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Abstract. We consider an autonomous system admitting an invariant manifold M.
The following questions are discussed: (i) what are the conditions ensuring exponential
stability of the invariant manifold? (ii) does every motion attracting by M tend to some
motion on M (i.e. have an asymptotic phase)? (iii) what is the geometrical structure of
the set formed by orbits approaching a given orbit? We get an answer to (i) in terms of
Lyapunov functions omitting the assumption that the normal bundle of M is trivial. An
affirmative answer to (ii) is obtained for invariant manifold M with partially hyperbolic
structure of tangent bundle. In this case, the existence of asymptotic phase is obtained
under new conditions involving contraction rates of the linearized flow in normal and
tangential to M directions. To answer the question (iii), we show that a neighborhood of
M has a structure of invariant foliation each leaf of which corresponds to motions with
common asymptotic phase. In contrast to theory of cascades, our technique exploits the
classical Lyapunov-Perron method of integral equations.
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1 Introduction

It is well known that, under quite general conditions, motions of dissipative dynamical system
evolve towards attracting invariant sets. One may reasonably expect that the behavior of sys-
tem on attracting set adequately displays main asymptotic properties of system motions in the
whole phase space. It is important to note that in many cases the dimension of attracting set
such as, e.g., fixed point, limit cycle, invariant torus, strange or chaotic attractor, is essentially
lower than the dimension of the total phase space. This circumstance can help us to simplify
the qualitative analysis of the system under consideration.

Nevertheless we should keep in mind that there are cases where no motion starting outside
the attracting invariant set exhibits the same long time behavior as a motion on the set. As an
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example, consider the polynomial planar system

i=x(1-22 =y —y(1+ 22 +y7),
y=x(1+x*+y*) +y(1—x>—y*)°

which in polar coordinates ((p‘ mod27r, r) takes the form

¢=1+71%
F=r(1-r">

The limit cycle of the system given by r = 1 attracts all the orbits except the equilibrium
(0,0). Let ¢(t; po, o) be the ¢g-coordinate of the motion starting at point (7 cos @, 7o sin ¢p).
Obviously, ¢(t; ¢.,1) = 2t + ¢., but if ry & {0,1}, then it is not hard to show that

lim |@(t; @o,70) — @£ @, 1)| = 00 ¥ {go, ¢:} C [0,27),

meaning that there is no motion starting outside the cycle and asymptotic to a motion on
the cycle (for another examples with non-polynomial planar systems we refer the reader to
[11,14]).

Let {x'(-) : M — M}, p (resp. {x'(-) : M+ M},_,) be a flow (resp. a cascade) on a met-
ric space M with metric o(+, ), and let there exists a x'-invariant set A C 9. It is said that a
motion t — x!(x) attracted by A has an asymptotic phase if there exists z € A such that

0(xX'(x),x'(z)) =0, t—co.

The following problem arises: what are the conditions ensuring the existence of asymptotic
phase? The answer to this problem is rather important, especially in the case where A is an
attractor with a basin B. In fact, the existence of asymptotic phase for every x € B guarantees
that the flow restricted to attractor A faithfully describes the long-time behavior of the motions
starting in ‘5.

The above problem was studied in a series of papers. The most complete examination
concerns the case where the attracting set is a closed orbit [7,11,12,14,19,31]. For more
general situation, it is known that if 4 is an isolated compact invariant hyperbolic set of a
cascade, then every motion which is asymptotic to such a set has an asymptotic phase [21,26].
N. Fenichel [16] established the existence and uniqueness of asymptotic phase for a cascade
possessing exponentially stable overflowing invariant manifold with, so-called, expanding
structure. A. M. Samojlenko [28] and W. A. Coppel [13] studied the problem for the case of
exponentially stable invariant torus. B. Aulbach [4] proved the existence of asymptotic phase
for motions approaching a normally hyperbolic invariant manifold under assumption that the
latter carries a parallel flow. In [8], A. A. Bogolyubov and Yu. A. Il'in established the existence
of asymptotic phase for non-exponentially stable invariant torus under some quite restrictive
hypotheses concerning the corresponding system (however the authors do not use the notion
of asymptotic phase explicitly).

As was pointed out in [4, 10], standard conditions ensuring the existence of asymptotic
phases for motions approaching an invariant set A, involve the requirement that the expo-
nential rate of contraction in the normal to A direction is greater than that along A (see,
e.g., [6,16,28]). Analogous conditions usually appear in the perturbation theory of invariant
manifolds (see, e.g. [15,17,23,27,29] and references therein).
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One of the main goals of the present paper is to show that the aforementioned requirement
can be weakened in the presence of more accurate information about the character of the
flow within the invariant manifold. We consider an autonomous system in R” admitting an
invariant manifold M satisfying the following condition of partial hyperbolicity in the broad
sense [9,20]: the tangent co-cycle generated by the associated linearized system (system in
variations) splits the tangent bundle TM into a Whitney sum of two invariant sub-bundles
V¢ and V* such that the maximal Lyapunov exponent corresponding to V* does not exceed
some negative number —v, while the minimal Lyapunov exponent corresponding to V* is
not less then —c € (—v,0). (In an important particular case, where the restriction of the
flow on M is an Anosov type dynamical system, the tangent bundle splits into Whitney sum
TM = V5@ Ve P V" of invariant sub-bundles: stable V¥, center V¢, and unstable V*. Then
V* = V@ V" and one can consider that o = 0.)

It should be stressed that a priori we do not require that M is a partially hyperbolic set
as a subset of the whole space R", in particular, the Whitney sum of V* and normal bundle
of M need not be invariant. Nevertheless, we prove that if the decay rate of solutions of
linearized system in normal to M direction is characterized by a Lyapunov exponent —y < 0,
then the inequality A := min {v,y} > ¢ guarantees both the partial hyperbolicity of M and
the existence of asymptotic phase for all motions starting in a neighborhood of M. Thus, we
need not require any additional inequalities involving v and 7, meaning that our result cover
the case v > <y which, to our knowledge, was excluded in preceding papers concerning the
asymptotic phase.

If there holds the inequality v > <, then in contrast to [16], we cannot be sure that the
asymptotic phase is unique. The reason lies in the geometrical structure of a neighborhood of
M. Namely, let W (z) be the stable manifold for a point z € M [26, p. 88] (i.e. W (z) is the
set of points x € R" such that ||x/(x) — x/(z)|| = O (e™*), t — o). In our case, we cannot
exclude that W (z1) = W (z2) for different points z; # z. As a consequence, when proving
that every motion starting in a neighborhood of the invariant manifold M has an asymptotic
phase, we are not able to apply the theorem on invariance of domain as in [16] . Our proof is
based on the Brouwer fixed point theorem.

In contrast to the technique developed for cascades, e.g., in [16,21-23,26], our main results
concerning theory of asymptotic phase are obtained by exploiting the classical Lyapunov-
Perron method of integral equations. With this in mind, and targeting on the rather general
readers audience we intentionally provide independent proofs of some facts on the invariant
manifolds theory already known to specialists in the field. Hope that this will not cause
serious objection from experts on the issue.

The present paper is organized as follows. In Section 2, we consider an autonomous non-
linear system possessing invariant manifold M and in terms of Lyapunov functions establish
conditions ensuring that M is exponentially stable. In Section 3, we formulate the main con-
ditions concerning the co-cycle {X'} generated by system in variations. These include the
aforementioned partial hyperbolicity condition of {X'} on T M and decay rate condition for
{X"'} in normal to M direction. Next we show that there do exists a X'-invariant splitting
of TIR" along M into a direct Whitney sum W @ V* of tangent sub-bundle V* C TM and
a complementary exponentially stable sub-bundle W. Thus, actually, under the conditions
imposed, M turns out to be a partially hyperbolic subset of R" in the sense of [20, Definition
2.1, p. 8]. Due to this circumstance, for any orbit O(z) C M, there is a local stable invariant
manifold through O(z) tangent to W along this orbit. Each motion starting at this invariant
manifold exponentially approaches a motion on O(z) as t — oo (see Section 4). In Section 5,
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we prove the main theorem which states that the union of all local stable invariant manifolds
form an open neighborhood of M. The global geometrical aspects of the exposed theory and
some generalizations are discussed in Sections 6 and 7. Finally, in Section 8, we apply the
main theorem to a system defined on cotangent bundle of a compact homogeneous space
SL(2;R)/T.

2 Exponential stability of invariant manifold

Let v be a C?-vector field in a domain D of the space R" endowed with the standard scalar

product (-,-) and the associated norm ||-|| := 1/(:,-). Assume that the vector field v is com-
plete, i.e.the corresponding autonomous system
x =v(x) (2.1)

generates the flow {x'(-) : D — D}, g, and let this system possesses an n-dimensional com-

pact x‘-invariant C2-sub-manifold M <s D, where () : M — R" stands for an isometric
inclusion map.

Introduce some notations. Denote by N, M the orthogonal complement of the tangent
space T, M at z € M. For the sake of simplifying notations, it will be convenient for us to
identify T,IR" with R"and to treat both T, M and N, M as linear sub-spaces of R". Thus, for
any given z € M, we have T;R" = T, M @& N, M, and the vector bundle | [,c T-IR" splits
into Whitney sum of the tangent and normal sub-bundles

[ R"=TM&NM, TM:=]]TM, NM:=]]NM.

zeM zeM zeM
Let 7 : TM & NM — M stands for the natural vector bundle projection. As is well known,
there exists sufficiently small r > 0 such that the set NM, = {{ € NM : ||| < r} can be
identified with a tubular neighborhood of M. Namely, the mapping NM, > ¢ — z+¢ € R",
where z = 71 (§), define a natural embedding NM, — R”". Let the vector bundle mappings
Py:TM®NM — NM and Pr : TM & NM > TM stand for the orthogonal projections
onto NM and TM respectively.

There naturally arise problems concerning the behavior of the flow in a neighborhood of
M, in particular the stability problem of M. The first step in solving the latter is to study
the so-called normal co-cycle generated by the system in variations w.r.t. a given motion
t — x'(x) of a point x € D

y=7"(x'"(x)y. (2.2)
As is well known, the group property of the flow, x'*7(-) = x' o x7(*) for all ¢, T € R, implies
the co-cycle property of the the corresponding evolution operator

X!(x) = a?‘;i"),

namely
X" (x) = X (X7 (%)) X" (x), X7 (x"(x) = [XT(x)] ! Vt,TeR, Vxe D, (2.3)

and the x’-invariance of M implies the X'-equivariance of fibers of vector bundle TM & NM
and its sub-bundle TM, meaning that for each z € M and t € R there hold

X' (2) (TM@&NM) |, = (TM & NM) | 1(z),

(2.4)
x! (Z) M= Txt(Z)M.
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In other words, the linear co-cycle {X'}, cr over the flow {X'(): M— M} ter defines a
one-parameter family of automorphisms both of TM & NM and TM. As a result, we obtain

X‘Pr = PrX'Pr, PyX' = PyX' (Py + Pr) = PyX'Py. (2.5)

Note that the fibers of NM need not be X'-equivariant. At the same time, the one-parameter
family of mappings (the normal co-cycle)

Xy (z) := PyX'(z) : NoM = Ny M, t €R,
possesses the required property:

XN (2) = Pu(x""(2)) X" (2) = Py (X 0 x°(2)) X' (x°(2)) X*(2)
=Py (X' o x(2)) X' (x*(2)) P (x*(2)) X*(2) = XNy (X*(2)) X (2)-

One can expect that the invariant manifold M will be stable provided that || X}|| tends to
zero as t — oo sufficiently fast. Following [25,28,29], to approve the correctness of such
a hypothesis, we shall exploit the apparatus of Lyapunov functions. Proposition 2.1 given
below is a direct generalization of results [25] obtained for the case where M is a torus with
trivial normal bundle.

Proposition 2.1. The following statements are equivalent:
(i) the integral [;° || X3(z) 12 ds is uniformly convergent w.r.t. z;

(ii) there exist positive constants 7y and cq such that

| XN (2)]| < coe™  Vt>0; (2.6)
(iii) there exists a continuous field of positive definite symmetric operators

{5(z) : No\M = N, M},

such that

i\t_0<5(xt(2))X§v(Z)C, Xh(2)E) = —|Ig]?  VzeM,VEeN.M. (27

Proof. To show that (i)=(ii) and (i)=>(iii), define the continuous field of positive definite sym-
metric operators on fibers of NM by

(5028 = [ IXu(EEPds Ve M, ¥ € NoM. @8)
Due to the compactness of M there are positive constants a and A such that
algI” < (5(2)5.0) < AfEIT vze M, Ve NM. (2.9)
Since
(S @XNEE XK (2) = [ X (@)X ds
= [ X @elPds = [ Ixu@el ds,
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then
S @)X EE Xy (2)E) = — [XN@EIP < 5 (SK@)XL(E Xk (@)E) . (210)
Hence,
(S(xX'(2))XN(2)8, XN (2)) < e 4 (S(2)¢,8)  Vt=0,
and thus,

A
X4 (2)E))? < —et/ IE> e o.

It is obvious, that (2.10) implies (2.7), and (ii)=(i).
It remains to show that (iii)=(ii). If (2.7) is satisfied, then

d d
SSUEXAEE X)) = ] (SHH @)X )6 X (2)2)
d
= 2 (S0 o X )XR (X (2)) X(2)E X3 (1 (2) Xk (2)8) = — [ Xk(=)e]|*
This ensures inequality (2.10), which implies (2.6) with co = A/a and v = 1/ A. O

As in the case where M is a torus with trivial normal bundle, the additional requirement
of continuous differentiability of S (-) together with (2.7) ensures exponential stability of M.

Proposition 2.2. Let there exist a continuously differentiable field of positive definite symmetric oper-
ators
{S(Z) . NZM v NZM}ZGM

satisfying (2.7). Then the invariant manifold M is exponentially stable.

Proof. Let x € NM,. Then there is a unique representation x = z(x) + ¢(x) where z(x) € M,
¢(x) € N, M. Define the function V(x) := (S(z(x))Z(x),&(x)). To calculate the derivative
V,(x) of this function along the vector v(x), consider a finite open cover Ul_; U; of M with
the following properties: the restriction of normal bundle to every U{; is trivial, and there exist
compact subsets K; C U;, i =1,...,1, such that Ule K, = M.

Let U stands for one of the sets Uy, ..., U; and K € {K4,..., K} be the corresponding
compact subset, thus K C U. Then there exist C'-mappings vx(-) : U — NM,k=1,...,n—m,
such that for any z € U the vectors v1(z),...,Vy—m(z) form an orthonormal basis of N; M.
Compose the matrix N(z) of the vectors v1(z),...,V,—m(z) as columns and denote by N (z)
the transposed matrix. Then Py(z) := N(z)N'(z) and Pr(z) := Id — Py(z) are matrices of
projections Py (z) and Pr(z) respectively. Now by means of the diffeomorphism

Ux B ™0)> (z,p) = z+N(z)p e NM, (2.11)

where p := (p1,..., Pn—m), BI™(0) := {p: ||p|| < r} and r is sufficiently small, we obtain a
system on U/ x B;~™ induced by system (2.1). Namely, we have

(Id + [N(z)p];) 24+N(z)p=0v(z+N(z)p),

and taking into account that v(z) L v;(z), i =1,...,n — m, the induced system on U x B} ™"
takes the form

t=v() +ulzp),  p=[AG)+Azp)]p, @12)
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where
A(z) =N (2) [J(2)N(z) = Ny (2)], (2.13)
or(z,p) = (14 + NG)PLL) Pr(z)o (2 + N(2)p) — o(z)
A1z p)p =N (2) (0z +N@)p) — 0(z) ~J()N(2)p — [N(2)pl 01 (z, ) ) -

Here J (z) is the Jacobi matrix of the mapping x — v(x) at the point x = z, and Ny,(z) :=
% |s=ON (x'(z)). It is not hard to see that there exists a constant C > 0 such that

o1z p)l <Cllpll, Azl <Clpll  vVze K, ¥pe B"(0). (2.14)

Obviously, since M is compact, one can choose a common constant C for all Ky, ..., ;.
Note that locally the diffeomorphism (2.11) conjugates the system on NM generating the
normal co-cycle { X4} with the system

Hence, for { = N(z)p, we obtain

4| (S0 @)X@E X))

= ((S(z)N(2)p,N(z)p)), A(2)p + ((S(2)N(2)p,N(z)p) ), v(z) = — | &|I*,
and thus
Vo(x) = = I§]* + ((S(2)N(2)p,N(2)p)),, A1 (2, p)p + ({S(2)N(2)p,N(2)p)). 01 (z, p).
Since ||¢|| = ||p|| and there are positive constants A and a such that S(z) satisfies (2.9), then

on account of (2.14) there holds the inequality

1

— V) VxENM,

Valx) < 3 g1 <

provided that r is sufficiently small. By means of the last inequality one can show in a standard
way that there exists § € (0,7) such that ||x'(x) — 7 (x'(x))|| tends to zero with exponential
rate as t — oo provided that x € NMj. O

3 Invariant splitting of vector bundle along invariant manifold

Let us agree on the following. Hereinafter, if { € TM & NM and z = 7 (), then X' :=
X' (z) &, and X!X7¢ := X' (x"(2)) X7(2)¢ for all t,T € R.
Assume that the following conditions are fulfilled:

H1 The tangent bundle TM splits into a continuous Whitney sum TM = V* @ V* of X'-
invariant vector sub-bundles V® = [1,c\(VZ, V* = [1,em Vi (i.e. fibers of vector bun-
dles Vand V*are Xt—equivariant), and there exist constants cp > 1, v > 0, ¢ € [0,v) such
that

[X'¢]| <coe™ &l VE=0,VEE VS, 3.1)
|X'E|| <coe™ gl VE<O, VGe V. (3.2)
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H2 There exists v > ¢ such that

|PnX'Py| < coe™ ™ Wt >0.

It should be noted that the last inequality actually matches (2.6) and on account of (2.5) implies
IPNX|| < coe™™ Vi 0. (3.3)

Besides, (3.2) together with (2.3) implies
|X¢|| > cgle gl Vt>0, VEE V. (3.4)

Note also that the sub-bundle V* contains 1-D X'-invariant sub-bundle V¢ := {60},
generated by the vector field v. Each solution of (2.2) with initial value in V¢ is bounded.
An important particular case is when M is hyperbolic, i.e. there is X'-invariant splitting
V* = V¢ @ V" such that

| XFE|| < coe” 2] vVt <0, V¢ e VA

In this case we consider that o = 0.
Define the natural projections

P : TM — V5, P :TM— V*,
Since the splitting V* @ V* is X'-invariant, then
X'Py Pr =P X'Pr  VtER. (3.5)

On account of (2.3) and (3.5), we get

X (@) = X @)X T (@) = X' (@) X)) (3.6)
and thus,

2X'Py, [X7) 7' Pr = [X!'] [XT] ! PyuPr = X'TP; Py 3.7)
Now H1 yields that there exists a positive constant c; such that

HXtPS X7~ PTH <ceTU, 0<T<
(3.8)
HXfP* (x7] ! PTH <cqe T, 0<t<rt
In what follows, for any ¢ € TM & NM, we will use the notations
gT = PT(:r CN = PN(:/ Cs,* = Ps,*PT‘:-

Proposition 3.1. There exists a continuous X'-invariant splitting of TM @& NM into a Whitney sum
W @ V* such that Ph\W = N.M, and there is a positive constant c¢ such that

[|X¢|| <ce Mg VE>0,VEEW (3.9)

where A := min {v, y}.



Asymptotic phase for flows with partially hyperbolic manifolds 9

Proof. Let us construct a sub-bundle of vectors ¢ € TM & NM, such that HXtCH has a Lya-
punov exponent not exceeding —A. Since

th = PTth + PNXtC,
then, on account of (3.3), it remains to deal with PrX’Z. Derive an equation for PrX‘¢. Since
PrXie = X' — PyX!'¢ = X!'¢ — PNPyX'¢

and the map M > z — Py (z) is continuously differentiable, then

d d
EPTth = U/Xté' — a (PNPNXt(f_f) -
%PTX%;' = 0'PrX'¢ + v'PyX'E — (Pyv) PyX'¢ — PN% (PnX'C).
In view of (2.5), we get
PT%PTth = Prv'PrX'¢ + Pr (v/ — Pyv) PnX'¢n.

Recall that, for a given vector field R > t — 7 (t) € T,;) M along a curve z (-) : R — M and
for any t € R, the vector Pr7 (t) is nothing else but the covariant derivative V:# (t) at point
z (t). Hence, for every ¢ such that 7t () = z, the vector field 7 (t;¢) := PrX'¢ along the curve
t — x' (z) is a unique solution of the initial problem

Vz-n = PTU/ ()(t (Z)) 77 + PTQ (t) (:;(N, 17 (O) = gT, (310)

where the vector bundle homomorphism Q(t) is defined by
QM) e=["(x"(2)—-Py (X' 2)v(x'(2))] PnX'(z)¢ V€ TMa&NM. (3.11)
It turns out that the set of solutions of problem (3.10), which we are interested in, is given by
1(68) = X6+ [T (60 PrQ(x)nde 612)
where ¢ € V? is taken at will and

X'p XY, o<t<t
[(t71):= 3
=X'P, [ X777, 0<t<T.
In fact, taking into account (3.8), one can choose a constant c; > 0 such that
fops (X7 PrQ (r)” < e HUIIT o< <,

fop* (X' PrQ (r)H <o tHleMT o<t <

Hence, there exists a positive constant cz > 0 such that

I GO < X + [T (67 PrQ () el dr ) < cse Mg, t>0,

By means of direct calculations, one can easily verify that 7 (-;¢) is a unique solution of the
initial problem for linear inhomogeneous system

y=v (x'(2)y+PrQ(t)in, y(0)=23r e TuM, (3.13)
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where

Er— . +Efy, BEi—— /0°° P, [X*] " PrQ (s) Puéds. (3.14)

Since Pry (t;¢) = 1 (;¢), then 1 (+; ) satisfies both (3.13) and (3.10).
Hence, for arbitrary (s, Cn, we have found ¢ = ¢s + E¢n + ¢n such that

X'¢ = PrX'¢ + PyX'en = 11 (£ &) + PyX'En

and thus,
1X¢]| < (cs+co)e™™ & vE>0.

Now it is naturally to define the projection
I1:= P.Pr + E + Py,
and the corresponding sub-bundle
W:=II(TM&NM).

The uniform convergence of integral (3.14) ensures that the splitting W @& V* is continuous.
One can easily verify that IT has the projection property I12 = I1. Besides, PN\W = PyNM =
NM.

It remains to verify that the splitting W ¢ V* is X'-invariant. Note that if ¢ ¢ W, than on
account of (3.4) the Lyapunov exponent of || X'¢|| exceeds —A. Since,

[X7E]| = X7 < (ea+ o) e+ [

forany € W, T € R and t > —1, then the Lyapunov exponent of || X'X¢|| does not exceed
—A. Hence, X7¢ € W for all T € R, provided that € W. Thus X'W C W, and since X' is
non-degenerate, then X'W = W. As a consequence, [1X'¢ = X'TI¢ for any ¢ € W, but since
both W and V* are X!-invariant, than the above equality holds true for any & € TM & NM.
This yields that Id —IT commutes with X' as well:

(Id-TI) X'¢ = X'¢ -TIX'¢ = X' (¢ —TI¢) = X' (Id -11) ¢ VZ e TM®NM. O
Corollary 3.2. There is a constant K > 0 such that the following inequalities hold true:

HXfH [XT]’1H <KeMD,  o<t<t,

fo (1d —IT) [XT]‘1H <Ke -0, 0<t<rT.
4 Existence of local exponentially stable set for a given orbit

After introducing the new variable y by

system (2.1) takes the form

y=7 (x'(2)) y+w(tzy) (4.1)
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where
w(t,z,y) =v(x'(2) +y) —v(x'(2) =o' (xX'(2) v,

and z € M is considered as a parameter. From now on throughout this section, we do not
show explicitly the variable z among arguments of mappings whenever it does not cause a
confusion.

In order to apply the Lyapunov—Perron method of integral equations, introduce the Green

function
XTI[X7) 71, 0<T<t

G(t, 1) := 1
XtIT-1d) [XT] 7, o<t<Tt
and use the following standard statement.

Proposition 4.1. A mapping y(-) : Ry — R" with upper Lyapunov exponent not exceeding —A is a
solution of (4.1) if and only if there is { € W N 7t~ 1 (z) such that y (-) = y (-, {) satisfies the integral
equation

v(t,0) = X+ [ Gt T,y 0)dT = Glyl(t,), 42)

as well as the condition TTy(0,{) = C.

Proof. Note that Corollary 3.2 together with inequality A > ¢ yields
=] t 00
/ e 2M7||G (¢, 7)||dT < Ke ™ [/ e Mdrt + e()‘_”)t/ elT"MTe=Mdr
0 0 t

o0 K
< Ke_/\t/O e Mdt < Xe_/\t, 4.3)

and since v is C?-vector field, then ||w(t,z,y)|| = O(|ly||*) as ||ly|| — 0. If now y(-) : Ry — R”
is a solution of (4.1) with upper Lyapunov exponent not exceeding —A, then by means of
direct calculations it is not hard to verify that

7(t) == / G(t, T)w(t,y(1))dt =0(e ™), t— oo,
0
is a solution of the linear non-homogeneous system

y=7(x'(2)y+wltzy()).

The last one has the solution t — y (f) = O (e*)‘t), t — oo, as well. Hence, there exists

e WnNm(z)suchthaty (t) — 7 (t) = X'¢. From I1§ (0) = 0 it follows that ITy (0) = {.
Vice versa, by means of direct calculations one can easily verify that any solution ¢

y(t,0) =0 (e ™) ,t — oo, of (4.2) is a solution of (4.1) such that Iy (0,¢) = ¢. O

By means of the mapping Id +& (see (3.14)), we define an isomorphic image of NM, as

U, := (d+8) (NM,) = | {¢+E¢}).
ENM,

Note that PyU, = NM,, and if we introduce the set

Wri={ZeW: |l <r},
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then U, = {C € W, : P;,Pr{ = 0}.
Let C (R4 x W, —R"||-||,) stands for a Banach space of mappings endowed with the

norm
Iy = sup e[|l
(t,€)€R+><Wr

For a constant C > 0, define the closed subset
Vrc = {y(,) € CR x Wrs R 111, = [ly (1,8) = Xg | < e g}
Proposition 4.2. There exist positive numbers r and C such that:
(i) equation (4.1) has a unique solution y.(,-) € Yy c;

(ii) the mapping y.(-,-) has a continuous derivative along every fiber W(z) := WNr1(z),
z e M.

Proof. One can prove assertion (i) in a standard way by means of the Banach contraction
principle. For the sake of completeness, we present here some essential details.

Firstly, impose conditions on r, C ensuring inclusion G[Y,c] C Y, c. Since v is C?-vector
field, then there is a constant C;, > 0 such that

C
lotty, 2l < S0 vlP, [wytw2)| <Colvll,  |optra)|<co @4
forall (t,z) € R x M, ||y|| < 1. Now, on account of (4.3), for any y(-,-) € V¢, we obtain
[1G[y](0,¢) =T1g = ¢,

G110 — X'Z]| < 52 (e CrPe ™ P < Ce ™ 2]

provided that
KCy

2A

If we set C := 2KC,,c?/A then it is sufficient to require that r is small enough to satisfy the
inequalities

cr+Crr <1,

Y (c+Cr)* <C.

2cr < 1, Cr<ec. (4.5)
Now let us find conditions under which G[-] is a contraction mapping in ), c. Since
ot 1) — w(t, )] < H [ 0@+ + (1= 00) ()] 6]l — el
< 7“’ Uyall + w2l llyr = w2l Yy g2l [l <1,

then for every y1 (+,-),y2 (+,-) € Y, c we obtain

1G)(8,0) = Glyl (1, D)l < =72 (er+C2) llyn () =2 ()] (46)

The inequality

—Z (er+Cr?) < 5, (4.7)

N[ =
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ensures that G[-] is a contraction in ), ¢ and then, by the Banach contraction principle, equa-
tion (4.2) has a unique solution y.(-,-) € Y, c. Taking into account (4.5) and definition of
C, to satisfy (4.7) it is sufficient to replace the second inequality in (4.5) with 2Cr < c. This
completes the proof of assertion (i).

To prove (ii), firstly observe that every point zg € M has a neighborhood NV (z9) C M such
that 71 (N (z0)) N W, is homeomorphic to NV (zg) x B¥ (0) where k = dim W and Bk (0) ¢ RF
is a ball of radius r centered at the origin. So, we regard y.(-,-) as a mapping with domain
N (z0) x BF(0). Now for p € (0,7), 5 € (0,7 — p) and unit vector e € R¥, consider a family of
mappings {us (-, -;¢) : Ry x N (z) x Bf (0) — lR”}se[fM]\{O} defined by

s (,57€) == o (1,0 +5¢) = o (1,0)]

(recall that we agreed not to show explicitly the dependence on z). We aim to establish the
existence of

el (tr g) = 25% Us (t, & 6)
and show that 9.y (-, () is a solution of the linear integral equation
u(t,ge) = Xte+/0 G(t 1) w; (T,y« (7, Q) u (7, e)dr. (4.8)
Similarly to the previous reasoning, introduce the Banach space
B = C (Ry x N (20) x BE (0) = R"; ]},
endowed with the norm
11 := sup {e [} (+,2,0) € Ry x A (20) x B (0) }
On account of (4.4), (4.3) and (4.7), one can easily obtain the estimate
o0 KC 1
/ . —AT < —At w 2 < Z —At .
| e wnw @y (mon| e ar e M= (clgl +Cligl?) < g @)
which allows us to apply the Banach contraction principle and prove that (4.8) has a unique

solution u, (-, -;e) € B satisfying
[0 (5 €) [y < 2c

Besides, by means of (4.6) and (4.7) we obtain
lus sl <t 3 llusCosel, = llus (o), < 2
Next, we have
s (6 5i0) — e (650l < [ ]G 0wy (rye (0| s (x,8ie) — w0 (. Gie) [ d
+ [TIe D HEE s [ (x,5e) | de

where

H (g0 = [ [w) @ (0.0 +50) + (1- 0y (1.0) ~ ) (5.3, (,0))] de.
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Since c
IH (z.&sie)ll < S5 lly- (1,6 +se) == (7,0)]
and (4.9) yields
supe™ | "6 ) (xy. (10|l (€. Ge) — uo (.G d

1
< 5 supe ||us (T,5re) —uo (T,35e) |,
£>0

then, on account of (4.3), we obtain

limsup e ||us (£, e) — uo (t,;e) |
s—0 tZO

< ¢Cyplimsu
550 t>103

. *© —AT | AT _
SCCZ"KH%/O e [e |y« (T, + se) }/*(TIC)H}dT

< lim Tim | [ e
< ok fim try | [l (7€ -+50) — . (2 Ol 2 o ()L =0

e [T G (1) [ ly- (7, + se) v (0| de

This completes the proof of assertion (ii). O

Corollary 4.3. Forall (t,{) € Ry x W, and every unite vector e € W, N\ 7t~ 1 (z), where z := 71 ({),
the following inequalities hold:

_ _ 1 2cKCy,
9ey (D)) < 27, [fay. (1,8) — X'e|| < e 522 g

Proposition 4.4. Let C,Cy, and r be the constants specified according to Proposition 4.2. If y (-) :
Ry — R" is a solution of (4.1) such that sup, g eM|ly (t)]| < min{A/ (KCy),1} and { :=
ITy (0) € W,, then

ly (1) = x'g| < ce™Mig)*  vi=0,

and thus, y (t) = y« (£, Q).

Proof. By Proposition 4.1 y (-) satisfies integral equation (4.4) with { = IIy(0). Then on
account of (4.3) and (4.4) we have

KCy .
sup " ||y ()] < c|g]l + —y min{A/ (KCy),1} sup My (),
teER, tER,

and thus

sup & [ly (1)]] < 2¢ |1Z]| < 2er < 1.
teR

This inequality, in its turn, implies

2KCypc?
ly () - x'g|) < === M 2P = Cligl® vz

To end the proof it remains only to refer to assertion (i) from Proposition 4.2 which ensures
the uniqueness of y.(-, ). O
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Define the sets
W,(2):=W,Nnm 1 (z), W (z):=z+y.(0,W(z))
U, (z) :=U,Nnm ! (z), Ur(z) :=z4 1y, (0,Ur(2)).
Corollary 4.3 yields the following

Proposition 4.5. There is a sufficiently small positive r such that the sets W, (z) and U, (z) are
differentiable manifolds diffeomorphic to W,(z) and PxU,(z) respectively. Besides, T.W,(z) = W,(z),
Tzur(z) - u;»(z).

Let zp € M be a given point and O (zo) := Urer {X" (20)} stands for its orbit.

Definition 4.6. We say that the set W, (O (z0)) = U.co(z,) Wr (2) is a local A-stable set of the
orbit O (zp).

Theorem 4.7. Let system (2.1) satisfy conditions H1, H2. Then there exist positive constants r, C, T
and p € (0, r] such that for every zo € M, the set W, (O (zo)) has the following properties:

(a) for every x € W, (O (z0)), there exist z € O (z¢) and { € Wy(z) such that
I () —x' (&) - X'g| < Ce M gIP w0,
and thus, the motion t — x' (x) has an asymptotic phase;
(b) there hold the inclusions
x' W, (2)) W (X' (2)) V>0, and x' W (z)) C W (X' (2)) YVt > T;

(c) if in addition the vector field v has no singular points on M, then for every z € O (zg), there
is a sufficiently small arc O5(z) := Ujj<; {X" (2)}, 0 < & < 1, such that that W, (z1) N
Wi (z2) = @ forany z1,zo € Os(z), and the set W, (O (z0)) is an immersed into R" topological
manifold.

Proof. Let r and C be specified via Proposition 4.2, and let x € W, (z) for some z € O (z9).
Then there is { € W,(z) such that x = z+y, (0,{) is an initial value for the solution f
X'(z) + v« (t,0) of system (2.1). Hence, x' (x) = x'(z) + y« (¢,), and now (a) is a direct
consequence of Proposition 4.2.

Now we proceed to (b). Let p € (0,7] and x € W,(z). Then there is { € W, (z) such that
x=2z+y.(0,0), Iy+(0,¢) = { and

X (x0)=x"(2) +y« (5,0) = x° (2) +yu (s,0) + (Id —11) y« (5, 0) -

Put {° := Iy, (s, {). By the definition of I, we have {° € W (x° (z)), and by means of estimates
from the proof of Proposition 4.2 we obtain,

€1 = et [ X o (. (m o < e (e G

Hence, if p € (0, 00), where py is small enough to satisfy coo + Cp3 < r, then {* € W, (x* (z))
foralls > 0. And if p =, then {* € W, (x° (z)) for all s > T, provided that T is large enough
to satisfy e T (cr + Cr?) < r. Besides, property (a) implies
th OXS <x> _ Xt OXS (Z)H S HXH-S (x) _XH—S (Z) _ Xt-i—sCH + HXt-i-ng
< e (Cg)P + el
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Hence, if p € (0,p0) , wherepy is small enough to satisfy additional condition cpg + Cp3 <
A/KC, , then

—At A

(X' ox’ (x) =x'ox’(z)]| <e RCo Vt >0, Vs> 0;
and if p = r then
to s t o oS ar A
HX ox*(x)—x ox (Z)er KC, ViE>0, Vs> T,

provided that T is large enough to ensure e T (cr + Cr?) < A/ (KC,). Now the mapping
t— xtox® (x) — x' o x° (z), as a solution of (4.1), satisfies conditions of Proposition 4.4 where
z and { should be replaced with x°(z) and {® respectively. Hence,

X ox' (x) = x'ox* (2) = yu (£,0°),
and thus, x° (x) = x° (z) + v« (0,{°). As a consequence,

W, (x°(z)) Vs>0if x € W, (z) and p € (0,p00);

e {wr (¢(2) Vs=TifxeW, ().

Finally, let us prove (c) by reasoning ad absurdum. Suppose that for every z € O (zg) there
is no 6 > 0 such that W, (z1) N W, (z2) = @ for any pair of different points z1,z2 € Os (z).
Then there exist sequences {t; s}, {t2k e Such that £ — 0,k — 00,7 € {1,2}, t1x > to,
as well as the sequence

{m € Wy (X" (2)) DWW (X (2)) Feen

Now, for any k € IN, we obtain

ot 2) 7 )] < [ (20 = 0 x4 ()] () 2 ox (] 0, # oo,

and thus,
lim H xTox (z) = x' (2) H =0 (4.10)

t—o00

where Ty =t — tx # 0. Since M is compact, then w-limit set of O (z) contains at least one
point, e.g. z, € M, and (4.10) implies that z, is Ty -periodic for all k € IN. But, as is easily
seen, from Ty — 0 it follows that v (z,) = 0, and we arrive at contradiction.

Now we see that the continuous mapping O (zp) > z — W, (z) is locally one-to-one.
Since each W, (z) is diffeomorphic to an open d-dimensional ball of Euclidean space (Propo-
sition (4.5)), and W, (O (zo)) is given by the equation

x=x"(20)+9:(0,0), ZEW:(x'(20)), tER,
then W, (O (z0)) is an immersed (d + 1)-dimensional topological manifold. O

Remark 4.8. On contrary to [16], Theorem 4.7 do not guarantee that W, (z1) N W, (z2) = @
for any pair of different points z;,z, € M.

Corollary 4.9. If there exist z1,z, € O(zo) such that Wy (z1) "1 Wh(z2) # O, then w-limit set of
O(z¢) contains at least one closed orbit.
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5 Existence of asymptotic phase

Now we are in position to prove the following theorem on the existence of asymptotic phase.

Theorem 5.1. Let system (2.1) satisfy conditions H1, H2. Then there exists ¢ > 0 such that a motion
t —x" (x) has the asymptotic phase, provided that O (x) N NM, # &.

Proof. Let xo be a point in the tubular neighborhood NM, C NM,, where r is specified in
Theorem 4.7. Then x¢ = zg + §o, where zg € M, &y € Nz, M, ||o]| < e. We have to show that
if e € (0,r) is sufficiently small, then there exists z (xg) € M such that xo € U, (z(xg)) (see
Proposition 4.5 concerning U, (z)). Since U, (z (x9)) C W, (z (x0)), then by Theorem 4.7 the
above inclusion implies

X" (x0) = X' (z(x0))|| =0, t— o0,

meaning that the motion ¢ — x(xo) has the asymptotic phase.
Let us prove the existence of z(xp). Note that if r is sufficiently small, then there are local
coordinates in NM,

(q1/' . -Isz pll' . -/pnfm) = (EIIP)/ m = dlmM/

with the following properties: (i) the coordinates of zg are (0,0); (ii) the manifold M is given
by a local equation x = z(g), where z(-) is a C!-mapping defined in a neighborhood of g = 0;

(iii) the columns of the matrix T(0), where T(g) := [aza"q(j) ] 1.11";.:1,

vectors; (iv) if (g, p) are local coordinates of a point x € NM,, then

are pairwise orthogonal unit

x=z(q) +N(q)p,

in particular xp = z (0) + N(0)po, where N(g) is n x (n — m)-matrix whose columns are unit
vectors pairwise mutually orthogonal, and orthogonal to M at z(g) as well, thus N (7)T(q) =
0*; (v) both mappings g — N(g) and g — T(g) are continuous in a neighborhood of 0.

Having analyzed the mapping y (0, -), one can make a conclusion that the manifold ¥, (z)
is given by the equation

x=z(9)+N(q)p+T(q)[L(q) +M(q,p)lp,

where L(q) and M (g, p) are m x (n — m)-matrices with continuous elements, and ||M(q, p)|| —
0 as ||p|| = 0. Now for a given pg such that ||py|| < € < 1, we have to solve the equation

z() +N(q)p+T(q) [L(9) +M(q,p)] p = 2(0) + N(0)po.

Since z(q) —z(0) = [T(0) + T1(q)] q, where || T1(q)|| = 0 (1), ||| = O, then the above equation
can be represented in the form

T(0) [+ L(0)p] + N(0)p =F(q,p) + N(0)po

where
F(q,p):=[T(0)L(0) — T (q)L(q) + N(0) — N(q) —M(q,p)| p — T1(9)g.

*Here we use the notation N(g) instead of N(z(g)) where N(z) is the matrix defined in Section 2.
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Note, that ||F(q,p)|| = o(llqll +Ipll), llgll + l|p]] — 0. After the change of variables g =
u —L(0)p, on account that the matrix [T(0); N(0)] is orthogonal, we arrive at the equation

() -wen s 2),

where H (1, p) = [T(0);N(0)] "F (g, p) ‘q:qu(O)p' It is obvious that |[H(u, p)|| = o (|[u]| + || p||),
|||l + || p|| = 0. Now we are in position to apply the Brouwer fixed point theorem. Namely, let
De:={(u,p)" « [ul* +|[p* < €}. 10 < e < 1and |[po| < e, then max(, e, [|H (1, p)] <
e. Hence,

Dy > (u> — H(u,p)+ <O> € Dy,
p Po

and by the Brouwer fixed point theorem equation (5.1) has at least one solution. O

6 Global A-stable sets of orbits on M

In this section we analyze the geometrical structure of sets formed by motions approaching a
given orbit with exponential rate and having asymptotic phases.

Definition 6.1. For a given z € M the set
W (z) = {x eD:|x(x) —x' (z)||=0 (e’“) ,t— 0}

is said to be (a global) A-stable set of the point z. For a given zyp € M, the set W (O(zo)) :=
Uze0(z) W (2) is said to be (a global) A-stable set of the orbit O(zo).

Theorem 6.2. Let system (2.1) satisfy conditions H1, H2, and let r and T be specified according to
Theorem 4.7. Then for every zg € M the A-stable set for the orbit O(zq) has the following properties:

(a) the A-stable set of any z € O(zp) is an immersed into R" differentiable manifold admitting the
representation W (z) = Uxez, x 7 Wr (X' (2)));

(b) the foliation of W (O(zo)) by the family of manifolds {W (2)},c o, is x'-invariant, meaning
that
X (W(@)=W(x'(z)) VteR;

(c) if the vector field v does not have singular points on M, then for every z € O(zq) there is a

sufficiently small arc Os(z), 0 < § < 1, such that W (z1) "1 W (zp) = O for any z1,z2 €
Os(z), and W (O(zo)) is an immersed into R" topological manifold.

Proof. Letz € O(zp) and x € W (z). By the definition of W(z),
R =R (x,z) :=supe [|x' (x) = x' (z)| < co.
£>0
For a k € Z., define

xe=x (x), ze = X" (2), Ci »= (o — z¢), yi (1) = X" () — x* (2x) -
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Then

lill < sup [ITLe TR < max |[11] e MR,
z€0(zp) zeM

v (D11 = |37 (x) = X 4T|| < Re=MHD v >,

and by Proposition 4.1 we have
T €We(zi), i (t) =y« (£, 8k),
provided that k is sufficiently large. Hence,
=24y (0,0) €W () = xexw, (XkT(Z)) ,

and the last inclusion implies the required representation for W (z).
By Theorem 4.7, for any z € O(zg), the set W\ (z) is a differentiable manifold and W\ (z) C
X" "W, (x"(z)). Hence,

X—kTWy <XkT<Z)> c X—kT ox TW, (XT o XkT(Z)> _ X—(k—i—l)TWr <X(k+1)T(Z)> )
and thus,
Wi (z) € x T (X)) < xn T () €= W ().

Now it is obvious that W (z) is a differentiable manifold. The proof of (a) is complete.
We proceed to assertion (b). Let x € W (z) and t € R. Then there are i,k € Z such that
x € x W, (x*T (z)) and iT +t > T. Now we obtain

X (x) € x KT (Wr (XkT (z))) _ Xf(kJri)T oy T+ <Wr (XkT (z)))
c X—(k—i—i)T <Wr (X(k+i)T ox! (z))) cW (Xt(z)) .

Hence, x' (W (z)) € W (x'(z)) for all t € R. But then W (x (z)) € x " (W (z)) for all
—t € R. This completes the proof of (b).
The proof of assertion (c) is the same as in Theorem 4.7. O

Corollary 6.3. A A-stable set of O(zy) is generated by A-stable set of zo, i.e.

W (O(z0)) = U X' W(20))-

teR

7 Asymptotic phase for motions attracting by semi-invariant do-
mains

Let us consider a more general case where the system under consideration satisfies conditions
like H1, H2 not on the whole invariant manifold, but on some forward x!-semi-invariant
domain M™* C M. Namely,
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H1" The tangent bundle TM™ splits into a continuous Whitney sum TM* = V¢ & V* of
forward X'-semi-invariant vector sub-bundles V°* = [, y+ V5, V* = [Lep+ V2, and
there exist constants ¢y > 1, v > 0, ¢ € [0,v) such that

| X7¢[| < coe™ || V>0, VZ e V7, (7.1)
|X¢|| = cpte ™ |ig]|  VE=0, VE eV (7.2)
H2" The natural projections
Py : TM™' — V5, P, : TM*' — V*
are uniformly bounded.
H3" There exists 4 > ¢ such that

HPNXtPNCH < Coei’yt Hé” vt >0, V(’,‘ e TMT.

It turns out that conditions H1",H2" imply a counterpart of inequalities (3.8), namely, there
exists a constant cf such that

HXtPS XV Prl ey | S e, 0<T <y,

)
HXtP* X Prl e

)

E.g., derive the last inequality. Let 0 < t < 7. For any { € V* define { = X~ !¢. Then

(3.2) implies | X~Z|| < coe” ||Z]|. Hence,

XT(MT)

HthrgH < COer(th) HgH VC cV*

MY 0<t<T.

c v

*
But V (M)

M) and thus, for any 7 € Tx" (M™), we obtain

im0 = XX TR = X < coe D Ry
<cfe Iyl  o0<t<T,

Now in our case, one can perform all steps analogous to those of Sections 3, 4. We first
observe that the projections P; and P, are uniformly bounded in M™ and satisfy counterparts
of inequalities (3.8) with constant cf instead of c;. Everywhere in what follows the mapping
[X7(2)] ! will act on Tyr(-yM™ with T > 0, z € M*. In view of this fact and since

PrQ(1)¢ € TyrmyM™  Vze MT, e TM*Y, >0,
then, for all t > 0, n(¢;§) is correctly defined via (3.12) and satisfies the inequality

(5O < ese™ ]l

with an appropriately redefined constant c3 > 0. Then, in the same way as in the proof of
Proposition 3.1, we define the mapping & via (3.14), the projection II and the corresponding
sub-bundle

W =TI (TM" & NM™).
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Note that IT is uniformly bounded in M*. To prove that W+ is forward semi-invariant, it
is sufficient to take into account that the Lyapunov exponent of || X'X7|| does not exceed —A
for any ¢ € W and t,7 € R (but, in general case, not for all T € R and > —7 as in
Proposition 3.1). Now, as in Corollary 3.2, we obtain the estimates for HXfH[XT]*lH and
| X! (Id —IT) [X"] || with appropriately redefined constant K.

Next, in Section 4, up to Proposition 4.2 we need to replace M, W, M, with M+, W*, M,
respectively. As a consequence, W,, U, will be replaced by W,", U,". The proofs of counterparts
to Propositions 4.1-4.4 need no changes, except that starting from Proposition 4.2 the constants
C and r should be found via the relevant inequalities, e.g. (4.5), (4.7), involving redefined
constant K. As a result, for any z € M™, we are able to define the sets

W) imz 4y OW(R), U ()= 24y (U (),
where
W, (z) := W, N l(z), Ut (z) := U N 1(z).

Since M is forward semi-invariant, then for any zp € M, it is natural to define the
phase curve

O+(Zo) = O(Zo) nM™*

which includes all points of orbit O(zg) containing in M. And since M ™ is open, then there
exists €(zg) > 0 such that

U {x'(z0)} € OF(z0) ¢ M.

—€(zp)<t<oo

Finally, we define the local A-stable set of the phase curve O (z9) as

W (0 (z0)) = | W' (2).

zeOt (Zo)

Now the assertions (a), (b), (c) of Theorem 4.7 as well as their proofs remain correct for every
zp € M™ after we replace M, O (z9), W, W with M+, O (zo), W, W respectively. As a
consequence, we obtain the following counterpart of Theorem 5.1.

Theorem 7.1. Let system (2.1) satisfy conditions H1* — H3" in a forward x'-semi-invariant domain
M C M. Then there exists ¢ > 0 such that a motion t «— x' (x) has an asymptotic phase, provided
that O (x) "N NMF # &, where NM is a portion of the tubular neighborhood NM. over M.

Now let us apply Theorem 7.1 to each forward semi-invariant domain y ¥ (M ™). Then we
obtain a sequence of positive numbers {¢;} and the corresponding sequence of sets { NM }.
Next define x!-invariant domains in M and R" respectively

M= x (M), D'=x" (U NM;;) .
keN t>0 keN

Finally we arrive at the following result

Theorem 7.2. Let system (2.1) satisfy conditions H1"-H3" in a forward x'-semi-invariant domain
M C M. Then for any x € D’ the motion t — x' (x) has an asymptotic phase in M.
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8 A system on cotangent bundle of a compact homogeneous space
SL(2; R)/T

Consider a (right) homogeneous space Q =: /T := {q = GI': G € &} where & := SL(2;R)
and I' is a discrete subgroup of & such that Q is compact. As is well known, homogeneous
spaces of such a kind are naturally associated with compact Riemannian surfaces of constant
negative curvature, and the geodesic flows on such surfaces are classical examples of Anosov
dynamical systems [1,2,5,30]. We aims to apply the results of previous sections to a specific
system defined on cotangent bundle T*Q. To obtain such a system, we first construct an
appropriate right-invariant system on cotangent bundle T*® and then factorize it by the right
action of the lattice I'.

Recall that the group & generates a Poissonian action on T*® (see [3]). Namely, let A be
the Liouville 1-form (“pdg”-form) on T*®. The exact 2-form w? := dA defines a standard
symplectic structure on T*®. For any A € g := sl(2,R), denote by AG := %‘ t:OeAtG the
right-invariant vector field generating the left action of one-parameter subgroup {e*} on &.
There is a natural lift of this action to T*® as the flow of Hamiltonian system with right
invariant Hamiltonian function

ha(x) = A (A7t (x)), xeT"®,

where 7 : T*® > & is the natural projection. For any A,B € g, the Poisson bracket of
Hamiltonians h4(-), hp(-) satisfies

{ha,hp} (x) = w (Amr(x), A7t(x)) = hia 5 (%), xeT'®,

meaning that &-action on T*® is Poissonian. Let m(-) : T*& — g* be the corresponding
momentum map, thus m(x)A := ha(x). Choose a standard base in g represented, respectively,

by the matrices
0 1 1 0 01
a0 o) Aa=(p %) a=(T )

and define the corresponding components of co-vector m(x) by setting
my(x) 1= m(x)Ag, ke{1,23}.
Since
[A1, Ay] = —2A3, [A1, A3] = 2A,, [Ap, A3] = 2A4,

then
{my, my} = —2ms, {my, mz} = 2my, {my, mz} = 2my (8.1)

The diffeomorphism
T"® 5 x — (m(x), m(x)) €g" X &

induces a Poissonian structure on g* x & such that the brackets {mi,m]'} satisfy (8.1), the
bracket of any pair of functions f;(-), f;(-) : & — R equals zero, and

{G,m} = AG, (8.2)

meaning that &-component of Hamiltonian vector field with Hamiltonian function my is the
right-invariant vector field A;xG.
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Now introduce a Hamiltonian of the form
13 )
H(m) := = Y A
23

where Ay, Ay, A3, are given positive numbers. The corresponding Hamiltonian system on g* x
® reads

m={m,H(m)}, (8.3)
G = i AkmkAkG. (84)
k=1

Here

{m1, H(m)} 2 (A3 — Ap) mams
{m,H(m)} = ({THZ,H(TH)}> = ( 2 (}H + Ag,) myms ) .
{ms, H(m)} =2 (A1 + Ag) mymy

Note that H(m) in a standard way defines a right-invariant metrics (-, -) on &, and thus, one
can consider system (8.3)—(8.4) as the Hamiltonian form of Lagrangian system for geodesics
on &.

It is easily seen that, except H(m), system (8.3) has an additional first integral (the Casimir
function for the Poisson bracket on g*)

J(m) = mi — iy — m3.
If we consider sub-system (8.3) in g*, then for any constants ¢; and c; satisfying
min {Cl — Ay, 01+ Apen, 01+ /\3C2} >0

the set H~!(c1) N J(ca) is a union of two closed phase curves. Let C be one of such curves,
and ¢?, ) be the corresponding values of the constants. There is a tubular neighborhood W
of C that is diffeomorphic to a direct product D x S' where D C R? is a disc centered at the
origin and S! = IR/Z. The set W is foliated by closed phase curves of system (8.3). By means
of an appropriate diffeomorphism y (-) : S' x D — W one can introduce an action-angular-
type coordinates (y1,y2,6) mod 1) in D x S! in such a way that the following relations are
satisfied

y1 =H(m) -, yo = J(m) —c3,
Hou(8,y) =y +cl, Jou(0,y) =ya+c5,
{G'yl} = w(co +]/)/ {9;]/2} =0.

Here w(c) > 0 is a frequency of periodic motion over the closed phase curve given by the
equation m = p (6,c), and thus, being a component of H~1(c1) N J71(cy).
Now, instead of (8.3), consider a system

i = {m,H(m)} + F (m) (8.5)

with a perturbation term F (m) under the impact of which the cycle C becomes asymptotically
stable. For example, if we set

F(m) := = e[ (H(m) = &) V] (m)|> = (J(m) — &) (VH(m), V] (m))] VH(m)
¢ |(J(m) =) [VH(m)|* = (H(m) = &) (VH(m), VI (m))| 1(m) ~ (8.6)
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where ¢ is a (small) positive parameter, then the derivative of the Lyapunov function
U(m) := (H(m) — ) * + (J(m) — c3) *
by virtue of system (8.5) is
Li(m) = —eU(m) |[|VH(m) ||V (m)|* = (VH(m), V] (m))?] .
Hence, both U(+) and U(-) vanish along C. Furthermore, since
min { ||V H(m) | | V] (m) > = (VH(m), V] (m))*} >0,
then there is >z > 0 such that the inequality
U(m) < —esxU(m) (8.7)

is satisfied in W, provided that this tubular neighborhood is sufficiently small. This inequality
ensures the exponential stability of C as a limit cycle of perturbed system (8.5). In fact, note
that in the coordinates (y, 0) system (8.5) can be presented in the form

y=POy+O(lyl*),  b=w(")+(Vw () +b(6),y) +O(y]*) (88)

with a 1-periodic (2 x 2)-matrix P(-) and 2-vector b(-), and on account of (8.7) the derivative
of the function Uo u (6, +y) = || y||* by virtue of this system does not exceed —e ||y||*.
Furthermore, the derivative of ||y||* by virtue of linearized system

y=P@O)y, b6=w() (8.9)

is 2 (P(0)y,y), and thus, does not exceed —ex ||y||* /2, provided W is small enough. (Note
that that the last system generates the normal co-cycle associated with the flow on C.) The
obtained inequalities imply that - components of solutions starting in ¥V of both systems (8.8)
and (8.9) vanish with exponential rate as t — co.

To find stable limit cycles of system (8.5) in the case where F is a small vector field of
general kind one can apply the well developed perturbation theory of periodic solutions (see
e.g. [18]).

Now, after we have established that C is exponentially stable limit cycle of system (8.5),
we proceed to analyze the structure of the flow generated by system (8.5) — (8.4) (or, what is
the same, of system (8.3) — (8.4)) on its invariant manifold C x &. Since the motion of a point
mo = pu(0) := (% 0) on C is given by t — u (wt+0), w := w (), we arrive at the linear
system with L-periodic coefficients

G=A(wt+06)G (8.10)
where X
A(0) == | ) Awpe (8) Ay (8.11)
k=1

Let G'(0) stands for a fundamental matrix of (8.10) such that G°(9) = Id. Thus, the motion of
arbitrary point (y(0),G) € C x & in virtue of system (8.3)—(8.4) is governed by the mapping

t— (u(wt+0),G610)G).
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Then for any @ € R and B € sl(2;R), the motion of tangent vector (au’(6), BG) under the
action of the corresponding tangent co-cycle is governed by the mapping

s (ap (wt +6),a [G'(6)], G + G(6)BG) (8.12)

The co-cycle property of G'(6) yields

G3(0) = O (ws +0)0°(6) = G'(0) = G/ (0) [¢7/<(0)] RNCREY
) .
&s:o H—()_gs:o

Now we see that the tangent bundle of C x & splits into two invariant sub-bundles: the first
one is spanned by the vector field of the flow (wp'(0), A(6)G) (on account of (8.12), (8.14) this
fact is also the consequence of (8.12) and (8.14) for « = w, B = A(0)), and the second one is
naturally identified with the tangent bundle T& by the correspondence (3(0), G) — (0, Tc®).
Thus, it remains to analyze properties of the tangent co-cycle action on Tg®.

In what follows, we will focus on the hyperbolic case where the monodromy matrix M :=
G'/“(0) has real eigenvalues (the Floquet multipliers) p; = p and p, = p~ !, |o| > 1. Numerical
experiments show that this case actually takes place for an appropriate range of parameters
A1,A2,A3 and co, ¢1. E.g., in particular case where A} = 3/2; Ay = 3; A3 = 3/2, m1(0) = 4/5,
my(0) =1, m3(0) = 0, and thus, c(l) = 3.96, c(z) = —0.36, we obtain

Glws+O)G(0) = 2GH60) = w[G 6)] + G (O)A®). (819

M~ <—6.84081991830724 2.57720475804614> ’ 0 ~ —5.84498051556855,

—2.57720426780894 0.82475266189202
By the Floquet theorem, there exists a mapping ®(-) : R — SL(2;R) such that
®(0+1) =signp®(0),  G'(0) = D(wt)el
where L := wln (signpM) € sl(2;R). Now (8.13) implies
G'(8)BG = ®(wt + 0)el'd1(0)BG
= O(wt +0) [e“qu(e)Bcp (6) e*ﬂ elld-1(0)G.

We see that the properties of the tangent co-cycle action on Tg® are completely determined
by the adjoint action of the one-parameter sub-group {e’'} on g, and thus, by the spectrum
of the corresponding operator ady, : g — g, adp A := LA — AL. It is not hard to calculate

o(ady) = {0,2\/— detL, —2v/— detL} = {O,Inpz, — lnpz} .
Now consider a system on T*Q obtained by factorization of system (8.5)-(8.4)
i = {m,H(m)} +F(m),  4=Q(m,q), (8.15)

where g € Q, and Q(m,q) = %‘ 1—0€XP (Zizl AxmiAy)q. The above reasoning implies that
this system has 4-D compact exponentially stable invariant manifold M = C x Q. The tangent
bundle T M admits invariant splitting into a Whitney sum V* @ V¢ @ V" of three sub-bundles:
1-D stable V®, 1-D unstable V*, and 2-D center V° (every co-cycle orbit on V¢ is bounded).
To show that any motion starting close to M has an asymptotic phase we are going to apply
Theorem 5.1. It should be noted that the mentioned theorem concerns systems situated in
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Euclidean spaces. Hence, we have to embed system (8.15) into an auxiliary system possessing
the same exponentially stable invariant manifold M and defined in a domain of Euclidean
space.

Since Q is parallelizable, then it is a 7r-manifold [24], and thus, Q can be embedded in a
Euclidean space R? of a sufficiently high dimension d with trivial normal bundle NQ ~ Q x
IR?=3. Hence, for sufficiently small > 0, there exists a diffeomorphism () of Q x B¢~3 (0)*
onto a tubular neighborhood of Q in R such that ( {g} x B273(0)) C N,;Q for any g € Q.
Finally, to obtain the required auxiliary system we embed the system

iv={m, H(m)} +F(m), — 4=Q(myq), y=-y
into R® x R? by means of the diffeomorphism id (-) x ¢(-) :R® x Q x B¢73 (0)— R® x R¥.

9 Conclusion

In order to simplify our exposition we restrict ourselves to the case where the invariant man-
ifold is situated in Euclidean space. Actually, this is not a serious restriction. If we deal with
a system defined on a manifold 9t and M is an attracting invariant submanifold, than we
can apply the same trick as in Section 8. Namely, we have to embed the manifold 9t into Eu-
clidean space of sufficiently high dimension 4 and to extend the initial system to an auxiliary
d-dimensional system such that its domain is a neighborhood of 9 in R and its motions are
attracted by M.

It would be interesting to consider the case where the attracting invariant manifold admits
a partition into subsets with different types of partial hyperbolicity. Just this case can happen
when, for an appropriate perturbation F(-), the attracting manifold of system (8.5) is some
level set of the Hamiltonian. We expect that in such a situation, to tackle the problem on the
existence of asymptotic phase, the results of Section 7 might be useful.
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