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Abstract

In this paper, we investigate the existence of periodic solution for a class of nonlin-
ear functional integral equation. We prove a fixed point theorem in a Banach algebra.
As an application, an existence theorem about periodic solutions to the addressed
functional integral equation is presented. In addition, an example is given to illustrate
our result.
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1 Introduction

This paper has four main motivations. The first motivation is that recently, the study on
the existence of solutions to various kinds of functional integral equations has became one
of the most attractive topics in the theory of integral equations. Many authors have made
a lot of interesting contributions on this topic. For example, we refer the readers to |11, 9
15, 17, 18, 20] and references therein. The second motivation is that in recent years, some
authors have focused on the resolution of the operator equation x = Az Bx+ Cx in Banach

algebras, and obtained many valuable results (see, e.g., [2-8, [1, 913, [1§] and references
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therein). Moreover, in these papers, the authors applied successfully their abstract results
to the study on the existence of solutions to functional integral equations. The third
motivation is that the authors of [19] studied the existence of periodic solutions for the

following Fredholm integral equation:

y(t) = h(t) + /Rk:(t, s)f(s,y(s))ds, teR,

by using nonlinear alternative of Leray-Schauder type. The fourth motivation is that
n [16], the authors investigated the existence of almost periodic type solutions to the

following functional integral equation:

y(t) = e(t,y(a(t)) + g(t, y(B(1))) [h(t)+/Rk(t78)f(87y(’v(8)))d$ , teR

Motivated by all the above works, in this paper, we first establish a fixed point theorem
in a Banach algebra, and then, with its help, we discuss the existence of periodic solution

for the following general functional integral equation:
x(t) = Zf,-(t,a;(ai(t))) : /Rk,-(t, s)gi(s,z(bi(s)))ds, teR, (1.1)
i=1

where n is a fixed positive integer, and f;, a;, ki, g; and b; (¢ = 1,...,n) satisfy some
conditions recalled in Section 2.

Throughout the rest of this paper, we denote by R the set of real numbers, RT the set
of nonnegative real numbers, by N the set of positive integers, by €(R*, R™) the set of all
continuous and nondecreasing functions ¢ : RT™ — RT with ¢(0) = 0, and by Pr(R) the
Banach algebra of all T-periodic continuous functions from R to R with the usual norm

2]l = sup |z(t)| = max |z(t)], =z € Pr(R)
teR t€[0,7]

and the multiplication defined by
(@-y)(t) =x(t) - y(t), x,y€Pr(R), teR.

Definition 1.1. Let X be a Banach space. A mapping A : X — X is called D-Lipschitzian
if there exists a function ¢ € €(RT,RT) such that

Az — Ayl < o(]lz —yl)

for all x,y € X. In addition, the function ¢ is called a D-function of A.
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2 Main results

Theorem 2.1. Let n be a positive integer, and C be a nonempty, closed, convex and
bounded subset of a Banach algebra X. Assume that the operators A; : X — X and
B :C—X,i=1,2,...,n, satisfy

(a) for each i € {1,2,...,n}, A; is D-Lipschitzian with a D-function ¢;;
(b) for eachi € {1,2,...,n}, B; is continuous and B;(C) is precompact;

(c) for eachy € C, x = > A;x - By implies that x € C;
i=1

n
Then, the operator equation x = Y, A;x - Byx has a solution provided that
i=1

ZMZ-Q&Z-(T) <r, Vr>0o,
i=1

where M; = sup ||B;x||, 1 =1,2,...,n.
zeC

Proof. For each y € C| define an operator on X by
n
SyJE:ZAZ:EBZy, z e X.
i=1
Denote

P(r) =Y Mgi(r), r>0.
i=1

Then 1) is continuous and nondecreasing. Moreover, 1(r) < r for all » > 0. For all

r1,T9 € X, we have

1Syz1 — Syza||
n n
= > A1 Biy—)_ Aiza- By
i=1 i=1

< > Aiwr — Ao - || Bay|

i=1

> Migy([lzr — 2]))

i=1

= P(|lx1 — z2l)).

IN

Then, by using the well-known results in [§], we know that Sy has a unique fixed point

in X.
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Now, define an operator S on C by
Sy=umz,, yedl,

where z, is the unique fixed point of Sy in X. Then,

n
Sy =z, = Syzy = ZAixy - By, yedl.
i=1

By the assumption (c), we know that Sy = z, € C for all y € C. In addition, for all
Y,z € C, we have

Sy — S|l
Z Aijzy - By — Z A;x, - Bz
i=1 i=1

=1

n n
> Migi(llzy — z:ll) + ) Az - | Biy — Biz|

<
i=1 i=1
= P([|Sy — Sz|) + Z |Aiz.|| - || Biy — Biz||
=1
< w(HSy—SZH)JrM‘ZHBiy—BiZH, (2.1)
=1
where
[Aizz|] < [|Asell + [[Aizz — Ase]]
< JJAse| + ¢i([|z. —el])
< ) .
< g;g;llAwII + ¢i <||e|| +§lelgllyll>
< ) ) -
< 121%3%”14@6“ +1n§1%>§1 [@ <||€|| +§1€lg||y||>] =M

for a fixed element e € C.
Next, let us show that S(C) is precompact and S : C' — C' is continuous. Let {y,} be
a sequence in C. Noting that every B;(C) is precompact, there exists a subsequence {yx}

of {ym} such that every {B;yx} is convergent for each i = 1,2...,n. For all ky,ky € N,
by 1), we have

1Sy, — Sy ll < VISR, — Sykoll) + M D | Biiey — B |- (2:2)
i—1
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Since v is continuous and nondecreasing, we have

limsup ¥(||Syx, — Syk, ||)

k1,ka—o0
= inf sup U(||Syk, — Sy, )
FEN oy o>k ' ’
= | inf sup ||Syx, —Syk
keNkl,kzzkH ' o

P <limsup |Syr, — Syk2|]> ,

k1,ka—o00

which together with (22)) yield that

k1,ka—o00 k1,ka—00

limsup [|Syr, — Syr, || < ¥ <limsup | Syw, — Sykz”)

since every { By} is convergent. Noting that ¢(r) < r for all » > 0, we conclude that

limsup ||Syx, — Sy, | =0,

k1,ka—o0

which means that {Syy} is a Cauchy sequence, and thus {Syx} is convergent. So S(C) is
precompact. In addition, letting yr — y in C, it follows from (ZTI) that

ISyx = Syll < & (ISyx = Syll) + M- > || Biyr. — Byl

i=1

Noting that By, — By, i =1,2,...,n, we conclude
s Sy~ Syl < o (1msup Sy~ Sul )
k—o00 k—o00

which yields that
Jim [[Syy. — Syl =0,

ie., Syr — Sy. Thus, S : C — C' is continuous.
Now, by using Schauder’s fixed point theorem, we know that S has a fixed point

yo € C. Then, we have

n n
Yo = Syo = Ty, = Y Aiyy - Biyo = > Aiwo - Biyo,
i=1 i=1
n

i.e., yp is a solution of the operator equation z = > A;x - B;x. O
i=1
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Remark 2.2. In the case of n = 1, Theorem Bl is due to [12, Theorem 2.1]. However,
due to some misprints, [12, Theorem 2.1] is essentially proved in the case of n = 1 and

¢1(r) = ar for some constant o > 0.
Next, we consider the existence of periodic solution for Eq. (LI).
Theorem 2.3. Let p > 1 and % + % = 1. Assume that the following assumptions hold:

(H1) For each i € {1,2,...,n}, a;,b; : R — R are continuous functions such that
z(a;(-)) € Pr(R) for all z € Pr(R).

(H2) For each i € {1,2,...,n}, fi(-,x) € Pr(R) for any fized x € R and there exists a
function ¢; € €(RT,RT) such that

|fi(t,x) — fi(t,y)| < di(|lz —y|), VteR, Va,y e R.

(H3) For each i € {1,2,...,n}, ¢i(-,x) is measurable for all x € R, g;(t,-) is continuous
for almost all t € R, and for each r > 0, there exists a function p; € LP(R) such
that |g;(t,x)| < pl(t) for all |x| <1 and almost all t € R.

(Hj) For each i € {1,2,....n}, ki : R x R — R satisfies that the map t — ki(t) is a

continuous T-periodic function from R to LY(R), where [k;(t)](s) = ki(t,s), Vt,s € R.

(H5) There exists a constant M > 0 such that
n
ZKZH/LS/IHP ’ @Z(’f’) <r, Vr>0,
i=1

h Ki = EZ t y d
where ﬁ&%” ®)llq; an

S| osup (it @) K- el <A VA > M.
i—1 teR,|z|<A

Then Eq. ([LI) has a continuous T-periodic solution.

Proof. Let
(Azx)(t) = fi(tv$(ai(t)))’ T e ,PT(R)’ te R,

and

(Bix)(t) = /Rki(t, $)gi(s,z(bi(s)))ds, x € Pr(R), t eR.
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For each x € Pr(R), it follows from (H1) and the periodicity of f; and k; that A;x and
B;x are both T-periodic; in addition, it is not difficult to verify that A;x and B;x are both
continuous. Thus, both 4; and B; map Pr(R) into Pr(R).

We will use Theorem B to prove that Eq. ([CIl) has a T-periodic solution. Next, let

us verify all the assumptions of Theorem EZIl Denote
C={zePrR): || <M}

First, by (H2), for all z,y € Pr(R), we have

lAiz — Ayl = max|fi(t, 2(ai(t))) — filt, y(ai(?)))]
< max i (|(ai(t)) — y(ai(1)])
< aillle —ul).

which means that A; is D-Lipschitzian with a D-function ¢;, i.e., the assumption (a) of
Theorem 1] holds.
Next, let us show that for each i € {1,2,...,n}, B; is continuous. Let x; — x in

Pr(R). We have

[(Bizy)(t) — (Bix)(t)] < /R|k7i(tas)|'|gi(5’$k(bi(3)))_gi(s’w(bi(s))”ds

1/q 1/p
< ( [ e s)!qu> - ( [ lasts, (051 - gi<s,x<bz<s>>>wds)
- 1/p
< sup (), ( [ laits. 0060 —gz<s,w<bz<s>>>|f°ds)
1/p

< K ( [ laits (51 - gi<s,w<bz-<s>>>|pds> | (2:3)

On the other hand, Let 7 = sup ||| + 1. Then ' < 4o00. By (H3), for almost all ¢t € R,
k

we have

0a(t, 2 (bu0))) — gt 2 (bu(0))] < 207 (1)
and

dim gi(t, 2y (bi(2))) = gi(t, 2(b:(1))).

Thus, by using the Lebesgue’s dominated convergence theorem, we get

k—o00

lim / gi(s, 2 (bi(5))) — ga(s. 2(bi(s)))Pds = 0,
R

which and ([Z3)) yield that B;xy — B;x in Pr(R).
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Now, let us prove that every B;(C') is precompact. Since for all t € R and x € C,

(Bi)®) < / kit )] - gs(s, 2(bu(s)))|ds

< /R kil )] - 12 (s)ds
1/q 1/p
< ( / rkiu,s)ws) ( / Ws)rpds)
R R
< KZ-H,us[||p<—|—oo,

B;(C) is uniformly bounded. In addition, for all ¢1,t2 € R and = € C, we have

[(Bix)(t1) — (Biw)(t2)| < /\k t1,s) — ki(t2, )| - 9:(s, z(bi(s)))|ds

1/q 1/p
( / ha(ts,s) — kilta, s >|qu> ( Lt |Pds)

= lRi(t1) = FaCt2)llg - [l lp- (2.4)

IA

Since t — k;(t) is a continuous T-periodic function from R to L4(R), t — k;(t) is uniformly
continuous on R. Combining this with Zl), we know that B;(C) is equicontinuous.
Then, by using the well-known Arzéla-Ascoli Theorem, B;(C') is precompact. Thus, the
assumption (b) of Theorem Z1] holds.

Next, we show that the assumption (c¢) of Theorem EJ] holds. Let y € C and x =

> Az - Bjy. Denote ||z| = A\. We claim that A < M. In fact, if A > M, by (H5), we have
i=1

A=zl = iy
< igﬂgZ\fﬂmaz O] [ Bt 9ot s
- ()| - K- ||pM
< g Lﬂs’ufglf(t z)| 147 Hp]
< A

which is a contradiction. So A < M, and thus x € C.

At last, it follows from
D Killullp - ¢i(r) <7, Vr>0
i=1

and

sup || Biz|| < K|l I,
zeC
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that "
Z |:Sllp | Biz| - ¢i(r )] <r, VYr>0.

i=1 LweC

Now, by Theorem BTl there exists g € C' such that

n
xo = E Az - Bixo,

i=1

which means that z((¢) is a continuous T-periodic solution of Eq. (). 0

To complete this paper, we give an example to illustrate how Theorem 2.3 can be used.

Example 2.4. et n=2,p=1, ¢ =

al(t) =t—1, bl(t) = t27 a2(t) =2t b2(t) = |t|7

2
sin(ze'") cost
fl( 7:E) 10 sin gl( 7$) 2(1 +t2)7 1( 78) 1 +827
and
costsinx arctan(tx) 2.
t = t = t == s .
f2( 733) 20 ’ 92( 733) 1+¢2 k2( 78) € sint

It is easy to see that (H1) and (H2) hold with 7" = 27, ¢1(r) = {5 and ¢2(r) = 55. In

addition, we have

1
t < —
|gl( 7:E)| = 2(1+t2)7

Thus (H3) holds with pj(t) = 5T + 2 and p5(t) = 5 13 t2 By a direct calculation, we can
get (H4) holds and

Letting M = 1, we have

Y m-r
K; . TVrT
Z e[|y - a(r )_20 < >0
and )
N w7m
Z[ sup_ 1ft2)] - K- " Hl]_ N I T
i—1 LtER,|z|<A

Thus, (H5) holds.

By using Theorem 3, we know that the following functional integral equation

. . o . 2\ g2 . .
() = sintcost - z(t 1)/ sinfz(s%)e ]ds sint cos t sin[x(2t)] / arctan[sz(|s|)] o= g
20 e (1+s2)2 20 e 1+s?

has a continuous 27-periodic solution.

EJQTDE, 2012 No. 57, p. 9



3

Acknowledgements

The authors would like to thank the referee for his/her careful reading of this paper and

valuable comments.

References

1]

[2]

[9]

[10]

R. P. Agarwal, J. Bana$, B. C. Dhage, S. D. Sarkate, Attractivity results for a non-
linear functional integral equation, Georgian Math. J. 18 (2011), 1-19.

J. Banas, L. Lecko, Fixed points of the product of operators in Banach algebras,

Panamer. Math. J. 12 (2002), 101-109.

J. Banas, K. Sadarangani, Solutions of some functional-integral equations in Banach

algebras, Math. Comput. Modelling 38 (2003), 245-250.

J. Banas, B. Rzepka, Monotonic solutions of a quadratic integral equation of fractional

order, J. Math. Anal. Appl. 332 (2007), 1371-1379.

J. Bana$, L. Olszowy, On a class of measures of non-compactness in Banach algebras
and their application to nonlinear integral equations, Z. Anal. Anwend. 28 (2009),

475-498.

J. Banas, T. Zajac, A new approach to the theory of functional integral equations of

fractional order, J. Math. Anal. Appl. 375 (2011), 375-387.

A. Ben Amar, S. Chouayekh, A. Jeribi, New fixed point theorems in Banach algebras
under weak topology features and applications to nonlinear integral equations, J.

Funct. Anal. 259 (2010), 2215-2237.

D. W. Boyd, J. S. W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20
(1969), 458-464.

B. C. Dhage, On some variants of Schauder’s fixed point principle and applications

to nonlinear integral equations, J. Math. Phys. Sci. 22 (1988), 603—611.

B. C. Dhage, D. O’Regan, A fixed point theorem in Banach algebras with applications
to functional integral equations, Funct. Differ. Equ. 7 (2000), 259-267.

EJQTDE, 2012 No. 57, p. 10



[11]

B. C. Dhage, A fixed point theorem in Banach algebras involving three operators

with applications, Kyungpook Math. J. 44 (2004), 145-155.

B. C. Dhage, On a fixed point theorem in Banach algebras with applications, Appl.
Math. Lett. 18 (2005), 273-280.

B. C. Dhage, On some nonlinear alternatives of Leray-Schauder type and functional

integral equations, Arch. Math. (Brno) 42 (2006), 11-23.

B. C. Dhage, M. Imdad, Asymptotic behaviour of nonlinear quadratic functional
integral equations involving Carathéodory, Nonlinear Anal. 71 (2009), e1285-e1291.

B. C. Dhage, Attractivity and positivity results for nonlinear functional integral equa-

tions via measure of noncompactness, Differ. Equ. Appl. 2 (2010), 299-318.

H. S. Ding, Y. Y. Chen, G. M. N’Guérékata, C"™-almost periodic and almost periodic
solutions for some nonlinear integral equations, Electron. J. Qual. Theory Differ. Equ.

6 (2012), 1-13.

E. M. El-Abd, On the existence of solutions for nonlinear functional integral equation,

Filomat 24 (2010), no. 4, 17-23.

S. K. Ntouyas, P. G. Tsamatos, A fixed point theorem of Krasnoselskii-nonlinear
alternative type with applications to functional integral equations, Differential Equa-

tions Dynam. Systems 7 (1999), 139-146.

D. O’Regan, M. Meehan, Periodic and almost periodic solutions of integral equations,

Appl. Math. Comput. 105 (1999), 121-136.

P. V. Subramanyam, S. K. Sundarsanam, A note on functional integral equations,

Differential Equations Dynam. Systems 4 (1996), 473-478.

(Received January 9, 2012)

EJQTDE, 2012 No. 57, p. 11



