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Abstract. In this paper, we analyze the behavior of three-dimensional incompress-
ible flows, with small viscosities v > 0, in the exterior of material obstacles Qr =
Qo + (R,0,0), where Q) belongs to a class of smooth bounded domains and R > 0
is sufficiently large. Applying techniques developed by Kato, we prove an explicit en-
ergy estimate which, in particular, indicates the limiting flow, when both v — 0 and
R — o, as that one governed by the Euler equations in the whole space. According to
this approach, it is natural to contrast our main result to that one already known in the
literature for families of viscous flows in expanding domains.
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1 Introduction

Let Oy C R3 be a smooth bounded domain, such that R®\ Q) is connected and simply
connected. We also assume that 0 = (0,0,0) lies inside (). For each R > 0, let us set

R=(R0,0), QOr=0+R, TIg=R*\Or and Tg=0Qg = dllg.

Under these notation, we recall the definition of some usual spaces related to incompressible
fluids:

V(ITR) = {v € (H'(T1g))® : divo = 0 in ITg and v = 0 on T} (1.1)

and
H(IIg) ={v € (Lz(HR))3 :divo=0inIlgand v-n=0o0n I}, (1.2)

where n is the outward directed unit normal vector field to I'y.
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2 L. Viana

We fix an initial vorticity wp, which is a smooth, divergence-free and compactly supported
vector field in R3. Since Il is simply connected, there exists a unique vgr € H(I1g) such that
curl vgr = wo|r1, (see Proposition 3.4). In addition, let us denote by u, the velocity defined on
R? which is associated to the vorticity wy, as follows:

-1 —
up(x) = E/]Ra |(;C_ %)3 X wo(y)dy, (1.3)

for each x € R3, where x represents the cross product of vectors in R3. In this context, there
exists T* > 0 with the following property: for all T € (0, T*), we can find a smooth solution
u = u(x,t) to the three-dimensional Euler equations in the whole space

ur+ (u-Vyu=—Vp,
divu =0,

u(x,0) = up(x),

|u| — 0 as |x| = +o0,

(1.4)

defined on R® x [0, T]. In (1.4), u is understood as the velocity of an ideal incompressible fluid,
while p denotes its pressure.

Taking T € (0,T*) and a small viscosity v > 0, let us also consider the incompressible
Navier-Stokes equations in ITg, with initial data vg r, given by

VR 4 (0" R V)R —yAp'R 4 VPYR =0, (x,t) € TTg x (0, T),

divo'R =0, (x,t) € IIg x [0, T), 15)
'R (x,t) =0, (x,t) € oIk x (0,T), '
"R (x,0) = v r(x), x € Ilg.

Above, vk represents the velocity of the particles of a viscous fluid and PVR is its pressure.
It is well-known that there exists a Leray-Hopf weak solution v"R = v"R(x,t) to (1.5) (see
Definition 4.1 and Theorem 4.2). We emphasize that, since we consider weak solutions to
(1.5), there is no dependence of solution’s existence time on the viscosity. Under all these
notations we have just described, we are ready to state the main result of this paper.

Theorem 1.1. As mentioned previously, let wy € (CP(R?))3 be a divergence-free vector field in
R3, and consider the smooth solution u = u(x,t) of (1.4), defined on R> x [0, T|, with initial data
given in (1.3). For v > 0 and R > 0, let v"R be a weak solution of (1.5) in Tlg x [0, T), with
initial data vy g, where voR is the L*-orthogonal projection of uo|r, on H(IIR). Then, there exist
C = C(T,Qo,wp) > 0and Ry > 0 such that, for all R > Ry, we have

1
0" =l o, re2crnpy < C <R + W) : (1.6)

At this moment, we would like to list some papers where asymptotic behavior of incom-
pressible flows under singular domain perturbation has been considered. Initially, we recall
the study of incompressible flows in the presence of small obstacles, presented in [7] and [6].
In [7], it was investigated the asymptotic behavior of 2D incompressible ideal flows in the ex-
terior of a single smooth obstacle that shrinks homothetically to a point. The work developed
in [7] allowed to identify the equation satisfied by the limit flow. In fact, if  is the circula-
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tion around the obstacle and = 0, then the limit velocity verifies the Euler equations in the
full-plane, with the same initial vorticity. On the other hand, when -y # 0, the limit equation
involves a new forcing term, with an initial vorticity that acquires a pointwise Dirac mass. In
a similar analysis for the 2D Navier-Stokes equations, considered in [6], it was proved that, if
the circulation is sufficiently small, then the limit equation is the Navier-Stokes equations in
the whole space, but an additional pointwise Dirac mass still appears in the vorticity of the
limit equation. In [4], the corresponding problem was considered in the three-dimensional
case, where it was established that the limit velocity is a solution of the Navier—Stokes equa-
tions in the full-space. Later, in [1], the research proceeded with the asymptotic behavior of
solutions of the incompressible 2D Euler equations on a bounded domain with a finite num-
ber of holes, assuming that the size of one of them vanishes. In that situation, the limit flow
was identified as a modified Euler system in the domain without its small hole.

In [5], incompressible flows around a small obstacle, with small viscosity, are considered.
Under specific assumptions, it can be seen that solutions of the Navier-Stokes system in exte-
rior domains converge to solutions of the Euler system in the full space when both viscosity
and the size of the obstacle vanish. In the proof of this result, it is presented a rate of conver-
gence in terms of the viscosity and the size of the obstacle. In addition, the complementary
situation was treated in [9], where 2D Euler and Navier-Stokes systems were analyzed in
expanding domains. To be more precise, such asymptotic analysis also pointed out that solu-
tions in large domains converge to the corresponding solution in the full plane.

As we can see, in the context of fluid dynamics, limits of singularly perturbed domain
have been extensively studied over the last years. Last but not least, we would like to high-
light [10], where Kelliher, Lopes Filho and Nussenzveig Lopes examined, in dimensions 2
and 3, the limiting behavior of incompressible flows with small viscosity inside expanding
domains. Based on energy estimates developed by Kato in [8], these three authors identified
conditions under which the limit velocity satisfies the Euler system in the whole space when
both viscosity vanishes and the domain becomes large. We are supposed to remark that their
analysis also exhibits a rate of convergence which takes into account the small viscosity of the
fluid and the enlarged boundary domain. The current work intends to be part of the list of
papers we have just mentioned. However, our purpose here is closer to [10]. In fact, we study,
in dimension 3, the limiting behavior of incompressible flows, with small viscosity, around far
obstacles. In this sense, here the boundary domain becomes distant through the translation of
I'y = oIy by R = (R,0,0), while, in [10], the boundary goes far by dilatation. In both cases,
there is some effect of distant boundaries in the vanishing viscosity limit. Thus, Theorem 1.1
should be contrasted with the corresponding three-dimensional main result of [10].

The remainder of this paper is organized as follows: in Section 2, we deal with the be-
havior of smooth solutions of (1.4) at infinity. In Section 3, we set some suitable approximate
solutions to the Euler equations and, applying the decay results obtained in Section 2, some
indispensable estimates are achieved in Propositions 3.3 and 3.4. Section 4 is devoted to a brief
discussion about the Navier-Stokes in exterior domains. At this point, we must emphasize
Proposition 4.5, where a well-known relation involving weak solutions to (4.1) is extended to
a larger class of test vector fields. In Section 5 we prove Theorem 1.1, our main result. In
Section 6, we make further comments about some aspects related to this work. At the end,
for the sake of clarity, there is an appendix, where we list domains, differential operators,
function spaces and notations related to the PDEs mentioned throughout the development of
this work.
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2 Incompressible inviscid flow in the whole space

At the beginning of this section, we would like to have a few words on the local well-posedness
for the 3D Euler system in the whole space. As said before, we fix an initial vorticity wy €
(C=(R%))3, which is divergence-free, and take the associated velocity ug, expressed in (1.3).
Under these assumptions, it was proved in [12] that, for sufficiently small times, there exists
a smooth solution of (1.4), with ug as the initial data. It means that there exists T* > 0,
depending on 1, such that, for all T € (0, T*), there exists a unique smooth solution (u, p) of
(1.4), defined on R3 x [0, T).

Additionally, for each t € [0, T|, the vector field w = curl(u(-,t)) is compactly supported
and there exists r > 0 such that

supp(w(u)) C B,(0) x [0, T] (2.1)
what can be seen in [10], for example. It is important to notice that w and u solve the system

wi+ (u-Vw = (w-Vu, (xt)€R3x(0,T),
divw =0, (tx) € R x [0, T], 2.2)
w = curlu, (x,t) € R? x [0, T],

and, due to the second PDE in (2.2), it is true that u = curl ¥, where ¥ is the vector-valued
stream function given by

¥(x, 1) = _1/ wiy.t) 4, (2.3)

e -y

As a consequence, for all (x,t) € R3 x [0,T], u can be recovered from w throughout the
Biot-Savart law

_ -l (x—y)
u(x,t) = E/]RS =y x w(y, t)dy, (24)

which we had already stated in (1.3), for t = 0.
In the rest of this section, we will focus our attention on the behavior of the smooth solution
(u, p) of (1.4) at infinity.

Lemma 2.1. Let ® = (®1, Dy, ®3) € (C*(R3))? be a compactly supported vector field and consider
M > 0 such that supp ® C By (0). Then, there exists C > 0 such that, for any x € R®\ Bop(0), we

have ()
D(y 1 C
dy — — Dd(y)dy| < ——. 2.5
Jeo Te = 1 o 0 y'—mz 23)

Additionally, if [, ®(y)dy = 0, then the inequality

C

/. ,(f __yy,l x @(y)dy' <P (2.6)

also holds.

Proof. We start proving (2.6). Consider the vector field ¢ = (g1,2,93) € (C®(R3\ {0}))3,
given by g(x) = i for each x € R3\ {0}. Let us take x € R®\ Byp1(0) and y € Bp(0). Since

{1-tx+t(x—y):te[0,1]} c R®\ {0},
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applying the mean value theorem, we obtain 6; € (0,1) such that
8i(x —y) = gi(x) + Dgi(x — i) (~y),

where i € {1,2,3}. Using that [, ®(y)dy = 0 and |x — 6;y| > |x| — 6;]y| > |x| — ‘zﬁ = %‘, we
easily check that

[ [ S - =By |

<

/BM o Dgi(x —0iy) (—y)@Pj(y)dy‘ + ‘ /B o Dgi(x — 8jy) (—y)®;(y)dy
§C</B Mdy+ M)i(y”dy>§c

By (0) |x — Oiy|3 Bu(0) |x — 8jy? |x[3”

forall i,j € {1,2,3}. From this, (2.6) follows.

The proof of (2.5) is analogous, but the condition [; ®(y)dy = 0 is not required. In fact,
we can find A € (0,1) such that

/]R 2ly) dy ! CD(y)dy‘:

o=yl e

Bu(0) |x—Ay[3

Bu(0) [x — Ay[> 7~ |x[?

/ ()C_WCD(y)dy's/ Moy, _ C

following the desired conclusion. O

Next, we apply Lemma 2.1 in order to state the decay of u and its derivatives, as |x| — oo.

Proposition 2.2. Consider u and w as mentioned above and take M > 0 such that supp(w(-,t)) C
Bu(0) forall t € [0, T). Then, there exists C > 0 such that

C

x>

e and |Vu(x,t)| <

2.7)
for all (x,t) € (R3\ Bom(0)) x [0, T).

Proof. During this proof, suppose that (x,t) € (IR®\ Bapy(0)) x [0, T] is fixed. Thus, we easily
get

1 (x—y) 1 1 C
1= g7 fo ey ] < (3 o) o < 1

For the second desired estimate, we use (2.2) and (2.4) in order to obtain

_ -1 (x—y)
w(xt) = /BM(O) fr—yp < [ V)= (- V)el(y, iy

Recalling that u and w are two divergence-free vector fields, we take

/]Rs[(w V)u— (u- V)w](y,t) = 0.

Hence, applying the inequality (2.6) from Lemma 2.1, we have
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In the last part of this proof, we will estimate Vu = [aiuj]?, -1 Notice that, if 0 < e < M
and y € B (0), we clearly get |x —y| > ‘zﬁ > M > ¢ for all y € By(0). Consequently, for any

3 x 1 matrix B, we take

|[[Vu(x,t)]B| = lim

/|yx|>E (w(y,f) xB  3{{(x—y) xw(y, ] ® (x —]/)}B) dy'

e—0 4rt|x —y)3 4rt|x —y|?
</’ w(y,t) x B BHQ—wxw@JH®W—yﬂva
= JBu(o) | 4mt|x —y[3 4rfx —yl°

1 !wmﬂ!>

<(— dy ) |B
"(MLéM@\x—yP v) 1Bl

C
< =
< ap Bl

where /1 ® k denotes the 3 x 3 matrix [hikj]g j—1 foreach Ik € R3. Tt completes the proof. [

In the next two results, we will specify the decay of the scalar pressure p, given in (1.4), as
|x| — oo.

Lemma 2.3. Let (u,p) be the solution of (1.4) and consider j € R3\ {0}. The following properties
hold:

(a) There exists C > 0 such that

Vp(x, t)| < 5

C
|x[?

for any (x,t) € (R®\ {0}) x [0, T].

(b) Foreacht € [0, T], there exists
L(t) = lim p(67,t).
0—00
Proof. The pointwise estimate for Vp comes immediately from Proposition 2.2.
Let us prove the second part of the result. Let (6,)_; be a sequence of positive real
numbers which tends to infinity. Since

O cC |1 1
I/ —_— 1/ p— 7 . i/ < —_— —_—— — .
|p(6m7, t) P@%ﬂl‘énVMwJ)Ws_HWZ% ) (2.8)

for all positive integers m and n, we conclude that, for each t € [0, T}, the sequence (p(6,7, 1)),
converges as n — 0. Analogously, if (A,)5; is another sequence of positive real numbers
which tends to infinity, we take

Gl’l_lt - /\I’l_ft S — n
PO t) = P )] < 51

for all positive integers m and n, and t € [0, T|. It means that there exists limg_, p(67, ), as
desired. O

Next, we will see that Lemma 2.3 allows us to collect some properties of the pressure p.
Proposition 2.4. Let (u, p) be the solution (1.4) and consider 7,z € R®\ {0}. Then

(a) limg_, p(07,t) = limg_,0 p(0Z,t) for each t € [0, T|;
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(b) there exists a continuous function pe : [0, T) — R and C > 0 such that
C
P ) = p=(t)l < 1 (29)

forall (x,t) € (R3\ {0}) x [0, T).

Proof. Firstly, let us focus on the proof of (a). Without loss of generality, we can assume that
z ¢ Ry and |j| > |z|. Take 6 > 0 and consider the sphere

S={xecR3: |x| =0z}
Let 0 : [s1,52] C [0,271] — S be the geodesic on S from 6Z to g = %g, given by
o(s) = (sins)g + (coss)8|z|v,
where v belongs to the tangent plane to S at 4. Thus, from Lemma 2.3, we obtain
p(67,t) —p(02,1)| < |p(67, 1) — p(q)| + [p(9) — p(6z 1)]
/sz Vp(o(s))-o'(s)ds /9: Vp(sy) - gds| < ﬁ;zc + 2|Cy_‘ <||‘Z||§ - 1)] %

°1 I
Therefore, limg_,o p(07, ) = limg_, p(0Z, t) for each t € [0, T7.
Secondly, we must prove the part (b). Let us set the scalar function ps : [0,T] — R by
Poo(t) = limy_,o p(07, t). Arguing as in (2.8), we easily check that,

_|_

C 1 C
p5,8) = pe(B)] = Jim I, 6) = plo, ) < fim 105 (1= ) = o

This completes the proof of Proposition 2.4. O

In the last result of this section, we will make use of Propositions 2.2 and 2.4 in order to
describe how the stream vector field ¥ behaves at infinity.

Proposition 2.5. Let (u, p) be the solution of (1.4) and ¥ be the associated stream vector field given in
(2.3). Consider M > 0 such that supp(w(-,t)) C By(0) for all t € [0, T]. Then, there exists C > 0
such that

C C C
— Yi(x,t) < — and |VY¥(x,t)| < —, (2.10)
|x’ | f( )’ |x|2 | ( )| |x’2

¥ (x )] <
for all (x,t) € (R3\ By (0)) x [0, T).
Proof. The first inequality in (2.10) is straightforward. Now, take (x,t) € (R*\ Bp(0)) x [0, T].
Since . (@-V) (V)
w-Vu—(u-V)w
il t) =4 [ ,)d
0= 27 Jo oy O

and [ps[(w - V)u — (u-V)w](y,t) = 0, the inequality (2.5) gives us the second estimate in
(2.10). Finally, for each i € {1,2,3}, we notice that

1 Xi = Yi lw(y,t)|
ai‘{’x,t:—/ i lw,td‘g/ dy,
0¥ (x )l ‘47r Bu(0) [x —y[? v, £)dy B [x—y[2"

and thus the third estimate in (2.10) also holds. O
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3 Approximate inviscid solutions

Firstly, let us recall some notations given in Section 2. Consider wy € (C°(R?))3 and let (u, p)
be the smooth solution of (1.4) in R® x [0, T], with initial data

1 ¥ —
up = up(x) = e ./1R3 |x—yy|3 X wo(y)dy. (3.1)

Also, let ¥ be the stream vector field associated to u, given in (2.3).

In this section, we intend to approximate the solution u by an appropriate net (uR)g~o of
divergence-free vector fields. Suppose that Qg U supp w(+,t) C By, (0) for all ¢ € [0, T|, where
My > 0, and let us take xy € C®(R) satisfying 0 < x <1, x = 1in R\ (—2My,2M)), and
X = 0in [—My, My). For each R > 0, let us set x®(x) = x(J]x — R|) and

ul(x,t) := curl (YR(¥ 4+ Cr)) = VAR x (¥ + Cr) + xRu, (3.2)

where (x,t) € R3x [0,T] and Cg = =% [gswo(y)dy. Clearly, each uR is a smooth and
divergence-free vector field in R3, which vanishes in the neighborhood of I'r = 9(Qg), where
QOr = Qo + R. Besides, taking

P=1p— Poos (3.3)

where the function p : [0, T| — R was obtained in Proposition 2.4, we also have
ul = VxR x ¥ — xR (u- Vu — x®vp (3.4)

in ITg x (0, T), recalling that ITg = R3\ Qg.
Next, we will prove some important estimates involving (#%)g~o, which will allow us to
obtain Theorem 1.1.

Lemma 3.1. Let us consider ¥, Cr and My > 0 as mentioned at the beginning of this section. Then
there exist C > 0 and Ry > 0 such that

C
sup  [¥(y+Rt)+Cr| < o5 (3.5)
lyl€[Mo,2My]

forall R > Ry and t € [0, T).
Proof. Firstly, we observe that, for all x1,x, € R®\ {0} satisfying |x1| > 2|x2|, we can apply
the mean value theorem in order to obtain

R S
X1 —xa|  [xq]

4]x; |
A

(3.6)

Let us fix y € R® such that |y| € [Mo,2Mo]. Since [psw(z t)dz = [gpswo(z)dz, for any
t € [0, T], we have

|1 w(z, t) 1
[¥(y+ R, t)+Cr| = i /1[{3 ](y+R)—z|dZ IR /sto(z)dz
1 w(z,t) 1
<o e T T R =% Ty TR e €0
1 1 1
E |y+R’ _’R"/IW IWO(Z)’dZ

=: A+ B.
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Taking Ry = 4M), it is clear that, if z € By, (0) and R > Ry, then |(y +R) —z| > R —3M, > 0
and |y + R| > R —2Mj > 0. As a consequence,

A< 1/ |w(z,t)|dz
= 477 JBy, (0 y+R —z|  y+R| '

1 2]
S Tt Joy 0 [ T R) — ]y - R] & D1

C

- (R—3MO)2

C
<z

for all R > Ry. Finally, applying (3.6) with x; = —R and x; = y, we also obtain

ly| C
< =
B < pcy] b (0 |wo(z)|dz < R

for R > Ry. Hence, (3.5) follows. O

Remark 3.2. The estimates proved in Propositions 2.2 and 2.5 are valid for any (x,t) € (R3\

{0}) > [0, 7.

Proposition 3.3. Under the previous notation, there exist two constants C = C(Qp, T) > 0 and
Ro > 0 such that, for all R > Ry, we have:

(@) [[u® = ull oo 2y + 1% = x%ull o 1y02110)) < C/R?;

(b) || Vu® — V|| (o, 1;12(110)) < C/R%

(c) ||15VXR||L°°([0,T];L2(HR)) + VA" x Yl (0,122 (10)) < C/R%

(@) [|u® ||z (o130 (110)) + 1 VU o, mm2(r1)) + 1V o 0, 77,02(110)) < C-

Proof. ESTIMATE (a): In the first place, using (3.2) and (3.5), we get

R ) = x5u ()2 = VXS % (¥ + Cr) 12y

= X' (|x = R[)[P[¥(x, ) + Cg|*dx
|x—R|€[Mo,2Mp]

= X' ([yDIP[¥ (v + R, t) + Cr[*dy
lyl€[Mo,2My]

<C sup |[¥Y(y+Rt)+Cr|?
|y|€[Mo,2Mo]

C
< (3.7)

for all t € [0, T] and R > 0 sufficiently large. On the other hand, recalling Proposition 2.2, we
also obtain
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O =Dl = [ e~ Rl = 1P ) P
0
= — 1P u(y + R, t)|*d
oo, WD) 1Pty + R 1)y
x(lyl) ~ 17
<C e
N Bamy (0)NTTo v+ R Y
C
= R—2Mo)?
C
< Fe (3.8)

for all t € [0, T] and R > 0 sufficiently large. As a result, desired estimate holds.
ESTIMATE (b): From (3.2), we know that

o;ul — 9ju = 9;(Vx®) x (¥ 4 Cr) + VxR x 0;¥ + (9:ix®)u + (xR} — 1)o;u.

Hence, using Propositions 2.2 and 2.5, and Lemma 3.1, we can argue as in (3.7) and (3.8) in
order to prove that
IV = Vull o ry2(11,) < CR2

for all R > 0 sufficiently large.

ESTIMATE (c): The proof of the third desired estimate is very similar to the last ones. In fact,
it is a consequence of (2.9) and (2.10), given in Propositions 2.4 and 2.5, respectively.

ESTIMATE (d): Let us prove the last estimate. Since the inviscid velocity u is a smooth vector
field, Proposition 2.2 assures that ||vuRHLoo([O,T];L2(HR)) < C for R > 0 is sufficiently large.
Finally, for all i € {1,2,3}, it is clear that

()] + [0 ()] + 19301 (x)| < C,

for all x € R and R > 0. It implies that ||uR||Loo([OIT];Lm(HR)) and ||VMR||L00([O/T];LOO(HR)) are
uniformly bounded with respect to R > 0. This ends the proof. O

Next, we prove the last result of this section, which yields a suitable convergence related
to the initial data.

Proposition 3.4. As before, let wy € (CZ(IR®))3 be a divergence-free vector field and consider the
initial velocity ug as in (3.1). Then, for each R > 0, there exists a unique vor € H(IIR) such that
curl vor = wolr1,. In addition, there exist C > 0 and Ry > 0 such that

- C
00,8 — ol r2(rsy < 2 (3.9)

for all R > Ry, where 9y r vanishes on Qg and equals vy g on I1g.

Proof. For each R > 0, the existence of exactly one vector field vor € H(IIgr) satisfying
curlvgr = woln < was given in [4], where the authors have used the Leray-Helmholtz—Weyl
orthogonal decomposition as well as the simple connectedness of Ilg.

In order to prove (3.9), we observe that

[uolrx — vor |l 2(1p) < [lolr, — @l 21
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for all w € H(IIR). In particular, taking w(x) = uR(x,0), where x € R?, and applying
Proposition 3.3, we obtain

1B0,r — 10|72 ey = I100, = tolrig [ T2(m) + 0l 200y
< luolrne — u® (-, 0)[F2(1g) + o[l
< C

RA + HuOHLZ (Qr)”

for all R > 0 sufficiently large. Besides, taking R > 2Mj, we observe that Qg N supp wy = @.
As a consequence, for any x € Qg and y € supp wy, we have

lx—y| >R—|y|—|x—R| > R—2M, > 0.

Therefore,

2
2 <C "UO(y” dydx <
Iolizon) <€ J,, o) =yt ¥ = R=200)

and (3.9) holds. O

IN

<
R 7

4 Leray-Hopf solutions in exterior domains

Throughout this section, let IT = R3 \ﬁ C R3 be a smooth exterior domain, which means that
Q) is a smooth compact set in R®. Given T > 0 and vy € H(II), we consider the Navier-Stokes
system

v+ (v-V)o—vAv+VP =0, (xt)€llx(0,T),
divo =0, (x,t) eI x [0,T),
v(x,t) =0, (x,t) € dII x (0,T),
v(x,0) = vp(x), x ell,

where v = v(x, t) is the velocity field evaluated at the point x € IT and at the time ¢ € [0, T],
P = P(x,t) is the related scalar pressure field, and v > 0 is the kinematic viscosity.

(4.1)

Definition 4.1. Under the notation above, a measurable vector field
v € L*(0, T; V(IT)) N L*(0, T; H(IT))
is said to be a weak solution of (4.1) in IT x [0, T) if, for any ® € Dz (II), we have
T
/ / [0 —v(Vo- V) — (0- V)o- | (x, )dxdt = — / 0 ®(x,0)dx.  (42)
0 Jio 1

The next result assures the existence of a weak solution to (4.1) satisfying a very important
additional estimate, which is called a Leray—Hopf solution of (4.1).

Theorem 4.2. Given T > 0 and vy € H(II), the system (4.1) there exists a weak solution v :
I1 x [0, T) — RR® which satisfies the energy estimate

o) oy +2v [ 1900, Dlde < ol 43)

forall t € [0, T]
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O

Proof. The proof of this result can be found in [2].

Remark 4.3. Taking T > 0 and vy € H(II), let us consider a weak solution v : IT x [0,T) —
R3 of (4.1). It is known that, for any ® € D(I1 x [0, T)), v satisfies

/H(U-CID)(x,t)dx—/H(U-CID)(x,O)dx
:/*/pw¢y—mvw-v¢y—@-Vﬁw¢K&rmr (4.4)
0 JII

forall t € [0, T) (see [3], for instance).

Later, we will apply the relation (4.4) replacing ® by each approximate inviscid solutions
uR, where R > 0. For this reason, we are supposed to prove that (4.4) remains valid when ®
decays sufficiently fast at infinity, but is not compactly supported.

Let 7 : R*> — R be a smooth function which satisfies 0 < 77 < 1in R3, 7 = 1 in B;(0),
and 7 = 0in R®\ By(0). For each s > 0, we set 775(x) = (s 1x), where x € R. Under these
notations, we are ready to present the next two results.

Lemma 4.4. Let F : I1 — R3and G : TI x [0,T] — R® be two smooth vector fields, with
F € HY(IT). Also, suppose that there exist C > 0 and a > 0 such that

|G(x,1)| < (4.5)

B
for all (x,t) € (R3\ {0}) x [0, T]. The following properties hold:
(@) |[nsF = Fl gy — 0 as s — oo;
(b) If a € (3,00], then || V5| ey — 0 as s — oo;
(©) 10insG (-, )|l 2y < Wfor allt € [0, T and i € {1,2,3};
(d) ||BZ];75 (O ll2am < SHLl/zfor allt € [0, T and i,j € {1,2,3};
(e) Ifa > 3, then ||nsG(-,t) — G(, )2 < Sa%zfor all t € [0, T).

Proof. Take d > 0 such that QO C B;(0), where IT = IR®\ Q). In this proof, we will only consider
the functions 7; : R3 — R, with s > 4.

PART (a): It follows immediately from Lebesgue’s dominated convergence theorem.

PART (b): Leti € {1,2,3}. If a € (3, +00), the desired convergence is a consequence of

a x\ (71 1 2
[tz = [ o (3)| Gax = 5 laml.

On the other hand, the estimate |[9;#s || 111 < < gives us the complete conclusion.

PARTS (c) and (d): Let us take t € [0, T] and i,j € {1,2,3}. Thus, using (4.5), we take

/H|81'175(x)G(x.t)|2dx:/|x€[szs] 512 7 )\ IG(x, £) Pl

= s |09; G(sy, t)|*d
Ve 0 (y)|* |G sy, t)]*dy

<ot ([, Port Py
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and

1
0247 G,tzd:/ =
[ 123n:(x)G x, ) o B

2 (%) 160 1) Pax
1

Zn(y)[ Glsy, )P
wleiLa) s AN Y y

C
< — 82 2d > .
- g2a+1 </|ye[1,2] | z;ﬂ(y)’ Y

PART (e): For the last estimate, we assume that « > 3/2. Once again, applying (4.5), we have

{17 <E> - 1} G(x,t)’de

S

[ 160~ Gl Pax = |

|x|>s

= 7(y) — 11%|G(sy, t)|*s°dy
ly|>1
C

<
~ (20 — 3)s2a—3

for each t € [0, T]. It concludes the proof. O

The following result is the last one of this section. We emphasize that its content brings
the information that (4.4) holds for a larger class of test functions.

Proposition 4.5. Let ¥ : R3 x [0,T] — R3 and F : R> — R® be two smooth vector fields
satisfying:

(a) supp(¥) C (R3\ B) x [0, T], where B is an open ball containing Q);
(b) F is divergence-free and supp(F) is a compact subset of T1;

(c) There exists C; > 0 such that
G
|x|”
forall (x,t) € (R3\ {0}) x [0, T].

G

~ C

‘I~[ ,t < T 107
¥ (x )] < <o

[Fe(x, 1)) <
Additionally, consider ® := curl(¥) + F and suppose that there exists C; > 0 such that

for all (x,t) € (R3\ {0}) x [0, T]. Then, a weak solution v of (4.1), with initial data vy € H(IT),
satisfies

/ (0-®)(x, t)dx — / v0(x) - ®(x,0)dx
11 11

:/Ot/n[v'cbf_v(vv‘vé))+(U'V)<§'0](X,T)d’f. 4.8)
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Proof. As in the proof of Lemma 2.10, consider IT = R®\ Q and take d > 0 such that Q C
B;(0). For each s > d, define ®° € D(I1 x [0,T)) given by

®° = curl(7s¥) + F= Vs x ¥ + g5 curl ¥ + F.

From (4.4), we obtain

(v %) (x, t)dx — | (v-D°)(x,0)dx
1
—/ / (%) —v(Vo- V&) — (v-V)v - ®°|(x, T)dT (4.9)

forall t € [0,T).
Next, we fix t € [0,T), in order to pass to the limit in (4.9) as s — oo. Firstly, using (4.3)
and Lemma 4.4, we take

[ @ @) t)ax = [ (0 8)(x,1)dx] < o, DIz Ve x E -+ (s = 1) curl ¥z

CHUOHLZ(H)

7 (4.10)

(®%))dxdt— // v - ®;)dxdt

// [0|| Vs x ¥t + (s — 1) (curl ¥)¢|(x, T)dxdt

< ||UOHL2(H) /0 (Vs % Fell 2 qmy + 1 (75 — 1) (carl ®) | 2y ) (T)d T
CTlvoll 2

7 (4.11)
Likewise, using Lemma 4.4, (4.3) and
0,®° — 9;® = 0;(V1s) x ¥ + Vs x ;¥ + (9;175) curl ¥ + (175 — 1)9;(curl ¥)
where i € {1,2,3}, we obtain the estimate
t t
/ (Vo-V®*)(x, T)dxdt — / / (Vo-V®)(x,7)dxdt
0 0 Ji
< Z/ 18:0(, T) | 2 1(3:@° = 0;@) (-, T) | 2y T
HUOHLZ(H) 3 s = 5 1/2
< Ay ( [ 1602 = 0) ) B e
C
< 57 (4.12)

To conclude the proof, we use

// v- V)] ®°(x.T)dxdt = — // v- V)| - v(x.T)dxdT,

as well as Lemma 4.4 and (4.3) in order to get
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[(v- V)] - ®°(x.7)dxdT + /Ot /H[(v -V)®] - v(x.7)dxdt

t
g/ / 02|V D* — V|2 (x, T)dxdt

< [ 1ol By (V9 = @), ) e

< Sm/ o, )3 ry

< 51/2 (4.13)
Therefore, from (4.10), (4.11), (4.12) and (4.13), the relation (4.8) holds. O

5 Proof of Theorem 1.1

This section is devoted to the main result of this paper. Let us recall its hypotheses:

* wy is a smooth, compactly supported and divergence-free vector field in R3;

* (u,p) is the smooth solution of (1.4), defined in R> x (0, T), with initial data u, as in
(1.3).

Taken T € (0,T*), R > 0 and v > 0, we also consider:
e uR as defined in (3.2);
* v is the L2-orthogonal projection of uo|r1, on H(ITIg), mentioned in Proposition 3.4;
e 9"R is a weak solution of (4.1) in ITg x [0, T), with initial data v r, given by Theorem 4.2.

Proof of Theorem 1.1. CLAIM: There exist C = C(T,Qo,wp) > 0 and Ry > 0 such that, if
R > Ry, then

t
HUV'R('/ t) - uR<'1 t)H%Z(HK) +V/0 HVUV/R('/T) ( )HLZ (Ig) dT =C <R2 +V> (51)
for almost every t € [0, T|. As a consequence, Theorem 1.1 holds.

From now on, we will focus on the verification of (5.1). To do so, the main arguments used
below take into account those presented in [8]. Let us fix t € [0, T]. From (4.3),

1 t
EHUV’R('/t)H%Z(HR) +V/0 IV (-, D)2 dT < 5 HUORHLZ (Ig) = HUORHLZ wy (52

where ¥ r equals vg g on Iz and vanishes otherwise.
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Next, due to (2.7) and (2.10), we can apply Proposition 4.5, with v = v¥R and ® = uR, in

order to obtain

_/ ("R uR) (x, ) dx+/ v, - uR)(x,0)dx

// 'R Vu ](xrdxdr—// VRV uR] - v Rdxdr
HR HR
= —/ /H o RVAR x ¥y — xR (u- V)u — xBVp](x, T)dxdt
R
—1—1// / "R vul)(x, dedr—/ / "R V)u VR (x, T)dxdt
IR Ik

// o' R VAR x ¥ — xRV (x, T)dxdT+V// "R Vul) (x, T)dxdt
g

+/ HR[()( u—uft)yvu] - "R (x,T)dxdT%—/O /HR[(u V) (u— ul)] - o' R (x, T)dxdT

+/ /H RYWuR] - (v"R — u®) (x, T)dxdT.

(5.3)

Besides, recalling that the kinetic energy E(t) = 1 [ [u(x,t)[?dx is a conserved quantity in

time, we also take
1
EHu () 1211 _*H(VX X (¥ 4 Cr)) ()l 11y
1
+ (VA" X (¥ +Cr)) () a1l 2y + EHXRM( D1 Z21,)
< 110 = xRy (1) gy
+ 1R = xR (O 2 I ull 2 + HuoHLz R3)-

As a result, from (5.2), (5.3) and (5.4) , we conclude that

1
0" = i By + [ NV = ) () gy
S |:||60,R_u0||%2 ]RS)_{—‘/I—[ UO,R' (MO_L[R)(X,O)dx]
R

U /nR A(VXR < ¥ = xRV (x, T)dxdT]

t
+v[/ IV 2R3z g /o/n (VUV’R~VMR)(X,T)dxdT:|
R

+ //HR RYVulk]- (v R—uR)(x,T)dxdT]

+ EH(M = X)) oy + (" = xRu)(, )HLZ(HR)HXRMHLZ(HR)]

=: A1+ Ay + Az + Ay + As + As.

(5.4)

+ / HR[()(RM —u®)Vu] - "R (x, T)dxdT + /Ot /HR[(uR V) (u— ul)] o' R (x, T)dxdT

(5.5)
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Firstly, using Proposition 3.3(d), we easily get
t
45 <€ [0 = uR sy ()

Likewise, As was completely analyzed in Proposition 3.3(a). Thus, in the rest of this proof, we
will estimate each A;, with i € {1,2,3,4}, in terms of R > 0 and v > 0.

To see that
C

ﬁ/
we just apply Propositions 3.3(a) and 3.4. In fact, observe that

|Aq] <

/ ook - (1t — 1) (x,0)dx < [Jor | 2(ragy [l (0 — 1) (-, 0) |21

g

IN

ol 2y | (0 — %) (-, 0) | 2 1)
C
ﬁ/

IN

and recall (3.9).
Next, using the relation

/ / (x*vp) dxdr—/ / (pVxR)dxdr,

and Proposition 3.3(c), we obtain

|Az| = ‘/ / (VAR < ¥+ VxR (x, T)dxdT

S/O 19" gy (VXS % ¥l 211y + IPVAS (211 (-, T)dxd T

< Tlloor 2y (IVAS X ¥ell oo, m220m0)) + 1PV A (0, 1322010)))
CTluo || 12(r3)
> T

Besides, using Young’s inequality and Proposition 3.3(d), we can easily check that

|As| =

t
1// Vul - (Vul — o"R)(x, T)dxdt
0 JIg

~ 2/ HVuRHLZ l_IR ( dT+ / HV'{)VR VMRHLz HR ( )dT
<Cv+l /0 V0" — ViR 25 gy, (D).
At last, the estimate
t
Al < % = 0 2 V0 [0 g

t
+/0 1" || o) | V2R = Yt 21 107 | 211, T
CT
SR
comes from Theorem 4.2 and Proposition 3.3(a),(b),(d).
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Therefore, there exist K > 0 and L > 0, independent of time ¢, such that

1 v [t
SR ) = u (D)2 g + 5/0 V0" R — Vuk |2y (T)dT

2
1 f v,R Ry12
<K 7R2 +v +L/0 Hz) Sy HLz(HR)(T)dT

for any t € [0, T]. Thus, the integral form of Gronwall’s inequality allows us to achieve the
estimate (5.1) . O

6 Some additional comments

1. In order to obtain Proposition 3.4, the circulation of the velocity on the boundary I'y is

not required, since each Il is a 3D simply connected domain.

. In this paper, we deal with three-dimensional incompressible flows, with small viscos-

ity, around distant obstacles. Perhaps, the analogous two-dimensional case can also be
studied. To be more precise, let Uy C R? be a smooth bounded domain, which is also
connected and simply connected. For each R > 0, let us set

Ur = Uy + (R,O), Vg = R? \HR and Cgr = dUg = dlli.
Let us consider «w® € C¥(IR?) and 7 € R, which are both independent of R > 0. Set
yor = Kr[w®] + (7 + m) Hg,

where m = [, w%dx, Kg[w®] = Kg[w®](x) is the Biot-Savart operator in Vg and Hg =
Hg(x) is the generator of the harmonic vector fields in Vk. Thanks to Lemma 2.2 and
Proposition 2.1 of [7], for each R > 0, we have

(divyor =0, in Vg,
curlyor = «w®,  in Vg,

Yor -1 =0, on Cg,
lyo,r(x)] — 0, as |x| — oo,
kaR U - ds = .

Thus, it would be very nice to understand the asymptotic behavior of the family of 2D
incompressible flows, with small viscosity, around distant obstacles, governed by

yf’R + ("R V)R —vAy R+ VR =0, (x,t) € Vr x (0,T),

divy*R =0, (x,t) € Vr x [0,T), 6.1)
y'R(x,t) =0, (x,t) € Cr x (0,T), '
y'R(x,0) = yor(x), x € V.

It means that we have fixed " as an initial vorticity and -y as the circulation of the initial
flow around each obstacle Ugz. We should notice that yor € L>®(I1g), but yor ¢ L?(IIR).
In this case, it seems to us that Kato’s argument can not be applied following the same
structure of the proof of Theorem 1.1. However, another approach may work if we take
mild solutions of (6.1), obtained [11].
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3. In order to simplify calculations and estimates, we have considered material obstacles
of the form Qg = Oy + R = O + R1, where 1 = (1,0,0). However, our main result
remains valid if we replace Qg by Qg + Rz, for each R > 0, where Z is another unit
vector in R3.

4. We believe that Theorem 1.1 is related to that one obtained in [10], in the three-
dimensional case. Let O’ C R3 be a smooth and simply connected bounded domain
0" C R3. In that work, the authors started with a smooth initial vorticity wy € C(R?),
which is divergence-free and, for each L > 0, they took u} as the unique divergence-free
vector field in QF = LOP that is tangent to 90" and has a curl equal to wp in QF. At this
point, they studied the limiting behavior of a family

{ut:v>0and L > 0},

consisting of weak solutions to the Navier-Stokes system

ult 4 (uvh ) ut —vAut Vit =0, (x,t) € QF x (0,T),

divu“t =0, (x,t) € QL x [0,T), 62)
u’L(x,t) =0, (x,1) € 9L x (0,T), '
u’t(x,0) = uk(x), x € QL.
Summarizing, it is proved in Theorem 1.2 of [10] that
1
It o < € (v =2 ) + b = ol | T, 63)

where u = u(x, t) is a smooth solution to (1.4), with initial data u, given in (1.3). Above,
we observe that

luf — uoll2(qry < CL7V2,

which allows us to contrast the current main result of this paper with (6.3). In both
cases, there are results for 3D incompressible flows, with small viscosity, in domains
with distant boundaries. Thus, it seems to us that the rates of convergence

R! and L1/2

on the right side of (1.6) and (6.3), respectively, suggest that the boundary I'r = dllg,
in (1.5), produces a bigger effect in the vanishing viscosity limit, when compared to the
same effect produced by 9Q)%, in (6.2).
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Appendix: List of notations

This appendix reunites some notations and definitions that we have used in the previous
sections. Our purpose here is to become the reading of this article easier.
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Domains

* ) C R3 be a smooth bounded domain, such that R?\ Q) is connected and simply
connected;

e Foreach R >0,

R := (R,0,0), Qr == Oy +R, Iz :=R3\ Qg and Ty := Qg = ollg.

Operators

For a smooth vector field F = (F;, F,, F3) in R3, we denote:
o divF :=01F + 0,F + 03F3;
e curl F := (92F3 — 93F,,03F; — 01F3,01F, — 02F1);
o (F-V)F:= B F + Bd-F + F393F.

Function spaces

Given an open set O C R® and a function f : O — R, the support of f is the closed set
supp f :={x € O: f(x) # 0}.

Under these notations,
o L?*(0) denotes the Lorentz space of f satisfying sup,. , As < 0o, where
Asi=u(fx € 0 [f(x)] > s})
and p is the Lebesgue measure in R>.

e C®(0O) denotes the space of all infinitely differentiable real functions with compact sup-
port in O;

e D(O):={Y € (C2(0))?:divY =0in O};
* V(O):={Y € (H(0))?}:divY =0in O and u = 0 on 900};

e HO):={¥ € (L*(0))®:div¥ =0in O and ¥ -n = 0 on 90}, where n is the outward
directed unit normal vector field to 00;

* Given T > 0, Dr(O) denotes the set of all ¢ € (C*(O x [0,T)))? such that
div, go(x,t) = al(p1 + 824)2 + 83493 =0 inIIx [0, T)

Solutions and initial data
® Wy € D(II{3) denotes a fixed initial vorticity;

* ug represents the velocity defined on R3, associated to the vorticity wy, as in (1.3);

(u, p) denotes a smooth solution of (1.4), with initial data u;

(v, P) denotes a Leray—Hopf solution of (4.1);

Given R > 0 and v > 0, (0K, P"R) denotes a Leray-Hopf solution of (1.5).
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