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Abstract. In this paper, the unilateral Laplace transform is used to derive a closed-form
formula for a solution of a system of nonhomogeneous linear differential equations with
any finite number of constant delays and linear parts given by pairwise permutable
matrices. This unifies the recent results on the representation of such solutions.
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1 Introduction

Recently, the method of steps [5] was applied in [6] to obtain representation of solutions of
differential equations with one delay. We recall this result.

Theorem 1.1. Let T > 0, B be N x N matrix, and ¢ € C}([—7,0],RN), f : [0,00) — RN be given
functions. Then the solution of the Cauchy problem consisting of the equation

X(t) = Bx(t— 1)+ f(t), t>0
and initial condition
x(t) = @(t), te[—1,0] (1.1)

has the form
0 t
x(t) = eflp(—m) + [ T (s + [ 2T p(s)s

—T

for any t > —t, where e is the delayed matrix exponential defined as

o, t< -1,
eft: I, —T<t<(,
T+ B+ B o prl=e DD () < p <kt k€N,

© and I are the N x N zero and identity matrix, respectively.
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This result was generalized in [8] for the case of n € IN constant delays and C! initial
function. Nevertheless, we rather recall a simplified result from [9] that was originally pub-
lished for equations with variable coefficients, time-dependent delays and only continuous
function ¢.

Theorem 1.2. Let n € N, 0 < T4,...,T, € R, 7 := max{7w, T,..., T}, Bi,..., By be pairwise
permutable N x N matrices, i.e. BiB; = B;B; for each i,j € {1,...,n}, ¢ € C([—7,0],RN), and
f :[0,00) — RN be a given function. Then the solution of the Cauchy problem consisting of the
equation

x(t) = Bix(t — 1) + Bax(t — 1) + - - - + Bux(t — ) + f (1), t>0 (1.2)

and initial condition (1.1) possesses the form

p(t), —T<t<0,
x(t) = Xu(t)p(0) + fot Xu(t =) Yom—1 Bup(s — Ty)ds (1.3)
+ Jo Xu(t —s)f(s)ds, 0<t
where
— Q(t), te [—T, O)r
P(t) = {9’ f¢-10), (1.4)

6 is the N-dimensional vector of zeros, and X,(t) = eflll’TBzf’_'.’,"le"(t_T”) is the multi-delayed matrix

exponential given by

O, t< -1,
Xi—1(t+ 1), t -7, <t <0,
BBt _ Xj-1(t+ 1) N B; [y sz,l(t - Si)ixjfl(sl)dsl + 15)
! + -+ Bf f(k—mj f(kl—l)fj e f(kk—ll)rj Xj-1(t —s1)
< T2 X1 (si — si1) Xj1 (s — (k — 1)7)ds ... dsy,
(k—1)Tj§t<kT]~,k€IN

foreach j=2,3,...,n, where X;_1(t) = eflllﬂ"'.;’ijf_]l(tfq_l).

Formula (1.3) was used in [8] to derive stability results. So it is usable for theoretical
purposes. However, it does not seem to be very suitable for practical calculation of a solution,
as the multi-delayed matrix exponential is built up inductively.

In the present paper, we provide another representation of solutions of linear nonhomo-
geneous differential equations with any finite number of delays in the sense of the following
definition.

Definition 1.3. Letn € N, 0 < 7q,..., T € R, T := max{m, @, ..., T}, ¢ € C([—7,0],RN),
By,...,B, be N x N matrices, and f : [0,00) — RN be a given function. The function x :
[—7,00) — RV is a solution of the Cauchy problem (1.2), (1.1), if x € C!(]0, ), RN) (at t = 0
the derivative in equation (1.2) represents the right-hand derivative), x(t) solves equation (1.2)
on [0, c0) and satisfies the condition (1.1).

To obtain the representation we involve the unilateral Laplace transform. Of course, the
idea to apply the Laplace transform to delay differential equations is not a new one. For
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instance in [2], the Laplace transform of a solution of a linear delayed differential equation is
expressed using a Laplace transform of its fundamental solution. Rather than focusing on the
Laplace image of a solution, in this paper we make use of properties of the Laplace transform
and its inverse [4,10], in particular of the uniqueness of the inverse on the set of continuous
functions. So we obtain a closed-form formula for the solution.

The paper is organized as follows. The next section concludes some known and basic
results on the Laplace transform. Section 3 contains our main results on the representation
of a solution of (1.2), (1.1) which is another extension of Theorem 1.1 to the case of multiple
delays (clearly equivalent to Theorem 1.2). Here we consider also the equation

%(t) = Ax(t) + Bix(t — 1) + - - - + Bux(t — 1) + (1), t>0 (1.6)

with the initial condition (1.1), and derive the representation of its solution (see [6] for the case
of one delay). This section is enclosed by an example.

In the whole paper we shall denote | - | the norm of a vector without any respect to its
dimension. Further, N and INy denote the set of all positive and nonnegative integers, respec-
tively. We also assume the property of an empty sum, } ;. z(i) = 0 for any function z.

2 Preliminary results

The main tool we use in our computations is the unilateral Laplace transform defined as

LUM) = [ e it

for Rep > a and an exponentially bounded function f such that |f(t)| < ce” for all t >
0 and some constants a,c € R. For the case of brevity we sometimes adopt the notation
F(p) = L{f(t)}. Then f(t) = L {F(p)}. Note that here the preimage is assumed to vanish
on (—o0,0), which we emphasize by L '{F(p)} = f(t)c(t), when needed. Recall ¢ is the
Heaviside step function defined as

o) = {0, t <0,

1, t>0.

Moreover, we apply £ (and £~!) to each coordinate when considering the Laplace transform
(or its inverse) of a vector.
The next lemma concludes some of properties of the Laplace transform (see e.g. [4,10]).

Lemma 2.1. The following equalities hold true for sufficiently large Re p and appropriate functions f, g:
L{af(t) +bg(t)} =al{f(t)} +bL{g(t)} for constants a,b € R,

~

N

L1 {%} =o(t—71)fort>0,

o8}

. L~YHF(p)G(p)} = (f * )(t) for convolution operator

- L{f'(D)} = pL{f(D)} — £(0),
. L7Y1} = 6(t) where (t) is Dirac delta distribution.

HN

€)1
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Note that due to the arguments preceding the above lemma, point (3) of the lemma can be
written as

LHFRG)} = ()« (50))(1) = [ F)s(t ~)d
The next two lemmas are corollaries of the latter one.

Lemma 2.2. The following identities hold true for sufficiently large Re p:

1. L7YF(p)R(p)...Fi(p)} = (fix fax - x fu)(t) for n € N, n > 2 and appropriate func-
tions f1, fa, ..., fu,

2. L1 {(e;m)n} = (t@’?%;fla(t —nt) fort>0,n € N.

Proof. (1) If n = 2, the statement coincides with Lemma 2.1.3. On suppose that the statement
holds for n = k, using Lemma 2.1, one obtains

LR (p)E(p)... Fa(p)} = (L7HR(P)EAp) . Fe(p)} * fir1)(t)
= (fu* fax - x fion) (B).

(2) If n = 1 the statement becomes Lemma 2.1.2. Now, suppose that it holds for n = k.
Lemma 2.1 yields

) ) )

= /ot (k) kT)k_lU(s —kt)o(t —s—T)ds

(k—1)!
Y L Gl 55 L (kDD
_/h G ol ke 1)T) = - o(t — (k+1)7)
what was to be proved. O
Lemma?23. letn €cIN,0< 1,T,...,Tw € R, ki,ka, ..., k, € Ng. Then
n —PTm km
11 (5)
e
o(t), ki=ky=---=k, =0,
=< " (2.1)
N (- I

Proof. We shall prove the statement by mathematical induction with respect to n. For n =1,
(2.1) is obtained from Lemma 2.1.5 and Lemma 2.2.2. Now, suppose that the statement holds
with n = . For simplicity we denote L, the left-hand side of (2.1). Then we expand as in the

proof of Lemma 2.2.2,
_1 e Pl+1 ki1
Ll—i—l = Ll * L p (t) (22)

Using the inductive hypothesis and Lemma 2.2.2, we subsequently consider four cases.
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Ifky =ky=---=k1=0wegetL 1= (x*0)(t)=06(). kg =k =---=k =0,
k141 € N, (2.2) gives

(t=krpam)on !
Ly = t—k
I+1 (ki1 —1)! o 141T141)

by the sifting property of é function [3]. Similarly, if ky +k, +---+k; € N, kj31 = 0, then
Liyy =L

Finally, if ky + ko + - - - +k; € N and k;;1 € IN, it remains to rewrite the right-hand side of
(2.2) as integral

Yy k=1
t <s — Z,lﬂ:l kmrm) ' I
L= / z o(s— ) knTn
0 <Zm:1 km - 1) ! m=1
(t—s =k !
t—s—k d
" (kl+1 e
Zlmzl km*l
- /t kH]T’H Zm 1 kam) (t —= kl+1Tl+1l)kl+171 dso|t— l—"_zl kam .
Y=t ki T Z -1 km _ 1)! (k1+1 — 1) el

Now, take the substitution

I+1
s = Z KT + € <t— Z kmrm>

to obtain
o k=1
B ZIH me> 1 ( Zl+1 kam) /
Ly = B ) ki, ki
(zm:1 K — 1)! (kjoq — 1)! e
where B(-,-) is the Euler beta function. Rewriting the beta function using gamma functions,
B(u,v) = r((”)i( )) for any u,v > 0, and since I'(k) = (k — 1)! for any k € IN, one obtains
Tyt k1
l+1 m=1 l+1
L= ( — L= me> ( — L= me>
+1 (ZlJrl ) | '

The proof is finished. 0

Remark 2.4. If By, ..., B, are N x N matrices and w is an N-dimensional vector, then the latter
lemma yields

i)} () e
(7)) ()-

5(t)w, ki =ky = =ky

= k) B (T Bl !
= k=) o t—kaTm ,

I
o
S

ki +ky+---+k, € N.
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Next, we recall an estimation of the multi-delayed matrix exponential from [8].

Lemma 2.5. Letn € N,0< 7,..., Ty € R, By,..., B, be pairwise permutable N x N matrices and

~~~~~

BBt

(aq+-+an) (E+T0)
T1yeeTn < € ! !

forany t € R.
As a corollary we get a sufficient condition for x(t) of (1.3) to be exponentially bounded.

Lemma 2.6. Let the assumptions of Theorem 1.2 be fulfilled and the function f be exponentially
bounded. Then the solution x(t) of (1.2), (1.1) is exponentially bounded.

Proof. Let c1,c2 € R be such that |f(t)] < cie® for all + > 0, and ay,...,a, € R such
that ||B;|| < wa;e"™ for each i = 1,...,n. We can suppose that ¢c; > 0 (otherwise take ¢; >
0). By Lemma 2.5, || X,,(#)|| < e for any t € R where « = Y ; a;. Then denoting ¢ :=
maxe [, |¢(t)], for t > 0 we obtain

n t ¢
XD < ge + ) [I1Bullo / e =ds 4 ¢; / etlt-)tesgs
m=1 0 0

n B (Dé+C2)t
<P (1_|_ 2 H amH) e 4 Clec < Ce(oc+cz)t
m=1 2

for a constant C. O

3 Main results

This section is devoted to main results of the present paper. First we suppose that the function
f is exponentially bounded.

Theorem 3.1. Let n € N, 0 < T7,...,7T, € R, 7 := max{7T,,..., T}, Bi,..., By be pairwise
permutable N x N matrices, i.e. B;B;j = B;B; for each i,j € {1,...,n}, ¢ € C([-7, 0], RN), and
f:]0,00) — RN be a given exponentially bounded function, i.e., there exist constants c1,ca € R such
that |f(t)| < c1e®! for all t > 0. Then the solution of the Cauchy problem (1.2), (1.1) has the form

x(t) = {qo(t), —T<t<0, 3.1)
At)(0) + X1y B; [y A(t—s)p(s — )ds + [y A(t—s)f(s)ds, 0<t '

(= X0y g Ty) Bt o
n;q!...kn! HBm (3.2)

m=1

forany t € R.
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Proof. By Lemma 2.6, the solution is exponentially bounded and we can apply the Laplace
transform on the studied equation (1.2). By Lemma 2.1.4, we obtain

pL{x(t) 23/ e Px(s — 7)ds + L{f(1)}

I
™= T

Il
—_

B; </ e Po(s—1)ds+ /:o e Px(s— n)ds) + F(p)

i 0

Il
™=

Il
—_

B; (/Ooo e (s —1)ds+e Fu /000 e"’sx(s)ds> + F(p)

I
ME

(BiL{w(t —7)} + Bie P7L{x(t)}) + F(p)

Il
—

for (t) given by (1.4). Therefrom, we get

(PH -2 Bie’”’) L{x(t)} = ¢(0) + } BiL{y(t — )} + F(p).
i=1 i=1
From theory of matrices we know (see e.g. [11, Proposition 7.5]) that, on suppose that p is

sufficiently large, or more precisely, p is such that

—PT

for a fixed induced norm || - ||, the matrix I — /" ; BieTW is invertible and it holds

Hence
—pT; -1 n
£ix(H} = ; (H ) Bfepp ) 0)+ L BL{p( )} + ﬁ{f(t)}] ,
ie. ;
x(t) = Ao+ ) BjAj + Ay
j=1
where

k
_ 1)l [y Be "
Ag=L {p ;{)(; ; ) 90(0)},

Ajﬁl{:) Z (ZBie P ) £{¢(t~fj)}}, j=1...,n,

k
o 1 =) nBie—pT,»
Ap=L {p k;g(Zl ; ) F(P)}-
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Now, applying Lemma 2.1, we get

k o\
,;Jﬁl{ (Z%Be p') 0)}g<a*£l{<23iepp ) fp(o)}) (t)
o0 " B.e Pl k
= (c*6)(t)p(0) +1; (0*£1 { <le Zep ) (p(O)}) (1).

Consequently, by multinomial theorem [1],

Aoza(t)ﬁ’)(O)Jrg o L] y (kl,'f‘_,k) ] (Bmepr"')km 9(0) | ()

ki+--+kn=k
k1,~--,kn20

_ - k et [ (Bue
oo+ X T () (cr c {(( ) )go(t»})(t)

k,ekn >0
k K
ki, .. kn) kil kn!

is the multinomial coefficient. Finally, by Lemma 2.3 and Remark 2.4,

where

n  km—1
1kam)Zm—1 m

msonsf, B (L
Z;1k+ Thak \K1/ - K Zmzlkm_l)!

K1y kin >0

(Hm> a(s_zw> ot~ 5)a

+Z L (kl,...,kn> t—Zm 1k )

=1ky+-- +kn
k..

X o (t - il kmrm> (1—11 B’,ﬁ;”) ¢(0) = A(t)(0).

Foreachj=1,...,n we apply Lemma 2.1,

—p7 k
l;)(a*ﬁl{(Z{ Biepp ) ﬁ{lp(tTj)}}) (),

multinomial theorem,

= (exy(- — 1)) +Z )3 <k1,.7<.,kn>

k=1ki+-+kp=k
ki >0

X w L1 n /e P\ b . - s
(U - {m-l( ) } (ﬂ3m>¢( T])> (1),
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and Lemma 2.3,

A].:/Ota(t—s)gb(s—rj)deri ) <k1,..., ><H3k>

k=1 ky+--+kn=
1 /kn>0

.y Yoot km—1 n
(ot v<-—zfmfm)*w<-—v>> o

The double sum from the right-hand side of the above identity can be written as

0

m=1

[T5_y By ! ¢ n
Z )3 Tl kol t—s— Y knTu| o|t—s—Y kuTu | (s —1j)ds.

0 k=1 ky+-thn=k =1 il
ki, k>0
Hence,
Bkm k n
A_/ o lk' t—S—kaTm o t—S—kaTm lp(s—Tj)ds
0 4= 0k+ +kn— I m=1

1zn

F—s— Y0 kT ) Bt b (o
S e I RTE S
1. . Kyt el

Zﬁ, 1 km T <t—s
l ----- kn>0

foreach j =1,...,n. Note that the above integral can be shrink to forj when t > T, along with
(s — 7)) = ¢(s — ;). On the other side, if t < Tj, it can be extended to 1, since [,7 =0
because of the empty sum property. Therefore,

T .
Aj:/o A(t —s)g(s — T17)ds, j=1,...,n.
Finally, as for A; we derive

—1km n
w= B R (T ) o

Zm ]kam<t S =1
fpkn >0

which is exactly fot A(t —s)f(s)ds. The statement is proved. O

As is shown below, the statement of the above theorem holds for a more general function f.

Corollary 3.2. Theorem 3.1 remains valid if the function f is not exponentially bounded.

O, te[-T1,0),
t) =
¢(t) {]L =g,

f = © and considering equation (1.2) as a matrix equation, one can see that A(t) of (3.2) is a
matrix solution of this equation and initial condition, i.e.

Alt) =BlA(t—1) +- -+ B A(t—1,), t>0

Proof. On setting
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considering the right-hand derivative at t = 0, and
O, te|-1,0),
At) = [~=7.0)
I, t=0.

Let t > 0 be arbitrary and fixed. Denote M C {1,...,n} the (possibly empty) set of all indices
such that t < 7; if and only if j € M. Then from (3.1) we know that

x(t) = +ZB/At—s (s — 7))ds

jeEM
B/ (t—s)p(s — T ds—i—/At—s)f( )ds.

Differentiating we obtain

= i B A(t — ) @(0) + 2 B; (A(O)(p(t —7) + /Ot i B A(t — T — ) (s — q-)ds)
m=1 jEM m=1

+ ) B]./OTj ZleA(t—Tm—s)go(s—Tj)ds

MZj=1

£+ /Ot il B A(f — T — 8) f(s)ds

— f BmA(t—Tm)qo(O)—i—ZBj< (t—1) —i—/ Z B, A t—Tm—s)(p(s—T])d>

M%m*l jeEM M#m=1
+ / 2 B A(t — T — s) (s — Tj)ds + f(£)
M}i] 1 MZEm=1
+ / Z B A(t — Ty — s) f(s)ds
0 Mzm=1
= Y Bip(t—7)+ )Y, Bu (A(t — Tu)9(0) + ) _ B; /Tj A(t — T — 8) (s — Tj)ds
jem MZm=1 j=1 70

[ A 9as) + 0
— iBjx(t — 1)+ f(t)
]:

since x(t — 7j) = ¢(t — 7;) if j € M. This completes the proof. O

Taking a simple substitution we obtain the following result for delayed differential equa-
tions with a constant non-delayed term. The solution is understood in the sense analogous to
Definition 1.3.

Theorem 3.3. Letn € N,0< 1y,..., Ty € R, T:= max{7, T,..., T}, A, By,..., By be pairwise
permutable N x N matrices, ¢ € C([—7,0],RN), and f : [0,00) — RN be a given function. Then
the solution of the Cauchy problem (1.6), (1.1) has the form

o(t), —T<t<0,

x(t) =1 B(t)g ()+z]13f0 (t—s)q(s — 7)ds (3.3)
+f0 (t—s)f(s)ds, 0<t
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where ok
(t — En _ k T, ) m=1"m n ~
B(t)=et Y} = } .".ka! [ Bk (3.4)
nm:l kT <t 1 n m=1
kl,--.,knEO

forany t € R, and B,, = Bye A foreachm =1,...,n

Proof. Let us set y(t) = e~ 4x(t). Then y satisfies
y(t) = Biy(t — ) + - + By (t — 1) + f(£), t>0,
y(t) =e Mo(t) = ¢(t), —T<t<0

for f(t) = e 4 f(t) for all t > 0. Application of Theorem 3.1 yields

(?(t)/ —T1<t<0,
y(t) = ¢ At ()+ZJ1B Jo At = 5)§(s — 1j)ds
—|—f0 (t—s)f(s)ds, 0<t

with

A= )
an=1 kT <t
ki,...kn>0

Now, returning back to x and using ¢(0) = ¢(0),
eAtEjfl(t —5)p(s —T1j) = B]'eA(t*S)fT(t —s)p(s —1j),
e At = 5)f(5) = A9 A(t — )£ (s)
and B(t) = e A(t), the statement follows immediately. O

Finally, we present an application of the results derived on a scalar equation. In practical
computations, we rewrite the sum in (3.2) or (3.4) as

sl [
L =L % %

anzlkaW7<t k1=0 ko= kn=0
kl ----- anO

Now the solution given by (3.1) or (3.3) can be computed by hand or using a software.
Example 3.4. Let us consider the following initial value problem

x(t) = =35x(t) +2x(t —1) —x(t —2) +3x(t—25)+1, t>0

x(t) = —t, te€[-25,0]. (3.5)

The solution of this problem is found using Theorem 3.3 and is illustrated in Figure 3.1. We
added a more detailed view at the interval |2, 3], as one may get an impression from the first
part of Figure 3.1 that the solution is not differentiable at some point.
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0 5 10 15 20 2.1 22232425 2627282930

Figure 3.1: The solution of (3.5) with a delayed view at the interval [2, 3].
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