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Abstract. In this paper, by a monotone iterative method and the Arzela—Ascoli theorem,
we obtain the existence of entire positive radial solutions to the following quasilinear
elliptic equations

div(g1(|Vul) Vi) +ar ()1 (| Vul)[Vul = bi(x])f(u),  x€RY,
and systems

{diV(cpl(Vul)Vu)+a1(|x|>4>1(|Vu|)|Vu|=b1(x|)f1(u,v), x€RY,
div(9(|V0)) Vo) + ay(|x])ga(Vo]) | Vol = ba(|x) falu,0), x € RV,

under simple conditions on f, f;, a; and b; (i =1, 2).
Keywords: quasilinear elliptic equations, systems, entire radial solutions, existence.
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1 Introduction

The purpose of this paper is to investigate the existence of entire positive radial solutions to
the following quasilinear elliptic equation

div(g1 (IVu) Vi) + ar(|x)) g1 (IVul)[Vul = bi(|x]) f(u),  x € RY, (1.1)

and system

(1.2)

{diV(<P1(|Vu|)Vu) +ar(Ix))g1(|Vul)[Vul = bi(|x]) fi(w,0), x € RY,
div(¢2(|Vo]) Vo) + a2 (|x])92(IV0]) V0| = ba(|x]) fo(11,0), x € RY,

where a;,b;, f, fi (i = 1,2) satisfy

(S1) a;,b; : RN — [0, 00) are continuous;
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(S2) f:[0,00) — [0, 0) is continuous and increasing, f; : [0,00) x [0,00) — [0, 00) are contin-
uous and increasing (i.e., fi(s2,t2) > fi(s1,t1), Vs > s1 > 0and t, > t; > 0),

and ¢; € C!((0,0), (0,00)) satisfy:
(S3) (t¢i(t)) >0, ¥Vt >0;

(S4) there exist p;, q; > 1 such that

tY(t)
< ! <
pl_ Tl(t) —qll Vt>0,
where ¥;(t) = fot s¢i(s)ds, t > 0;
(Ss) there exist k;, I; > 0 such that
tY(t)
< ! <[ .

Apu = div(¢(|Vu|)Vu) is called the ¢;-Laplacian operator, which includes special cases
appearing in mathematical models in nonlinear elasticity, plasticity, generalized Newtonian
fluids, and in quantum physics, see e.g., Benci, Fortunato and Pisani [5], Cencelj, Repovs and
Virk [6], Fuchs and Li [9], Fuchs and Osmolovski [10], Fukagai and Narukawa [11] and [12]
and the references therein.

Some basic examples of ¢;-Laplacian operators are

(1) when ¢1(t) = 2, ¥1(t) = #?, t > 0, Ag,u = Au is the Laplacian operator. In this case,
p1=q1=2in(S4), and ky =l = 1 in (Ss);

(2) when ¢1(t) = ptP=2, ¥1(t) =P, t > 0, p > 1, Ap,u = Apu is the p-Laplacian operator. In
this case, p1 = g1 = pin (Sy),and k; =1 = p — 1 in (Ss);

(3) when ¢1(t) = ptP24+qt172, Y1(t) = P +1,t > 0,1 < p < q, Agyu = Apu+ Agu is
called as the (p + g)-Laplacian operator, py = p, g1 =qin(Sy4),and ky =p—1,1; =q—1
in (Ss);

(4) when ¢q(t) = 2p(1+#2)P1, ¥1(t) = 1+ 3P —1,t > 0, p > 1/2, p1 = min{2,2p},
g1 = max{2,2p} in (S4), and k; = min{1,2p — 1}, 1 = max{1,2p — 1} in (Ss);

(5) when ¢;(t) = ’7(7'1;%;1)%1,‘1’1(1‘) =(V1+£2-1F,t>0,p>1,p1=p q1 =2pin(Ss),

and ki =p—1,11 =2p—1in (Ss);

(6) when ¢y(t) = ptP~2(In(1 + 1))7 + % Yi(t) = tP(In(1+ 1)), t >0, p > 1,
q>0,p1 =p 7 :p+qin(S4),andk1 :p—1,11=p+q—lin(55).

We say that u € C1(IRV) is a solution to equation (1.1) if for each ¢ € C3°(RY), it holds

oy (V) Vuvydx = [ a1 ()@ (Vul)Vu)gdx = = [ by (x)f )y

Moreover, when lim||_,, #(x) = +0co, we say that u is a large solution to equation (1.1).
For convenience, for i = 1,2, we denote by

hi' the inverses of h;(t) = t;(t), t>0; (1.3)



Existence of entire radial solutions 3

lipg(00) 1= im Lipe(r),  lipg(r / B (Apg(D)dt, >0, (1.4)
where p, g € C([0,00), [0,00)) and
1 t

t
Do (t) :=tN"Texp (/ g(r)dr), t>0; (1.6)

0
0;(t) := min{t¥i, 1}, O;(t) := max{tV, 1}, t>0; (1.7)
07 (t) := min{t'/7, /%), @;71(t) := max{t/Fi, 19}, t>0; (1.8)

and, for an arbitrary « > 0 and t > «,

Yia(00) := im Yia(t),  Yaalt /@ (1.9)
dt
You(00) = lim You(t),  Yault O ) 10 (AT (1.10)

We see that for t > «

Y,2,1x(t) = @fl(fl<t/t)) +®£l(f2(t,t)) o

and Y1 4, Y2, have the inverse functions Y , and Y2 on [0,Y1,4(c0)) and [0, Y2, (0)), respec-
tively.
First, let us review the following model

Au = bi(|x])f(u), x € RV, (1.11)

For b1(x) = 1 on RN: when f satisfies (S;), Keller [14] and Osserman [19] first supplied a
necessary and sufficient condition

© dt t
/1 TR E(t) :/0 f(s)ds, (1.12)

for the existence of entire positive radial large solutions to equation (1.11).

For N > 3, f(u) = u?, ¢ € (0,1], and b; satisfies (S1) with by (x) = b1(|x]), Lair and Wood
[16] first showed that equation (1.11) has infinitely many entire positive radial large solutions
if and only if

/Ooo rb1(r)dr = oo. (1.13)

The above results have been extended by many authors and in many contexts, see, for instance,
[1-3,8,21-23] and the references therein.
Next let us review the system

Au = by(|x])o", xe RN,
{ 1(Jx) 1

Av = by(|x))u”2, x € RN,
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When N > 3 and 0 < 71 < 99, Lair and Wood [17] have considered the existence and
nonexistence of entire positive radial solutions to system (1.14).
For the further results, see, for instance, [4,7,13,15,18,24] and the references therein.
Now let us return to equation (1.1). Recently, C. A. Santos, J. Zhou, J. A. Santos [20]
considered the existence of entire positive radial and nonradial large solutions to equation

div(¢1(|Vu|)Vu) = bi(x) f(u), x € RV,
A basic result in [20] is the following.

Lemma 1.1 ([20, Corollary 1.2]). Let (S3)—(Ss) hold, f satisfy (Sz), and by satisfy (S1) with
bi(x) = bi(|x|), x € RN, If
L, 0(00) = oo,

then equation (1.1) admits a sequence of symmetric radial large solutions uy(|x|) € C'(RN) with
U (0) — 00 as m — oo if and only if f satisfies

/°° dt
— e
LY (E()
where ¥ ! is the inverse of ¥ which is given as in (Sq), and F is given as in (1.12).

Recently, when a; = 0 in RN, fi(u,v) = f(v), f2(u,v) = g(u), and g satisfies (S,), Zhang
[25] showed existence of entire positive radial solutions to (1.1) and system (1.2).

In this paper, we extend the results of [25] and show existence of entire positive radial
solutions to (1.1) and (1.2) for more general 4; and f;.

Our main results for equation (1.1) are as follows.

Theorem 1.2. Let the hypotheses (S1)—(Ss) hold. If
(SG) YL(X(OO) = 0o,

then equation (1.1) has one entire positive radial solution u € C1(RN). Moreover, when I 5, 5, (00) < 0,
u is bounded, and lim,_, u(r) = co provided I 5, p, (00) = 0o, where I 4, 1, is given as in (1.4).

Theorem 1.3. Under the hypotheses (S1)—(Ss) and
(S7) Liayp,(00) < Yia(00) < oo,
equation (1.1) has one entire positive radial bounded solution u € C'(RN) satisfying

a+ 9;1 (f(“))ll,allh (1’) < M(T’) < Yiolc (Il,ﬂhbl (1’)) ’ Vr >0,

where 6, ! is given as in (1.8).

Remark 1.4. When fol @,1”(1} o) = 00, one can see that there is & > 0 sufficiently small such
1

that (S7) holds provided I 4, 4, (00) < 0o and Y7, (o0) < 0.

Remark 1.5. For f(s) =s7,s >0, 91 > 0, since @fl(t) = t1/P1 > 1, one can see that when
71> p1, Y1,a(00) < 00, and Y ,(00) = oo provided 1 < p1, where p; is given as in (Sa).

Remark 1.6. For f(s) = (14s)"(In(1+5s))",s > 0, u1,y1 > 0, one can see that when y; > p;
or y1 = p1 and 1 > p1, Y14(00) < 0o, and Yi,(c0) = oo provided 77 < p; or 41 = p; and
M < pi-
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Remark 1.7. For f(s) = exp(c1s), s > 0, c; > 0, one can see that Y; ,(c0) < 0.
Our main results for system (1.2) are as follows.

Theorem 1.8. Let the hypotheses (S1)—(Ss) hold. If

(Ss8) You(o0) = oo,

then system (1.2) has one entire positive radial solution (u,v) in CY(RN) x C}(RYN). Moreover,
when I 4, p,(0) + L g, p,(00) < 00, u and v are bounded; when I, p (00) = Ip4,p,(00) = oo,
lim, e u(7) = lim, 00 v(7) = o0.

Theorem 1.9. Under the hypotheses (S1)—(Ss) and
(S9) ay,5, (90) + I, (00) < Y2u(00) < 09,

system (1.2) has one entire positive radial bounded solution (u,v) in C'(RN) x CY(RN) satisfying
0(/2 + 9]_1(f1 (“/2’“/2))11#1,}11 (7’) S I/l(r) S YZ_,; (Il,al,bl (r) + I2,ﬂ2,b2 (T)), vr 2 O/

/2407 (fo(a/2,0/2)) Ly, (r) < 0(r) < Yga (I g (1) + Loay (7)), Vr > 0.

Remark 1.10. For fi(s,s) = s7, fa(s,s) =572, s > 0, 71,72 > 0, when 1 > p1 or 72 > po,
Y2, (00) < 00, and Yy, (c0) = oo provided 1 < p; and 2 < pa, where p; and p; are given as
in (84)

Remark 1.11. For fi(s,s) = (1 +s)"(In(1+5s))", fa(s,s) = (1 +s)"2(In(1+5))*2, s > 0,
Yi, i > 0( =1,2), when 1 > pj or 72 > po; or 1 = p1 and py > py; or 2 = p2 and uz > po,
Y,4(00) < 00, and Yy, (00) = oo provided 1 < p1 and 2 < pp; or 11 = p1, p1 < p1 and

Y2 = p2, h2 < pa.

Remark 1.12. For fi(s,s) = exp(c1s) or fa(s,s) = exp(c2s), s > 0, c1,c2 > 0, one can see that
Yz/“(oo) < 00,

Remark 1.13. We note that the paper [26] by X. Zhang et al. studied the nonexistence and
existence of positive radial large solutions to system (1.2). But, since their basic assumption
is that ¢; € C'((0,0),[0,00)) (i = 1,2) are nondecreasing and for any ¢ € (0,1), there exist
constants 0; € (0,1) such that

¢i(cs) < c%ipi(s), Vs >0, (1.15)

it is ¢’ < 1, hence (1.15) can not be set up when ¢; = 1 on (0, 00) (in this case, Ay u = Au is
the Laplacian operator).

2 Proof of Theorems 1.2 and 1.3

In this section we prove Theorems 1.2 and 1.3.

Lemma 2.1 ([20, Lemma 2.2]). Let (S3)—(Ss) hold, 6;,®; and 61._1,(91._1 (i = 1,2) be given as in
(1.7) and (1.8). We have

(i) 6;,, O, (91-_1 and @i_l are strictly increasing on (0,00);

i) 67 () (1) < By (B) < O (B) (1), VB, > 0.
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Let us consider the following initial value problem

(@a, (1)1 (' (P (1)) = by (1)@, (r) f(u),  7>0, u(0)=a, u'(0)=0, (21

where ®,, (7) is given as in (1.6).
By a simple calculation,

u'(r) =yt <CI>,11(V) /Or b1 (s) Py, (s)f(u(s))ds), r>0, u(0)=ua, (2.2)

and thus

u(r) = a + /0 "pt (q):(t) /O b1 (5) s, (5) f(u(s))ds) i, r>0. 2.3)

Note that solutions in C[0, ) to problem (2.3) are solutions in C![0, %) to problem (2.1).
Let {um }m>1 be the sequence of positive continuous functions defined on [0, o) by

up(r) = a,
r t 2.4
U (1) :tx+/0 h11<<13a11(t)/o bl(s)qDal(s)f(um1(s))ds>dt, r>0. @4
Obviously,
VA
il (1) _hll(%m /0 b1 (5) Py (5) f(uml(s))ds>, r>0, 2.5)

and, for all ¥ > 0 and m € IN, uy,(r) > «, and 1y < uy. Then (S1)—(S3) and Lemma 2.1 yield
uy(r) < up(r), ¥r > 0. Continuing this line of reasoning, we obtain that the sequence {u,}
is non-decreasing on [0, 00). Moreover, we obtain by (S1)-(S3) and Lemma 2.1 that for each
r>0

i) =15 (5 0P (6) () )

and ) p
U (r T
- < 1,0, (7)
/ﬂ e '(f(r)) — "
Consequently, for an arbitrary R > 0,
Yia(tim (7)) < Iy, (1) < Igy by (R), Vr € [0,R]. (2.6)

(i) When (Sg) holds, we see that

Yil(eo) =00 and um(r) < Yy (Lae (1) < Y7t (aw (R),  VrelO,R, (27)

1

i.e., the sequence {u,,} is bounded on [0, R] for an arbitrary R > 0.

It follows by (2.5) that {u),} is bounded on [0, R]. By the Arzela—Ascoli theorem, {u,,} has
a subsequence converging uniformly to u on [0, R]. Since {u,,} is non-decreasing on [0, o),
we see that {u,,} itself converges uniformly to u on [0, R]. By the arbitrariness of R, we see
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that u is an entire positive radial solution to equation (1.1). Moreover, when I; 4, , (00) < o,
we see by (2.7) that

u(r) <Yig (Layp (),  ¥r>0.

Moreover, when [ ,, 5, (00) = oo, we see by (S;) and Lemma 2.1 that

u(r) > o+ Gfl(f(oc))h,al,bl(r), Vr > 0.

Thus lim,_,e u(7) = oo.
(ii) When (S7) holds, we see by (2.6) that

Y1 (i (7)) < Tpayp, (00) < Y1e(00) < 00, (2.8)

Since Y , 1s strictly increasing on [0, Y1 4(0)), we have
() <Y1y (Iayp, (00)) < 00, ¥r > 0. (2.9)

The rest part of the proof follows from (i). The proof is finished.

3 Proof of Theorems 1.8 and 1.9

In this section we prove Theorems 1.8 and 1.9.
Let us consider the following initial value problem

which is equivalent to

u(r) = oc/2+/0r h11< L /Ot by (s) Py, (s)fl(u(s),v(s))ds>dt, r>0,
o(r) = a/2 + /O ! (@1@) ./Ot b2(s)q)a2(s)f2(u(s),U(s))ds> it r>0.

Let {um}m>1 and {vy}m>0 be the sequences of positive continuous functions defined on
[0, e0) by

ug(r) =vo(r) = a/2,
=w/2 +/ < Ot by (S)q)al (s)fl(um_l (S)/vm—l (S))dS) dt, r>0,

) =a/2+ / ( .0 /O ' ba(5) o, (5) fz(uml(s),vml(s))ds)dt, r>0.

Obviously, for all ¥ > 0 and m € N, u,(r) > a/2, v,(r) > «/2 and ug < uy, vo < v1.
(S1)—(S3) and Lemma 2.1 yield u;(r) < uy(r) and v1(r) < vp(r) on [0,00). Continuing this
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line of reasoning, we obtain that the sequences {u,,} and {v,,} are increasing on [0, o).
Moreover, we obtain by (S1)—(S3) and Lemma 2.1 that for each r > 0

uly(r) = hy! (q,l() [e <s>d>al<s>f1<um1<s>,vm1<s>>ds)

<h! <f1(um_1(r),vm_1(r))q>1(t) /0 by (S)Cbal(s)ds>

a

< 07 (i (1) om0 s [ 0190201 )
< O (A1) + 0 (), (7)o (1) (17 iy, 1)) 15 (A (1),

where Ay, 4, (r) and Ay, 4,(7) are given as in (1.5).
In a similar way, we can show that

v, (r) = h;l (@uz(t) /Ot ba(s5) Dy, (s)fz(um_l(s),vm_l(s))ds> dt

< ;1<fz<um<r>,vm<r>>>h;1(q,ajm /Otbz<s>¢az<s>ds)

C)
< O3 (fattm(r) + v (1), um (r) + 0w (1)) (7 (pya, (1) + By (A (7))

Consequently,

13, () +01,(r) < (O7 (fi (0 (r) + 1t (1), 0us(r) + 11 (1))
+ 0 (faon (1) + 1t (1), 0 (r) + (1))
X (B (Ao (1) + 1y (A (1)), 7>0,
and

/um(r)Jrvm(r) dTt
a ;' (A(T, 1) + 05 (f2(T, 1))
Yo, (U (1) +0m(r)) < Ty (1) + Doy 0, (1), Vr > 0.

S Il,bl,al (r) + IZ,bz,az (r)l r > O/

The remaining proofs are similar to that for Theorems 1.2 and 1.3. Here we omit their proof.
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