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1 Introduction

In recent years studying local and global regularity of the solutions of elliptic and parabolic
differential equations with discontinuous coefficients is of great interest. In the case of smooth
coefficients higher order elliptic equations studying in [1,2,13,20,34,36]. They received the
solvability of the Dirichlet problem, boundary estimates of the solutions and regularity of
solutions. For parabolic operators these questions are studied in [4,15,19,35].

However, the task is complicated by discontinuous coefficients. In general, with arbitrary
discontinuous coefficients as L, theory so strong solvability not true (see, [9-11]).

In particular, if we consider nondivergent elliptic equations of second order at a;;(x) €
Wi (Q) and the differences between the largest and lowest eigenvalues {a;;} are small enough,
that is the condition of Cordes is satisfied, then Lu € L>(Q) and u € W2(Q). This result is
extended to W%(Q) for p € (2 —¢,2 + ¢) with small enough e.

In recent years Sarason introduced the VMO class of functions of vanishing mean oscil-
lation, as tending to zero mean oscillation allowed to study local and global properties of
second order elliptic equations. Chiarenza, Franciosi, Frasca and Longo [10,11] show that if
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a;j € VMO N Lo(Q)) and Lu € Ly(Q2), then u € W3(Q), for p € (1,00). They also proved
the solvability of Dirichlet problem in W7 (Q2) N W, (Q2). This result is extended to quasilinear
equations with VMO coefficients in [18].

As a consequence, Holder property of the solutions and their gradients for sufficiently
small p are obtained. On the other hand, for small p with Lu € L, (Q) also takes place Holder
properties of solutions. There is a question of studying the properties of regularity of an
operator L in Morrey spaces with VMO coefficients. In [6] Caffarelli proved that the solution
from W’%(Q) belongs to C[.t%(Q) if the function f is in Morrey LI°¢ (Q) with a € (0,1). These

n,nu
loc

WL(Q), p < n, A > 0. In [17] inner regularity of second
order derivatives from W;%(Q) is proved. Moreover D?u € Llp"g\(Q) at f € L}g"i(ﬂ) is shown if
aij € VMO N LOO(Q).

Guliyev and Softova studied the global regularity of solution to nondivergence elliptic
equations with VMO coefficients [27] in generalized Morrey space. These authors also con-
sidered parabolic operators with discontinuous coefficients [28]. Guliyev and Gadjiev [26]
considered the second order elliptic equations in generalized Morrey spaces.

conditions may be relaxed at f € L

In fact, the better inclusion between the Morrey and the Holder spaces permits to obtain
regularity of the solutions to different elliptic and parabolic boundary problems. For the
properties and applications of the classical Morrey spaces, we refer the readers to [6,17,22,23,
33] and references therein.

The boundedness of the Hardy-Littlewood maximal operator in the Morrey spaces that al-
lows us to prove continuity of fractional and classical Calderén-Zygmund operators in these
spaces [7,8]. Recall that the integral operators of that kind appear in the representation for-
mulas of the solutions of elliptic, parabolic equations and systems. Thus the continuity of the
Calderon-Zygmund integrals implies regularity of the solutions in the corresponding spaces.

For more recent results on boundedness and continuity of singular integral operators in
generalized Morrey and new function spaces and their application in the differential equations
theory see [5,9,14,16,18,21,26,38-40] and the references therein.

Guliyev and Gadjiev considered higher order elliptic equations in generalized Morrey
spaces in [29]. The solvability of Dirichlet boundary value problems for the higher order
uniformly elliptic equations in generalized Morrey spaces is proved, see also [32], and the
references in [29].

Our goal in these paper is to show the continuity of sublinear integral operators generated
by Calderén-Zygmund operator and their commutators with BMO functions in generalized
Morrey spaces. These obtained estimates are used to study regularity of the solution of Dirich-
let problem for higher order linear uniformly elliptic operators.

2 Definition and statement of the problem

In this paper the following notations will be used: R = {x € R" : x = (x/,x,),
R"!,x, > 0}, S"! is the unit sphere in R?, O C R" is a domain and Q, = QN B,(x
x € Q, where B, = B(xg,7) = {x € R" : |[x — x| < r}, BS = R"\ B,, Bf = BT (xo,7)
B(xo,7)N{x, > 0}. Dju = g—;‘i, Du = (Diu,...,D,u) means the gradient of u, D*u = ol

oxyL.--9xn’
1 n
where || = Y} _; ax. The letter C are used for various positive constants and may change from
one occurrence to another.

m
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The domain Q) C R” supposed to be bounded with 9Q € Cl"l. Although this condition
can be relaxed and task to consider in nonsmooth domains.

Definition 2.1. Let ¢ : R" x Ry — R4 be a measurable function and 1 < p < oco. The
generalized Morrey space M, ,(IR") consists of all f € L;,OC(]R”) such that

1
p
liime = s o7 on) (7 [ 10Pay)” <o

xeR",r>0

For any bounded domain () we define M,, ,(Q2) taking f € L,(Q) and ), instead of B(x, )
in the norm above.

The generalized Sobolev—Morrey space Wrerp(Q) consists of all Sobolev functions u €
ng(Q) with distributional derivatives D*u € M, ,(Q)), endowed with the norm

[l w0y = Y. ID"ullm,, (-
0<|a|<2m
The space W (Q) N W;” consists of all functions u € W5"(Q) N W;” with D*u € M, ,(Q)
and is endowed by the same norm. Recall that W;,” is the closure of C§°(Q2) with respect to the
norm in Wy'.
Let a be a locally integrable function on R", then we shall define the commutators gener-
ated by an operator T and a as follows

Tof(x) = [a, TIf (x) = T(af)(x) — a(x)T(f)(x).

Definition 2.2. Let () be an open set in R" and a(-) € L} (Q). We say that a(-) € BMO
(bounded mean oscillation) if

lall« = su 1/ a(y) — a 4y < oo
* xe“f>0 1Q(x, 0)| Jap) Q(xp) ,

where ag = ‘1@ fQ a(y)dy is the mean integral of a(-). The quantity ||a||. is a norm in BMO of
function a(-) and BMO is a Banach space.
We say that a(-) € VMO(Q) (vanishing mean oscillation) if 2 € BMO(Q)) and r > 0 define

1
1) = sup e | laly) = Ao ldy <

xeQ,p<r
and
li r) =1l / —a dy = 0.
7}_{%’7( ) rl_I}(}xes(lllp<r |Q X0 | (x.0) Q(x,p)| /

The quantity 7(r) is called VMO-modulus of a.

We consider the boundary value Dirichlet problem for higher order nondivergence uni-
formly elliptic equations with VMO coefficients in generalized Morrey spaces as follows

Lu(x):= ) a“ﬁ(x)D"‘Dﬁu(x) =f(x) inQ,
a(a) lal,|B]<2m 2.1)
u(x

5 =g(x), onaQ

j=0,...,m—1. The conditions for coefficients a,5(-) and right hand we give later.
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3 Auxiliary results and interior estimate

In this section we present some results concerning continuity of sublinear operators generated
by Calderén-Zygmund singular integrals. We also give continuity of commutators generated
by sublinear operators and BMO functions in M, ,(RR").

Lemma 3.1. Let ¢ : R" x Ry — R be measurable function and 1 < p < oo. There exists a constant
C such that for any x € R" and for all t > 0

<=

., esssup ¢(x,s)s

t<s<oo < . .
i e, dt < Ce(x,r) (3.1)

If T is a Calderén-Zygmund operator, then T is bounded in My, ,(R") for any f € M, »(IR"):

ITflIm, (k) < C1flIMm,,, (R0 (3.2)

with constant C is independent of f.

This result is obtained in [3]. The following Corollary is obtained from this lemma and its
proof is similar to the proof in Theorem 2.11 in [27].

Corollary 3.2. Let Q) be an open set in R" and C be a constant. Then for any x € Q) and for all t > 0
we have

=

., ess sup ¢(x,s)s?

t<s<oot%+1 dt < Cq)(X,V), 1<p<oo.

r

If T is a Calderén-Zygmund operator, then T is bounded in My, ,(Q) for any f € M, ,(Q)), i.e

ITflIm, ) < Cllfllm,, ) (3.3)

with constant C is independent of f.

Lemma 3.3. Let a € BMO(RR") and the function ¢ satisfy the condition

==

. [y €58 5Up ¢(x,s)s
/ (1 +log ) fs<oo dt < Co(x,1), 1<p<oo. (3.4)
r r tg'*‘l

where C is independent of x and r. If the linear operator T satisfies the condition

|Tf(x / y|ndy, x € supp f (3.5)

forany f € L (R") with compact support and [a, T| is bounded on L,(IR"), then the operator [a, T] is
bounded on M, ,(R").

This result is obtained in [3,24,25]. From these lemmas and [18] we have the following.

Corollary 3.4. Let the function ¢(-) satisfy the condition (3.4) and a € BMO(R"). If T is a Calderén—
Zygmund operator, then there exist a constant C = C(n, p, ¢), such that for any f € M ,(R") and
1<p<oo,

12, Tl m, pmey < Cllallllfllm, pme- (36)
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As in [6] we have the local version of Corollary 3.4.

Corollary 3.5. Let the function ¢(-) satisfy the condition (3.4). Suppose that Q0 C R" is an open set
and a(-) € VMO(Q). If T is a Calderén—Zygmund operator, then for any € > 0 there exists a positive
number py = po(e, 1) such that for any ball B,(0) with radius r € (0, po), Q2(0,r) # @ and for any
f e M,,(Q0,r))
1a, Tl m, 000 < Cellfllm,,on (3.7)

where C = C(n, p, ¢) is independent of ¢, f,r.

These type of results are also valid for different generalized Morrey spaces M, 4, (2) and
My,0,(Q). If p = 1, then the operator T is bounded from M, (R") to WM 4, (R"). For
example, we give the following results.

Lemma 3.6. Let a € BMO(R") and (@1, ¢2) satisfy

ess sup ¢1(x, s)s?
« b\ t<s<eo
/ (1 —|—ln> T} dt < C@a(x,7), 1<p<oo, (3.8)
r r trt
where C does not depend on x and r. Suppose T, is a sublinear operator satisfying (3.5) and bounded
on L,(R"™). Then the operator T, = [a, T| is bounded from My, 4, to My 4,, i.e.,

1Taf sy, ey < C llallell Flla,,
with constant C is independent of f.

Besides that, BMO and VMO classes contain also discontinuous functions and the follow-
ing example shows the inclusion W} (R") € VMO C BMO.

Example 3.7. f,(x) = |log|x||* € VMO for any a € (0,1); fx € WL(R") for a € (0,1 — 1),
fo & WHIR") for a € [1 — 1,1); f(x) = |log|x|| € BMO\ VMO; sin f,(x) € VMO N Lo (R").

Now using boundedness of Calder6n-Zygmund integral operators in generalized Morrey
spaces we will get internal estimates for solutions of the problem (2.1) with coefficients from
VMO spaces.

Let () be an open bounded domain in R", n > 3. We suppose that non-smooth boundary
of () is Reifenberg flat (see Reifenberg [37]). It means that dQ) is well approximated by hyper-
planes at each point and at each scale. This kind of regularity of the boundary mean also that
the boundary has no inner or outer cusps.

Let coefficients a,, |a[, || < m be symmetric and satisfy the conditions uniform ellipticity,
essential boundedness of the coefficients a,p € Lo () and regularity a,5 € VMO(Q).

Let f € M (Q)), 1 < p < oand ¢(-) : Q xRy — Ry be measurable, and satisfy the
condition

ess sup (p(x,s)s%

°° E) t<s<oo
/y <1 +1In r> e dt < Ceo(x,r), (3.9)

where C does not depend on x,r.
From [2,10,17,30] we have interior representation, such that if u € W%m

D*u(x) = P.V. /B DT (x,x —y) { Z (aaﬁ(x) — a,xﬁ(y))D"‘u(y) + Lu(y) | dy

|al, [ Bl <m

+ Lu(x) /M_1 DPT (x,)y;dé, (3.10)
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for a.e. x € B C (), where B is a ball, |a| = |B| = m, and I'(x, t) is the fundamental solution of
L. Note that, I'(x, t) can be repsentated in the form

2—n
2

I(x,f) = L (z Aaﬁ<x>tit]~> ,

(n —2)wy,(det a,xﬁ)% ij=1

for a.e. x € B and Vt € R"\ {0}, where (Ayg)uxn is inverse matrix for {a.g}nxn-

Theorem 3.8 (Interior estimate). Let ) be a bounded domain in R", 1 < p < oo and the function
¢(-) satisfy (3.9), ang € VMO(Q), |al, |B| < m, and

M = max sup [[T(+,£)[[1,(q) < .
Lj=1n cRrn

Then there exists a positive constant C(n, p, ¢, M) such that for any O’ C Q" C Qand u € VCV%’” (Q)
we have D*DPu € M, »(QY), |a|,|B] < m and
ID* Dl ) < € (1Lt 00y + 1l gy 61 ) - (3.11)

Proof. We take an arbitrary point x € suppu and a ball B,(x) C €V, and choose a point
xo € B,(x). Fix the coefficients of L in xo. Consider the operator Ly = a,p(xo)D*. These
operator have the constant coefficients. We know that a solution ¢ € C§°(B,(xy,)) of Lo® =
(Lo — L) + L0 can be presented as Newtonian type potential

0x) = [ 1= y)[(Lo — L)o(y) + Lo(y)]dy,

where I'’(x — y) = T'(xg, x — y) is the fundamental solution of L. Taking D*DF¢ and unfreez-
ing the coefficients we get for all |«|, || < m by (3.10)

D*DP9(x) = P.V. | D*DPT(x,x —y) [(axp(x) —aus(y))D* DPuly) + Lo(y)]

+ LY(x) /s" Dﬁl“(x,y)yiday
= R(LY)(x) + [asp, RID*DPB(x) 4+ L8(x) /S . DPT (x,y)y;dd,. (3.12)

The known properties of the fundamental solution imply that D*DFT(x,&) are variable

Calderon—Zygmund kernels. The formula (3.12) holds for any ¢ € le,m(Br) N WIT(Br) be-
cause of the approximation properties of the Sobolev functions with C§° functions. For each
¢ > 0 there exists ro(¢) such that for any r < ry(e)

"D“Dﬂﬂ"Mp,w(B?) =C (‘SHD“DﬁﬁHMW(Bf) + ”LﬂHMW(B;r)) '

Choosing & small enough we can move the norm of D*DF® on the left-hand side that gives

ID*DP8ll0s, 55y < CILag,,, (5:) (3.13)
with constant independent of ¢.
Define a cut-off function #(x) such that for 6 € (0,1), 6’ = 9(327_9) > 0 and |a| < m we have

1/ X € Ber/
n(x) =
O/ X g Ber/
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7(x) € G (B,), |D%| < Clo(1— 0)r] . O
Applying (3.13) to 9(x) = y(x)u(x) € W;™(B,;) N W}'(B,) we get

U
HDD‘DﬁﬁHM;’,w(Bm) =C HLﬁHMP"P(B%)

IDullp, 8, ) Nlla,,(8,0)
< , P9\ 20"y P.e\"0"r
s¢ (”L‘”'Mw(%» T oa -6y T EA-onP

with constant independent of ¢.
Define the weighted semi-norm

Oy = sup [0(1— 0)r] [ D*ullpm, (5, o] <2m.
0<o<1

Because of the choice of 8’ we have (1 —6) < 26'(1—6’). Thus, after standard transformations
and taking the supremum with respect to 6 € (0,1) the last inequality can be rewritten as

@ < C (7| L, ,(5,) + Om + ©o). (3.14)

Now we use following interpolation inequality
C
0, < 0y, + z@o for any € € (0,2m).

Indeed, by simple scaling arguments we get in M, ,(IR") an interpolation inequality analogous
to [12, Theorem 7.28]

C
ID"ullpg, o8,y < SID*DFOas,,, (5, + sl € (07).

We can always find some ¢ € (0,1) such that

@m < 2[@)0(1 - @0)1’] HDD‘MHMM(BGOV)
C
< 2[@9(1 — ©o)7] <5\!D”‘Dﬁl9HMp,¢<er> * (s"””MP/?(BEO’)) '

The assertion follows choosing 6 = §[eg(1 — &9)r] < gor for any € € (0,2m). Interpolating ©;
in (3.14) we obtain

2
.
Z\|D“DﬁM!|M,,,¢(B£) < @, < C (|| Lullpm,, 8, + l14llm,,5)

and hence the Caccioppoli type estimate
1
15D ullg, i) < € (L0l + a0 ) (.15)

Let ¢ = {ﬁij}gjzl € [Mp,w(Br)]”2 be arbitrary function matrix. Define the operators

Sijap(%ij) (x) = [aup, R|0ij(x), i, j=1n, |af,[B <m.

Because of the VMO properties of a,5’s we can choose r so small that

Yo Y ISkl <1 (3.16)

Lj=1 ol |B|<m
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Now for a given u € Wrz,m(B,) N I/OV;”(Br) with Lu € Mp, ,(B;) we define
H(x) = RLu(x) + Lu(x)/ ] Dﬁf(x,y)yiday.
sn-

Corollary 3.5 implies that H € M, ,(B;). Define the operator W as

n
2

2
Wo =14 ) (Siup®+ H(x)) D [Mpp(BA)]" = [Mpp(B,)]".
la,|Bl<m L
Z)
By virtue (3.16) the operator W is a contraction mapping and there exists a unique fixed point
d = {lg‘ij};szl € [Mp,(P(Br)]”2 of W such that W8 = &. On the other hand it follows from
the representation formula (3.12) that also D*DPu |al, || < m is a fixed point of W. Hence
D*DPy = 8, that is D*DPu € M, (B;) and in addition (3.15) holds. The interior estimate
(3.11) follows from (3.15) by a finite covering of O with balls By, r < dis(Q),9Q)"). O

4 Sublinear operators generated by nonsingular integral operators

We are passing to boundary estimates. Firstly we give some results by sublinear operators
generated on nonsingular integral operators in the space M, ,(R". ).
In the beginning we consider a known result concerning the Hardy operator

Hg(r) = 11’/ g(t)dt, 0<r< oo
0
Lemma 4.1 ([27]). If
B w(r) [T dt
A= Cigg r /0 ess sup 9(s) < (1)
O<s<t
then the inequality
ess sup w(r)Hg(r) < Aess sup 8(r)g(r) 4.2)
r>0 r>0

holds for all non-negative and non-increasing g on (0, 00).
For any x € R” define ¥ = (x/, —x,) and recall that x° = (x’,0). Let T be a sublinear

operator such that for any function f € L;(IR".) with a compact support the inequality

ITf(x)| <C Mdy, (4.3)

R? |X —y|"
holds, where constant C is independent of f.

Lemma 4.2. Suppose that f € L;,OC(]R’Q and 1 < p < oo. Let

S U e st < o0 (4.4

and T be a sublinear operator satisfying (4.3).
1. Ifp > 1and T is bounded on L,(IR".), then

ITfllL, 5oy < Crv /2r tiﬁilHfHLp(B*(xo,t))dt' (4.5)



Regularity in generalized Morrey spaces of solutions to... 9

2. If p > 1and T is bounded from Ly(IR"™) on WL{(R™.), then
1T Fllwey s+ o, < C /2 R Vi IRCRLE (4.6)

where the constant C is independent of x°,r and f.
This lemma is proved in [27].

Lemma 4.3. Let 1 < p < o0, ¢1,¢2 : R" x Ry — Ry be measurable functions satisfying for any
x € R" and for any t > 0

<=

., esssup ¢1(x,s)s
t<s<oo
/r e, dt < Ca(x,r) 4.7)

and T be a sublinear operator satisfying (4.3).

1. If p > 1and T is bounded in L,(R"), then it is bounded from M, o, (R") to My, 4, (R ) and

||Tf||M,7,(,,2(R1) < ClIflla, 4, - (4.8)

2. Ifp = 1and T is bounded in Ly(R") to WL;(R'%), then it is bounded from M, (R'L) to
WMy, (R" ) and

1T fllw, ., w2 < ClIfllwat, g, ®2)
with constant C is independent of f.

This lemma is proved in [27].

5 Commutators of sublinear operators generated by nonsingular in-
tegrals

Now we consider commutators of sublinear operators generated by nonsingular integrals in
the space M, ,(R" ).

For a function 2 € BMO and sublinear operator T satisfying (4.3) we define the commutator
as T,f = Tla, f] = aTf — T(af). Suppose that for any f € L;(IR".) with compact support and
x & supp f the following inequality is valid

Tf@)<C [ ) —aw) LY g, 51)

R} x =yl

where the constant a is independent of f and x. Suppose also that T, is bounded in L,(RY),
p € (1,00), and satisfy the following inequality

1Taf e, ey < Cllallll fllL, ),

where the constant C is independent of f. Our aim is to show boundedness of T, in M, (R).
We recall properties of the BMO functions. The following lemma is proved by John-Nirenberg
in [31].
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Lemma 5.1. Let a € BMO(R") and p € (1, c0). Then for any ball B the following inequality holds

<|113|/B‘g(y)—613|pdy>z < C(p)llall

As a consequence of Lemma 5.1 we get the following corollary.

Corollary 5.2. If a € BMO, then for all 0 < 2r < t the following inequality holds
t
|aBr_aBt‘ < CHﬂH*ln;, (52)

where the constant C is independent of a.

For the estimate of the commutator we use the following lemma in the proof of Theo-
rem 5.4.

Lemma 5.3 ([27]). Let T, be a bounded operator in L,(R") satisfying (5.1) and 1 < p < oo,
a € BMO. Suppose that for f € LIPOC(JR’ZF) and r > 0 the following holds

e t\ —n_q
/t <1 —|—lnr> Py HfHL,,(Bt*(xO,t))dt < 00, (53)

Then we have p
~ n [ t t
ey < Cllallrt [ (14107 ) 1, 51

where the constant C is independent of f.

Theorem 5.4. Let ¢1, p2 : R" x Ry — Ry be measurable functions satisfying (4.7) and 1 < p < oo,
a € BMO. Suppose T, is a sublinear operator bounded on L,(IR") and satisfying (5.1). Then T, is
bounded from M, , (R") to Mp, 4, (R") and

1T f N, gy r) < Cllall<llf I, p, 1) (54)

where the constant C is independent of f.

The proof of the Theorem 5.4 follows from Lemmas 4.2, 5.1 and 5.3.

6 Singular and nonsingular integral operators

Now we consider singular and nonsingular integral operators in the spaces M, ,. We deal
with Calderén-Zygmund type integrals and their commutators with BMO functions.

A measurable function K(x, &) : R” x R"\{0} — R s called a variable Calder6n—Zygmund
kernel if

1. K(x,¢) is a Calder6n—Zygmund kernel for all x € R":
1a K(x,-) € C*(R"\{0});
K(x, ﬂé’) =p"K(x,8), Vu>0;
1. fsn 1 K(x,8)doz =0, [ |K(x, &) |doz < 4o0.

2. max IDSDEK (x,8) |1 (rossi1y) = M < o0
14
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and M is independent of x.
The singular integral

PV/ (x,x—y)f(y)dy

and its commutators
[a,R =P.V. / (x,x —y)f(y)[a(x) —a(y)ldy = a(x)Rf (x) — R(af)(x)

are bounded in L,(IR") (see [9]). Moreover

W@MSEWW&§MSMW”

"¢
Then we have

)]
RFI<C [

R <c [ 0 =Wl

R lx —y|"

4

where the constants C are independent of f.

Lemma 6.1. Let the function ¢ : R" x Ry — Ry satisfy the condition (3.9) and 1 < p < co. Then
forany f € My ,(R") and a € BMO there exist constants depending on n, p, ¢ and the Kernel such
that

IRf 7, prey < ClIflla,,(me),
1@, RIflm,,re) < Cllall<llfllm,, &)

where constants are independent of f.

The assertion of this lemma follows by (4.8) and (3.6).
For studying regularity properties of the solution of Dirichlet problem (2.1) we need some
additional local results.

Lemma 6.2. Let O C R” be a bounded domain and a € BMO(Q). Suppose the function ¢ :
R" x Ry — Ry satisfy the condition (3.9) and f € Mp,,(Q) with 1 < p < co. Then

IRfllm, ) < ClIfllm,, 0
1@, R1fllam,, o (00 < Cllallll fllm,, (0 (6.1)
where C = C(n, p, ¢, Q), K) is independent of f.

Lemma 6.3. Let the conditions of Lemma 6.1 be satisfied and a € VMO(IR".) with VMO-modulus
Ya. Then for any € > 0 there exists a positive number py = po(€, Ya) such that for any ball B, with a
radius v € (0,p0) and all f € My, ,(B;) the following inequality holds

12, RIfllw, g8y < Cellfllm, () (6.2)

with C = C(n, p, ¢, Q), K) being independent of f.
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To obtain above estimates it is sufficient to extend K(x,-) and f(-) as zero outside (). This
extension keeps its BMO norm or VMO modulus according to [10].
For any x,y € R",, X = (x/, —x,) define the generalized reflection 7 (x,y) as

ap(y)

T(x,y) =x— ZxH%,

( y> aaﬁ(y)
T(x)=T(x,x): R, - R",

where a); 8 is the last row of the coefficients matrix (a, /g)a,/g. Then there exists a positive constant
C depending on n and A, such that

CHE—yl<|IT@I<CI¥-yl, VxyeRL

For any f € M, ,(R".) and a € BMO(IR".) consider the nonsingular integral operators

RF(x) = [ K&, T(x) = y)f(n)dy,

[, R1f (x) = a(x)Rf (x) = R(af)(x).

The kernel K(x, 7 (x) —y) : R" x R". — R is not singular and verifies the conditions 1, and 2
from Calderén-Zygmund kernel. Moreover

[K(x, T(x) =) < M|T (x) —y[™" < C |x—y|™"

implies

R f W)l
IRf(x)] <C R [Ty dy,
I[a, R]f(x)| < C ja(x) _Na(y)”f(y)’

R X —y|"

where constant C is independent of f.
The following estimates are simple consequence of the previous results.

Lemma 6.4. Let ¢ be measurable function satisfying condition (6.1) and a € BMO(Q), p € (1,00).
Then the operator Rf and [a, R|f are continuous in M, ,(R" ) and for all f € M, ,(IR") the following
holds

IRF I, ey < C Il flla,,, (re )
1 RIf I m,, vy < Cllall<llflla,,we).

where constants C are dependent on known quantities only.

(6.3)

Lemma 6.5. Let ¢ be measurable function satisfying condition (6.1), a € VMO(R",.) with VMO-
modulus 7y, and p € (1,00). Then for any e > 0 there exists a positive number py = po(e, ya) such
that for any ball B, with a radius r € (0,p0) and all f € My, ,(B;") the following holds

112, RIf I, 5 < C €llf I, 5 (6:4)
where C is independent of €, f and r.

The proof is as in [9].
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7 Boundary estimates of solutions

We formulate the problem (2.1) again. We consider the Dirichlet problem for linear nondiver-
gent equation of order 2m

Lu(x) = Y a,(x)D*DPu(x) = f(x), x€Q,
|l |Bl<m
ue W (Q)NWHQ),  pe(l,o) (7.1)
subject to the following conditions: there exists a constant A > 0 such that
ATHEP" <Y aupBalp < AP
|l |B[<m (7.2)
p(x) = age(x), ol [B] < m,

i.e. the operator L has uniform ellipticity. The last assumption implies immediately essential
boundedness of the coefficients a,5(x) € Loo(Q) and a,5(x) € VMO(Q), f € M,,,(Q) with
1<p<oo, ¢:Q xRy — Ry is measurable.

To prove a local boundary estimate for the norm D*DFu we define the space Wﬁm’% (B,")
as a closure of C,, = {u € C¥(B(x%r)) : D*u(x) =0 for x, < 0} with respect to the norm
of W’%m.

Theorem 7.1 (Boundary estimate). Suppose that u € W,""(Bj) and Lu € M,,,(B;") with
1 < p < oo and g satisfies (6.1). Then D*DPu(x) € My »(B;"), |«|,|B| < m and for each & > 0 there
exists ro(¢e) such that

ID*DPully,,57) < ClILttllag,, 57 (7.3)

forany r € (0,1p).

Proof. For u € ng’%(B;r ) the boundary representation formula holds (see [29])
D*DPu(x) = P.V. /+ D*DPT(x,x — y)Lu(y)dy
B;
+PY. [ DUDPT(tx = ) aup(x) = aug 1) D" DPu(y)dy

+ Lu(x) /S DT (x,y)yidoy + L (x), (7.4)

Vi=1,n, |a|,|B] < m, where we have set

Lip(x) = | D*DP(x, T (x) —y)Lu(y)dy

B/
+ [ DUDP(r, T(x) = y)laep(x) — aug ()| D*DPuly)dy,
al, 1B < m 1,
Lym(x) = Lya(x)

= /. D*DP(x, T (x) = y)(D™T (%)) {[aup () — aup ()| D*DPu(y) + Lu(y) }dy,

Lum(x) = [ D*DF(x, T (x) — y)(D"T (x))(D"T (x))*

B
X {[aap(x) — a4p(y)]D*DPu(y) + Lu(y) }dy,
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where DT (x) = ((DyT (x)), ..., (DuT (x))") = T (fy,x). Applying estimates (6.3), (6.4)
and taking into account the VMO properties of the coefficients a,4’s, it is possible to choose g
so small that

ID*DPully, ) < C I1Lullug, )

for each r < ro. For an arbitrary matrix function w = {wy;},_; € [M;,¢(B;" )]"* define

Sijup(Wap) (x) = [aup, Biyjlwap(x),  i,j=1n|a| <m,|p] <m,
Sijnp(Wap) (%) = [aap, Bjlwap(x),  ij=Tn—1,|a| <m[B] <m,
Sinup(Wap) (X) = [aup, BijlWap(DaT (x)), i, =Tm,|a| <m,|B| <m,
§nnaﬁ<waﬁ)(x) = [“rxﬁrEﬁs]waﬁ(DnT(x))g(DnT(x))Sr o] <m, |B] < m.

From (6.2) and (6.4) we can take r so small that

n ~
Yo Y ISijap+ Sijagll < 1. (7.5)

ij=1|al |p|<m
Now given u € W;m’%(B;* ) with Lu € M,, ,(B,") we set

H(x) = RLu(x) + RLu(x) + RLu(x)(D, T (x))*
4 Ry Lu(x) (Da T (x)) (Da T (x))* + Lu(x) /S DT (x,y)yidoy,

Then estimates (6.1) and (6.3) imply H € M,,4(B,"). Define the operator

n

Uw = { Yy (Sijaﬁ(waﬂ) + Sijap(Wap) +Hi]-(x)) }

|ac],|B]<m ij=1

By virtue of (7.5) it is a contraction mapping in [M, , (B, )]"* and there is a unique fixed point
W = {W,xﬁ}ra' \Bl<m such that Uw = w. On the other hand, it follows from the representation
formula (7.4) that also D*DFu = {D”‘Dﬁu}wlwgm is a fixed point of U. Hence D*DPu = w,
D*DPu € My, (B;") and estimate (7.3) holds. Thus the theorem is proved. O

Theorem 7.2. Let operator L in problem (7.1) be uniformly elliptic and a,g € VMO(Q). Then for
any function f € M, ,(Q)) the unique solution of the problem (7.1) has 2m derivatives in My ,(Q)).
Moreover,

Y. D*DFfu

|l [B]<m

< C (Nt gty + 1l ) 76)
M,,,(Q)

with the constant C depends on known quantities.

Proof. Since M ,(Q2) C Ly(Q)) the problem (7.1) is uniquely solvable in the Sobolev space

Wf,m(()) N Wr’,” (Q)) according to [2] and [11]. By local flattering of the boundary, covering with
semi-balls, taking a partition of unity subordinated to that covering and applying of estimate
(7.3) we get a boundary a priori estimate that unified with (3.11) ensures validity of (7.6). [
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