PERIODIC AND ASYMPTOTICALLY PERIODIC
SOLUTIONS OF NEUTRAL INTEGRAL EQUATIONS

T. A. BURTON and TETSUO FURUMOCHTI *

Northwest Research Institute, 732 Caroline Street
Port Angeles, WA 98362

and

Department of Mathematics, Shimane University
Matsue, Japan 690-8504

1. INTRODUCTION

Many results have been obtained for periodic solutions of Volterra integral equations
(for instance, [1-3] and references cited therein). Here we consider two systems of neutral
integral equations

+/ (t,s,2(s ds—i—/ (t,s,x(s))ds, t € R* (1)
and
—i—/ P(t,s, (s ds—i—/ Q(t,s,z(s))ds, t € R, (2)

where a, p, D, P, F and @) are at least continuous. Under suitable conditions, if ¢ is
a given R"-valued bounded and continuous initial function on [0,ty) or (—oo,ty), then
both Eq.(1) and Eq.(2) have solutions denoted by z(t,to, ¢) with z(¢,to, ) = ¢(t) for
t < to, satisfying Eq.(1) or Eq.(2) on [tg,00). (cf. Burton-Furumochi [4].) A solution
x(t, to, ¢) may have a discontinuity at .

Concerning our contribution here, we first present two lemmas and then show that if
Eq.(1) has an asymptotically T-periodic solution, then Eq.(2) has a T-periodic solution.

Next, we use Schauder’s fixed point theorem to show that Eq.(1) has an asymptoti-
cally T-periodic solution, thus yielding a T-periodic solution of Eq.(2).

We also infer directly that Eq.(2) has T-periodic solutions using Schauder’s fixed

point theorem and growth conditions on P and Q).
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Finally, we give two theorems establishing relations between solutions of Equations

(1) and (2).

2. PRELIMINARIES

Consider the systems of neutral integral equations (1) and (2), where R := [0, 00),
R := (—o0,0),and a : R" - R", p: R— R", D: A~ xR"— R", P: A X
R" — R" F: AT xR" — R" and Q : AT x R" — R" are continuous, and where

A7 :={(t,s): s <t} and At :={(t,s: s > t}. Throughout this paper suppose that:
q(t) ==a(t) —p(t) - 0as t — oo, and p(t) is T-periodic, (3)
where ¢ : RT — R", and T > 0 is constant,
F(t,s,x) := D(t,s,x) — P(t,s,z), and P(t+T,s+T,z) = P(t, s, x), (4)
where F': A~ x R" — R",
G(t,s,x) = E(t,s,z) — Q(t,s,x), and Q(t +T,s+T,x) = Q(1, s, ), (5)

where G : AT x R" — R"™. Moreover, we suppose that for any .J > 0 there are continuous
functions Py, Fy : A= — R™ and Q;,G; : AT — R* such that:

Pit+T,s+T)= Py(t,s) if s <t,
Q;t+T,s+T)=Qy(t,s)if s >t,
|P(t,s,x)] < Py(t,s)if s <tand |z| < J,
where | - | denotes the Euclidean norm of R™;
|Q(t,s,2)| < Qy(t,s)if s>t and |z| < J,

|F(t,s,2)] < Fy(t,s) if s <t and |z| < J,
|G(t,s,2)| < Gy(t,s)if s >t and |x| < J,

t—1 00
/ Py(t,s)ds + (Q,(t,s)+ Gy(t,s))ds — 0 uniformly for t € R as 7 — oo, (6)

—00 t+1

and

t o0
/ Fj(t,s)ds +/ Gy(t,s)ds — 0 as t — oc. (7)
0 t

In this paper, we discuss the existence of periodic and asymptotically periodic solu-

tions of Equations (1) and (2) by using the following theorem.
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Theorem 1 (Schauder’s first theorem). Let (C,| - ||) be a normed space, and let
S be a compact convex nonempty subset of C'. Then every continuous mapping of S into
S has a fixed point.

Schauder’s second theorem deletes the compactness of S and asks that the map be

compact (cf. Smart [5; p. 25]).

3. ASYMPTOTICALLY PERIODIC SOLUTIONS OF (1)

For any ty € RT, let C(to) be a set of bounded functions £ : Rt — R™ such that £(¢)
is continuous on R* except at to, and £(tg) = £(to+). For any £ € C(ty), define ||£]|; by

€]+ := sup{|¢(t)] : t € RT}.

Then clearly || - ||+ is a norm on C(ty), and (C(to),|| - ||+) is a Banach space. For any
¢ € C(tg) define a map H on C(ty) by

£(t), 0<t<tg

(HE)() = { a(t) + f3 D(t,s,£(s))ds + [ E(t,s,£(s))ds,  t > t.

Moreover, for any J > 0 let C;(to) := {€ € C(to) : [|€]|+ < J}.
Definition 1 A function £ : Rt — R™ is said to be asymptotically T-periodic if

& =1+ pu such that ¢ : R — R"™ is continuous T-periodic, u € C(tg) for some to € R,

and p(t) — 0 as t — 0.

First we have the following lemmas.

Lemma 1  If (8)-(7) hold, then for any ty € R™ and any J > 0 there is a continuous

increasing positive function § = 64, () 1 (0, 00) — (0, 00) with
(HE) (1) ~ (HE)t2)| < e if €€ Cylte) and to <ty <1y <11 46 ®
Proof For any £ € Cy(to), t1 and ¢, with ¢y < t; < t» we have
() (1) = (HE) (1)
< loftr) = ofta)| + | [ Dltr,5,&6)ds — [ Dty 5,69
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+|/ t175 g dS—/tOO E(tg,s,f(S))d3|

< Ja(t) - at2)| + /0 P (11,5, €(5)) = P25, £(5)lds §)

+/ Flty, s, €(s F@ﬁ@@m%+ﬂfEﬁ%$%
[ Quttr s+ [ 1@t 5.605) — Q. £(5)ds
-%hgxmg$+4|m%&am—G@ﬁg@mm
Since a(t) is uniformly continuous on R* from (3), for any € > 0 there is a § > 0 with
la(t1) — a(ts)| < g if tg <t <ty <ty + 0. (10)
From (6), for the € there is a 77 > max(ty, 1) with

t—71
/ Py(t, )ds < 2% ifteR. (11)

—00

Since P(t, s, x) is uniformly continuous on Uy := {(¢,s,2) : t —27 < s <t and |z| < J},
for the € there is a dy such that 0 < d5 < 1 and
|P(t1,s,x) — P(tg, s, )| < % if (t1,s,2), (t2,s,2) € Uy and [t; —to] < . (12)

71

From (11) and (12), if 7y <3 <ty < t; + do, then we have

/Otl |P(t1,5,£(5)) — P(ty,s,&(s))|ds

t1— 7'1 t1— 7'1
</ tl, d5+/ tg, (13)

+ |P(t1,5,£(s)) — P(t2,5,&(s))|ds < 5

t1—71

On the other hand, if tg < t; < 7 and t; < ty < t; + d2, then from (12) we obtain

t1
| 1P, 5,6(5)) = Pta,,(5))lds <
0 27
which together with (13), implies

t1
/0 P(t1,5,£(5)) — Plts, s, E(s))|ds < g ity <ty <ty < b1+ 0. (14)
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Now let o := sup{Py(t,s) : t —1 < s < t}. Then, for the e there is a d3 such that
0 < 63 < min(e/9«, 1) and
t2 6
/ PJ(tQ, S)dS < § if tgo <t <ty <t1+ 53. (15)
t1

Next from (7), for the € there is a 75 > max(ty, 1) with
t €
/ Fiy(t,s)ds < < if t > 7, (16)
0 18
which yields
t1
| 1Ft,6(5) = Fta,5.€())ds
t1 t1
< / Fy(ty, s)ds + / Fy(ts, s)ds (17)
0 0

< if72§t1<t2.

Nej g

On the other hand, since F(t, s, x) is uniformly continuous on Us := {(¢,s,2) : 0 < s <
t <7+ 1and |z| < J}, for the € there is a §, such that 0 < d, < 1 and

\F(t, 5,7) — Flts, s,2)| < gi if (1, 5,2), (t2, 5,7) € Uy and |ty — to| < 0,
T2

which together with (17), implies
t1
/0 F(t1,5,£(5)) — Flts, s, E(s))|ds < g ity <ty <ty <t + 0y (18)

Now let 3 :=sup{Fj(t,s):0<s <t <9+ 1}. Then, for the € there is a J5 such that
0 < d5 < min(e/95,1) and

to
/ FJ(t2,S)dS§§ift2<7'2 andt0§t1<t2<t1+55,

t1
which together with (16), implies

to
/ FJ(tQ, S)dS S g if f}o S tl < t2 < tl + 55. (19)
t

1

Similarly let v := sup{@,(¢,s) : t — 1 < s < t}. Then, for the € there is a dg such that
0 < 66 < min(e/97v, 1) and

to
Q,(t, s)ds < g if tg <1y <ty <t + 0. (20)

t1

Next from (6), for the € there is a 73 > max(ty, 1) with

/Oo Qs(t,5)ds < — if t € R. (21)
t 27

+73
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Since Q(t, s, x) is uniformly continuous on Uz := {(¢,s,x) : t < s < t+ 273 and |z| < J},
for the e there is a 7 such that 0 < d; < 1 and

1Q(t1, 5, 2) — Q(ta, 5, 2)| < % if (t1,5,2), (ts, 5,2) € U and [t; — to| < 6,
73

which together with (21), implies

/: |Q(t1,5,£(5)) — Q(t, 5,£(s))|ds

g/t2+T3|Q(t1,s,§(s))—Q(tz,s,f(s))|ds+ T Qs s)ds+ [T Qi s)ds (22)

to ta+T3 to+73

< ift0§t1<t2<t1+57.

Nel g

Now from (7), for the € there is a 74 > max(tg, 1) with

/ TGyt s)ds < Siftzm. (23)

t

Let 0 := sup{Q,(t,s) : 0 <t < s < 74+ 1}. Then, for the e there is a dg such that
0 < ds < min(e/94, 1) and

to
/ Gj(tl,S)dSS g lftl < 14 and to < ty <t2<t1+5g,

t1

which together with (23), implies

t
/2 Gj(tl,S)dS < % if to <t <ty <t1+ 58- (24)

t1

Finally from (6), for the € there is a 75 > max(to, 1) with

/OO Gy (t,s)ds < — if t € R. (25)
t+7s 27

Since G(t, s, x) is uniformly continuous on Uy := {(¢,s,2) : 0 <t < s <t+ 75 and |z| <
J}, for the € there is a dg such that 0 < dg < 1 and

G(t1, 5, 7) — G(ta, 5,2)| < % if (1,5, 2), (t2, 5,7) € Uy and |ty — ta| < b,
Ts

which together with (25), implies

| 1G (1 5,6(9)) = Glta,5,€(5) I ds

t2

[e.e] [e.e]

< [T NG 5 €05) ~ Gl s E6DNas + [ Coltns)ds+ [ Golta,s)ds (26)

to to+7s5 to+75
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< 1ft0§t1<t2<t1+59.

/\©|m

Thus, from (9), (10), (14), (15), (18)-(20), (22), (24) and (26), for the §, := min{d; : 1 <
i < 9} we have (8) with 6 = d,. Since we may assume that J, is nondecreasing, we can
easily conclude that there is a continuous increasing function 6 = &, s : (0,00) — (0, 00)
which satisfies (8).

Lemma 2  If (3)-(7) hold, then for any asymptotically T-periodic function £(t) on R™
such that £(t) = n(t) +p(t), & p € C(to) for somety € RT, n(t+T) =n(t) on RT and
p(t) — 0 as t — oo, the function

I(t) == / D(t, s, £(s) ds+/ E(t,5,6(s))ds, t € R*

is continuous, asymptotically T-periodic, and the T-periodic part of I(t) is given by

St P(t, s, m(s))ds + [ Q(t, s,7(s))ds.

Proof By (4)-(7), one can easily check that the functions d(t) := [y D(t,s,&(s))ds
o(t) = [t P(t,s,m(s))ds, e(t) == [P E(t, s, &(s))ds and ¥(t) == [ Q(t,s,m(s))ds
belong to the space C(t) and that ¢(t) and v (t) are T-periodic. Therefore, in order to
establish the lemma, it is sufficient to show that d(t) — ¢(¢) and e(t) — 1 (t) tend to 0 as
t — oo. Let J > 0 be a number with ||£||; < J. Then clearly we have |||+ < J.

First we prove that d(t) — ¢(t) — 0 as t — oo. From (6), for any ¢ > 0 there is a
7 > 0 with
/t_T1 Py(t,s)ds < eift € R.

—00

Then, for ¢ > 7 we have
d(t) — o(t)] = ]/OtP(t,s,ﬁ(s))ds—/too P(t,s,m(s))ds + [ F(t5,€(s))ds|

S/Ot_TlP(tsds+/tTl (ts)ds+ [ Pt s, () — Pt s, 7(s) |ds+/FJtsd

t—71

t

<2+ [ |P(, s E(s) = P(t,s,7(s) |ds+/FJts)d

t—T11
Since P(t,s,z) is uniformly continuous on Uy := {(t,s,z) : t — 7 < s <t and |z| < J},
for the € there is a §; > 0 with
|P(t,s,z) — P(t,s,y)| < it (t,s,x), (t,s,y) € Uy and |x — y| < ;.
T1

Moreover, since p(t) — 0 as t — oo, for the J; there is a 75 > 0 with
(0] = [E(t) — ()] < b i £ > 7.
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By (7), we may assume that
t
/ Fy(t,s)ds < eif t > m.
0

Hence, if t > 7 + 7o, then |d(t) — ¢(t)| < 4e. This proves that d(t) — ¢(t) — 0 as t — oo.
Next we prove that e(t) — ¢ (t) — 0 as t — oo. From (6), for any ¢ > 0 there is a

T3 > 0 with

/too Q,(t,s)ds < cif t € R.

+73
Then, for t > 73 we obtain

et) = vl = | [~ Q.s.€)ds+ [~ Gltos.&()ds— [ Qs v(s)ds]

0 t+73 0
<2 [ Qults)ds [ 1QE.E) ~ Qtsb()lds + [ Gt s)ds

t+T73

< 2e+/tt+73 QU 5,€(5)) = Qe s, b()lds + [~ Gyt 5)ds.

Since Q(t, s, x) is uniformly continuous on Uy := {(¢,s,2) : t < s <t+ 73 and |z| < J},
for the € there is a d, > 0 with

|Q(t, s, ) — Q(t, s,y)| < Ti if (t,s,2), (t,s,y) € Uy and |z — y| < ds.
3

Moreover, since p(t) — 0 as t — oo, for the Jy there is a 74 > 0 with
p(0)] = [€(t) = 7(t)] < 62 if £ > 74
By (7), we may assume that
/tOOGJ(t,s)ds <eift >y
Hence, if t > 73+ 74, then |e(t) — ()| < 4e. This proves that e(t) —(t) — 0 as t — oo.

Now we have the following theorem.

Theorem 2 If (3)-(7) hold, and if Fq.(1) has an asymptotically T-periodic solution
with an initial time to in R, then the T-periodic extension to R of its T-periodic part is
a T-periodic solution of Eq.(2). In particular, if the asymptotically T-periodic solution
of Eq.(1) is asymptotically constant, then Eq.(2) has a constant solution.

Proof Let z(t) be an asymptotically T-periodic solution of Eq.(1) with an initial time
to € R such that z(t) = y(t) + 2(t), =, y € C(ty), y(t+T) =y(t) on R* and z(t) — 0

as t — 0o. Then we have
y(t) + z(t) = p(t) + q(t) + /OtD(t, s, x(s))ds + /too E(t,s,z(s))ds, t > to. (27)
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From Lemma 2, taking the T-periodic part of the both sides of (27) we obtain

+/ P(t,s,y(s ds+/ Q(t,s,y(s))ds, t > to.

From this, it is easy to see that y(t) is a T-periodic solution of Eq.(2). The latter part

follows easily from the above conclusion.

In order to prove the existence of an asymptotically T-periodic solution of Eq.(1) us-
ing Schauder’s first theorem, we need more assumptions. In addition to (3)-(7), suppose
that for some to € Rt and J > 0 the inequality

s, + /Ot(PJ(t,s) 4 Fy(L,s))ds + /tOO(QJ(t,s) Y Gyt s)ds < Jift>t,  (28)

holds, where ||a||;, := sup{|a(t)| : t > to}, and that there are continuous functions L
AT — R, LT : At — R" and q; : [tg.00) — RT such that L;(t +T,s+T) = L;(t,s)
and LT (t+T,s+T) = L}(t,s) satisfying:

|P(t,s,2) = P(t,s,y)| < Ly, 8)le —ylif ({,s) € A7, |zl < Jand [y| < J; (29)
Q(t,s,2) = Q(t, s, y)| < Lj(t,s)lw —yl if (t,s) € AT, |o[ < Jand [y < J;  (30)

qs(t) — 0 as t — oc; (31)

and

t t t
t)|+/0 PJ(t,s)ds+/0PJ(t,s)ds+/ Fi(t, 5)ds
—00 0 0

+ /tt L5 (t,8)qy(s)ds + /t T L $)qs(s)ds + /t TGyt s)ds (32)

Then we have the following theorem.

Theorem 3 If (3)-(7) and (28)-(32) hold for some to € R™ and J > 0, then for
any continuous initial function ¢ : [0,t9) — R™ with sup{|po(s)| : 0 < s < to} < J,
Eq.(1) has an asymptotically T-periodic solution x(t) = y(t) + 2(t) such that z, y €
Cy(to), y(t+T) =y(t) on RT, x(t) satisfies Eq.(1) and |2(t)| < q;(t) on [ty, o), and
the T-periodic extension to R of y(t) is a T-periodic solution of Eq.(2).
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Proof Let S be a set of functions £ € C;(ty) such that £ =7+ p, m € Cy(ty), &(t) =
¢o(t) on [0,ty), m(t+T) = m(t) on RT and

p(t)] < qs(t) if t = to, (33)

and that for the function § = dy, s(€) in (8), [{(t1) — &(t2)| < e if to <ty <ty <t1 + 6.

First we prove that S is a compact convex nonempty subset of C(tp). Since any
¢ € Cy(ty) such that &(t) = ¢o(t) on [0,) and £(t) = £(ty) on [ty, 00) is contained in S,
S is nonempty. Clearly S is a convex subset of C'(¢y). In order to prove the compactness
of S, let {&} be an infinite sequence in S such that & = mp+p, T € Cy(ty), m(t+T) =
7,(t) on R and |pg(t)| < qs(t) on [ty,00). From the definition of S, if k, | € N and
to < t1 <ty <ty + 6, then we have

‘7Tk<t1) - 7Tk<t2)| = ‘7Tk<t1 + lT) - 7Tk<t2 + ZT)|

<&kt +1T) — & (ta +1T)| + | pr(ts +1T) — pi(ta +1T)|
<e+q(ty1 +1T) + qs(t2a +IT).

This implies |mx(t1) — me(t2)] < € by letting [ — oo, where N is the set of positive
integers and & = dy, s(€) is the function in (8). Hence the sets of functions {7} and
{pr} are uniformly bounded and equicontinuous on [ty, 00). Thus, taking a subsequence
if necessary, we may assume that the sequence {7} converges to a m € C;(t) uniformly
on R™, and the sequence {p;} converges to a p € C(tg) uniformly on any compact subset
of Rt. Clearly m(t) is T-periodic on R, and p(t) satisfies (33), and hence the sequence
{&} converges to the asymptotically T-periodic function £ := 7 + p uniformly on any
compact subset of R* as k — oo. It is clear that £ € S. Now we show that ||pg]+ — 0
as k — oo. From (31), for any € > 0 there is a 7 > t( with

qs(t) < g ift >,
which yields
lpk(t) — p(t)] < 2q4(t) <eif ke Nandt > 7. (34)

On the other hand, since {pg(t)} converges to p(t) uniformly on [0, 7] as k — oo, for the
€ there is a k € N with

lpp(t) —p(t)| <eif k >rand 0 <t <,

which together with (34), implies ||pr — p||+ < € if & > k. This yields ||pr — p||+ — 0 as

k — oo, and hence, || — ||+ — 0 as k — oco. Thus S is compact.
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Next we prove that H maps S into S continuously. For any ¢ € S such that & =
T+ p, ™€ Cyty), m(t+T) =n(t) on RT and |p(t)| < ¢s(t) on [ty,00), let ¢ := HE.
Then from (28), for ¢ > ¢, we have

6] < a1+ [ (P, 6OIHEE s €()Ddst [ (1 5. €()1+1G (L 5,€(5)) s

< Jallo + [ (Polt,) + Eyt,9)ds + [ (Qultss) + Golt, 9))ds <

which together with & € Cj(ty) and Lemma 1, implies that ¢ € C;(ty). Now from
Lemma 2, ¢ has the unique decomposition ¢ = ¢ + u, ¥ € C;(ty), ¥t +T) = ¥(t) on
R*, and p(t) — 0 as t — oo, where the restriction of u(t) on [tg, 00) is given by

plt) = a(t) ~ [ Pt,s,7(5))ds

+/t° (t5, (s dH/ (1,5, (s ds+/ (t5,€(5)) = P(t, s, 7(5)))ds

+/ Q(t,s,&(s)) — Q(t, s, 7(s) d8+/ G(t,s,&(s))ds, t > to.
Thus from (32), for t > t, we obtain

B < la]+ [ Potesyds + [Pyt )ds + [ (e, )ds

t
+tL(t8)QJ ds+/ Tt s)q(s ds+/ Gy(t,s)ds < q;(t).

Moreover, Lemma 1 implies that for the function § = d;, s(¢) in (8) the inequality
|o(t1) — o(te)| Seifto <ty <ty <t1+6

holds. Thus H maps S into S. Next we must prove that H is continuous. For any
& €S (i=1,2) and t > ty we have

(HE) () — (HE)()
< [[1D(t5,60() = Dt s G)lds + [ 1B(t5,61(5)) — B(t,,(5))Ids

< [IP(t5.605) = Pl s, (e)lds + [ 1F(t5.6(5) = F(t.s.&()lds (35)

+/ Q(t, s, (s Q(t,s,§2(s))|ds+/too G(t, 5, 61(5)) — G(t, 5, E5(5))|ds.

From (6), for any € > 0 there is a 7, > ¢, with

t—71
/ Py(t, s)ds < % itteR. (36)
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Since P(t,s,z) is uniformly continuous on U := {(t,s,x) :t — 7 < s < tand |z| < J},
for the € there is a §; > 0 with
IP(t,s,2) — P(t,s,y)] < % if (,s,7), (t,5,y) €Uy and |z —y| < 1. (37)

T

From (36) and (37), for the ¢ we obtain

/Ot |P<t,$,£1<8)) — P(t, S,fg(S))‘dS < 1—65 if to<t<m and H£1 — £2H+ < 51, (38)

and if t > 7 and ||&; — &+ < d1, then we have
t
1Pt s.60(5)) = Pt 5, €a(5) I ds

< 2[_71 Py(t, s)ds + t |P(t,s,&(s)) — P(t,s,&(s))|ds < €

t—71 5
This, together with (38), yields

t €
/0 [P(t,s,81(5)) = Pt 5,&(s))lds < - it [|&1 = &ll+ <01 (39)
Next from (7), for the € there is a 75 > 0 with
t €
/ Fy(t,s)ds < — if t > 7o,
0 10
which implies
t t
/ F(t,5,60(s)) — F(t,5,&(s))|ds < 2/ Fi(t, )ds < g it 1> 7. (40)
0 0

Since F(t, s, x) is uniformly continuous on Us := {(¢,s,2) : 0 < s <t < 1 and |z| < J},
for the e there is a d; > 0 with

|F(t,s,2) — F(t,s,y)] < 5% if (t,5,2), (t,5,y) € Us and |z — y| < 6,
which yields
/Ot [F(t,5,60(5)) = F(t,5,6(s)ds < S 10 < ¢ < 7 and &4 — &l < b
This together with (40), implies
[ 1F (5, 6005)) — Pt E)lds < 16— &l < b (41
Next from (6), for the € there is a 73 > 0 with

/OO (Qu(t,s) + Gyl(t,s))ds < 1—60 if t € R,
t

+73
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which implies

L 1Q(t5.6(5) = QUt.s.€als))lds + [ [G(t5.61(5)) = Gl s &als))lds < £ (42)

+73 t+73

Since Q(t, s, x) is uniformly continuous on Uz := {(¢,s,2) : t < s <t+ 73 and |z| < J},
for the e there is a d3 > 0 with
1Q(t, s, 2) — Q(t, 5,y)| < 5i if (t,s,7), (t,s,y) € Us and |z — y| < &,
T3

which yields
t+713 € .
/t |Q(t7 8751(8)) - Q<t73a§2(8))|d‘3 < g if ||§1 - §2||+ < 53' (43)
Finally from (7), for the € there is a 74 > 0 with
00 € .
/t Gy(t,s)ds < 10 if t > 74,
which implies
t+7a [e%e] €
/ IG(t, 5, 61(5)) — G(t, 5, E0(5))|ds < 2/ Galt,s)ds < < it t > 7y (44)
t t

Since G(t, s, x) is uniformly continuous on Uy := {(¢,s,2) : 0 <t < s <t+ 74 and |z| <
J}, for the € there is a §4 > 0 with

G(t, s, 2) — G(t, 5,y)| < 5i if (t,5,7), (t,s,y) € Us and |z —y| < &,
T4
which yields
t+74 € .

/t |G(t,5,&1(s)) — G(t, s,&(8))|ds < = if 0 <t<mand|& — &+ < 04

This, together with (44), implies
t+714 € .
|16 5. 6(9) = Gt 5. &(s)|ds < £ i & — &1+ < o (45)

Thus, from (35), (39), (41)-(43) and (45), for the 6 := min(dq, d2, d3, d4) we obtain

|HE& — Héll+ < eif &, & e Sand ||§ — &+ <9,

and hence H is continuous.
Now, applying Theorem 1, H has a fixed point in .5, which is a desired asymptotically

T-periodic solution of Eq.(1). The latter part is a direct consequence of Theorem 2.
Now we show two examples of a linear equation and a nonlinear equation.
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Example 1. Consider the scalar linear equation

a(t) = p(t) + pe”’

t
+ [ 2t (s + [T b L a(s)ds, b RY, (40

where p : R — R is a continuous T-periodic function, and p is a constant with ||p|| +
lp| > 0 and 3||p|| > 7|p|, and where ||p|| := sup{|p(t)|] : t € R}. Eq.(46) is obtained
from Eq.(1) taking n = 1, a(t) = p(t) + pe~t, q(t) = pe~t, D(t,s,x) = (3671 +
e 75 /8)x, P(t,s,x) =3V, F(t,s,2) =Gt s,x) =e 't 5x/8, E(t, s,x)= (375 4
et /8)x, and Q(t, s,x) = *=9x. For J := 8(||p|| + |p|)/5, we can take the following
functions as Py, Qj, F;, G;, L; and L}:

Py(t,s) := JeSCV if (t,5) € A™;
Q(t,s) == J if (t,5) € A™;

Fy(t,s) = ge_t_s if (t,s) € A7,

J
Gyt s):= ge_t_s if (t,5) € At;

L (t,s) = BC0if (t,5) € A™;
and
LE(t,s) = B9 if (¢,5) € AT,

It is easy to see that the above functions satisfy (3)-(7), (29) and (30). Moreover
(28) holds with ¢, = 0 for the J, since we have |la|, < ||pl| + |p|, J§ Ps(t,s)ds <

J/8, [{Fy(t,s)ds + [°Gy(t,s)ds < J/8 and [ Q,(t,s)ds < J/8 on R*. Now define a
function ¢; : Rt — R™ by

J
t) = —— t +,

Clearly (31) holds. We show that (32) holds with t, = 0. It is easy to see that for any
t € RT we have

D)l +/0 Py, s)ds+/t Fy(t, 5)ds

+/L (t,8)qs(s ds—l—/ (t,s)q(s ds+/ Gy(t,s)ds

t eSs—t) J J 9J
ot < -t
(‘pH +J/ (t+1)—(‘p‘+4)6 MRTHOESY)
7J 9J
< —e Tt ——— < qy(t);
=16 +16(t+1)—‘”( )
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that is, (32) holds with ¢, = 0. Thus by Theorem 3, Eq.(46) has an asymptotically
T-periodic solution z(t) = y(t) + 2(t) such that z, y € C; := C;(0), y(t+7T) = y(t) and
|2(t)| < qs(t) on R, and the T-periodic extension to R of y(t) is a T-periodic solution
of the equation

t [e%s}
x(t) = p(t) + / 560 (s)ds + / ) (s)ds, t € R.
—00 t

Example 2. Corresponding to Eq.(46), consider the scalar nonlinear equation

a(t) = p(t) + pe”’

t [e.e]
—l—/ (03D e %) 22 (5)ds + / (0e39) 1 76 1"%)a?(s)ds, t € R, (47)
0 t

where p : R — R is a continuous T-periodic function, and p, ¢ and 7 are constants
such that [[pl| + |pl > 0, (o] + A7) (pll + o) < 1, 4lo]J < 4lallo] + lpll Glo] + 4i7),
and 9|o|J < 8, where J = 2(1 — /1= (lo| + 4[7[)(Ipll + |o]))/(lo| + 4]7]). Eq.(47)
is obtained from Eq.(1) taking n = 1, a(t) = p(t) + pe™t, q(t) = pe™t, D(t,s,x) =
re =522, E(t,s,7) = (08¢ + 7e77%)2?, and Q(¢, s, ) = 0eB=)22, Tt is easy to see
that ||p|| + |p| + (|o|/4 + |7])J* = J. For this J we can take the following functions as
Py, Qy, F;, Gy, L7 and L7;

Py(t,s) := J*o|edV if (t,5) € A~

Qs(t,s) == J?|o|® ) if (t,5) € AT;
Fy(t,s) = J*|r|e” "% if (t,5) € A™;
G(t,s) ;== J?r|e "% if (t,8) € AT;
L;(t,s) :=2J|o|e®* D if (¢,5) € A;

and
L (t,s) == 2J|0]e® %) if (t,5) € AT,

It is easy to see that these functions satisfy (3)-(7), (29) and (30). Moreover, by the
choice of J, (28) holds with t, = 0, since we have ||a|ly < |Ipll + |pl, fs Ps(t,s)ds <
J2|o|/8, JLF(t,s)ds+ [2°Gy(t, s)ds < J?|7| and [°Q,(t, s)ds < J|o|/8 on R*. Now
define a function ¢; : Rt — R™ by

J
t);=—— teR".
a;(t) t+1’
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Then clearly (31) holds. We show that (32) holds with ¢, = 0. It is easy to see that for

any t € Rt we have
0 t
lq(t)] + / Py(t, )ds + /0 Fi(t, 5)ds

+ /Ot L (t,s)qs(s)ds + /too LY(t,s)qs(s)ds + /too Gy(t,s)ds

t »8(s—t) 2

o] 2y, —t 2 o]/

< Sl RNy 2ol [ d < qs(t),

< (ol + G+ e 2ol [ s 10 < il
that is, (32) holds with ¢y = 0. Thus by Theorem 3, Eq.(47) has an asymptotically T-
periodic solution z(t) = y(t)+z(t) such that z, y € C;, y(t+7T) = y(t) and |2(t)| < ¢,(¢)

on R*, and the T-periodic extension to R of y(t) is a T-periodic solution of the equation

t o0
z(t) =p(t) +o / 22 (s)ds + o / *t9)22(s)ds, t € R.
t

—00

4. PERIODIC SOLUTIONS

Although Theorem 3 assures the existence of T-periodic solutions of Eq.(2), we can
prove directly the existence of T-periodic solutions of Eq.(2) under weaker assumptions
than those in Theorem 3 using Schauder’s first theorem.

Let (Pr,|| - ||) be the Banach space of continuous T-periodic functions £ : R — R"
with the supremum norm. For any £ € Pr, define a map H on Pr by

t 00
(HE(®) =p()+ [ P(ts.&(s)ds+ [ Qlt,s,¢(s))ds, t€ R
—0o0 t
Then, by a method similar to the method used in the proof of Lemma 1, we can prove
the following lemma which we state without proof.
Lemma 3  If (3)-(6) hold with G(t,s,z) = 0, then for any J > 0 there is a continuous
increasing positive function § = d(¢€) : (0,00) — (0, 00) with

[(HE)(t1) — (HE)(t2)| < € if € € Pr, |[E]l < J and [ty —t5] < 6. (48)

Now we have the following theorem.

Theorem 4  In addition to (3)-(6) with G(t,s,z) = 0, suppose that for some J > 0
the inequality

t 00
[l +/ Py(t, s)ds +/ Qs(t,s)ds < Jif teR (49)
—00 t
holds. Then Eq.(2) has a T-periodic solution x(t) with ||z|| < J.
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Proof Let S be a set of functions £ € Pr such that ||| < J and for the function
d=30dy(¢) in (48), [£(t1) — &(te)| < € if |t —to| < 0.

First we can prove that S is a compact convex nonempty subset of Pr by a method
similar to the one used in the proof of Theorem 3.

Next we prove that H maps S into S. For any & € 9, let ¢ := HE. Then, clearly
¢(t) is T-periodic. In addition, from (49) we have

t 00
OO <llpll+ [ Prlts)ds+ [~ Qult.s)ds < Tifte R
and hence ||¢|| < J. Moreover, Lemma 3 implies that for the § in (48) we obtain
6(t1) — 6(t2)] < € it € € Pr l€l) < J and [ty  ta] < 6.

Thus H maps S into S.

The continuity of H can be proved similarly as in the proof of Theorem 3.

Finally, applying Theorem 1 we can conclude that H has a fixed point = in S, which
is a T-periodic solution of Equation (2) with ||z|| < J.

Remark In addition to the continuity of the map H, we can easily prove that H
maps each bounded set of Pr into a compact set of Pr. Thus Theorem 4 can be proved

using Schauder’s second theorem.

5. RELATIONS BETWEEN (1) AND (2)

In Theorem 2, we showed a relation between an asymptotically T-periodic solution
of Eq.(1) and a T-periodic solution of Eq.(2). Moreover, concerning relations between

Equations (1) and (2) we have the following theorem.

Theorem 5  Under the assumptions (3)-(7), the following five conditions are equiva-
lent:

(i) Eq.(2) has a T-periodic solution.

(ii) For some q(t), F(t,s,z) = 0 and G(t,s,z) = 0, Eq.(1) has a T-periodic
solution which satisfies (1) on RT.

(iii) For some q(t), F(t,s,x) =0 and G(t,s,z) =0, Eq.(1) has an asymptotically
T -periodic solution with an initial time in R .

(iv) For someq(t), F(t,s,z) and G(t,s,x), Eq.(1) has a T-periodic solution which
satisfies (1) on R™.

(v) Forsomeq(t), F(t,s,x) and G(t,s,x), Eq.(1) has an asymptotically T-periodic

solution with an initial time in RT.
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Proof First we prove that (i) implies (ii). Let 7(¢) be a T-periodic solution of Eq.(2),
and let o
g(t) = / P(t,s,7(s))ds, t € R*.

Then, clearly ¢(t) is continuous and ¢(t) — 0 as t — oo. Thus it is easy to see that for
the q(t), F(t,s,z) =0 and G(t,s,x) = 0, Eq.(1) has a T-periodic solution 7(¢), which
satisfies (1) on R™.

Next, it is clear that (ii) and (iii) imply (iii) and (v) respectively. Moreover, from
Theorem 2, (v) yields (i).

Finally, since it is trivial that (ii) implies (iv), we prove that (iv) yields (ii). Let ¥ (t)
be a T-periodic solution of Eq.(1) with some ¢(t), F(t,s,z) and G(t, s, z) which satisfies
(1) on R*, and let

r(t) = /OtF(t,s,w(s))ds—ir/too G(t, s,0(s))ds, t € R,

Then, clearly r(¢) is continuous and r(¢f) — 0 as t — oo. Thus it is easy to see that for
q(t)+r(t), F(t,s,z) =0and G(t,s,z) =0, Eq.(1) has a T-periodic solution #(t) which
satisfies (1) on R*.

In [4, Burton-Furumochi|, we discussed a relation between the equation

=a(t) + /Ot P(t,s)x(s)ds + /Ot F(t,s,z(s))ds

+/ ds+/ (t,s,2(s))ds, t € RT (50)

and the linear equation
+/ ds—l—/ s)ds, t € R, (51)

where a, p, F' and G satisfy (3)-(7) with P, = J|P(t,s)| and Q; = J|Q(t, s)|, and where
P: A" — R™and Q : At — R™" are continuous functions such that P(t+7T,s+7T) =
P(t,s), Qt+T,s+T) = Q(t,s), ["T|P(ts)|ds+ [7.1Q(t,s)|ds — 0 uniformly for
t € Ras T — oo, and |P| := sup{|Pz| : || = 1}. Concerning Equations (50) and (51),

we state a theorem. For the proof, see Lemma 4 and Theorem 10 in [4].

Theorem 6  Under the above assumptions for Equations (50) and (51), the following
hold.

(i) If Eq.(50) has an R*-bounded solution with an initial time in R*, then Eq.(51)
has an R-bounded solution which satisfies (51) on R.

(ii) If Eq.(51) has an R-bounded solution which satisfies (51) on R, then Eq.(51)

has a T-periodic solution.
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Now we have our final theorem concerning relations between Equations (50) and (51).

Theorem 7  Under the above assumptions for Equations (50) and (51), the following
eight conditions are equivalent:

(i) Eq.(51) has a T-periodic solution.

(ii) For some q(t), F(t,s,z) = 0 and G(t,s,z) = 0, Eq.(50) has a T-periodic
solution which satisfies (50) on R™.

(iii) For someq(t), F(t,s,x) =0 and G(t,s,z) =0, Eq.(50) has an asymptotically
T-periodic solution with an initial time in R*.

(iv) For some q(t), F(t,s,x) =0 and G(t,s,z) =0, Eq.(50) has an R -bounded
solution with an initial time in R*.

(v) Forsomeq(t), F(t,s,x) and G(t,s,x), Eq.(50) has a T-periodic solution which
satisfies (50) on R*.

(vi) For some q(t), F(t,s,z) and G(t,s,xz), Eq.(50) has an asymptotically T -
periodic solution with an initial time in RT.

(vii) For some q(t), F(t,s,x) and G(t,s,x), Eq.(50) has an R*-bounded solution
with an initial time in RY.

(viii) Fq.(51) has an R-bounded solution which satisfies (51) on R.
Proof The equivalence among (i)-(iii), (v) and (vi) is a direct consequence of Theorem
4. From this and the trivial implication from (iii) to (iv), it is clear that (i) and (iv)
imply (iv) and (vii) respectively. Next, from Theorem 5(i), (vii) yields (viii). Finally,

from Theorem 5(ii), (viil) implies (i), which completes the proof.
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