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Abstract. In this paper, we find new conditions to ensure the existence of one nontrivial
homoclinic solution and also infinitely many homoclinic solutions for the second order
Hamiltonian system

i —a(t)|ulP2u+VW(tu) =0, tER,

where p > 2, a € C(R,R) with infieg a(t) > 0 and [ (H(l—t))z/(pfz)dt < 400, and

W(t, x) is, as |x| — oo, superquadratic or subquadratic with certain hypotheses different
from those used in previous related studies. Our approach is variational and we use
the Cerami condition instead of the Palais—-Smale one for deformation arguments.
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L? space.
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1 Introduction
Consider the second order Hamiltonian system
Gi(t) —a(t)|u(t)|P2u(t) + VW(tu(t)) =0, (HS)

where p > 2,t € R, u € RN, W € C}(R x RN,R) and VW(¢,x) denotes the gradient of
W(t, x) with respect to x. As usual, we say that a solution u of (HS) is homoclinic (to 0) if
u(t) — 0 as |t| — co. Furthermore, if u # 0, then u is called a nontrivial homoclinic solution.

Homoclinic orbits of nonlinear differential equations have long been studied in the dy-
namical systems literature, generally in a setting involving perturbations and using a Mel-
nikov function. The existence of many homoclinic orbits is a classical problem and the first
multiplicity results go back to Poincaré [19] and Melnikov [17]. They proved, by means of
perturbation techniques, that the system possesses infinitely many homoclinic orbits in the
case of N = 1 when the potential depends periodically on time.
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If p = 2, system (HS) reduces to
i(t) —a(t)u(t) + VW(t,u(t)) = 0. (1.1)

During the past twenty years a large quantity of papers has been devoted to the use of varia-
tional methods to seek homoclinic motions of (1.1), see [2,3,5-9,11,15,16,18,20,22-27,30-33,35]
and the references therein. The case where a(t) and W(t, x) are either periodic in ¢ or inde-
pendent of t were studied in [2,3,7,9,11,15,20,22,32]. The existence of one homoclinic
solution can be obtained by going to the limit of periodic solutions of approximating prob-
lems on expending interval; in this argument the variational method can be applied to solve
the approximated problems as well as to obtain a good estimates for their solutions, see
[2,3,11,20]. Problem (1.1) without periodicity assumption on both 2 and W was considered
in [5,6,8,16,18,23-27,30-32,35]. Applying a symmetric mountain pass theorem, Omana and
Willem [18] proved the existence of infinitely many homoclinic orbits of (1.1) provided that
a(t) — +oo as [t| — oo and W(t, x), besides other technical assumptions, satisfies the growth
conditions W(t,x)/|x|* — +oo (resp. 0) as |x| — +oo (resp. |x| — 0).

Nevertheless, to our knowledge, results obtained on system (HS) are considerably less, see
[6,24,25]. Salvatore [24] constructed the existence and multiplicity results of system (HS) by
applying a compact embedding between suitable weighted Sobolev spaces.

Theorem 1.1 (see Theorem 1.3 in [24]). Assume that the following conditions are satisfied:
(V1) a(t) is a continuous, positive function on R such that for all t € R

a(t) > yt|*  witha > pT—ZI v >0

(W]) there exists a constant y > p such that

0 < uW(t,x) < (VW(tx),x), Y(t,x) € R x RN\ {0};

(Wp) VW(t,x) = o(|x|P~1) as x — 0 uniformly in t;
(W3) there exists W € C(RN,R") such that
(W(t, x)|+ |VW(tx)| < W(x), V(t,x) € R x RV,

Then there exists a nontrivial homoclinic solution of system (HS). Moreover, if W(t, x) is even in x, i.e.,
W(t,—x) = W(t,x) for all (t,x) € R x RN, then there exists an unbounded sequence of homoclinic
solutions of system (HS).

Observe that condition (W]) characterizes the potential W as superquadratic at infinity,
that is,

(W1) W(t,x)/|x|P — +ooas |x| — oo forae. t € R;

and is important in the argument for showing particularly the boundedness of Palais-Smale
sequences. This kind of technical condition was first introduced by Ambrosetti and Rabi-
nowitz [1], and often appears as necessary to solve superlinear differential equations such as
elliptic problems, Hamiltonian systems and wave equations.

Chen and Tang [6] generalized Theorem 1.1 by relaxing the conditions imposed on W (¢, x).
They proved the same conclusion by using the mountain pass theorem and the symmetric
mountain pass theorem.
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Theorem 1.2 (see Theorems 1.1 and 1.3 in [6]). Assume that (V1) holds and W(t, x) satisfies the
following:

(Hy) W(t,x) = Wi(t,x) — Wa(t,x), Wy, Wo € CY(R x RN, R) and there is R > 0 such that
|IVW(t,x)|/a(t) = o(]x|P~1) as x — O uniformly in t € (—oo, —R] U[R, +o0).

(Hp) There is a constant p > p such that 0 < uWi(t,x) < (VWi(t,x),x) for all (t,x) € R X
R\ {0}.

(H3) W»(t,0) = 0 and there is a constant ¢ € (p, u) such that Wy (t,x) > 0 and (VWy(t,x),x) <
oWa(t, x) for all (t,x) € R x RN.

Then system (HS) has a nontrivial homoclinic solution. Moreover, if W(t, x) is even in x, then system
(HS) has an unbounded sequence of homoclinic solutions.

Theorem 1.3 (see Theorems 1.2 and 1.4 in [6]). The conclusion of Theorem 1.2 is valid if we replace
assumption (Hy) with

(Hp) W(t,x) = Wi(t,x) — Wa(t,x), Wi, Wo € CHR x RN, R) and [VW(t, x)|/a(t) = o(|x|F~1)
as x — 0 uniformly in t € R.

and assumption (Hz) with

(Hj) Wa(t,0) = 0 and there is a constant ¢ € (p, i) such that (VWa(t,x),x) < oWy (t,x) for all
(t,x) € R x RN,

Although [6] improved Theorem 1.1 by relaxing conditions (W) and (W) and removing
(W3), it still requires the potential W satisfies:

Jo > p such that (VW(t, x),x) > oW(t, x) for all (t,x) € R x RN (1.2)

(see (Hp) and (Hsz) (or (Hj))). Hence it is somewhat restrictive and eliminates the su-
perquadratic potentials, for example,

Ex 1.
TIn|x| — |x* + k5, > 1,
A Y
—[x[PF/(p+ 1), X[ <1,
where g > p;

Ex2. W(t,x) = g(t)|x|PIn(1 + |x|?), where ¢ : R — R¥ is a continuous bounded function
with infier g(t) > 0;

Ex 3. W(t,x) = g(t) (|x|* + (4 — p)|x|*¢sin® (|x|¢/)), where p > p, e € (0, — p) and g :
R — RT is a continuous bounded function with inf;cg g(f) > 0;

and the subquadratic potentials, for example,

Ex 4. W(t,x)=|x|>+b(t)|x|” forall t € R and |x| <, where v € (1,2) and b € L¥ ") (R, R*)
with meas {t € R: b(t) > 0} > 0;

Ex5. W(t,x) = %b(t)|x\7 + ic(t)|x[* for all t € R and |x| < 6, where 7, s € (1,2), b €
L 2=7)(R,R*) and ¢ € L ?~9)(R,R") with meas {t € R : ¢(t) > 0} > 0.
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Motivated by the works mentioned above, the main goal of this paper is to find new condi-
tions to guarantee the existence of homoclinic solutions of problem (HS). We are particularly
interested in the cases where a(t) satisfies:

2
(V) a € C(R,R) with ag := infa(t) > 0 and [ (%) 7t < oo,

and W(t, x) satisfies conditions which are more general than (Wj). Typical examples, which
match our setting but not satisfying Theorems 1.1-1.3, are Examples 1-5.

Remark 1.4. Assumption (V) is weaker than (V7). There are functions a which match our
setting but not satisfying (V7). For example, let

n2

(2-p)/2
a0) = (1—n2|t—n]+e*§> . t—n| <L ez |n>2),
e(P—2)22/4 elsewhere.

We first handle the superquadratic case. Assume furthermore the following hypotheses:
(Wy) There exist u > p and L > 1 such that
WW(Ex) < (VW(Ex),x),  VEER, |x] > L, (1.3)
and
inf  W(t,x) > 0.
teR,|x|=L

(Ws) Forany 0 < & < B,

CP .= inf W, x)
|x[?

teJR,zxgyx|</3}>O,

where W(t,x) := %(VW(t,x),x) — W(t, x).
(We) There exista >0, L; > 0and ¢ € (0, p — 1) such that

(VW(t,x),x) <aW(tx)|x|P77, VteR, |x|> L.

(W7) W(t,0) =0 forall t € R, and there is § > 1 such that

OW(t, x) > W(t,sx), V(t,x) e Rx RN, s [0,1].

Theorem 1.5. Assume that (V) holds and W € C'(R x RN, R) satisfies (W, )—(Wy). Then problem
(HS) possesses at least one nontrivial homoclinic solution. Moreover, if W(t,x) is even in x, then
problem (HS) possesses an unbounded sequence of homoclinic solutions (uy) such that

[ |3l Sa0 il = Wit | di > oo ask— oo

Remark 1.6. The potential W in Theorem 1.5 allows to be sign-changing. Example 1 verifies
(W2)—(Wy) if p < u < min{gq, p 4+ 1}. One can check this fact by noting that

(VW) ) = W (1) = [xl(g = o) fal 1)+ (e =2 = E

forallt € R and |x| > 1.
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Theorem 1.7. Assume that (V) holds and W € C'(R x RN, R) satisfies (W;)—(W3) and (Ws)—
(We). Then problem (HS) possesses at least one nontrivial homoclinic solution. Moreover, if W(t, x) is
even in x, then problem (HS) possesses an unbounded sequence of homoclinic solutions (uy) such that

312+ S = (e )| de = oo sk o

Remark 1.8. Condition (W]) implies the ones (W;) and (Ws). Indeed, assuming (W;) holds,
it is clear that (W) is satisfied. Setting L1 > 1 so large that

1 < 1_ 1_0 whenever |x| > L.
poopo |xlP
Then, for such |x|,
1 1
<[ Z_
W(t, x) < <p \x|P‘7> (VW(t,x),x),

and hence
(VW(t,x),x) < |x|P77 [;(VW(t,x),x) — W(t,x)} = |x|P7W(t, x).

Remark 1.9. The functions of Examples 2-3 verify the conditions (W;)—(W3) and (Ws)—(Ws).
One can check this fact for Example 2 by noting that

) 2|x|Px 2|x|?
VW(t x) = g(t) [p|x| xIn(1+ |x|*) + Ty MZ} , W(t, x) = g(t)|x| p(1+ [xP)’

and for Example 3 by noting that
-2 —¢ oo Ix[f e o [ 2]x]
VW(t,x) = plx[""“x+ (u— p) x| ¢ | (n — €)|x| “x sin o + |x[* “x sin )|

Vfgf;i) —F > Pe(t) [yxr (1 +sin (‘”j')) + (4 —p—e)sin? <|’j>} .

Theorem 1.10. Assume that (V) holds and W € C1(R x RN,R) satisfies (W1)—(Ws) and (Wy).
Then problem (HS) possesses at least one nontrivial homoclinic solution. Moreover, if W(t, x) is even
in x, then problem (HS) possesses an unbounded sequence of homoclinic solutions (uy) such that

J |32+ a0 = Wit )| de > oo sk o

Remark 1.11. We mention that the monotonicity condition like (W) was used in Jeanjean
[12] to obtain one positive solution for a semilinear problem in RN, in [14] to get infinitely
many solutions for quasilinear elliptic problems setting on a bounded domain, and in [10] to
compute the critical points of the energy functional and obtain nontrivial solutions via Morse
theory. It turns out that if for fixed (t,x) € R x RN\ {0},

. <VW<;>> is increasing in s € (0, 1],

then (Wy) is satisfied.
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Remark 1.12. Hypotheses (W,) and (Ws) (or (Wy)) yield that
W(t,x) >0,  V(tx) € RxRVN, (1.4)

In fact, it follows from (Ws) (or (W7)) that
Wit x) = ;(VW(t,x),x) _W(tx) >0, V¥(tx) € R xRV,

Hence, for (t,x) € R x RN and s > 0, we have
d <W(t,sx)) ~ (VW(t,sx),sx) — pW(t,sx) -0 (15)

ds sP sptl -

Besides, (W) implies that
lim W(t,sx)/s? =0,

s—07t

which, jointly with (1.5), shows that (1.4) holds.

Next we consider the subquadratic case. Assume that:

(Wg) W € CY(R x B;s(0),R), W(t,—x) = W(t, x) for all (t,x) € R x Bs(0), where B;(0) is the
ball in RY centered at 0 with radius é > 0.

(Wy) W(t,0) =0, and there exist constants a; > 0, v € (1,2) and a function b; € L7 (R,R™)
such that
IVW(t,x)| < aylx| +b1(8)]x]"7Y,  VteR, |x|<é.

(Wig) There exist t) € R, two sequences {J,}, {M,} and constants ay, d > 0 such that J,, > 0,
M, > 0 and
lim 6, =0, lim M,, = +o0,

n—00 n—o0o
x| 2W(t,x) > M, for |t —ty| < dand |x| =6,
|x| 2W(t,x) > —ap for |t —to| < dand |x| < 6.

Theorem 1.13. Suppose that (V) and (Wg)—(Wyg) are satisfied. Then problem (HS) possesses in-
finitely many nontrivial homoclinic solutions (uy) such that maxer |uy(f)| — 0 as k — oo.

Remark 1.14. Theorem 1.13 improves [24, Theorem 1.2]. The functions of Examples 4-5 satisfy
(Wg)—(W1p) but do not satisfy the results in [6,24,25]. It is trivial for Example 4. To check this
fact for Example 5, note that

25 2= (0 1)\ b S — N =

< 71 —(r=1)) 2 r — \ 57
VW ()] < b 5 (el ) o (1l )
— S

BN
N

2 2- _ s—7
< — 1,2 7
_(wﬂ+2_7402)u| ]

forall t € R and |x| < 6.

The paper is organized as follows. After presenting some preliminaries, we prove the
above existence and multiplicity results for the superquadratic and subquadratic cases in turn.

Notation. Throughout the paper we denote by ¢, ¢; the various positive constants which may
vary from line to line and are not essential to the problem.
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2 Preliminaries

We shall construct the variational setting under condition (V). For a nonnegative measurable
function a and a real number s > 1, define the weighted Lebesgue space

L) = L°(R, ]RN;a) = {u : R — RY is measurable

[ atuorar < —l—oo}

and associated with it the norm

|tt]|a)s = (/Ra(t)]u(t)]sdt>1/s.

We define, for any r € [1, 4-c0],
L'=L"(RRY), H'=H{(RR"Y)

with the usual norms
1/r 1/2
full = ([ lworae) ", e =supll b = ( [ (02 + uPyar)
R teR R

Let E := H' (N L}, where a(t) is the function introduced in (V). It is easy to check that E is a
reflexive Banach space under the norm

1/2 1/p
Jull = il + Wl = (1) o+ ( [ alute) )
Observing
/R\u(t)\zdt:/]Ra(t)_%-a(t)%\u|2dt
1y \T ;
< </]R <a(t)> dt) -(/]Ra(t)|u]pdt>
< 1) 10y a0 lalrar)”, @)
we have

2
. . 12/ u
./IR(]u|2+|u\2)dt§/1R|u|2dt+||ﬂ(f) 202 </1Ra(t)|ulpdt>

<c M;mzdw (/]Ra(t)|u|Pdt>§]

< cllul?,

which implies that E is continuously embedded into H'. So E is continuously embedded into
L" for 2 < r < 400, and hence, for each r € [2,+00], there is T, > 0 such that

Jullr < Tflul], Vu € E. (2.2)

Furthermore, we have the following lemma.



8 Y. Ye

Lemma 2.1. If assumption (V) is satisfied, then the embedding E — L is compact for 2 < r < 4o0.

Proof. We adapt an argument in Ding [8]. Let K C E be a bounded set. Then there is Cy > 0
such that
|ul| < Co,  Vuek. (2.3)
We shall show that K is precompact in L" for 2 < r < +oc0.
Since (V) implies that

2

1 \m2
— dt -0 asR — +oo, 2.4
/t|>R (ﬂ(f)> 24
for any € > 0, we take Ry > 0 large enough such that
_P_
AT L YR > R 25
— t < —, > Ro. .
/ItzR <ﬂ(t)> 8C3 ’ 29

Noting the embedding E < H! is continuous, K is bounded in H'. Applying the Sobolev com-
pact embedding theorem, H'((—Ryg, Ro),RY) is compactly embedded in L"((—Ro, Ro), RVN)
for all 1 < r < +oo. Thus, there are uy, uy, ..., uy € K such that for any u € K, there is u;

(1 <i < m) such that
5 €
u—u;|“dt < =.
/|t|<R0‘ 4 2

Hence, using Holder’s inequality, (2.5) and (2.3), we obtain

/|u—ui|2dt§/ |u—ui|2dt+ |”—7fli|2dtL
R [t|<Ro [t[>Ro

2 pTTZ 2
€ 1 \r2 P
< -+ / (> dt </ a(t u—u"’dt)
2 [ t1>Ro \ a(t) |t]>Ro 0 4
€ € )
< Q‘*‘@H”_WH
< &.

The above arguments yield that K has a finite e-net and so is precompact in 12,
Foranyn € N, t € R and u € E, one has

t+1
u(t) :/t [—a(s)(F+1—8) 1+ u(s)(n+1)(t +1— s)"]ds,

which implies that

1 B 1/2 n—+1 t+1 1/2
e ([ ) ([
< g (0] s ([ )

by the Holder inequality. Particularly, for any R > 0 and u, v € K, we obtain

1 2 g 1/2
B —o(t)| < ——— 1—o|d —_— / —v|%d >
u(t) —o(t)] < V2n +3 <./|s|2R ad S) * V2n+1 ( ls|>R = olds

p—2

2 2 1
1 n+1 1 p=2 P
< —u — || + — / —_ ds </ a(t u—vpds>
\/2n+3Hu o V2n+1 | Js|>r (a(t)> ] ls|>R ®)] |

2 1y
1\, |7
/ — )4l , v =R
si=r \ a(t)

<26 +2Co(n+l)
T V2n+3 V2n+1
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For any € > 0, first choosing n sufficiently large such that

2C0 < E
v2n+3 2
and then R; large enough satisfying
, b2
2Co(n+1) / <1>pzds % et
V2n+1 s|>R;, \ a(t) 2
by (2.4). It follows that
sup |u(t) —o(t)] <e, Yu,v € K. (2.6)
[t]>Rq

Again, using the Sobolev compact embedding theorem, there are uy, uy, ..., u; € K such that
for any u € K, there is u; (1 <i < m) such that

max |u(t) —u;(t)] <e,
[t|<Rq

which, together with (2.6), shows that
|l — uj||o < e

Thus, K is precompact in L.
Now for any r € (2, +00), since

/ ul'dt < Huuggz/ uPdt,  Vuek,
R R
we see immediately that K is precompact in L. O

Lemma 2.2.

(i) For u € E, there holds
1/, .. 1 )
5 [ 1uldt+ o [ a(e)ulPdt < c(ulP + |lu]).
2 Jr p JR

(ii) Given a, B > 0, there is ¢ > 0 such that for every u € E, there holds

a/h#m+ﬁ/awmwﬂ2{ﬂwh i llull <1,
R R

clluli?,if flull = 1.

Proof. The conclusion follows easily from the definition of || - ||. O

3 The superquadratic case

By assumptions (V) and (W,), the energy functional associated to problem (HS) on E given
by
1,., 1
1) = [ (SlaP+salul? ) de— [ Wit u)d
R \2 p R
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is of Cl-class, and

(I'(w),0) :/}R (1, 8) — a(t)|u|"~2(u,0)] dt—/R(VW(t,u),v)dt

for all u, v € E. It is routine to show that any nontrivial critical point of I is a classical solution
of system (HS) with u(4o00) = 0.

To find the critical points of I, we shall show that I satisfies the Cerami condition, i.e.,
(u,) C E has a convergent subsequence whenever {I(u,)} is bounded and (1+ ||uy||)|| I’ (un)|| —0
as n — oo. Such a sequence is then called a Cerami sequence.

Lemma 3.1. Let (V) and (W,)—(Wy) be satisfied. Then I satisfies the Cerami condition.

Proof. Let (u,) be a Cerami sequence, i.e.,

sup [I(un)| < c and || I'(un)||(1+ ||un||) == 0. (3.1)
n

We show that (u,,) is bounded. Arguing indirectly, assume that ||u,|| — oo as n — oco. We
consider wy, := uy,/ ||u,||. Then, up to a subsequence, we get

w, = w inkE, w, > winL" (2 <r < +4o), wy(t) — w(t) ae. teR. (3.2)
Case 1. w = 0 in E. From (W,), for any & > 0, there exists 6 = d(¢) € (0,1) such that
IVW(t,x)| <elx|P7!,  VteR, |x| <9, (3.3)

and
|(W(t x)| <elx|?, VteR, |x| <94. (34)

Combining this with (W3), we obtain

((VW(t,x),x) —uW(tx)| < (p+1) <£—|—§p max W(x)> |x|?, VieR, |x| <L,

5<|x|<L
and then, using (Wy),
(VW(t, x),x) — uW(t,x) > —clx|?, V(t,x) € R x RN.

Hence we obtain

. /RF(ku,un),un)—wu,un)] at

[unl[P JR [ 1
1 1
> o(1) + —>/a(t)]wn|”dt—c/ lw,|Pdt,
p H/JIR R

which implies that
/ a(t)|w,|Pdt -0 asn — oo (3.5)
R
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by the second limit of (3.2). Here, and in what follows, 0(1) denotes a quantity which goes to
zero as n — co. On the other hand, (W,) implies

W(tx) zalxlt,  VteER, |x| =L, (36)
wherec; = L7# inf W(t,x) > 0. Thus
teR,|x|=L
W(t,x) >0, VteR, |x|>1L, (3.7)
and
W(t, .
|§C|px) — 400 as |x| = oo uniformly for t € R. (3.8)

It follows from (3.3), (3.4) and (W3) that
[((VW(t, x),x) = pW(t x)|

<(p+1) <s—|—z5p max W(x)) LP2|x)> <c|x>, VteR, |x|<L,

6<|x|<L
and, using (3.7) and (1.3),

(VW(t, x),x) — pW(t, x) > —c|x|?, V(t,x) € R x RV,

Therefore,
o(t) = oy (1) = (T ) )
[
= (37 5) et e [Tt ) - Wt a
(—1)/ |wn]2dt—c/ [w,|2dt,
p
which yields that

/ i, [2dt -0  asn — oo.
R

This, jointly with (3.5), contradicts the fact ||w,| = 1.

Case 2. w # 0 in E. Taking ® := {t € R : w(t) # 0}, then the set ® has positive measure. For
t € ©, we have |u,(t)| — oo, and then, using (3.8),

W (t, un(t))
| (£)[P

It follows from the Fatou lemma (see [34]) that

|w, (£)|P — 400 asn — oo.

W(t,
/ M\wﬂpdt—) +o00 asn — oo. (3.9)
o |ual?

Moreover, it follows from (3.7) and (W,)—(W3) that

W(t, x) > —clx|?, V(t,x) € R x RV,



12 Y. Ye

So, by (2.2),

p
[ By [ Al s o [ it e, wweN. G0)
Rio uall wie funll? K

Consequently, using (3.10), (3.9) and the first inequality of (3.1),
1 [ alwnlpdt +o(1) = / Wit itn) 5,

p IR [ |7
t un
Pdt
</ /IR\®> |”n‘p o
— +00 asn — oo,

a contradiction again. This completes the proof of the boundedness of (i,).
Passing to a subsequence, u, — u weakly in E, u, — u in L? and u,(t) — u(t) for a.e.
t € R. The boundedness of (u,) implies that

HunHOOI HuHoo SM/ Vn e N

for some M > 1. Thus, using (3.3) and (W3),

VW) = VW w)Rat < [ c(lua] + )t < 2[5+ [ul), (3.11)
where ¢y 1= eMP~2 4 57! maxs<|y<p W(x). It is easy to see that there holds

(Ix[P2x = yP2y) (x —y) > clx—yl!,  VxyeRY, (3.12)
and therefore by (3.11) and the fact u, — u in L? we obtain
0(1) = (I'(uy) — I'(u), up — u)
- / |un—u|2dt+/ Vit | P2t — |14]P 2] (s — )it

- /IR [VW(t, i) — VW(E )] (1 — u)dt

v

/ \un—u\zdtJrc/ a(t) 1ty — u|Pdt — VWt ) — YW (E 1) ||o]| it — 1|2
R R

> / iy — 1|2t + c/ a(#)|un — ulPdt + o(1),
R R
which yields that 1, — u in E. This completes the proof. O

Lemma 3.2. Let (V), (Wp)—(W3) and (Ws)—(Wg) be satisfied. Then I satisfies the (C) condition.

Proof. Set (u,) be a Cerami sequence. We verify that (u,) is bounded. Assuming the contrary,
lltn|| — 00, wy = uy/||un|| = win E and wy,(t) — w(t) for a.e. t € R after passing to a
subsequence. We claim that

lim sup (VW ), u

n)
dt < 1. 3.13
n—o JR Huan ( )

Indeed,

cZI(un)—1<I'(un),un> = <1_1)/ |un|2dt+/ W(t,un)dtZ/W(t,un)dt, vn.
p 2 p)JRr R R
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Taking Q(a, ) :={t € R:a < |u,(t)| < B} for 0 < a < B, we obtain
c> / W(t, uy,)dt
R
- / WL, u,)dt +/ Wit un)dt+/ WL, u,)dt (3.14)
Qu(0,a) Qu(a,B) Qu(B,+00)
for all n. By (W), for any ¢ > 0 (< 1/3), there exists a, > 0 such that
IVIW(t x)| < (s/r}f)|x\p_1, VieR, |x| <a,

which implies that

W(t
/ M!wn!”dt s/ ip\wnypdt < ipuwnyy; <e  Vn (3.15)
0, (0,a¢) ‘ Un ‘ b 0, (0,4, Tp Ty

Since ¢ > 0, using (Ws), (3.14) and (2.2), we can take b, > L; so large that

p
/ (VW(t,un),un)dt S/ alwy| W(t,un)dt
Qy (be,+0) 1 (be,+00)

[[14n |7 1|7
ﬂllwnllfo/
< W(t,u,)dt
- by O (be,+00) (tn)
< °
=5
<& (3.16)

for all n. It follows from (Ws) that W(t,u,) > Co|u,|P for t € Q,(ac, be). Since Ci > 0, we
have

1 1
/ |, |Pdt = 7/ |y |Pdt < bi/ Wt uy)dt < % 0,
Qi (ac,be) lelan Oy (ae,be) CﬂzHul’al O (ae,be) CaEHu"Hp

and then, using (W3),

M\wnlpdt <ai? max W(x) |w, |Pdt — 0. (3.17)
1
Qn(ﬂs/b ) |un|p |x‘€[a£/bs] Qp (ﬂs/ e

Therefore, a combination of (3.15)—(3.17) shows that

/ (VW un)'u”)dt < anv’dt <3e <1 forn sufficiently large,
R 14 [|7 R [unl?

and consequently (3.13) holds.
Now, noting
(I'(un), ) /|| = 0(1),

o(1) :/Ra(t)\wmdt—/R (VWG ), tn) oy

[ [P

it follows that

which, jointly with (3.13), shows that

limsup [ a(t)|w,|Pdt < 1. (3.18)

n—o0 R
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On the other hand, by (Ws), we have

o) = i [1'<un> - 1<1/<un>,un>]

p
1 1 ) 1
S ' dt+—/Wt, dt
<2 p)/m'“’”' Tl SV 0)

1 1 0
S L 2dt,
<2 P)/R’w‘

/R oy [2dt = 0(1).

This, jointly with (3.18), produces a contradiction since ||wy|| = 1. Thus (u,) is bounded in
E, and hence contains a subsequence, relabeled (u,) which converges to some 1 € E weakly
in E and strongly in L2. Arguing as in the latter part of the proof of Lemma 3.1, we conclude
that the (C) condition is satisfied. O

v

which yields that

Lemma 3.3. Let (V), (Wy)—(Ws) and (Wy) be satisfied. Then I satisfies the (C) condition.

Proof. As in the proof of Lemma 3.1, it suffices to consider the case w = 0 and w # 0.
If w = 0, inspired by [12], we choose a sequence (s,) C R such that

I(sputy) = srél[g,)l(] I(suy).

For any m > 1 and @, := \/mw,, we have @w, — 0 in E and @, — 0 in L*. Combining this
with (V) and (3.4), we have, for sufficiently large n,

/W(t,wn)dtge/ |, |Pdt < i/ a(t)|@n|Pdt,
R R ap JR

and then, using Lemma 2.2 (ii),

which implies that

nh_r)r.}o I(sputy) = +o0 (3.19)
by the arbitrariness of m. Observing I(0) = 0 and {I(u,)} is bounded, one sees that for n
large enough, s, € (0,1) and

d
(I'(suttn), Suttn) = Su s I(su,) = 0.

s=8,
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Combining this with (W7), we obtain

I(spun) = I(sytty) — ! (I'(snun) Snlly)

( — > n\unﬁdt—i—/ [ (VW (¢, sp1ty), Sptty) — W(E, spuy) | di

<_>/ ot +6 [ Wt )t

<0 [I(un) - ;<1’(un) un>}

< oo,

IN

a contradiction with (3.19).
If w # 0, the proof follows the same lines as that of Lemma 3.1, and therefore is omitted.
O

We shall apply the mountain pass theorem (see [21, Theorem 2.2]) and the symmetric
mountain pass theorem (see [21, Theorem 9.12]) to prove our results. In the linking theorem,
it is usually supposed that the functional @ satisfies the stronger Palais-Smale condition.
Nevertheless, the Cerami condition is sufficient for the deformation lemma (see [4]), and
therefore for the linking theorem to hold.

Proposition 3.4. Let E be a real Banach space and ® € C'(E,R) satisfying the Cerami condition (C).
Suppose that ®(0) = 0 and:

(i) there exist p, & > 0 such that ®|ap (o) = a;
(ii) there is an e € E\B,(0) such that ®(e) < 0.
Then ® possesses a critical value ¢ > a.

Proposition 3.5. Let E be an infinite dimensional Banach space and ® € C'(E,R) be even, satisfy
the Cerami condition (C) and ®(0) = 0. IfE = Y @ Z, where Y is finite-dimensional, and ® satisfies:

(i) there are constants p, & > 0 such that ®|yp, 7z > &;

(ii) for each finite dimensional subspace E C E, there exists an r = r(E) such that ® < 0 on

E\B,(0).
Then ® possesses an unbounded sequence of critical values.
Lemma 3.6. Let (V) and (W) be satisfied. Then there exist constants a, p >0 such that I(u)] =, >
Proof. Tt follows from (V), (3.4) and (2.2) that, for u € E with ||u|| < ¢/ T,

1> [ <1|u\2+1a(t)|u|”> dt—e [ Julpds
R \ 2 p R
> 1/ i |2dt + <1—8>/u(t)|u|pdt
—2J/r p ap) Jr )

Thus the desired result follows when ¢ > 0 sufficiently small. O



16 Y. Ye

Lemma 3.7. Let (V) and (W,)—(W,) be satisfied. Then, for any finite dimensional subspace E C E,
there holds
I(u) — —oo, |lu|| — o0, ueckE.

Proof. The equivalence of the norms on the finite dimensional space E implies there exists
Co = Co(E) > 0 such that

lully > Collull, — Vue€E. (3.20)
Combining (3.6) with (W3) and (3.4), we obtain
W(t,x) > ci|x|# —c3|x|P,  V¥(t,x) € R xRN, (3.21)

where c3 = ¢1LF7F + &+ 6P maxy|e[s1] W (x). Consequently, using (3.21), (3.20) and (2.2), we
obtain,

1 1
1) < llulP+ 5 ull” = [ Wt wat
2 p R
1 2 1 p M 14
< Sl + P = ealfaull + callullp
p
1. 1 p Myl
< Slull”+ p+%% [[ul]P = 1 Co [lu]
— —o0 as ||lul| = oo. O
Lemma 3.8. Let (V) and (W) be satisfied and
W(t,x) >0, V(t,x) € R x RV, (3.22)
Then, for any finite dimensional subspace E C E, there holds
I(u) — —oo, |lu|| — oo, ucE.

Proof. We claim that

Wit -
/ ( 'u)dt — 400 |lu|| — oo, u€eE. (3.23)
R ||uf|f
If (3.23) is true, then there is L, > 0 such that
[ wewar =l ull > Lo,
R
so that

I(u) < IMF ﬂMVj/Wtuﬂ< ual|* — pHMH”—> —co as [|uf| = co.

Now we turn to showing that (3.23) holds. By contradiction, we assume that for some (u,) C E
with ||uy|| — oo, there is cs > 0 such that

sup/ (£, 4n) — 0t < cy. (3.24)
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Taking v, = 1, /||ty ]|, then ||v,|| = 1. Noting dim E < oo, there exists vy € E\ {0} such that
v, = vy inE and v,(t) = vo(t) ae teER,
after passing to a subsequence. Let
O ={teR: W(tx)/|x|F — +o0as |x| — oo}
and (O = {t e R: vy(t) # 0}. We have (O N # @, and for t € Q1 Ny,
W(t, un(t))
|un ()]
Consequently, using (3.22) and Fatou’s lemma (see [34]),

/ W(t’u”)dt: (/ +/ ) W(t’””)dt Z/ W(t,un)‘wn|pdt My 4o,
R ||un P N JR(@QNQ)/  [[uall? N0, |unl?

a contradiction with (3.24). O

|oa(£)|P — 400 asn — oo.

Particularly, we have the following results.

Lemma 3.9. Let (V) and (W,)—(Wa) be satisfied. Then there exists e € E with ||e|| > p such that
I(e) <O.
Lemma 3.10. Let (V), (W) and (3.22) be satisfied. Then there exists e € E with |le|| > p such that
I(e) <O.

Proof of Theorem 1.5. (Existence) Lemma 3.1 shows that I satisfies the Cerami condition. It
follows from Lemmas 3.6 and 3.9 that the mountain pass geometry is satisfied. Consequently,
in virtue of Proposition 3.4, I admits at least one nontrivial critical point.

(Multiplicity) Suppose that W is even in x, then I is even, I(0) = 0, and satisfies the
conditions of Proposition 3.5 by Lemmas 3.1, 3.6 and 3.7. Therefore, I has an unbounded
sequence of critical values cx = I(uy). Obviously,

/ (e + a(t)|ug|P)dt = / (VW(tuy), up)dt,  Vk € N. (3.25)
R R
Hence we obtain, by (W3), (3.4) and (2.1),

2/p
/ W(t,uk)dt‘ < c/ g Pt < ¢ </ a(t)\uk|pdt> ,
|ug| <L R R
and then, using (3.25) and (3.7),

cx = I(uy)

- 1/ \uk|2dt+1/ a(t)|uk|”dt—/ W(t,uk)dt—/ W(E, uy)dt
2 Jr P JR |ug|>L |ug| <L

1 1 2/p
< f/ \uk|2dt+—/ a(t)|uk|Pdt+c(/ a(t)]uk|pdt> .
2 JR p JR R

Since ¢y — +o0 as k — oo, it follows that (1) is unbounded in E. O

Proof of Theorem 1.7. Since (Ws), jointly with (W,), implies (3.22) (see Remark 1.12), the proof
follows the same lines as that of Theorem 1.5 with Lemmas 3.1, 3.7 and 3.9 replaced by
Lemmas 3.2, 3.8 and 3.10, respectively. O

Proof of Theorem 1.10. Because (Wy), together with (W), yields (3.22) (see Remark 1.12), the
proof follows the same lines as that of Theorem 1.5 with Lemmas 3.1, 3.7 and 3.9 replaced by
Lemmas 3.3, 3.8 and 3.10, respectively. O
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4 The subquadratic case

Inspired by [28], we shall extend W to an appropriate W € C'(R x RN, R) and introduce the
following Hamiltonian systems

i—a(t)|ulP2u+VW(tu) =0, VteR. (4.1)

Then, applying variational methods, we show that system (4.1) possesses a sequence of ho-
moclinic solutions, which converges to zero in L* norm, and consequently, obtain infinitely
many solutions for the original problem (HS).

Let x € C®(RR,[0,1]) be a function satisfying

0 ifs<é/4,
= - 4.2
x(s) {1 ifs>6/2, 42

and 0 < x'(s) < 8/6 for t € (6/4,6/2). We define a function W : R x RN — R by:
W(t,x) = (1= x(|x)W(t x) + x(|x]) x>
Then the following lemma holds.

Lemma 4.1. Assume that (Wg)—(Wyg) hold. Then W possesses the following properties:
(C1) W e CHR x RN, R), W(t,—x) = W(t,x) forall (t,x) € R x RN.

(C2) W(t,0) = 0, and there exist constants a; > 0, v € (1,2) and a function by € Lﬁ(]R, R™)
such that

IVW(t,x)| < ailx| +bi1(H)]x]""!,  V(t,x) e R xRN,
(C3) There exist ty € R, two sequences {6, }, {M,} and constants ap, 5, d > 0 such that 6, > 0,
M, > 0and
lim 6, =0, lim M,, = o9,
n—oo n—oo
x| 2W(t,x) > M, for |t —to] < dand |x| = 5,

x| 2W(t,x) > —ay for |t —to| < dand |x| <.
Proof. By definition, it is clear that

W(t,x) = W(tx), VieR, |x| <46/4,

and N
W(t,x) = |x[% VieR, |x| >d/2.

Then W(t,0) = W(t,0) = 0 and W satisfies (C3) by (Wyp). From (Wy), we get
W) < D+ ibl(t)yxw, VEER, |x| <o, (43)
Note that
VW(t x) = (1= x(|x))) VW(t ) + x'(Jx]) (|x] = W(t, )/ |x])x +2x(|x])x,
which, together with (4.3), (4.2) and (W), implies that
IVW(t, x)| < clar|x| + b1 ()|x]71), V(t,x) € R xRN,
i.e., (C2) holds. O
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Now we define the variational functional ® associated to system (4.1) by:

cp(u):/R<;|u|2+;a(t)|u|P> dt —y(u), where w(u):/]RW(t,u)dt.

It follows from (C;) that

W(t,x) < el + fybl(tﬂxr% V(t,x) € Rx RY, (4.4

and then, using the Holder inequality,
[ W wat <c [ (uf+p@ludt < e (lulf+ bl 2 ul)}) < +e.
R R 2=y

Thus @ is well defined. In addition, we have the following lemma.

Lemma 4.2. Let (V) and (Cy) be satisfied. Then ® € C'(E,R) and
(®'(u),v) = /]R[(u,z}) + a(t)|u|P~2(u,v) — (VW(t, u),v)]dt

for all u, v € E. The critical point u of ® is a homoclinic orbit of problem (4.1) with u(£co) = 0.

Proof. For ® € C!(E,R), it suffices to show it for the functional (1) = [, W (t,u)dt. Tt follows
from (C;) and the Young inequality that, for u, v € E and s € [0, 1],

(VW (t, u+50),0)| < ay|u+ so|[o] + by (£)|u + 50| 7 ||
< ¢ (Julo] + [0 + by () 7ol + by (1) |o])

2/
=¢ [W ol 4 by 4 (M ol) " 4 rvrz]
<c(juP+ o+ b (¥ @) e L,
which implies that

o o — i P+ S2) = ()
(v ) ) = lim FEE2 )

~ lim W(t,u+sv) —W(t,u)
s—0JR S

—lim | (VW(t,u + 6sv),v)dt
s—0 JR

- / (VW (t,u),0)dt
R

dt

by the mean value theorem and Lebesgue dominated convergence theorem.

To show the continuity of ¢/(u) in u, we suppose that u,, u € E and u, — u in E.
Lemma 2.1 implies that u, — u in 12, According to [29, Lemma A.1], there exists a subse-
quence, still denote by (u,), and ¢ € L? such that u,(t) — u(t) for a.e. t € R and

lun|, |u| < g(t), Vn € N.
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Combining this with (C;) and the Young inequality, we obtain

IVW(t, 1) — VW ()2 < c[(Jun] + [u]) + b1 (8) (un |1+ a7~ 1)]?

(
< el []?) + B () (| 277D 4 277D

< | (ual? + 1) + 2= Pbr (7@ + (3 = 1) (a2 + )
<o (@ +hmE¥e) et

which yields that
/ VWt ) — VIV(E u)PdE — 0 as 1t — oo
R

by the dominated convergence theorem. Therefore,

[9" () = ¢'(u)[[e- = sup

[[o]|=1

1/2
< sup </ \VW(t,un)—VW(t,u)\zdt) 9]l
R

/]R(VW(t, u,) — VW(t, u),v)dt‘

This completes the proof. O

We shall make use of the new version of symmetric mountain pass lemma of Kajikiya (see
[13]) to prove Theorem 1.13. Let E be a Banach space and

I':={A C E\ {0} : Ais closed and symmetric with respect to the origin} .

For A €T, the genus y(A) of A is defined as being the least positive integer k such that there
is an odd mapping h € C(A,RF)\ {0}. If k does not exist, we set 7(A) = +oo. Furthermore,
by definition, y(@) = 0.

In the sequel, we only recall the properties of the genus that will be need throughout the
paper. See [21] for more information on this subject.

Proposition 4.3. Let A, B € T, then (i)—(iii) below hold.
(i) There is an odd continuous mapping from A to B, then y(A) < y(B).
(ii) If A C B, then v(A) < (B).
(iii) The n-dimensional sphere S™ has a genus of n + 1 by the Borsuk—Ulam theorem.

Proposition 4.4. Let E be an infinite dimensional Banach space and ® € C'(E,R) be even, ®(0) = 0
and satisfies the following conditions:

(i) ® is bounded from below and satisfies the Palais—Smale condition (PS), i.e., (u,) C E has a
convergent subsequence whenever {®(u,)} is bounded and ®'(u,) — 0 as n — oo.

(ii) For each k € IN, there exists an Ay € T such that y(Ay) = k and sup,, 4, P(u) <0,
Then either (1) or (2) holds.

(1) There exists a sequence {uy} such that @ (uy) = 0, ®(uy) < 0and {uy} converges to zero.
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(2) There exist two sequences {uy} and {vi} such that ®'(ux) = 0, ®(ux) = 0, ux # 0,
limy oo iy = 0, @' (v) = 0, D(v) < 0, limy_y0o D(vg) = 0 and {vy} converges to a non-zero
limit.

Remark 4.5. From Proposition 4.4, we deduce a sequence of critical points {u;} such that
D(uy) <0, ur #0and limy_,o, ux = 0.

Proof of Theorem 1.13. According to Lemma 4.2 and the evenness of W(t,-), we know that
® € CY(E,R) and ®(—u) = ®(u). It remains to verify conditions (i) and (ii) of Proposition 4.4.

Verification of (i). By (4.4), (2.1) and Holder’s inequality, we obtain
1., 1 )
@(u)z/ ~[l? + Za(t)|ul? dt—c/(|u| 4 by (B)|u|7)dt
R \ 2 p R
p_ 2 Y
> clully = (Ilull3 + lea] 2_1ul) (45)

for all u € E, which implies that ® is bounded from below.
Let (u,) C E be a (PS)-sequence of ®, i.e., {®(u,)} is bounded and &’ (u,) — 0 as n — oo.
Since (4.5) implies that

¢ 2 B(n) = cluall} — ¢ (Jlual+ 511l 2 llall]).

it follows that {||u,||2}, and {3||i |3 + %H”nHE,p}n are bounded. Thus (u,) is bounded in E.

Up to a subsequence, we assume that u, — u in E, u, — u in L? and u,(t) — u(t) a.e. t € R.
Hence we obtain, by (C,) and the Holder inequality,

/]R(VW(t, up) — VW(tu), u, — u)dt

< [ [ Clnal 4 et = 4+ b 8) e = 17 it — ]

2 2777 2(y=1) 2 :
< ol + o) =l (f 1n0)177e) = ([ bl s =l
T

2—y
2 — 2
+c</ |b1(t)]227dt> (/ yu|z”v”\un—uy§dt>
R R

-1 -1
< o(1) +cllball 2_(lfunllz™ + flulls™ ) un — ull2

o(1). (4.6)

Observe that
0(1) = (@/(1t,) — (), — 1)
— it —u|\§+/ma<t)uun|*’*2un P 2] (i — )it
- /R (VW 1n) — VW (E 1),y — u)dt.

Consequently, using (4.6) and (3.12), we conclude that u,, — u in E.

Verification of (ii). We prove that for arbitrary k € IN there is an Ay € T such that y(Ax) = k
and sup,, ., ®(1) < 0. We adapt an argument in [13]. For simplicity, we assume that t, = 0 in
(C3). Divide [—d, d] equally into k closed subintervals and denote them by F; with 1 < i < k.
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Setting d; = 2d/k, then |F;| = dy, where |F| is the Lebesgue measure of the set F;. For
1 <i <k, set t; be the center of F; and J; be the closed interval centered at ¢; with |J;| = d1/2.
Choose a function 7 € C°(R,RY) such that |5(t)| = 1 for t € [—dy/4,d1/4], 7(t) = 0 for
t € R\[—d1/2,d1/2] and |5(t)| <1 for t € R. Define

Ui(t)zﬂ(t—ti), teR, 1<i<k
It follows that

) <1 (teR),  [nB)] =1 (te]),

and
supp#; C F,  suppyi[\suppnj =@ (i # ). (47)
Let
_ k.
Vk—{(sl,sz,..., sk) € R .1r£1?<>§(|s,\—1} 4.8)
and

{25771 (s1,82,- ..,sk)EVk}.

Noticing V; is homeomorphic to the unit sphere in R¥ by an odd mapping, one has v(V;) = k.
Furthermore, 7(W;) = 9(Vk) = k because the mapping (51,52, ...,5¢) — Yo, s#i(t) is odd
and homeomorphic. Since W is compact, there exists Cx > 0 such that

| <Ci, Ve W 49)

For u =YX, s;:(t) € W, and the sequence {8, } given in (C3), by (4.8) and (4.7), we obtain

/R W (t,&nizzlsim(t)> dt — ; / [ W usimi()at

:/ (t, 8usiy iy (¢ dt+/ W(t, Susiyiy (1))t

10 10
+ 2/ W (t, 8,si;(t))dt, (4.10)
i#i

where iy € [1,k| satisfying |s;,| = 1. It follows from (Cz) and the fact |d,s;,1;,(t)| = 0, for
t e ]io that

k
/ W(t, 855173, (1))t + Z/ W (t, 8usii(t))dt > —and? UF
i \]10 l#lo i=1
= —a,62(2d), (4.11)
and
/ W(t, Susiotin (£))dt > Mud2 |Jiy| = Mn(52 (4.12)

Jig
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Hence, using (4.9)—(4.12), we obtain

k
@) < ol + ol — [ W ( DY )

=1

C? ,C dq
§5%<2k+(5l7 pk+2d2_2Mn>-

As 6, — 07 and M,, — +o0 (n — o0), we choose 1y > 0 large enough such that the right side
of the last inequality is negative. Now, letting

Ak = (51’10 Wk/

We have
Y(Ax) =7Y(Wy) =k and sup ®(u) <O0.
ucAy
Consequently, by Proposition 4.4, ® has infinitely many nontrivial solutions (uy) such that
ur — 0in E as k — oco. By (2.2), uy — 0 in L. Hence, for k large, they are homoclinic
solutions of (HS). This completes the proof. O
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