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Abstract. In the paper, the asymptotic properties of recently defined special matrix
functions called delayed matrix sine and delayed matrix cosine are studied. The asymp-
totic unboundedness of their norms is proved. To derive this result, a formula is used
connecting them with what is called delayed matrix exponential with asymptotic prop-
erties determined by the main branch of the Lambert function.
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1 Introduction

Recently, a new formalization has been developed of the well-known method of steps [12,13]
for solving the initial-value problem for linear differential equations with constant coefficients
and a single delay through special matrix functions called delayed matrix functions [6,15,20].
Using this method, representations have been found of solutions of homogeneous and non-
homogeneous systems, and some stability and control problems were solved in [5,16]. Also,
a generalization has been developed to discrete systems and applied in [4,21].

Let A be a nonzero n X n constant matrix, T > 0 and let |- | be the floor function.
The delayed matrix exponential, defined in [15], is a matrix polynomial on every interval
[(k—1)t,kT),k=0,1,..., defined by

Lt/z]+1 t—(s—1)7)°
et = Z AS ((s')) ) (1.1)
s=0 :

The delayed matrix exponential equals to zero matrix ® if t < —7, the unit matrix I on [—7,0],
and is the fundamental matrix of a homogeneous linear system with a single delay

#(t) = Ax(t — 7). (1.2)
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For the proof, we refer to [15]. In [15], too, a representation is derived of the solution of the
Cauchy initial problem (1.2), (1.3), where

x(t) =o(t), —T<t<O, (1.3)

and ¢: [—7,0] — R" is continuously differentiable.

Fundamental matrix (1.1) serves as a nice illustration of the general definition of a funda-
mental matrix to linear functional differential systems of delayed type [12,13]. For system (1.2),
this definition reduces to (details are omitted)

t
A X(u—1)du+ 1, for al tall t > —7,
X(#) = { . (u—1)du or almost all + > (1.4)

O,-2t<t< -1
and its step-by-step application gives
X(t)=ed, t> -2t

With its usefulness, the delayed matrix exponential stimulated the search for other delayed
matrix functions capable of simply expressing solutions of some linear differential systems
with constant coefficients. In [6], solutions of a homogeneous second-order linear system
with single delay

i(t) = —A%x(t — 7). (1.5)

are expressed through delayed matrix functions called the delayed matrix sine Sin;At and
delayed matrix cosine Cos; At defined for t € R as

Lt/T]+1 2s5+1
, _ _ys st E= (s =1)7)
Sin At — S;O (—1)°A o 11 (1.6)
and el
t/T|+ _ _ 2s
Cos At = Z (_1)SA25 (t (S 1)7) (17)

= (2s)!
Matrices (1.6) and (1.7) are related to the 2n x 2n fundamental matrix X (¢) of 2n-dimen-
sional system

y(t) = Ay(t = 1/2),

_(© A _(n
A=(5 o) v=()

equivalent with (1.5) through the substitution x(t) = y1(¢). In much the same way as above,
we can derive (for details we refer to [24])

_ o _ (CoscA(t—7/2)  Sin;A(t—1)
X(t) =ef)p = < —Sin;A(t — 1) Cos At — T/Z)) ‘

where

The paper aims to prove the asymptotic unboundedness of the norms of delayed matrix sine
and delayed matrix cosine. This is done by utilizing relations between these functions and the
delayed matrix exponential. The proof is based on the properties of the main branch of the
Lambert function.

Therefore, we at first describe the necessary properties of the delayed exponential of a
matrix and the Lambert function in Part 2. Then, in Part 3, the main result on the asymptotic
properties of delayed matrix sine and delayed matrix cosine is proved.
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2 Delayed matrix exponential and Lambert function

To explain clearly the relationship between delayed linear differential equations and Lambert
function, we first consider the scalar case. Let n = 1, A = (a). Then, the fundamental matrix
to the scalar case of the system (1.2), i.e., of

x(t) = ax(t — 1) (2.1)

is defined by (1.1) as

at __

[t/T]+1 _ _ s
R G V1o

|
=0 s:

and its values at nodes t = k1, k=0,1,... are

akt s
e = a =
T 2 s! s!

s=0 : s
Z(k_ 1)2T2 kilzk—lTk—l ka
T R A e e

M (kt—(s—1D1) & 5 (k+1—s)’t°
=0

_q kt
=1+ aF +a
Assume that there exists a real solution ¢ of a transcendental equation
c=ae (2.2)

i.e., that there exists a solution x(t) = e of (2.1). Moreover, assume that, for a real root ¢
of (2.2), we have

kT k2T2 K
akt ckt __ ~e 2 .. n R
e ~e —1+c1!+c o +---4c o +
when k — oo. Then,
a(k+1)T c(k+1)T
er € — T k — oo. (2.3)

e%kr ~ eckr

Analyzing equation (2.3), provided it is valid, we can expect that, in a general case, the se-
quence of values of delayed matrix exponential at nodes t = k7, k — oo is approximately
represented by a “geometric progression” with the ordinary exponential of a constant matrix
serving as a “quotient” factor.

It is reasonable to expect that such a constant matrix can be expressed by the principal
branch of the Lambert function since (2.2) can be rewritten as

cT

cte” =at (2.4)

or as
¢t = W(ar) (2.5)

where W is the well-known Lambert W-function [3] (its properties given below are taken from
this paper), defined as the inverse function to the function

z = f(w) = we", (2.6)

ie, w=W(z).If z=x+iy and w = u + iv, then (2.6) yields
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x+iy = (u+iv)et® (2.7)

and

x =e"(ucosv —vsino), y =e"(usinv+vcosv). (2.8)

The Lambert W-function is multi-valued (except for the point z = 0). Forreal z = x > —1/e
and w = u > —1, equation (2.6) defines a single-valued function w = Wy(x). The function
Wo(x) can be extended to the whole complex plane as a holomorphic function Wy(z) except
for the values x < —1/e and y = 0. The extension w = Wy(z) is called the principal branch of
the Lambert function.

The range of values of the principal branch W = W(z) is bounded by a parametric curve
[3, p. 343]

f= v + iv, —nm<ovo<T (2.9)
tanv

and equals to the domain

%
L:=<(u,v)eC:u>—-1,|v| <|v*| < where —ub.
tan v*

For more details about the Lambert W-function, see [3].

The asymptotic properties of exp(Wy(z)) are, in principle, determined by the real part of
Wo(z). Let z = x + iy and

Wo(x +iy) = Re Wo(x + iy) + i Im Wy (x + iy) = u + iv.
The set of complex numbers z = x + iy such that ReWy(z) = u =0, i.e., (see (2.7), (2.8)),
x + iy = ivexp(iv)
is a closed curve /:
X = —vsino, Y =T0VCOSV (2.10)

where, as it is clear from the definition of £, |v*| = 71/2 for u = 0 and |v| < 7r/2. We have (as
a consequence of (2.8))

Re WO(Z) <0

if z lies within the interior of this curve and
Re Wy(z) > 0 (2.11)

for numbers z of its exterior. From (2.10) it follows easily that the exterior domain to ?is
specified by the inequality
Re z

|z| > — arctan () . (2.12)

|Im z|

Lemma 2.1. For complex numbers z = x + iy, z # 0 with x > 0,

| Im Wy (z)| < g (2.13)
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Proof. First, from (2.9) and definition of £, we obtain inequality |v| = |Im Wy(z)| < 7, there-
fore,
vsinv > 0. (2.14)

Secondly, for w = u + iv = Wp(z), the inequality u < 0 implies |v| < 71/2 (see the definition of
L) and, in this case, (2.13) holds. This guarantees that sign(u cosv) = signu. Applying (2.8)
and the assumption that x is nonnegative, we obtain

e“(ucosv —vsinv) = x > 0= u > 0 = arg Wp(z)Im Wy(z) > 0.
This fact also implies
|arg Wo(z) +Im Wy(z)| = | arg Wo(z)| + |Im Wo(2)|. (2.15)

Equation (2.6) yields
z = we® = Wp(z)e""0®,

Therefore,
argz = arg Wo(z) + Im Wy (z)

and, due to relation, (2.15) we also have
|argz| = |arg Wy(z)| + |Im Wy(z)|. (2.16)

For z # 0 with non-negative real parts, we have Re Wy(z) > 0 by (2.11), from (2.14), we deduce
arg Wo(z) # 0, Im Wy(z) # 0, and, utilizing (2.16), we also have

/2 > |argz| = |arg Wy(z)| + [Im Wo(z)| > |Im Wy(z)]. O

Reverting to equation (2.3), we can expect that, in some cases, there exists a constant n x n
matrix C such that
lim e2 FTUT(edkT) 1 = oCT) (2.17)

provided that the matrices e2” are nonsingular (this property will be assumed throughout

the paper). One of such cases is analysed in [23] where the following is proved.

Theorem 2.2. Let Aj, j =1,...,n be the eigenvalues of the matrix A and let its Jordan canonical form
be
diag(Ay,...,An) = D'AD (2.18)

where D is a regular matrix. If
[Ajl <1/ (eT),

j=1,...,n, then the sequence
ef(kﬂ)f(ef’“)’l, k — oo

converges, (2.17) holds and
e“T = Dexp (diag(Wo (A7), ..., Wo(A,T)) D2 (2.19)
Note that from (2.19) we immediately get explicit form of C since
Ct = D (diag(Wo (A1), ..., Wo(An, 7)) D71

and
C = Ddiag (Wo(A17) /7T, ..., Wo(AuT)/T) DL
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3 Main result

The asymptotic properties of the delayed matrix sine and cosine can be deduced from the
relations with the delayed exponential of a matrix. We give relevant formulas that are similar
to the well-known Euler identity. Namely, for an arbitrary n x n matrix A and t € R, we have

. j 1/ i
Sin: A(t — 1) = Im e}, = N (elf}g_ — eT/“;t) 3.1)
and ,
Cos: A (- 5) = Reelh = 5 (45 +e7/5"). (3.2)

Formulas (3.1), (3.2) can be proved directly using the definitions of e4!, Sin; At and Cos. At
given by formulas (1.1), (1.6) and (1.7) (for the proof we refer to [24]). Below, we use the
spectral norm of a matrix defined as

|Allg = 1/ Amax(A*A) (3.3)

where A* denotes the conjugate transpose of A and Amay is the largest eigenvalue of the matrix
A*A. The main result of the paper follows.

Theorem 3.1. Let Aj, j =1,...,n be the eigenvalues of the matrix A and let its Jordan canonical form
be given by (2.18). If |Aj| < 1/(et), j = 1,...,n and there exists at least one j = j* € {1,...,n}
such that Aj # 0, then

limsup || Cos; At||s = o0
t—roo

and

lim sup || Sin; At||s = oo.
t—o0

Proof. We will only prove the assertion for Cos. At as the proof for Sin; At is analogous. Using

equation (3.2), we derive the assertion of the theorem utilizing the asymptotic properties of

the delayed exponential of matrix ei%. From the assumption (2.18), we readily get

(iA)* = Ddiag((iA)K, ..., (iA))D7Y, k>0
and, using the associativity, we may express eif}gr/ 2 (with the aid of definition (1.1)) as

Aikt/2 _ . ikt /2 Anikt/2\ -1
eT/zzT = D diag (eT}2 o € ) D™ . (3.4)

For a natural number ¢ we define

v Ai(k+0)T/2, Aik _
FL(A) = I 0T/2 (eAike/2) 1,

By Theorem 2.2 (formula (2.17)) and by (2.19), we have

lim Fl(A) = Dexp (diag(Wo(A1i1/2), ..., Wo(Auit/2)) D72 (3.5)

k—o0

From ,
F(a) =T1F 1 (4),
1=1

we obtain
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:(D xp (diag(Wo(A1iT/2),. Wo(/\niT/Z))D_l)é.

Imagine, for a while, that the matrix A is a 1 x 1 matrix, i.e., A = (a). Then, from (3.5) (with
A =a, D:= (1)), we get

Fl(a) = (exp(Wo(ait/2))) (14 va(k)) (3.6)
where k is an arbitrary natural number and v = v,(k) is a real discrete function such that

lim v, (k) = 0. (3.7)

k—o0
Applying formula (3.6) ¢ times, we obtain

{
F{(A) = (exp(Wo(ait/2))) TT(Q + va(k — 1 +1)).
1=1

Now we can derive a similar formula in the case of an n x n matrix A. First, utilizing (3.6),
we obtain:

Fl(A) = Ddiag (eil/iz(k—i-l)T/Z/ 3 ./ei\;iz(k—kl)r/z) D-1

-1 . -1
« D diag (( /\1sz/2) (eix,}lzkr/z) )Dl

o Mik+1)t/2 [ Agikr/2\ 1 Mi(k+10)7/2 ( Aikr/2) 1) -1
= D diag (ef/z (eTl/z ) PR (eT/2 ) D

= D diag ((exp(Wo(A1iT/2))) (1 + v, (K)), ... (3.8)

., (exp(Wo(Anit/2))) (1 + oy, (k))) D71
= D diag (exp(Wo(A1iT/2)),...,exp(Wo(Ay iT/Z)))D !
x Ddiag ((1+vp,(k)),...,(14+va,(k))) D
= Ddiag (exp(Wo(A1i1/2)),...,exp(Wo(Anit/2))) D~ M(k)

where the matrix M(k) is defined as
M(k) := Ddiag((1+ vy, (k)),...,(1+0,,(k)))D

Denote '
Wolid)T/2 .= D diag (exp(Wo(A1iT/2)),. .., exp(Wo(Anit/2))) D7}

This matrix commutes with M(k) since

WoliA)T/2 M (k) = D diag(exp(Wo(A1iT/2)),. .., exp(Wo(A, ZT/Z)))
x Ddiag((1+v1(k)),...,(1+0v,(k)))D~
= Ddiag((1+v1(k)),..., (1 +v,(k)))D?
x D diag(exp(Wo(A1iT/2)), ..., exp(Wo(Anit/2)))D !
— M(k)eMoliA)T/2,
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Utilizing (3.4), (3.6), and (3.8), we derive

F,f(A) _ Ai(k+£)r/2( Ai(k+£—1)T/2)71”_eAi(k—&-Z)r/Z( Az‘(k+1)r/2)716Ai(k+1)r/2( Aikf/z),1

- eT/2 e’r/2 /2 /2 T/2 T/2
A Mi(k+0)7/2 [ Aqi(k+0—1)t/2\ "1 M (k+0)T/2 [ Agi(k+0-1)t/2\ "1\ -1
= Ddiag (eT/2 (eT/z roee 1€ €./ D
g g -1
« D diag <e;\1/12(k+€ 1)7/2 (eil/zz(k+€ 2)T/2>

Mi(kH-0-1)T/2 [ Ai(k+0-2)T/2) 1) ~-1
€00 (eT/Z ) >D

(3.9)

. Mi(k+1)/2 [ Agikr/2) "L Mi(k+1)7/2 [ Agike/2) 1) -1
x D diag <er/2 (eTl/2 ) PR e D

WU(iA)T/ZM(k + /— ) WO(iA)T/ZM(k + /— 2) . -eWO(iA)T/ZM(k)

_ < W (iA) T/2> HM k+1).

It is easy to see that the values of functions e;\’/igr/z, exp({Wo(Ajit/2)) (I = 1,...,n) and

the values of the same functions with complex conjugate arguments are complex conjugate

too. Applying this fact to Cos; A ((k+¢ —1)1/2) = Re (e 13(2](” )/ 2) (see (3.2)), we get (utiliz-
ing (3.4), (3.9)):

iAk+0t/2\ 1 [ iA(k+0T/2 | —iAKk+0)T/2
Re <er/2 ) =5 (eT/2 +e )
1 AikT/2 ikt /2 1 ( Wo(iA)T/2 e
= 5 | Ddiag (572, el5/?) D1 (MliA1/2) T M(k+1)
1=0
) ) =1
+Ddiag (e 5"/, e, 3"/ D1 (eM(-/2) M(k+l)>
1=0

;D diag (e ( M2 oxp (EWo (MiT/2))

e T2 exp(— W (MyiT/2)), . T/leT/z exp ({Wo(AniT/2))

+ e exp(—fWo(AniT/ZD) D™ HM(k +1)
I=0

= D diag (Re (ei%‘r/z exp(EWo(AliT/Z))> S

. (-1
., Re (eijlzh/z exp(éWo()tniT/Z))» DT M(k+1)

_ -1
— D diag (Re (eﬁl/g’“” exp({Wo(A1iT/2)) )l]‘g 1+, (k+1)),..
/-1

., Re (eQ;;kT/Z exp(EWO(/\niT/Z))) [1(1 4o, (k+ z))) Dl (3.10)
=0

Now we use the well-known formula Re(z1z2) = |z1||z2| cos(argz; + argz,) for complex
numbers z1, z». Set

Z1 =1 (k, )\1) = e_);l/ﬂZ(T/z, Zy = ZZ(AZ) = eXp(éWO(AliT/Z)),
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where [ € {1,...,n}, and denote

ay(k,Ap) := argzy(k,A;) = arg (eiw/ilzcr/z) ’

ay(A;) :=argzp(A;) = arg (exp({Wo(AiT/2))).

From the facts that the spectral radius is less or equal any matrix norm, the following inequal-
ity for the spectral norm holds

|Cos: A ((k+£¢—1)1/2)||g > p(Cos:A((k+£¢—-1)T/2))
. 3.11
Cp(Re () =p O

The similar matrices have same spectra and the spectral radii. The spectrum of diagonal
matrix consists to elements of the diagonal and using (3.10), we obtain

Ajikt/2 . =
o = max { |Re (eT " exp(zwo(Ajzr/z))) [T +on(k+1)
=L 1=0 (3.12)
RN Ajikt /2 y
> (1-+0°(K)" max {[Re ()" exp(tWo(ji/2) )|}
where
ok = ]':1,..‘,1%1:1(1),...,[—1 {UAJ' (ke + l)}
and, by (3.7),
lim o* (k) = 0. (3.13)

k—o00
Applying (3.11) and (3.12) we obtain the inequality

|CoscA ((k+€—1)T/2)||s > (1+ v*(k))éjgll% {‘Re (eﬁf‘j’z‘”z exp(ewo(Ajn/z))) \}

> (1+0*(k))" max {‘ei"/ﬂ;/z
n

[ lexp(EWo(AjiT/2))] |cos (a1 (k, Ar) + aa (A1)}
Assume that j = j* € {1,...,n} is fixed and that the eigenvalue A;» # 0 of the matrix A

is real. Then, the number z* = iA;:7/2 lies in the exterior domain of ? since inequality (2.12)
holds, i.e.,

|z*| = |iAjT/2| > — arctan Rez® ) _ —arctan0 =0 (3.14)
|Im z*|
and, by (2.11),
Re Wo(Z*) = Re Wo(l/\]* T/Z) > 0. (3.15)

Now assume that j = j* € {1,...,n} is fixed and that the eigenvalue A;» # 0 of the
matrix A is a complex number. Since Aj: is an eigenvalue of A as well, we can assume that
Ajw = x —iy where y > 0. Then, the number z* = iA;»T/2 lies in the exterior domain of ¢ since
inequality (2.12) holds, i.e.,

. T, T Rez* y
| = |ideT/2] = < T2t —arctan [ 22 ) = —arct
z*| = [iAjT/2] 2]1x+y\ SV tY arcan<“ z*]) arcan<’x|>

where arctan (y/|x|) > 0. Then, by (2.11),

Re Wo(z") = Re Wp(iAjT/2) > 0. (3.16)
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From (3.15) and (3.16), it follows that there exists an eigenvalue A;: of A and a constant C such
that
Re Wo(iAjT/2) > C > 0. (3.17)

Utilizing (3.1), (3.2) (where A := (/\j*) and t = kt/2) we derive

Ajeikt/2

e, =CoscAj(k—1)t/2) +iSincAp (k/2 = 1)T. (3.18)

Let k = k* be such that
CosAj- (k* —=1)t/2) #0. (3.19)

It is easy to see that such a k* always exists and note that it can be assumed greater than an
arbitrarily given sufficiently large positive integer. Then (3.18), implies

wy (K5, ) # ig. (3.20)

By (2.13), we have |az(Aj+)| < 71/2. With regard to a(A;+), we consider two cases below:

a) Let ax(Aj) # 0. Then, each interval [71/2 + 2s7, 7w/2 + 257t + 7|, where s = 0,1,.. .,
contains at least two elements of an equidistant sequence

{Dcl (k*, /\]*) =+ TZDCQ()L]'*)};OzioO

and, in each interval, there exists an element of this sequence «° such that

z
4

7T

S
—7t/2
la® — 7t/2] > 1

, | —m/2— 1| >

and
| cos(a®)| > v/2/2. (3.21)

b) Let a»(Aj<) = 0. Then, (3.20) implies
| cosa®| = | cosay(k*, Aj)| # 0. (3.22)

Therefore, in both cases a) and b), there exists a sequence of positive integers {¢;}{> ; such that
lim;_,o, = o0 and (due to (3.17), (3.21) and (3.22)) for all sufficiently large ¢;

| eXp(ﬁlWO(i)\j*T/Z)) H COS(le (k*, )‘j*) + f[ﬂéz()\j*))‘ > Mexp(ﬁlCT/Z) (3.23)
where
V2 :
M= {2' if a2(dp) #0,
|cosay (K, Aj)|, if ap(Aj) =0

and C is a constant satisfying 0 < C < C. Moreover, from (3.13), it follows that, for every
sufficiently large k, there exists a constant Cy satisfying 0 < Cy < C such that

140" (k) > exp(—Cot/2). (3.24)
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From (3.12), (3.23), (3.24), we can derive

X .k Awik*T/2
[CoseA (K + &= 1)T/2)lls = (1+07 (k)" |, |

X ‘exp(élwo(Aj*iT/Z))} ‘cos ((xl(k*,)\j*) + txz()\j*))}

exp(—¢,Cot/2) ei?ék*r/2’ Mexp(¢,Ct/2)

Vv

Awik*T/2

=Mle/, ’ exp(¢;(C — Co)T/2).

Finally, we conclude

limsup || Cos; At||s > hm |Cost A ((K* + ¢, —1)t/2) ||s

t—o0

> ZILI?OM eij/*zlk T/2’ exp(¢;(C —Co)T/2)
= 0Q.

An analogous assertion can also be obtained for Sin; At. The scheme of the proof in this
case remains the same with the following minor modifications. In (3.10) the imaginary parts
of the complex expressions considered is used instead of their real parts. The relation (3.10)
turns into

-1
SincA ((k+ ¢ —2)7/2) = D diag (Im ( MIKT/2 axp (EWo (MriT/2) ) 1+ 0y, (k+1)),..
1=0
, (-1
., Im (ei}’zh/zexp(ﬁwo (Anit/2)) ) (1+0,,(k+1)) | D!
1=0

and the estimation (3.12) has the form

[Sinc A ((k + £ =2)7/2)]|
> (1+v* (k)" ]max {

Aji kT/Z‘ ’

ey (EWo(AjiT/2))| [sin (a (K, /\l)+uc2(Al))|}

In (3.19), Sin; instead of Cos; is used and the constant M must be redefined as

2 .
M= {\g i ad) #£0
|sinay(k*,Aj)|, if az(Aj) = 0.

4 Concluding remarks

In this part, we discuss some connections with previous results and facts. The author is
grateful to the referee for drawing attention to several topics which are discussed below.

i) Relationship with a linear ordinary non-delayed system. In the paper, properties of de-
layed matrix exponential and the Lambert W-function are used to prove that spectral norms
of delayed matrix sine and delayed matrix cosine are unbounded for t — co. This property is
proved under the assumption that the spectral radius p(A) of the matrix A is less that 1/ (et).
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Many papers bring results on so-called special solutions of delayed differential systems (we
refer, e.g., to [1,2,7-11,14,17-19,22] and to the references therein) approximating, in a certain
sense, all solutions of a given system. One of the conditions guaranteeing the existence of
special solutions is often (restricted to system (1.2)) the inequality

Al <1/(eT)

where || - || is an arbitrary norm. The totality of all special solutions is only an n-parameter
family where n equals the number of equations of the system. Moreover, it is often stated
that, in such a case, some properties (such as stability properties) of solutions of the initial
system are the same as those for solutions of a corresponding system of ordinary differential
equations.

Because of the well-known inequality p(A) < [|A||, it is generally not possible from an
assumed inequality p(A) < 1/(e7) to deduce ||A|| < 1/(eT). Nevertheless, for the spectral
norm (3.3) used in the paper, we get (under the conditions of Theorem 3.1),

p(A) = [|Alls <1/(eT).

It means that, in a way, the properties of solutions of (1.2) are close, in a meaning, to properties
of an ordinary differential system and (1.2) is asymptotically ordinary. Le., every solution of
system (1.2) is asymptotically close to a solution of a system of ordinary differential equations.

The construction of such a linear non-delayed system is described, e.g., in [1, Theorem 2.4]
(see also the Summary part in [17]). However, to find such a system is, in general, not an
easy task. The formula defining the matrix of ordinary differential system ([1, formula (2.8)]
or [17, formula (2.10)]) is a series of recurrently defined matrices and to find its sum is not
always possible (we refer to [7, Theorem 1.2], [17, part 4]).

In the case of a constant matrix, the fundamental matrix X,(t) of the corresponding ordi-
nary differential system equals an ordinary matrix exponential X,(t) = exp(Aot) where the
matrix /g is a unique solution of the matrix equation

A = Aexp(—AT)

such that ||Ag|| T < 1 (see the proof of statement (i) of the Theorem in [17]). So, an analysis of
the asymptotic behavior of the solutions of system (1.2) reduces, in a meaning, to an analysis
of the asymptotic behavior of solutions of a system of ordinary differential equations x’ = Aox,
i.e., analysis of the properties of the matrix Ay. Tracing the proof of Theorem 3.1, we can assert
that the investigation of properties of the matrix Ag is, in our case, performed by using the
properties of Lambert W-function defined in Part 2 (see also the motivation example (2.1) and
formulas (2.2)—(2.5)).

ii) Existence of a root of characteristic equation with positive real part. Let n = 1 and
A = (a) in (1.5). Then, the characteristic equation (derived by substituting x = exp(At))
equals

A2 = —a?exp(—TA) 4.1)
and is equivalent with
Ao (A7) = 217
2 “P 2 )" 2
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therefore, all roots of (4.1) are values of the Lambert function. For
z = z4 = +iat/2,

inequality (2.12), which determines the domain of the points for which the principal branch
of the Lambert function Wy has positive real parts (inequality (2.11)), holds (see also (3.14),
(3.15)). Thus, we conclude that the unboundedness of the delayed matrix sine and cosine is
related to the existence of a root of characteristic equation with positive real part.

iii) Asymptotic behavior of the fundamental matrix solution by using the characteristic
equation. As noted in the Introduction, the general definition of a fundamental matrix to
linear functional differential systems of delayed type in [12,13] yields (in the simple case of the
matrix of the system with single delay being a constant matrix) a delayed matrix exponential
by formula (1.4). Delayed matrix sine and cosine can be expressed through delayed matrix
exponential by formulas (3.1), (3.2). Therefore, both Theorem 2.2 and Theorem 3.1, formulate
the asymptotic properties of the relevant fundamental matrix solutions depending on the
properties of the eigenvalues of the matrix A and, consequently, through the properties of
the roots of the characteristic equation described by the Lambert W-function. It is an open
question if the method used in the paper can be extended to matrices A with Jordan canonical
forms different from (2.18) in order to get further results on the behavior of the fundamental
matrix solution.
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