f—

/;

/ Electronic Journal of Qualitative Theory of Differential Equations

i;kkﬁj}% 2019, No. 10, 1-16; https://doi.org/10.14232/ejqtde.2019.1.10 www.math.u-szeged.hu/ejqtde/

TONCANN

)
<2

A note on a second order PDE with
critical nonlinearity

Khadijah Sharaf™
Department of Mathematics, King Abdulaziz University, P.O. 80230, Jeddah, Kingdom of Saudi Arabia

Received 26 March 2018, appeared 14 February 2019

Communicated by Dimitri Mugnai

Abstract. In this work, we are interested in a nonlinear PDE of the form: —Au =
K(x)u%,u > 0on Q and u = 0 on 92, where n > 3 and () is a regular bounded
domain of R”. Following the results of [K. Sharaf, Appl. Anal. 96(2017), No. 9, 1466—
1482] and [K. Sharaf, On an elliptic boundary value problem with critical exponent,
Turk. ]. Math., to appear], we provide a full description of the loss of compactness of
the problem and we establish a general index account formula of existence result, when
the flatness order of the function K at any of its critical points lies in (1, c0).
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1 Introduction and main results

In this work, we consider the existence of smooth solutions of

n+2

—Au = K(x) un2,
u>0 in Q, (1.1)
u =0 onoQ),

where n > 3, () is a regular bounded domain of R" and K is a given function on Q.

The original interest of such problem grew out of prescribing scalar curvature equations,
see for example [1,3,7-9,11,12,15,16,22] and the references therein.

Equation (1.1) can be expressed as a variational problem in H}(Q)). However, the varia-
tional structure presents a loss of compactness since the exponent 43 is critical and H}(Q) <
Li* (Q)) is not compact.

The first contributions to (1.1) concern the case K = 1, where Bahri-Coron and Pohozaev
proved that the resolution of (1.1) depends on the topology of the domain (), see [4] and [17].
For K # 1, many conditions on K were provided to ensure existence of solutions of (1.1), see
for example [6,13,14,18-21].

Recently in [19] and [21], we studied problem (1.1) and provided existence and compact-
ness results under the following four conditions:
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(A) &(x) <0, Vx € 9Q.

Here v is the unit outward normal vector on 0.

(f)p Kisa C!-positive function such that at any critical point y of K, there exists a real number
B = B(y) satisfying the following expansion:

K(x) = K(y) + kz bl (x — y)ilf + o(x — y]F),

for all x € B(y,po) where py is a positive fixed constant, by = bx(y) € R\ {0}, Vk =
1...,n,and

n—2 ¢ n—2
Tn Ky B W e ) £0 Wy € K
2 br(y) #0, Vy € Kepa.
k=

Here

Kno2:={y e Q,VK(y) =0and B(y) =n—2},
Ken—z:={y € Q,VK(y) =0and B(y) <n—2},
7|21]”*2 dz ) = / &z
R (R T e (1 )

and H(-,-) is the regular part of the Green function G(-,-) of (—A) under the zero-
Dirichlet boundary condition. Let us denote also

1 =

2 L -2
’C;:_—Z = {yEICI’l—ZI - Cl Zbk +C2n2 H(yly) >0}/
k 1
Keon—:={y € Q,VK(y) =0and ﬁ(y) >n—2}.

n2UKsn2)P,p >1,suchthaty, #y,, V1<i#j<p,

Forany 7, := (Wl, . sz) € (
(mij)1<ij<p defined by

we set the matrix M(T,) =

mi; = m(Ye,, Yo,)
1 (=2 Zb )~ e 2 H ) | i Blys) = n—2
K(y&)%z - K(W k() — 2 Yo, Ve, B(ye,) = ,
n—2 o)) .
———H{(yy.,yy. if ) >n-—2,

Vi=1,...,pand
n—2 G(]/gi,]/gj)
mij = m(Ye, Ye) = — 52 2
(Ke)K(ye))

for1 <i#j<p.

(B) Assume that the least eigenvalue p(7,) of M(T,) is not zero.
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The last assumption is

(€) B(y) € (Ln—2] Vyst.VK(y) =0,

B(y) € [n—2,00) Vys.t.VK(y) =0.

Thus, it becomes of interest to study the equation (1.1) in the mixed case situation; that is when
there exists some critical points y of K having B(y) < n — 2 and other having B(y) > n —2
and therefore get global compactness and existence results under (f)g-condition for B varies
n (1,00). Define

S = {(ygl,...,y(gp) ek, o p>1, yp # Yi, Vi#jand — Y belye,) >0, Vi= 1,...,p} ,
k=1

Conn = {(Wl/---pr) € (Ky 2 UKsn2)?,p =1, yy, #yr, Vi # jand p(ye,, - -, ye,) > 0}-

The first result of this paper describes the loss of compactness and the concentration phe-
nomenon of the problem (1.1).

Fora € Q) and A > 1, let PJ, ) be the almost solution of the Yamabe-type problem
defined in the next section.

Theorem 1.1. Assume that (1.1) has no solution. Under conditions (A),(B) and (f)g, B > 1, the
critical points at infinity of the associated variational problem (see definition (2.1)) are:

p
(y@v" 'yf ]ZlK )TZ [].,00)/
where (ygl,...,yg) € C2, ,UCT, ,UCS, , xXCZ, 5 The index of (ygl,...,ygp)oo is
i(Yey - Ye,)0 =p—1 + Y7 n—i(ye), wherei(y) = t{bx(y), 1 <k <mn, s. t. by(y) < 0}.

The above characterization allow us to derive a global index formula of existence.

Theorem 1.2. Let Q) be a reqular bounded domain of R",n > 3 and let K : QO — R be a given
function satisfying (A), (B) and (f)g, B € (1,00). If
2 (— 1)i(yz1/~~/yep)oo £1,
ey Yy ) ECE, UCS, HU(CS, 5 xCS, )

then (1.1) has a solution.

Remark 1.3. For an explicit example of function K satisfying the hypotheses of Theorem 1.2,
let () be the unit ball B” of R",n > 4 and let B be a real larger than n — 2. For any X € R”,
we define

N\w

f1(X —1—Z|xk|ﬂ and fo(x Zn:

For any integer ko > 2, we denote vy, = (kl—o, o0,..., 0). Let 0 be the cut-off function defined by:

L 1 - 1 , 1 1
0(t) =1 1ft<%, 6(t) =0 1ft>2k0 and 6'(t) <0 1f4k0<t<2k0
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Now let K : B" — R, such that VX € B":

K(X) = 0(1X = yio D) (X = i) + O X + v 1) f1 (X + ko)
+0([|X])) f2(X) — (1 = O([1X = yio ) — O X + yio ) — 9(||X||)> 1X]1%.

Observe that K admits three critical points yy,, —yk, and Or«. By construction K satisfies (f)s
condition near its critical points with

Byi,) = B(~y,) =B >n—2 and ﬁ(ow):§<n_2_

According to the result of Theorem 1.1, Or» does not give a critical point at infinity since
— Y 4—1 bx(Orn) = —n < 0. However y;, and —y, correspond to two critical points at infinity
(Viky)oo and (—Yx, )oo respectively. In addition, the pair (y,, —y,) corresponds to a critical point
at infinity if and only if p(yk,, —yk,) > 0 where p is the least eigenvalue of the matrix

M = L_Z ( H(yko’yko) _G(ykor _]/kg) )
2 —G(ka, _yko) H(_ykof _yko)

It is easy to see that p(yk,, —yk,) > 0 if and only if

H(yko'yko)H(_ykof _yko> - Gz(ykol _yko) >0,

since Tr(M) > 0. We know from [5, Remark 3, p. 72] , that G(X,Y) — —co if | X —Y| — 0.
Thus for ko large enough, p(vk,, —yk,) < 0. Therefore, the only critical points at infinity in our
statement are,

(yko)oo and (_yko)w with ?(yko) :?(_yko) = n.
It follows that the function K satisfies the index formula of Theorem 1.2 and the assump-
tion (B). Concerning the assumption (A), observe that outside B (Y, z=) U B( = Yk, o) U
B(Orr, 51 ), the function K is equals to —|| X||>. Therefore, DK(X) = —2X and on the boundary

of B”, vx = X and hence
oK

35, (X) = (Dk(X),vx) = —2.

Our argument follows the critical points at infinity theory of A. Bahri [2]. In the next
section, we will state the general framework of the variational structure of (1.1). After that we
will characterize the critical points at infinity and prove Theorems 1.1 and 1.2.

2 General framework

Equation (1.1) is equivalent to finding the critical points of the following functional

\V4 2
J(u) = Jo |V —, uext.

(fQ K(x) u%dx) !

Here

NI—=

5 - {u e HY(Q), st |lullpoq) = (/Q |Vu(x)|2dx>

:1},



A note on a second order PDE with critical nonlinearity 5

and
2r={ueX, u>0}.

It is known that ] fails the Palais-Smale condition. The sequences which violate the (P. S)
condition has been analyzed as follows. For a € () and A > 0, define

n—2

A 2
0 = — 21
a,)\(x) CO <1+/\2‘x_a‘2) 7 ( )
where ¢ is a fixed positive constant. The family J, 1, a € () and A > 0 are the only solutions
of
v
= 2.2)
u>0 inR"

Define Pé, » on Q) be the unique solution of

n+2
—Au = 5;,}2

u>0 inQ, (2.3)
u=0 onoQ.

By the maximum principal and regularity arguments, P4, ) is smooth and positive on Q).
For e > 0 and p € IN*, let V(p,¢) be the set of all functions u € X such that there exists
(a1,...,ap) € AP, A1,...,Ap > ¢ L and my,..., &, > 0 satisfying

<g,

p
u— Z aipéai//\i
i=1
. n 4 A Aj 2 —(n=2) . .
with | J(u)72a/?K(a;) — 1| < e and ¢;; = (T; + L+ Aidjlai — aj] ) T <eVi#j
1
For any sequence (uy); in 7 failing the (P.S) condition, there exists an extracted subse-
quence (uy, ), such that uy, € V(p,¢x,), V¢ € N. Here p € N* and g, — 0 when ¢ — +o0. See
[4] and [23].
The following parametrization of V(p,e) was given in [4]. For any u € V(p,¢), u can be

written as

P
Z ‘iipéa‘i,ii + 0,
i=1

where v € H}(Q) and satisfies

dPs,, . OPS, ).
(Vo) (v,1) =0 brwe{P%m, i) a”ﬁi:L“qp},

8/\1- ! aﬂli

(-,-) denotes the inner product on H}(Q) associated to the norm || - ||, and &;,@;, A;,i =1,...,p
are the unique solution of

min
Ef;l vcl-PJ,,i,Ai eV(pe)

u —

P
;i Pog, ),

i=1

In the following, we show that the v-part of u is negligible with respect to the concentration
phenomenon. See [2,4].
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There is a C'-map which to each (a;,a;, A;) such that Zle a;Pd, 5, belongs to V(p, e) asso-
ciates v = v(w;, a;, A;) such that v is the unique solution of the following minimization problem

4
min {] <Z a;Po, p, + v) , v € HY(Q) and satisfies (Vo)} .
i=1
Moreover, there exists a change of variables v — 7 — V such that
4 p )
J| Y aiPoyp,+0 | =T Y aiPbyp,+7 | + V]
i=1 i=1

The following definition is extracted from [2].

Definition 2.1 ([2]). A critical point at infinity of ] is a limit of a non-compact flow line u(s)
of the gradient vector field (—d]). By the above argument, u(s) can be written as:

M-

Il
—_

u(s) = “i(S)P(Sai(s),)\'(s) +o(s).

1
Denoting by y; = lims—,+ 0 a;(s) and a; = lims_, 1« «;(s), we then denote by
P
ZaiPé oo OF (Y1, Yp)eo
i=1

such a critical point at infinity.

3 Critical points at infinity

In this section we prove Theorems 1.1 and 1.2. We start by the following result which describes
the concentration phenomenon of the variational structure associated to the problem (1.1).

Theorem 3.1. Under the assumptions (A), (B) and (f)g, B > 1. There exists a decreasing bounded
pseudo-gradient W in V(p,€), p > 1, satisfying the following:
There exists ¢ > 0 such that for any u = Y_!_, zxipdai A € V(p,€) we have

(i) : 1 |VK(ai)]
(0] (u),W(u)) < —c (Z </\I.“m(”'ﬁ) + A ) +Z€ij> ’

i=1 \ A, j#i

ii 7 ’ a;
(i) <a](u+z7),W(u) + W(W(u))> < —c (2 <Amij<n'ﬁ> + !VI;(i z)|> +Zgij> .

i=1 \ A,

Moreover, the only case where Ai(t), i =1,...,p, tends to co is when a;(t) goes toy,, Vi=1,...,p
such that (ye,, ..., ye,) € CZ, ,UCS, ,U(CE, 5, xCS, ).

Here (C2,_, and CS,,_,) are defined in the first section.

Before presenting the proof of Theorem 3.1, we recall the following result which describes
the concentration phenomena of the problem when B € (1,n — 2), see [19, Section 3].
Theorem 3.2 ([19]). Under the assumptions of Theorem 3.1 with B €1, n — 2|, there exists a decreas-
ing bounded pseudo-gradient Wy satisfying (i) of Theorem 3.1, for any u = Yr_ a;P5,, 5, € V(p,€)
and the only case where \;(t) goes to +-00, i =1,..., p is when a;(t) goes to yy, with (ye,, ..., Ye,) €

(o]
<n-—2°
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Notice that the case of = n — 2 was handled also in [19].
Recently we proved the following result which describes the concentration phenomena in
the case where € [n — 2, +00).

Theorem 3.3 ([21]). Under the assumptions of Theorem 3.1 with B € [n — 2, oo) there exists a
decreasing bounded pseudo-gradient W, satisfying (i) of Theorem 3.1, for any u = Y\ a; P‘Sal A €

1=
V(p,€) and the only case, where Ai(t), i = 1,...,p goes to +co is when a;(t) goes to yy, with
Wers---0ye,) €CSy s
The complete construction of the required pseudo-gradient W, in V(p, ¢) was given in [21].
We provide in the next the construction of W, in a specific region R, ,(p, e) where

R, 5(pe) {u—zm € V(p,e),a; € B(ys, po)

Yo, E’C>n 2, A 2’111 ygi‘ﬂ(wi) <5,Vi=1,...,p andygl. #yg].,Vi#]}.

Here § is a small positive constant. Let u = !, (xiPcS(a‘ A € RS, ,(p,e).
ir /v

4
2

Case 1: If p(ys,,---,yr,) > 0. We use the expansion (3.1) below. Since ](u)nnfztx]f“* K(aj) =
1+0(1),Vj=1,...,p, (3.1) becomes

aP5( A\ 20 1 aez] n—2 H(airaj)
(310,025 ) = 201’5 | T 5% (A an +2<Mj)nzz)

Observe that as ¢ small we have,

1
ja; =y, |PY) = 0 (A’?‘2> .

Moreover, since |a; — aj] > po, Vi # j, we have

de;i n—2 1
Ao iz (1+0(1)).
"ON; 2 (7\1'7\]'|ﬂi—”f’2)72( )
Therefore ,
a2y o2 Haw)  n=20W0s) g gy,
A2 (AAp)'E 2 (Ai)‘f)%z

Thus

ap5 L MW ye)  mye,ye)
(a,,)\,) 2 1 ] yEl’ yér
o) = -2

< J ) wid oA > Ju)s [z; (Air) T i AP

where the coefficients m(ygl., y(gj), 1 <i,j < p are defined in the first section.



8 K. Sharaf

Foranyi=1,...,p we set A; = A;. The corresponding pseudo-gradient is

P 9P,
Wz(u) = E Oci/\i#.
i i

From the latest expansion, W, satisfies

(31(u), Wa(w) )
t
2n 1 1 1 1 Pl
:—ZI(M)Z e AR e M(ygl,...,ygp) AR i +O<Z)Lﬂ—2>
A2 A,,Z A Ap? k=1 "\k
p
S ygl,...,y(/p

iz A
since p(y¢,, - --,Y,) is the least eigenvalue of M(yy,,...,y,). Using the fact that

|VK(a))| laj =y P! 1
~Y p— O
Aj Aj

and for any i # j, we have

we get

(311, Wa(w)) < —c (f ('wjf,”i)‘ " ) +Za]>

i=1 i#j

Case 2: If p(y¢,, ..., ¥¢,) < 0. This is the opposite situation od the case 1. Thus

P apé(u./\.)
Wo(u) = — ) ajd——2i)
LN

satisfies the requirement of Theorem 3.3.

Proof of Theorem 3.1. Letu = Yb_, a;Po, ). € V(p,e),p > 1. Following the above two results,
the only case that we will consider here is when u can be written as

q p
= leipéail A + Z IXipfsail A = + Uy,
i=1 i=q+1
where 1 < g < pand
S
Uy € Ry = {u = Z“ipfs(a,-,)\,-) € V(s,e),s > 1, sit.a; € B(ys, po),
i=1

with B(y,) <n—2,Vi= 1,...,5},
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s
Uy € Ry := {u = ZD(Z‘P(S(“,,’/\I,) € V(S,E),S >1,st.a € B(ygi,po),
i=1

with B(y,,) > n—2,Vi= 1,...,5}.
Let us denote by W, the pseudo-gradient given by Theorem 3.2 and W, the pseudo-gradient

given by Theorem 3.3. In order to construct the required pseudo-gradient W of Theorem 3.1,
we distinguish three cases. Let § be a fixed positive constant small enough.

o Case 1.

S
U € {u = Z“ip(s(a,-,)t,-) € Ry, s.t, Aflai—y| <o,Vi=1,...,s, and (yg,,...,ys,) € CZ,_ 2}
i=1

and

S
Uy € {u = szipé(ai,;\i) € Ry, s.t., Ajlai —ye| <, Vi=1,...,s, and (yo,,...,Ye,) € Ci"n_z} .
i—1

According to the construction of [19] and [21], the vector fields W; and W in these regions
are defined as follows:

1 oPd ;. 5. P dPs(
W1 (Ml) = Z“#H% and W2 Mz Z Dél i ;C./\)
i=1 1 i=q+1

Observe that all the components A; of the corresponding flow lines satisfies the differential
equation

In this case, we set
W(u) = Wi () + Wa(u),

where Wi (1) := Wi(u1) and Wy(u) := Wy (uy). Following the computation of [19] and [20],
we have

0Pé,, 5. > J(u) dejj  H(a;, aj)
oJ(u), a;A; ) = =205 ) a4t | Ais + ———7
< ](u) 1% I, CZK(LZZ')].Z;{X j oA\ (Ai/\j)Tz

n—2 ZZ:1 bk(yéi) .

2 U ) if B(yr,) <n—2
1
2 ](l/l) n—2 ZZ:l bk(yf,‘) _ H(]/Zi,]/éi) . . _

+ 205 K(a) 5 c1 )\/_S(Wi) Co A?fz , if ,B(yg]_) =—n—-2

H(yy., vy, ‘
_02%' if B(yy,) >n—2

A
H(aila‘) 1

O (Jai e lf i+ : . 3.1
- <|a vl >+0<J§; <£] (Ai/\j)"zz>+/\?‘2> (3.1)

Since we have |a; — a]-| > po, Vi # j, we obtain

881']' n—2 1 1
f—_— = — _— < —_ i .
A ;s 5 2 +o0 (( n2> < —cgj (3.2)
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Using the fact that K satisfies (f)s assumption around each y,,, we derive

[VK(a;)| ~ |a; — g, [P (3.3)
Estimate (3.3) with the fact that A;[a; — y,,| < 6 yield

VKO (4 and o ).

1

We therefore have

<a](u),W1(M)> < -—c (i <1ﬁ + W) + Z 81‘]‘> + 0 < Z Sij) ,  (3.4)
i=1 \ A i 1<j#i<q 1<i<q, +1<j<p
and
(81(), Wa(u))

p 1 VK (a;
S—c( y (Ammm,ﬁﬁ' A€”>‘>+ Y eij>+o< Y si]). 65)

i=q+1 i q+1<j#i<p g+1<i<p,1<j<q

Forany 1 <i <gand for any 4+ 1 < j < p we claim that

_ (1 1
Indeed, since |a; — a;| > po, we have g;; ~ m Let M > 1. If A; < MA, then
)2

<M o2,

1 ), as M large.
j
Thus (3.6) follows. The inequalities (3.4) and (3.5) with estimates (3.6) yield

@) (1), W(u)) < —c( f <Ar.nij(”'ﬁ) L !VIi(iai)!> N Zgﬁ)_

i=1
Observe that through W, A;(t) tends to oo, Vi = 1,..., p; it is a concentration phenomenon.

e Case 2.

s
Uuq ¢ {M = Z“ipé(ai,/\i) - Rl,s.t.,)\i\ai —ygl.| < (S,VZ = 1,. ..,S, and (ygl,. . .,yfs) c Cfn_z} .
i=1

Three possibilities may occur. Either there exists ip, 1 < iy < g such that A; |a;, — ygi0| > or
there exists 71,1 < i1 < g such that — Y/ be(y;,) < 0 or there exist i # j such that y,, = Y-
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In all possibilities, it was constructed in [19], section 3, a pseudo-gradient W; along which the
maxi<;<4(A;(s)) remains bounded and satisfies

1 1 VK a;
(0] (u1), Wi (u1)) < —c (Z (5 + |/\(>‘> + ) 8z'j> : (3.7)
i=1 \ A ‘ 1<j#i<q
Therefore, for Wl(u) = Wy (u7), we set
~ .11 |VK(a;)|
<8](u), W1<M)> < —c Z B + T + Z &j | + @) Z &ij | - (3.8)
i=1 \ A ! 1<j#i<q 1<i<q, q+1<j<p
Denote by i; an index such that
A =inf{Af,i=1,...,q}

and let us denote

_ [ , po 1p
_{],1§]§p A >2)\11}

It is easy to see that we can appear all — ﬁ, i € L in the upper bound of (3.8). In order to

|VK(a;)]|
A

make appear all — ,i€L,letus recall the following estimate obtained in [19, Section 3].

(@100 3 ) = = (0= 20005 il — i el oy ol

8] la; — ﬂ]) ( dei (3.9)

i~ Yl 1 El])

+0 L EYe) +0 — :

<f_2 A (A> ;; Ai 0a;
Let . 3P

. 1 (ai, M)

u) = by sign (a; — yp. ) — ———2

) k:z1 k S1§ ( i yéz)k)\i a(ai)k

For each indexi € L\ {1,...,q}, we move the concentration point a; with respect to Y;. Using
(3.9), the corresponding variation of | is given by:

. 3 oo v ol —yglf
<a](u)rYl(u)> < - K(ﬂl‘) ai](”)];bk Ai
(3.10)

For any j = 2,...,[B], we claim that

o1 e ('ié') . (3.11)
g i 1
1

Indeed, let M > 1. If |A;(a; — y,,)| < M, we have

@ —yu P _ o(ﬁ)
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and if [A;(a; — yy;)| > M, we have
oy, |BT .
M =0 <|llz]/£,|> , as M large enough.
A A
Hence (3.11) follows. From this and (3.3), (3.10) becomes

(@] (u), Yi(u)) < — 'VKA(Z )l +O(Aﬂ) +o<;su> (3.12)

The inequalities (3.8) and (3.12) with the estimates (3.6) yield for m > 0 small enough

<af<u>,W1<u>+m y Yi<u>>s—c<z<f5+‘vﬁ@)')+ Y si])
‘ 7} Aj !

i€l 1<j#i<q

p
+o0 (Zei]) +o )] iﬁ . (3.13)
j#i =1 A

We now appear — Y i ;ic; € in the last upper bound. For this, we decrease all A; such that
ieL\{1,...,q}. Define
0Pd,, .

Zu)y= Y, =2\ T

Without loss of the generality, we can assume that if i < j then A; < A;. In that case we have

oejj .
+20Ai=2 < —cejj, Vi#jeL\{1,...,q9}.

i
2 la/\ oA

Therefore,

(9] (u), Z(u)) < C( )3 Sz‘f) +O( L 1/3)
i£i€L\{1,....q} €L\ {1,...q}

Bl g — vy, 1B
+o( Y. Zw) (3.14)

ieL\{1,...q} j=2 A

The inequalities (3.13) and (3.14) with the estimate (3.11) yield for m’ > 0 and small

) . (3.15)

<a](u),W1(u) +m Y;(u) —|—m’Z(u)>

i€L\{1,...q}

1 VK(a;
ce(m () sy a)eo 2 )z
icL \ A i ijeL j#i icLj¢L ZL

To add the left indices, we denote

\‘m"—\

U= Z DCZ'P(SQI.,)H.
i¢L

It is easy to see that u € R;. Set _
Wz(u) = Wz(fl)
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Observe that the max;<;<, A;(s) does not move along W,, since it acts only on the indices
i ¢ L. Using the above techniques (see also [21] for more details), we have

~ 1 VK(a;
<8](u),W2(u)> < —c (2 (5 + |A(>‘> + ¥ sz-]) +0 ( y ei]-> . (3.16)
igl \ A\ i i¢Lj#i i¢LjeL
For m” > 0 and small, define

W) =Wi(u)+m Y Yi(u) +m'Z(u) +m" Wa(u).

We obtain from (3.15) and (3.16)

(31(0), W(w) < ¢ (f (1 + ] ) + Z‘%)

J#i
e Case 3.

S
Uy & {u = EtxiPd(%Ai) € Ry,s.t, Aflai —yg| <O,Vi=1,...,s, and (y¢,...,ys,) € C?n—z} .
i=1

. . 1, 2P0
In this case, either Wy (up) = Zl g1 KA it A or Wa(uy) is as the one defined in [19,
Section 3]. In both cases, max,1<;<p A; remains bounded along W,. Let

Wz(u) = Wz(uz).

It satisfies

~ P 1 VK(a;
<8](u),W2(u)> <—c| ) —5 |A(l)’ + )Y & ]|+0 ( Y. eij> .
j=g+1 A]. i gH+1<j#i<p 1<j<qq+1<i<p

Let i; be an index such that

AP =inf{Af, g +1<i<p},
and let

Z{]}lﬁjﬁpsuchthat Aﬁ>;/\ﬁ}.

Using the same argument as in Case 2, we obtain for

W) =Watm Y Yi(u)+m'Z(u) +m" Wi (u),
i€L\{g+1,...p}
the required estimate of Theorem 3.1.

Finally observe that the Palais—-Smale condition is satisfied along the decreasing flow lines
of the pseudo-gradient W as long as the concentration points of the flow do not enter in
some neighborhood of (ye,,...,ys,) € CZ, ,UCS, ,UCT, , x CS, , since maxj<i<p Ai(t)
remains bounded in this region. However, if the concentration points are near critical points
Werr---0ye,) € CZ,,UCS, ,UCS, 5 X C, 5, Ai(s) increases on the flow line and goes to
+o0. Thus, we obtam a crltlcal pomt at infinity. This finishes the proof of Theorem 3.1. O
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Proof of Theorem 1.1. Using the result of Theorem 3.1, we observe that the only case where
Ai(t), i=1,...,p, tends to oo is when a;(t) goes to ys,, Vi=1,...,p, such that (y,,,...,y¢,) €
i 2UCS, L U(CZ, , xCS, ). Thus, the critical points at infinity of | are in one to one
correspondence with the elements 7, = (yy,,...,ys,) such that 7, € CZ, ,UCS, ,U(CT, , x
C;)n—Z)'
Concerning the Morse index of the critical point at infinity (7,), it follows from the
following expansion of J(u) where u is close to (T)eo:

) = (flnz)ﬁ(l - B+ 3 (fa P = lof F) )

i=1 K(ys,) 7

Here h € RF 1, af and a; are the coordinates of 4; along the stable and unstable manifold of

Katyy,. O

Proof of Theorem 1.2. Assume that (1.1) has no solution. Using the result of Theorem 1.1, "
retracts by deformation on

U Wy (Tp>ow
T ECE, ,UCT, LU(CS, ,XCS,_,)

where Wi (T,)e denotes the unstable manifold of the critical point at infinity (7). Using an
Euler-Poincaré characteristic argument, we get after recalling that " is a contractible set

1= Y (—1)i()=,

Tp GC?H72UC§n72U(6201172 x C?nfz)
This is a contradiction. The proof of Theorem 1.2 is thereby completed. O
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