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Multiple positive solutions for (n-1, 1)-type semipositone conjugate
boundary value problems for coupled systems of nonlinear fractional
differential equations®
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Abstract. In this paper, we consider (n-1, 1)-type conjugate boundary value problem for coupled systems of the
nonlinear fractional differential equation

D§ u+ Af(t,v)
DO+U + )‘g( au)

u(0) = v (0)
u(1) = v(1) = 0,

0<t<1,A>0,

0
0,
0, 0<t1<n—2,

where A is a parameter, o € (n — 1,n] is a real number and n > 3, and D, is the Riemann-Liouville’s fractional
derivative, and f, g are continuous and semipositone. We give properties of Green’s function of the boundary value
problem, and derive an interval on A such that for any A lying in this interval, the semipositone boundary value
problem has multiple positive solutions.

Key words. Riemann-Liouville’s fractional derivative; fractional differential equation; boundary value problem;
positive solution; fractional Green’s function; fixed-point theorem.

MR(2000) Subject Classifications: 34B15

1 Introduction

We consider the (n-1, 1)-type conjugate boundary value problem for nonlinear fractional differential equation
involving Riemann-Liouville’s derivative

D§, u+ Af(t,v) =0, 0<t<1,A>0

D§ v+ Ag(t,u) =0, (1.1)
uD(0)=0v?(0)=0, 0<i<n-2, '
u(l) =v(1) =0,

where ) is a parameter, o € (n — 1, n] is a real number, n > 3, D§, is the Riemann-Liouville’s fractional derivative,
and f,g are sign-changing continuous functions. As far as we know, there are few papers which deal with the
boundary value problem for nonlinear fractional differential equation.

Because of fractional differential equation’s modeling capabilities in engineering, science, economics, and other
fields, the last few decades has resulted in a rapid development of the theory of fractional differential equations,
see [1]-[7] for a good overview. Within this development, a fair amount of the theory has been devoted to initial
and boundary value problems problems (see [9]-[20]). In most papers, the definition of fractional derivative is the
Riemann-Liouville’s fractional derivative or the Caputo’s fractional derivative. For details, see the references.
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In this paper, we give sufficient conditions for the existence of positive solution of the semipositone boundary
value problems (1.1) for a sufficiently small A > 0 where f, g may change sign. Our analysis relies on nonlinear
alternative of Leray-Schauder type and Krasnosel’skii’s fixed-point theorems.

2 Preliminaries

For completeness, in this section, we will demonstrate and study the definitions and some fundamental facts of
Riemann-Liouville’s derivatives of fractional order which can been founded in [3].

Definition 2.1 /3] The integral

o Y A (O] .
Io+f(x)r(a)/0 (x_t)l_adt, >0,

where o > 0, is called Riemann-Liouville fractional integral of order a.

Definition 2.2 [3] For a function f(x) given in the interval [0, 00), the expression

. 1 d. [t f
Do+f($):m(%) /0 (x_tgia)_nﬂdt,

where n = [a] + 1, [a] denotes the integer part of number «, is called the Riemann-Liouville fractional derivative
of order s.

From the definition of the Riemann-Liouville derivative, we can obtain the statement.
As examples, for u > —1, we have

Dg, 2" = Tl u—a) Ld+w zh
(1+p—a)
giving in particular Dg, ™™, m =1,2,3,--- , N, where N is the smallest integer greater than or equal to a.
Lemma 2.1 Let a > 0; then the differential equation
Dg, u(t) =0
has solutions u(t) = c1t® 1+ cot® 2 + - 4+ cpt®™™, ¢; € R, i = 1,,2...,n, as unique solutions, where n is the

smallest integer greater than or equal to o.

As D§, I§, u = u. From the lemma 2.1, we deduce the following statement.
Lemma 2.2 Let o > 0, then
I8, D ut) = u(t) + crt® ot 2o et
for some c; € R, i =1,2,...,n, n is the smallest integer greater than or equal to a.
Lemma 2.3 [16] Let h(t) € C[0,1] be a given function, then the boundary-value problem

D§ u(t)+h(t)=0, 0<t<1l,2<n—-1<a<n,
uD0)=0, 0<i<n-—2 (2.1)
u(l)=0

has a unique solution
1
u(t) = / G(t, 5)h(s)ds, (2.2)
0

where
1 et —s) b —(t—s)*t 0<s<t<l1
G(t’ S) = a—1 a—1
I(a) |t (1—13s) , 0<t<s<l1.

Here G(t, s) is called the Green’s function for the boundary value problem (2.1).
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Lemma 2.4 [16] The Green’s function G(t,s) defined by (2.3) has the following properties:
(R1) G(t,s) = G(1 —s,1—1t), fort,s €[0,1],

(R2) T(a)k(t)a(s) < G(t,s) < (o —1)q(s), fort,s € [0,1],

(R3) T(a)k(t)a(s) < G(t,s) < (= 1k(t), for t,s € [0,1],

where

k(t) = (2.4)

The following a nonlinear alternative of Leray-Schauder type and Krasnosel’skii’s fixed-point theorems, will
play major role in our next analysis.

Theorem 2.5 [12] Let X be a Banach space with Q C X be closed and convex. Assume U is a relatively open
subsets of Q with 0 € U, and let S : U — € be a compact, continuous map. Then either

1. S has a fized point in U, or

2. there exists u € OU and v € (0,1), with u = vSu.

Theorem 2.6 [8] Let X be a Banach space, and let P C X be a cone in X. Assume Q1,2 are bounded open
subsets of X with 0 € Q1 C Q1 C Qs, and let S: P — P be a completely continuous operator such that, either

1. |Sw|| < |Jw|, w € PN oYy, ||Sw|| > |w|, w e PN, or

2. ||Sw|| > |wl|, w e Pnoy, ||Sw| < |w] we Pno,.

Then S has a fived point in PN (Q2\Qy).

3 Main Results

We make the following assumption:
(Hy) f(t,2),9(t,2z) € C([0,1] x [0, +00), (—o0, +0)), moreover there exists a function e(t) € L*((0,1), (0, +o0))
such that f(t,z) > —e(t) and g(t,z) > —e(t), for any t € (0,1), z € [0, +00).
(HY) f(t,2),9(t, 2) € C((0,1) x [0,+00), (—00, +00)), f,g may be singular at ¢ = 0,1, moreover there exists a
function e(t) € L(]0,1], (0, +00)) such that f(t,z) > —e(t) and g(t,z) > —e(t), for any t € (0,1), z € [0, +00).
f(t,

(Ha) £(1,0) > 0 for ¢ € [0, 1]; there exist M >0, ¢ > 0 such that limsup % 92 < M for t € [0,1] and g(t, 2) > 0
for (¢, z) € [0,1] x (0, o).

3 ere exists |01,02] C (0,1) such that llm in — = +00 an m I =~ = +00.
Hs) Th ists [01,05] C (0,1) such that lim  inf £{:=2) d lim inf 92
zT+o0 t€[01,62] Z zT+4o0 t€[h1,02] Z

(Hy) fo e(s)ds < +o0, fo (s,2)ds < 400 and fol q(8)g(s,z)ds < +oo for any z € [0,m], m > 0 is any
constant.

In fact, we only consider the boundary value problem

—Dgz = A(f(t, [y(t) —w(®)]") +e(t), te€(0,1),A>0,
-Dg,y = (g(t, z(t) —w(t)]") +e(t), te(0,1),
z<1>(0) D0)=0, 0<i<n-—2

where
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and w(t) = A fo s)ds, which is the solution of the boundary value problem

—D§,w = Xe(t), te(0,1),
w®(0)=0, 0<i<n-—2,
w(l) =0.

We will show there exists a solution (x,y) for the boundary value problem (3.1) with z(¢) > w(t) and y(t) > w(t)
for t € [0,1]. If this is true, then u(t) = z(t) — w(t) and v(t) = y(t) — w(t) is a nonnegative solution (positive on
(0,1)) of the boundary value problem (1.1). Since for any t € (0, 1),

—Df 2z = —Dg u+ (=D w) = A[f(t,v) +e(t)],
D0+?J* D0+v+( Dg 0o+wW w) = A[g(t,u) + e(t)],
we have
—Dg,u = Af(t,v) and —Dg,v = Ag(t,u).
As a result, we will concentrate our study on the boundary value problem (3.1).
We note that (3.1) is equal to

{ 2(t) = A [y G(t:)(f(s. [y(s) — w(s)]*) + e(s))ds 52)
y(t) = X [y G(t,5)(g(s, [z(s) — w(s)]*) + e(s))ds.
From (3.2) we have

) / G(t,5)(f (s [\ / G5, 7)g(r, [2(r) — w(r)]*)dr]") + e(s))ds. (3.3)

For our constructions, we shall consider the Banach space £ = C0,1] equipped with standard norm ||z| =

[ax |z(t)],z € X. We define a cone P by

(1 -1)

P={zeX|z(t) > [lz]|, te€0,1],c € (n—1,n],n > 3}.

Define an integral operator T': P — X by
Ta(t) =2 [ Glt9)(F(s. [ Gl ol ln(r) = wle)] e + ()

Notice, from Lemma 2.3, we have T (t) > 0 on [0, 1] for € P and

=\, G Af; g(7, [a(7) — w(r)]*)dr]*) + e(s))ds
<>‘f0 a,l Afo 8, 7)g(7, [(1) — w(T)]*)dr]*) + e(s))ds,
then ||Tx| < )‘fo a—1)q )‘fo 7, [2(7) — w(r)]*)dr]*) + e(s))ds.
On the other hand, we have
Ta(t) = A f, G(t Af& [xm —w(n])dr]") + e(s))ds
>t e t))\fo (a —1)q )‘fo s, 7)g(7, [x(7) — w(r)]*)d7]*) + e(s))ds
> wHT I

Thus, T(P) C P. In addition, standard arguments show that 7" is a compact, completely continuous operator.

Theorem 3.1 Suppose that (Hy) and (Hs) hold. Then there exists a constant X > 0 such that, for any 0 < A < X,
the boundary value problem (1.1) has at least one positive solution.
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Proof Fix 6 € (0,1). From (Hz), let 0 < £ < min{1, 0} be such that

ft,2) = f(t,0), g(t,z) <Mz, for 0<t<1, 0<z<e. (3.4)
and
g(t,z) >0, for 0<t<1, 0<z<e
Suppose
1 _
0 <A <min{—— }::)\7
2¢ f( ) M
= 1 .
where f(g) = ogtgnf%)ézga{f(t’ z)+e(t)} and ¢ = [ (a — 1)q(s)ds. Since
lim @ = 400
zl0 Z2
and —
fle) _ 1
€ < 2e\’
then exists a Ry € (0,¢) such that B
f(Ro) 1
Ro 2c\

Let U ={x € P:||z|]| < Ro}, x € OU and v € (0,1) be such that z = vT(z), we claim that ||z| # Ro. In fact,
for x € OU and ||z|| # Ro, we have

Ay Gls, gl o(r) — w(n)] )
< Afol(oz — Dg()g(r, [z(1) — w(T)]*)dr
<A Jo (@ =1D)g(r)M[z(r) — w(r)]"dr (3.5)
< /\fol(oz — 1)q(T)M Rodr
< \M fol(a — 1)q(7)dT Ry
< Ry.
It follows that
x(t) = vTz(t)
< v\ fol(a Da(s)(f(s, [\ fol 7, [2(7) — w(r)]*)dr]*) + e(s))ds
< Afo (a—1)g(s)(f Afo [z(T) —w(7)]")dr]*) + e(s))ds
<A fyla— l)q(s)0<s<r1ng§Z<R [f( s, ) e(s)]ds
< A fy (@ —1)g(s)F(Ro)ds
< Acf(Ro)
that is _ _
f) 1 1 f(0)

RO cA 2¢cA RO ’

which implies that |z|| # Ro. By the nonlinear alternative of Leray-Schauder type, T has a fixed point z € U.
Moreover, combing (3.4), (3.5) and the fact that Ry < e, we obtain

1) =y G(t:5)(f(s: D\ Jy Gls 7)o (. [a(r) = w(n)][)dr]) + e(s))ds
>)\f0 ts[éf(s O)+e( )]d
>)\5f0 f(sOds—l—fO s)e(s)ds]
>)\f0 ()ds

= w(t) for € (0,1).

Then T has a positive fixed point z and ||z|| < Ry < 1.
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On the other hand, from (3.2) and w < z < Ry < e < g, we have g(s,z(s) —w(s)) > 0. Then

)(g(s, [z(s) —w(s)]") +e(s))ds
) )(g(s,z(s) —w(s)) +e(s ))
= )\[fo G(t,8)g(s,z(s) —w(s))ds + fo Ye(s)ds]
)

=w(t) for te(0,1).

Thus, (z,y) is positive solution (z,y) of the boundary value problem (3.1) with x(¢) > w(t) and y(t) > w(t) for
t € 0,1].

Let u(t) = z(t) —w(t) > 0 and v(t) = y(t) — w(t) > 0, then (u,v) is a nonnegative solution (positive on (0, 1))
of the boundary value problem (1.1).

Theorem 3.2 Suppose that (H}) and (Hs)-(Hy) hold. Then there exists a constant \* > 0 such that, for any
0 < X < X, the boundary value problem (1.1) has at least one positive solution.

Proof From (Hj3), we choose Ry > max{1,7?, (2(0‘;1) )2} such that

t 1
9t Z>>N0, namely g¢(t,z) > Noz, for te[01,602],2 > R2,
z
and Ny > 0 satisfy
N0>Z,
p
here r = &=L [Le(s)ds, v = t°=1(1— 1)}, and p = [,” q(s)ds.
where r = £ Jo e(s)ds, v = min {t*7H(1 1)}, and p q(s)ds

Let Oy = {z € C[0,1] : ||z|]| < R1} and

x = min{ [ o= D), 765 2) g6 5,
where R = fol (e — D)g(7) oJax, g(T,z)dr and R > 0.
Then for any x € P N 08y, we have ||z|| = Ry and z(s) — w(s) < x(s) < ||zl
)\fol G(s,7)g(T, [x(T) —w(r)]*)dr < )\fol G(s,7 )ogzl%{z g(r,2)dr
< Jola = g(r) max g(r,2)d7 = R.
It follows that
1@l <X Jy (@ = Da()(F (s, [\ fy Gls:g(7, [o(7) = w(n)]*)dr]") + e(s))ds
<Ay (a— 1)q(s)[0r<nax (s, z) + e( )lds
< Ry = =]

This implies
|Tx| < |lz|,z € PN Oy.

On the other hand, choose a constant N > 1 such that

. L VP
N )t — " AZ2p i >
mln{p(TvLM) D YesnaEny N7 p} > 1,

h = min {*7'(1-1)}.
where = min {t7(1—1)}
By the assumption (Hs), there exists a constant B > R; such that
It 2)

> N, namely f(t,z) > Nz, for te€[01,05],2z> B;
z
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and

g9(t,2)

> N, namely g(t,z) > Nz, for telf,0:],2z> B.

Choose Ry = max{R; + 1,2\(a — 1)r, W}, and let Qo = {z € C[0,1] : ||z|]| < R2}. Then for any
x € PNoQs, we have

2(t) —w(t) = x(t) — A [, G(t,s)e(s)ds
> () — pyt* (1 - t) Ay el
>a(t) —t* 11 —t)A\r
> a(t) — S
> p(t) — el
>(1- le”) (t)
> Lx(t) >0, t€0,1].

And then
min {a(t) —w(®)} > mwin {La(®)} > min

1 a—1
t 1—1¢
01<t<6s 01 <t<6 6, <t<0s {Q(a—l) ( )”ZL'H}

a—1
5o )R29r<ntl£19 {t*"'1-t)} > B+1>B.

It follows that

Ay G T[ (1) —w(r)]")dr
_)‘fo )(g(r [2(r) = w(D)]*) + e(7))dr — [ G(s,7)e(r)dr)
> A(s s)ﬁw)g(a [o(7) = w(r)]*) + e(r >>df—ml>sa11—s Jo
> Aso L 1—8)(f1 g(7)(g(m [2(7) = w(r)]) + e(r))dr — £ [ e
> My(f,? a(r)g(r, [ ( —w(7)]")dr —7)
> My (fy, a(r) Fa(r)dr —7)
> )\'y(fel (t)NBdr —7’)

>M(NBp—r)> DB, s¢€][f,b)].

In fact, from
Np(/\%—I—r)_lZl(:)NpZ%—i-r@Np—rz et
we have
B(Np—r)> £ = NBp—r> < (NBp—r)>B.

Thus .
JICHEYN G(S,T)g(T, [2(T) —w(T)]*)d7]*)

> N fo 5,7)
> N)\'y( 92 q( )%x(T dr —r)
> Ny fe 2(aN 1)70‘71(1 —1)||z||dr =)

= N/\'V(z(a 1)7f9 q(
> N\ (g vp — ) Re
> N)\’YRQ, S € [91, 92]

This implies

ITa(t)]| > max A fy G( Af; G(s,7)g(7. [a(7) = w(r)]")d7]") + e(s))ds

> max At 1(1 - t) () (s, [\ fy G(s.7)g(r, [2(r) — w(r)]*)dr]*)ds

zxelglgezta 1(14) a(s)f (s, [N [ Gs,7)g(T, [x(r) — w(r)]*)dr]*)ds

> /\'yfe S)NAyRads
> )\2 2NpR2
> Ry = ||zl
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and
IT2]| > 2], = € P 00,.

Condition (2) of Krasnoesel’skii’s fixed-point theorem is satisfied. So T has a fixed point x with r < R; < ||z|| < Ra.
Since r < Ry < ||zl

z(t) —w(t) > L5t (1 —t) ||z — )‘fo s)ds
> At (1 =) el - @wll—txg
> e (1 = t) |z — (1 = t)ar
> L 1#* r—t= (1 —t)Ar
> (5 -0t =ty
>0, te(0,1).

On the other hand, according to the choice of A* and R;, we have

VIV IV IV IV IV
N
8
©

> RE, te 6, 6s).

This implies
g(S, [:L'(S) - w(s)]*) 2 NORlia s € [91792]'
This together with the choice of Ny, for ||z| > Ry, we have

A, G (s, [CU(S) w(s)]")d
= )\ fo t, ) 9(s, [x(s) w(s)]*) +e(s))ds — fo s)e(s )dS)
> el (f q(s)(g(s, [x(s) —w(s)]*) + e(s))ds — £5 fo e(s)ds
> Ay f@ (8 9(s, [x(s) — w(s)]")ds —7)

> )\7( (S)NORI2 ds —r)
> )\’Y(NOR1 p— 7")
> My (pNo — T)Rl >0, te]l0,1].

It follows that
w=xﬁemawwu@%wwn> <»w
= fol (s,2(s) —w(s))ds —I—fo s)e(s))ds)
> )‘fo ( )ds
= w(t) for € (0,1).
Thus, (z,y) is positive solution (z,y) of the boundary value problem (3.1) with z(t) > w(t) and y(¢) > w(t) for
t €0,1].
Let u(t) = z(t) —w(t) > 0 and v(t) = y(t) — w(t) > 0, then (u,v) is a nonnegative solution (positive on (0, 1))
of the boundary value problem (1.1).

Since condition (H;) implies conditions (H}) and (Hy), then from proof of Theorem 3.1 and 3.2, we immediately
have the following theorem:

Theorem 3.3 Suppose that (Hy)-(Hs) hold. Then the boundary value problem (1.1) has at least two positive
solutions for A > 0 sufficiently small.

In fact, let 0 < A < min{X, A*}, then the boundary value problem (1.1) has at least two positive solutions.
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Example
To illustrate the usefulness of the results, we give some examples.

Example 4.1 Consider the boundary value problem

_No — o 1
D§ u = A(v* + —! cos(2mv)),

—D§ v = Au’+ ( L 3 sin(27u)),
t—t2)2

0)=0, 0<i<n-—2,
0,

te (0,1),A>0,

(4.1)

u® (0) = U(i)(
u(l) =v(1) =
where a > 1. Then, if A > 0 is sufficiently small, (4.1) has a positive solutions (u,v) with « > 0,v > 0 for ¢ € (0, 1).

To see this we will apply Theorem 3.2 with
L sin(272),

(t—12)%

cos(2mz), g(t,z) =2 +

_ 1
flt2) ==+ (t—t2)2

Clearly, for t € (0,1),
g(t,z) +e(t) > 27 +1>0, fort € (0,1);

ft,z)+e) >2*+1>0,
lim inf 2520 = 400, for V ¢ € [61,62] € (0,1),

lim inf —f(i’z) = 400,
zT4+o0

zT4+o0
2—rds =, let [01,0] € (0,1), Ry = 17+ (5=)* +

for u > 0. Namely (Hj) and (H3)-(H4) hold. From r = fol -

4

4 _2
(mo + m)ﬁfl and Ng = G-

Then, we have
2 \? 2 \?
Ry > 17+ (—) >14+7r%+ (—) >max{1,r2, (
! Covy Covy Covy

1 1
When z > R? > (mo + Ciop)ﬂ*l, we have

+ 4
M > Zﬁfl —mg > ——— for t e [91392]3
e Cop
}. So

where mg = max -
0<60:<t<Ba<1 (t—t2)2

t 1
@ >Ny for telfy,0),2> R}

We have
1 ; 1 5 1
R= /0 pq(T)(OSHZH%)I(h{Z + 7(7 — 7_2)% sin(27z)} 4+ e(7))dr < (R} + 7T)/0 pq(T)dT

(272)} +e(s))ds < (R* + 71')/0 pq(s)ds.

and
1 1
/0 pq(s)(oglzanR{z + m cos

Let
CORl

1
A* = min{l, Ry [(R* + 3)/ pq(s)ds] ",
o 2r

Now, if A < A*, Theorem 3.2 guarantees that (4.1) has a positive solutions u with ||u|| > 2.
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Example 4.2 Consider the boundary value problem

-Df,u=Av—-a)(v-03), te(0,1),A>0,
—Dg, v = Au(u — a)(u —b),

u@(0) =v®(0)=0, 0<i<n-2,

u(l) =v(1) =0,

(4.2)

where 8 > a > 0, b > a > 0. Then, if A > 0 is sufficiently small, (4.2) has two solutions (u1,v1), (u2,ve) with
u;(t) > 0,v;(t) >0 for t € (0,1),i=1,2.

To see this we will apply Theorem 3.3 with
ft,2)=2>—(a+B)z+af and g(t,z)=2°—(a+b)z? +abz for z>0.
Clearly, there exists a constant e(t) = My > 0 such that
ft,z)+e)>1, g(t,z)+e(t)>0

and

t
ft,00=a8>0, g(t,z)>0for0<z<a, 11g¥zab<M,

where M = (a+1)(b+1).

Since g(t, 2) increase to z for 0 <t <1, 0<z < (a+b)— (a? +b2)%, f(t,z) decrease to z for 0 <t <1, 0<
z<a. Let § = g5, e = ymin{l,a,(a +b) - (¢® + b2)z2} and ¢ = folpq(s)ds. We have

ft,z) > 0f(,0), 0<g(t,z) <Mz, for 0<t<1, 0<z<e.

Namely (H;)-(Hz) hold. We choose
1

Y= minf— b L
mm{aﬂJrMo’Mc

. (4.3)

Now, if A < X, Theorem 3.1 guarantees that (4.2) has a positive solutions (uy,v1) with |Jui| <
On the other hand,

1
i

lim inf @ = 400, lim inf

9t2) — Lo for te(0,1).
2400 2o )

Namely (H;)-(Hy) hold and r = M,. Next, let [61,02] € (0,1), Ry > 1+ Mg + (%)2 such that g(t,z) >

1
Noz for z> R} and Ny = Aé"Tnyl We have

R= / pq(7)( max {z(z—a)(z —b)} + Mo)dr
0

0<z<R;
and
A =min{l, R ' 3 My)ds) L, S0t
= min{1, Ry| ; pq(s)(orgnzaSXR (z —a)(z — B)} + Mo)ds] ,7}-

Now, if 0 < A < A*, Theorem 3.2 guarantees that (4.2) has a positive solutions (uz,v2) with |Juz|| > 1.

Since all the conditions of Theorem 3.3 are satisfied , if A < min{\, \*}, Theorem 3.3 guarantees that (4.2) has
two solutions w; with w;(t) > 0 for t € (0,1),i =1,2.

Example 4.3 Consider the boundary value problem

—D§, u = A(v® + cos(27mv)), te€ (0,1),A >0,
—Dg§, v = A(u” + sin(27u)),

u(0) =vP(0) =0, 0<i<n-—2,

u(l) = w(1) =0,

(4.4)
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where «, 3 > 1. Then, if A > 0 is sufficiently small, (4.4) has two solutions (u1, v1), (ug,v2) with u;(t) > 0,v;(t) > 0
for t € (0,1),i = 1,2.

To see this we will apply Theorem 3.3 with
f(t,z) = 2%(t) + cos(2mz), g(t,z) = 2° +sin(2nz), e(t) = 2.
Clearly, for t € (0,1),

ft,2) +e(t)>24+1>0, g(t,z)+e)>2°+1>0,
f(£0)=1>0, g(t,z)>0for0<z<3,
lim inf @ =400, lim sup@ =2r < M, lim inf @ = 400,
zT+oo z]0 zT+o0
where M = 27 + 1.
Namely (Hy)-(Hy) hold. Let 6 = 1, e = and ¢ = fol pq(s)ds. We have
€ 1 1
> = —. 4.5
2¢( max f(t,z)+2) — 16¢(2+3) 90c (4:5)

0<z<e

Let A = min{g5-, 7=}- Now, if 0 < A < X then 0 < A < Theorem 3.1 guarantees that (4.4) has a

positive solutions (u1,v1) with [us < £.

Next, from r = fol e(s)ds =2, let [01,02] € (0,1), Ry =5+ ()2 + (1 + L)% and Ny = =2

Cov Cop Cop”
Then, we have
2 2 2 T
R >54+ (=—)?>14+724+ (=) > max{1,7%, (=—)?}, Ny > —.
1> 54 () () > max{Lr®, (o)), No> o
When z > Rlé > (1+ %p)ﬁ, we have
g(tVz) ﬁ7171>i
z Cop
So,
t 1
M>N0 for z> R?.
z
we have . .
R :/ pq(7)( max {z” +sin(272)} + e(7))dr < (Rf + 3)/ pq(T)dr
0 0<z<R; 0
and
1 1
/ pq(s)( max {z% + cos(2mz)} + Mp)ds < (R + 3)/ pq(s)ds.
o 0<z<R o
Let .
CoR
A =min{l, R [(R* + 3)/ pq(s)ds] ™!, %}
0 T

Now, if 0 < A < A* then 0 < A < Rl(fol pq(s)(oglzag(R{za + cos(2m2)} + Mp)ds)~!, Theorem 3.2 guarantees that
(4.4) has a positive solutions (uz,vs) with ||ug|| > 1.

So, if A < min{\, A*}, Theorem 3.3 guarantees that (4.4) has two solutions (u1,v1) and (ug, ve) with u;,v; > 0
for t € (0,1),i =1,2.
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