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Abstract. We deal with existence and multiplicity for the following class of nonhomo-
geneous Schrodinger-Poisson systems

—Au+ V(x)u+ K(x)p(x)u = f(x,u) + g(x) in R3,

—Ap = K(x)u? in R3,
where V,K : R?> — R* are suitable potentials and f : R® x R — R satisfies sublinear
growth assumptions involving a finite number of positive weights W;, i = 1,...,r with
r > 1. By exploiting compact embeddings of the functional space on which we work
in every weighted space L%i (R%), w; € (1,2), we establish existence by means of a
generalized Weierstrass theorem. Moreover, we prove multiplicity of solutions if f is

odd in u and g(x) = 0 thanks to a variant of the symmetric mountain pass theorem
stated by R. Kajikiya for subquadratic functionals.
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1 Introduction

In this paper we consider the following class of Schrodinger—Poisson systems (also called
Schrodinger-Maxwell systems) in both nonhomogeneous case g(x) # 0, namely

—Au+ V(x)u+ K(x)p(x)u = f(x,u) + g(x) in R®, Po)

—A¢p = K(x)u? in R3, $
and in the homogeneous case g(x) = 0, that is

—Au+ V(x)u+K(x)p(x)u = f(x,u) in R3, Po)

“ AP = K(x)u? in R, °
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This class of systems has a strong physical meaning since it arises in several applications from
mathematical physics, in particular in quantum mechanics models where it describes the mu-
tual interactions of charged particles in the electrostatic case (see e.g. [5, 6] and references
therein for more detailed physical aspects). For this reason, many authors have devoted their
attention to systems of this type and they have widely studied them by using variational meth-
ods under various conditions on the potentials V(x) and K(x) and the nonlinearity f(x,u)
especially when it is superlinear or asymptotically linear at infinity in u. On the contrary, up
to now, there is no extensive literature dealing with the case of nonlinearities f(x, 1) sublinear
at infinity especially involving suitable weights and this motivates our work. Let us start with
the homogeneous case g(x) = 0.

In 2012, Sun [12] proved the existence of infinitely many small negative energy solutions to
(Po) in the case K(x) = 1 by a variant fountain theorem established in [16] under the following
assumptions

(V') V € C(IR3,R) satisfies inf,.gs V(x) > a > 0 with a a real constant;

(V") for any M > 0, meas{x € R®: V(x) < M} < +oo where meas denotes the Lebesgue
measure on R3;

(F') F(x,u) = Wy(x)|u|”* where F( x u) = [y f(x,t)dt, Wy : R® — R is a positive continu-
ous function such that Wy € L=t o (R3) with w; € (1,2).

In particular, conditions (V')-(V") imply a coercive condition on V which was first intro-
duced by Bartsch and Wang [4] in order to overcome the loss of compactness due to the
unboundedness of the domain R®. Clearly, thanks to (F’) only the one-weight nonlinearity
fx,u) = wy Wi(x)|u|“1~! is allowed.

In 2013, Liu, Guo and Zhang [8] generalized the results in Sun [12] since they showed
for (Pp) with K(x) = 1 the existence of a nontrivial solution by minimization arguments [10]
and the multiplicity of solutions with negative energy which goes to zero by a symmetric
mountain pass lemma based on genus properties in critical point theory (see Salvatore [11])
by removing assumption (V") and relaxing assumption (F’) with the following

|f(x, 1) < wy Wy (x) a7 4wy Wo(x)|u|“2 ! for a.e. x € R® and for all u € R

with Wy € L7 (R®) and W; > 0, Wy € L3(R?) and Wy > 0 where w; € (1,2) and w, €
[4/3,2). This assumption makes indefinite nonlinearities f(x,u) can be also considered and
the presence of the weights W; and W, ensures a good property of compactness for these
f(x,u).

In 2013, Lv [9] also generalized the result in Sun [12] by showing existence of a nontrivial
solution by minimization arguments [10] and multiplicity of solutions with vanishing and
negative energy levels by the dual fountain theorem [14] to (Pp) in the case K(x) = 1 without
the coercive assumption (V") and under only (V') on V. This has been possible since the
odd nonlinearity f(x,u) is supposed to satisfy suitable sublinear growth hypotheses which
imply the existence of three weights W; € L2 (R3), W; > 0, i € {1,2,3} with w; € (1,2) and
allow to recover compact embeddings of the functional space in the weighted space L} (R%),
i =1,2,3. Precisely, "

3
fx,u) SZ lu|“~1 for a.e. x € R® and for all u € R
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so that the case of indefinite nonlinearities f(x,u) is also covered. This result improves and
completes the paper by Liu, Guo and Zhang [8].

Few years later, in 2015 Ye and Tang [15] improved the results in Sun [12] since they
showed the existence of infinitely many small solutions with small negative energy to (Pp) by
means of a new version of symmetric mountain pass lemma developed by Kajikiya [7] with
the non-negative potential K € L?(R?) U L*(IR%) (see condition (K) below), under the weaker
hypotheses

(V') V € C(R3,R) verifies V(x) > 0 for every x € R;
(V") there exists M > 0 such that meas{x € R®: V(x) < M} < +o0.

Besides a suitable local assumption, on the continuous and odd nonlinearity f(x,u) is as-
sumed in particular the following sublinear growth condition

If(x,u)| < Wy(x)|u|“ 1 + Wa(x)|u|®21 for a.e. x € R® and for all u € R

with weights W € Lﬁ(w), W, € LT% (R3), Wy, Wo > 0 and wy, ws € (1,2).

Regarding the nonhomogeneous case g(x) # 0, Wang, Ma and Wang [13] in 2016 estab-
lished only existence to (P,) with non-negative g € L?(IR®), for a class of potentials K(x) > 0
with K € L2(IR%) U L*(IR?) (as in hypothesis (K) below), under conditions (V')-(V") and the
same sublinear growth condition assumed in [15] with two weights W; and W5. In this case
the authors work without using for compactness this last condition.

The aim of this paper is to study (P) (resp. (Pp)) under more generic conditions in order
to generalize or to give complementary results to the ones listed above. More precisely, we
investigate existence (resp. multiplicity) of solutions to (7) (resp. (Pp)) under the following
assumptions:

(V) V:R®— Ris a Lebesgue measurable function with essinfgs V(x) > a > 0 where a is
a real constant;

(K) K € L2(R%) U L®(R®) and K(x) > 0 for a.e. x € R5;

(f1) f : R® xR — R is a Carathéodory function (i.e., f(-,s) is measurable on RR® for all
s € Rand f(x,-) is continuous on R for a.e. x € R%);

2
(f2) there exists W; € L7 (R3), W; > 0 (i € {1,...,r}) with constant w; € (1,2) such that

.
If(x,8)] <Y Wi(x)[s|** forae. x € R®and foralls € R;
i=1

(f3) there exist QO C R® with meas(Q) > 0, w,11 € (1,2), 7 > 0 and 6 > 0 such that
F(x,s) > n|s|“+ forae.x € Qandforalls € R, [s| <¢
where F(x,s) = [; f(x,t) dt;
(f1) f(x,8) = —f(x,—s) fora.e. x € R®and for alls € R;

(G) g € LX(R).



4 S. Barile

Thus, we obtain the following results. For the definition of the functional spaces Ey and
D'?(IR?) and of the energy functional Jy which appear in next theorems, see Section 2.

First, let us state the existence result for the nonhomogeneous case and for the homoge-
neous case.

Theorem 1.1 (Existence). Suppose that (V), (K), (f1) and (f2) hold. Then, we get the following:

(i) (nonhomogeneous case g(x) # 0) if in addition (G) holds, problem (Py) admits at least a non-
trivial weak solution (1, ) € Ey x DV2(IR3);

(ii) (homogeneous case ¢(x) = 0) if (f3) is also assumed, problem (Py) possesses both a trivial weak
solution and at least a non-trivial weak solution (i, ¢z) € Ey x DV2(IR3).

Now, let us provide the multiplicity result obtained in the case g(x) = 0.

Theorem 1.2 (Multiplicity). Assume that (V), (K), (f1), (f2), (f3), (fa) hold. Then, problem (Py)
has a sequence { (i, ¢z,)} C Ey x DV2(R®) of non-trivial weak solutions such that

Jo(iign) = 5 [ (VP +V@la?) dx -5 [ Vgndx
2/ X) P, U dx — /RQ?’F(x,ﬁk)dx—)O
as k — +oo.

Remark 1.3. Thanks to Remark 2.8 and the properties of Jp and ¢, stated in Section 2, we
remark that Theorem 1.2 gives in particular the existence of a sequence { (i, ¢y, ) } of critical
points of Jo such that Jo(7ik, ¢u, ) <0, 7 # 0 and then ¢y, # 0, limy 7, = 0 from which we get
limy ¢z, = 0; consequently, limy Jo (i, ¢z, ) = 0.

Let us observe that, as concerns the existence result in the homogeneous case g(x) =0, we
complete the papers by Sun [12] and by Ye and Tang [15] where no existence result has been
stated. Moreover, we improve the existence of solutions to (Pp) for not necessarily constant
potentials K(x) by relaxing (V') with (V) in Lv [9] and in Liu, Guo and Zhang [8].

Moreover, we generalize the existence of multiple solutions obtained in Sun [12], Liu, Guo
and Zhang [8] and Lv [9] to (Py) for K(x) = 1 to a more general class of potentials satisfying
(K) thus providing the existence of infinitely many small solutions with small negative energy.

In the nonhomogeneous case g(x) # 0, we improve the existence result established by
Wang, Ma and Wang [13] since we relax condition (V') by (V), skip (V") and recover compact-
ness by the different requirement (f,) involving r weights. Furthermore, we do not impose
any sign condition on g.

Remark 1.4. Let us observe that, from (f;) by integration it follows that

s <Y

i=1

%Wi(x)|s|w" for a.e. x € R? and for all s € R. (1.1)
1

The paper is organized as follows: in Section 2 we introduce the variational formulation of
the problem and we recall a generalized version of Weierstrass theorem, Mazur theorem and
a convexity criterion. Moreover, we recall a variant of the symmetric mountain pass theorem
for “subquadratic” problems stated in [7]. In Section 3 we prove Theorem 1.1 and in Section 4
we show Theorem 1.2.
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2 Variational tools

In order to introduce the variational structure of the problem, let E = H'(R®) be the usual
Sobolev space endowed with the standard scalar product

(u,v)g = /3 (Vu-Vo+uv)dx
R

and the corresponding norm

e = (o, = ([, (9P + Juf) )

with dual space (E/, || - ||). Moreover, let D12(IR?) be the completion of C§°(IR?) with respect

to the norm )
2
Jullo = oz = ( [, [VuPex) "

IR3

We denote by L5(R3%),1 < s < +oo, the Lebesgue space endowed with the norm

ule = Il oy = ( [ o)
Moreover, let us introduce

Ey = {u €E: /]R3 (|Vul* + V(x)[ul?) dx < oo}.

By assumption (V), Ey is a Hilbert space endowed with the scalar product
(u,v)y = (0,v)g, = /3 (Vu-Vo+ V(x)uv)dx
R

and the related norm

Jully = w002 = ([, (Va+ VL) )

with dual space (Ey, || - [/, ). From now on, let 1 <'s < oo and

L5, (R%) = {u e LY (R?) : /}RB V(x)|uff dx < oo}

endowed with the norm

uls,y = </1[<3 V(x)\u|5dx> s

Clearly, Ey = ENL2/(IR?) and by (V) we have that Ey < E. Moreover, the following conti-
nuous embeddings hold

Ey — L*(R%®) foranysc [2,6] and D!?(R?) — L5(R®)
being 2* = 2N /(N —2) =6 for N = 3.
From now on, c and C will denote real positive constants changing line from line.

At this point, we prove the following result which allows us to state the compact embed-
ding of Ey in a weighted Lebesgue space with a specific weight W(x); the result will be ap-
plied to the Lebesgue measurable weight W; and to the constant w = w; for any i € {1,...,r}
in assumption (f2).
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Proposition 2.1. Let 1 < w < 2. Suppose that W is a positive function belonging to L*(R>) with

u=( g)’ = 52 Under assumption (V), we get the following compact embedding

w
Ey << L% (R%),

where
L% (R3) = {u € LY(R3) : /]R3 W(x)|u|®dx < 00}

endowed with the norm :
sy = ([, Wl )
]R3

Proof. We adapt the arguments used in [9, Lemma 2.1] (see also [2, Remark 2.3] and [3, Propo-
sition 2.2]). Let {u,} be a sequence in Ey such that u, — u in Ey. Clearly, u,, — u is bounded
in Ey, namely there exists a constant M > 0 such that ||u, — u||y < M. Since W € L*(R%) we
have

1
for all € > 0 there exists R, > 0 such that </| |W(x)|* dx> "<

x‘st

Therefore, by Holder’s inequality and Sobolev embeddings we get

1 w
/ W (x) |1t — | dx < (/ |W(x)|ﬂdx>" (/ |un—u|2dx>2
|x|=Re |x|=Re |x|=Re

<eluy, —ul§ <eclu, —ul|y <ec” M. (2.1)
Now, setting Ev (Bg,(0)) = {up, (o) : # € Ev}, since
Ev(Br.(0)) < H'(B.(0)) <> Liy(B,(0)),

from u,, — u in Ey we deduce Unly o) = Y|
Re £

b @ 1 Ev(Bg,(0)) and then u, — u in L{; (Bg,(0)).

Consequently,

for every & > 0 there exists n, € IN such that for every n > n, one has

/ W(x)|uy —u|dx <e
|x|<Re

which, together with (2.1), implies

/3W(x)\un—u\wdx:/ W(x)|uy — u|” dx + W(x)|uy — u|” dx
R

[x[<Re [x[>Re

<e(l+M»c")

and then u, — u in L% (R3). O

Let us point out that in Sun [12] and Wang, Ma and Wang [13] potential V satisfies
stronger assumptions (V')-(V"). These conditions allow to prove that Ey << L5(IR%) for
all 2 <'s < 6. Differently, here above in Proposition 2.1 we show that Ey << L% (IR®) with
w € (1,2). In the following (see Proposition 2.3 and Proposition 4.1) we will exploit only this
weaker result in order to overcome the lack of compactness due to the unboundedness of the
domain R3.
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Under our assumptions, it is not difficult to see that system (P;) (resp. (7)) has a varia-
tional structure, that is, it is possible to find its solutions by looking for critical points of the
functional J; € C'(Ey x D'?(IR?),R) (resp. Jo € C'(Ey x D'?(IR?), R)) defined by

Jolu9) = llulfy - |V¢!2dx+2/ )gutdr— [ Flow)dr— [ gxudx
(resp. Jo(u,¢) = 5llully — 3 [ 199Rdx+5 [ KGpuddx— [ Faudx)

for every (u,¢) € Ey X lez(R3). But the functional J, (resp. Jo) is strongly indefinite, namely
it is unbounded from below and above on infinite dimensional subspaces. In order to remove
its indefiniteness and to reduce to study a not strongly indefinite functional, we can use the
following reduction method introduced in [5] (see also [6]). This method relies on the fact that,
for every u € Ey, the Lax-Milgram theorem implies the existence of a unique ¢, € D?(R3)
satisfying in the weak sense

—A¢p, = K(x)u* inR>.

It is well known that ¢, can be written with the following integral formula

_ 1 1 Kyvi(y)
¢u(x) _E/]RS ‘x_y| d]/

So, substituting ¢ = ¢, in | (resp. Jo) it is possible to consider the functional I, : Ey — R
(resp. Iy : Ey — R) defined by I, (u) = J,(u, ¢u) (vesp. Io(u) = Jo(u,¢y)) for every u € Ey.
Now, by multiplying —A¢, = K(x)u? by ¢, and integrating by parts we get

2 _ _ 2
/R K(x)gute? dx = /IR —(Agu) g dx = /R VP, (2.2)

then the reduced functional I, (resp. Iy) takes the form for every u € Ey
2
Iy(u 2/ (|Vul? + V(x)|ul? dx+4/ X)pyu dx—/]RsF(x,u)dx—/]RSg(x)udx

2
(resp. Ip(u 2/ (IVul?> + V(x)ul? dx—i—4/ X) Py dx—/]RSF(x,u)dx).

At the same time, problem (Pg) (resp. problem (7)) can be reduced to an equivalent single
Schrodinger equation with a nonlocal term. Indeed, substituting ¢ = ¢, in (P,) (resp. (Po))
we get the following equation

—Au+ V(x)u+ K(x)py(x)u = f(x,u) + g(x) inR3 (Sg)

(resp. — Au+ V(x)u + K(x)¢pu(x)u = f(x,u) inR3.) (So)

As we will prove in Proposition 2.3, I, € C!'(Ey,R) (resp. Iy € C'(Ey,R)) and every critical
point of I, (resp. Ip) corresponds to a solution u € Ey to (S;) (resp. (Sp)) and provides a
solution (u,¢) € Ey x D2(R3) to (P;) (resp. (Po)).

Remark 2.2. Since by (K), it is K(x) > 0 for a.e. x € R3, we get ¢, > 0 for any u € Ey.
Now, as just noticed, by hypothesis (V) it is Ey < H'(IR3); this fact together with the well
known continuity of ¢, : H'(R3) — D'?(IR%) implies also ¢, : Ey — D¥?(IR?) is continuous.
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Furthermore, let us observe that, if K € L?(R%) or K € L®(RR?), by (2.2), Holder’s inequal-
ity and Sobolev embeddings we obtain

I9ullp = [ Kx)gu®dx

< (ferae) " (o) (foera)

< [Kl2cllpullp [ulg

1/6 5/6
H(PMHIZD = A3 K(x)(,buuzdx < ’K|oo <A3(¢u)6dx> </]RS(M2)6/5dx>

< Kl cllpullp [l 5-

1/3

or

Therefore, in the first case we get

l¢ullp < [Kl2culg (2.3)

while in the second
pullp < [Kleo € |utfiy5. (2.4)

At this point we can state the following variational principle and recover the compactness of
the problem.

Proposition 2.3. Assume that (V), (K), (f1), (f2) and (G) hold. Then, the weak solutions of (P;)
(resp. (Po)) are the critical points of the energy functional I : Ey — R (resp. Iy : Ey — R) defined by

Io(u 2/ (|Vul? + V(x)|ul? dx+4/ X)pyu dx—/]RSF(x,u)dx—/ g(x)udx

1R3

(resp. Ip(u 2/ (IVul> + V(x)ul? dx+4/ X)pyu dx—/R3F(x,u)dx)

for every u € Ey. More precisely, I, € C'(Ey,R) (resp. Iy € C'(Ey,R)) and its derivative dI, :
Ev — E, (resp. dly : Ey — EY) is defined as

Al (w)[Z] = [ | [Vu- Y+ V(E)u+KE)gunl — f(x,u) § - glx) {)dx
(resp. dlp(u)[] = /]1{3 [Vu-VI+V(x)ul+K(x)pyul — f(x,u)g]dx) (2.5)

for all u, € Ey. Consequently, the pair (u,¢) € Ey x DV2(IR3) is a solution of problem (Py) (resp.
(Po)) if and only if u € Ey is a critical point of I (resp. Ip) and ¢ = ¢,,.
Moreover, the function u — f(-,u(-)) is compact from Ey to E,.

Proof. Let us start by showing that the functional I, (resp. Ip) is well defined and its Fréchet
derivative given in (2.5) is a continuous operator from Ey to E{,. For the sake of completeness,
we give here all the details of the proof. We define and study separately the following maps

1
ov(n) =5 lulfh,  gxlw) = [ K(x)pdx

or(u) = /RSF(x,u)dx and ¢g(u) = /R3g(x)udx,
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Clearly, ¢y € C!(Ey, R) since @y is continuous from Ey to R and its Gateaux differential at u

dev(u / Vu - V@der/ x)ug dx

is a linear continuous map on Ey.

Concerning the map ¢k, we need to show that gx € C!(Ey, R) with
dox()[7] = /R K(x)guuldx forallu,g € Ey. (2.6)
By Remark 2.2, if K € L?(IR®) it results
loxi)] < [ K(x)gurdx < K3 e ful}
and, if K € L*(R®) one has
o) < [ K(x)gurdx < K, ulty 5

then by Sobolev embeddings ¢k (u#) € R for any u € Ey.
Now we prove that

/3 K(x)pyuldx € R forallu,l € Ey.
R

Indeed, if K € L?(R%), by Holder’s inequality and (2.3) we get the following

1/3
< [ KO 21 < Kl gl ( [, (Iul 21 )

< Ielioulo ([ (rrae) ([ apras)”

< |K[3 ¢ |uls [Z]6-

'/ X)puu fdx| <

Similarly, if K € L*(R3) by Holder’s inequality and (2.4) we obtain

5/6
= /]RS K(x)pulul| |Z]dx < |K|oo |pul6 </]R3(M 1])/5 dx)

5/12
< Kleclullo ([ (ueo2ax) ([ ees)zax)
< |K[% ¢ [uhass 1S hays-

By Sobolev embeddings in both cases we have done. It is not difficult to find that the Gateaux
derivative of @k at u is as in (2.6) and it is linear and continuous from Ey to R. It remains to
prove that d¢k is continuous from Ey to Ef,, i.e.

’/ x)pyugdx| <

5/12

ldox (un) —dox(u)|g, — 0 if uy — win Ey. (2.7)
First, observe that by adding and subtracting K(x)¢,, 1 { in the integral we have
|(di(un) —dox(u))[C]] < / | K()uttn & = K(x)pute §| dx

< [ KGOl = ulg, Cldx+ [ KGO lgu, = gullul ] dx. @8)
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Now, if K € L?(IR?), by Holder’s inequality and Sobolev embeddings it follows

[ KGOt = 1, 6] d < |K[2 C [l 1 = llv €]y
[ K@, = gullul 2] dx < KLz C g, = gullp Iullv [¢1v-

Similarly, if K € L*(R%) we get

[ KGOl = ulgu, |2l dx < Kles C g 1 10x = ullv 121y
[ KGO u, = @ullul 2] dx < Kl C g, = @ullo ullv <]y

As u, — u in Ey, by the continuity of ¢, from Ey in D1'2(1R3) ensured in Remark 2.2 we get
¢u, — ¢y as n — +oo and consequently the boundedness of ¢, in D?(R3); therefore, the
right terms in these four inequalities above go to zero and by (2.8) the convergence in (2.7)
follows.

Now, we have to prove that also ¢r € C! (Ev,R) with

g (u / F(x,u)ldx  forallu,{ € Ey. 2.9)

Let us point out that, by (1.1) in Remark 1.4 and Holder’s inequality, we have

or(] < [ IFGewlde < Y [ Wl dx < Wi

where Hi= (w%)/ = ZEZU

(f2) we obtain

Jo ezt < X [ wolal il de < 3 W e 2

i=1
Hence, by Sobolev embeddings it follows that ¢r(#) € R and d¢r(u)[{] € R for all u,{ € Ey.

Moreover, standard tools imply that the Gateaux derivative of ¢r at u is as in (2.9) and it is
linear and continuous from Ey to RR.

At this point, we have to prove that dgr is continuous from Ey to Ej,, i.e.

|der(un) —dor(u)|g, — 0 if uy — uin Ey. (2.10)

Indeed, by Holder’s inequality and Sobolev embeddings,

|(dor(un) —dor(u))[C]] < /}RS (3 un) = f(x,u)|[C] dx
< [fCun()) = FCu() 2182
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Now, by (f2) we get for a.e. x € R3
|f o) = f (e u) |2 < 2 (1f (xun) P+ [ () [2)

A
N
N
A/F?
=
L =
S
i
Y
N
g
N
+
=
=
)
kS
=
~_—

By Fatou’s lemma, it follows that

Rsﬁmi“f( (i Pl - ulz(w"_”+i(Wi(x))2\ulz(w"_1)>—If(xlun)—f(x,uﬂz) dx
nee i—1 i=1
< liminf |0 ( ( ) [un = u|2<“’f”+iil<wz-<x>>2|urz<wt'”)
— | f(x, upn) —f(x,u)]2> dx. (2.11)

Now, we observe that, since u, — u in Ey it is u,(x) — u(x) a.e. x € R3, therefore
(Wi ()2 (x) —u(x)[@~D 50 ae xeR¥and foralli=1,...,r

and also by (f1)
f(xun(x)) = f(x,u(x))P >0 ae xR’

On the other hand, by Holder’s inequality and Sobolev embeddings we get
/R3(Wi(x))2|un — 2@ gy < |Wi\f,l_ |ty — u|§(wi_1) foralli=1,...,r

and, since u, — u in L?(IR®) by continuous embeddings, also the left-hand side term goes to
zero as n — +oo for every i = 1,...,r. Consequently, (2.11) implies

/Rsz )2 |ue 2~ dx<c/ Z )2 | 2@ gy
+ lim inf <— /]R3 |f(x, un) —f(x,u)|2dx>

n—-+00

from which it follows that

0 < — limsup (/W £ (x, 1) —f(x,u)yzdx>

n——+4oo
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and therefore

0 < liminf </R 1F (x, 1) —f(x,u)|2dx>

n—+00
< limsup </ £ (%, 1) —f(x,u)\zdx> <0.
n— 00 R3
Hence,
fCun() = fCu())2 =0 asn— +oo
and (2.10) is proved.

By exploiting the arguments carried out in [5,6], we get that the pair (u,¢) € Ey x DV2(IR3)
is a solution of problem (P;) (resp. (7)) if and only if u € Ey is a critical point of I, (resp. Iy)
and ¢ = ¢,.

Finally, we prove that d¢r is compact from Ey to Ej,. Let {u,} be a sequence in Ey such
that u, — u in Ey. By Proposition 2.1, for alli =1, ...,ritis u, — u in Luvi}i (R3) namely

/3 Wi(x)|uy — u|®dx — 0 asn — +oo. (2.12)
R
Fixedi=1,...,r and taken a; = 1271 € (0,2), by Holder’s inequality we get
[ W)t — 2 i
R

= /IRS(Wi(x))ai(wi(x))ziuimn _M‘Z(wifl) dx

< ( /. 3<wi<x>>ﬂf)’i§ ( [ (2 — i) dx)‘

o @
= |WZ‘%’M;1 - u’wirwi/

hence, by (2.12) it follows that
/S(Wz-(x))2|un —ulP® gy 50 asn — +oo.
R

Then, arguing as in the proof of the continuity of dgr, as soon as u, — u in Ey we get
fCun()) = f(,u(-)) in L2(R®) so derp(uy) — dor(u) in E{, as n — +oo and we conclude
that dor(u) is compact from Ey to Ej,.

Finally it is standard to prove that ¢, € C!(Ey, R) with derivative

dog(u))[C] = /ng(x) {dx forevery u,( € Ey
and the proof is completed. O

Now, in order to prove in next Section 3 the existence result by minimization arguments,
we will exploit the following generalized version of the Weierstrass theorem.

Theorem 2.4. Let (X, | - ||) be a reflexive Banach space and M C X be a weakly closed subset of X.
Suppose that the functional I : M — R is coercive and (sequentially) weak lower semi-continuous
on M.

Then, I is bounded from below on M and

there exists ug € M such that 1(uy) = mlAr/} I(u).
ue
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In order to prove the weak lower semi-continuity of the energy functional I, (resp. Ip), it
will be useful to apply the following Mazur theorem.

Theorem 2.5 (Mazur). Let X be an infinite dimensional reflexive Banach space and I : X — R a
continuous and convex functional on X.
Then, I is weak lower semi-continuous on X.

We will exploit also the following convexity criterion.

Proposition 2.6 (Convexity criterion). Let X be an infinite dimensional Banach spaceand I : X — R
a C! functional on X. If

(dI(u) —dI(v)) [u—v] >0 foreveryu,v € X
then I is convex on X.

In addition, in order to show the multiplicity result, we recall a suitable version stated by
R. Kajikiya in [7] of the classical symmetric mountain pass theorem (see [1]).

Let X be an infinite dimensional Banach space, X’ its dual space and I : X — R be a C!
functional. Let us recall that I satisfies the Palais-Smale, briefly (PS), condition if any (PS)
sequence, i.e. any sequence {u;} in X such that {I(u)} is bounded and dI(ux) — 0 in X’ as
k — +0c0, has a convergent subsequence.

For all integer k, let

I't ={A C X— {0} | A closed and symmetric, y(A) > k},

where, as usual, y(A) denotes the genus of the set A (for the definition and relative properties
see e.g. [10]).
The following result was proved in [7, Theorem 1].

Theorem 2.7 (Kajikiya). Let I € C'(X,R) satisfying

(A1) I is even, bounded from below, 1(0) = 0 and I satisfies the (PS) condition;

(Az) for every k € IN there exists Ay € Ty such that sup 4 I(u) <O.

Then,

(By) either there exists a sequence {uy} such that dI(uy) =0, I(ug) < 0 and {uy} converges to zero;

(Ba) or there exist two sequences {uy} and {vy} such that dI(ux) = 0, I(ux) = 0, up # 0,
limg up =0, dI(vg) =0, I(vg) <O, limy I(vg) = 0 and {vy} converges to a non-zero limit.

Remark 2.8. In any case (Bj) or (B;), Theorem 2.7 gives the existence of a sequence {uy} of
critical points such that I(ug) <0, uy # 0, limy ux = 0 and, consequently, limy I(uy) = 0.

3 Proof of Theorem 1.1

First, let us recall the next useful results.

Lemma 3.1. Assume (V') and (K) hold. Then,

/]R3 K(x) (putt — ¢ppv) (u —v)dx >0  for every u,v € Ey.
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Proof. Since

3

/]R3 K(x) (¢t — ¢po0) (u —v) dx = /]R3 K(x) (¢uu® + ¢pp0?) dx — /]R K(x) (¢puuv + ppuv) dx,

in order to get the thesis, it is sufficient to prove that

/1[{3 K(x) (pyuv + ppuv) dx < / K(x) (¢u® + ¢o0?) dx (3.1)

R3

for every u,v € Ey. By Holder’s inequality we get

/]R3 K(x) ((P”uU—I_(Pvuv) dx = /]R3 K(x)4>11uvdx+/]RS K(x)cpvuvdx
_ /Rs (KG9 20) (K(x))20) dx
+/]R3 ((K(x)(Pv)l/Zu) ((K(x)¢v)1/20> dx

([, K2 dx>l/2 (. Koguot )
4 </IR3 K(x)¢ou? dx> v (/IR3 K(x)c[)vvzdx)l/z. (3.2)

Now, if we multiply first by ¢, then by ¢, the following two equations

1/2

IN

~Ap, = K(x)u? and — Ap, = K(x)??,

by integration by parts we get

' 2. 2

/R3K(x)gbuu dx = /11{3 V| dx, (3.3)
2 — .

/]R3K(x)q>uv dx = /}RS V¢, -V, dx, (34)

and

2 — .

/IR K(x)gos? dx = /IR V- Vo, (3.5)

/ K(x)ppv? dx :/ |V |* dx. (3.6)

R3 R3

By substituting equalities (3.3)—=(3.6) in the last line of (3.2) and by applying again Holder’s
inequality we get

1/2

1/2
/]123 K(x) (¢pyuv + ppuv) dx < (/IRS |V(Pu|2dx) (/IRS Vo, -V dx)

1/2
2
+ (/W Vq)u-quvdx) </R3 V0| dx)

1/2
:(/]Rqu)u-vqhdx) (gell + lgolln)

1/4 1/4
([ vouzax) " ([ 190Rdx) " (lgualo + lgelo)
I ¢ull s 192l1* (llgullp + llgelln) (3.7)

1/2

IN
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Recall that the following inequality holds
(xy)?(x +y) <x*+y* forevery x,y > 0.
By applying it to the last line of (3.7) and by exploiting equalities (3.3) and (3.6) we obtain

[ K@) @uo + goo) dx < gulh + igollh
= | K(x)¢p,u? dx+/ X)pp0? dx

R3

= | K(x) (¢puu® + $pp0?) dx,

R3
thus we get (3.1) and this completes the proof. O
Thanks to Lemma 3.1, we can prove the next proposition.

Proposition 3.2. Suppose that (V) and (K) are satisfied. Then, the functional ox € C'(Ey,R)
defined by

px(u) = /3 K(x)pyu*dx  for every u € Ey,
R
is convex on Ey.

Proof. By Proposition 2.3 we already know ¢x € C!(Ey,R) and

(dox(u) —dox(v)) [u — o] = /]R3 K(x) (puu = pov) (4 — v) dx

for any u,v € Ey. Then, by Lemma 3.1 we can apply Proposition 2.6 to the functional I = g
and to the Banach space X = Ey and we obtain the thesis. ]

Consequently, we get the following result.

Proposition 3.3. Under assumptions (V) and (K), the C! functional ¢ is weak lower semicontinuous
on Ey.

Proof. Since gk € C!(Ey,R) is convex by Proposition 3.2, the thesis is a direct consequence of
Theorem 2.5. O

Proof of Theorem 1.1.

(i) First, let us consider the nonhomogeneous case g(x) # 0. Observe that, since —A¢, =
K(x)u?, by multiplying by ¢,, and integrating by parts we get [ K(x)p,u?dx = |[¢u]|3 > 0.
Therefore, from (1.1), Holder’s inequality and Sobolev embeddings, we obtain

I (u 2/ (IVul? + V(x)[uf?) dx+4/ )i dx (3.8)
—/ g(x)udx
R3
/ (]Vu|2—|—V(x)|u]2) dx—/ F(x,u)dx—/ g(x)udx

R3
Jull}, - Z x) |ul* dx — [gla|ul2
wi
1

1 ,
lully —} :*w, Wil [u]3" = calglallullv
~ w,

>

v

-

Y
Ni= NI= NE= N

~

p
ol = ¢ Y Wil luell = calglalu]lv-
i=1

>
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Then, since w; € (1,2) for any i € {1,...,r}, it follows that I, is coercive and bounded from
below on the reflexive Banach space Ey.

Moreover, the functional I is weak lower semicontinuous on Ey. In order to show it, it
is useful to write it again as [, = ¢y + %qu — @r — @4 by using the notations introduced in
Proposition 2.3. Clearly, ¢y is weak lower semicontinuous by the norm properties while g
is weak lower semicontinuous on Ey by Proposition 3.3. In addition, ¢r is weak continuous
as it is of class C' on Ey and its derivative d¢r is compact by Proposition 2.3. Moreover, ¢, is
linear continuous then it is weak continuous on Ey.

Consequently, by the generalized Weierstrass theorem stated in Theorem 2.4 there exists
1 € Ey such that I,(#) = min,eg, Io(u). Hence, % is a critical point of I, and, by applying
Proposition 2.3 we get  is a solution of problem (S;) and then (i, ¢;) is a solution to (Py).

Now, since g(x) # 0, equation (S,;) does not admit the trivial solution. Therefore, 7 is a
not trivial solution to (S;) and we obtain that (i, ¢;) is a not trivial solution to (P).

(i) Now we consider the homogeneous case g(x) = 0. By (f2), equation (Sp) admits always
the trivial solution u = 0 with Iy(0) = 0. Clearly, the generalized Weierstrass theorem also
applies to Iy by adapting previous arguments with g(x) = 0. In any case, since we assume
also (f3) holds, the solution # to (Sp) is not trivial; indeed, recall that ¢y, = t>¢, for every
t > 0and any u € Ey and let us fix u; € Ey N C.(IR?) with u; # 0 and supp(u1) C Q; by (f3)
and 1 < w,41 < 2 we get

Io(eur) = H”lﬂv 4/ X) Peuy (€11)? dx—/QF(x,sul)dx

< Sl + 5 [ KO — el
< 0=1y(0)
for ¢ > 0 small enough. Therefore, system (Pp) has a non-trivial weak solution (#, ¢y). O

Remark 3.4. Here above we have exploited the weak lower semicontinuity of ¢k in particular
and then of the functional I, (resp. Iy). Really, the existence result can be also found by
applying [10, Theorem 2.7] (see also [14, Corollary 2.5]) since I, € C!(Ey,R) (resp. Iy €
Cl(EV, R)) is bounded from below on Ey and, as proved in the next Proposition 4.1, satisfies
(PS) condition by neglecting the presence of dgpg thanks to Lemma 3.1.

4 Proof of Theorem 1.2

Let us take in mind from now on we treat only the homogeneous case g(x) = 0.

As proved in Proposition 2.3, compact embeddings stated in Proposition 2.1 allow us to
recover the compactness of dgr.

On the contrary, Proposition 2.1 which is weaker with respect compactness results Ey, <~
L*(R3) for all 2 < s < 6 obtained by assumptions (V’)—(V") does not enable us to show that
dgx is compact. Fortunately, this problem is overcome thanks to Lemma 3.1 and we can state
the following proposition.

Proposition 4.1. Suppose (V), (K), (f1) and (f2) hold. Then, the functional I satisfies (PS) condi-
tion.
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Proof. Let {uy} C Ey be a (PS) sequence of Iy, namely {Iy(uy)} is bounded and dIy(uy) — 0
in E{, as k — +oco. As observed in the proof of Theorem 1.1, by (3.8) we get that I is coercive
on Ey and this implies that {u;} is bounded in Ey. Thus, up to subsequence, there exists
u € Ey such that uy — u as k — +o0.

By (2.5), Lemma 3.1 and Holder’s inequality we get

lux = ullyy = (dlo(ux) — dlo(w)) [ — u] — /]R3 K(x) (puyix — purt) (uy — u) dx
+/ fx,u) — f(x,u)) (ug —u)dx

< |ldIo (i) ||y, llux — ullv — dlo(u) [ux — u]

+(AJﬂxuw—fwmnﬂmf“hw—wz

The first term in the last line goes to zero since dIy(u;) — 0 in Ej,; the second one also tends to
zero because dly(u) is linear and continuous from Ey to E{, and uy — u as k — +oo. The same
occurs for the third term since, by Proposition 2.3, we have that the function u — f(-,u(-)) is
compact from Ey to Ej,.

Then, we can conclude that u; — u in Ey and (PS) condition is proved. O

Now, we prove the following result which allows us to show (A;) in Theorem 2.7.
Proposition 4.2. Assume that (V), (K), (f1), (f2) and (f3) hold. Then,

for every k € IN there exists Ay € Ty such that sup Iy < 0.
Ay

Proof. Fixed k € IN, let us consider k disjoint open sets (), ..., ) such that U;‘:l Q; C O with
Q) as in assumption (f3). For every ¢ > 0 and for every j = 1,...,k there exist a closed set
H; and an open set G; such that H; C Q); C Gj, meas(G; \ Q;) < e and meas(Q; \ H;) < ¢
Without loss of generality, we can assume ﬂ;{:l Gj = @. Moreover, for every G; there exists
¢; € C3°(Gj, R) such that q)]-\Hj =land 0 < ¢; < 1.

Now, let us consider v; = H;ﬁ and denote by v; again its null extension on RV \ G;.
Clearly, vy, ..., v, are linearly independent functions in Ey .

Denoted by Ey \ the k-dimensional vector space generated by vy, ..., vk, for every u € Ey
we get u = Z;;l AV with AER,j= 1,...,k

Therefore, for all u € Ey it results

)\ Wrt1
@) it £ Rl [ g des o e
P

Indeed,
uli = [ Juf* d

k k
= Z‘)\j‘wwl/ﬂ |Vj‘wr+1 dx—i_ZM]"le/ ’Vj|w’+1 dx

G\Q;
Wrt1
= A ‘w;+1/ |1/ |wr+1 dx + Z |A |wr+1 / q)] —
G\ [[gjlly™

’wr+1

M |wr+1/ |V]|wr+1 dx_|_ 2 H ”wﬂ meas(Gj\Qj)
J

IN

filygls EM»
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and, since meas(G; \ Q;) < ¢, (a) is proved.
2 _ v 2
(b) Nully =) 1A%
=1

Since [|vj||y = 1 for every j = 1,...,k by the definition of v; we get
luly = [ (VP + V) dx
k
= L IAR [ (93 + V0lyl?) dx
j=1 G

k

k
=Y APl = 1 Il
j=1

j=1
(c) There exists ¢, > 0 such that ¢i||u|ly < |u|w, ;-
(c) follows since Ey j has finite dimension and then all norms are equivalent in Ey .
From (1.1) in Remark 1.4, we get

F(x, Ayj(x) > — i Wi(x)

[Ajvj(x)|“ foraex e R3;

therefore, it is

k k ’
Z/G Fx, Ajyj)dx > —Z/ Z W;E )M v | dx

/ Wi ()| dx 4.1)
Gj\Q]-

and, by Holder’s inequality and meas(G; \ ();) < ¢, we obtain

Z/ BYRPRE o e v [2d :
(o)
Gi\ i1 Wi G\QY;
k r |A,|w, 1 o
> — Z;Z; z]Ui | 1|;11 || ]le (meas(G \Q )) 2
j=li=
(&A™ 1
Z - L Wiy, e? (4.2)
g (z‘_l wi i ||§9]HWI )

At this point, by (b) taken any u € Ey ; with |ul? = Z}‘:l |Aj|> = rf, we can choose ri small
enough such that, by exploiting the equivalence of the norms | - | and || - ||v in Ey, it is

u, < flulfy = 6rF < &2

with ¢ the constant which appears in (f3). Moreover, by Remark 2.2 and continuous embed-
dings we have

4/ X)py u?dx < Cllul|y = Cr.
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Therefore, since w, 1 < 2 < 4, passing to a smaller r, we suppose that
re+Cre—n ()17 <0, (4.3)

with 77 and ¢ as in (f3) and (c). So, since |Avj|e < || < 6 for every j =1,...,k, by (f3) we
get
F(x,Ajvj(x)) > 5 |Ajvj(x)|“+t forae. x € Q, forany j=1,...,k (4.4)

By (4.1), (4.2) and (4.4) it is
to(w) = 5 lulfy + 5 [ K(xguudx— [ F(x,u)dx

:—||u|\v+4/ X)Py U dx—Z/ (x,Avj)d

k

- ||u||V—|—4/ X)py u dx—z(/Gj\QjF(x,/\jvj)dx—F/QlF(x,)L]'v]')dx)

j=1

< 1 2 C 4 k d ‘/\]’wl W 1 71 )\ Wr41 Wy+1d
<Slully+Clulv+ ) { X — i!mH I WZl il |V| X
j=1 \i=1 @i ?j
which joint to (a) and (c) gives
To(u) < >[ul]? Loy A" LS 45
o(u) < Slully +Cllully+ ) Z Wil € (4.5)
=1 \i=1 Wi ||§0]||
k |A |wr+1
-7 ( %:ﬂ Z | wr+1 )
j=1

<

2 4 W LA 1 o Ao
rk—i_crk_ﬂ(ckrk) r+1+z Z ‘Wl’Ple(PH €2 Z | HZU,+1
]

=1 \i=1 Wi =

N —

Fix ¢ > 0 small enough such that

e Lyl 1
Z <Z |W‘H1H || +7782 H ]er+1 Zrk’

j=1 \i=1 j=

then by (4.3) and (4.5), Iy(u) < 0 holds for every u € ExNS;, S, = {u € Ey : |ul, = r}.
Consequently, for every k € IN it results

sup Ip(u) <0,
uGEkﬁSrk

then, by well known properties of the genus, the thesis follows with Ay = Ex N S,,. O

Now, we are ready to prove the multiplicity result stated in Theorem 1.2.

Proof of Theorem 1.2. Since (fi) holds, the functional Iy is even. As proved in the proof of
Theorem 1.1, thanks to (3.8) we get Iy is bounded from below on Ey; moreover, from (f) it is
In(0) = 0. By Proposition 4.1, I satisfies (PS) condition. Hence, Ij satisfies assumption (A1)
in Theorem 2.7.
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Furthermore, (Az) holds by Proposition 4.2. By Theorem 2.7 (see also Remark 2.8), there
exists a sequence {1} in Ey of critical points of Iy such that u; # 0, lim; 4, = 0 in Ey and
limy Iy (i) = 0. Therefore, by Proposition 2.3, {i;} is a sequence of non-trivial solutions to
(So) such that 1y — 0 in Ey and Io(#x) — 0 as k — +o0; hence, by the continuity of ¢, and Jy
we obtain that { (i, ¢5, ) } is a sequence of solutions to system (Pp) with iy — 0in Ey, ¢, — 0
in D'2(R3) and Jo(uix, ¢z,) = Io(ux) — 0 as k — +oo. O
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