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1 Introduction
We consider the following nonlinear Dirac equation
lw(x) = Bw'(x) — P(x)w(x) = Aw(x) + h(x,w(x),A), 0<x<m, (1.1)

with the boundary conditions U(w) = (&EZ;) = 0 given by

v(0) cosa + u(0) sina = 0, (1.2)
v(7)cos B+ u(m)sin B =0,

Uy (w) := (sinw, cosa) w(0)
U (w) := (sin B, cos B) w(m)

(50 =5 ,0) ww- ()

A € R is a spectral parameter, p(x) and r(x) are real valued, continuous functions on the
interval [0, 7], « and B are real constants: moreover 0 < «, < 7. We assume that the

where
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nonlinear term /1 has the form h = f 4 g, where f = (g) and ¢ = (§1) are continuous

functions on C ([0, 7] x R? x R; R?) and satisfy the conditions:
|f1(x,w,A)| < Kl|w|, |f2(x,w,A)| < M|w|, xel0,nm], 0<|w| <1, AeR, (14)
where K and M are the positive constants;
g(x,w,A) =o(lw|) as|w| —0, (1.5)

uniformly with respect to x € [0, 77] and A € A, for every compact interval A C R (here | - |
denotes a norm in IR?).

The equation (1.1) is equivalent to the system of two consistent first-order ordinary differ-
ential equations

v'(x) = p(x)u(x) = Au(x) + fi(x, u(x),0(x),A) + g1(x, u(x),0(x), 1),

u'(x) +r(x)o(x) = —Ao(x) — falx, u(x),o(x),A) — ga(x, u(x),v(x),A). (16)

In the study of nonlinear eigenvalue problems, an important role is played, when it exists,
by the linearization about zero of the problem under consideration, i.e., its Fréchet derivative
at the origin (cf. [11]). In this context of linearizability, Rabinowitz [19] gives a nonlinear
version of the classical results for linear Sturm-Liouville problems, namely he shows the
existence of two families of unbounded continua of nontrivial solutions bifurcating from the
points of the line of trivial solutions, corresponding to the eigenvalues of the linear problem,
and containing in the classes of functions having usual oscillation properties.

Because of the presence of the term h, problem (1.1)—(1.3) does not in general have a lin-
earization about zero. For this reason, the set of bifurcation points for this problem with
respect to the line of trivial solutions need not be discrete (cf. the example of [6, p. 381]).
Therefore, to investigate the question of bifurcation for (1.1)—(1.3), one has to consider bifur-
cation from intervals rather than bifurcation points. We say that bifurcation occurs from an
interval if this interval contains at least one bifurcation point [6].

The global results for nonlinearizable Sturm-Liouville problems were obtained by
Berestycki [6], Schmitt and Smith [21], Chiappinelli [8], Przybycin [17], Aliyev [1], Rynne [20],
Binding, Browne, Watson [7], Dai [9], Aliyev and Mamedova [3]. These papers prove the exis-
tence of two families of continua of solutions, Clj andC, inR x C b corresponding to the usual
nodal properties and emanating from bifurcation intervals (in R x {0}, which we identify
with R) surrounding the eigenvalues of the linear problem. Similar results for nonlineariz-
able Sturm-Liouville problems of fourth order were obtained Makhmudov and Aliev [15],
Aliyev [2].

In [21] the authors considered the nonlinear problem (1.1)—(1.3) in the case K+ M < 1/2
and they show that there exists a natural number ko, such that their bifurcation intervals
(which are the same as Berestycki’s) do not overlap for every integer k, |k| > ko, and corre-
sponding global bifurcation Theorem 2.2 (from [21]) holds for this case. More precisely, for
each k, |k| > ko, the connected component Dy of solutions of problem (1.1)—(1.3) emanating
from bifurcation interval surrounding the k-th eigenvalue of the linear problem obtained from
(1.1)~(1.3) by setting i = 0 either is unbounded in C([0, 7t];R?), or meet another bifurcation
interval.

Thanks to our recent work [4], which is devoted to the study of the oscillations of the linear
problem, in this paper we study the structure of bifurcation points and completely investigate
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the behavior of two families of continua of solutions of problem (1.1)—(1.3) contained in the
classes of vector-functions having the oscillation properties of the eigenvector-functions of
the corresponding linear problem, and bifurcating from the points and intervals of the line
of trivial solutions. Although the problem (1.1)—(1.3) does not have any linearization at the
origin, but still can be related to some linear problems. The general idea is to approximate this
equation by linearizable ones, for which we apply the global bifurcation results of Rabinowitz
[19]. Then, we pass to the limit using a priori bounds which are obtained with the aid of the
asymptotic formulas for the eigenvalues of the linear Dirac systems. Note that in our case the
bifurcation intervals may overlap, but the use of nodal properties ensures that this does not
invalidate the global bifurcation results.

2 Preliminaries

If h = 0, then (1.1)—(1.3) is a linear canonical one-dimensional Dirac system [12, Ch. 1, § 10]

lw(x) = Aw(x), O<x<m,

U(w) = 0. @1

It is known (see [12, Ch. 1, §11]) that eigenvalues of the boundary value problem (2.1) are
real, algebraically simple and the values range from —oo to +co and can be numerated in
increasing order.

We consider a more general problem

fw(x) = Bw'(x) — P(x)w(x) = Aw(x), 0<x<m,
U(w) =0,

where

o= () %)

g(x) and s(x) are real valued, continuous functions on the interval [0, 7r]. The problem (2.2)

is equivalent to the following eigenvalue problem for the system of two first-order ordinary
differential equations

v'(x) = p(x)u(x) — q(x)o(x) = Au(x),
u'(x) +s(x)u(x) +r(x)v(x) = —Ao(x),
. (2.3)
v(0) cosa + u(0) sina = 0,
v(7) cos B+ u(m)sin B = 0.

Remark 2.1. Without loss of generality we can assume that s(x) = g(x). Indeed, if s(x) # g(x),
then using the transformations

y(X) = U(X)E_% fox(EI(t)_S(t))dt and Z(X) — U(x)e_i fox (q(t)—s(t))dt,

we can rewrite the system (2.3) in the form

(2.4)
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where

Remark 2.2. If s(x) = g(x), then the substitution

where

~ (cosw(x) —sinw(x) 1 2g(x)
H(x) = (sinw(x) cos w(x) > ’ w(x) = Earctanm,

transform problem (2.2) into the following problem (which has of the form (2.1)) (see
[12, Ch. 1, §10]),

Bw(x) — Q(x)w( x), 0<x<m,
Uy () : = (sm(x cos&)w(0) = (O osa + 1 (0) sin& = 0, (2.5)
1o () : = (sin B, cos ) () = 3(77) cos p+ it () sinf = 0,

where

6= w' — pcos? w — qsin 2w — rsin® w 0
B 0 w' — psin® w + gsin 2w — r cos® w
2.6)

a) = (3),  F=wte@,  B=prwlm,

Thus, the eigenvalues of the boundary value problem (2.2) are real, algebraically simple
and the values range from —oo to +c0 and can be numerated in increasing order.

One can readily show that there exists a unique solution w(x,A) = (ZE;C?LD of Dirac
equation

lw(x) = Aw(x), O<x<m,
satisfying the initial condition
u(0,A) = cosa, v(0,A) = —sina; (2.7)

moreover, for each fixed x € [0, 7] the functions u(x, A) and v(x, A) are entire functions of the
argument A. The proof of this assertion reproduces that of Theorem 1.1 from [12, Ch. 1, §1]
with obvious modifications.

We recall the Priifer angular variable 6(x,A) = tan!(v(x,A) /u(x, A)) (see [5, Ch. 8, § 3]),

or more precisely,
0(x,A) = arg{u(x,A) +iv(x,A)}. (2.8)

We recall that u,v have fixed initial values for x = 0, and all A, given by (2.7). We define
initially

6(0,A) = —a, (2.9)

in view (2.7). For other x and A, 6(x, A) is given by (2.8) except for an arbitrary multiple

of 27, since u and v cannot vanish simultaneously. This multiple of 27t is to be fixed so

that 0(x, A) satisfies (2.9) and is continuous in x and A. Since the (x,A)-region, namely,
0<x<m —0 <A< +09,is simply-connected, this defines 6(x, A) uniquely.
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Remark 2.3. From (2.8) it is obvious that the zeros of the functions u(x,A) and v(x, A) are the
same as the occasions on which 6(x, A) is an odd or even multiple of 77/2, respectively.

Theorem 2.4 ([4, Theorem 2.1]). The following properties of the angular function 6(x, A) are true:
(i) 0(x, A) satisfies the differential equation, with respect to x,
0 = A+ pcos? 6 +rsin®6 + g(x)sin26; (2.10)
(ii) if A+ p(x) >0, A+r(x) > 0for x € [0, 7|, then as x increases, 8 cannot tend to a multiple of
7 /2 from above, and as x decreases, 0 cannot tend to a multiple of 7t /2 from below; if A + p(x) <

0, A +r(x) < 0 for x € [0, 7], then as x increases, 6 cannot tend to a multiple of 7t/2 from
below, and as x decreases, 8 cannot tend to a multiple of 7t /2 from above;

(iii) as A increases, for fixed x, 0 is increasing; in particular, 0(7t, A) is a strictly increasing function
of A.

We have the following oscillation theorem.

Theorem 2.5 ([4, Theorem 3.1]). The eigenvalues Ay, k € Z, of the problem (2.2) can be numbered
in ascending order on the real axis

A < <A <A< A<,
so that the corresponding angular function 6(x, Ay) at x = 7t satisfy the condition

0(7, \x) = —PB + k. (2.11)

The eigenvector-functions wi(x) = w(x, Ax) = ( ;ﬁ’k‘ ) ('Z g) have, with a suitable interpreta-

tion, the following oscillation properties: if k > 0 and k = 0, « > B (except the cases x = B = 0 and
o =P =r/2), then

s(ue)\ _ (k=1+Xx(a—7/2)+X(7t/2 - B)
(S(vk)) B < k—1+ sgna ) (212)
and ifk < O0and k =0, « < B, then
s(ue)\ (k| =1+ X(/2—a)+X(B—17/2)
<S(Uk)> B ( k| —1+sgnp )' (2.13)

where s(g) the number of zeros of the function g € C([0, 7t]; R) in the interval (0, 7t) and

X () 0, ifx<0,
X =
1, ifx>0.

Remark 2.6. It is know [4, formula (3.26)] (see also [12, Ch. 1, formulas (11.17) and (11.18)])
that the eigenvalues i of problem (2.1) satisfy the asymptotic formula

—B—(1/2) [{ {p(t) +r(t)} dt 10 <1> ' (2.14)

_k a
Hie =K+ - A

k

Then by Remarks 2.1, 2.2 and by (2.5), (2.6) it follows from (2.14) that for the eigenvalues A
of problem (2.2) the following asymptotic formula

NP S N S CIOR O LI (1) (2.15)

7T k

is true.
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We define E to be the Banach space C ([0, 7r]; R?) N {w : U(w) = 0} with the usual norm
|[w]| = max,cjo, 7 [1(x)] + maxycpo A [0(x)]. Let S be the subset of E given by

S={w € E:|u(x)+|v(x)] >0, Vx €0, 7]}

with metric inherited from E.
For each w = (%) € S we define 6(w, -) to be continuous function on [0, 7] satisfying

v(x)

6(w, x) = arctan —— 0(w,0) = —a

u(x)’

(see, e.g. [2, 6]). It is apparent that 6 : S x [0, 1] — R is continuous. From (2.11) we have
0(wy, 0) = —a, 0(wy, 7) = —B +krr, keZ, (2.16)

where wy(x) is an eigenvector-function corresponding to the eigenvalue Ay of problem (2.2).
Let S;" be set of w € S which satisfy the conditions:

(i) O(w, ) =—B+krm;
(ii) the function u(x) is positive in a deleted neighborhood of x = 0;

(iii) if k > 0 or k =0, a« > B (except the cases « = p = 0 and « = = 71/2), then for fixed w,
as x increases from 0 to 7, the function 6 cannot tend to a multiple of 77/2 from above,
and as x decreases, the function 6 cannot tend to a multiple of 77/2 from below; if k < 0
or k = 0,a < B, then for fixed w, as x increases, the function 6 cannot tend to a multiple
of 71/2 from below, and as x decreases, the function 6 cannot tend to a multiple of 7r/2
from above.

Let S, = — S]j and 5y = S, U S;’. It follows by (2.16), Remark 2.3 and Theorems 2.4, 2.5 that
wy € Sg, k € Z, i.e. thesets S, S;r and Sy are nonempty. Moreover, if w(x) = <Z§8) € Sy,
k € Z, then the number of zeros of functions u#(x) and v(x) are determined by (2.12)—(2.13)
and there functions have only nodal zeros in (0, 7).

From now on v will denote an element of {4+, —} that is, either v = + or v = —.

Remark 2.7. From the definition of the sets S, it follows directly that, they are disjoint and
open in E. Furthermore, if w € 9S}, then there exists a point T € [0, 77| such that |w(7)| =0,
ie u(t)=o(t)=0.

Lemma 2.8. If (A, w) € R X E is a solution of problem (1.1)-(1.3) and w € 9S}, then w = 0.

Proof. Let (A, w) is a solution of problem (1.1)-(1.3) and w € 9S]. Then, by Remark 2.7, there
exists { € (0,7) such that u({) = v({) = 0. Taking into account conditions (1.4) and (1.5)
from (1.1) we obtain that in some neighborhood of ¢ the following inequality holds:

w'(x)] < colw(x)], (2.17)

where ¢ is a positive constant. Integrating both sides of the inequality (2.17) from { to x, we

obtain
‘/ ]w’(t)]dt‘gco/ |w(t)]dt’.
4 4
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Consequently, by virtue of this inequality and equality |w({)| = 0, we have

X X
lw(x)| = ‘/ w'(t) dt’ < ¢ / ]w(t)|dt‘. (2.18)

¢ ¢
Using Gronwall’s inequality, we conclude from (2.18) that |w(x)| = 0 in a neighborhood
of {. This shows that the functions u(x) and v(x) is equal to zero in a neighborhood of (.
Continuing the specified process, we obtain w(x) = 0 on [0, 77|. O

Assume that A = 0 is not an eigenvalue of (2.1). Then the problem (1.1)-(1.3) can be
converted to the equivalent integral equation

w(x) = A /0 " K(x, Hw(t) dt + /0 " K(x, Dh(tw(t), A) dt, (2.19)

where K(x,t) = K(x,t,0) is the appropriate Green’s matrix (see [12, Ch. 1, formula (13.8)]).
Define L : E — E by

Lw(x) = /0 " K(x, How(t) dt, (2.20)

F:RxE— Eby
F(A, w(x)) = /On K(x, t)f (1, (), A) dt, 2.21)

G:RxE— Eby
G(A,w(x)) = /O " K(x, gt w(t), A) dt. (2.22)

The Green matrix K(x, t) is continuous in [0, 77; 0, 71] everywhere except on the diagonal x = ¢,
where it has a jump K(x,x +0) — K(x,x —0) = B. Then L is completely continuous in E.
The operators F and G can be represented as a compositions of a operator L and the su-
perposition operators f(A, w(x)) = f(x,w(x),A) and g(A, w(x)) = g(x, w(x),A), respectively.
Since f(x,w,A) € C ([0, 7] x R? x R; R?) and g(x,w,A) € C ([0, 7] x R? x R; R?), then the
operators f and g maps R x E to C ([0, 77]; R?). Hence the operators F and G are completely
continuous. Furthermore, by virtue of (1.5) we have

GA,w) =o(|lw|]) as ||w|] —0, (2.23)

uniformly with respect to A € A.
On the base (2.19)—(2.22) problem (1.1)-(1.3) can be written in the following equivalent
form
w=ALw+ F(A,w) + G(A,w), (2.24)

and therefore, it is enough to investigate the structure of the set of solutions of (1.1)—(1.3) in
R x E.

3 Bifurcation for a class of linearizable problems

We suppose that
f=0 (3.1)

(in effect, we suppose that the nonlinearity / itself satisfies (1.5)). Then, by (2.24), problem
(1.1)—(1.3) is equivalent to the following problem

w = ALw+ G(A, w). (3.2)
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Note that problem (3.2) is of the form (0.1) of [19]. The linearization of this problem at w = 0
is the spectral problem
w = ALw. (3.3)

Obviously, the problem (3.3) is equivalent to the spectral problem (2.1).
We denote by Y the closure in R x E of the set of nontrivial solutions of (2.24) (i.e. of
(1.1)—(1.3)).

. . + _ “;:— (x)
In the following, we will denote by w, (x) =

v (x)

), k € Z, the unique eigenvector-
function of linear problem (2.1) associated to eigenvalue A; such that lim,_,o4 sgnu; (x) =1
and |lw;" (x)| = 1.

The linear existence theory for the problem (2.1) (or problem (3.3)) can be stated as: for
each integer k and each v, there exists a half line of solutions of problem (3.3) in R x S}
of the form (py, yw;" ), v € RY. This half line joins (ji,0) to infinity in E. (Here R¥ =
{ceR:0 < gv < 4o0}).

An analogous result holds for problem (3.2).

Theorem 3.1. Suppose that (3.1) holds. Then for each integer k and each v, there exists a continuum
of solutions C{ of problem (1.1)—(1.3) (or problem (3.2)) in (R x S}) U {(j,0)} which meets (ju,0)
and oo in R x E.

The proof of this theorem is similar to that of Theorem 2.3 of [19] (see also [10]), using the
above arguments from Section 2 and relation (2.23).

4 Global bifurcation of solutions of problem (1.1)—(1.3) in the case
g=0
We suppose that
g=0 (4.1)

(in effect, we suppose that the nonlinearity # itself satisfies (1.4)). Then the problem (1.1)—(1.3)
takes the form

lw(x) = Aw(x) + f(x,w(x),A), 0<x<m,

4.2
) — 42)
Together with (4.2), we consider the following approximation problem
tw(x) = Aw(x) + f(x, |[w(x)[fw(x),A), O<x<m,
(4.3)
U(w) =0,
where € € (0,1]. By (1.6) the problem (4.3) is equivalent to the following system
o'(x) = p (¥)u(x) = Au(x) + filx, [w(x)[u(x), [w(x)o(x), A),
W (x) +r(x)o(x) = = Ao(x) = folx, [w(x)[u(x), [w(x)[o(x), 1), (44)

v(0) cosa + u(0) sina = 0,
v(7) cos B+ u(rm)sinp = 0.
Lemma 4.1. For each integer k and each v, and for any 0 < 3 < 1 there exists solution (A, w,.)

of problem (4.2) such that A,, € Jy, w,, € SY and ||w,.|| = 3, where Jx = [ux — (K+ M) /2 +cx),
ue+ (K4 M)/2+ )], and ¢, = O (}).
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Proof. By virtue of condition (1.4) we have
f(x, |wffw,A) =0 (Jw|) as|w| —0, (4.5)

uniformly with respect to x € [0,71] and A € A, for every compact interval A C R. Then,
by Theorem 3.1, for each integer k and each v, there exists an unbounded continuum C,ZIS of
solutions of (4.3), such that

(hr,0) € Ce € (R X S) U {(px, 0) } -

Hence, for every ¢ € (0, 1] there exists a solution (A¢, w,) € R x S{ of problem (4.3) such that
||we]] < 1. Then we have |w,(x)| < 1. We define the functions ¢.(x), P:(x), ¢:(x) and 7:(x) as
follows:

_ f(x Jwe(x)[ue(x), [we(x)[0e(x), Ae) te(x)

7o) () + () '
_ A ) (), 10 2) ), Ad) ()
bl == () + 200 '
(4.6)
) L2 ), )00, A ()
S () + 2 () :
T(x) = ~ fa(x Jwe(x)[Tue(x), [we(x)[ve(x), Ae) ve(x) ‘

ug (x) + 02 (x)

From (4.4) and (4.6) itis seen that (A, w:) = (A, (7)) is a solution of the linear eigenvalue
problem

V' (x) = p (x) u(x) = Au(x) + ge(x) u(x) + e(x) v(x),
w'(x) +r(x) v(x) = = Ao(x) + ¢ (x) u(x) + Te(x) v(x), @7
v(0) cosa + u(0) sina = 0,
v(m)cos B+ u(m)sinf = 0.
Taking into account (1.4), from (4.6) we obtain
@ (x), [9e(x)| < Mlw(x)[" <M,  x€l0,7], (48)

|9e(x)], [7e(x)| < Klw(x)[* <K, x € [0, 7].

Since w. € S}, then A. is a k-th eigenvalue of problem (4.7). Hence, by (2.15) (see Re-
mark 2.6) we have the following asymptotic formula

—B—(1/2) [{{p(t t t) — Te(t)} dt
o=y BB DR GO 0O o1y g,
T k
Then, taking into account (4.8) from (4.9) we obtain
Ae — el < (K+M)/2 + ¢, (4.10)

where ¢, = O (). Consequently, A, € .
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Let {e,}?" 1, 0 < &, < 1, be a sequence converging to 0. Since C,‘c’,sn is unbounded contin-
uum of the set of solutions of (4.3) containing the point (4, 0), then for every ¢, and for any
» € (0,1) there exists a solution (A,, we,) of this problem such that A, € Ji, w, € S} and
|we, || = 2. We may assume that Ae, — A, € Ji. Since wg, is bounded in C ([0, 7z]; R?) and f
is continuous in C ([0, 7] x R? x R;IR?), then from (4.3) (or (4.4)) implies that w,, is bounded
in C! ([0, 4 IRZ). Therefore, by the Arzela—Ascoli theorem, we may assume that w,, — w, in
C ([0, 1];R?), and |[w.| = 5. Passing to the limit as n — oo in (4.3) we obtain that (A,., w..)
is a solution of the nonlinear problem (4.2). For all n, w,, € S}, hence w,, lies in the closure of
S}. Since ||(w,,|| = s, then by virtue of Lemma 2.8 we have w, € S}. O

We say that the point (A, 0) is a bifurcation point of problem (1.1)—(1.3) with respect to
the set R x S/, k € Z, if in every small neighborhood of this point there is solution to this
problem which contained in R x S} (see [3]).

Corollary 4.2. The set of bifurcation points of problem (4.2) is nonempty, and if (A, 0) is a bifurcation
point of (4.2) with respect to the set R x S, then A € Ji.

For each k € Z and each v, we define the set 15% C Y to be the union of all the components
Dy , of Y which bifurcating from the bifurcation points (A,0) of (4.2) with respect to the set
R x S}. By Lemma 4.1 and Corollary 4.2 the set f)z is nonempty. Let D} = f)% U (Jx x {0}).
Note that the set Dj is connected in R x E, but D] may not be connected in R x E.

Theorem 4.3. For each k € Z and each v, the connected component D} of Y lies in (R x S}) U (Ji X
{0}) and is unbounded in R x E.

Proof. By Lemma 4.1, Corollary 4.2 and an argument similar to that of [13, Theorem 2.1], we
can obtain the desired conclusion. O

Assume that the function f(x,w,A) satisfies the condition (1.4) for all x € [0, 7] and
(w,A) € R? x R. Thus we have the following result.

Lemma 4.4. Let (A, w) € R X E be a solution of problem (4.2). Then w € Uy _o, Sk, and if w € Sy,
then A € .

Proof. Suppose that (A, w(x)) € R X E is a solution of problem (4.2). Let

Al u(x), o(x), A u(x) Al u(x),0(x), 1) o(x)

PO et T e
_ _falw ulx), v(x), Au(x) _ _falx ulx), v(x), A)o(x) .
p(x) = —= 12(x) + 02(x) ;T =2 u?(x) 4+ v2(x) '
Then (A, w) is a solution of the following eigenvalue problem
v'(x) = p (x) u(x) = Au(x) + ¢(x) u(x) + ¢ (x) o(x),
u'(x) +r(x)v(x) = — Av(x) + ¢(x) u(x) + t(x) v(x), @12)

v(0) cosa + u(0) sina = 0,
v(m)cos B+ u(m)sinp = 0.

Hence, by Theorem 2.5, we have w(x) € Uy _, Sk-
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Let w(x) € S for some k € Z. According to Theorem 2.5 A is a k-th eigenvalue of problem
(4.12). Taking into account (1.4), from (4.11) we obtain

()], [p()| <M, xel0,7],

4.13
p(x)], [t(x)| <K, x€0,n]. (4.13)

Then, by (4.13) it follows from (2.15) that A € J. O
By virtue of Lemma 4.4 from Theorem 4.3 we obtain the following result.

Theorem 4.5. Let the function f(x,w, A) satisfies the condition (1.4) for all (x,w,A) € [0, 7] x R? x
R. Then for each k € Z. and each v, the connected component D] of Y lies in [ X S} and is unbounded
in R x E.

5 Global bifurcation of solutions of problem (1.1)—(1.3) in the gen-
eral case

Lemma 5.1. For each k € Z and each v, and for sufficiently small T > 0 there exists a solution
(Ar, we) of problem (1.1)~(1.3) such that w. € S} and ||w.|| = 7.

Proof. Alongside with the problem (1.1)—(1.3) we shall consider the following approximate
problem

tw(x) = Aw(x) + f(x, |w(x)[fw(x),A) + g(x, w(x), A), 0O<x<m, 5.1)

where € € (0,1].

By (1.4) the function f(x, |w|°w, A) satisfies the condition (4.5). Then, by Theorem 3.1, for
each integer k and each v there exists an unbounded continuum AZ/E of solutions of (5.1) such
that

(1, 0) € Ap. C (R X Sp) U{(px, 0) }
Hence, it follows that for any € € (0, 1] there exists a solution (A, wr,¢) of problem (5.1) such

that w,,. € S} and |lw|| = 7. It is obvious that (A ¢, we, ) is a solution of the nonlinear
problem

lw(x) = Aw(x) + Pe(x)w(x) + g(x, w(x), A), O<x<m,

U(w) = 0. (5.2)

where

7= (50 %)

Te(x)

and the functions ¢.(x), P¢(x), ¢:(x) and 7;(x) are determined of right hand sides of (4.6)
with (Aq ¢, e ) instead of (A, we).
Taking into account condition (1.4) we have

[pe()], [$e(x) <M, x€[0,7],
e(x)], |Te(x)| <K, x€[0,7].
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Therefore, by virtue of (2.15), the k-th eigenvalue Ay , of the linear problem

lw(x) = Aw(x) + Pe(x)w(x), 0<x<m, (5.3)

is contained in J;. By [11, Ch. 4, §2, Theorem 2.1] and Theorems 2.4, 2.5 the point (A ,,0)
is a only bifurcation point of problem (5.2) with respect to the set R x S}, and this point
corresponds to a continuous branch of nontrivial solutions. Consequently, each sufficiently
small T > 0 responds arbitrarily small p,, such that

Are € (A e — Prer Ak e + Pre) C (M — € — Po, Mk + Ck + pol, (5.4)

where ¢ = (K+ M) /2 + ¢k, po = sup, . pre > 0.

Since the set {w;, € E: 0 < & < 1} is bounded in C([0, 7r|;IR?), the functions f and g
are continuous in [0,77] x R2 x R and {A, € R: 0 < ¢ < 1} is bounded in R (see (5.4)),
then by (5.2) the set {w,,. € E: 0 < ¢ < 1} is also bounded in C!([0, 77];IR?). Hence, by the
Arzela—Ascoli theorem this set is compact in E.

Let {e,}7,,0 < &, < 1, be a sequence converging to 0, and such that (A, wr,e,) —
(Ar,w7) in R x E. Passing to the limit as n — oo in (5.2) we obtain that (A, w;) is a solution
of the nonlinear problem (1.1)-(1.3). Since |w.|| = 7 then by Lemma 2.8 we have w, € S]. O

Corollary 5.2. The set of bifurcation points of problem (1.1)~(1.3) with respect to the set R x S is
nonempty.

Lemma 5.3. Lete,, 0 < ¢, <1, n =1,2,..., be a sequence converging to 0. If (Ag,, we,) is a
solution of problem (5.1) corresponding to € = &,, and sequence {(A¢,, We,)};q converges to (¢, 0)
inR X E, then ¢ € Jj.

Proof. Assume the contrary, i.e. let ¢ ¢ J,. We denote 0 = dist{ ¢, i} . Since A, — ¢, then
there exists n, € IN such that for all n > n, we have the inequality |A,, — | < ¢ /2. Hence,
dist{ A,, [y} > 0/2atn > n,.

Note that (Ag,, we,) is a solution of nonlinear problem (5.2) for ¢ = ¢,. Since (A, 0)
is a only bifurcation point of problem (5.2) with respect to the set R x S}, then every suf-
ficiently large n > n, corresponds to a arbitrarily small p, > 0 that p, < ¢/2 and A, €
(Ake, — Pns Ake, + Pn), where Ay . is the k-th eigenvalue of the linear problem (5.3) for € = ¢,,.
Consequently, A¢, € (Ake, —0/2, Ak, +0/2). From the proof of Lemma 4.1 we have Ay ., €
Jx, whence it follows inequality dist{ A¢,, Ji} < /2 which contradicts dist{ A¢,, Jx} > /2. O

Corollary 5.4. If (A,0) is a bifurcation point of problem (1.1)—(1.3) with respect to the set Sy, then
A€ J.

For each k € Z and each v, we define the set Tlg C Y to be the union of all the components
T¢ , of Y which bifurcating from the bifurcation points (A,0) of (1.1)~(1.3) with respect to the

set R x S¥. Let TV = T/ U (Ji x {0}).

Theorem 5.5. For each k € Z and each v, the connected component T of Y lies in (R x S{) U (Ji X
{0}) and is unbounded in R x E.

The proof of Theorem 5.5 is similar to that of [13, Theorem 2.1] using Lemmas 5.1, 5.3 and
Corollaries 5.2, 5.4.
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