — Vu(t)|| + M(E(0) — d),

t

combining (3.7) with Lemma 3.1, the above inequality yields (3.5).

Following the proof of Theorem 2.8[7], we can prove there exists a positive constant «, such that

E(t) < k(E(s) + 1) (3.8)

forany 0 <s<t<s+1.
Consequently, (3.5) and (3.8) imply
t t
lun ()13 + [ Vu(t)]13 = / E(t)ds < Fu/ (E(s) +1)ds < k(C +1).
t—1 t—1
The proof is complete.

For the weakly damped case(w = 0), we have the following

Theorem 3.3 Assume that w =0, let m < p and E(t) > dVt >0, suppose further that

Lo pe % for N >3,
pP=
5 for N =2,

l1<p<oo for N =1.

Then every global solution to (1.1) is bounded. Moreover, ifn=1,2 orif N >3 and1 <p < %,
then there exists a positive constant | such that S; # 0,
lim B(t) =1, lim disty (u(t),S) =0, lim [|uel|3 = 0. (3.9)
—00

t—o0 t—o0

Similar proof can be done following the arguments of Theorem 3.2 by utilizing Lemma 3.1.

4 Global Existence

Theorem 4.1 Assume that (1.2) and (1.3) being fulfilled, and let u be the unique local solution to
(1.1). If m > p, then problem (1.1) admits a unique solution u(t,x) such that for any T > 0,

u(t,z) € C([0,T); HY (), ue(t,x) € C([0,T); L*(2)) N L™ ([0, T] x Q).
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Proof can be done by following the arguments in [9].

Now let us turn to the global existence of solutions starting with suitable initial data.

Theorem 4.2 Assume that (1.2) and (1.3) being fulfilled, and let u be the unique local solution to
(1.1) as in Theorem 2.2. Then there exists a to € [0, Tinaz), such that u(ty) € S and E(u(ty)) < d
if and only if Tyar = 00 and tliglo |Vu(t)|l2 = tli)rgo |l (t)]|2 = 0.

Proof. Necessity. Consider the case w > 0, u > 0. Since the energy function E(t) is nonincreasing,

by virtue of Lemma 2.5(i), we have u(t) € S and E(t) < d, Vt € [to, Tmaz)-
Combining (2.15) with the definition of E(t), it yields, there exists a M > 0, such that

IVu)lf + [lue(@))F < M ¥t €0, Tnas) (4.1)

which implies that T},q; = 0o by virtue of Theorem 2.2.
It follows again from the energy identity (2.1)
t 5 d t 1 d
[V (7)[l2d7 < —, / lue(7) [ iidr < =, Vi€ [ty,00). (4.2)
to w to M
By integrating over [tg,t] the trivial inequality
d
9+ nBw) < 20)

we have .

(1+0B(0) < 1+ 0)B(t) + 5 [ [u)lFdr+ [ Ju(r)ar

Since J(u) < CI(u)(see [12] Lemma 2.5), the above inequality yields

(1+t)E(t) < (1+to)E(to) + % tt |ug(7)||3dT + C tt I(u(7))dr, Vt € [tg, 00). (4.3)

Moreover, by testing the equation (1.1) with u, we have for all ¢ € [ty, 00),

(e (t), u(t)) + [[Vu(t)|3 thd/gVU(f)Vuze(t)dévJru/Q a6 g (u(t)da = [u®)llh 1,

which implies

I(u(t)) = —% ; wg()u(t)dz + |Jug(t)])3 — ,u/Q g ()™ g () u(t)da — w/QVu(t)Vut(t)dx.

By integrating the above equality over [t,t], we have

t t
/t I(u(r))dr < / e (P12 + ()3 e (O + o2l |2
0 0

T / V() 3] Vun(r) [Bdr + / /Q ()™ Vs (r)u(r) | drdr.

In view of [12] Lemma 3.4, we get

2
t m—1 t m+1
lue(r)l2dr < C(t — to) 5 ( e zi%df) 7

to

_m

/t: e (7)™ L (T)u(r)| dr < C(t — to) i (/t; HUt(T)Hﬁi}dT) e
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It follows from (4.1)—(4.3) that

—

m— 1

(1 + t)E(t) < (1 + tQ)E(O) + Cl(t — to)m_‘H + CQ(t — to)m_‘H,

which indicates
lim E(t) = 0.

t—o0

Since u(t) € S, Vt € [tg,00), it holds
tlim [|ue(t)]3 = tlim J(u(t)) = 0.

Using (2.15) again and we obtain the final result.

Sufficiency. The Sobolev embedding theorem implies tli)rglo llu(t)|[p+1 = 0, which indicates
tlggo J(u(t)) < tlggo E(u(t,-),u(t,-)) = 0 and tlg& I(u(t)) = 0. Note that S is a bounded neigh-
borhood of 0 in H(2), we can conclude there exists a ty € [0,00), such that u(tp,:) € S and
E(u(to,-), ut(to, ")) < d.

The proof of the theorem is then complete.

5 Blow up

We come to a blow up result for solutions starting in the unstable set.

Theorem 5.1 Suppose m < p < % + 1, assume further that (1.2) and (1.3) hold and
(u(t),ur(t)) = S(t)(uop,u1) be a local solution to problem (1.1). A necessary and sufficient con-
dition for nonglobality, blow up by Theorem 2.2, is there exists a tg > 0, such that u(ty) € U and

E(u(to)) <d.

This theorem is an extension of Iketa’s work [12], in which a necessary and sufficient condition of
blowing up was given for the linear weakly damped case(w = 0, m = 1). The concavity method no
longer applies in this particular situation when nonlinear dissipation appears, we need the following

blow up result here

Lemma 5.2 [17] Let m < p, w > 0, and suppose the conditions (1.2) and (1.3) are fulfilled, then

any weak solution to problem (1.1) blows up in finite time if the initial energy E(0) is negative.

Proof of Theorem 5.1. Sufficiency. Suppose on the contrary that for some initial data satisfies
the condition of Theorem 5.1, the weak solution of problem (1.1) exists for all ¢ > 0, then E(t)
has to be nonnegative for all ¢ > 0. Since if there exists a t1, such that E(¢;) < 0, by Lemma 5.2,
the solution must blow up in finite time. Thus, we have E(t) > 0 for all ¢ > 0, which leads to a

constant control of the rate of energy decrease. That is, from the energy identity (2.1), we obtain
0> B - B0 = [ IVulBar+u [ fumlpdan vz o
0 0
Denote F(t) = |ju(t)||3, it follows from equation of (1.1) that
P =2 (a0 = 1(u0) ~ (T, V) = [ [0 Hwlou(ois) . 6.1
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To estimate the integral w(Vu(t), Vu.(t)), we use Holder and Young’s inequality
|w(Vu(t), Vue(t))] < exl V)3 + Clen) | Vue (215 (5.2)

To estimate the term p [, |ug(¢)|™ 'y (t)u(t)dz, we use Holder inequality and interpolation in-

equality

p ‘/ﬂ Jue ()™ ue()u(t)dz| < Jul®) lms lue @41 < (NSl e @) 15

m 0 0 m
< Olfug (8|7 lfult) [ P/ D=0 RO ) oD/ 5 3)

where 6 = (mLle - JT%)/(% - ﬁ)

In the above estimates, we used the equality followed from Lemma 2.5(ii), i.e.,
)18 < - IPu)IE < 5l ¥ e
Since 1 — (p+1)/(m+1)—0+ (p+1)8/2 = 0, by using Young’s inequality, we get from (5.3) that
5 1 [ e uteyuteids] < calulollE + Clea) (5.9
It follows from (5.1), (5.2) and (5.4) that

%F”(t) +C(e)[Vur ()5 + Clea) e (8) Ity

> Jlue(D)I3 — I(u(t) —eal|Va(®) 3 — e llul®)Iphh- (5.5)

In view of the inequality

—I(u(t))

Y

~1(u(t)) + o(E(t) - B(t))
(1= o/ + DI®IZE + 2@ + (= DIVe)l - oF(to)

Y

where the constant o > 2 will be chosen later.
We obtain from (5.5) the inequality

%F”(t) + Ce) | V(D)3 + Clea) e (t) |74

> (1+0/2)|u ()5 + (1= o/(p+1) — &) [ul®)[F];
+(0/2 =1 —)||Vu(®)|3 — cE(ty), Yt >to. (5.6)

Choose the constant o so that

2d(p +1)(1 +&1)
(p+1)d—(p—1)E(to)

<o<p+1,

which is possible since E(tp) < d, and this guarantees o > 2.
Then, using this choice and (2.16) we obtain

(0/2 =1 —¢)||Vu®)||3 —cE(ty) >0, Vt>to.
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For this chosen o, we choose €5 small enough so that
0121—0/(p+1)—€2 > 0.
Finally, the inequality (5.6), Lemma 2.5 and Lemma 2.6 yield

F"(t) + C(en) | Vur ()13 + Cle)llue(®) i
> Cillu(t)|pf1 = CLlIVu®)]3 = 2C1d(p +1)/(p — 1), V= 0. (5.7)

Integrate two times the inequality (5.7) over [to,t] and take into account

/0 IVue (P2 + llus ()|t dr < d.
we arrive at
F(t) > Cr{d(p+1)/(p — D} + {(~Cler) — Clea))d + F'(to) }t + Flto), (5.8)

thus, the norm |[u(t)||2 has at least linear growth for ¢ > ¢y3. On the other hand, we estimate the

norm |[u(t)||2 from above. For t > t,, we have

[u(@)ll2 < [[u(to)ll2 +/t [[ue (7)||2d7

1

m—1 t m+1
< JJulto)l2 + C(t — to) 55 ( uutmmiim)
to

< Jluto)llz + C(t — to) met (5.9)

where in the above estimates we used the Hélder inequality with respect to ¢, the boundedness of
the integral ftl; ”ut(T)HZi%dT Obviously, the inequality (5.9) contradicts with the inequality (5.8).

Sufficiency. Suppose T < 00, then it follows from the last assertion of Theorem 2.2 that

. lm  ||u(t)||ms1 = oo (5.10)

*Lmaz

Observe the energy equality (2.1), we obtain

t
E(0) - E@®) > M/O lue (D) Imirdr > ™™ ) llmss — luollma
which combined with (5.10) imply
ti%az E(t) = —oc.

On the other hand, since

p+1 p—1
@I + == [Vu@llz + 1(u®) < (@ + 1)E©0),
we can conclude . lijgn I(u(t)) = —oo, which implies there exists a tg € [0, Tinaz), such that

J(u(to)) < E(u(to)) < d, I(u(to)) < 0.

The proof of Theorem 5.1 is then complete.
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Remark 5.3 As a byproduct of our proof, it is clear that under the restrictions on m and p, Tae <
oo if and only if E(t) — —0c0 as t — Tax- In particular, the blow up has a full characterization in

terms of negative energy blow up.

Remark 5.4 It can be observed from the proof that the condition m < p was given for necessity,
and p < 2(m+1)/N + 1 was given for sufficiency.

6 Exponential Decay

In what follows, we shall assume, without loss of generality, that w = p = 1.

Theorem 6.1 Suppose that max{m,p} < %,uo € Ny and ug,uy satisfies

2p + 1 i
a2l (%E(O)) <1 (6.1)

Then there exist positive constants C and [3 such that the global solution to problem (1.1) satisfies
E(t) < Ce P,
Lemma 6.2 Under the assumptions of Theorem 6.1, we have for all t > 0, u(t) € N;.

Proof . Since I(up) > 0, there exists a T > 0, such that I(u(t)) > 0 for all ¢ € [0,T"), which tells

Iu(®) = 5IVa®lf - Il
> %HVW)H% vt e [0,T). (6.2)
Therefore,
Iva < 225 Do) < 225 by < 225 Dpo) viepr.  ©3)

The Sobolev embedding theorem entails

lu@)lbt1 < CoialIVu®IEt = Gy IVu®IECy 1 I Vu®)s ™

p+1 = “p+l p+1 p+1
p—1
2(p+1) 2
<opt (B Pe) T Ivus
— ol Vu(| < [Vu(®)lf Ve [.1) (6.4

which implies u(t) € Ny, Vt € [0,T). Note that }LH% Cgill(%E(u(t),ut(t)))% < a, we can

repeat the procedure and extend 7T to 27", by continuing the argument and the lemma is so proved.

Proof of Theorem 6.1. We modify the function defined in Section 3 as follows

1
6(0) £ = ( ()10 + 5IVuCO ) + E ()
We shall prove, for e sufficiently small, there exist two positive constants ¢; and co such that
aEt) <G(t) < cE(t). (6.5)
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Actually,

G(t) < B(t) + Z(Ilus(®) 3 + [u
(1 "
(1 "

G(t) = B®) ~ = {auOI + g5} + 5IVue)

DB+ [Vu®]2)
) 19u(t) 2

)2 B0 2 pt)

—~

< (1+e)B(t) +

Do ™

< (1+e)B(t) +

| ™
> |-

and

> B0) - g5l +< (5 - 3 ) IV,

Take & = &, then choose € small enough , we see there exists a ¢; > 0, such that G(t) > ¢;(¢).

By Poincaré inequality and keeping in mind the energy equality (2.1), one obtains
G'(t) = ~(lue @)tz + Va®)[3)

e (a1 ~ 1913 — [ ol au(tutas + 1351

@t = (1= 5 ) IVatol - vuce g

e /Q e ()™ et (Bt + efu®) 2 (6.6)

IN

To estimate the integral [o, |us(t)|™ tu(t)u(t)dz, we use (6.3), Poincaré and Young’s inequality

/Qlut(t)l’”‘lm(t)U(t)dw < llu(®) it + CEOlu®)lmi
< 0Co|[Vu(®)[[3 + CO)lu (Bl
= 0Co|[Vu(®)[3IVu@®)3~" + C@)lue®) i

< o0y (22X Vp©) T 2D b+ c@luol
< OB+ OO () + IVuDIZ)

To estimate the norm ||u(t )||er1 use Lemma 6.2 to obtain for some 0 < A < 1

lu@)[E4 = Mu@®)PET + (1= N u@)]

< <]%u u(®)I + LI Vuo)l3 - o + 1)E<t>) + (L= Xal[ V).
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Then (6.6) turns into

IN

G'(t) <~ - (1 - r) IVa(t)]3 - <l Vu(t)3 + =5CE()

+e0C{|lue(t) 1 + IVue ()3} + (1 = Nea|| Vull3

p+1 p+1

+he (THut(t)H% + = IVu@)l - (0 + 1)E<t)>
1
A1

L0+ ifil)} IV (0) 2

N2
Alp+1)
2

IN

~-<conluli - [1-< (

—e[AMp+1) —6C|E(t) +¢ [(1 —Na+ — 1] V|3,

take v = 1 — « in the above inequality, one obtains

6'() < ~(1 = cCOluNRL ~ |1 -2 (5 + 00 + 325 )| ITul)

—e[Mp+1) — 6C|E(t) + ¢ [p 3 LG A)} |Vu(t)2.

By taking A close to 1, so that (p — 1)\/2 — (1 — A) > 0, in view of (6.3), we obtain

+00) + D) 19wl

—e\(p+ 1) = 6CIE(t) + [(p LA 2(;_*11)7(1 - )\)] E(t)

)
(1) < —(1 - CE) - [1 e (

=~ cCElu@lRt - [1-¢ (5 + 00 + 3250 )| IVu);
- 72(5_11%(1 —a) - 50} E(t) (6.7)

Then we choose ¢ small enough to guarantee

2(p+1)

S (1=3) —6C >0,

For this chosen J, take € sufficiently small to satisfy

1 Ap+1
1— >0,1—¢ — APTC
eC(d) >0, €<)\1+C(5)+)\1 5 >>07

we reach the following differential inequality

/ e (2(p+1)
G'(t) < T ( p— v(1—=2AX) —5C> G(t).

A simple integration yields

E(t) < —G(t) < iG(O)e*ﬁt L Bt

C1 C1

where 3 = i(w%(l — A) — 6C). The proof is complete.
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