Electronic Journal of Qualitative Theory of Differential Equations
2013, No. 78, 1-16; http://www.math.u-szeged.hu/ejqtde/

Regularity in Orlicz spaces for nondivergence
elliptic operators with potentials satistying a

reverse Holder condition™

Kelei Zhang!

Department of Applied Mathematics, Northwestern Polytechnical University,

Xi’an, Shaanxi, 710129, PR China

Abstract: The purpose of this paper is to obtain the global regularity in
Orlicz spaces for nondivergence elliptic operators with potentials satisfying
a reverse Holder condition.

Keywords: nondivergence elliptic operator; regularity, Orlicz space; po-

tential; reverse Holder condition.
Mathematics Subject Classification (2010): 35J15, 46E30.

1 Introduction

In this paper we consider the following nondivergence elliptic operator

Lu=Au+Vu=— Z aij () Uga; + Vu, (1.1)

ij=1
where © = (21,29,...,2,) € R"(n > 3), and establish the regularity in Orlicz
spaces for (1.1). It will be assumed that the following assumptions on the coeffi-

cients of the operator A and the potential V' are satisfied

(Hy) a;; € L*(R") and a;; = a;; for all i, j = 1,2, ..., n, and there exists a positive

constant A such that

AYEP < Z ai;(2)&&; < AJ¢[°

1,5=1
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for any x € R® and € € R™;

(H2) a;;(z) € VMO(R"™), which means that for i,5 =1,2,...,n,

155 (r) = sup sup (er@s)rl /

p<r z€R" By (z)

|ai;(y) — afﬂ dy) —0,r— 0",

-1
where aj; = [B,(2)|" [ () ai;(y)dy;

(H3) V € B, for n/2 < ¢ < oo, which means that V' € L] (R"),V > 0, and there

exists a positive constant c; such that the reverse Holder inequality

(|B|1/BV(x)qu)l/q < e (|B|1/BV(:)3)d9:)

holds for every ball B in R".

Note that when we say V € B, it means

sng(:t) < (|B|1/BV(:E)dx).

In fact, if V' € By, then it implies that V' € B, for 1 < ¢ < o0.

Regularity theory for elliptic operators with potentials satisfying a reverse
Hélder condition has been studied by many authors (see [4], [9]-[12], [14], [15]).
When A is the Laplace operator and V' € B, (n/2 < ¢ < 00), Shen [10] derived L?
boundedness for 1 < p < g and showed that the range of p is optimal. If A is the
Laplace operator and V' € B, an extension of LP estimates to the global Orlicz
estimates was given by Yao [14] with modifying the iteration-covering method in-
troduced by Acerbi and Mingione [1]. For a;; € C*(R") and V' € B, regularity

theory in Orlicz spaces for the operators ) 0,,(as0,,;) +V was proved by Yao
[15]. Recently, under the assumptions (H 11){(}{3), the global LP(R™) estimates for
L in (1.1) has been deduced by Bramanti et al [4].

In this paper we will establish global estimates in Orlicz spaces for L which
extends results in [4] to the case of the general Orlicz spaces. Our approach is
based on an iteration-covering lemma (Lemma 3.1), the technique of “S. Agmon’s
idea” (see [3], p. 124) and an approximation procedure.

The definitions of Yong functions ¢, Orlicz spaces L?(R"), Orlicz—Sobolev
spaces W2L?(R™), WZL?(R"), and their properties will be described in Section
2.

We now state the main result of this paper.
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Theorem 1.1 Let ¢ be a Young function and satisfy the global Ao Ny condition.
Assume that the operator L satisfies the assumptions (Hy), (Hs) and (Hs) for
q > max{n/2,a1}, f € L*(R"). If u € WZL?(R") satisfies

Lu—pu=f, xeR" (1.2)

then there exists a constant C' > 0 such that for any p > 1 large enough, we have

U gb(]u\)d:v—l—,ua”2 o (|Dul)dz + Rn(b(qu\)d:l:—l-/Rngb(‘D%Ddx

R™ R™

<C [ olfhdr (13)

where the constants oy and ay appear in Orlicz spaces, see (2.4), C' depends only

onn, q, A, c1, ar, ay and the VMO moduli of the leading coefficients a;;.

The proof of Theorem 1.1 is based on the following result.

Theorem 1.2 Under the same assumptions on ¢, a;;, V', q, f as in Theorem 1.1,
let uw € C§°(R™) satisfy Lu = f in R™. Then there exists a constant C > 0 such
that

[ otonars [ oqvapas<c{ [ osiae+ [ oupas}.
R™ R™ Rn R™
where C' depends only on n, q, A, c1, a, K and the VMO moduli of a;;.

Note that Theorem 1.2 and Definition 2.9 easily imply the following result by

using the monotonicity, convexity of ¢, (2.2) and Remark 2.7.

Corollary 1.3 Under the same assumptions on ¢, a;;, V', q, f as in Theorem 1.1,
let u € WEL?(R") satisfy Lu = f in R™. Then there exists a constant C' > 0 such
that

/Rné(\DQu\)d:ch/Rncb(!Vu!)dxgc{ Rn¢(|f])da:+ Rn¢(|u’)dx}’

where C' depends only onn, q, A, c1, a, K and the VMO moduli of a;;.

Remark 1.4 When we take ¢(t) =17, t > 0 for 1 < p < oo, then (1.4) is reduced
to the classical L? estimates (see [4, Theorem 1]).

This paper will be organized as follows. In Section 2 some basic facts about
Orlicz spaces and Orlicz—Sobolev spaces are recalled. In Section 3 we prove The-

orem 1.2 by describing an iteration-covering lemma (Lemma 3.1) and using the

EJQTDE, 2013 No. 78, p. 3



results in [4]. Section 4 is devoted to the proof of Theorem 1.1. We first assume
u € C§°(Br,/2) satisfying (1.2) and prove that (1.3) is valid by using Theorem
1.2 and “S. Agmon’s idea”(see [3], p. 124); then we show that the assumption
u € C§°(Bprys2) can be removed by an approximation procedure and a covering
lemma in [5].

Dependence of constants. Throughout this paper, the letter C' denotes a posi-

tive constant which may vary from line to line.

2 Preliminaries

We collect here some facts about Orlicz spaces and Orlicz—Sobolev spaces which

will be needed in the following. For more properties, we refer the readers to [2] and
[8].
We use the following notation:

O ={¢:[0,+00) — [0,+00) | ¢ is increasing and convex}.

Definition 2.1 A function ¢ € ® is said to be a Young function if

»(0) =0, lim ¢ (t) =400, lim o) _ lim L 0. (2.1)

t—+o00 t>0+ t to+oo o(t)

Definition 2.2 A Young function ¢ is said to satisfy the global Ay condition de-
noted by ¢ € Aq, if there exists a positive constant K such that for any t > 0,

6(2t) < Ko(t). (2.2)

Definition 2.3 A Young function ¢ is said to satisfy the global Vo condition de-
noted by ¢ € Vo, if there exists a positive constant a > 1 such that for any t > 0,

o(at) > 2ap(t). (2.3)
The following result was obtained in [7].
Lemma 2.4 If ¢ € Ay N Vs, then for anyt >0 and 0 < 0y <1 <6, < oo,
d(b1t) < KO, ¢(t) and ¢p(Oat) < 2a63°%¢(t), (2.4)
where a; = logy, K, g = log,2 + 1 and oy > .

Definition 2.5 (Orlicz spaces) Given a Young function ¢, we define the Orlicz
class K®(R™) which consists of all the measurable functions g : R* — R satisfying

¢ (lgl)dz < oo

]Rn

and the Orlicz space L?(R™) which is the linear hull of K¢(R").
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In the Orlicz spaces L?(R™), we use the following Luxembourg norm

[l Lo gy = inf {k >0: [ ¢(Jul/k)dr < 1} : (2.5)
Rn

The space L?(R") equipped with the Luxembourg norm ||| Le(rn) 1 a Banach
space. In general, K¢ C L?. Moreover, if ¢ satisfies the global A, condition, then
K? = L? and C{° is dense in L? (see [2], pp. 266-274).

Definition 2.6 (Convergence in mean) A sequence {uy} of functions in L?(R™) is

said to converge in mean to u € L?(R™) if

lim [ ¢(Jug(z) —u(x)|)dz = 0.

k—oo Rn

Remark 2.7 (see [2], p. 270)
(i) The norm convergence in L®(R™) implies the mean convergence.

(i1) If ¢ € Ay, then the mean convergence implies the norm convergence.

Definition 2.8 (Orlicz—Sobolev spaces) The Orlicz—Sobolev space W2L?(R™) is the
set of all functions u which satisfy |D*u(z)| € L*(R™) for 0 < |a| < 2. The norm
15 defined by

||u||W2L¢>(]Rn) = ||U’||L¢(]R") + ||Du||L¢(R") + HDQUHM(W)’

where Du(r) = {ug, }izy, DQU(@ = {Uxixj}?,j:l; HDUHL¢(R") = ;Hu%

Lo (R")’

n
||D2u||L¢(R”) = "21 ”“%%HM(W)‘
1,j=

The following definition is analogous to the definition of the space Wi (R™)
introduced by Bramanti, Brandolini, Harboure and Viviani in [4].

Definition 2.9 The space WZL?(R") is the closure of C°(R™) in the norm

||U||W3L¢(Rn) = ||u||W2L¢(]Rn) + ||VU||L¢(Rn)-

Remark 2.10 (see e.g. [13]) If g € L*(R"), then [4. ¢ (|g])dz can be easily rewrit-

ten in an integral form

[ ooz = [ a e R s 1ol > tHafo o). (2:6)

As usual, we denote by Bg(z) the open ball in R" of radius R centered at x
and BR = BR(O)
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3 Proof of Theorem 1.2

Before the proof of Theorem 1.2, some notions and two useful lemmas are given.

Let us introduce the notation

_1+052
2

For u € C§°(R") satisfying Lu = f, set

N = \VulPdx +e7? (/ ]f]pd:v—i—/ |u|pda;) :
R" R" R"

where ¢ € (0,1) is a small enough constant to be determined later. Let

> 1.

p

u f
u,\—)\o—/\andf,\—)\o—/\, for any A > 0.

Then u) satisfies Luy = f\. For any ball B in R", we use the notations

(/B|fx|pdx+/B|UA|pdx>

Ex(1) ={z e R": [Vu,| > 1}.

1 1
BB = g [, IV +

and

The following lemma is just an analogous version of the result given in [15,
Lemma 2.2]. Here the selection of Ay and the condition of V" are different from [15].

Lemma 3.1 (lteration-covering lemma) For any A > 0, there exists a family of
disjoint balls {Bpwi (z:)} with z; € Ex(1) and p,, = p (z;,X) > 0 such that

J\B,., (@)] =1, J\[B, (@)] <1 for any p> pa,, (3.1)

and

Ex(1) € |JBs,, ()| F, (3.2)

i>1
where F' is a zero measure set. Moreover,

3t

B, (1) <-—— / |Vuy|Pde
‘ Px; | 3r—1 __ 1 { {xEszi(ﬂvi)1|V“/\|>%}

teP / |falPde +e7 / |u,\|pdx}. (3.3)
{z€Bp, (2i):1121>5} {2€Bps, (@):lunl>5}

EJQTDE, 2013 No. 78, p. 6



We omit the proof of Lemma 3.1 because it is actually similar to that of [15,
Lemma 2.2].

In analogy with [4, Theorem 13], the following lemma holds by using [4, The-
orem 2, Theorem 3], and standard techniques involving cutoff functions and the

interpolation inequality (see e.g. [6]).

Lemma 3.2 Under the assumptions (Hy)—(Hz), for any v € (1,q|, there exists a

positive constant C' such that for any x;, p;, as in Lemma 3.1 and v € C§°(R™),

/ |[Vul'de < C {/ | Lu|"dx +/ |u|7dm} :
Brpa () Biops, (@) Biops, (@:)

where C' depends only onn, v, q, c1, A and the VMO moduli of a;;.

Proof of Theorem 1.2. In order to prove (1.4), the first step is to check the

following estimate

ovas < ( [ ol [ olluar). (34)

R'Il R'Il

Since u € C3°(R™), then there exists some constant Ry > 0 such that u is compactly
supported in Bg,. It follows from ¢ > max{n/2,«;} and (2.4) that

6 (Val)ds = [

{zeR™:|Vu|>1}

<Ko¢(l) [ |Vul|"dz+2a9 (1) [ |Vul|™dz
Rr Rr

< C' | sup |u|™ + sup |u|* / ]V|a1dx+/ \V|**dx
Bg, Bk, Bgr, Bg,

< 00,

¢<|Vu|>das+/ 6 (Vul) de

R" {z€R™|Vu|<1}

that is |Vu| € L?(R™). Hence by (2.6), it yields
o (IVul)de = / o € R : [Vl > AAMd[p(AoN)]
R™ 0

Due to (3.2),

{z € R [Vu| > MM <Y [{z € By, () : [Vun| > 1}].

i=1
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Thus the key is to estimate }{x € Bs,,, (x;) : [Vuy| > 1}| Applying Lemma 3.2,
(3.1) and (3.3) we deduce

Hm € Bsp,, (i) + [Vuy| > 1}‘

< / |Vouy|Pdx
B5Pzi (IZ)

S C / ‘f)\’pdl' +/ ]u,\\pd:r;
BlOpzi (acl) BlOpzi (-731)

< e’C(p,n) |B,, ()]

< C(p.n) {ep / Vards+ [ fald
{z€Bp,, (@i):[Vusl>3} {z€B,,, (@:)f1>5}

+/ |u,\|pdm} :
{2€B,,, (@ )lurl>5 }

Set \ = XA and observe that

Rn¢qvub¢r:h£m‘{xeﬂyﬂ|Vuk>X}%%ﬂXﬂ
saﬁmﬁz:Xﬂ{émwmwwﬂﬁwmm}ﬂww
+C(p,n) /OOO AP {/{xERn:ﬂxi/?)} \flpdfﬂ} dl¢(N)]

+C(p,n) wxp{ i wﬁm}ﬂdb]
P A /{mER":u>6)\/3}
= C(p, n)(gpfl + .[2 + ]3)

By Fubini’s theorem, integration by parts and (2.4), it implies that

3|Vu\d 5\
e [

B 1 , 3|Vl ¢(5\) 5
=3 /. (3 |Vu|)dx +p/}Rn |Vul {/0 5\p+1d>\ dz

1 2ap /
< — 3\Vu|de + ——— 3 |Vu|)dx
<5 [ oVuir+ =P [ o(s )

<C(n,p,a,K) [ o(|Vu|)dz.
R
Similarly,

Iy < C(n,p,a, K)e"™t | ¢(|f|)dx
]R’ﬂ
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and
I3 < C(n,p,a, K)eP™™ . o(|ul)dzx.
Therefore,
[sqvapar < c{er [ oqvapas s [ oo [ ofjuaef

Choosing a suitable e such that C(n,p, a, K)e? < %, (3.4) is obtained.
Next, taking into account [16, Theorem 2.8], the convexity of ¢, (2.2) and (3.4),

we have

/RHQS(}DQu})da: < C | o(f—Vu|)dx

R
C C
> | oo+ [ e(2Vul)ds
R™ R™
KC KC

5 [ ol + = [ oqvaas

IN

IN

IN

o [ otsias+ [ oupac}. (35)

Thus, (3.5) implies (1.4). The proof is finished. [

4 Proof of Theorem 1.1

By the technique of “S. Agmon’s idea” (see [3], p. 124) and Theorem 1.2, we first
prove the following lemma.

Lemma 4.1 Under the same assumptions on ¢, a;j, V, q, f as in Theorem 1.1,

let uw € C§°(Br,2) satisfy the following equation
Lu—pu=f, xR
Then for any p > 1 large enough,
pes [ ottubde 4w [ o(Dudo+ [ oqvade+ [ 6(|D%ul)ds
<C | ¢(Lu—pul)de=C [ ¢(|f])dz, (4.1)
R7 R”
where the constant C s independent of p, and Ry, oy are the constants in the

proofs of Theorem 1.2 and (2.4), respectively.
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Proof Let £ € C§°(—Ry/2, Ry/2) be a cutoff function (not identically zero) and

set

u(z) = alx,t) = &(t) cos(y/ut)u(x) (4.2)

and

where p¢ > 1 will be chosen later, then @(z) € C§°(Bgry/2 x (—Ro/2, Ro/2)). It is

easy to verify that the coefficients matrix

(@) pyn O
0 1

of the operator L still satisfies the assumptions (H;) and (H). Furthermore, in
view of (4.2) and (4.3) we find that

La(z) = f(2), (4.4)

F(2) = () cos(y/fit) (Lu — pu) + (€ () cos(y/fit) — 2/Ri€'(¢) sin(y/at))u.  (4.5)
For the sake of convenience, we use the following notation
DZ.(z) = { D3, (2), Gt (2), e (2) },
where
DZi(z) = e, }ijmy and flay = {lla iy

Applying Theorem 1.2 to (4.4),
/ ) (|Dgza\)d;¢dt+/ ¢ (|Val|)dzdt
Rn+1 Rn+l
<C {/ é (‘f‘)dmdwr ¢(|a|)dxdt} . (4.6)
RntH1 R+
If !5 oS \/_t)| > 0, by (2.4) we have

o (|D%u(@)]) = o (|(6(0) cos(/7t)) &(1) cos(y/it) D2u(z) )
< KJ&(t) cos(/ut) |~ ¢ (|€(¢) cos(y/ut) D*u(z)|) -
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This and (4.2) yield

. o (|D2u(x)‘)d:v

: </R K& () cos(vit) |a1dt> i

X KYE(t) cos(v/ut)| ¢ (| D*u(x)|) dadt

Rn+1

IN

C KHE(t) cos(yv/pt)|™ ¢ (| D*u(z)|) dadt

Rn+1

C/ KHE(t) cos(v/mt)|™ ¢ (| D*u(a)|) dadt
{@t)ernt1||e@) cos(ft)] >0}

C/ ¢ (|D2,u(z)|)dedt
Rn+1

<C ¢ (| D2, a(2)|) dxdt. (4.7)

Rn+1

IN

Similarly to (4.7) we get

. o (|Vu|)de < C o (|Va(z)|)dzdt. (4.8)

Rn+1

Using (2.4),

¢ (|Du(z)]) < KIE(t) sin(y/pt)| " ¢ (|£(2) sin(y/ut) Dul) .

Thus,

. ¢ (|Du(z)|)dr < C . ¢ (€(t) sin(y/put) Dul)dxdt

<O [ ol ) cos(t)us, = el dadt

=1

< Cp=e2/? ( ¢ (|Du|)dx + ¢(\ﬁxt\)d9€dt) :

Rn Rn+1

By choosing i > 1 large enough, we obtain the following

1 [ (Du@)de < C [ 6 (|i(z)])dadt

R Rn+1

< C/RW (| D2.a(z)|)dxdt. (4.9)

Since

—p(t) cos(v/pt)u(z) = tin(2) — (§"(t) cos(/pt) — 2¢/pg' (1) sin(y/nit)) u(z),
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we get

e / o < € [ plie))dede

Rn+1

< C ¢ (|D2.a(2)|)dxdt. (4.10)

Rn+1

Combining (4.5)—(4.10) and noting that

—V/R€ (t) sin(yut)u(z) = ((€'(t) cos(v/nt)), — £"(t) cos(/ait)) u(x),

we immediately find that

U gb(]u\)d:v—l—,ua”2 o (|Dul)dz + Rn(b(qu\)d:l:—l-/Rngb(‘D%Ddx

R™ R™

2 ~ ~
< C{/RnH¢(|Dzzu‘)d:1:dt+/}Rnﬂqb(\VuDdxdt}

C {/R+ é (]f])dde - ¢(\a|)dxdt}
<o ([ olmu-mpacs [ odunr).
Rn Rn

IN

The desired estimate (4.1) follows by taking p > 1 large enough. The lemma is
proved. [

Furthermore, we shall show that the assumption C§°(Bg,/2) can be removed.
A covering lemma in a locally invariant quasimetric space was proved by Bramanti
et al. in [5]. Since the Euclidean space R" is a special locally invariant quasimetric
space, the covering lemma also holds in R™. For the convenience to readers, we

describe it as follows.

Lemma 4.2 For given Ry and any k > 1, there exist Ry € (0, Ro/2), a positive
integer M and a sequence of points {x;}2, C R™ such that

R" = U BRI (Il)a
=1

> Xbuny(e)(y) < M for any y € R,
i=1

where Xp,p (x:)(y) is the characteristic function of Byr,(x:), that is, the function
equal to 1 in Byg,(z;) and 0 in R™\ B.g, (z;).
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Proof of Theorem 1.1. Let p(x) be a cutoff function on Bg, /s relative to B,
namely, p(x) € C5°(Bgy/2), 0 < p(x) < 1 and p(x) = 1 on Bg,, where R, is as in

Lemma 4.2. For any fixed 2y € R", we set
W0(2) = u(@)p(s — o) = u(2)p*() (11)
and observe that
Lu’(z) — pu’(z) = fp° — 2aijuzipg], — aijupgﬂj =: f°.
By Definition 2.9, there exists a sequence {u} of functions in C§°(R") such that
lur = ullyepogny + [IVue = Vull pogny — 0, as k — oo. (4.12)

It follows from Remark 2.7 that

n

[ ol —ubde + [ oD~ e+ [ oD~ w)])ds

oV |ug — u|)de — 0, as k — oc. (4.13)
Rn

Let u) = u;p®. Then using the properties of p, the monotonicity, convexity of ¢,
(4.13), (2.4) and Remark 2.7, we obtain

Huk — uOHWQM(Rn) + HVug — u0||L¢(Rn) — 0, as k— oo. (4.14)

Set
fr = Lug — pay and f) = Lug, — puy.
It follows by (H;) and (4.12) that

172 = £l oy

< HLug - LUOHL¢(Rn) + ,uHug — uon(Rn) — 0, ask — o0o. (4.15)

Hence, by (4.14), (4.15), Lemma 4.1 and Remark 2.7 we have

e /Rngzb(‘uo‘)deru”/Q/Rngzﬁ(‘DuO])der/Rngzﬁ(Wuo‘)dx
+ [ o(pnehas

e [Lour

{ \f|)d:l:+/ ¢(]u\)d:)€+/ ¢(\Du!)dw}.(4.16)
Brg/2(z0) Bpry/2(zo0) Bpr/2(o0)
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Note that (4.11) and (2.4) yield

/Rnﬁﬁ(‘ﬂoDu‘)d:c < C’{/Rn¢ (|Du0|)d:1:—i—/Rn<b (‘quO})dx} (4.17)

and
/Rn ¢ (|°D?u|)da < C {/R ¢ (| D*u°|)da + /R 6 (|uD?p|)dx
+ / ¢ (|Du- DPO|)dfC} : (4.18)
Then combining (4.16), (4.17) and (4.18) implies that
[ el [ o

+/ ¢(\p0vu|)dx+/ ¢ (|p"D?u|)dx
Brg/2(z0) Brg/2(20)

SC{/ ¢(|f\)d$+ua2/2/ ¢(|U|)div+/ ¢(|DUDdfﬁ}-
Bprg/2(z0) Bprg/2(0) Bprg/2(z0)

Therefore, by the above inequality and Lemma 4.2 we deduce that

per [ oo+ [ o(Dubds+ [ o(vade+ [ o (D)o

R™ R™
) Z{w [ olPdasen [ (P
i=1 BRl (xl) Ry (T4

Ov d 0D2 d

+/BR1(xi)¢(‘p u}) x+/BR1($i)¢(}p u‘) J;}
C = d a2/2 d

< ;{/BRO/M o(|f|)dz + /BRO/Z(%) o(|u|)dz

Dul)d
4 /B oo }

<c{ [ otmar+uw [ ouas+ [ spupas).
Rn Rn Rn
(1.3) is obtained by taking p > 1 large enough. The theorem is proved. [

Acknowledgments. The author thanks the anonymous referee for offering valu-

able suggestions which have improved the presentation.
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