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Abstract. In this paper, we use the self-similar transformation and the modified poten-
tial well method to study the long time behaviors of solutions to the classical semilinear
parabolic equation associated with critical Sobolev exponent in RYN. Global existence
and finite time blowup of solutions are proved when the initial energy is in three cases.
When the initial energy is low or critical, we not only give a threshold result for the
global existence and blowup of solutions, but also obtain the decay rate of the L2 norm
for global solutions. When the initial energy is high, sufficient conditions for the global
existence and blowup of solutions are also provided. We extend the recent results which
were obtained in [R. Ikehata, M. Ishiwata, T. Suzuki, Ann. Inst. H. Poincaré Anal. Non
Linéaire 27(2010), No. 3, 877-900].
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1 Introduction

This paper deals with the following classical semilinear parabolic equation associated with
critical Sobolev exponent in RM:

ur — Au = ulP"lu in RN x (0,7T),
(1.1)

ul,_g = uo(x) in RY,

where N > 3 and p = (N +2)/(N — 2), the critical exponent associated with the Sobolev
imbedding.
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There is a great literature on the existence of global solutions and blow-up for the problem
(1.1) on the bounded domain (see e.g. [2,6,9,13,21,22,25,27,28]):

up—Au=|ulP?u inQx(0,T),
u(x,t) =0 ondQ) x [0,T), (1.2)
u(x,0) = up(x) in Q,

where p > 1. It is well known that there exist choices of 1y for which the corresponding
solutions tend to zero as t — oo and other choices for which the solutions blow-up in finite
time (see e.g. [9]). Tan [25], R. Ikehata and T. Suzuki [6] considered critical problem (1.2).
By means of the potential well method, they established the existence of global solutions and
studied the asymptotic behavior of solutions which heavily depend on the initial data. Using
the the comparison principle and variational methods, Gazzola and Weth [2] obtained global
solutions and finite time blow-up solutions with the initial data at high energy level.

The problem (1.1) in RN was considered by Ishiwata and Suzuki [4], Ikehata, Ishiwata, and
Suzuki [5], Mizoguchi and Yanagida [14-16]. In [14], a sufficient condition on the decay order
of initial data, which may change sign, such that the solution of (1.1) blows up infinite time,
was gived. Using self-similar transformation, Mizoguchi and Yanagida [15, 16] established
the global existence and blow-up results for problem (1.1) in the R!. In [4,5], the decay and
blow-up of the solution with low energy initial data were studied by means of the potential-
well and forward self-similar transformation. For a general scope of this topic, we refer the
interested readers to the monographs [23] and references therein.

In this article, we consider the problem (1.1) with low initial energy, critical initial energy
and high initial energy. The results in our paper will be obtained by the self-similar trans-
formation and the modified potential well method. Potential well method, which was first
put forward to consider semi-linear hyperbolic initial boundary value problem by Payne and
Sattinger [20,24] around 1970s, is a powerful tool in studying the long time behaviors of so-
lutions of some evolution equations. The potential well is defined by the level set of energy
functional and the derivative functional. It is generally true that solutions starting inside the
well are global in time, solutions starting outside the well and at an unstable point blow up
in finite time. After the pioneer work of Sattinger and Payne, some authors [7,9-12,17-19,26]
used the method to study the global existence and nonexistence of solutions for various non-
linear evolution equations with initial boundary value problem. In [11,12], Liu et al. modified
and improved the method by introducing a family of potential wells which include the known
potential well as a special case. The modified potential well method has been used to study
semilinear pseudo-parabolic equations [9] and fourth-order parabolic equation [3]. In this
paper, we use the modified potential well method to obtain global existence and blow up in
finite time of solutions when the initial energy is low, critical and high, respectively. When
the initial energy is low, similar results are obtained in [5], but our result is more general,
moreover, we prove a more precise decay rate of the L2 norm of global solution.

This paper is organized as follows. In Section 2, we give some notations, definitions and
lemmas concerning the basic properties of the related functionals and sets. Sections 3 and 4
will be devoted to the cases Ex (vg) < d and Ek (vg) = d, respectively, where Eg(v) will be
introduced in Section 2. In Section 5, we consider the case when the initial energy is high, i.e.
Ex (Uo) > d.
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2 Preliminaries and main lemmas

In this section, we shall introduce the self-similar transformation and the modified potential
well method and give a series of their properties for problem (1.1). The self-similar transfor-

mation is defined as follow:
o(y,s) = A+ )Y P Vu(x,t), t=e—-1, x= (141"

We can easily know that

vs + Lo = |v|P~ 1o+ in RY x (0,5),

. N
Vo = 0 in RY,

where S = log(1+ T) and
1
Lf = —-Af — Ey-Vf.

Letting
K(y) = e/,
we have 1
Lf = —RV - (KVf).
Let

1/2
Il ={ o FOPK @MY} < oo
We also take
H™(K) = {f € L*(K) | D*f € L*(K) for any multi-index a in |a| < m},

where m = 1,2,... It is a Hilbert space provided with the norm

1/2
£ 1 e () :{ Y. HD“fH%,K} :

|| <m

The linear operator L is realized as a self-adjoint operator in L?(K) through the relation

Ak (u,v) := / Vu(y) - Vo(y)K(y)dy = (Lu,v)x, u € D(L) c H'(K),v € H(K),

]RN

where

(o) = [ uw)ow)K(y)dy.

From Lemma 2.1 of [8], the domain D(L) of this operator L is the set of v € L?(K) satisfying
Lv € L*(K), and we have D(L) = H?(K), It holds also that L is positive selfadjoint and has the
compact inverse, and in particular, the set of normalized eigenfunctions of L forms a complete
ortho-normal equation in L?(K). The first eigenvalue A; of L is given by A; = N/2, and hence

from Proposition 2.3 of [1]. the following Poincaré inequality holds,

Mloll3k < IVolZk, ©e H(K).

(2.2)
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We have

Then, the operator

in L?(K) is also positive self-adjoint with the domain D(A) = H*(K). The semigroup {e~'4}, >
0 are thus defined in L?(K). These characteristics guarantee the well-posedness of (1.1) locally
in time.

Now let us define the level set

E* = {v € H'(K) : Ex(0) < uc}. (2.3)

Furthermore, by the definition of Ex(v), N, E* and d, we easily know that

Ny=NnNE*= {v EN :||Vol3x — Allvl3x < 2"‘;’01)} 4@ foralla >d. (24)

Let
Ay =inf{|[v]ax : v € No}, Ax=sup{||v|ok:ue€N,} foralla >d. (2.5)

It is clear that A, is nonincreasing and A, is nondecreasing with respecttoa . For 0 < 6 < pTH,
let us define the modified functional and Nehari manifold as follows:

1 2 /\ 2 p+1
Ex(v) = EHVUHZ,K - EHUHZ,K p+ 1 ——=lolli1,k0
+1
Dis5(0) = 8[| Vo[3 x — Adl|ol3x — lloll} 11 k0

Ny = {u € H'(K) : Dyg(0) = 0, |[o]| # 0},
d(s = inf EK<Z)),

vEN;

 E(u) < d(9) } U {0},
(

(K) :
V,;:{ueHl(K):D()<OEu) ()}, 06
Bs = {u € H'(K) : | Vulax < r(8)}, |
BS {u e HY(K) : |Vl > r((S)}
We also introduce the following sets
B = {uo € H'(K) : the solution u = u(t) of (1.2) blows up in finite time },
g = {uo € HY(K) : the solution u = u(t) of (1.2) exists for all t > O} , (2.7)
Go = {uo € G :u(t) — 0in H(K) ast—)oo}.
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For future convenience, we give some useful lemmas which will play an important role in
the proof of our main results.

Let L7(K) denote the Banach space composed of measurable functions v = v(y) defined in
RY such that

folasc={ [ @Ky} < o

for g € [1,00) and

[0]lco,x = ess sup |f(y)] < +eo
yERN

for g = oo. The space L*(K) = L (RV) is thus compatible to the other spaces, i.e.,
. . 1 00 N
tim ollgx = [ fllexv € L'(K) 0 L (RY)
Although the inclusion
LP(K) C L'(K) (1<q<p<o)

fails, we have
HY(K) C L* (K)

for 2 = 2N/(N —2) = p + 1. More precisely, Corollary 4.20 of [1] guarantees the following
fact, regarded as a Sobolev-Poincaré inequality.

Lemma 2.1 ([1, Corollary 4.20]). It holds that

Sollol541x + Allvl3k < Vol e H'(K),
where A, = max(1, N/4) and Sy stands for the Sobolev constant:

So = inf{uwug |veCy (]RN) Nollpr = 1}.
Lemma 2.2 ([5, p. 882]). Set

S IVolgk = Alloll3
S)= mf{ ||ZZ)KH2 2K v e HY(K) },

p+1K

We have S, = Sy.
So, it holds that

pt+1

1 1 2
HUHZILK < (SA(HVUH%K - /\HUH%K)> , veH(K), (2.8)

and
N-2

6) =207 Sg > ||Volj3x — Allv|3
r(6) i 2 IVolak [0[]%,x-
Lemma 2.3. Let ug € H'(K).

M) If0 < |[Voll3x — Allol3x < r(8), then Dy s(u) > 0. In particular, if 0 < ||Vol|3 —
Al[o]l3 ¢ < 7(1), then Dy (u) > 0;

(2) If Dxs(u) <0, then ||Vo||3 « — Allo]|3 ¢ > 7(6). In particular, if Dx(u) < 0, then |[Vo||3 x —
Mol3 x> r(1);
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() 1f Dics(o) = 0, then [ Vol — Allol3 > 7(6) or Vol3, — AllolB = 0. In particular, i
Dk(v) =0, then [ Voll3 x = AllollZx = r(1) or [|Voll3 x — Allvll3 x = 0;
(4) If Dxs(v) = 0 and || Vo3 x — Allv||3 ¢ # 0, then Ex(v) > 0 for 0 < 6 < pTH,EK(v) = 0 for
5= E(v) < 0for 6 > 2L
Proof. (1) Since 0 < [|Vol[3 ¢ — Alloll3 ¢ < r(6), by the Lemma 2.2 and (2.8), we have from the
L N
assumption 0 < ||v]| < r(6) := (5¥S)f , and we obtain
p+1

Dis(0) = ||V oll3x — Adloll3 x — lloll} s ¢
ptl

1
> 0Vol — Aol ~ (5 (1901~ Aol )
N
2
> (IVolix - Alole) (5<5) (Vv%,KAv%,mz)m @9

(2) By the assumption Dg s(v) < 0 and (2.8), we have

1
0 > Dy s(0) = 8ol — Adllol3e — ol77L
p+l
1 .
> 0Vol~ Aol - (- (170l - Aol )
N
2
> (IVol3x - Allol24) (5 <a> <Vv%,KAv%,K>Nz) @)

Hence, [ Vo3 ¢ — Allo[3 ¢ > 7(9).
(3) By the assumption Dk s(v) = 0 and (2.8), we have
p+1

0 = Di,5(v) = 0[|Vol3x = AdlfvllZk — lvll}i ¢
ptl

1
> 0Vol~ Aol - (5 (170l - Aol )

p+1
1\ 2 2
> (IVolic - Aol (5 () " UvelB A)) e
Hence, || Vo3 « — Al[v]]3 x = 7(6). or v = 0.
(4) We easily know that
1 A 1 1
Ex(v) = EHVUH%,K - EHUH%K - 779 1 ||U||Zi1,1<
1 1) 1
= (527 (0l ~ Mol + 5 Disto)
1 1)
= (5 547) (VoI = Aol 1)

Then we can prove the conclusion.
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Lemma 2.4.
1
(1) d(6) = a(6)r?(8) fora(s) = 1 — 05,0 <6 < P13,
(2) lims0d(5) =0,d (’%l) = 0and d(5) < 0 for 6 > 121,

(3) d(8) is increasing on 0 < 6 < 1, decreasingon 1 < § < p“ and takes the maximum d = d(1)
até =1.

Proof. (1) If u € Ny, by Lemma 2.3 (3), then ||u|| > (). Moreover, we can deduce

1 A +1
Ex(v) = 5lIVolzx — S lolok - p+ ——llellhiak
_ (1 o 2 2 1
— (5 557 UIVolBx = AlllB0) + - Dis(o)
1 )

— (3~ 557) (50l = AlolB0) = a)r*(6), @1
Hence, d(6) > a(6)r?(5).
(2) We easily know that

52 As? 4
Ex(sv) = EHVUH%,K - THUHiK ]0+ 1 H H;r;+1,1<-
Hence,
lim Ex (s0) = 0. (2.14)

s—0

And if we let sv € N, then sv satisfies

+1
0 = Dgs(sv) = ‘552HVUH%,K - ASZ‘SHUH%,K - SpHHUHgH,K-

Then, we obtain

_1

5(IVol2 = AlolZ )\
) = (AT = AoIBO Y ™ 015
lollZ i ¢
which yields
lims(s) = 0. (2.16)
6—0
Now (2.14) implies that
lim Exg (sv) = lim Ex(sv) =0, (2.17)
60 A=0
and
limd(5) = 0. (2.18)
6—0

It is easy to see that from (2.13)

d(’M):o and d(6) <0 for &>

P-l—l
2 2

The proof is complete.
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(3) We need to prove that forany 0 < ¢’ < ¢” <lorl<¢’ < < pTH and for any w € Ny,
there is a v € Ny and a constant ¢ (¢, ") such that Ex(v) < Ex(w) — e (&’,6"). Indeed, by the
definition of (2.15), we easily know that Dk s5(s(é6)u) = 0 and A (6”") = 1. Let h(s) = Ex(sw),
we have

h(s) = (1= 8)(| 75wl — AllswlB ) + Da(sw)) 219)
= (1= 9)s(|Vwll3x — Mwl3 ).
Take v = s (8') w, then v € Nj.
For 0 < ¢’ < ¢” < 1, we obtain
Ex(w) — Ex(0) = h(1) — i s (¢')) 2.20)
S (18" 72 (8")s (8) (1—s(5)) = (5,0"). '
Forl <" < ¥ < pTH, we obtain
EK(w) - EK(Z’) = h(l) —h (S (5/)) (2.21)
> (6" =1)r*(8")s(8") (s (&) —1) = (5,8"). ’
Hence, the proof is complete. O

Lemma 2.5. Let ug € H(K) and 0 < § < ’%Ll. If Ex(v) < d(9), then we have
)

(1) If Dis(v) > 0, then ||Vol3 = Allol3 < %3, where a(8) = 3 — 555 In particular, if
Ex(v) < d and Dg(v) > 0, then

2(p+1)

IVol3k = Allollix < =—

d. (2.22)
@) If IVol3x — Alloll3 ¢ > %, then Dk s(u) < 0. In particular, if Ex(v) < d and

2(p+1)
-1

IVoll5x = Allollzx > d, (223)
then Dg(v) < 0.

(3) If Dgs(v) = 0, then || V|3 x — )\HZ)H%,K < %. In particular, if Ex(v) < d and Dg(v) = 0,
then

2(p+1)

Vol — Mol < <P

d. (2.24)

Proof. (1) For 0 <6 < p—“, we see that

1 A 1 1
Ex(v) = EHVUH%,K - EHUH%,K - ﬁHUHzH,K

— 1_ (5 2 2 1 i
= (3535 UVelB— MplE) + D)
= a(5)||ul* < d(s). (2.25)
Therefore,
d(é
IVol3x — Allol3 < 8

Finally, (2) and (3) follow from (2.25). O
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Lemma 2.6. Let v € H'(K). We have
(1) 0 is away from both N" and N_, i.e. dist(0, ') > 0, dist(0, N_) > 0.
(2) Forany a > 0, the set E* N N is bounded in H'(K).

Proof. (1) If v € N, then we have

1 A 1 »
d < Eg(v) = EHVUH%,K - EHUH%,K - mHUHZH,K
(11 , , 1
— (5 537 UVelBx— AllolB) + D)
=\7~ m ([IVolzx = Allollzk)-
If v € N_, then we have
1 A 1 "
d < Ex(v) = EHVUH%,K - EHUH%,K - m”vuiﬂx
(11 5 5 1
~ (5 537) UVelBx= AllolB) + 57 D0)
1 1
< (3 557) (9ol = AlolBo)

Hence, 0 is away from both N and N_, i.e. dist(0, \') > 0, dist (0, N_) > 0.
(2) Since Eg(v) < a and Dg(v) > 0, we obtain

]. 2 /\ 2 1 +1
o > Ex(v) = 5[IVolzx = 5 lollzk = WHUH;’;H,K
1 1 2 2 1
(5 57) (190l = Aol + D
1 1 2 ’
~ {7~ P (IVoll3 x = Allollz k)-
Hence, for any a > 0, the set E* N A\, is bounded in H'(K). O

3 Low initial energy Ex(vy) < d
The goal of this section is to prove Theorems 3.2-3.6. A threshold result for the global solutions

and finite time blowup will be given.

Theorem 3.1. Assume that vy € H! (K), T is the maximal existence time of u, and 0 < e < d, 01 <
are two roots of equation d(6) = e. We have

(1) If Dx(vo) > 0, all weak solutions u of equation (2.1) with Ex (vo) = e belong to W; for
01 <0<80<t<T.

(2) If Dx(vo) < 0O, all weak solutions u of equation (2.1) with Ex (vo) = e belong to Vj for 61 <
0 <6, 0Kt <T.

Theorem 3.2 (Global existence). Assume that v9 € H'(K), Ex (ug) < d, D (ug) > 0. Then
equation (2.1) has a global solution v(t) € L*(0,00; H'(K)) and v(t) € W for 0 < t < co.
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Remark 3.3. Result similar to Theorem 3.2 is obtained in [5]. But our proof is different to [5].
In fact, using the modified potential well method we can obtain the more general conclusion:

If the assumption Dk (ug) > 0 is replaced by Dk, (1g) > 0, where é; < 6, are the two
roots of equation d(6) = Ex (1), then equation (2.1) admits a global weak solution.

The following result is obtained in [5]. But our proof is different from the proof in [5]. For
the reader’s convenience, we will give the detailed proof.

Theorem 3.4. Assume that vy € H'(K), Ex (vo) < d and D (vg) < 0. Then the weak solution v(t)
of equation (2.1) blows up in finite time, that is, there exists a T > 0 such that

t—T

t
lim /0 0(T) |a.xdT = +co.

Remark 3.5. Assume that vy € H'(K),Ex (v9) < d. When Dk (uo) > 0, equation (2.1) has a
global solution. When Dk (vp) < 0, equation (2.1) does not admit any global weak solution.

Theorem 3.6. Assume that vy € H'(K), Ex (vo) < d and Dy (vo) > 0, 81 < &, are the two roots of
equation d(8) = Ex(vg). Then, for the global weak solution v of equation (2.1), it holds

13k < llvoll3 e >0, 0 <t < oo, 3.1)

Remark 3.7. In comparison with the decay rate in [5], our result concerning the decay rate of
|u|2 in Theorem 3.6 is much more precise.

In order to prove Theorems 4.1-4.4, we need the following lemmas:

Lemma 3.8. For 0 < T < oo, assume that v: Q x [0,T) — R3 is a weak solution to equation (2.1).
Then it holds

ta
/t [or]|2 ¢ dt + Ex (0 (£2)) = Ex (0 (1)), Vit € (0,T). (3.2)

Proof. Multiplying (2.1) by v; and integrating over RN via the integration by parts, we get
(3.2). O

Lemma 3.9. If 0 < Ex(v) < d for some v € H'(K), and 6, < 1 < &, are the two roots of equation
d(6) = Ex(v), then the sign of Dy s(v) does not change for 6y < & < & .

Proof. Since Ex(v) > 0, we have ||v]|2,x # 0. If the sign of Dk 5(v) is changeable for ; < 6 < &,
then we choose & € (&1,62) such that Dy 5(v) = 0. Hence, by the definition of d(4), we can
obtain Ex(v) > d(4), which contradicts Ex(v) = d (61) = d (62) < d(6) (by Lemma 2.4 (3)). O

Definition 3.10 (Maximal existence time). Assume that v(f) is a weak solution of equation
(2.1). The maximal existence time T of v(t) is defined as follows:

(1) If v(t) exists for 0 < t < oo, then T = +o0.

(2) If there is a ty € (0,00) such that v(t) exists for 0 < t < fp, but doesn’t exist at t = fg,
then T = t;.
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Proof of Theorem 3.1. (1) Let v(t) be any weak solution of equation (2.1) with Ex (v9) = e,
Dk (vo) > 0, and T be the maximal existence time of v(t). Using Ex (vg) = e, Dk (vg) > 0 and
Lemma 3.9, we have D 5 (vg) > 0 and Ex (vg) < d(J). So vg(x) € W; for §; < 6 < &>. We need
to prove that v(t) € W; for 6 < 6 < é and 0 < t < T. Indeed, if this is not the conclusion,
from time continuity of Dg(v) we assume that there must exist a dp € (J1,62) and ¢ty € (0,T)
such that v (t)) € oW, and D, (v (to)) = O, ||v (fo)]] # 0 or Ex (v (tg)) = d(dp). From the
energy equality

t
/ /Q o> + Ex (v () = Ex(vo) < d(8), 61 <6< b2, 0<t<T, (3.3)
0

we easily know that Ex (v (to)) # d (do) . If Dxs, (v (t0)) = 0,]|v (to)|| # O, then by the defini-
tion of d(6) we obtain Ex (v (ty)) = d (dp) , which contradicts (3.3).

(2) Let v(t) be any weak solution of equation (2.1) with Ex (vg) = e, Dx (vp) < 0, and T be
the maximal existence time of v(t). Using Ex (vp) = ¢, Dx (v9) < 0 and Lemma 3.9, we have
Ds (1) < 0 and Eg (v) < d(d).So ug € Vs for 81 < 6 < d,. We need to prove that v(t) € Vj for
d1 <9 < dand 0 < t < T. Indeed, if this is not the conclusion, from time continuity of Dk(v)
we assume that there must exist a ép € (d1,62) and o € (0,T) such that v (ty) € 9V}, and
Dk, (v (to)) = 0, or Ex (v (to)) = d (dp) . From the energy equality (3.3), we easily know that
E (v (ty)) # d (o). If Dk, (v (to)) = 0, and ¢y is the first time such that Dk 5, (v(f)) = 0, then
Dk s, (v(t)) < 0for 0 <t < T. By Lemma (2.3) (2), we have ||v (t9)|| > r () for 0 <t < T. So,
|v(to)|| > 7 (bo) and Ek (v (tp)) # d (dp), which contradicts (3.3). As required. O

Proof of Theorem 3.2. From the standard argument in [5], we can prove the local existence
result of (2.1) in a more general case of initial value vy € H(K) and v € C° ([0, To], H'(K)).

Using Ex (v9) < d, Dk (vo) > 0 and Lemma 3.9, we have D; (v9) > 0 and Ex (vo) < d(9).
So vp(x) € W; for &1 < & < &. We need to prove that v(f) € Wy ford < < dand 0 <t < T.
Indeed, if this is not the conclusion, from time continuity of Dk(v) we assume that there must
exist a &y € (61,02) and tg € (0, T) such that v (tg) € dW;,, and Dk, (v (tg)) =0, ||v (to)| # O
or Ex (v (tp)) = d (é) . From the energy equality

t
/0 /Q|vf\2 FEx (v(1) = Ex(vg) <d(6), 61 <6<6,, 0<t<T, (3.4)

we easily know that Ex (v (tg)) # d (do) . If Dk, (v (to)) = 0, ||v (fo)]| # 0O, then by the defini-
tion of d(6) we obtain Ex (v (ty)) > d (dp) , which contradicts (3.3). O

Remark 3.11. If in Theorem 3.2 the condition D, (1) > 0 is replaced by ||ug|| < 7 (62), then
equation (2.1) has a global weak solution u(t) € L*(0,00; H(K)) with u;(t) € L2(0,00; H'(K))
and the following result holds

d(9)

[[ul] <T(5)' 51 <38 <6,0<t < oo, (3.5)

t
/ lucPdT < d(6), 6 <8< 6,0<t<co. (3.6)

0

In particular
d (61)
2

Jul]® < 260 (3.7)

t
/0 ucPdt <d(6), 0<t< co. (3.8)
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Proof of Theorem 3.4. We argue by contradiction. Suppose that there would exist a global
weak solution v(t). Set

t
70 = | ol xdr,t > 0. (3.9)
Multiplying (2.1) by u and integrating over RN x (0, t), we get
t
1
()15« — ool = —2/0 (V0[5 « = Allollz « = 1ol1} 1 ¢)- (3.10)

According to the definition of f(t), we have f'(t) = ||v(f) H%K and hence

t
1
f1) = o3k = llvoll3x — 2/0 (IVollax = Allol5x = [oll5 5 ), (3.11)
and
+1
f'(1) = =2([[Vol3x — Alloll3 x — ol 11 k) = —2Dx(0). (3.12)
Now using (3.2), (3.12) and
1 A 1 1
Ex(v) = 5lIVelzk — S llvlak - P lollh i
p—1 2 2 1
= - —D
3t 517 172k = Aol + -2 7 Dx(e),

we can obtain

(1) z2(p+1) /Ot lor (D) 15 kT + Sa(p = D[ol3 x — 2(p +1)Ex (v0)

=2(p+1) [ forOlBxdt+Su(p = DF () ~20p + DEx(o0). (313)
Note that
FOL0) = 50 20+ 1) [ foc(DlBed+ 51 1 () = 2(p+ 1)Ex ()
=2(p+1) [ Jolfxdr [ oe(e) Bt + Su(p — 10 ()
~2(p+1)Ex(o0) [ (1) Bedtr 614)

Hence, we have

FOF 0 - a7 =2 +1) [ loladr [ oe(0)Bade

“2(p+1) [ (or o)+ S3(p - DFOF )

t
—2(p +1)Ex(vo) /O lo(D)[5xd7 = (p+1)f (Dl2ol5k-  (315)
Making use of the Schwartz inequality, we have

FOF () =PI 0)2 2 €0 = VFOF (1)~ (p+ DF (1) ool

t
~2(p+ DEx(e0) | [o()[Fxar. (316)
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Next, we distinguish two cases:

(1) If Ex (up) <0, then

FOF 0 - PEH0P 2 oD OF ()~ (p+ DF OB 37)

Now we prove Dg(v) < 0 for t > 0. If not, we must be allowed to choose a fp > 0 such that
Dk (v (t9)) = 0 and Dg(v) < 0 for 0 < t < tp. From Lemma 2.3 (2), we have [[u|| > r(1) for
0<t<tyl|v(t)] = r(l) and Ex (v (tp)) > d, which contradicts (3.3). From (3.12) we have
f'(t) > 0 for t > 0. From f'(0) = ||o(0)[|3x > 0, we can know that there exists a to > 0 such
that f’ (to) > 0. For t > t; we have

f(8) = f'(to) (t = to) > f'(0) (t — to). (3.18)

Hence, for sufficiently large t , we obtain

f(t) > (p+1)lvoll3 (3.19)

then

(2) If 0 < Ex (vo) < d, then by Theorem 3.1 we have v(t) € Vs for 1 < § < d,t > 0, and
Ds(v) < 0, ||VUH%K Allo ||21< > r(d) for 1 < 6 < &t > 0, where 6, is the larger root of
equation d(8) = Ek (vo) . Hence, Ds,(v) < 0 and [[Vo|3 ¢ — Allv||3 ¢ > 7 (6) for t > 0. By
(3.12), we have

f'(t) = =2Dk(v) = 2(6 = 1) (Vo3 x = Alloll3¢) _2D52(v)f
226 -1 (IVolBi - MlolBo >2(6 -2 &), 120 o
F(#)22002-1)7(6) t+f/(0) 2282 =1)r* (62)t, t20, '
f(t)= (6 —1)r2(8) ¢, t=0.
Therefore, for sufficiently large t, we infer
2D e > (prDlwlie 2EVE0 > 204 DEC0). G2

Then, (3.16) implies that

FOF (0 = LI 1) 2 Su(p = DFWS®) ~ (p+ DF Olleol3

~2p+ D OE(e0) [ 1o(0) B
= (2250~ (Dol ) £
" (S)‘(pz_l)f’(t) —2(p+1)Ex (vo)> £(t) > 0.

The remainder of the proof is the same as that in [12]. O
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Proof of Theorem 3.6. Multiplying (2.1) by w, w € L (0,00; H'(K)), we have
(o1, w)k + (Vo, Vw)g = <|v|”_1v + pil,w> . (3.22)
K
Letting w = v, (3.22) implies that
S 0|3 + Dx(v) =0, 0<t< oo, (3.23)
From 0 < Eg (vo) < d,Dk (v9) > 0 and Lemma 3.1, we have v(t) € W; for ; < § < &

and 0 < t < oo, where 61 < 6, are the two roots of equation d(d) = Ex (vg) . Hence, we obtain
Dk s(v) > 0 for 61 < § < &, and Dk, (v) > 0 for 0 < t < 0. So, (3.23) gives

1d
2dt
Now (3.23) implies that

loll2 + (1 =) (I Vol k = Alloll3 k) + Disy () =0, 0<t < oo, (3.24)

1d
S Iolax+ 52 (1=81) ol <0, 0t <oo. (3.25)
and t
ol x < ool =253 (1=81) [ [o(v)PdT, 0<t< oo, (3:26)

By Gronwall’s inequality, we have

03k < [ool5 e >, 0 <t < oo, (3.27)

This completes the proof. O

4 Critical initial energy Ex(vy) = d
The goal of this section is to prove Theorem 4.1-4.4.

Theorem 4.1 (Global existence). Assume that vy € H'(K),E (vg) = d and Dk (vy) > 0. Then
equation (2.1) has a global weak solution u(t) € L®(0,00; H'(K)) and v(t) € W = W U W for
0<t < oo

Lemma 4.2. Assume that v € H'(K), | Vo||3 # 0, and Dk (v) > 0. Then:
(1) lim‘uﬁo EK()LU) = 0, limy_>+oo EK<]H)) = —0Q,

(2) On the interval 0 < p < oo, there exists a unique u* = pu*(u), such that

d
@EK (#0)],— e =0, (4.1)

(3) Ex(uv) is increasing on 0 < p < p*, decreasing on y* < p < oo and takes the maximum at
p=
(4) Dx(pv) > 0 for 0 < u < p*, Dx(pv) < 0 for y* < p < oo, and Dk (p*v) = 0.
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Proof. (1) Firstly, from the definition of Ex(v), i.e.

p+1
p+1K

b

el

1 A
Ex(0) = 51 Vol3x — S0l -

and we see that

1 A 1 1
Ex(no) = S| Vol x — S Inollix — — = lmollh iy k-
2 2 p+ 10

Hence, we have
}1112(1) Ex(puv) =0 and ygrfm Ex(pu) = —oo. (4.2)

(2) It is easy to show that

d 1
aﬁEKUUQ:ZHHVUMK‘—ﬂAWMiK—WﬁHmmiLw

which leads to the conclusion.

(3) By Lemma 4.2 (2), one has

d
—Ex(pv) >0 for0<pu<p*,

d
: (4.3)
—Ex(pv) <0 for pu* < p < oo,
dy
which leads to the conclusion.
(4) The conclusion follows from
D _ g = u| Vo2 x — ur||v|2x — uP||o|P "1
K(”U)_'dy k(o) = pul[Vollzx — uAllolzx = wPllolly i x
As desired. O

Proof of Theorem 4.1. Firstly, Ex (vo) = d implies that [[vo]| 1 (k) # 0. Choose a sequence {1 }
such that 0 < p,, <1, m =1,2,... and y, — 1 as m — co. Let vg,, = pvo. We consider the
following initial problem

vs+ Lo = |v|P" o+

LI in RN x (0,9),
p—1 (4.4)

From Dk (v9) > 0 and Lemma 4.2, we have p* = p* (u9) > 1. Thus, we get Dk (von) =
Dk (pmvo) > 0 and Eg (vom) = Ex (umvo) < Ex (v9) = d. From Theorem 3.2, it follows

that for each m problem (4.4) admits a global weak solution v,,(t) € L*(0,00; H!(K)) with
Ot (t) € L?(0,00; HY(K)) and vy, (t) € W for 0 < t < oo satisfying

(Vmt, W)k + (VO V) = <|v|plv + pil’w> , forallw e Hl(K),t > 0. 4.5)
K

t
| Tomel3 i+ Ex (0 (1)) = Ex(oom) <d, 0<t <o (4.6)
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which implies that

Ex(om) = 31Von B — 5 loml = 5 gllonll e
3y IV omlk = Alow0) + 55 Do) 47)
Therefore, one has
T 2 p—1 2 2
/0 [om |2 xdT + m(“vvmuzx —AMlomllzx) <d, 0<t <oo. (4.8)
The remainder of the proof is similar to the proof of Theorem 3.2. O

Theorem 4.3 (Blow-up). Assume that vy € H'(K), Ex (v9) = d and D (vg) > 0, Then the existence
time of weak solution for equation (2.1) is finite.

Proof of Theorem 4.3. Let v(t) be any weak solution of equation (2.1) with Ex (v9) = d and
Dk (vo) < 0, T be the existence time of v(t) . We next prove T < co. We argue by contradiction.
Suppose that there would exist a global weak solution v(t). Set

t
:/O [0]|2 cd, t > 0. (4.9)

Multiplying (2.1) by u and integrating over RN x (0, t), we get

lo(t)]15x — HUO||2I<——2/ (IVol3x — Allollax — ||UHP+11<) (4.10)

According to the definition of f(t), we have f'(t) = |[v||3 x and hence

t
1
f(t) = o) 5k = llvollzx — 2/0 (IVoll5x — Allollzx — HvlliL,K), (4.11)
and
1
F(8) = =2(|IVol3x = Mollk — ollh i «) = —2Dk (o). (4.12)

Now using (3.2), (4.12) and

1 A
Ex(o) = Euwr%,K——uvH%,K PEmTLIALR
p— 1
(Iv A > Dy(v),
(p+1) (I U||21< HUHZ,K)+ ] k()

we can obtain
t
() >2(p+1) /O [0(0) |15 xdT + Sa(p — 1)[|o|15 x — 2(p + 1)Ex (v0)

=2(p+1) [ forOlBedt+Su(p = DF () ~20p+ DEx(o0). (413)

Note that
FOF(0) = £10) [200+1) [ Toe(DlBd+C'(p = 1f (1) = 2(p -+ DE (o0)
=2(p+1) [ Jolade [ lorlxde+53(p ~ DA (1)

~2(p +1)Ex(vo / o(7) |12 cdr. (4.14)
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Hence, we have

FOF 0 - AR 2 =2 +1) [ Toledr [ oe(o) Bade

—2(p+1) /Ot(UTrU)KdT +Si(p =1 f()f'(t)

~2(p+ VEK(@) [ [o(0)xdt = (p+ DF (O)leolB (415)

Hence, according to (4.15) and the Schwartz inequality, we obtain

FOFE) = TE(F0) 2 S3(p =~ DFOL 1) — (p+ DF 0ol

—2(p+ D (DE(o0) [ [0() B d

_ (Wf(t) —(p+ 1>||vo|r%,K) 10
+ (SA(pz_l)f’(t) —2(p+1)Ek (Uo)) f(t). (4.16)

On the other hand, from Eg (vg) = d > 0, Dx (v9) < 0 and the continuity of Ex(v) and Dk(v)
with respect to t, it follows that there exists a sufficiently small #; > 0 such that Ex (v (t1)) > 0
and Dg(v) < 0 for 0 < t < #;. Hence (v, v) = —Dxk(v) > 0,]|v¢]l2 > 0 for 0 < ¢ < #;. So,
using the continuity of fot HUTH;K dt, we can choose a t; such that

t
0<d1:d—/1||vT||§Kdr<d. 4.17)
; :
And by (3.4), we get
51
0<Ex(v(t)) =d —/0 [oell2,dT = dy < d. (4.18)

So we can choose t = t; as the initial time, then we obtain v(t) € Vs foré € (61,0,), 11 < t < 00,
where (41, 07) is the maximal interval including § = 1 such that d(6) > d; for § € (1,62) . Thus
we get Dg;(v) < 0 and ||o|| > r(8) for 6 € (1,62),t1 < t < 0o, and Dgg, () < 0, || Vo3, —
A[o]|3x = 7 (82) for t <t < co. Thus (4.12) implies that

f'(t) = =2Dk(v) =2 (862 = 1) (IVol3k = Alvl3 k) — 2Ds, (0),
22(52—1)7’(52), t}tl, (4 19)
fi(t) 22(6=1)r(0) (t—t)+ f(t) 22(0—1)r (&) (t—t), t=0, '
f() 2 (6 =1)7(6) (t= 1)+ M(t) > (82 =1)7 () (t— 1), t=h.
Therefore, for sufficiently large t, we infer
Sp(p—1) Splp—1)

> f() > (p+1)lvoll5 #f/@) > 2(p +1)Ek (o) - (4.20)
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Then, (4.16) implies that

FOF'H — LI 07 2 Sup - DFOF O - (o + D7 Ollew B
—2p+ D (E() [ (0l
- (Wf(t) -+ Dille) £
n (S“”z‘”f'(w —2(p+1)Ex (vo)> f() > 0.
The remainder of the proof is the same as that in [12]. O

Theorem 4.4. Assume that ug € H'(K), Ex (v9) = d and D (vg) > 0, 61 < &, are the two roots of
equation d(5) = Ex(vg). Then, for the global weak solution v of equation (2.1), it holds

03 < |vol3e 2217t 0 <t < co. (4.21)

Proof of Theorem 4.4. We first know that equation (2.1) has a global weak solution from The-
orem 4.3. Furthermore, Using Theorem 3.4, Theorem 4.3 and (3.3), if v(t) is a global weak
solution of equation (2.1) with Ex(vg) = d, Dk(vo) > 0, then must have Dg(v) > 0 for
0 <t < +o00. Next, we distinguish two cases:

(1) Suppose that Dk (v) > 0 for 0 < t < co. Multiplying (2.1) by v, v € L* (0,00; H}(K)), we
have

(v, w)k + (Vor, Vw)g = (]v[” v+ pvl w> , forallw € H'(K),t > 0. (4.22)

Letting w = v, (4.22) implies that
1d
T HUHZK —Dk(v) <0, 0<t<oo. (4.23)

Since ||v|, x > 0, we have that fot ||v¢||* d7 is increasing for 0 < t < co. By choosing any #; > 0
such that

t
O<di=d— / oc 3 edr < d. (4.24)
0

From (3.3), if follows that 0 < Ex(v) < d; < d, and v(t) € W; for 61 < § < &, and
0 <t < oo, where é; < J; are the two roots of equation d(6) = Ex (vo) . Hence, we obtain
Dk 5, (v) = 0for 61 < 6 < &y and Dk 5, (v) > 0 for t; < t < co. So, (4.23) gives

1d
S lolax+ (=) ol + Dis() =0, h <t <oo (4.25)
5 Iolax+ (1= a)(IVol3x = Alloll3) + Disy (0) =0, 0<t<oo.  (426)

Now (4.23) implies that

1d

S lold i+ 831 —6) ol <0, 0<t<oo @.27)

and t
915k < llvoll3x — 254 (1 — 51)/0 lo(T)[?dT, 0<t< oo. (4.28)
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and By Gronwall’s inequality, we have

013k < Jool3e 270, 0Kt < oo, (4.29)

(2) Suppose that there exists a t; > 0 such that Dg (v (t1)) = 0 and Dg(v) > 0 for 0 < t < #;.
Then, |u;], > 0 and fot |vT|§ dt is increasing for 0 < t < t;. By (4.24) we have

t
Ex(o(t) =d— [ JocBdr <4, (4.30)
0

and ||v (t1)|| = 0. Then, we have that v(t) =0 for t; < t < 0.
Hence, the proof is complete. O

5 High initial energy Ex(vo) > d

In this section, we investigate the conditions to ensure the existence of global solutions or
blow-up solutions to system (2.1) with Ex(vg) > d.

Lemma 5.1. For any a > d, A, and A, defined in (2.1) satisfy
0 <Ay <Ay < oo (5.1)
Proof. (1) By Holder’s inequality, fundamental inequality and u € N, we have

+1
IVoll3 x — Alloll3x = o]} - (5.2)

Then from Lemma 2.6 (1), we have A, > 0.
Using Lemma 2.1 and u € N, we have

—

r+
2

+1 1
vah—AWﬁK:wwﬂx<(&wvwh—Aw%w) . (53)

So we have || Vo3 ¢ — Aljo[|3 ¢ < % which leads to the conclusion. O
Theorem 5.2. Suppose that Ex (vg) > d, then we have

(1) Ifvo € Ny and ||[vo]|5x < Apg(op), then vo € Go,

(2) Ifvo € N— and ||[vo|[yx > Mgy (o), then vo € B.

Proof. The maximal existence time of the solutions to system (2.1) with initial value vg is
denoted by Ty. If the solution is global, i.e. T(vg) = +o0, the limit set of vy is denoted by wy.

(1) Suppose that vy € N with [vg], < Ap,(q,). We firstly prove that v(t) € N, for all t €
[0, T (vg)) . Assume, on the contrary, that there exists a ty € (0, T (vp)) such that v(t) € N for
0 <t <tgand v (tp) € N.It follows from Dg(v(t)) = — [, v:(x, t)v(x, t)dx that vs(x,t) # 0
for (x,t) € O x (0,tp) . Recording to(3.2) we then have Ex (v (to)) < Ek (vo), which implies
that u (fg) € EIEK(UO). Therefore, v (tg) € NEx(%). Recalling the definition of Af, (), we get

U (o), > Ak (v0) - (5.4)
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Since Dk(v(t)) > 0 for t € [0, ), we obtain from (3.23) that
[0 (t0) |2 < [voly < Aeg(og) (5.5)

which contradicts (5.4). Hence, v(t) € N; which shows that v(t) € EIEK(UO) for all t €
[0, T (v)) . Now Lemma 3.9 (2) implies that the orbit {v(t)} remains bounded in H'(K) for
t € [0,T(vg)) so that T (vg) = co. Assume that w is an arbitrary element in w (vp) . Then by
(3.2) and (3.23) we obtain

|wl2 > Aggo),  Ex(w) < Ex (v0), (5.6)

which, according to the definition of Ag, () again, implies that w (vg) NN = @. So, w (vo) =
{0}, i.e. vy € Gp.

(2) Suppose that vg € N_ with |vg|, > Ag, (o). We now prove that v(t) € N_ for all t €
[0, T (vg)) . Assume, on the contrary, that there exists a t° € (0, T (vp)) such that v(t) € N_ for
0 <t < t”and v(t') € N. Similarly to case (1), one has Ex(v(#?)) < Ek (vp), which implies
that o(#9) € EIEK(UO). Therefore, v(t°) € N'Ek(%), Recalling the definition of Ay (vp), We infer

0(t°) ]2 < Agy (ay)- (5.7)
On the other hand, from (3.23) and the fact that Dg(v(t)) < 0 for ¢ € [0,t°), we obtain
[0(t%)]2 > [vol2 = Apg(uy), (5.8)

which contradicts (5.7).
Assume that T (vg) = oo. Then for each w € w (vp), it follows from by (3.2) and (3.23) that

wlla > Apgwy), Ex(w) < Ex (vo). (5.9)

Noting the definition of A, () again, we have w (vg) "N = @. Hence, it is holded that
w (vg) = {0}, which contradicts Lemma 3.9 (1). Therefore, T (vg) < co. This ends the proof.

O
Theorem 5.3. Assume that vy € H'(K) satisfies
p p+1
Ex(v0) < [[voll2x < p+1||7’0||p+1,1<r (5.10)
Then,vg € N_ N B.
Proof. Firstly, we observe
Ex(v0) = S[IVooll2x — 5 llooll2.x = m\!volliﬂx
1 p p+1
= EDK(’UO) + ﬁ||vo||p+1’K. (5.11)
Thus, we have
p pr1 1
Ex(vo) — mHUOHpH,K = EDK@O) <0, (5.12)
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which shows that vg € N_. Then for any v € Ng,(y,), one has

+1 2(p+1)
ol = 170k~ Mol < Beton) < 2075

p+1, EK(U()).

Taking supremum over N, ) and (5.10), by Theorem 5.2 we can deduce

00l = Ak (op)-

Thus, vy € N_ N B. This finishes the proof. O
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