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Abstract
In this paper, the existence of mild solutions for the fractional differential
equations of neutral type with infinite delay is obtained under the conditions
in respect of the Kuratowski’s measure of noncompactness. As an application,
the existence of mild solution for some integrodifferential equation is obtained.
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1 Introduction

The main purpose of this paper is to prove existence of the mild solution for fractional

differential equations of neutral type with infinite delay in Banach space X

L 0(6) ~ bt 00) = Al(0) ~ h(t, 50) +1t, (0, 2, ¢ € 0,7

z(t) = ¢(t) € P, t e (—o0,0],

(1.1)

where T > 0, 0 < ¢ < 1,P is an admissible phase space that will be defined

later. The fractional derivative is understood here in the Caputo sense. A is a
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generator of an analytic semigroup {S(t)}+>o of uniformly bounded linear operators
on X, then there exists M > 1 such that [|S(¢)|| < M. h:[0,T] x P — X,
f:00,T] x X xP — X, and x; : (—o00, 0] — X defined by z:(0) = z(t + ) for
6 € (—o0, 0], ¢ belongs to P and ¢(0) = 0.

The fractional differential equations have been of much interest to many re-
searchers due to its applications in various fields, such as Physics, Chemistry, Engi-
neering, Economy, Aerodynamics, ete(cf., e.g. [2,15,16, 14, 15, [17] and the references
therein). Moreover, the Cauchy problem for various delay equations in Banach
spaces has been receiving more and more attention during the past decades(cf., e.g.
[7, 111, 12, [15] and the references therein).

Neutral differential equations with infinite delay appear frequently in applications
as model of equations and for this reason the study of this type of equations has
received great attention in the last few years(cf., e.g. 2,19, [10] and the references
therein). To the author’s knowledge, few papers can be found in the literature for
the solvability of the fractional order functional differential equations of neutral type
with infinite delay.

In this paper, we study the solvability of Eq. (LTI) and obtain the existence result
of Eq. ([CI) by using the Kuratowski’s measures of noncompactness. Moreover, an

example is presented to show an application of the abstract result.

2 Preliminaries

Throughout this paper, we set J := [0, 7| and denote by X a Banach space, by
L(X) the Banach space of all linear and bounded operators on X, and C(.J, X) the
space of all X-valued continuous functions on J.

The following definition about phase space is due to Hale and Kato([1]).

Definition 2.1. A linear space P consisting of functions from R~ into X with semi-

norm || - ||p is called an admissible phase space if P has the following properties.

(1) If v : (—o0, T] — X is continuous on J and xo € P, then v, € P and x; is
continuous int € J, and

lz@)] < Cllatllp, (2.1)
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where C > 0 is a constant.

(2) There exist a continuous function Cy(t) > 0 and a locally bounded function

Cy(t) >0 int >0 such that

[zellp < C1(t) sup [[a(s)|| + Cot)[|zoll»

s€[0,t]

fort €0, T| and x as in (1).

(8) The space P is complete.

(2.2)

Remark 2.2. Equation (Z1) in (1) is equivalent to ||¢p(0)|| < C||o||p, for all ¢ € P.

Next, we recall the definition of Kuratowski’s measure of noncompactness.

Definition 2.3. Let B be a bounded subset of a semi-normed linear space Y. The

Kuratowski’s measure of noncompactness of B is defined as

a(B) =inf{d > 0: B has a finite cover by sets of diameter < d}.

This measure of noncompactness satisfies some important properties([3]).

Lemma 2.4. ([3]) Let A and B be bounded subsets of X. Then
(1) a(A) < a(B) if AC B.
(2) a(A) = a(A), where A denotes the closure of A.
(3) a(A) =0 if and only if A is precompact.
(1) a(\A) = [A|a(A), A € R.
(5) a(AU B) = max{a(A), a(B)}.
(6) a(A+ B) < a(A)+ a(B), where A+ B={zx+y:x €A,y € B}.
(7) a(A+a) = a(A) for any a € X.

(8) a(convA) = a(A), where conv A is the closed convex hull of A.
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For H C C(J, X) and t € J, we define

/OtH(s)dS: {/Otu(s)ds:ueH},

where H(s) ={u(s) € X :u e H}.

The following lemmas will be needed.

Lemma 2.5. ([3]) If H C C(J, X) is a bounded, equicontinuous set, then

a(H) =supa(H(t)).

teJ

Lemma 2.6. ([8]) If {u,}>2, C L'(J, X) and there exists an m € L*(J, R") such
that ||u,(t)|| < m(t), a.e. t € J, then a({u,(t)}22,) is integrable and

n=1

o ({ /0 tun(s)ds};:l) <2 /0 o ({un(s)), s,

Lemma 2.7. (M4], P125) If U is a bounded set of X, then for any e > 0, there exists
{u, 22, c U, such that a(U) < 2a({u,}>2,) +e.

The following result will be used later.

Lemma 2.8. ([1l, 16]) Let D be a bounded, closed and convexr subset of a Banach
space X such that 0 € D, and let N be a continuous mapping of D into itself. If the
implication

V =¢onuoN((V) orV=N{V)U{0} = a(V)=0
holds for every subset V of D, then N has a fized point.
Let Q be set defined by
Q= {x:(—o00, T] — X such that x|, g € P and z|; € C(J, X)}.
Following [3, 6, [17], we introduce the definition of mild solution of Eq. (ICTI).
Definition 2.9. A function x € Q satisfying the equation

¢(t)a te (_OO’ O]a

x(t) = t
—Q(t)h(0, @) + h(t, =) +/0 R(t —s)f(s, x(s), xs)ds, t€ J,
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is called a mild solution of Eq. ([L1]), where
Q) = [ &eswas
0
R(t) = q/ ot (0)S(t0)do
0

and &, is a probability density function defined on (0, 0o) such that

1
&) =~ Timy(070) 2 0,
q
where
1 & r 1
wy(o) = - Z(—l)"_la_q”_l% sin(nmq), o € (0,00).
n=1 ’

Remark 2.10. According to [13], direct calculation gives that

M
R < =—t171, t>o0.
I ()II_F(q)

3 Main Results

We will require the following assumptions.

(H1) f : J x X x P — X satisfies f(-, v, w) : J — X is measurable for all
(v, w) € X x P and f(¢,-,-) : X x P — X is continuous for a.e. ¢ € J, and
there exist two positive functions p;(-) € LP(J, R")(p > % >1,1=1,2) such
that

L v, w] < m@) o]l + pe@)llwlle, (¢ v, w) € J x X P,

(H2) For any bounded sets D; C X, Dy C P and 0 < s <t < T, there exist two
integrable functions 1, B2 such that

a(R(t —s)f(s, D1, D)) < Bi(t, s)a(Dy) + Bo(t, s) sup  a(Dq(0)),

—00<6<0

t
where sup/ Bi(t, s)ds = 5; < oo(i = 1,2).
0

teJ
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(H3) There exists a constant L > 0 such that
1h(ts, ) = h(ts, Q)| < Lt = taf + lp = 2llp), t,t2 € J p, o € P

(H4) There exists M* € (0,1) such that

. MT, M, . .
LCT + W(HMHLP(LP@) + Ot pal o ry) < M™, (3.1)
) p-1
where T), , :==T%" %, M, , := (;’q—__11> L0 = OquTCl(n).
/RS

Let us consider the operator ® : 2 — 2 defined by

¢(t)a S (—OO, O]a

dx = t
(®)(¢) —Q(t)h(0, @) + h(t, ;) —i—/o R(t —s)f(s, x(s), xs)ds, t € J.

It is easy to see that ® is well-defined.
Let y(-) : (—oo, T| — X be the function defined by

) (1), te(—oo, 0]
y(t)_{ 0, telJ

Let x(t) = y(t) + 2(t), t € (—o0, T].

It is clear to see that z satisfies zp = 0 and
z(t) = —Q(t)h(0, @) + h(t, y: + 2z:) + /Ot R(t —s)f(s, y(s) + 2(5), ys + 25)ds, teJ
if and only if x satisfies

x(t) = —Q(t)h(0, ¢) + h(t, x;) + /Ot R(t — s)f(s, x(s), xs)ds, telJ

and z(t) = ¢(t), t € (—o0, 0].
Let Zyg ={2z € Q:2y=0}. For any z € Z,

12l zo = sup |21 + [|z0llp = sup [|z(#)]]
teJ teJ
Thus (Zy, || - || z,) is a Banach space.
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Define the operator ® : Zy — Zg by (®2)(t) =0, t € (—o0, 0] and
(®2)(t) = —Q(t)h(0, @) + h(t, yi + 2) + / R(t—s)f(s, y(s)+ 2(s), ys + 25)ds, teJ.
0

Obviously, the operator ® has a fixed point is equivalent to ® has one. Now we
show that @ has a fixed point.

Before going further we need the lemma as follows.

Lemma 3.1. Let C5 = sup Cs(n), for z € Zy, we have
0<n<T

1% + zllp < C3llllp + CF sup [[z(7)]]. (3.2)
0<r<t
Proof. Noting (Z2), we have

1y + zelle < llgell» + ll2ll»
< Gi(®) sup ly(n)ll + Ca(®)llyolle + Cr(t) sup [[2(7)]] + Ca()llz0l»
0<r<t 0<r<t
= G(®)llgllp + Ca(t) sup [|z(7)]
0<7<t

< Gili¢llp + €7 sup |lz(7)].
0<7r<t

U
For some r > 0, we set B, = {z € Zy : ||z]|z, < r}.
Now, from (3.2), for z € B,, we can see
19 + 2zl < C3l[0llp + Crr =1 (3.3)
In view of (H1) and (H3), we have
£ y(@) + 2(8), g+ 2|l < (@lly(@) + 2@ + p2(®)llye + 22
< () + pa(t)r, (3.4)
and
1Rt ye+ 2l < NIA(E g+ 2) — h(E, 0)] + [[A(2, O)]]
< Ly + zllp + M
S LT* + M17 (35>

where M; = sup ||h(t, 0)]|.

teJ
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Proposition 3.2. The operator o maps B, into itself.

Proof. Suppose contrary that for each positive number r there exist a function
27(-) € B, and some ¢ € J such that ||(®2")(¢)|| > r. Then from (3.4) and (3.5), we

obtain

ro< @)@l

< = Qn(0, 9)lI + A, yt+Z§)II+/O IRt = s)f(s, y(s) + 2"(s), ys + 2) | ds

M t
< LM|6|p+ MM, + Lr* + M, + Tq/ (t— ) s ()7 + pia(s)r] dis
0

*

M ¢ M
M, + r / (t — )1y (s)ds + -
0

I'(q) I'(q)
where My = LM||¢||p + MMy + Lr* + M;.
Noting that the Holder inequality, we have

[ = ustoyas,

t _ pg—1 .
/ (t—s)" pis)ds < M,, illeameyt 7 < T oMy, gl[pillLrs,mey, @ =1,2.
0
Then
MrT, M Mr*T, M
r< M+ —Fp(’;) P || o ety + —Fz()’qq) P pollr ey (3.6)

Dividing both sides of (B:) by 7, and taking r — oo, we have

MT, M
LCT + W(Hmﬂmum) + Ot pal o, r+)) > 1.

This contradicts (B). Hence for some positive number 7, ®(B,) C B,. O

Proposition 3.3. The operator ® is a continuous mapping of B, into itself.

Proof. Let {2*}1en be a sequence of B, such that z¥ — 2 in B, as k — oo. Since f

satisfies (H1), for almost every ¢t € J, we get
Fty(@) + 250, g+ 28) — f(t y(t) +2(2), g+ 20), as k — oo. (3.7)
In view of (3.3) and (3.4), we obtain ||y; + 2F||p < r* and

LF (s () + 25(0), g+ 26) — £, y() + 2(8), e + )| < 2 (O)r + 2pa(t)r”,
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then by the Lebesgue Dominated Convergence Theorem we have

[(@29)(t) — (22)(1)]

< NI g+ 2) = At g+ z)|
t
+/ IR(t = s)[f (s, y(s) + 2"(s), ys + 27) = f(s, y(s) + 2(s), ys + z5)]llds
0
< Lz —alle
M [ &
T / (t =) IF (s, y(s) + 25(s), ys + 20) = F (s, y(s) + 2(5), ys + 25) || ds
0
— 0, k — oo.
Therefore, we obtain that klim |®2F — B2z, = 0. O

Proposition 3.4. The operator o transforms B, into equicontinuous set.

Proof.

where

[2:

I3 =

[4:

IA

Let 0 <ty <t; <T and z € B,, we can see

1(@2)(1) = (@2)(02)| < T+ L+ I + I,

1Q(t1) — Q(E2) I - 1A (0, D),

Hh(tlv Y, + Ztl) - h’(t27 Yt, + Zt2)||7

to

0 [R(tl - S) - R(t2 - S)]f(S, y(S) + Z(S)a Ys + Zs)ds

o(ty = s)"7" = (t2 — )" 1€ (0)S((t — 8)70) f(s, y(s) + 2(s), ys + 25)dods

/ 2 / o(ty — $)171,(0)|S((1r — )70) — S((t — 5)10) £ (5. y(s) + 2(5), s + 2.) | dods

S [ =7 = = 9 156 )+ 265 i+ 20

(3.8)

/ 2 / o(ts — 5, (0)|S((tr — 8)70) — S((t2 — 8)10) |I1£ (5, y(5) + 2(5), v + 2.)||dods,

/ [R(tr = $)I[].f (s, y(s) + 2(5), ys + 25) [ ds

t2

Moh .
m/tz (tl—S) H.f(s, y(S)—l—z(S)’ys_‘_Zs)Hds‘
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It follows the continuity of S(¢) in the uniform operator topology for ¢t > 0 that
I tends to 0, as ty — t;. The continuity of h ensures that I tends to 0, as to — t;.

Noting (3.4) and using the assumption of u;(s)(: = 1,2), we see that the first
term on the right-hand side of (3.8) tends to 0 as t3 — t;. The second term on the
right-hand side of (3.8) tends to 0 as to — t; as a consequence of the continuity of
S(t) in the uniform operator topology for ¢ > 0.

In view of the assumption of p;(s)(i = 1,2) and (3.4) we see that I, — 0, as ty —

t1. U

Theorem 3.5. Assume that (H1)-(H4) are satisfied, and if L+4(61+ (32) < 1, then
there exists a mild solution of Eq. (L) on (—oo, T).

Proof. Let V' be any subset of B, such that V' C conv(®(V)U{0}).
Set (12)(t) = h(t, y, + ),
(@22(0) = ~QUIA0. 6)+ [ R(E—5)5(6. )+ 206) e+ 2)ds.
Noting that for z, z € V, we have
1Rt ye + 22) = h(t, e + 20| < Ll|ze — 2]l
thus

a(h(t,ye+ Vi) < La(Vy) <L sup a(V(t+6)) =L sup a(V(7)) < La(V),

—00<0<0 0<7<t
where V; = {2 : z € V}. Therefore, a(®,V) = sup a((®1V)(t)) < La(V).
ted

Moreover, from Lemma 2.4-2.7 and (H2), we have

a(®V) < 2a({&>2vn})+e:23304({62%(75)})%

= 2oupa ({ [ R 51600 400 et v ) 42

teJ

< 4225)/0 a({R(t—s)f(s, y(s) +vn(s), Ys + ns) })ds + €

< dsup / Bu(t, s)a({va(s)}) + Bolts 5) sup a({va(®+ 5)})ds + ¢
teJ Jo —00<0<0

< 4225)/0 [Bi(t, s)a({vn}) + Ba(t, s) Oiggsa({vn(f)})]ds +e

< 4By + Ba)a({vn}) +e <481 + Ba)a(V) + .
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It follows from Lemma 2.4 that
a(V) < a(®V) < a(®V) 4+ a(®V) < [L+ 481 + Bo)]a(V) + ¢,
since ¢ is arbitrary, we can obtain

a(V) <[L+4(61 + B2)]a(V),

hence o(V) = 0. Now, combining this with Proposition (3.2)-(3.3) and applying
Lemma 2.8, we conclude that ® has a fixed point 2* in B,. Let z(t) = y(t)+2*(t), t €
(—o0, T, then z(t) is a fixed point of the operator ® which is a mild solution of Eq.

(CI. O

We make the following hypothesis:
(H4")There exists M* € (0, 1) such that

MT, M, * )
B sy + Cillallrcam) < M

From Theorem 3.5, we can see the following theorem.

Theorem 3.6. Assume that (H1), (H2) and (H}’) are satisfied, and if 4(51+ (o) <

1, then there exists a mild solution of problem

%:p(t):/lx(t)—i—f(t, z(t), z), tel0,T],
2(t) = 9(t), t€ (=00,0]

on (—oo, T1.

4 Application

We consider the following integrodifferential model:

o 0 k1(0) 0? 0 k1(0)
atq[“ f)‘t/ 1+rv<t+9§>\d9} 852{“ 2 /1+\v<t+e,§>\d9

0
k1(0)
t,0) —t dd =0
v(t, 0) /_001+yu(t+9,0)y ’

0 k1(6) _
vt 1) _t/_oo 1+ vt +0, 1)|d9_0’
v(0, &) =vo(0, &), —00 < 0 <0,
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where 0 <t <1,£ €10, 1], k € N, ky, ko : (—00, 0] = R, vy : (—00,0] x [0, 1] = R
0
are continuous functions, and / |k:(6)]d0 < oo(i =1, 2).
Set X = L2([0, 1], R) and define A by

Au =1u".

{ D(A) = H2(0,1) N HX(0,1),

Then A generates a compact, analytic semigroup S(-) of uniformly bounded linear
operators, and ||[S(t)]| < 1.
Let the phase space P be BUC(R™, X), the space of bounded uniformly con-

tinuous functions endowed with the following norm:

lellp = sup [p(0)], forall p €P,
—00<0<0

then we can see that C4(t) = 1 in (Z2).
Fort €0,1], £€€[0, 1] and ¢ € BUC(R™, X), we set

z(t)(§) = w(t, &),
¢(9)(€) = UO(ev 5)7 0 € (_OO? O]a

B 0 k1 (0)
“Wm‘”fwﬂme’

(0, 9O = Tsinle®(©]- [ cosals) st [ o) sin@ (o))

Then the above equation (4.1) can be written in the abstract form as Eq. ().
Moreover, for t € [0, 1], we can see
k+1 0

1 ( 2(8), )OI < 1tTHfE(t)H+t‘°’||</)||7>/ |2(6)]d0

—0o0

= @zl + p2®)llellp,

tk-i—l 0
where 1 (t) := 5 pa(t) == t3/ |k2(0)|dO.

— 00
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For t1, ty € [0, 1], v, » € P, we have

Ih(ts, @) — hit, B)]| < m/ ‘Hw?) ‘Hde
”2/ e ‘Hmsole)()\ D |Hd9

< -l [ @+ [ @i e - gl
= L(lt: — t2| + llo — &ll»),
where L = f |k1(0)]d6.
Suppose further that there exists a constant M* € (0, 1) such that

M, .
F(I;SI(HﬂlnLP([Q u,rH) + 2l oo, ,rH) < M7,

then (4.1) has a mild solution by Theorem 3.5.

For example, if we take

k() = ky(0) =€, q=0.5,p=3, k=3,

then L =%, My, = 45, [lin || oo, 1, m+) = 3(55)7, [lmallzoo, 1y mey = §(55)7, thus, we

see
1
10

=

Y 1 43 1
Lt T o e + Dislingo ) = 5+ 5o ((5)F 4

(o) NG )3) < 0.8 < 1.
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