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Nonlinear differential equations of Riccati type on
ordered Banach spaces™
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Abstract

In this paper we consider a general class of time-varying nonlinear dif-
ferential equations on infinite dimensional ordered Banach spaces, which
includes as special cases many known differential Riccati equations of
optimal control. Using a linear matrix inequalities (LMIs) approach we
provide necessary and sufficient conditions for the existence of some global
solutions such as maximal, stabilizing and minimal solutions for this class
of generalized Riccati equations. The obtained results extend to infi-
nite dimensions and unify corresponding results in the literature. They
provide useful tools for solving infinite-time linear quadratic (LQ) control
problems for linear differential systems affected by countably-infinite-state
Markovian jumps and/or multiplicative noise.

1 Introduction

Differential Riccati equations of stochastic control is a field of intensive research
over the last five decades. The systematic development of this research, started
with Kalman [20], who investigated the properties of the solutions of matrix
differential Riccati equations in connection with the so called linear quadratic
optimization problem for deterministic systems. Later on, Wonham [29], [30]
extended the results to the framework of stochastic control and introduced the
so-called Riccati equations of stochastic control.

Recently, the optimal control problems for linear differential systems subject
to Markovian jumps (LDSMJs) have attracted the interest of the researchers due
to their new applications in modern queuing network theory [7] or in the study
of safety-critical and high integrity systems (as for e.g. aircraft, chemical plants,
nuclear power solutions, large scale flexible structures for space stations etc).

In the finite dimensional case there are a lot of works dealing with Riccati
differential /difference equations arising in various optimal control problems for
both discrete-time and continuous linear systems with Markovian jumps (see
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for e.g. [2], [5], [10], [11], [12], [13], [14]). Also, the infinite dimensional Riccati
equations associated with LQ optimal control problems for linear systems with
multiplicative noise and without jumps have been intensively studied in the
literature (see [8], [1], [23] and the references therein).

However, in the context of infinite dimensional time-varying LDSMJs we are
far from a comprehensive theory. It is well known that many time-dependent
processes occurring in physics, biology, economy or other sciences are described
by such LDSMJs. The infinite dimensional feature of the LDSMJs is due either
to the state space of the system or to the one of the Markov process (as it
happens in the queueing network theory). First results for the optimal control
of LDSMJs with countably infinite state space for the Markov chain were ob-
tained in [5], [16], [17]. The works mentioned above consider only the special
case of Riccati equations of stochastic control associated with finite-dimensional
autonomous LDSMJs without multiplicative noise and signed quadratic perfor-
mances. Also in [3] is addressed the problem of existence of maximal solutions
to algebraic Riccati equations associated with similar LDSMJs.

In this paper we adopt a LMI approach to study a class of non-autonomous
generalized Riccati differential equations (GRDEs) defined on infinite dimen-
sional Banach spaces, sufficiently large to include many of the known Riccati
equations of stochastic control.

Unlike the infinite dimensional Riccati equations discussed in [5], [16] or [18],
our GDREs also apply to infinite-time LQ control problems for LDSMJs with
multiplicative noise and unsigned quadratic criteria. For this class of GDREs we
will provide necessary and sufficient conditions for the existence of certain global
solutions such as maximal, stabilizing and minimal solutions. The importance
of these results comes from the fact that the design of the optimal controller
for infinite-horizon LQ control problems is closely related to the existence of
such global solutions of GDREs. For example, in the finite dimensional case
(see [13]) it is proved that, depending upon the class of admissible controls, the
corresponding optimal control may be obtained either with the minimal solution
or with the maximal and the stabilizing solutions of GRDEs.

Our results generalize and extend the ones in [10] to infinite dimensional
LDSMJ with multiplicative noise and improve the results concerning the Ric-
cati equations of stochastic control from [16] and [3]. Let us recall that [16]
employes the classical detectability property to give sufficient conditions for the
existence of stabilizing solutions for the Riccati equations of stochastic con-
trol associated with finite-dimensional, autonomous LDSMJs with countably-
infinite-state Markov chain.

We finally note that all the proofs from this paper are nonstochastic and
avoid any connection with the optimization problems. Therefore the obtained
results are of interest in their own right for the researchers from the field of
differential equations.

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 2



2 Notations and statement of the problem

Let H and U be real separable Hilbert spaces. We will denote by L (H,U) the
real Banach space of linear and bounded operators from H into U and by &y
the Banach subspace of L(H) := L (H, H) , formed by all self-adjoint operators.
As usual, we shall write (.,.), for the inner product on H and ||.|| for norms of
elements and operators, unless indicated otherwise. An operator A € L(H) is
called nonnegative and we write A > 0, if A is self-adjoint and (Ah, k), > 0 for
all h € H. We will denote by Kz the cone of all nonnegative operators from H.
Let Z be an interval of integers, which may be finite or infinite and let B be a
real Banach space. Then [ is the space of all Z -sequences g = {g (i) € B}icz
with the property that ||g|| z := sup;cz ||g (¢)|| < co. It can be shown by using a
standard procedure that I3 is a real Banach space when endowed with the usual
term-wise addition, the real scalar multiplication and the norm |.|| ;. If B is
L (U, H) or Ey, then I3 will be denoted by lf(U,H) or ngH. If Iy is the identity
operator on H then Z9 will denote the element of ngH defined by ZH (i) = Iy,
1€ Z.

For any A € lf(U,H),B € lf(Hﬂ), the product AB is defined by (AB) (i) =
A(i)B(i),i € Z. Obviously AB € lf(H). We use the standard symbol * for
the adjoint of a linear and bounded operator. If P € lf(H Uy then PF =
{P(i)",iec Z} e lf(U ) Also, if P € lf(H) is such that P (i)' exists for all
i€ Z, then P = {Pi)",ic 2} e lf(H). An element X € IF is said to
be nonnegative (we write X = 0) iff X (i) > 0 for all i € Z. The cone K% of all
nonnegative elements of ngH introduces the following order on ngH:

X-Yiff X -Y ek

A linear and bounded operator I" € L (lgH,lgzU) is positive if and only if (iff)
I (KZ) c KZ.

Definition 1 We say that a positive operator I' € L (ZSZH,ngU) is m-strongly
continuous if for any increasing and bounded sequence {Dy.}, o C ZSZH we

have
lim T'(Dp,) () =T (D) (i)z,z € Hyi € Z,

m— 00

where D (i) x = liMyy— 00 D (1) 2, for all i € Z and x € H.

Remark 2 IfngH is finite-dimensional, then any positive operatorI' € L (ngH,lgU)
18 m-strongly continuous, since the strong and uniform topologies on ngH coin-
cide. Obuviously Z?H is finite-dimensional if Z is finite and H 1is finite dimen-
sional.

Let J C Ry = [0,00) be an interval. Any mappings G:J — €y, F: J —

IZ, with the properties G (J) C Ky, F (J) C Kf are called nonnegative and
we will write G (t) > 0,¢t € J and F (t) = 0,t € J; if there is v > 0 such that,
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for all t € J, G(t) > vIg and F (t) = v, respectively, then we say that G
and F are uniformly positive and we write G (t) > 0,t € J and F () = 0,t € J,
respectively.

The i - th component of an element of G (t) € lf(HyU),t € J will be denoted

shortly G (t,i). For any mappings My; : J — Z?H, Mg @ J — lf(U ) and
My 0 J — l?u satisfying May (t,4) > 0,49 € Z, t € J, we define the function
M:J— ZSZHxU as follows

. (
M (t,i) = B ) .
(t.9) ( MY (ti) Moo (t,0)
The mapping M|Mas : J — Z?H,
M|Mas (t,4) = My (£,1) — Mys (t,1) My Y (¢,0) MI (t,4) i€ 2.t e T

is called the Schur complement of Mss in M. The following result extends a well-
known property of Schur complements (see [21], [4]) to families of operators.
Although its proof is very similar to the one given in [28] for sequences of
operators, we sketch here the outlines of the proof for the reader convenience.

Lemma 3 Assume that the mapping M defined above is bounded and Mas (t) >~

0,t € J. Then M (t) = 0 (respectively, M (t) = 0),t € J iff M (t) |Maz (t) = 0

(respectively, M (t) |Maz (t) = 0),t € J.

Proof. By hypothesis there are p,n > 0 such that |[M (t)||; < p, Maa (t) =

n®y and HMQ[;” (t)H < % for all t € J. We consider the mapping Q : J —
z

: Iy —Mig (t,4) My, (t,4) :
= - H 12 (¢, 2 (b .
IF vy Q(t,1) = ( 0 ME (4,1) ,(t,1) € J x Z and we ob
serve that
. M (t) [ M2 (t) 0
QuM@B QB = ( 1] (2)
0 M, (1)
1 . B Iy Mo (t,’i) .
Q" (t,41) = ( 0 Ms (t4) ,(ti) e Jx 2.
A standard computation shows that, for all (¢,7) € J x Z,
1
12,9 < 1+2umax(1,5) = ng, (3)
[~ )] <1 +p, (4)
1
Qe > ———dy.0, (5)
(1) (t) T
— n
Myt (t) = E(I)U- (6)
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Assume M (t) == 0. From (5) we obtain Q (t) M (£)  (t)™) = YT Pu v
where v > 0 is such that M (t) = v®gxu,t € J. Then, by virtue of (2), we
conclude that M (t) |[Mag (t) == 0,t € J.

Conversely, suppose that M (t) |Maz (t) => 0,t € J. Using (6) we can prove

that for all ¢ € J there is § > 0 such that Q(t)M(t)Q(t)[*] = 0®pyxy or,
[+]
equivalently, M (t) = 09 (t)[_l] (Q (t)[_l]) . Employing (3) we get M (t) =

2
é (i) Py«y, t € J and the proof is complete. m

no

Let T > 0. If B is an arbitrary Banach space, then we denote by C([0,T], B)
the space of all mappings G : [0,7] — B that are continuous. Also C'([0,T], B)
denotes the subspace of C([0,T], B) of all continuously differentiable mappings
G on (0,T)(i.e. G is differentiable on (0,7) and G’ is continuous on (0,T)).
Similar notation will be used in the case when the interval [0, T] is replaced by
R.. In addition, Cy(R4, B) will denote the subspace of C(R4, B) formed by
all bounded mappings. If J = [0,7] or J = R, then C}(J, B) is the subspace
of C* (J, B) formed by all mappings f with the property that f (t) and dfd—(tt) are
bounded on J.

Further, the product t € J — G (t) (X (¢¥)) € lf(Uﬂ) of any two functions

G i J = L(1Z,1uy) and X i J — IZ, will be often denoted shortly

G (t,X (t)). In this case we will write G (¢, X (¢)) (¢) for the i-th component of
G (t, X (t)).

In the sequel we assume the following hypothesis

(H1) A € Cy (Ry 12 M € Cy (RyIZ,) , B.D € Cy (R 2, ), R €

Cy (R, 12,) T () € Cy (R, L (1Z,)) . Thiz € Cy (R L (12,10 ) ),
H2 € Cb (R+’L (lng’lSZU)) '

The goal of this paper is to study the problem of existence of certain global
solutions (as maximal, minimal or stabilizing solutions) for the following gener-
alized Riccati differential equations (GRDEs):

%X (t, 1) + A" (t,9) X (t,1) + X (¢, 0)A(t,0) + Ty (¢, X (¢)) (4) + M(¢,4)—  (7)

[X(t,4)B(t,7) + Tha (8, X (£)) (i) + D(t,0)] [R(£,7) +Tla (¢, X (1)) ()] -
X (t,1)B(t,i) + 2 (t, X () (i) + D(t,9)]" =0,i € Z,t € Ry,

This class of nonlinear differential Riccati-type equations includes as special

cases many of the Riccati equations of the stochastic control. For example, let us

consider that Z is finite and let 1 () , ¢ € R4 be a right continuous homogeneous

Markov chain with the state space Z and the probability transition matrix

P(t) = M A = (\y) with 3 N\ij =0, \jj > 0 for i # j. Taking r € N*and
jEZ
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A € Cy (R 1) B € Cy (R 1)) o = T7 we define

Aig
Ao(t, ’L) + TIH,

ZAZ(t,z) (1) Ag(t,3) + Z Xij X (4

k=1 JEZ,j#i

ZA* (t,4)X (i) By(t,1) (8)

A(t, 1)

186} (t’ X) (l)

2 (¢, X) (4)

IL, (¢, X) (4) ZBk (t,i) X (t,7)By(t, ),

foralli € Z,t € Ry. If H,U are finite dimensional, we introduce (8) in (7) and
we obtain the Riccati equation from [10] associated with the optimal control
problem which consist in minimizing the performance

J(u) = E/KM(tﬂ?(t))x(t),z(t»+2<D E&n &) ut),z () (9)
(R (£, (1) u(t),u(t)))dt
subject to
do (t) = [Ao(t,n(t))x(t) + B(t,n(t))u(t)]dt + (10)
D Ak (80 (8) @ () + By (8,7 (£)) u ()] duwy (1),
k=1

within a certain class of admissible control policies. In (9) and (10) E[] is
the expectation and w (t) = (wy (), w2 (t),..,w, (t)),t € R4 is a standard r
dimensional Wiener process.

In the absence of the Markov perturbations (case Z = {1}), (7) and (8)
define an infinite dimensional Riccati equation similar to the one in [27], [8].
(We mention here that, unlike our case, the Riccati equations in [27], [8] have
unbounded coefficients.)

For another example let Z be infinite, H, U finite dimensional and let A =
(/\ij)i,jez R with é)\” =0, )\ij >0 for g %] and 0 < —)\;; <e< 00,1 € Z, be
the infinitesimal ]rnatrix of the transition probability matrix function associated
with a stationary standard conservative Markov process. If we consider the
autonomous version of (7) with the coefficients

)\Zl
=L T (8, X) (i = > A;X(j).i€ 2T (t) =0,
JEZ,jF#L
IL(t)=0,B(t)=B,D(t)=0,M(t)=M = 0,R(t) = R> 0,t € Ry,

A(t,i) = Ao (i) +

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 6



we get exactly the Riccati equation from [16] associated with the infinite-time
LQ optimization problem (9) - (10), where Ay (¢,i) = 0, By (t,i) = 0,k = 1,7
forallie Z,t e Ry and A(t),B(t),D(t), M (t), R(t),t € Ry are defined as
above.

3 Preliminaries to positive evolutions

In this section we assume that A and II; are defined as in (H1) and that, for
all t € Ry, Iy (¢) is a positive and m- strongly continuous operator. First
we note that K7, C IZ, is a closed, solid, normal, convex cone (see [15]) and,
consequently, the real Banach space (IZ, . ||.]| z) , ordered by the ordering relation
induced by K%, is a space satisfying the conditions in [15].

Now, let A = {(t,5),0 < s < t} € R? and for any T > 0, let Ay =
{(t,s),0<s<t<T}CR>

For a given £ € C' (R4, L (ZSZH)) and (to,Yo) € Ry x I, we consider the
backward linear equation

dy (t)
dt

+ L)Y () = 0,t,tgc Ry, t<tg (11)
Y (t) = Yo (12)

It is known [15] that equation (11), (12) has a unique continuously differ-
entiable solution Y (¢,%p; Yp). Let us denote by ® (t,to) the solution operator
of (11) defined by @ (t,t0) (Yo) = Y (t,t0; Yo), for all (t,t9) € A and Yp € I, .
Following [15], we say that £ defines an anticausal positive evolution on ZSZH iff

D (t,tp) is a positive operator for all (¢,%p) € A. In what follows we will consider
the mapping

LO)(X):=AW X +XA(t),X €lf, t € Ry, (13)

which belongs to Cj (R+, L (lgH)), by (H1). We will show that it defines an
anticausal positive evolution on Z?H.

From Theorem 5.5.1 in [22], we see that, for any i € Z, A(.,i) € Cp, (R4, H)
generates an evolution operator U (¢, s;4) on H with the following properties:

wo) U(s,s;1) = Iy, U(t,s;0)U(s,r;4) =U(t,r;i), for all 0 < r < s < ¢;

up) U (t,s;9)]] < e*®=%) where a = |Alg, = supir, A ()] z, and
U (t,8;7) — Ig| < ae?T (t—s) forall 0 < s <t <T.

uz2) the mapping (¢,s) — U (t, s;4) is ||.|| continuous on A, uniformly with
respect to ¢ (by u1));

% = A(t,i) U(t, s; i) uniformly with respect to i for ¢ > s;

U3)

uy) —U(t, s;1)A (s,4) uniformly with respect to i for s < ¢;

Further, for all (¢,s) € A, we define U (¢,s) := {U (¢,s;4),i € Z}, and
D (t,s)(X):=U(t, s xu (t,s),X €l . We observe that uz) and u4) imply
that U (¢, s) is continuously differentiable with respect to t and s, respectively.

oU (t,s31) __
g =
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, [+]
Moreover % =—U(t,s)A(s) and BUTS’S) = — Al (5) Ul(t, 5). Obviously
D (t,s) is a positive and m-strongly continuous operator on ZSZH. The above
properties of U(t, s) imply that ® (¢, s) is continuously differentiable in s and

%wLﬁ(s)@(t,s):O,

H

Therefore @ (t, tp) Yy is a continuously differentiable solution of (11), (12). From
the uniqueness of the solution it follows that ® (¢, s) is the solution operator of
(11) with £ defined by (13). Because the operator ® (t,s) is positive for all
(t,s) € A, we conclude that £ generates a positive anticausal evolution on ngH.

Let Q € C([0,T],1Z ) and R € IZ . We consider the following Lyapunov-
type equation {£,1I1; Q}

dX (s)
ds

+L(s,X(8)+1;(8,X () +Q(s)=0,s<T (14)
X(T)=RelZ,. (15)

It is well-known that (14)-(15) has a unique solution X € C;([0,T7],1Z,) (see
for e.g. [6] and [9]). Moreover, this solution, often denoted by X (T, s; R), is
also the unique solution in Cy ([0,77,1Z, ) of the integral equation

T
X(s) =9(T,s)(R) + / O(r,s) (1 (r, X (1)) + Q (r)) dr, (16)

S

for all s < T. A mapping X € C*(Ry,1l# ) which satisfies (14) for all t > 0 is
called a global solution of (14). It is not difficult to see that a global solution X
of (14) is also a solution of

X(s) = ®(t,s) (R) + /<I>(7“, $)(Iy (r, X (1)) + Q (r))dr,0 < s < t. (17)

S

In the case when @ = 0, the Lyapunov equation {£,II;;Q} is denoted by
{L£,113;0}. Since £ +1I; € C(R4,L (ngH)), we apply Proposition 3.3 from
[15] to deduce that £ + II; generates a positive anticausal evolution on IZ, ;
the associated solution operator will be denoted by ®py, (¢,s). (By definition,
Op, (T, s) (R) is the unique solution of {£,1I;;0} with the final condition (15)
and it satisfies (16).)

The perturbation theory (see [6] and Proposition 7 in [25]) ensures that the
unique solution of (14)-(15) is given by

T

X(5) = 0, (T5) (B) + [ @, () (Q 1)) (13)

S
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Using (18) and the positivity of the anticausal evolution operator ®r, (¢, s)
we get the next result.

Lemma 4 Assume that Q € C([0,T),K%) and R € K%. Then (14)-(15)
has a unique solution X (T,.;R) in C}([0,T],K%). Moreover, X (T,.;Ry) =
X (T,.;Ra) for all Ry = Re = 0.

We say that £ + II; generates an anticausal uniformly exponentially stable
evolution if there are « € (0,1),3 > 1 such that

1@, (2, 5)]| < Bat=, (19)
for all 0 < s < t. Lemma 6 from [26] implies that (19) is equivalent to
O, (t,5) (Z) < Balt=9TH (20)

The following theorem is a direct consequence of Theorems 4.4 and 4.5 from
[15].

Theorem 5 The following statements are equivalent
a) L+ 11 generates an anticausal uniformly exponentially stable evolution;

b) there is M > 0 such that [ @, (r,s) (Z7) dr < MZH for all s > 0;

c) there is a uniformly positive mapping Q € Cp(Ry,K%), such that the
Lyapunov equation {L£,111; Q} has a global solution X € C}(Ry,K%).
d) for any Q € Cy(Ry,IZ,), the Lyapunov equation {L£,111; Q} has a unique

global solution X € C}(Ry,1Z, ) given by X (s f Oy, (r,8) (Q (r)) dr.

4 Generalized Riccati equations
Assume that (H1) holds and let us denote

H(t,X):( I (¢, X) H12(t,X))

My, 6, X)) 10, (¢, X)
M (t)

°®=( b niy )

D
R(
It follows that II € C, (R+,L (lgH, EHXU)) e (R+, z U). In the
rest of the paper we need the additional hypothesis:

and

(H2) TI(¢) is a positive (i.e. II(¢) (KF) C K, ) and m-strongly continuous
operator for each ¢t € R.
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The equation (7) can be written in a compact form as

%X(t,i)JrR(t,X(t))(i):O,iEZ,t€R+, (22)

where R : DomR — lgH is defined by

RE,X)=L(>t)(X)+1I (¢, X) + M (t) — (23)
[XB(t) + s (t, X) + D ()] [R(t) + Iy (£, X)] 7Y [XB(t) + Mo (¢, X) + D ()]

DomR ={(t,X) € Ry x If_|R(t,i)+ 15 (¢, X) (i) is invertible for all i € Z} and
L (t) is defined by (13). Let Y € [Z and T € Ry be fixed. We first consider
the problem of solving (22) with the final condition

X(T)=Y, (24)

on [0,7]. In other words, we look for a continuously differentiable mapping
X :[0,T] — I, with the property {(t, X (¢)),¢ € [0,T]} C DomR that verifies
(22)-(24). This mapping, if it exists, will be denoted by X (7', ¢;Y) and will be
called a solution of (22)-(24).

A mapping X € C' (Ry, 1) satisfying {(t,X (¢)),t € Ry} € DomR and
(22) for all ¢t € Ry is called a global solution of (22); if X is bounded we say
that (22) has a bounded solution.

Let ® (¢, s) be the solution operator of (11) with £ defined by (13). For all
X € &y, (t,s) € Aand i € Z we define @ (¢,s;1) (X) = U (¢,s;1)" XU (¢, ;1)
and we observe that @ (¢,s) (X) (i) = ®(¢,s;4) X (¢). As in the case of the
Lyapunov type equations, a solution of (22)-(24) also verifies the interconnected
integral equations

T
X (t,0) =@ (T,t) (V) (i) + /<I) (u,t;9) [R (u, X (u)) — (25)

£ (u) (X (w)] (6) dui € Z,t € [0,T]

and, conversely, any mapping X € C([0,7],1%, ) satisfying {(¢,X (t)).t €

[0,T]} € DomR and (25)(which we called a solution of (25)) is also a solu-

tion of (22)-(24). We observe that if X is a solution of (25), then the Bochner
T

integral Z (t) = [ ® (u,t) [R (u, X (u)) — £ (u) (X (u))] du exists and the opera-

i
tors P; € L (IZ,,€n) defined by P; (X) = X (i),i € £ commute with it. We
conclude, via (25), that P;(X (t) — ® (T,t) (Y)— Z (t)) =0 for all i € Z. Hence
X (t)—®(T,t)(Y) — Z (t) = 0 and X satisfies the integral equation

X({t)=2(T,t)(Y)+ / D (u,t) [R(u, X (u)) — L (u) (X (u))] du. (26)
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Now it is clear that X € C* ([0,77],1Z,) . {(t,X (t)).t € [0,T]} C DomR,
X (T)=Y and
d

ZXO+RLX (1) =0. (27)

We just have proved that a solution of (22)-(24) is also a solution of (27)-(24).
The converse is obviously true.

In what follows we will say that the operator R and the equation (22) are
defined by the quadruple ¥ = (A4, B,II, Q). Now we associate with ¥ the
dissipation operator D* defined by

X = ( £l reimoea )
where
di (t, X (1) = %X () + L (1) (X (1) + 1L (¢, X () + M (),
dy (t,X (1) = X)B(t)+y(t, X (t)+D(t).
As in [12], we define the subsets I and I'™ of G (R4, 1Z, ) :
I'* = {XeCf (Ry,IE,)|R(t) + 1 (t, X (t)) = 0,D¥ (t, X (t)) = 0, € Ry}

I = {XeCf (Ry,IE)|D”(t,X (1) - 0,t € Ry}

Lemma 6 The following two statements hold true.
a) T¥ CT*.
b) T* contains all global and bounded solutions X € C* (Ry,IZ ) of (7)
which verify
R(t)+ 1y (¢, X (t)) = 0,t € Ry (29)

Proof. a) Since D* (¢, X (t)) = 0,t € R implies R (t) + Il (¢, X (t)) = 0,t €
R, it follows that I ¢ I'" and the proof is complete.

b) If X (t) is a bounded solution of (7) satisfying (29), then 24X (¢) +
R(t, X (t)) = 0 is exactly the Schur complement of R (t) + Il (¢, X (¢)) in
D¥ (t, X (t)) for all t € Ry. Lemma 3 implies that D* (¢, X (t)) = 0,t € R.

Furthermore, from the boundedness of X and (29), it follows that
[R(t)+ Ty (£, X (1))]"", t € Ry and R (£, X (t)),t € Ry are bounded. Hence
Xec} (R+, l?H). We deduce that X € I'* and the proof is complete. m

The above lemma shows that a global and bounded solution of (7) satisfying
(29) belongs to Cp (R4, 1Z,).

Let us consider a mapping W : Ry — lf(HyU) and X € ZSZH. For notational
convenience let

Iy (¢, X)

(= wonen( ). @

Qw () = (IH W ()1 )Q(t)( Vgl({t) ),t€R+. (31)

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 11



By a direct computation (see also [12]) we get the following useful formula
R(t,X)=[(A+BW)D)" X+ X (A+BW) @)+ 1w (1, X)  (32)
+Quw () = (W (1) = PX (1) [R () + T2 (£, X)] (W (1) - FX (1)),

where
FX () = = [R() + T (8, X)) a5 (1,0 (33)
The following theorem gives a sufficient condition for the existence of the
solution X (T,t;Y), 0 <t < T, of (7)-(24) or, equivalently, of (22)-(24).
Theorem 7 Let X € ™. IfY € 1Z, is such that Y = X (T), then (22)-(24)
has a unique solution X (T, .;Y) € C} ([0,T],1Z,) -

Proof. Existence. Let k € N and Fy, € C([0,T], lf(H_U)) be given. We consider
the Lyapunov equation

dy (t, Xis1 () + Fi () d5 (8, Xpir (£)1) (34)
3 (t, Xng1 () Fie (8) + Fi ()[R () + Tz (¢, Xpea1 (£))] Fr (£) = 0
X1 (T) =Y,k € N*. (35)

By virtue of (32), it follows that (34) can be equivalently rewritten as

d *
7 Xk (1) + [A@) + B () B ()] Xieir (6) + X (1) [A(2) + B (1) Fi (1)
(36)
+11p, (t’Xk-‘rl (t)) + Qr, (t) =0,

Since Ip, (t) € C([0,T],L (I£,)) and Qp, (t) € C([0,T],1Z,) we deduce
from the results of the previous section that, the Lyapunov equation (36) - (35)
has a unique solution X1 € C([0,7],1%,).

On the other hand, X € I’ implies X (t) + R (t,f((t)) =0,teR,.

Taking Q (t) = %)? t)+R (t,)A( (t)) = 0,t € Ry, we see that X satisfies the
Riccati equation
d

ZX () +R (t, X (t)) ~Q(t)=0,t€R,. (37)

Applying (32) with X (¢) and W () replaced by X (¢) and Fy, (t), respectively, we
may rewrite (37) in a form similar to (36). We subtract the obtained equation

from (36) and we see that Agy1 = Xji41 — X is the unique solution of the
equation

L Ay (8) + [A®) + B (1) Fe (0] Apsa (1) + Aigr (5 [A() + B (8) Fe (8]

dt
g, (8, Agsr) + Q (1) (38)

+ [FX (t) — By (t)}[ ] [R (t) + I (t, X (t)) {F)? (t) — F, (t)} =0
Api1 (T) =Y — X (T) = 0.
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The hypotheses of Lemma 4 hold and we get X11 (t) — X (¢) = 0,¢t € [0,T].
Hence R (1) + I (t, Xpp1 (1)) = R (1) + I (t)?) = 0, € [0,T], Fyur () =
—[R(t) + Ty (£, X1 ()] a5 (¢, Xigr (£))1") is well defined and Fiyy € C(]0, 7],
lf(H U)). Repeating the above reasoning for k replaced by k£ + 1,k + 2,..,m, ..

we get a sequence { X }tm>rt1 C Cp([0,T],1£,) of solutions of the equations
(36) - (35) with the property

Xm(t)—X(t) =0,t€[0,T],m>k+1 (39)

Therefore, if we start with £k = 0 and F{y = 0, we obtain inductively a sequence
{Xm}m>1 of solutions of (36) - (35) satisfying (39). Now we observe that, for
any k > 1, Ag41 = Xy — Xg41 verifies the Lyapunov equation

%mﬂawwmw+B@FumMAmmw+mﬂunmw+BwFum
+I1Ip, (t, Apt1) (40)
+ [Fro (8) — Fe (0P[R () + o (¢, Xi ()] [Fier () — Fi (£)] = 0
Apy1 (T) =0.

Lemma 4 implies that X, () — Xp+1 (¢) = 0,t € [0,T]. Taking into account
(39), we get

X)) 22X () 2 Xp () 2. 2 Xy (8),t€[0,T7).

It follows that X (£,4) < ... < Xp1 (64) < Xi () < .. < X1 (t,4),t €
[0,T],i € Z. Since a monotone and bounded sequence of linear operators is
strongly convergent, we deduce that there is S (¢,7) € &,

X (L) < S (t,i) < X3 (t,1) (41)
such that X (¢,7) converges strongly, as k — oo, to S (t,4). Evidently S (t) =
{S(t,i)}iez €1, for all t € [0,T].

On the other hand, in view of (H2), Ily is m-strongly continuous and posi-
tive and the sequence {R (t,7) + Iz (t, Xj (t)) (i) }ren~= is strongly convergent to
R(t,i)+ 10y (£, S (£)) (i) > R (t,7) + 1L (t, X (t)) (i),i€ Z,te0,T). It follows

that R (t) + I (t,S (t)) = 0,¢ € [0,7] and (£, S (t)) € DomR, t € [0,T]. Using
again (H2) we deduce that
Fi(t,i)e — —[R(ti)+ T (1,5 (1) (1)) [d5 (t,8 (1) ()] =

— 00

foralli € Z,t € [0,T] and z € H. Letting k — oo, componentwise, in the
integral equation (see (16)) satisfied by the solution of (34) - (35) and applying
the Lebesgue Dominated Convergence Theorem we see that

St,i)x=d(T,t)(Y) (@) x+ /<I> (u,t) [R (u, S (u)) — L (u) (S (w))] (¢) zdu

t

(42)
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for all x € H. Further, we note that
t— @ (u,t) [R(u, 5 (u)) = L (u) (S (u))] (4)

is ||.||- continuous, uniformly with respect to u and ¢ and it follows that ¢ —
S (t,i) is ||.|- continuous uniformly with respect to 7. Hence S € C([0,T1,1Z,)

and f@ (u,t) [R (u, S (u)) — AF(u)S (u) — S (u) A(u)]du is well defined. Now

it is clear that S satisfies (26). On the other hand (41) and the properties of
X (t) imply that u — R (u, S (u)) — £ (u) (S (u)) is bounded on [0,7]. Thus,
differentiating (26) with respect to ¢, we deduce that S (¢) is a solution of (22)-
(24) in CH([0,T],1Z,).

Uniqueness: Assume that X € C;([0,7],1Z, ) is another solution of (22)-(24)
and let Z (t) = S (t) — X (t). Applying (32) with W replaced by F* for both
R (t,S) and R (t,X), we rewrite the two differential equations satisfied by X
and S and, subtracting them, we obtain

L2+ 140 + B0 FS (0] 2(0)+ 2 (1) [AW) + B(0) FS (0)] +
Mps (t, Z (8) + [FX (1) = 5 ()] [R (1) + T (, X ()] [FX (8) — FS (8)] =0

Z(T) = 0.

This equation may be viewed as a Lyapunov equation in Z. It is not difficult to
see that it satisfies the hypotheses of Lemma 4 and, consequently, Z (t) = 0,t €
[0,T]. Hence S(t) = X (¢) for all ¢ € [0,T]. By interchanging the roles of X
and S, we also obtain X (¢) = S (t),¢ € [0,T] and the conclusion follows. =

A direct consequence of the Theorem 7 is the following.

Corollary 8 Assume 0 € T*. For any Y € K% and T > 0, the Riccati equa-
tion (22)-(24) has a unique solution X (T, ;Y) € C} ([0,T],K%) . Moreover, if
Y1,Ys € KZ are such that Y1 = Ya, then X (T, t;Y1) = X (T,t;Y2).

Proof. Note that 0 € T'* is equivalent with @ = 0, R (¢) = 0, € R,. From the
above theorem, (22)-(24) has a unique solution X (T, .;Y) € C} ([0,T],1Z,).
By (32), X (T,.;Y) is the unique solution of the Lyapunov equation

PO 4 A+ BF) O] X (1) + X (1) (A+ BFY) () + Tpx (1, X (1)
+Qpx (1) = 0.

Since Qpx € C ([0,T],K7;) and Ipx (t) is positive for all ¢ € [0, 7], we deduce
from Lemma 4 that X (¢t) = 0 for all ¢ € [0,T] and, therefore, X (T, .;Y) €
CL([0,T],K%). It remains to prove the last statement of the corollary. If we
denote X; (t) = X(T,t;Y:), i = 1,2, we deduce from (32) that ¥ = X; — X,
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satisfies

%Y () 4 Lpxr (1Y (1) + T, (Y (8) +
(B (t) — FX2 (1)) [R () + 0 (¢, X, (1)) (B (8) — FX2 () = 0

Y (T)= Ry — Ry = 0.

Arguing as above we see that the hypotheses of Lemma 4 fulfilled and Y (¢) =
0,t € [0,7]. We get the conclusion. ®

Definition 9 We say that a global and bounded solution X € C! (R+, lgH) of
(22) is mazimal if X (t) = X (t) .t € Ry for arbitrary X € T'.

Definition 10 A global solution X, € C! (R+, ZSZH) of (22) is minimal in the
class of all nonnegative global solutions of (22) if 0 2 Xmin (t) X X (¢),t € Ry
for any solution X (t) € C* (Ry,KF) of (22).

Let A, B be the mappings defined by (H1) and F € C(R4, (7,
t € R, we introduce the operator Lp (t) € L (ngH) defined by

(H.,U))' For all

Lr)(Y)=[A®)+BOF WO Y + Y [A@)+ B@t) F(1)],Y €l,. (43)

Definition 11 The triple { A, B, 11} is stabilizable if there is F' € Cp(Roy, lf(H_’U))
such that Lp + Ilp generates an anticausal uniformly exponentially stable evo-

lution; F is called a stabilizing feedback gain. Here Ilp is defined by (30) with

W replaced by F'.

Definition 12 Let X € C' (Ry, £, ) be a global solution of (22) and let F% be
defined by (33) with X replaced by X. We say that a X is a stabilizing solution
of (22) if FX is a stabilizing feedback gain for the triple {A, B, I1}.

5 Global solutions of generalized Riccati equa-
tions

In this section we give necessary and sufficient conditions for the existence of the
maximal, stabilizing and minimal solutions of (22). To simplify the notations,let
us denote by © (t, X (t)) the mapping t — R (t) + Iz (¢, X (t)), where X € I'".

In view of the results of Sections 3 and 4, the next theorems can be proved
in a similar manner to the ones in [12] and [10]. Therefore we only sketch the
proofs in pointing out the differences. The next result is a generalization of
Theorem 4.7 in [12] and provides necessary and sufficient conditions for the
existence of the maximal solution.
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Theorem 13 Assume that {A, B, 11} is stabilizable. Then the following are
equivalent:

(i) T* # &;

(it) Equation (22) has a mazimal solution X € C} (R, 1%, ) with the prop-
erty R(t) + 10y (£) X (t) = 0, € R.

Proof (sketch). The implication (ii) = (i) is obvious, since X € I'" by
Lemma 6. Now let us prove that (i) = (ii). If {4, B,II} is stabilizable, then
there exists Fy € Cy(Ro, lf(H,U)) such that L, + IIF, generates an anticausal
uniformly exponentially stable evolution.

Let € > 0 be fixed. By Theorem 5 (see the implication (a) = (d)), the
equation

%Xl )+ L, ) [X1 (O] + g, (£, X1 1) + Qr, (t) + eI =0, (44)
has a unique global solution X1 € C} (R4, 1%, ). Recall that Lp, is obtained by
replacing F' with Fy in (43), whereas IIg, (t) and Qp, (t) are defined by (30)
and (31), respectively, with W replaced by Fj.

We shall prove that X;(t) = X(t),t € Ry for all X € T'>. First we note
that, applying (32), the equation (37) can be equivalently rewritten as

ZA()‘FEFO( X())‘FHFO(tX())—i—QFO(t) (45)
f(Fo(t) ) ( )( )FX())*@(t)ZO,

t € Ry. From (44) and (45) it follows that the mapping t — X; (t) — X (¢)
belongs to C}} (R, ZEZH) and verifies the Lyapunov equation

d
SV () + L, (1Y (1) + g, (1Y (1) + Hy (1) = 0, (46)
~ [%] R ~ R
where H; (t) = EIH+(F0 (t) — FX (t)) 0 (t, X (t)) (FO (t) — FX (t))—i-Q (t) =
eIt t € Ry. Since Lg, + I, generates a positive anticausal evolution, we use
again Theorem 5 ( see the implication (a) = (d) ) to deduce that X; (¢t) — X (¢)
is the unique global nonnegative and bounded solution of (46). Therefore
X1 (t) — X (t) = 0,t € Ry, which implies that F (t) := FX1 (t) is well defined.
Moreover, Fy (t) € Cb(RJr,lf(H r))- Now, let us prove that F is a stabilizing
feedback gain for the triple {A, B,II}. Using (32), we rewrite equation (44) as
d
O+ Lry (X0 (1) + 1k, (1, X0 (1) + @ (1) (47)
eI 4 (Fo (1) = Fy ()70 (1, X1 (1) (Fo (1) = F1 (1) = 0.
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Equation (45) can be rewritten in a similar manner and we get

%X )+ L, (t, X (t)) + g (t, X (t)) +Qr, (1)

Q) — (F)? () — Ry (t))[ ‘o (t, X (t)) (F)? () — Ry (t)) —0.

Subtracting the last equation from (47) we see that X; (£) — X (¢) is a bounded
and nonnegative solution of the Lyapunov equation {Lp,, g ; Q1}, where

Q1(t) =TT +Q () + (Fo (t) — Fr (1) © (t, X1 (1)) (Fo (1) — Fi (1))
*]

+ (F)? () — Fy (t))[ o (t,f( (t)) (Ff (t) — Fy (t)) ~0,teR,.

Clearly Q1 € Cy(R4,K%) and the statement (c) of Theorem 5 holds. There-
fore Lp, +I1p, generates an anticausal uniformly exponentially stable evolution
and F is a stabilizing feedback gain for {A, B,II}. Starting from X; (¢) and
F; (t), we construct two sequences Xy, (t) and Fy (), k € N,k > 1 such as X} is
the unique global, bounded and nonnegative solution of the Lyapunov equation
{Lp_ Up_;Qp._, + I} and F (t) = F¥* (t). We can establish induc-
tively that: N N

ar) Xy (t) — X (t) = 0,t € Ry for any X € I'*;

bi) Fy is a stabilizing feedback gain for the triple {A, B,II} and

ck) Xk (t) — Xp41 (1) = 0,t e Ry for all k e Nk > 1.

The proof of ay) - ¢x) is very similar to the one in [12] and is omitted.
From a;) and ci) we deduce that the sequence {Xj (t)}ren+ is bounded and
decreasing. Therefore {X, (t,7)}ren converges strongly to S (¢,i) € IZ, for all
1 € Zand t € Ry. Letting & — oo, componentwise, in the integral equa-
tion (of the type 17) satisfied by the global solution of the Lyapunov equation
{Lp_.,Op_,;Qp._, + £Z"} and arguing as in the proof of the Theorem 7 we
see that S € Cy(Ry,[Z ) and satisfies

T

S ()= (r,t) (S () + /<I> (u,t) (R (u, S (u)) — L (u, S (u)))du. (48)

t

Differentiating (48) with respect to ¢, we see that S is a global and bounded
solution of (22). An appeal to ay) shows that S is just the maximal solution of
equation (22). The proof is complete. m

Now let us investigate the existence of the stabilizing solution.

Theorem 14 The following assertions are_equivalent:

(i) {A, B,11} is stabilizable and the set > # O;

(ii) Equation (22) has a stabilizing solution X € C} (RJF,ZEZ'H) satisfying
R(t) + I, ()X () = 0,t € Ry.

Proof. (i) = (ii). Assume (i). Then, by virtue of Theorem 13, the Riccati
equation (22) has a maximal solution X. Following [12] we can show that X
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is just the stabilizing solution of (22). This proof is very similar to the one of
Theorem 5.8. from [12] and will be omitted.

(i) = (i) By definition, the triple {A, B,1II} is stabilizable with the stabi-
lizing gain F* ¢ Cb(RJr,lf(H_’U)). It remains to prove that r's # . We first
note Cy (R4,1Z,) is a Banach space when endowed with the norm |X lr, =
supieg, [|[X (¢)]|z- For any X, Xy € G (R4,1Z,),0 > 0 we have | X — Xolg, <
§ & X (t) —6TH < X (t) =< X¢ (t) +0ZH for all t € R;”. Now it is easy to see
that

U={X€eC,(Ry,If,)|R(t)+TI5(t, X (t) = 0,t € Ry}

is an open subset of Cj (R+, ngH) , which contains the stabilizing and bounded
solution X. Let us consider the Riccati equation

%X(t)JrR(t,X(t)) — 0" =0,t e R, (49)

We shall prove that for an appropriate 6 € R, (49) has a global solution in U.
Let us denote FX by F. A direct computation and (32)(see [12]) shows that (49)
can be equivalently rewritten as

X (1) 4 [ (1) + T (1)) (X (1)) + Qe (1) — 07" (50)

~Pr(t, X ()0 (¢, X (1) Ps(t, X (1) = 0,

where Pr(t, X) := (F(t) — FX) O (t, X) = d¥ (t,X) + F (1) © (¢, X). Denot-
ing by ®p (u,t) the solution operator associated with the Lyapunov equation
{Lr,1I5; 0}, we introduce the mapping ¥ : R x U — Cy, (R4, 1Z,),

o0

U (5, X)(t)=—-X(t)+ /% (u,t) (Qp (u) — 6TH
—Pr(u, X ()0 (u, X ()T Pr(u, X (u)))du.

From (32) and (18) we get X (t) = 7?(1)117 (u,t) (Qr (u))du and, since Pp(u, X (u)) =

t
0, it follows easily that ¥ (0,X) = 0. It is not difficult to see that the function
¥ is continuously Gateaux differentiable on R x Y. Hence it is Frechet differ-
entiable. The Gateaux derivative of ¥ (¢, X) with respect to X is

DgW (6, X) (Y)(8) = =Y (t) +

/ Br (u, 1) [Ve(, Y ()10 (1, X ()" Po(ur, X ()

+Ps(u, X (u)O (u, X () Ve(u, Y (u)))
~Pr(u, X (u)MO (u, Y () Ly (u) (Y (1) © (u, Y ()™ Ps(u, X (u)))du,
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where Ve(t,Y (t)) = Y (£) B(t)+ 115 (£, Y (1)) +F ()" Iy (¢, Y (£)). We see that
DSV (0,X)(Y)(t) = —Y () and Y — DSV (0,X)(Y)(¢) is an isomorphism
on CY (R+, ZIZ{) Applying the implicit function theorem, we deduce that there
are the neighborhoods (—5, 3) and Ux C U of 0 and X, respectively, and a
unique continuously differentiable function X : (—g, 5) — Ux, § — X5 such
that ¥ (5, Xs5) =0 for all § € (73, 3). It is easy to see that if we set dg € (0,3)
then X3, is a global solution of (50) from &. An appeal to Lemma 3 shows that
Xs, € I'®. The proof is complete. m

Finally we provide necessary and sufficient conditions for the existence of
the minimal solution.

Theorem 15 Assume 0 € I'>. Then the following statements are equivalent:
(i) Equation (22) has a global solution X, € C} (R+,IC§) .
(ii) Equation (22) has a minimal solution X € Cl (Ry,K2).
Proof. The implication (ii) = (i) is obviously true. It remains to prove (i) =
(ii). For each 7 > 0 let X (¢t) = X(7,¢;0) be the solution of (22) with the final

condition X (7) = 0. From Corollary 8 it follows that X is well defined on [0, 7]
and X (¢) = 0 for all t € [0, 7]. Moreover, if 71 > 75, then

X(71,40) = X(72,8,0) (51)

forall 0 <t <715 < 7. Indeed, X(71,t;0) = X (72,t; X (71, 72;0)) from Theorem
7. By the last statement of the Corollary 8, it follows that X (72, ¢; X (11, 72;0)) =
X (72,t;0) and hence (51). Reasoning as above and using again Corollary 8 we
see that _

0XX(mt,0) Y (t),t <, (52)
where Y € C* (R4,KZ) is any global solution of (22). Particularly, (52) holds
for Y = Xy € C} (R4,KZ). From (51) and (52) we deduce that, the sequence
{X(7,t;0)}r>¢ is increasing and bounded. Therefore, for any i € Z and ¢ €
[0, 7], X (7,t;0) (¢) is strongly convergent, as 7 — 00, to an element X (t,i) e Ky
satisfying X (t,i) < Xo(t,i). Passing to the limit as 7 — oo, componentwise,
in the integral equation verified by X (7,¢;0) we see that X (t) = {)N( (t,1)}iez
satisfies the following integral equation

X (s,i) = (t,9) (?( (t)) (i)Jr/tCI)(u,t) (R (u,)z((u))

(u) = X (u) A(w)) (i) du.

>

_ Al (u)

Arguing as in the proof of Theorem 13 we can show that X e C} (R+, ZSZH), and
therefore it is a global and bounded solution of (22). Invoking (52) we conclude

that X is the minimal solution of (22). =
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Remark 16 If in addition the coefficients A, B,11,Q of the Riccati equation
(22) are periodic functions with the same period 0, then a similar reasoning
as in [12] leads to the conclusion that the maximal, minimal and stabilizing
solutions of (22) are O-periodic functions. Hence, in the time invariant case,

the main results of this section apply to algebraic Riccati equations (see [3] and
[12] for example).

References

[1]

[10]

[11]

[12]

M. Ait Rami, J. B. Moore, X. Y. Zhou, Indefinite stochastic linear quadratic
control and generalized differential Riccati equation, STAM Journal on Con-

trol Optimization, 40(2001), 1296-1311.

H. Abou-Kaudil, G. Freiling, V. Tonescu, G. Jank, Matriz Riccati Equations
in Control Systems Theory, Birhauser, Basel, 2003.

J. Baczynski, M.D. Fragoso, Mazimal solution to algebraic Riccati equations
linked to infinite Markov jump linear systems, Internal Report LNCC, no.
6, 2006.

G. Corach, A. Maestripieri, D. Stojanoff, Generalized Schur complements
and oblique projections, Linear Algebra Appl. 341 (2002), 259-272

O.L.V. Costa, M.D. Fragoso, A separation principle for the H2-control of
continuous-time infinite Markov jump linear systems with partial observa-

tions, J. Math. Anal. Appl. 331 (2007) 97-120.

R. Curtain, J.Pritchard, Infinite dimensional linear systems theory,
Springer Verlag, Berlin, 1978.

H. Daduna, Queueing Networks with Discrete Time Scale, Lecture Notes
in Computer Science,Vol. 2046, Springer, 2001.

G. Da Prato, A. Ichikawa, Quadratic control for linear time-varying
stochastic systems, STAM J. Control Optim., 28 (1990), 359-381.

K. Deimling , Ordinary Differential Equations in Banach Spaces, Lecture
Notes in Mathematics, Springer-Verlag, Berlin, 1977.

V. Dragan, T. Morozan, Systems of matriz rational differential equations
arising in conmection with linear stochastic systems with Markovian jump-
ing, Journal of Differential Equations, 194 (2003), 1-38.

V. Dragan, T. Morozan, A. Stoica, H2 optimal control for linear stochastic
systems, Automatica 40 (2004) 1103-1113.

.V. Dragan, G. Freiling,A. Hochhaus, T. Morozan, A class of nonlinear dif-
ferential equations on the space of symmetric matrices, Electronic Journal
of Differential Equations, 2004(2004), 96, 1-48.

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 20



[13]

[14]

[15]

17

18

[19]

[20]

21]

22]

23]

[24]

V. Dragan, T. Morozan, A. Stoica, Mathematical Methods in Robust Con-
trol of Linear Stochastic Systems, Springer, 2006.

V. Dragan, A. Stoica, Riccati type equations for stochastic systems with
jumps, Proceeding of the 17 th International Symposium on Mathematical
theory of Networks and Systems, Kyoto, Japan, 2008, 753-765.

V. Dragan, T. Morozan, Criteria for exponential stability of linear dif-
ferential equations with positive evolution on ordered Banach spaces,
IMA Journal of Mathematical Control and Information, 2010,1- 41,
d0i:10.1093/imamci/dnq013.

Fragoso, M. D., and Baczynski, J., Optimal Control for Continuous Time
LQ - Problems with Infinite Markov Jump Parameters, STAM Journal on
Control and Optimization, 40(2001), 270-297.

Fragoso, M.D. and J. Baczynski, Lyapunov Coupled Equations for Contin-
wous time Infinite Markov Jump Linear Systems , Journal Math. Analysis
and Applications, 274 (2002), 319-335.

Fragoso, M.D. and J. Baczynski, On an Infinite Dimensional Perturbed
Riccati Differential Equation Arising in Stochastic Control, 6th European
Control Conference (ECC2001), Linear Algebra and its Applications, 406,
2005, 165-176.

L. Gasinski, N. Papageorgiou, Nonlinear Analysis, Series in Mathemat-
ical Analysis and Applications vol. 9 (Eds. Ravi P. Agarwal and Donal
O’Regan), Chapman & Hall/CRC, 2005.

R. Kalman, Contribution on the theory of optimal control, Bult. Soc. Math.
Mex. Mexicana 1(1960), No 5, 102-119.

P. Lancaster, M. Tismenetsky, The theory of matrices. Second edition, Aca-
demic Press, 1985.

A. Pazy , Semigroups of linear operators and applications to partial dif-
ferential equations, Applied Mathematical Sciences 44, Springer- Verlag,
Berlin, New -York, 1983.

G. Tessitore,Some remarks on the Riccali equation arising in an optimal
control problem with state- and control-dependent noise, STAM J. Control
Optim., 3, 30 (1992), 717-744.

V. M. Ungureanu, Representations of mild solutions of time-varying linear
stochastic equations and the exponential stability of periodic systems, Elec-
tronic Journal of Qualitative Theory of Differential Equations, 2004, No.
4, 1-22.

V. M. Ungureanu, Stochastic uniform observability of general linear differ-
ential equations, Dynamical Systems, 23(2008), No. 3, 333-350.

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 21



[26] V. M. Ungureanu, Optimal control for linear discrete time systems with
Markov perturbations in Hilbert spaces, IMA J. Math. Control Inform. 26
(2009), No. 1,105-127.

[27] V. M. Ungureanu, Optimal control of linear stochastic evolution equations
in Hilbert spaces and uniform observability, Czechoslovak Mathematical
Journal, 59(2009), No. 2, 317-342.

[28] V. M. Ungureanu, V. Dragan, T. Morozan, Global solutions of a class of
discrete-time backward nonlinear equations on ordered Banach spaces with
applications to Riccati equations of stochastic control, Optim. Control Appl.
Meth.,6 MAR 2012, DOI: 10.1002/0ca.2015.

[29] W. M. Wonham, On a matriz Riccati equation of stochastic control, STAM
J. Control 6 (1968), 681-697.

[30] W. M. Wonham, Random differential equations in control theory, in Prob-
abilistic Methods in Applied Mathematics, A.T. Bharucha-Reid, ed., vol.
2, Academic Press, New York/London, 1970.

[31] K. Yosida, Functional Analysis, Springer Verlag, 1980.

(Received July 31, 2011)

Department of Mathematics, “Constantin Brancusi” University,
Tg. Jiu, Bulevardul Republicii, nr. 1, jud. Gorj, Romaina,
e-mail vioQutgjiu.ro.

Institute of Mathematics of the Romanian Academy,

PO Box 1-764, RO-014700 Bucharest, Romania,
e-mail Vasile.Dragan@imar.ro.

EJQTDE, Proc. 9th Coll. QTDE, 2012 No. 17, p. 22



