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FIXED POINTS AND STABILITY IN NONLINEAR NEUTRAL VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS WITH VARIABLE DELAYS

ABDELOUAHEB ARDJOUNI*, AHCENE DJOUDI

ABSTRACT. In this paper we use the contraction mapping theorem to obtain asymptotic stability
results of the zero solution of a nonlinear neutral Volterra integro-differential equation with variable
delays. Some conditions which allow the coefficient functions to change sign and do not ask the
boundedness of delays are given. An asymptotic stability theorem with a necessary and sufficient
condition is proved, which improve and extend the results in the literature. Two examples are also
given to illustrate this work.

1. INTRODUCTION

Without doubt, the Lyapunov’s direct method has been, for more than 100 years, the main tool for
investigating the stability properties of a wide variety of ordinary, functional, partial differential and
Volterra integro-differential equations. Nevertheless, the application of this method to problems of
stability in differential and Volterra integro-differential equations with delay has encountered serious
obstacles if the delay is unbounded or if the equation has unbounded terms ([IT]-[I4]) and it does
seem that other ways need to be investigated. In recent years, several investigators such as Burton,
Furumochi, Zhang and others began a study in which they noticed that some of these difficulties
vanish or might be overcome by means of fixed point theory (see [O]-[19], [2Z1]-[23], [26] and [29]). The
fixed point method does not only solve the problem on stability but has a significant advantage over
Lyapunov’s direct method. The conditions of the former are often averages but those of the latter are

usually pointwise see ([I2]).
Certain integro-differential equations with variable delays have been of great interest to mathe-

maticians and theoreticians. In 1928 Volterra (J28]) noted that many physical problems were being
modeled by integral and integro-differential equations. Today we see that such models have appli-
cations in biology, neural networks, viscoelasticity, nuclear reactors, and many other areas (see [I],
0], [T, 21, [26], [20], [24), [25] and the references therein). In this paper we focus on the following
nonlinear neutral Volterra integro-differential equation with variable delays

t

rt)=—a®)xt—-—m(t)+ct)d (t—72(t)Q (x(t—T12(t))) + / k(t,s)G(x(s))ds, (1.1)

t—72(t)
with the initial condition
x(t) = (t) for t € [m(tg),to],
where ¢ € C ([m (to) ,to],R) and for each ¢y > 0,

mj (to):inf{t—’rj (t), tZto}, m(to):min{mj (to), j:1,2}

Here C (57, 52) denotes the set of all continuous functions ¢ : S; — S with the supremum norm ||.||.
Throughout this paper we assume that a € C (RT,R),c € C* (R*,R), k € C([0,00) x [ma2 (to),00),R)
and 71,72 € C(RT,RT) with ¢t — 7 (t) — oo and t — 72 (t) — oo as t — co. The functions @ and G are
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locally Lipschitz continuous. That is, there are positive constants L1 and Ls so that if |z|, |y| < L for
some positive constant L then

Q () = Q)| < L[l —y|l and Q(0) = 0, (1.2)
and
|G () = G (y)| < Leflz —y|| and G (0) = 0. (1.3)
Less general forms of equation (1.1) have been previously investigated by many authors. For
example, Burton in [I4], and Zhang in [29] have studied the equation

¥t)=—at)x(t—" (1)), (1.4)

and proved the following.
Theorem A (Burton [I4]). Suppose that 71 (t) = 7 and there exists a constant o < 1 such that

t t s
/ |a(s—|—7’)|ds+/ la (s + 7)| e~ Js alwtm)du (/ |a(u—|—7’)|du> ds < a, (1.5)
t 0 s—T

for all t > 0 and fooo a(s)ds = co. Then, for every continuous initial function ¢ : [—1,0] — R, the

solution x (t) = x (t,0,v¢) of (1.4) is bounded and tends to zero as t — o0.
Theorem B (Zhang [29]). Suppose that 11 is differentiable, the inverse function g of t—7i (t) exists,

and there exists a constant o € (0,1) such that for t >0, tlim inf fot a(g(s))ds > —oo and
t v
[ lalglds+ [ e Eenia )| ()]s
t

—71(t) 0
_|_/ e [ alg(u)du la (g (s))] (/S la (g (uw))] du) ds < a. (1.6)

0 —71(s)
Then the zero solution of (1.4) is asymptotically stable if and only if fot a(g(s))ds — oo, as t — 0.
Obviously, Theorem B improves Theorem A. On the other hand, Burton and Furumochi in [I7]

considered the following nonlinear delay Volterra integro-differential equation
t

2 (t)=—a(t)z(t) —|—/ k(t,s) G (x(s))ds, (1.7)

t—Tg(t)
where 0 < 79 (t) < 7 for some constant 7y, and obtained the following.
Theorem C (Burton and Furumochi [I7])). Suppose (1.3) holds with Lo = 1, and there exists a
constant o € (0,1) such that for t >0, fg a(s)ds — oo as t — oo, and

t s
/ o I a(uydu / Ik (5,)| du | ds < a. (1.8)
0 s—7a(s)

Then the zero solution of (1.7) is asymptotically stable at to = 0.
In [26], Raffoul studied the nonlinear neutral Volterra integro-differential equation
t

() =—a(t)z(t)+ct)z' (t—1(t)) —l—/ k(t,s)G (z(s))ds, (1.9)

t—To (t)

where 0 < 75 (t) < 79 for some constant 79, and obtained the following.
Theorem D (Raffoul [26]). Let 1o be twice differentiable and 75 (t) # 1 for all t € R*. Suppose (1.3)

holds with Ly = 1, and there exists a constant o € (0,1) such that for t > 0, fota(s) ds — oo as
t — oo, and

t t . s
’L/)’ +/ e~ Joatwdu [ ()| +/ |k (s,u)| du | ds < a, (1.10)
1- T2 (t) 0 s—12(s)
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t t ") (1 — 74 (¢ t) 5 (¢
where ro (t) = ca®) +d®I0 =7 (2)) telt)m ( ) Then the zero solution of (1.9) is asymp-
(1 -7 (1))
totically stable at to = 0.
In [21], the second author with Khemis studied the nonlinear neutral Volterra integro-differential
equation

t

Zt)=—at)x(t)+ct)d t—7m@)z{t—" (t))—l—/ k(t,s)2* (s)ds, (1.11)

t*Tz(t)
where 0 < 7 (t) < 79 for some constant 79, and obtained the following.
Theorem E (Djoudi and Khemis [Z1]). Let 7 be twice differentiable and 75 (t) # 1 for all t € RT.

Suppose that there exists a constant « € (0,1) such that for t > 0, fot a(s)ds — oo as t — oo, and

C(t) te— f: a(u)du 7o (s ° S. U U s o
o e o] )} n

where o is as in Theorem D. Then the zero solution of (1.11) is asymptotically stable at to = 0.

Remark 1. The Theorems C, D and E are still true if the delay T2 is unbounded.

Our purpose here is to give, by using a fixed point approach, asymptotic stability results of the
zero solution of the nonlinear neutral Volterra integro-differential equation with variable delays (1.1).
We provide, what we think, minimal conditions to reach these objectives for a such general equation.
These conditions allow the coefficient functions to change sign and do not require the boundedness
of delays. An asymptotic stability theorem with a necessary and sufficient condition is proved. Two
examples are also given to illustrate our results. The results found in this paper contain the main
results in [I4], [T, [21], [26] and [29)].

2. MAIN RESULTS

For each (tg,v) € Rt x C([m(to),to],R), a solution of (1.1) through (¢g,%) is a continuous
function x : [m(to),to +0) — R for some positive constant o > 0 such that x satisfies (1.1) on
[to,to + o) and = = v on [m(tg),to]. We denote such a solution by z(t) = «x (¢,tg,v). For each
(to, 1) € RT x C ([m (to) ,to],R), there exists a unique solution z (t) = x (¢, to, 1) of (1.1) defined on
[to, 00) . For fixed to, we define [|1]] = max {|¢ ()] : m (to) <t <tp}.

We need the following stability definitions taken from [T2].

Definition 1. The zero solution of (1.1) is sad to be stable at t =ty if, for each e > 0, there exists a
d > 0 such that i : [m (to) ,to] — (=9, 9) implies that |x (t)| < e for t > m(to).

Definition 2. The zero solution of (1.1) is sad to be asymptotically stable if it is stable at t = to and
a § > 0 exists such that for any continuous function v : [m (ty) ,to] — (—0,0) the solution x (t) with
x (t) = (t) on [m(tg),to] tends to zero as — oc.

Our aim here is to improve and generalize Theorems A— FE to (1.1) by giving a necessary and
sufficient condition for asymptotic stability of the zero solution of equation (1.1). One crucial step
in the investigation of the stability of an equation using fixed point technic involves the construction
of a suitable fixed point mapping. This can, in so many cases, be an arduous task. So, to construct
our mapping, we begin by inverting (1.1) to have a more tractable equation, with the same structure
and properties as the initial one, from which we derive a fixed point mapping P. After then, we,
prudently, choose a suitable complete space depending on the initial condition ¢ and with elements
that tend to zero as ¢ — oo on which P is a contraction mapping. Using Banach’s contraction mapping
principle, we obtain a solution for P, and hence a solution for (1.1), which is asymptotically stable.
This procedure has been been used by investigators to overcome the difficulties of stability in delay

equations. This can be seen in the works of Azbelev et al. (see [1]-[]]).
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Theorem 1. Suppose (1.2) and (1.3) hold. Let 11 be differentiable and T2 be twice differentiable with
75 (t) # 1 for all t € RT. Suppose that there exist continuous functions h; : [m;j (to),00) — R for
j=1,2 and a constant o € (0,1) such that for t >0

tlilgloinf/() H (s)ds > —o0, (2.1)
and
o | ] Z/t by s+ [ IO () s (5= (9) (1= ()

b (s =2 () (=5 () + Ll ()] + L [ |k<s,u>|du}ds
s—72(s)
e~ JLHWdu hi(w)|du | ds <a, (2.2
+§j/ | <>|</“J(S)| (w) ) <a, (22)

_e®HO+OIA -1 ®) +ct) s (1)

5 . Then the zero solution
(I—75(t)

where H (¢ Zh ) and r (

of (1.1) is asymptotzcally stable if and only if
t
/ H (s)ds — o0 as t — . (2.3)
0

Proof. First, suppose that (2.3) holds. For each ¢y > 0, we set

K =sup {ei Jo H(S)ds} . (2.4)
>0

Let ¢ € C ([m (to) , to] ,R) be fixed and define

Sy ={p e C(m(to),00),R): o (t) = 0ast— o0, p(t) =9 (t) fortelmit),to]}-

Then Sy is a complete metric space with metric p (z,y) = sup {|z (t) —y (t)|}.
t>to

Multiply both sides of (1.1) by eio 794 304 then integrate from ¢y to t to obtain

z(t) = (to) e Jio O 57 / e W (5) 2 (5) ds
+ / e~ S H@Wdn Lo (Yo (s — 1 (s) +e(s)a (s— 72 () Q (2 (s — 72 (5)))

+/s—72(s)k (s,u) G (z (u)) du} ds.
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Performing an integration by parts, we have

c(to)
1 — 75 (to)

c(t) z(t — T 3 teffstH(")d" ) (u) z (u) du
et 2“)))+;/t0 d(/ﬂj(s)hm ()d)

+ Zl/to eIt H(u)dUhj (s =7 (s)) (1 — TJI- (s)) z(s—1;(s))ds

() = (w (to) = QW (to—7 (m))) ¢ Jio Hl)du

te_fst (Wdud _g(s\x(s—11(s)) =7 (s r(s—T1o(s ’ S, U z(u))du pds
[ et { @ri-n) —r@QEE -+ [ kewa <>>d}d

= (w (to) — - _CSZ/O()tO)Q (W (to — 72 (to))) — ; /tOO_Tj(tO) h; (s) 1 (s) ds) o Ji H(w)du
c(t) 2t -
+ 1_77—5(15)@ (x(t—12(t)) + ; /tT](t) h; (s)z (s)ds

+/t e ST H@d (g (s) 4 hy (s — 71 (5)) (1 — 7] (5))) 2 (5 — 71 (5))
+ha (s =72 (s)) (1 =75 (s))z (s —T2(s))}ds

+/ttefstH(“)d“{—r(S)Q(:v(s—Tz o+ [

0 s—7a(s)

k(s,u) G (z(u)) du} ds

2

_ te*f:H(“)d“ s ) (w)x (u)du | ds. .
>/ H()(/Hj(s)hm <>d>d (2.5

j=1

Use (2.5) to define the operator P : Sy, — Sy by (Py) (t) = (¢t) for t € [m (to),to] and

clto) QW (to — 72 (fO)))—Z/O

— 73 (to) j=1 Y to—7;i(to)

20 L
oK G O MRCICECL

(Pp) (t) = (w (to) — 7 hj(s)v(s) ds) o i Hwdu

+

+ /t e WML (—a (5) + by (s =71 () (1= 7{ (5)) ¢ (s = 71 (5))

+ha (s =72 (s)) (1= 75(s) (s —12(s))} ds

_|_/t o~ J{ H(u)du {_r (8)Q(p(s—72(s))) + /S k(s,u) G (¢ (u)) du} ds

—72(s)
2 t . s

-3 / e~ Jo Hwdu g () ( / hj (u) @ (u) du> ds. (2.6)
j=1 to s—T;(s)

for ¢ > to. It is clear that (Py) € C ([m (to),0),R). We now show that (Py) (t) — 0 as t — 0.
Since ¢ (t) — 0 and t — 7; (t) — 0o as t — oo, for each € > 0, there exists a 77 > to such that s > T}
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implies that ¢ (s — 75 (s))| < & for j = 1,2. Thus, for ¢ > T, the last term I in (2.6) satisfies

S

2 t
)= |3 [ e o ( [ on (U)sD(U)dU> ds
=1 to s—T;(s)
2 T1 + S
<> / e‘fs’H<“>d“|H<s>|</ |hj<u>||sa<u>|du>ds
j:l t() S

—7;(s)

S

2 t
e 3 [t ) ( | @l du> ds
j=1 T s—7;(s)
2 Tl + S
< sw lp@I [ e-sz<“>d“|H<s>|</
) j=1 to s

o>m(to

|hj (w)] du) ds
—7i(s)

S

2 t
+EZ/ e~ JS H@wdu 11 ()| (/ |h; (u)|du> ds.
j=1 T s—T5(s)

By (2.3), there exists T > T3 such that ¢ > T implies

2 T1 ' S
swp ey / e~ I H@E () (/ |hj<u>|du>ds
o>m(to) j=1"to s—T5(s)
t 2 Tl T S
= sup [p(o)|e In N / e SO B (5)) / By (w)| du | ds < e.
o>m(to) j=1"to s—7;(s)

Apply (2.2) to obtain |Ig| < € + ae < 2e. Thus, I¢ — 0 as t — oo. Similarly, we can show that the
rest of the terms in (2.6) approach zero as ¢ — oo. This yields (Py) (t) — 0 as t — oo, and hence
Py € Sy. Also, by (2.2), P is a contraction mapping with contraction constant .. By the contraction
mapping principle ([Z7], p. 2), P has a unique fixed point = in Sy which is a solution of (1.1) with
x(t) = (t) on [m(to),to] and = (t) =z (¢,10,%) — 0 as t — oco.
To obtain the asymptotic stability, we need to show that the zero solution of (1.1) is stable. Let
e > 0 be given and choose § > 0 (J < ¢) satisfying 25K eh® HWdu 4 ge < o If ¢ (t) = x (¢, to,7) is
a solution of (1.1) with ||| < 4, then x () = (Pz) (t) defined in (2.6). We claim that |z (¢)| < & for
all ¢ > to. Notice that |z (s)| < € on [m (to),to]. If there exists t* > to such that |z (t*)| = € and
EJQTDE, 2013 No. 28, p. 6



|z (s)| < e for m (tg) < s < t*, then it follows from (2.6) that

2 t
* C(fo) 0 7ft* H(u)du
& ()] < ol [ 14 Ly || / Ihy ()] ds | i
1— 7 (to) ]2 to—; (to) !
2 t*
c(t*)
tely |——7—|+te€ / |h; (s)|ds
A ROy S

*

+ e/ e I HE g (5) + By (s — 71 () (1= 7] (9))]

to

S

+1ha (s = 72(s)) (1 = 73 (s))| + La|r (s)] +L2/

s—7;(s)

|k (s,u)] du} ds

2 t* . s
+ey / e HO | 1 ()| ( / Ih; (w) du> ds
j=1 to s—1;(s)
< 2(5Kef°t0 H(udu 4 o €,
which contradicts the definition of t*. Thus, |z ()| < € for all ¢ > ¢, and the zero solution of (1.1) is

stable. This shows that the zero solution of (1.1) is asymptotically stable if (2.3) holds.
Conversely, suppose (2.3) fails. Then by (2.1) there exists a sequence {t,}, t, — 00 as n — oo

such that lim fot" H (u)du =1 for some | € R. We may also choose a positive constant J satisfying
n—oo
t’Vl

—J < H (u)du < J,
0

for all n > 1. To simplify our expressions, we define

w(s)=[=a(s)+hi(s=7(s)) (1 =71 ()] + |2 (s = 72 (5)) (1 = 73 (s))]

2 s
(sl (OIS [yl
]:1 S§—T5(s

S

+ Ly|r(s)] +L2/

s—T12(s)
for all s > 0. By (2.2), we have
/tn e Jor Hwduy, (s)ds < a.
0

This yields

/tn eJo H(w)du,, (s)ds < aelo™ Hwdu < e,

0

The sequence { fg” elo H(w)duy, (s) ds} is bounded, so there exists a convergent subsequence. For

brevity of notation, we may assume that

tn
lim elo Hduy, (g)ds = ,

n—oo 0

for some v € R* and choose a positive integer m so large that

tn
/ elo HlWduy, () ds < 8 /4K,

tm

for all n > m, where §y > 0 satisfies 260K e’ +a < 1.
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By (2.1), K in (2.4) is well defined. We now consider the solution z (t) = z (¢, tm, ) of (1.1) with
P (tm) = do and |9 (s)| < &g for s < t,,,. We may choose 1 so that |z ()] <1 for t > t,, and

C (tm)

Té(tm)Q(dj (tm — 72 ( Z/ s)¢ (s)ds > %50-

tm —Tj t7n

1/’ (tm) -

It follows from (2.6) with = (t) = (Px) (¢) that for n > m

2 tn

v )~ —U) 0 (b= o (00))) = 3 [ m@es

1—75(tn) =1t =7 (tn)

Y

tn
%5 e~ Jom Hwdu _ / = f HOduy, () ds
tm

tn
_ %5 o tt'n. H(u)du e Jin H(u)du/ ef(; H(u)duw (S) ds

tm

tn
— o Jin H(u)du (%50 _ el H(u)du/ eJo H(w)du (s) ds>
t

m

tn
> e Jir H(u)du (%50 - K eJo H(w)du, (s) d8>
tW‘L

1 . 1
> J0oe” Jim Hwydu Z00e > 0. (2.7)

On the other hand, if the zero solution of (1.1) is asymptotically stable, then z (¢t) = z (¢, tm,%) — 0
as t — oo. Since t, — 7; (tn) — 00 as n — oo and (2.2) holds, we have

c (tn)

R

Q (z(t, — Z/n z(s)ds — 0 as n — oo,

75 (tn)
which contradicts (2.7). Hence condition (2.3) is necessary for the asymptotic stability of the zero
solution of (1.1). The proof is complete. O

Remark 2. It follows from the first part of the proof of Theorem 1 that the zero solution of (1.1) is
stable under (2.1) and (2.2). Moreover, Theorem 1 still holds if (2.2) is satisfied for t > t, for some
te € RT.

For the special case ¢ = 0 and k = 0, we can get

Corollary 1. Let 1 be differentiable, and suppose that there exist continuous function hy : [my (to) ,00) —
R for and a constant a € (0,1) such that for t >0

t
lim inf/ hi(s)ds > —oo,
0

t—o0

and

t t
/ |1 (5)|ds + / e~ Jamdn | _q () 4 hy (s — 71 (s)) (1 — 74 ()| ds
t—71(t) 0

t s
_|_/ o= S (w)du |hy (s)] (/ |hy (u)] du) ds <a. (2.8)
0 s—71(8)

Then the zero solution of (1.4) is asymptotically stable if and only if

t
/ hi(s)ds — 00 as t — 0.
0
EJQTDE, 2013 No. 28, p. 8



Remark 3. When 11 (s) = 7, a constant, hy (s) = a(s+ 1), Corollary 1 contains Theorem A. When
hi(s) =a(g(s)), where g (s) is the inverse function of s — 11 (s), Corollary 1 reduces to Theorem B.

For the special case 3 = 0 and ¢ = 0, we can get the following corollary.

Corollary 2. Suppose (1.3) hold with Ly = 1. Let 1o be differentiable, and suppose that there exist
continuous functions hj : [m; (to) ,00) — R for j = 1,2 and a constant « € (0,1) such that fort >0

hm mf/ H (s)ds > —o0,

and

t t
et [ IO ) 1 )
t—7o(t) 0

(s —n ()0 - )+ [ ()|k<5,u>|du}ds

t s
_|_/ e Ji H(u)du |H (s)] / lho (u)|du | ds < a, (2.9)
0 s—72(s)
2

where H (t) = Zhj (t). Then the zero solution of (1.7) is asymptotically stable if and only if
j=1

t
/H(s)ds—>ooast—>oo.
0

For the special case 71 = 0 and @ (z) = z, we can get

Corollary 3. Suppose (1.3) hold with Ly = 1. Let 1o be twice differentiable with 75 (t) # 1 for all
t € RY. Suppose that there exist continuous functions hj : [m; (to),00) — R for j = 1,2 and a
constant o € (0,1) such that for t >0

hm mf/ H (s)ds > —o0,

and

'1%%)' i /tt% ha (s)] ds + /Oteﬁ HEA (| —a(5) + hy ()

Hlha(s—n () (L= () —r (9] + [ ()|k<s,u>|du}ds

t s
/ o~ [T H(w)du |H (s)] (/ |ha (u)|du> ds < a, (2.10)
0 s—72(s)

P Zh ) andr (8 — O @+ O] = (0) + )5 (1)

5 . Then the zero solution
(I—75(t)

of (1.9) is asymptotzcally stable if and only if

/H(s)ds—»oo as t — oo.

1
For the special case 1 =0, Q (x) = 53:2 and G (z) = 22, we can get
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Corollary 4. Let 7o be twice differentiable with 75 (t) # 1 for all t € RT. Suppose that there emist
continuous functions hj : [m; (to) ,00) — R for j = 1,2 and a constant a € (0,1) such that fort >0

hm mf/ H (s)ds > —o0,

and

L{‘%' +/Otef!H<u>du <|r(s)| +2/:T2(S) |k(s,u)|du> ds}

+ / e SN (|—a (5) + ha (5)| + [ha (s — 72 (5)) (1= 75 (5))]) ds
0

t s
_|_/ o= JL H(uw)du |H (s)] (/ |ha (u)|du> ds <a, (2.11)
0 s—72(s)

@A)+ O] A =75 (1) + )Ty ()
where H (¢ hj (t) andr(
Z (1—75(t)°

. Then the zero solution

of (1.11) is asymptotzcally stable if and only if
t
/ H(s)ds — o0 ast — oo.
0

Remark 4. When hy (s) = a(s) and hg (s) =0, then Corollaries 2, 3 and 4 contain Theorems C, D
and E, respectively.
3. TWO EXAMPLES
In this section, we give two examples to illustrate the applications of Corollary 3 and Theorem 1.

Example 1. Consider the following nonlinear neutral Volterra integro-differential equation

t
g (t)=—a®t)z(t)+c(t)a' (t—7 (1)) + / k(t,s)G (z(s))ds, (3.1)
t—72(t)
where T2 (t) = 0.063t, a (t) =1/ (t+1), c¢(t) =0.33, k(t,s) =82/ [(t+1) (s + 1)] and G (x) = sinzx.
Then the zero solution of (3.1) is asymptotically stable.

Proof. Choosing hy (t) = 1/(t+1) and he (t) = 0.22/(t+1) in Corollary 3, we have H (t) =
1.22/ (t + 1),

‘ c(t) ‘ 033 3502,

1—74(t)| 0.937

t t
0.22 t4+1
/ lha (s)|ds = / ds =0.221n (L> < 0.0144,
t—7a(t) 0.037¢ S +1 0.937t + 1

t s t
' ‘ 1.22
/ e~ Jo Hwdw 7 ()| </ |hg (u)] du> ds < / e” fs<1~22/<u+1>>du? x 0.0144 < 0.0144,
0 s—12(s) 0

S

/(; e~ JT Hwdu {l=a(s)+hi(s)|+ |ha (s = 12 (s)) (1 =75 (s)) — 7 (s)|} ds

0.22x0.937  1.22x0.33 < 0.33  0.22
0.937s+1 0.937(s+1) 0.937 1.22
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< 0.1719,

_ /t o JH(22/(ut 1)) du
0




and

t s t s
/ e I Hwdu / Ik (s, )| du | ds = / ¢~ 11022/ 1)au (ﬂ / Ldu) ds
0 s—7a(s) 0 s+1 Jooz7, ut1

t
0.0651 x 8.2/ o [ e 122
0

s+1
It is easy to see that all the conditions of Corollary 3 hold for e = 0.3522 + 0.0144 +0.1719 + 0.4376 +

0.0144 = 0.9905 < 1. Thus, Corollary 3 implies that the zero solution of (3.1) is asymptotically stable.
However, Theorem D cannot be used to verify that the zero solution of (3.1) is asymptotically

stable. Obviously,

1.22

c(t) L ftatua 0.33(2t+1)  0.66
s alu u d —
‘1 — 75 (t) ’ +/0 ‘ Ir2 ()l ds = 5957+ 1) — 0037

and

b s 2 [
/ e~ Jo alw)du / |k (s,u)|du | ds = 82 n(s4+1)—1n(0.937s+1)]ds
0 s—72(s) t+1 0

t+1/0.937

=82 [1n(t+1)— =

In (0.937t + 1)} — —8.21n(0.937).

Thus, we have

i i ! — [Ta(u)du /S
llr?zsglp{‘l_é (t)’JF/O e [ra (s)] + S_T2(8)|k(s,u)|du ds

0.66
= G037~ 52In(0.937) ~ 1.238.

In addition, the left-hand side of the following inequality is increasing in ¢ > 0, then there exists some
to > 0 such that for t > tg,

t ¢ . s
‘ : _C(Té)(t)‘ —l—A e JIa(u)du <|r2 (s)| +‘/5 |k(8,u)| du) ds > 1.23.

—72(s)

This implies that condition (1.10) does not hold. Thus, Theorem D cannot be applied to equation
(3.1). O

Example 2. Consider the following nonlinear neutral Volterra integro-differential equation

t

Pt)=—a®)xt-—m(t)+ct)d t—72(t)Q (x(t—T12(t))) + / k(t,s)G(x(s))ds, (3.2)

t—Tg (t)

where 11 (t) = 0.068t, 72 (t) = 0.074t, a (t) = 0.932/ (0.932¢ 4+ 1), ¢ (t) = 0.44, Q () = 0.52 (1 — cos (x)),
G (x) =1.22sin(x), and k(t,s) =1/ [(t + 1) (s + 1)]. Then the zero solution of (3.2) is asymptotically
stable.

Proof. Choosing hy (t) =1/ (t+ 1) and hs (t) = 0.31/ (¢ + 1) in Theorem 1, we have H (t) = 1.31/ (¢t + 1),
Ly =052, Ly—=1.22,

c(t)
_ Y052
11 (t)‘ " 0.926

Ly < 0.2471,
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2 t t t
1 0.31
E / |hj (s)|ds:/ ds+/ ds
t—7i(t) 0.932¢ S+ 1 0.926t S+ 1

j=1
t+1 t4+1
—(—" " ) 403l — ") <0.004
n<0.932t+1) 0.3 n<0.926t+1) <0.0943,

S

t ¢ 1.31
Ih; (u) du | ds < / effs<1.31/<u+1>>duH_31 x 0.0943 < 0.0943,
—7;5(s) 0

2 t .
> / e JEHW 1 ()] /
=1 0 s

/o e S HWA g (s) 4 hy (s — 71 (5)) (1= 71 ()] + |h2 (s — 72 (5)) (1 = 75 (5))| + L | (5)|} ds

t
_ / o 1 Gt yau (031X 0.926  0.52x 131x 0.44Y o 0.31  0.52 % 0.44
0.9265 4 1 0.926 (s + 1) 1.31 0.926

< 0.4838,
0

and

¢ ¢ s t ¢ 1.22 [* 1
/ e~ Js H(w)du Lz/ |k (s,u)|du | ds = / e J (1:31/ (ut1))du (— / du> ds
0 s—12(s) 0 s+1 Jogoes ut1

t
0.0769 x 122/ o f;(l.Sl/(u+1))du 1.31 ds < 0.0717.
131 A s+ 1

It is easy to see that all the conditions of Theorem 1 hold for a = 0.2471 4 0.0943 + 0.4838 + 0.0717 +
0.0943 = 0.9912 < 1.Thus, Theorem 1 implies that the zero solution of (3.2) is asymptotically
stable. ]
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and for providing us with an interesting list and important informations on Azbelev et al. works on
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