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Abstract
In this paper, we deal with the following singular four-point boundary value problem
with p-Laplacian
(p(u' (1)) +a(t) f(t,u(t)) =0, t € (0,1),
u(0) — au/(§) =0, u(1) + pu’(n) =0,
where f(t,u) may be singular at u = 0 and ¢(¢) may be singular at ¢ = 0 or 1. By imposing
some suitable conditions on the nonlinear term f, existence results of at least two positive
solutions are obtained. The proof is based upon theory of Leray-Schauder degree and

Krasnosel’skii’s fixed point theorem.
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1 Introduction

Singular boundary value problems (BVPs) arise in a variety of problems in applied
mathematics and physics such as gas dynamics, nuclear physics, chemical reactions, stud-

ies of atomic structures, and atomic calculations [1]. They also arise in the study of
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positive radial solutions of a nonlinear elliptic equations. Such problems have been stud-
ied extensively in recent years, see, for instance, [2-8] and references therein. At the very
beginning, most literature in this area concentrated on singular two-point boundary value
problems. More recently, several authors begin to pay attention to singular multi-point
boundary value problems [9-17]. In the existing literatures, the following multi-point

boundary conditions

u(0) =0, u(l) = Zu(;?); u(0) = Zugﬁ), (1)=0
u(0) =0, u(l) = ; Biu(mi);  w(0) = El a;u(&;), u(l) =0;
m—2 m—2
u'(0) =0, u(l) = ; Biu(m:); u(0) = @;1 a;u(&;), v (1) = 0;
m—2 m—2
' (0) =0, u(l) = u(n); u(0) = i:zl a;u(§), v'(1) = Z:Z1 B (n;);

3
s

u(0) = au(©), (V) = puln) u(0) =" (&), u(t) =5 Fuln)

@
Il
—_

where a, 3, a;, £; >0, 0< &, n, &, n; <1(i=1,2,--- ;m — 1), have been studied.
However, to our knowledge, there are few papers investigating the singular four-point
boundary value problem. The aim of the present paper is to fill this gap.
In this paper, we establish sufficient conditions which guarantee the existence theory

for single and multiple positive solutions to the following singular four-point BVP

(G (1)) + () f(t,u(t)) =0, t € (0,1),
u(0) — au'(€) =0, u(l) + pu'(n) =0,

(1.1)

where ¢,(s) = |s|P72s, p > 1, (¢p) "' = ¢g, ]—lj—i-% =1, a>0 >00<&<n<1.
f(t,u) may be singular at v = 0 and ¢(¢) may be singular at t = 0 or 1.

Existence results for one solution are obtained by using the existence principle guar-
anteed by the property of Leray-Schauder degree, and for two solutions by using a fixed
point theorem in cones. In order to obtain the positivity of solution, u(0) > 0, u(1) > 0is
required. While note the boundary conditions u(0) = au/(§), u(l) = —pu/(n), so we need
to ensure u/(§) > 0, v/(n) < 0. Hence it is vital that the maximum of this solution must
be achieved between £ and 7. To this end, we need to establish some suitable conditions
on the nonlinear term f (see (Hy)), in course of that, we overcome more difficulties since
the singularity of the nonlinear term f.

Throughout, we always suppose the following conditions are satisfied:

(Hia) ¢ € C(0,1) NILY[0,1] with ¢(t) > 0, q(t) # 0 on any subinterval of [0,1] and

nondecreasing on (0, 1);
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(Hy) ¢ € C(0,1) N1LY0,1] with g(¢) > 0, q(t) # 0 on any subinterval of [0,1] and
nonincreasing on (0,1);

(Hg) f:]0,1] x (0,400) — (0,400) is a continuous function;

(H3) 0 < f(t,u) < fi(u) + fo(u) on [0,1] x (0,400) with f; > 0 continuous, nonin-
creasing on (0,+00) and fOL fi(u)du < 400 for any fixed L > 0; fo > 0 is continuous on
[0, +00); % nondecreasing on (0, +00);

(Hy4) There exists R > 0 such that
3 n 1 n
N()dt <T n(t)dt, N(t)dt <T n(t)dt,
[ s <r [Cawmorar, [ awnoa <t [Cawn

_ : 8 1— - _ _
Where I' = (mln{ﬁ + 1%1772 + Tn})p 17 Tl(t) - uel(r(lfR]{f(t7U)’ S [5777]}7 N(t) -
sup {f(t,u), t €0, U [n, 1]}
u€(0,R]
(Hs) For each constant H > 0, there exists a function 1y continuous on [0, 1] and

positive on (0, 1) such that f(¢t,u) > g (¢t) on (0,1) x (0,H] ;
(Hg) fog fi(k1s)q(s)ds + fnl fi1(ka(1 — 5))q(s)ds < o0 for any k1 > 0,ke > 0.

2 Preliminaries

Consider the Banach space X = C[0, 1] with the maximum norm ||u[| = max[o 1] |u(t)]-
By a positive solution u(t) to BVP(1.1) we mean that u(t) satisfies (1.1), u € C![0,1],
(¢p(u')) € C(0,1) NLY0,1] and u(t) > 0 on (0, 1).

We suppose F : [0,1] x R — (0, +00) is continuous, ¢ € C(0,1) N0, 1] with g(¢) >0
on (0,1) and ¢(¢) # 0 on any subinterval of [0, 1]. For any z € X, we consider the following
BVP

(6p(u/ (1)) + a(®) F(t, z(t)) =0, t € (0,1),
u(0) — v/ (€) = a, u(l) + B/ (n) = a,

where «a is a fixed positive constant. Then we have

(2.1)

Lemma 2.1. ([18]) For any x € X, BVP (2.1) has a unique solution u(t) which can be

expressed as

onSq(/5 q(s)F(s,x(s))ds) +/0 QSq(/S q(T)F(r,2(1))dT)ds +a, 0 <t <o,

u(t) = . . .

ﬁ%(/ q(s)F(s,x(s))ds) +/t ¢q(/ q(T)F(1,2(1))dr)ds + a, 0 <t <1,
(2.2)
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where o is the unique solution of the equation v1(t) —ve(t) =0, 0 <t < 1, in which

g

v1(t) = aqﬁq(/; q(s)F(s,x(s))ds) +/O gbq(/ q(T)F(7,z(T))dT)ds,

. . (2.3)
valt) = Bon( [ a0 sal)ds) + [ oul [ atr)F(ratr)ar)is.
Lemma 2.2. For any x € X, assume that
3 U
/O () (t, 2(t))dt < T /5 () (1, 2(1))dt (2.4)
and
1 1
| awraa <t /5 QO F(t,x(t)dt, (2.5)
where T' = (min{l%n + 15—”, % + 1—Tn})p—1. If u(t) is a solution of BVP (2.1), then
(i) u(t) is concave on [0,1];

(ii) There exists o € [§,n] such that v/ (o) =0, u(o) = ||ul|; u(t) > a fort € [0,1], u(t)
is nondecreasing on [0,&] and nonincreasing on [n,1];

(i) u(t) > w(t)||u|| fort € [0,1], where w(t) = min{%t, ﬁ(l —t)}.

Proof. Suppose u(t) is a solution to BVP(2.1), then

(1) (pp(u' (1)) = —q(t)F(t,z(t)) <0, so ¢p(u'(t)) is nonincreasing on [0, 1]. Therefore,
u/(t) is nonincreasing on [0, 1] which implies the concavity of u(t).

(ii) From Lemma 2.1, we know that there exists o € (0,1) such that v/(¢) = 0. Now
we show that o € [, 7]. If not, then there exists o € (0,&) such that v/(o) = 0. By Lemma
2.1 and (2.4), we have

o

u(0) = oy /5 " 4(s)F (s 2(s))ds) + /0 "l | anFam)nis

3 £
- /0 64 /0 o)V F (7, 2(7))dr)ds
n
< £64(T /5 4(r)F(r, o(r))dr)

n

< Boy /5 L ) F(r(m)dr) + (1 — )y /5 4(s)F (5, 2(s))ds)

S

U 1
<06, [ aoFs.os)ds) + [ o[ arF(ratraras
= u(o)
which is a contradiction. So, o ¢ (0,£). Similarly, ¢ ¢ (n,1). The concavity of u(t)
guarantees that u(t) is nondecreasing on [0, (] and nonincreasing on [, 1]. By the boundary
conditions, we have u(0) = a/(§) + a > a, u(l) = —pu/(n) + a > a. Therefore, for any

t €[0,1], u(t) > 0 since u(t) is concave on [0,1].
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(iii) Since u(t) is nondecreasing on [0, 0| and nonincreasing on [0, 1] for o € [£, 7], we
have
], t €[0,4],
u(t u(o 1
1(—)75 = 1(—2 S
Let w(t) = min{%t, 1—i§(1 —t)}, it follows that

lull, ¢ € [o,1].

ult) = wt)llull, ¢ € [0,1].
The proof is completed. O

We shall consider the following boundary value problem

(Sp(u'(1)) + a(t)F (¢t u(t)) =0, t € (0,1),

u(0) — o (€) = a, u(1) + /() = a.

(2.6)

Define an operator T': X — X by
otul [ o) Fsu(eds) + [ ol |
(s, u(s))ds) (

ﬁqbq(/:Q(S)FS u(s +/t1¢q/a

0 q(7)F(1,u())dr)ds +a, 0 <t <o,
(Tu)(t) = S
q(T)F

(ryu(r))dr)ds +a, o <t <1.
(2.7)

We have the following result:
Lemma 2.3. ([18], Lemma 3.1) T': X — X s completely continuous.

Now we state an existence principle which plays an important role in our proof of

existence results for one solution.

Lemma 2.4. (Existence principle) Assume that there exists a constant M > a independent

of A, such that for A € (0,1), ||u|| # M, where u(t) satisfies

(6p (' (1)) + Aq(®)F(t,u(t)) =0, t € (0,1),

u(0) - (€) = a, u(1) + B (n) = a.

(2.7)x

Then (2.7)1 has at least one solution u(t) with ||u|| < M.

Proof. For any A € [0, 1], define an operator

o

Aoy ( ’ q(s)F(s,u(s))ds) + tqbq( q(T)ANF(1,u(r))dr)ds +a, 0 <t <o,
N)\u(t) = /5 /0 /S

1 s
)\ﬂqﬁq(/n q(s)F(s,u(s))ds) + /t gbq(/ q(T)AF (T, u(T))dT)ds +a, 0 <t < 1.
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By Lemma 2.3, Ny : X — X is completely continuous. It can be verified that a solution
of BVP (2.7), is equivalent to a fixed point of Ny in X. Let Q = {u € X : |Ju|| < M},
then €2 is an open set in X. If there exists u € 9 such that Nyu = u, then u(t) is a
solution of (2.7); with [|u|| < M. Thus the conclusion is true. Otherwise, for any u € 09,
Ni(u) # u. If X =0, for u € 9Q, (I — No)u(t) = u(t) — Nou(t) = u(t) — a # 0 since
llul| = M > a. For A € (0,1), if there is a solution u(t) to BVP (2.7), by the assumption,
one gets ||u|| # M, which is a contradiction to u € 9f.

In a word, for any u € 9Q and A € [0,1], Nyu # u. Homotopy invariance of Leray-

Schauder degree deduce that
Deg{I — N1,9Q,0} = Deg{I — Ny,Q,0} = 1.

Hence, N has a fixed point v in Q. And BVP (2.7); has a solution w(t) with ||u|| < M.

The proof is completed. O

To obtain two positive solutions of BVP (1.1), we need the following well-known fixed

point theorem of compression and expansion of cones [19].

Theorem 2.5. (Krasnosel’skii [19, p.148]) Let X be a Banach space and P(C X) be a
cone. Assume that are Qq, Qo are open subsets of X with 0 € Qq, Q1 C Qa, and let
T:Q\Q1 NP — P be a continuous and compact operator such that either

)| Tz|| < ||z]], Yz € 0 NP and |Tz| > ||z|, Yz € 0Q N P; or

(i))||Tz|| < ||z||, Yz € 002 N P and ||Tz| > ||z||, Vo € 091 N P.
Then T has a fized point theorem in (Qz \ Q1) N P.

3 Existence of positive solutions

First we give some notations.

Denote

c c — _P_
G(c) = [glf1(u) + fa(w)ldu, I(c) = [§ ¢q(t)dt = (B5F)er=1 for ¢ > 0.
1
Clearly, G(c) is increasing in ¢, I-1(c) exists and I-1(c) = (%)%c
;1

1, (%)pp > 1, we have I~ (uv) < I"Y(u)I~!(v) for any u > 0, v > 0. For ¢ < 0, it is

p—1
P

. Since p >

easy to see that I(—c) = I(c).

We now give the main results for BVP (1.1) in this paper.

Theorem 3.1. Suppose (Hi,)-(Hg) hold. Furthermore, we assume that
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(H7) there exists > 0 such that

”
Mg (1)

> 1,

where
My o(r) = dg(I~(G(r)) [Bg(I /¢q V],

Then BVP (1.1) has a positive solution u(t) with ||Ju|| <.

Proof. From (H7), we choose r > 0 and 0 < £ < r such that

r

6+Mﬁn(7“) - 3

Let ng € {1,2,3,--- } satisfying that .- <e. Set No = {no,n9 +1,n0 +2,--- }.
In what follows, we show that the followmg BVP

(p(u'(1))) + a(t) f(t,u(t)) =0, t € (0,1),

u(0) — o (€) = =, w(1) + P () = -

1 (3.2)
ot
has a solution for each m € Nj.

In order to obtain a solution of BVP (3.2) for each m € Ny, we consider the following

BVP
(@p(u'(£)) + a(t) f*(t, u(t)) = 0, t € (0,1),

(32)s
u(0) — o (€) = -, u(1) + fu'(n) = -,
where 1
P W
) wso

Clearly, f* € C([0,1] x R, (0, 4+00)).
To obtain a solution of BVP (3.2),, for each m € Ny, by applying Lemma 2.4, we
consider the family of BVPs

(6p(' (1)) + Aq(t) f*(t,u(t)) =0, t € (0,1),

u(0) = (€)= =, u(l) + Bu'(n) = -

(3.2))

m

where A € [0,1]. Let u(t) be a solution of (3.2);),. From (H;) and Lemma 2.2, we observe
that u(t) is concave, u(t) >

u'(6) =0,u'(t) >0, t€]0,0

L on [0,1] and there exists & € [¢,7] such that u(5) = ||ul|,
]

and u/(t) <0, t € [d,1].
For ¢t € [6,1] and A € (0,1), in view of (Hs), we have

—(8p(' (1)) = Aa(t)f* (¢, u(t)) = Aq(t) f(t,u(t)) < a®)[fi(u(t)) + f2(u(t))].  (3.3)
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Multiplying (3.3) by —u/(t), for t € [6,1], it follows that

(6p(u/ (1)) 0q(8p(u (1)) < q(t)[f1(u(t)) + fa(u(t))](—v'(t). (3.4)

Integrating (3.4) from 6 to t (¢t > &), by (H;) and the fact that G(c) is increasing on ¢, we

obtain

¢p(u’ (1)) u(o)
/ bal2)dz < (1) / (F1(2) + fol2)]d
0 u(t)

= q()[G(u(0)) = G(u(®))]
< q(t)G(u(5)),

this implies
I(=¢p(u'(1)) = I(p(v/(t))) < a()G(u(6)),
0 < —u/(t) < dg(I M (a(t) g (I (G (u(5)))), (3.5)
therefore,
0 < —u'(n) < dg(IH(a(n)))bg (I (G(u(6))))-

Integrating (3.5) from & to 1, by the boundary condition of (3.2)?,, we have

w(6) < =+ 6y (I (G(@))56, (1 / ol
< =+ 0,(I (Gu@)) 98 1 / 4,1
Hence,
u(9) <1
£+ ¢g (I~ H(G(u(6)))) [Bdg (I~ (a(m)) + Ji dg(I~1(q(t)))dt] ~
.€., uw)
S M) - (3:6)

Due to (3.1) and (3.6), we have u(6) = ||u|| # r. Further, Lemma 2.4 implies that
(3.2),, has at least a solution u™ € C[0,1] and (¢,((u™)"))" € C(0,1) N L0,1] with
[|lu™|| < r (independent of m) for any fixed m. From Lemma 2.2, we note that «™(t) >
L>0. So f*(t,u™(t)) = f(t,u™(t)). Therefore, u™(t) is a solution to BVP (3.2).

Using Arzela-Ascoli theorem, we shall show that BVP (1.1) has at least a positive
solution u(t) which satisfies lim u™(t) = u(t) for t € (0,1). Note that

m—oQ
1
0<—<u™(t)<r tel01].
m
(Hs) implies that there is a continuous function %, : (0,1) — (0, 4+0c0)(independent of m)
satisfying
F(ta™ (1)) > 6, (1), t € (0,1),
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hence,
—(gp(u™(t))) = ¥r(t)q(t), t € (0,1). (3.7)
For any m € Ny, by Lemma 2.2, there exists t™ € [¢, 7] such that u™ (™) = ||u™|], (u™)'(t™) =
0, (u™)(t) >0 for t € [0,t™] and (u™)'(t) <0 for ¢t € [t™,1].
If t € [0,¢], integrating (3.7) from ¢ to t", we obtain

tm

bp((u™) (1)) > / 4(5)0 (5)ds. (3.8)

t

Integrating (3.8) from 0 to ¢, we have

tm

m 1 t T 7)dT)ds
()= -+ [ [ amunnin

3
> [Lon [ atontrranyas
further, .
3
(&) [ o [ atryun(ryinyis =0 >0
Since u™(t) is concave in [0, £], we have
u™@) _um™E) | om u™(E), o o
" > ¢ =u"(t) > e t>?t (3.9)

If t € [n,1], integrating (3.7) from ¢ to t, we obtain
t

—p((u™) (1)) Z/t q(s)¢r(s)ds. (3.10)

m

Integrating (3.10) from ¢ to 1, we have

therefore,
/ dT)dS = (92 > 0.
n
Since u™(t) is concave in [n, 1], we get
u™(t)  u™(n) u™(n) &
> m(t) > 1—-1t) > 1-— A1
e s 2 T 2 (1) (3.11)
If t € [¢,n], in view of concavity of u™(t), we have
u™(t) > min{u(£),u"(n)} > 0, (3.12)

where 6§ = min{6y, 65 }.
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Let

(gt, te 0.8,
é(t) =149, te &), (3.13)
0
\1—_77(1_t)’ 756[77,1],

where 6 = min{6;,6,}.
By (3.9),(3.11),(3.12) and (3.13), for any m € Ny, we have

w™(t) > 8(t), t € [0,1].
At the same time, it follows from (Hs) and (Hg) that

0 < —(gp(u™) (1) = q(t) f(t,u™(t)) < q()[f1(u™ (1)) + fa(u™ (1))

< q(0)1(8(1)) + max fo(7)q(t).

Thus,
1 1
@) < [ al)(6)ds + max (o) [ a(s)ds
and ) )
(@O < 0 | alAENs + max () [ (o)) <400 (314)

Therefore, {u"(t) }men, is equi-continuous on [0,1]. Furthermore, from the fact that
0<u™(t)<r tel0,1],

we have {u"(t) }men, is uniformly bounded on [0,1].
The Arzela-Ascoli theorem guarantees that there is a subsequence N* C Ny, a function
u € C10,1] satisfying u™(t) — u(t) uniformly on [0,1] and t™ — o as m — 400 in N*.

From the definition of u(t), we have
o,

ongq(/g q(s)f(s,u™(s))ds) Jr/o d)q(/ q(7) f(r,u™(7))dT)ds + %, o<t<t™,

m

u™(t) =
n 1 s 1
g6, [ a1 6Dds) + [ 6u( [ ansrum@ands + <<
tm t tm
(3.15)
Let m — +o0 in N* in (3.15), by the continuity of f and Lebesgue’s dominated convergence

theorem, we get

aon( [ o)1 (s usNds) + [ oo [ o) f(ru(r))dr)ds, 0 <t <o,
[ o]

S

n 1
B4 / 4(s) /(5. u(s))ds) + / bl / o) F(r,u(r))dr)ds, 0 <t <1,
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hence,
(@p(u'(1))) +a(®) f(t,u(t) =0, t € (0,1),
u(0) — au'(§) =0, u(1) + Bu'(n) = 0.
From 6(t) < u™(t) < r, t € [0,1], we have 6(t) < u(t) < r, t € [0,1]. So u(t) >
0, t € (0,1) and —(¢p(u/ (1)) = q(t) f(t,u) < q(t) f1(3(t)) + maxo<r<, fo(T)g(t) € L0, 1].
Therefore, (¢,(u/(t)))’ € L'[0,1] which means u(t) is a positive solution to BVP (1.1).

The proof is completed. O

Theorem 3.2. Suppose (Hyp)-(Hg) hold. Furthermore, we assume that
(Hg) there exists > 0 such that

where
1
Malr) = o1 G las, (I al€) + [ onl1 a(0))at]
Then BVP (1.1) has a positive solution u(t) with ||Ju|| <.
Theorem 3.3. Suppose (Hi,)-(H7) hold. Furthermore, we assume that

(Hg) there exists a fived constant & € (0, 1) with [,n] C [6,1 — 6], and p € C[5,1 — §]
with ;>0 on [§,1 — 0] such that

Q(t)f(tvu) > ,U'(t) [fl(u) + fZ(U)] on [57 1- 5] X (07 +OO);
(Hio) there exists R > r such that

2R¢q(f1(w1(0) R))
Gqlf1(R) f1(w1(O)R) + f1(R) f2(wr(6) R)]

< b07

where ;

by = miinfa, g} min{1, 2 1)y [ u(s)ds)

3
b 4
w1(6) = min{—, ——}.
@ =min{”, )
Then BVP (1.1) has a positive solution uq(t) with r < ||lu1|] < R.
Proof. Let
K ={ue X :u(t) >0, u(t) is concave, u(t) > w(t)||ul], t € [0,1]}.

Obviously, K is a cone of X. Since r < R, denote open subsets §2; and Q5 of X:

Y ={veX: |ju|<r}, Q={uveX:|u|| <R}
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Let A: KN (Q2\ Q1) — X be defined by

coul [ a1 w60 + [, [ a1 utramas, 0 < 1 <o
(Au)(t) = . o
56, [ als)f(svu)ds) + [ oyl [ alr)firu(r)dryds, o <t <1,
’ b (3.16)
It is easy to verify that the fixed points of operator A are the positive solutions of BVP
(1.1). So it suffices to show that A has at least one fixed point.
First we prove A: KN (Q2\ Q1) — K. If ue KN (Qa\ ), differentiating (3.16) for

t, we obtain

bul / T4 f(ru(r)dr), 0<t <o,
(Auf(t)={ "

— ¢q(/ q() f(ryu(r))dr), o <t <1

and

— (g —1)( / a(T)F(rou(r))dr) ()t u(t), 0 <t <o,

(Auw)"(t) = (3.17)

—(¢— 1)(/ a(7)f(r,u(r))dr)I=2q(t) f(t,u(t)), o <t < 1.

In view of (3.16) and (3.17), note that (Au)”(t) < 0 for any ¢ € (0,1), and Au(0) >
0, Au(1l) > 0. Therefore, Au(t) is concave and Au(t) > 0 on [0,1]. By Lemma 2.2, we
have Au(t) > w(t)||Au||. Consequently, Au € K,ie., A: KN (Q\ Q) — K.

By Lemma 2.3, we have that A : K N (Qy\ Q1) — K is completely continuous.

Now we shall show that
||[Aul| < |u]| for uwe K N oy. (3.18)

Let u € K N9y, then |ju]| = r. As in the proof of (3,7), we have
|| Aul] = (Au)(0)
< dg(IH(G () [Beg (I (a(m)) + /01 ¢q(I™ (a(1)))dt]
= Mpy(r)
<r=||ull.

Consequently, ||Au|| < ||lu||. So (3.18) holds.

Furthermore, we give that

[|Au|| > ||u]| for we K NoQs. (3.19)
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Let u € K N0y, so |Jul| = R and u(t) > w(t)R for t € [0,1]. In particular, u(t) €
[w1(0)R, R] for t € [6,1 — 4], where w;(0) = min{%, &} (6 is the same as in (Hyg)). By
(Hs), (H7) and (Hg), we obtain
|| Aul] =(Au)(0)
1 ag ag ag
=5letul | a5, + [ oul [ arns s

n 1 s
480, [ ) f(s,uleNds) + [ oyl [ alr)f(rur))drds
2 5l00n( [ a(e) o u(e)ds) + [ o[ atr) st u(r)) s

1-6

T 8o, / " 45 (s, u(s))ds) + / bul / () f(ru(r))dr)ds]
(wl HR

> sl + T o[ e + [ ou( [ wiryaryis
1-6

w00 neds)+ [ ([ utryiryas

> ou )61+ 2D mina, g min{1,22-}o,( [ n(s)as)
3

1(w1(0)R)
>R = ||ul]
Consequently, ||Aul|| > ||ul|. So (3.19) holds. By Theorem 2.5, we can obtain that A has
a fixed point u; € K N (Qa\ Q1) with 7 < |Jug|| < R and uy(t) > w(t)r for t € [0,1]. Thus
ui(t) > 0 for t € (0,1). The proof is completed. O

Theorem 3.4. Suppose (Hi,)-(H7), (Ho) and (Hip) hold. Then BVP (1.1) has two

positive solutions u(t), ui(t) with ||ul] <r < ||lu1]| < R.

Theorem 3.5. Suppose (Hyp)-(Hg) and (Hg)-(Hig) hold. Then BVP (1.1) has two positive
solutions u(t), uy(t) with ||u]| <r <||lu1|] < R.
4 Example

In this section, we give an explicit example to illustrate our main result.

Example 4.1. Consider four-point boundary value problem of second order differential

equation
t)
u + —2 (U( +1)=0,0<t<1,
VI=E (4.1)
1 3
u(0) = u/(3) =0, u(1) +/'(5) =0,

where o(t) = max{0, (t — &)(n — t)}, a > 0 is a constant.

Conclusion: BVP (4.1) has at least one positive solution.
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Proof. Obviously, p = 2, a =1, =1, £ = i, n = % in BVP(4.1). Comparing to
Theorem 3.1, we verify (Hi,)-(H7) as follows:

(Hiq) q(t) = \/%—t € C(0,1) NLY0,1], ¢(t) > 0 and nonincreasing on (0,1);

(Ha) f(t,u) = # + t is a continuous function on [0, 1] x (0, 4+00);
u4
(H3) 0 < f(t,u) = “’ +t < L+ 14wt = fi(u) + folu), where fi(u) = L >0
)

u4 u
continuous, nonincreasing on (0, 400) and fo fi(u)du < 400 for any fixed L > 0; fa(u

fo 1 o7 . )
u* 41 > 0 is continuous on [0, +00); 7= ut 4 ut nondecreasing on (0, +00);

sup f(t,u) =t for t € [0,3], n(t) = inf f(t,u) =
u€(0,1] u€(0,1]

) =
(t—1(3 —t)+tfort e[l 3] then

(Hy) Let R = 1, so N(¢

1

1
1 1 t
qON(t)dt = a / dt = 0.034295227a,
/ =

3 3 1\/3
R Y S
/4 g(t)n(t)dt = a/4 C= DG =D+ - 41943556600,
1 V31—t

3 1y/3

13 t— B -+t

r=—, Fa/4( il dt = 1.787220786a
3 1 VI—t

4
1 3 1y\/3
. it 1 =GO+
50 a g Vit 1t
(Hs) For each constant H > 0, there exists a function ¢ (t) = t that is continuous on

dt;

[0,1] and positive on (0,1) satisfying f(t,u) > ¥y (t) on (0,1) x (0, H];
1

1 1 1 1
(Hg) Clearly, [, %\/ﬂd‘g < 400, f% mmd& < 400, for any k1 > 0, ko >

(H7) When r > 0,
bo(r) =71, I '(r)=2r,
Gr) = /Or[fl(s) + fa(s)|ds = /O[Si +14 s7ds = %r% frt %r5,
Mp(r) = 6g(I71(G())) 864 (1 / 017 (a(t)))d]

8 2
= \v/g’l"i + 2r + 57"5(2 + g\/i)\/a,

let r =0.1, a = 1074, so " = 3.134308209 > 1.
Mg (1)
Therefore, By Theorem 3.1, we obtain that BVP (4.1) has at least one positive solution.
O
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