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1 Introduction
We are concerned with the regularity of a class of degenerate elliptic equations:

where I and ¢ are nonnegative numbers and Q) is a bounded domain in R? with (0,0) € Q.
The investigation of degenerate elliptic equations began in the last century. The paper of
Hormander [5] studied the operators like

L:ZX?+XO+c, (1.2)

n
=1

where Xy, X3, ..., X, are smooth vector fields in () and satisfy Hormander’s condition that
is the vector fields together with their commutators of some finite order span the tangent
space at any point. In that paper, Hormander stated that the operator L satisfies the following
subelliptic estimate

el ey < COILull 2y + lull 2oy (1.3)

for compact subsets K of (). As a consequence L is hypoelliptic. After that a long series
of papers considered many related researches to (1.2), see e.g., [1,8,11,12,15]. After these,
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some authors have studied the conditions that the vector fields are not smooth. For instance,
Wang [10] considered the following equation

uxx -I' |x‘2guyy — f,

where ¢ is an arbitrary positive real number. In this case the vector fields X = {9x, |x|7dy}
are Holder continuous and do not satisfy Hérmander’s condition.
Moreover, Hong and Wang [6] studied the regularity of a class of degenerate elliptic
Monge-Ampere equation
det(u;;) = K(x,y)f(x,y,u, Du)

in QO C R? with u = 0 on dQ). By Legendre transformation the equation can be rewritten as a
degenerate elliptic equation which can be simplified to

Uy + X" Uy + Uy + xmfluy +f=0 (x,y) e Q C R2, (1.4)

where m > 1 is an integer. Obviously, when m = 2, the equation is in the form of (1.2) by
taking X = {dx, xdy}.

In this paper, we study the local Holder estimates of (1.1) which is a general form of
(1.4). The equation is generated by the vector fields X = {0x, |x|?dy}. When ¢ is a positive
integer and | = o, the vector fields are smooth and £ belongs to the Hérmander’s operator.
If o is a positive integer and | = 20 — 1, £ is in the form of (1.4). We assume that ¢ is
an arbitrary nonnegative number, so the vector fields X may not be smooth. We note that
|[x|"uy| < ||x]7u,| in the case | > o and |x| < 1. That means the lower order terms {u., |x|'u,}
can be controlled by the vector fields X. So we can easily have the energy estimate of (1.1).
However, in the case | < ¢, the lower order terms {uy, |x|'u,} can not be controlled by the
vector fields X. Our interest lies in the regularity of the weak solutions of (1.1) in the case that
[ is an arbitrary nonnegative numbers. The important thing is that if we consider the natural

scaling from:

ur(x,y) = u(rx, '),

then we have that the order of the terms u,, and |x|2‘7uyy is 2, and that of the term \x|luy is
140 — 1. So |x|'uy is still a lower order term with respect to |x|[*’u,, when ¢ < 1+ I. In this
case, the main result is as follows.

Theorem 1.1. Let [ and o be nonnegative numbers and | > o — 1. Then, there exists a constant & > 0,
such that if f € C¥(QY) and u is a weak solution of (1.1) in Q, then u € C¥*(C), for 0 < & < &.
Moreover,

il o vy < Clllim(o + I lcecon)s
where Q) is a bounded domain in R* with (0,0) € Qand Q' CC Q.
Remark 1.2. The spaces CZ*((Y'), C*(Q)) and the weak solutions are defined in Section 2.

The organization of this paper is as follows. In Section 2, we introduce the definition of
the metric related the vector fields X = {dx, |x|”dy} and the spaces such as Ck+%(Q), Wé”(f (Q).
In Section 3, we give the regularity of the homogeneous equation near the origin. In Section 4,
the regularity of the general equations near the degenerate line is given by using the iteration

method. Consequently, the result of Theorem 1.1 is established.
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2 Preliminaries

In this section we give some function spaces and results associated to the vector fields. Here
we need the intrinsic metric related to the vector fields which is associated with the de-
generate elliptic operator. The construction of the intrinsic metric and the modified Holder
spaces appropriate for degenerate parabolic equations, were introduced by Daskalopoulos and
Hamilton in [3] for the study of the porous medium equation. A few years later, Feehan and
Pop considered the related results for the boundary-degenerate elliptic equations (see [4]).

Now let us review the intrinsic metric and the spaces introduced by Wang in [10]. The
metric related to the vector fields X = {dx, |x|7dy}, is given by

ds® = dx® + |x| 77 dy”.

For any two points P; = (x1,y1) and P> = (x2,12), the equivalent metric is defined by

d(Py, P) = |x1 — xo| + Y1 = ¥ . 2.1)
|x1]7 + [x2]7 + |y1 — y2| 7

Define the ball with the center point P as
B(P,r) ={X:d(X,P) <r}.

We denote B(0,r) by B, for simplicity.
The distance and the balls have the following properties:

(1) there exists v > 1 such that

d(Py, Py) < y(d(Py, Ps) +d(Ps, P)); (2.2)

(2) the measures of the balls are controllable,

240
IB(P,R)| < (f) B(P,r)|, R>r>0. 23)

In the following, we give some useful function spaces related to the vector fields.
For any 0 < a < 1, we define the Holder space with respect to the distance defined by
(2.1) as

CH Q) = {u €C(Q): sup ’M(;((g)(;;z()i(zﬂ < oo} ,

where Q) is a bounded domain in R%. We define the C* seminorm and norm as

_ u(X1) —u(X2)|
[M]Ci‘(ﬂ) = Ssup d(Xl, XZ)D‘ ’

[ullcaay = llulle() + [#]ca (-

When the metric is Euclidean metric, Campanato proved that Campanato space is embed-
ding into the usual Holder space(see[2]). After that, the similar embedding theorems have
been obtained for vector fields of Hormander’s type or the doubling metric measure space
(see [7,9,10]). For the distance function defined by (2.1) we also have Campanato type spaces.
But here we need a little modification of the usual one.



4 Q. Song and Y. Wang

We denote by 73)’;0 the set of kth order polynomials at Xy = (xo,yo) which have the follow-
ing form ‘ 4
P(x,y)= ), aij(x—x0)'(y—y0),

0<itj<k

and
Z |ai],||x0|(z'—i—(1—0—0')]'—(k—0—vc))+ <C.
0<itj<k

We remark that if we consider the point on the degenerate line, i.e., Yy = (0,y0), then some
terms of the second order polynomials at Y disappear. More specifically, if 5 < ¢ < a then
apy = 0 and if ¢ > a then apy = a1; = 0. Although some terms disappear, we still denote
the second order polynomial as } g<; j<> az-]»xi (y — y0)/. Now we construct Holder space by the
polynomial approximation which is attributed to Safanov (see [13,14]).

Definition 2.1. We say u € C* at X if for every r > 0, there is a polynomial P(x,y) of order
k such that
lu(x,y) — P(x,y)| < Cr*™ (x,y) € B(Xo,7)NQ,

and define

— supinf { o y) = POy e B(Xon) mQ},

[”]C’;'“(XO,Q) P ta
where P is taking over the set of polynomials at Xy of order k.

We denote [U]Ck,a(XO o) by [u] chi (x,)» and define

Z ‘[ll’j|‘XOI(H(HO)]‘*U(JF“)V

HPHC’;/“(XO) = L
0<i+j<k

to be C¥* norm of P at Xy = (x0,Y0)- Then, C** norm of u(x,y) in Qis

Y) - P(Y
sup sup inf {W 1Pl e Y € B(X,7) 1 Q} .
XeQ r>0 PePf, r

For any 1 < g < oo, we define the space Ci’m(ﬂ).

Definition 2.2. Let Q) be a bounded domain in R? such that there exist positive constants g
and ¢ with
|IB(X,r)N Q| >c|B(X,r)| forall X € Q), 0 <1 < 1.

A function f € L7(Q)), 1 < g < oo, is Cl,f’“;q at Xp € Qif

1
1 1 :
° inf + ( / X, I X, qud > < 00.
r>0 p€p§0 {T’k @ |B(X0, r)’ B(Xo,r)NQ ‘f( ]/) ( y)‘ Y }

. We say f € CE1(Q) if f € CI(Xo,Q), for

We denote the left hand side as [f] -tu

. . (Xo,Q)
every point Xy € (), and define

1

1 1 q
" = sup sup inf / x,y) — P(x, qud) .
e = 3% r>§pep§o{rk+“<\8<xo,r>| st /(oY) ~ PGy }
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We have the following theorem.

Theorem 2.3. Let 1 < g < oo. Assume that u € L1(Q)) and that |B(X,r)| < C1|B(X,r)NQ)|, fora
constant C1 > 0. Then u € C2*(Q)) if and only if u € C7(Q).

For 1 < p < oo, we define the function spaces
WoP (Q) = {u € LP(Q), uy € LP(Q), |x|u, € LP(Q)}.
Then, W;’p(ﬂ) is a Banach space with the norm defined by
[l oy = Nutller @) + llttlleiey + 12170y llLr ()-
Let WS,’(;; (Q)) be the closure of C°(Q2) in W;’P(Q). In particular, we denote Wx?(Q2), ng(ﬂ)

by Hy(Q), Hy . (Q).
By Corollary 1 in [10], we have the following lemma.

Lemma 2.4. For any o > 0, there is a small constant h = h(c) > 0, such that for any r < R < 2,
there is a constant C depending on o, r, and R, such that

[t s,y < Clleellpp ey

Now we give the definition of the weak solutions of (1.1). For our convenience, we consider
the following equation

Lu= uxx-l-|x\2"uyy+b1ux+b2|x|luy+cu = f. (2.4)
Definition 2.5. Let by, b, and c are constants. We say u & H}(Q) is a weak solution of (2.4) if
/Q(uxgox + % uy @y + biugs + bo|x|'ugy — cug)dxdy = — /Qfgodxdy, (2.5)

for every ¢ € C}(Q).

3 Regularity of the homogeneous equation
In this section we investigate the estimate of (1.1) when f equals zero.

Lemma 3.1. Let f = 0 and u be a weak solution of (1.1). Then the following inequality holds
/ (Jux]® + 1% |*7 |1y [*) dxdy < C/ lu|?dxdy.
B] BZ
Proof. Let 7 € C§°(Ba). Replacing the test function ¢ by 7%, we have

/B (e (17%u)x + ]x\z‘fuy(nzu)y)dxdy—f—/B (u(?u)x + ]x]lu(nzu)y)dxdy—i—/B u(n?u)dxdy = 0.
2 2 2
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Thus
[ s P 4 32y )y

2
20 u? e 2
= -2 / (i + x| 7wy ) dxdy — / o) Tl 5 ) | nrdxdy
B, B, 2 x 2 y

—/B w? (212 + 2| x| 'y + y?)dxdy

2

= -2 /B (searparpu + [T uy i) dacdy + /B (Wi + |x (') dxdy
2 2

- /B u? (2575 + 2| x|y + 177 ) dxdy

2

1
< €/B (Jux [P + |2 |y |P%) dxdy + E/B (n2+ |x!2"17§)u2dxdy
2 2

— /B u® (nmx + |x|'pmy + n*) dxdy

2

< e/B (Jux*n* + |X’20|My‘2772)dxdy+1/3 (72 + [x[72) uPdoxdy
2 2
1 1
2(n,2  Lto2 L2002
+/Bzu (217 +217x+2|x] ny)dxdy.
Taking € = 3, we find

[ Qs 4 2y )y <6 [ (2 4+ %+ P+ () .
2 2
Now if we take 77 such that
0<7n<1, yw=1lonB;, n=0neardB; and |Vy|<C,
then we have the lemma. O

Lemma 3.2. Let f = 0 and u be a weak solution of (1.1). Then there is a small constant h > 0 such
that

[l (s, ) < Cllull2(my)- (3.1)
Proof. By Lemma 3.1, we have

(el 2y Py < C [ Jufddy.
By B,
Using Lemma 2.4 and taking r = % and R = 1, we obtain

el (s, ) < Cllluxllizsy) + 7wy llzs,) + ullize,))-

The lemma follows by combining the above two inequalities. O

When f equals zero, (1.1) is translation invariant in y direction. So the operator £ is com-
mutative with |dy|7, for any v € RT. Using Lemma 3.2 and the pseudo-differential calculus
and applying the estimate (3.1) to u, |9y|"u, |0y|**u, . .. inductively, we have u is locally smooth
in y direction. Since u is a solution of the homogeneous equation we have u is a solution of

The right-hand side of the above equation is Holder continuous and the left hand side is an
elliptic operator. By the estimates of the elliptic equations we have the following lemma.
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Lemma 3.3. Let f = 0 and u be a weak solution of (1.1) in By. Then u € C**(By,4) and

[ullc2as, ) < Cllullr2(s,), 3.2)
where & is a positive constant depending on o and .

To obtain the regularity of the nonhomogeneous equation, we need to modify Lemma 3.3
and get a uniform estimate of (2.4).

Lemma 3.4. Let u be a weak solution of (2.4) in By and |by], |ba|, |c| < 1. Then there exists a universal
constant C, such that

[l c2a(p, ) < Cllllza,)- (33)

This lemma can be obtained by applying the same method as in the prove of Lemma 3.3.

4 The estimates near the degenerate line

In this section the estimate of (1.1) near x = 0is given. Sice the equation is translation invariant
in y direction, we only need to consider the estimate near the origin.

Theorem 4.1. Let & be the same constant as in Lemma 3.3 and a < &. Assume that f € C§(Byg,3)
and that u satisfies (1.1) in Byg,s. Then u € C2*(By), and

Il ez < C (s, + 1 lessn ) -

The main techniques are the energy estimates and the iterations. To obtain the estimates
of the nonhomogeneous equation, we need the following scaling form

140

y)-

i(x,y) =u(rx,r
Then, ii(x, y) satisfies
x4 X7y + il + x|y — 20 = P f (rx, ).

So we need the energy estimate of (2.4) when we do the iterations. Since r is small and
o < 1+1, it is reasonable to assume that |b1|, by| and |c| are less than 1.
We now start proving a series of lemmas that will be used to prove Theorem 4.1.

Lemma 4.2. If u is a weak solution of (2.4) and |b1|, |b2|, |c| < 1, then there is a universal constant
C, such that

[, (s <Pl 2) ddy < C [ (Juf? + ) ddy.
3 2

2

This lemma can be obtained by applying the similar methods as in Lemma 3.1, so we omit
the proof.

Lemma 4.3. Assume that |by|,|bz], |c| < 1. Then, for every € > 0, there exists a small constant 5,
such that if u is a weak solution of (2.4) in By with

1
M/B luPdxdy < 1, 4.1)
2
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1
|le/13 |f Pdxdy < &,
2
then ,
]B\/ lu — v’ dxdy < €,
1| /B

where v is a weak solution of
Lv=0, (x,y) € By.

(4.2)

Proof. We prove the lemma by contradiction. Suppose there exists an g > 0, such that for any

positive integer k, there exist %) and f(*) satisfying

1 k2
‘Bﬂ/lgzlu()]dxdyﬁl,

1 2 1
- (k) =
| By | /Bz }f ’ dxdy < k2’

and

Fu®) — f06),

in the weak sense in By, but for any v, which is a weak solution of the equation
Lo=0 (x,y) € By,

we have 1
B Js ju®) — v|2dxdy > €3.
1

Since u®) is a weak solution of (4.3), by Lemma 4.2, we have

[ (8 4 1221 2) dxdy < € [ (W92 +|792) dxdy
Bj B,

2

<C.

(4.3)

(4.4)

Thus, Hu(k)HH}(BS/Z) < C. By Lemma 2.4 and taking R = 3,7 = 1, we have u®) € H"(By). Since
H"(B;) is compactly embedded in L?(By), there is a subsequence of u(X), which we still denote

as u®), such that
u® — v strongly in L2(By).

By the L? boundedness of u® and \x|”u§k), we have

ul? — o, weakly in L(B;),

]x|‘7u§k) — |x|"vy, weakly in L?(By).

k)

Since 1M is a weak solution, we have

/B (1 @ + 1P @y + bru P + b3 'u¥ g, — cu®) ) dxdy = /B F pdxdy.
1

1

Let k — oo. Then we have v is a weak solution of equation
Lo=0 (x,y) € By,

which is a contradiction. This finishes the proof.
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Lemma 4.4. Suppose |by], |ba], |c| < 1.Let 0 < a < & and ro be a small constant. There exists a small
constant & such that if u is a weak solution of (2.4) in By with (4.1) and (4.2) satisfied, then,

1
| Br[) | Br‘o

lu — P|?dxdy < rS(ZM),

where P=Y; j<, a;jx'y/ is a second order polynomial at (0,0) such that LP = 0 and ¥, <, |a;j| < C.
Proof. By Lemma 4.3, there exists a v(x) which is a weak solution of
Lv=0  x€&By,

such that
1 2 2
|B|/ |u — v|“dxdy < €. (4.5)
1 By

So
1 2 2 2 2
1] Jy 1oy < g [ (= o+ fuf?)dxdy
S 2(22+U+€2).

By Lemma 34, v € CZ'E‘(Bl /1), and hence, v € CE’E‘(Bl /1). So there exists a second order
polynomial P(x,y) at (0,0) such that

1
1 1 2
sup —— [ — v—Pzdxd) < Cllv .
o<£1r2+“(|Br| [ 1o pldxdy)” < Cloliag,

For 0 <ryg < %, we have

Js

lu — P2dxdy < 2/ (Ju— o> + |v — P|*)dxdy
By

0
< 26%|By| +4C (224 + 1) | B, |

< rg®*|B,|,

by taking ro = (8C(2%77 + 1)) T and € small. O

Lemma 4.5. Let 0 < o < & and u be a weak solution of

Uyy + ]x|2”uyy—|—ux—|— \x]luy—u =f in By, (4.6)
with ,
—_ ulPdxdy < 1, 4.7
] Jy, Py < «7)
[fleso0) <6, £(0,0) =0. (4.8)

Then there is a second order polynomial P(x,y) € 73(20,0), such that

1

1 1 2
sup o <|Br| /Br lu — P(x,y)]zdxdy) <C, (4.9)

0<r<1

and

i+j<2
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Proof. Let ro be the same constant as in Lemma 4.4. We claim that there exist second order
polynomials
P
i+j<2
such that

] / lu — Py[2dxdy < 2T, (4.10)
k

and

\aﬁf) _ al(]pl” < Crl D@+ (140))

Let Py = 0 and P; be the polynomial P in Lemma 4.4, then the claim holds for k = 1.
Assume that the claim holds for k.

Let K(1+0)
(u— P)(rkx, vy T y)
u (vy) = k(g+a)0 :
"o
Then
ull) + |71y ®) 4 rouy(c ) 4 ro(l+17”)|x|lu§k) —12u®) = f)in By,
where K14o)
Frkx, rg Ty
79y = 118 T 8
0
Hence, by (4.10),
2
1 1 (u — Py)(rkx, rk(Hg)y)
i (k)2 — 0t/ 7o
Bl Ja, |u\"|“dxdy B, | . S(ZM) dxdy
= D ]Bk]/ — P (x,y)|*dxdy
< 1.
By (4.8),
1
B (k) 2 < 52
|Bll/31|f 2dxdy < 82
Applying Lemma 4.4 to u(K), we obtain that there is a polynomial
P(x,y) € Pl
such that .
L k) _ p|2 < 2(1+a)
B, /Bro lu P|*dxdy < r;
and
Z |aij] < C.
i+j<2
Now substituting u*) by u, we have
2
1 (u — P (rhe, 5" y) 2(2+a)
Bl Js, ey — P(x,y)| dxdy < .
" "o
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Therefore,
2
1 k(2+a) <x y >> 2(k+1)(2+4)
— | Pe(x, P =, dxdy < .
|Bi1| JB i ( K(xy) 1o r’é HK+o) XY =To

0 o 0

Let
k(2 X
P (x,y) = Pe(x,y) +15 +0‘)I)<z«k(1y+v>>'
o 7y

Then the claim holds. The lemma follows immediately from the claim. O

We note here that by the choice of P(x,y), (4.9) also holds for » > 1. Since the equation is
translation invariant in y direction, we can apply Lemma 4.5 in B(Y, 1) with Yy = (0, yo).
Now we go back to the proof of Theorem 4.1.

Proof. Let Xo = (x0,40) € By and Yy = (0,y0). Without lose of generality, we can assume
f(0,y0) = 0. Multiplying a small number to (1.1), we can assume that (4.7) and (4.8) are
satisfied. By Lemma 4.5, there is a second order polynomial

P(x,y) € P},
such that )
[B(Yo,7)| [B(YM) u(x,y) — P(x,y)Pdxdy < Cr22+),
Thus

1 A
AR NN u(x,y) — P(x,y)|2dxdy < Clxo|>?%),
B0, 2910 Jarzstay "0 Y) ~ PNy < Clxol

Now we give the estimate at the point Xj.
If r < }|xo}, then, by (2.2), B(Xo,7) C B(Yp,27|xo|). Let

(u = P)(|xo|x, |x0]""y)
v(x,y) = ‘x0|2+1x :

Then v(x,y) satisfies
Uxx + vaw + [xo[vx + |x0‘l+1ig’x|lvy —[xol*v = g(x,y), (4.11)

where g(x,y) = i £ (1ol o] o).
The corresponding good point of v(x,y) is

(=)
1/ T 1+ |7 Xo > O,
— 1+o0
0 0
<_1, |x0|1+‘7> p xp < 0.
We also have
8lesazo1) = CUleapix, )

and
(x, 2dxd <C,
Yo )l / B(T,2 y) y=>

where Yy = (0, ‘x()y‘iﬁ’w)
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If we consider (4.11) in B(}’(vo, 1), then 1 < |x| < 3. So the equation is uniformly elliptic.
Since near }/(vo the metric we defined is equivalent to the Euclidean metric, we have

8lexpzaty = Cl8lexmmty

72
Thus v is C>** and consequently v is C2*% at Xo. So there exists a second order polynomial

Pi(x,y) € 77?(0 such that

>2(2+uc)

o(x,y) — Py(x,y)Pdxdy < C<|x0\

|B(Xo,| |/X0z0|)

Substituting by u, we have

1 14
W /B(X ) Iu(x,y) — P(x/y)|2dxdy < Cr22+ ),
’ 0,

where

N X
Px,y) = Plxy) ~ [l P (o 1t

and it is easily to verify that P(x,y) € 73)2(0.
Now we consider r > %|x0|. By the properties of the distance and the balls, i.e., the in-
equalities (2.2) and (2.3), we obtain

B(Xo,r) C B(Yy,59r) C B(Xo,99°r),

and - . !
B(Xo, 9°r o\ 240
-~ s < .
B 7
So
L 2
BT oo, 10) = P 9) Py
7 Olr)
|B(X0,9’)’21’)| / )
ux, - P X, dxd
S B0, TB0o, 577 Jarysyn M5 Y) ~ Pl y)dxdy
< Cr3ta),
Thus we have the theorem. -

The scaling form of Theorem 4.1 can be stated as the following corollary.

Corollary 4.6. Let Yy = (0,y0), and let u be a solution of (1.1) in B(Yo,d). Then, for every point
Xo = (x0,Y0) € B(Yo, 107 3) there exists a second order polynomial Px,(x,y) € PX such that

1
1 2
<|B(Xo\/ B(X |”(x'y)—PXo(x/y)!2dxdy>
7 Or
<C (d @) | ut]| Lo B vy + A i (BOvg.a)) + [f]C;”(B(YO,d))) )

where

PXO(X y Z ‘ZZ] X — xO) (y yO)

i+j<2
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and

Z ‘7F|al‘j’|’CO‘(iHHU)J;(ZM))+ <C (||MHL°°(B(YO,d)) + d2||fHL°°(B(Y0,d)) +d2+“[f]cg(3(yo,d))> ’
i+j<2

where T = (2+a) A (i + (14 0)j).

Theorem 1.1 is an immediate consequence of this corollary and the estimates of the uni-
formly elliptic equations.
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