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Abstract. In this paper we study the following nonlinear Klein–Gordon–Maxwell sys-
tem {

−∆u + [m2
0 − (ω + φ)2]u = f (u) in R3,

∆φ = (ω + φ)u in R3,

where 0 < ω < m0. Based on an abstract critical point theorem established by Jeanjean,
the existence of positive ground state solutions is proved, when the nonlinear term
f (u) exhibits linear near zero and a general critical growth near infinity. Compared
with other recent literature, some different arguments have been introduced and some
results are extended.

Keywords: Klein–Gordon–Maxwell system, general critical growth, positive ground
state solutions, variational methods.

2020 Mathematics Subject Classification: 35J20, 35J65, 35J60.

1 Introduction

This article is concerned with the following Klein–Gordon–Maxwell equations{
−∆u + [m2

0 − (ω + φ)2]u = f (u) in R3,

∆φ = (ω + φ)u in R3,
(KGME)

where 0 < ω < m0. We assume that the followings hold for f :

( f1) f ∈ C(R, R) is odd;

( f2) lims→0
f (s)

s = −m < 0;

( f3) lim|s|→+∞
f (s)
s5 = K > 0;
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( f4) there exist D > 0 and q ∈ (2, 6) such that f (s) + ms ≥ Ks5 + Dsq−1 for all s > 0;

( f5) there exists constant γ > 2 such that f (s)s − γF(s) ≥ 0 for all s ∈ R, where F(s) =∫ s
0 f (t)dt.

This system is well known as a model describing the interaction between the nonlinear
Klein–Gordon field and the electrostatic field. The presence of nonlinear term f (u) simulates
the interaction between many particles or external nonlinear perturbations.

In recent years, there is large quality works devoted to the system (KGME), and we would
like to recall some of them. In a remarkable work, V. Benci and D. Fortunato [4] are the first
to study the following system{

−∆u + [m2
0 − (ω + φ)2]u = |u|p−2u in R3,

∆φ = (ω + φ)u in R3,
(1.1)

using the variational method, the authors proved the existence of infinitely many radially
symmetric solutions when m0 > ω > 0 and 4 < q < 6. In [15, 16], D’Aprile and Mugnai con-
sidered the case 2 < p ≤ 4 and established some non-existence results for p > 6. Afterwards,
there are also more literatures focusing on the existence and multiplicity of solutions for the
problem (KGME). See [12, 13, 19] and the references therein.

There are some results related the critical case. In [11], Cassani considered the following
system with the critical term:{

−∆u + [m2
0 − (ω + φ)2]u = µ|u|p−2u + |u|2∗−2u in R3,

∆φ = (ω + φ)u in R3,
(1.2)

where µ > 0. He showed that system (1.2) possesses a radially symmetric solution under one
of the following conditions:

(i) 4 < p < 6 and |m0| > |ω|;

(ii) p = 4, |m0| > |ω| and µ large enough.

Soon afterwards, the authors of [9] studied the following critical Klein–Gordon–Maxwell sys-
tem with external potential:{

−∆u + µV(x)u − (2ω + φ)φ2]u = λ f (u) + |u|5 in R3,

∆φ = (ω + φ)u in R3.
(1.3)

Provided f (u) satisfying assumptions:

( f ′2) lims→0
f (s)

s = 0;

( f ′3) lims→∞
f (s)
s5 = 0;

( f ′4)
1
4 f (u)u − F(u) ≥ 0.

They obtained a nontrivial solution for (1.3). For more related results, we refer the readers to
[3, 24].

The existence of ground state solutions, that is, couples (u, φ) which solve (KGME) and
minimize the action functional associated to (KGME) among all possible nontrivial solutions,
has been investigated by many authors. Inspired by the approach of Benci and Fortunato,
Azzollini and Pomponio [10] proved that (1.1) admits a ground state solution provided one of
the following assumptions:
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(i) 3 ≤ p < 5 and m0 > ω;

(ii) 1 < p < 3, m0
√

p − 1 > ω
√

6 − p.

Soon afterwards, Carrião et al. [22] dealt with the critical Klein–Gordon–Maxwell system
(1.2) with potentials. Combining the minimization of the corresponding Euler–Lagrange func-
tional on the Nehari manifold, they proved the existence of positive ground state solutions
for system (1.2). Very recently, Moura, Miyagaki et al. [14] considered quasicritical Klein–
Gordon–Maxwell systems with potential, and obtained positive ground state solutions. For
other related results about Klein–Gordon–Maxwell systems the authors maybe see [7, 17, 25].

Here we also mention that the papers [2, 6], Berestycki and Lions studied the following
elliptic equation

−∆u = f (u), u ∈ H1(RN). (1.4)

Under the following conditions on f (u):

(A1) f (u) ∈ C(R, R) is odd;

(A2) −∞ < lim infu→0+
f (u)

u ≤ lim supu→0+
f (u)

u = −m < 0 for N ≥ 3 and limu→0
f (u)

u =

−m < 0 for N = 2;

(A3) when N ≥ 3, −∞ < lim supu→∞
f (u)

u
N+2
N−2

≤ 0; when N = 2 for any α > 0, there exists

Cα > 0 such that f (u) ≤ Cα exp(αu2) for u > 0;

(A4) there exists ς > 0 such thatF(ς) =
∫ ς

0 f (s)ds > 0,

Berestycki and Lions [6] proved the existence of a positive least energy solution when N ≥ 3
and Berestycki et al. [2] investigated the existence of infinitely many bound state solutions
when N = 2. Under the above assumptions, Azzollini, d’Avenia and Pomponio [1] obtained
the existence of at least a radial positive solution to a class of Schrödinger–Poisson problems,
and Azzollini [28] proved the existence of ground state solutions for Kirchhoff-type problems,
and soon after Zhang and Zou [27] investigated the existence of ground state solutions of the
problem (1.4) with the critical growth assumption on f (u).

Under the assumptions ( f1)–( f5), Zhang [21] studied a class of Schrödinger–Poisson prob-
lems and established the existence of ground state solutions for q ∈ (2, 4] with D large enough,
or q ∈ (4, 6), where m = 0; Liu [20] considered a Kirchhoff-type problem and obtained the
existence of ground state solutions without ( f5).

Motivated by the above mentioned works, in particular by [9, 20, 21, 27], the main purpose
of this paper is to consider the existence of positive least energy solutions of (KGME) with
a general nonlinearity in the critical growth. To our best knowledge, under the assumptions
( f1)–( f5), there is no work on the the existence of positive ground state solutions for problem
(KGME). Precisely, we have the following results.

Theorem 1.1. If ( f1)–( f5) hold. Assume that either q ∈ (2, 4] with D sufficiently large, or q ∈ (4, 6),
then the problem (KGME) possesses a positive radial solution if one of the following conditions is
satisfied:

(i) 2 < γ < 3 and 0 < ω <
√
(γ − 2)(4 − γ)m0;

(ii) 3 ≤ γ < ∞ and 0 < ω < m0.
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Theorem 1.2. If ( f1)–( f5) hold. Assume that either q ∈ (2, 4] with D sufficiently large, or q ∈ (4, 6),
then the problem (KGME) possesses a positive ground state solution provided one of the following
conditions holds:

(i) 2 < γ < 3 and 0 < ω <
√
(γ − 2)(4 − γ)m0;

(ii) 3 ≤ γ < ∞ and 0 < ω < m0.

Theorem 1.3. If we replace the condition ( f5) by the following condition:

( f6) there exists γ > 2 such that t :→ f (x,t)
tγ−1 is increasing on (−∞, 0) and (0,+∞).

Then the conclusions of Theorems 1.1 and 1.2 remain true.

Remark 1.4. Assumptions ( f1)–( f4) were used by [20,21]. Since the problem in [20] is different
from ours, the methods used in [20] do not work here. The similar hypotheses on f (u) as
above ( f1)–( f5) are introduced in [21], where the authors used a cut-off functional to obtain
bounded (PS) sequences. However, our device is different from the main arguments of [21].
Moreover, the results of [21] hold under γ > 3, and in our case, γ > 2.

Remark 1.5. The condition ( f4) plays a crucial role to ensure the existence of ground state
solution to the problem (KGME). And the condition ( f5) is a technical condition to overcome
the difficulty caused by the critical exponential growth case.

In our paper, due to the presence of a nonlocal term φ and the effect of the nonlinearity
in the critical growth, there exist several difficulties to solve. In the first place, the lack of the
following Ambrosetti–Rabinowitz growth hypothesis on f :

∃ µ > 4 s. t. 0 < µF(s) ≤ s f (s), ∀t ∈ R

brings a obstacle in proving the boundedness of (PS) sequence. To overcome this difficulty,
we will use approaches developed by Jeanjean [23] to obtain the boundedness. In the next
place, since we deal with the critical case, the Sobolev embedding H1(R3) ↪→ L6(R3) is not
compact, and the functional I does not satisfy (PS)c condition at every energy level c. To
avoid the difficulty, we try to pull the energy level down below some critical level c∗1 (Section
3). In the end, we apply the Strauss’ compactness result [5] to obtain the convergence of (PS)c

sequence.
An outline of the paper is as follows. In Section 2, we give some preliminary lemmas.

Section 3 is devoted to the existence of the mountain pass solution and positive ground
state solution. Throughout the paper we denote by C the various positive constants. Let
D1,2(R3) = {u ∈ L6(R3) : ∇u ∈ L2(R3)} be the Sobolev space equipped with the norm

∥u∥2
D1,2 =

∫
R3 |∇u|2dx. S = inf

u∈D1,2(R3)\{0}

∫
R3 |∇u|2dx

(
∫

R3 |u|6dx)
1
3

denotes the best Sobolev constant.

2 Preliminaries

In this section we give notations and prove some preliminary lemmas. Let us define an
equivalent norm on H1(R3), that is

∥u∥2 =
∫

R3
(|∇u|2 + mu2)dx for fixed m > 0.
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For any 1 ≤ s < ∞, we denote that Ls(R3) is the usual Lebesgue space endowed with the
norm ∥u∥s

Ls =
∫

R3 |u|sdx. Then we have that, for 2 ≤ s ≤ 2∗, H1(R3) ↪→ Ls(R3) continuously.
Let H := H1

r (R
3) := {u ∈ H1(R3) | u is radial functions}. Then H ↪→ Ls(R3) is compact for

2 < s < 2∗.
According to the variational nature of (KGME), we define its the energy functional as

follows:

Φ(u, φ) =
1
2

∫
R3
(|∇u|2 − |∇φ|2 + [m2

0 − (ω + φ)2]u2)dx −
∫

R3
F(u)dx. (2.1)

Under the assumptions ( f1)–( f2), by standard arguments, we can prove that Φ(u, φ) is a
well defined C1 function on H1(R3) × D1,2(R3) and that the weak solutions of (KGME) is
critical points of the functional Φ. Obviously, the functional Φ is the strongly indefiniteness,
which means that it is unbounded both from below and from above on infinite-dimensional
subspaces. In order to avoid this indefiniteness, we apply the reduction method developed by
Benci and Fortunato [8]. For deducing our results, we introduce the following results whose
idea of proof comes from [15, 16].

Lemma 2.1. For any u ∈ H1(R3), there is a unique φ = φu ∈ D1,2(R3) which satisfies the following
equation

−∆φ + φu2 = −ωu2. (2.2)

Furthermore the map Ψ : u ∈ H1(R3) → φu ∈ D1,2(R3) is continuously differentiable and

(i) in the set {x : u(x) ̸= 0}, for ω > 0,

−ω ≤ φ ≤ 0;

(ii) ∥φu∥D1,2 ≤ C∥u∥2 and
∫

R3 |φu|u2dx ≤ C∥u∥4
12
5

.

Multiplying (2.2) by φu and integrating by parts, we obtain∫
R3

|∇φu|2dx = −
∫

R3
u2φ2

udx −
∫

R3
ωu2φudx. (2.3)

Lemma 2.2. If un ⇀ u in H1(R3), then, up to subsequence, φun ⇀ φu in D1,2(R3). As a conse-
quence, Ψ′(un) → Ψ′(u) in the sense of distributions.

By the definition of Φ and (2.3) the functional I(u) = Φ(u, φ) may be rewritten as the
following form

I(u) =
1
2

∫
R3
(|∇u|2 + (m2

0 − ω2)u2 − ωφuu2)dx −
∫

R3
F(u)dx. (2.4)

In view of Lemmas 2.1 and 2.2, the conditions ( f1)–( f3) imply I(u) ∈ C1 and its Gateaux
derivative is

⟨I′(u), v⟩ =
∫

R3
[∇u∇v + (m2

0 − ω2)uv − (2ω + φu)φuuv]dx −
∫

R3
f (u)vdx (2.5)

for all u, v ∈ H. Then (u, φ) is a weak solution of (KGME) if and only if φ = φu and u is a
critical point of I on H.
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For simplicity, in this paper we may assume that K = 1. Set g(t) = f (t) + mt, so the
functional I is reduced as

I(u) =
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx −
∫

R3
G(u)dx, (2.6)

where G(s) =
∫ s

0 g(t)dt. In the following we give the abstract result established by Jeanjean
[23].

Lemma 2.3. Let (X, ∥ · ∥) be a Banach space and h ⊂ R+ an interval. Consider the family of C1

functionals on X
Jλ(u) = A(u)− λB(u), λ ∈ h

with B nonnegative and either A(u) → +∞ or B(u) → +∞ as ∥u∥ → ∞ and such that Jλ(0) = 0.
For any λ ∈ h, we set

Γλ = {γ ∈ C([0, 1], X) : γ(0) = 0, γ(1) < 0}.

If for every λ ∈ h the set Γλ is nonempty and

cλ = inf
γ∈Γλ

max
t∈[0,1]

Jλ(γ(t)) > 0.

Then for every almost λ ∈ h there is a sequence {un} ⊂ X such that

(i) {un} is bounded;

(ii) Jλ(un) → cλ;

(iii) J′λ(un) → 0 in the dual X−1 of X.

In our case, X = H, h = [ 1
2 , 1],

A(u) =
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx, B(u) =
∫

R3
G(u)dx,

and so the family of functionals we study is

Iλ(u) =
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx − λ
∫

R3
G(u)dx. (2.7)

and for every u, v ∈ H,

⟨I′λ(u), v⟩ =
∫

R3
(∇u∇v + muv)dx +

∫
R3
(m2

0 − ω2)uvdx

−
∫

R3
(2ω + φu)φuuvdx − λ

∫
R3

g(u)vdx. (2.8)

We shall use the following Pohožaev type identity. Its proof can be done as in [16].

Lemma 2.4. For λ ∈ [ 1
2 , 1], let u ∈ H be a critical point of Iλ, then

Pλ(u) :=
1
2

∫
R3

|∇u|2dx +
3
2

∫
R3

mu2dx +
3
2

∫
R3
(m2

0 − ω2)u2dx

− 1
2

∫
R3
(5ω + 2φu)φuu2dx − 3λ

∫
R3

G(u)dx = 0.

If λ = 1, the above Pohožaev equality turns to be the following

P(u) :=
1
2

∫
R3

|∇u|2dx +
3
2

∫
R3

mu2dx +
3
2

∫
R3
(m2

0 − ω2)u2dx

− 1
2

∫
R3
(5ω + 2φu)φuu2dx − 3

∫
R3

G(u)dx = 0.
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Next we shall cite a variant of the Strauss compactness result [5], which plays a fundamen-
tal tool in our arguments:

Lemma 2.5. Let P and Q : R → R be two continuous functions satisfying

lim
s→∞

P(s)
Q(s)

= 0.

Let {vn}n, v and ψ be measurable functions from RN to R, with z bounded, such that

sup
n

∫
RN

|Q(vn(x))|ψdx < ∞,

P(vn(x)) → v(x) a.e. in RN , as n → +∞.

Then for any bounded Borel set B one has ∥(P(vn)− v)ψ∥L1(B) → 0. Moreover, if

lim
s→0

P(s)
Q(s)

= 0,

lim
|x|→+∞

sup
n

|vn(x)| = 0,

then

∥(P(vn)− v)ψ∥L1(RN) → 0 as n → ∞.

3 Proof of main results

In this section we will look for a positive ground state solutions of (KGME). First, we will
prove the existence of a mountain pass solution. Now, we give several lemmas which imply
that Iλ satisfies the conditions of Lemma 2.3.

Lemma 3.1. Assume that ( f1)–( f4) hold. Then

(i) Γλ ̸= ∅ for every λ ∈ h;

(ii) there exists a constant c̃ such that cλ ≥ c̃ > 0.

Proof. (i) For any λ ∈ h, it follows from Lemma 2.1, (2.7) and ( f4) that

Iλ(u) ≤
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx − 1
12

∫
R3

|u|6dx − D
2q

∫
R3

|u|qdx.

Then

Iλ(tu) ≤
1
2

t2∥u∥2 +
1
2

t2
∫

R3
m2

0u2dx − 1
12

t6
∫

R3
|u|6dx − D

2q
tq

∫
R3

|u|qdx.

Then we can choose t0 > 0 large and u ∈ H\{0} such that Iλ(t0u) < 0 for every λ ∈ h. Define
γ1 : [0, 1] → H in the following way

γ1(t) = tt0u, 0 ≤ t ≤ 1.

It is easy to see γ1 a continuous path from t0u. Moreover, for every λ ∈ h, Iλ(γ1(1)) < 0 and
Iλ(γ1(0)) = 0. The proof is completed.
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(ii) Using ( f1)–( f3), for any ε > 0 there exists Cε > 0 such that |g(u)| ≤ ε|u|+ Cε|u|5. Then by
Sobolev’s embedding theorem, one has

Iλ(u) ≥
1
2
∥u∥2 − ε

2

∫
R3

|u|2dx − Cε

6

∫
R3

|u|6dx ≥ m − ε

2m
∥u∥2 − CCε

6
∥u∥6.

For fixed ε ∈ (0, m), there exists c̃ > 0 such that Iλ(u) ≥ c̃ > 0 for any λ ∈ h and u ∈ H with
∥u∥ = ρ small enough. Now fix λ ∈ h and γ ∈ Γλ. Since γ(0) = 0 and Iλ(γ(1)) < 0, certainly
∥γ(1)∥ > ρ. By continuity, we deduce that there exists tγ ∈ (0, 1) such that ∥γ(tγ)∥ = ρ.
Therefore for every λ ∈ h

cλ ≥ inf
γ∈Γλ

Iλ(γ(tγ)) ≥ c̃ > 0,

which implies (ii) of Lemma 3.1.

It follows from Lemma 3.1 that the conclusions of Lemma 2.3 hold.

Lemma 3.2. Assume that ( f1)–( f4) hold. If q ∈ (4, 6) or q ∈ (2, 4] with D is large enough, then
cλ < c∗λ := 1

3 λ− 1
2 S

3
2 .

Proof. For ε, r > 0, define uε(x) = ϕ(x)ε
1
4

(ε+|x|2)
1
2

, where ϕ ∈ C∞
0 (B2r(0)), 0 ≤ ϕ ≤ 1 and ϕ|Br(0) ≡ 1.

And it is well known that the best Sobolev constant S is attained by the functions ε
1
4

(ε+|x|2)
1
2

.

Direct calculation yields that∫
R3
|∇uε|2dx = K1 + O(ε

1
2 ),

∫
R3
|uε|6dx = K2 + O(ε

3
2 ) (3.1)

and ∫
R3
|uε|tdx =


Kε

t
4 , t ∈ [2, 3),

Kε
3
4 |lnε|, t = 3,

Kε
6−t

4 , t ∈ (3, 6),

(3.2)

where K1, K2, K are positive constants. Moreover, S = K1K− 1
3

2 . Using (3.1) and (3.2), we have∫
R3 |∇uε|2dx

(
∫

R3 u6
ε dx)

1
3

= S + O(ε
1
2 ).

Set

g(t) =
1
2

t2∥uε∥2 +
1
2

t2(m2
0 − ω2)

∫
R3

|uε|2dx − λ

6
t6

∫
R3

|uε|6dx.

It is easy to see that g(t) attains its maximum at t0 = [
∥uε∥2+(m2

0−ω2)
∫

R3 |uε|2dx
λ
6

∫
R3 |uε|6dx

]
1
4 and then

max
t≥0

g(t) =
1
2

λ− 1
2

√√√√[
∥uε∥2)

(
∫

R3 |uε|6dx)
1
3
]3 +

(m2
0 − ω2)∥uε∥4

∫
R3 |uε|2dx∫

R3 |uε|6dx

+
1
2
(m2

0 − ω2)λ− 1
2

√
∥uε∥2(

∫
R3 |uε|2dx)4 + (m2

0 − ω2)(
∫

R3 |uε|2dx)6∫
R3 |uε|6dx

− λ− 1
2

6

√√√√[
∥uε∥2 + (m2

0 − ω2)
∫

R3 |uε|2dx

(
∫

R3 |uε|6dx)
1
3

]3 =
1
3

λ− 1
2 S

3
2



Positive ground state solutions of critical nonlinear Klein–Gordon–Maxwell systems 9

for ε > 0 small enough. Obviously, there exists 0 < t′ < 1 such that, for ε < 1, one has

max
t′≥t≥0

Iλ(tuε(x)) ≤ max
t′≥t≥0

(
1
2

t2∥uε∥2 +
1
2
(m2

0 − w2)t2
∫

R3
|uε|2dx + Ct2

∫
R3
|uε|2dx

)
≤ Ct2∥uε∥2 <

1
3

λ− 1
2 S

3
2 . (3.3)

Using ( f4), (2.7) and Lemma 2.1, one has

Iλ(tuε(x)) =
1
2

t2∥uε∥2 +
1
2

t2
∫

R3
(m2

0 − ω2)u2
ε dx − 1

2
t2

∫
R3

ωφtuε u
2
ε dx − λ

∫
R3

G(tuε)dx

≤ 1
2

t2∥uε∥2 +
1
2

t2
∫

R3
(m2

0 − ω2)u2
ε dx − 1

2
t2

∫
R3

ωφtuε u
2
ε dx − λ

6
t2

∫
R3

|uε|6dx

− λD
q

∫
R3

|uε|qdx

= g(t)− 1
2

t2
∫

R3
ωφtuε u

2
ε dx − λD

q

∫
R3

|uε|qdx

≤ g(t) + Ct2
∫

R3
|uε|2dx − CDtq

∫
R3

|uε|qdx. (3.4)

It follows from (3.4) and Lemma 3.1 that

lim
t→∞

Iλ(tuε(x)) = −∞ (3.5)

and

Iλ(tuε(x)) > 0 (3.6)

as t is close to 0. Now we prove that there exists 0 < ε0 < 1 such that limt→∞ Iλ(tuε(x)) < 0
uniformly in ε ∈ (0, ε0). Set

η(t) =
1
2

t2∥uε∥2 +
1
2

t2(m2
0 − ω2)

∫
R3

|uε|2dx − 1
2

t2
∫

R3
ωφtuε u

2
ε dx

− λ

6
t6

∫
R3

|uε|6dx − λD
q

tq
∫

R3
|uε|qdx. (3.7)

Following from (3.5) and (3.6), (3.7) means that there exists tε > 0 such that η(tε) = 0 and for
t > tε, η(t) < 0. Then we get

0 = η(tε) = t2
ε

(
1
2
∥uε∥2 +

1
2
(m2

0 − ω2)
∫

R3
|uε|2dx − 1

2

∫
R3

ωφtuε u
2
ε dx

− λ

6
t4
ε

∫
R3

|uε|6dx − λD
q

tq−2
ε

∫
R3

|uε|qdx
)

, (3.8)

thus (3.1) and (3.2) mean that for ε ∈ (0, ε0)

λ

6
t4
ε ≤

1∫
R3 |uε|6dx

[
1
2
∥uε∥2 +

1
2
(m2

0 − ω2)
∫

R3
|uε|2dx − 1

2

∫
R3

ωφtuε u
2
ε dx

]
≤ 1∫

R3 |uε|6dx

[
1
2
∥uε∥2 +

1
2
(m2

0 − ω2)
∫

R3
|uε|2dx + C

∫
R3

|uε|2dx
]

≤ 1
2

K1 + O(ε
1
2 )

K2 + O(ε
3
2 )

+ O(ε
1
2 ) ≤ 1

2
K1 + O(ε

1
2
0 )

K2
+ O(ε

1
2
0 ), (3.9)
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where ε0 is small enough. (3.9) implies that for some t∗ > 0, tε is bounded from above
uniformly for ε ∈ (0, ε0), where t∗ is independent of ε. Using (3.5) and (3.9) we easily get that
there exists 0 < ε0 < 1 such that limt→∞ Iλ(tuε(x)) < 0 uniformly in ε ∈ (0, ε0). Thus there
exists t

′′
> t∗ such that for ε ∈ (0, ε0),

max
t≥t′′

Iλ(tuε) <
1
3

λ− 1
2 S

3
2 . (3.10)

It follows from (3.1), (3.2) and (3.4) that

max
t′′≥t≥t′

Iλ(tuε) ≤ g(t0) + C
∫

R3
|uε|2dx − CD

∫
R3

|uε|qdx

=
1
3

λ− 1
2 S

3
2 + O(ε

1
2 )− CD

∫
R3

|uε|qdx.
(3.11)

For q ∈ (2, 4] and D sufficiently large, ε ∈ (0, ε0) fixed, we derive from (3.11) that

max
t′′≥t≥t′

Iλ(tuε) <
1
3

λ− 1
2 S

3
2 . (3.12)

For q ∈ (4, 6), observe that 6−q
4 < 1

2 , then it follows from (3.2) and (3.11) that, there exists
0 < ε1 < ε0 small enough such that for ε ∈ (0, ε1),

max
t′′≥t≥t′

Iλ(tuε) <
1
3

λ− 1
2 S

3
2 . (3.13)

It follows from (3.3), (3.10), (3.12) and (3.13) that cλ < c∗λ := 1
3 λ− 1

2 S
3
2 .

Lemma 3.3. Assume that ( f1)–( f3) and ( f5) hold. Let {uλ} be a critical point for Iλ(uλ) at level cλ.
Then Iλ(uλ) ≥ 0.

Proof. If γ ≥ 4 in ( f5), then it follows from ( f5), (2.7) and (2.8) that

Iλ(uλ) = Iλ(uλ)−
1
γ
⟨I′λ(uλ), uλ⟩

=

(
1
2
− 1

γ

) ∫
R3

[
|∇uλ|2 + (m2

0 − ω2)u2
λ

]
dx

+
∫

R3

[(
2
γ
− 1

2

)
ωφuλ

u2
λ +

1
γ

φ2
uλ

u2
λ

]
dx +

∫
R3

[
1
γ

f (uλ)uλ − F(uλ)

]
dx

≥
(

1
2
− 1

γ

) ∫
R3

|∇uλ|2dx ≥ 0.

(3.14)
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Now, we consider 2 < γ < 4 in ( f5). By ( f5), (2.7) and (2.8) and Lemma 2.4, we obtain that

Iλ(uλ) = Iλ(uλ)−
2

6 − γ
⟨I′λ(uλ), uλ⟩ −

2 − γ

2(6 − γ)
Pλ(uλ)

= Iλ(uλ)−
{ ∫

R3

1
2
|∇uλ|2dx +

10 − 3γ

2(6 − γ)

∫
R3
(m2

0 − ω2)u2
λdx

−
∫

R3

[
18 − 5γ

2(6 − γ)
ωφuλ

+
8 − 2γ

2(6 − γ)
φ2

uλ
u2

λ

]
dx

− λ
∫

R3

[
2

6 − γ
f (uλ)uλ +

6(2 − γ)

2(6 − γ)
F(uλ)

]
dx

}
=

γ − 2
6 − γ

∫
R3
(m2

0 − ω2)u2
λdx +

∫
R3

[
2(3 − γ)

6 − γ
ωφuλ

+
4 − γ

6 − γ
φ2

uλ

]
u2

λdx

+
2

6 − γ
λ
∫

R3
[ f (uλ)uλ − γF(uλ)]dx.

(3.15)

Set h(t) = (4 − γ)t2 + 2(3 − γ)ωt. We distinguish two cases:

Case 1. 3 ≤ γ < 4 and 0 < ω < m0. In this case, one has

h(t) ≥ 0, ∀ − ω ≤ t ≤ 0. (3.16)

Note that −ω ≤ φuλ
≤ 0. From ( f5), (3.15), (3.16), we have

Iλ(uλ) ≥
γ − 2
6 − γ

∫
R3
(m2

0 − ω2)u2
λdx ≥ 0. (3.17)

Case 2. 2 < γ < 3 and 0 < ω <
√
(γ − 2)(4 − γ)m0. For ∀ − ω ≤ t ≤ 0, an elementary

computation means that

(γ − 2)(m0 − ω2) + h(t) = (γ − 2)(m0 − ω2) + (4 − γ)(t2 +
2(3 − γ)

4 − γ
ωt)

≥ (γ − 2)(m0 − ω2)− (γ − 3)2

4 − γ
ω2

=
(γ − 2)(4 − γ)m2

0 − ω2

4 − γ
> 0.

(3.18)

Then from ( f5), (3.15) and (3.18), we get

Iλ(uλ) ≥
1

(6 − γ)(4 − γ)
[(γ − 2)(4 − γ)m2

0 − ω2]
∫

R3
u2

λdx ≥ 0. (3.19)

It follows from (3.14), (3.17) and (3.19) that Iλ(uλ) ≥ 0.

Lemma 3.4. Assume that ( f1)–( f5). For almost every λ ∈ [ 1
2 , 1], there is uλ ∈ H \ {0} such that

I′λ(uλ) = 0 and Iλ(uλ) = cλ.

Proof. By Lemma 2.3 and Lemma 3.1, for almost every λ ∈ [ 1
2 , 1], there exists a bounded (PS)

sequence {un} ⊂ H such that

Iλ(un) → cλ, I′λ(un) = 0 in H′, (3.20)
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where H′ is the dual space of H. Using Lemma 2.2, up to a subsequence, we can suppose that
there exists u ∈ H such that

un ⇀ uλ weakly in H,

un → uλ in Lp(R3), 2 < p < 6,

un → uλ a.e. in R3,

φun ⇀ φuλ
weakly in D1,2(R3).

(3.21)

If we apply Lemma 2.5 for P(t) = g(t)− t5, Q(t) = t5,{vn}n = {un}n, v = g(uλ)− u5
λ and

ψ ∈ C∞
0 (R3). By ( f2)–( f4) and (3.21), we have∫

R3
(g(un)− u5

n)ψdx →
∫

R3
(g(uλ)− u5

λ)ψdx. (3.22)

If we apply Lemma 2.5 for P(t) = F(t) + 1
2 mt2 − 1

6 t6 = G(t)− 1
6 t6, Q(t) = t2 + t6, {vn}n =

{un}n, v = F(uλ) +
1
2 mu2

λ − 1
6 u6

λ = G(uλ)− 1
6 u6

λ, and ψ = 1. By ( f2)–( f4) and (3.21), we have∫
R3

(
G(un)−

1
6

u6
n

)
dx →

∫
R3

(
G(uλ)−

1
6

u6
λ)dx. (3.23)

Similarly, we also have ∫
R3
(g(un)un − u6

n)dx →
∫

R3
(g(uλ)uλ − u6

λ)dx. (3.24)

Introduce the notation Υ = Supp(ψ). Using (3.21) and the Sobolev inequality, one has∣∣∣∣∫
R3
(φun u2

nψ − φuλ
u2

λψ)dx
∣∣∣∣ ≤ ∫

R3
|φun ||u2

n − u2
λ||ψ|dx +

∫
R3

|φun − φuλ
||uλ||ψ|dx

≤
(∫

R3
|φun |6dx

) 1
6
(∫

Υ
|u2

n − u2
λ|

6
5 dx

) 5
6

sup |ψ|

+

(∫
Υ
|φun − φuλ

| 6
5 dx

) 5
6
(∫

Υ
|u2

λ|6dx
) 1

6

sup |ψ| = o(1),

(3.25)

and∣∣∣∣∫
R3
(φun unψ − φuλ

uλψ)dx
∣∣∣∣ ≤ ∫

R3
|φun ||un − uλ||ψ|dx +

∫
R3

|φun − φuλ
||uλ||ψ|dx

≤
(∫

R3
|φun |6dx

) 1
6
(∫

Υ
|un − uλ|

6
5 dx

) 5
6

sup |ψ|

+

(∫
Υ
|φun − φuλ

| 6
5 dx

) 5
6
(∫

Υ
|uλ|6dx

) 1
6

sup |ψ| = o(1),

(3.26)

and∣∣∣∣∫
R3
(φ2

un
unψ − φ2

uλ
uλψ)dx

∣∣∣∣ ≤ ∫
R3

φ2
un
|un − uλ||ψ|dx +

∫
R3

|φ2
un
− φ2

uλ
||uλ||ψ|dx

≤
(∫

R3
|φun |6dx

) 1
6
(∫

Υ
|un − uλ|

3
2 dx

) 2
3

sup |ψ|

+

(∫
Υ
|φ2

un
− φ2

uλ
| 6

5 dx
) 5

6
(∫

Υ
|uλ|6dx

) 1
6

sup |ψ| = o(1).

(3.27)
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It follows from ⟨I′λ(un), ψ⟩ = 0, (3.21), (3.22), (3.26) and (3.27) that∫
R3
(∇uλ∇ψ + muλψ + (m2

0 − w2)uλψ)dx −
∫

R3
(2w + φuλ

)φuλ
uλψdx

− λ
∫

R3
(g(uλ)ψ − u5

λψ)dx − λ
∫

R3
u5

λψdx = 0,

i.e. J′λ(uλ) = 0, where

Jλ(u) :=
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx

− λ
∫

R3
(G(u)− 1

6
u6)dx − λ

6

∫
R3

u6dx.

Set vn = un − uλ. Then vn ⇀ 0 in H. Following from the well-known Brezis–Lieb lemma [18],
we get

∥vn∥2
2 = ∥un∥2

2 − ∥uλ∥2
2 + o(1),

∥∇vn∥2
2 = ∥∇un∥2

2 − ∥∇uλ∥2
2 + o(1),

∥vn∥6
6 = ∥un∥6

6 − ∥uλ∥6
6 + o(1).

(3.28)

Then, by Lemma 3.3, (3.24), (3.26), (3.27), (3.28), J′λ(un) = 0 and J′λ(uλ) = 0, we have

o(1) = ⟨J′λ(un), un⟩ − ⟨J′λ(uλ), uλ⟩

= ∥vn∥2 + (m2
0 − ω2)∥vn∥2

2 − λ
∫

R3
|vn|6dx.

(3.29)

Up to a subsequence, we may assume that ∥vn∥2 + (m2
0 − ω2)∥vn∥2

2 → l ≥ 0. By (3.29),

λ
∫

R3 |vn|6dx → l. If l > 0, then the Sobolev embedding theorem means that S ≤
∫

R3 |∇vn|2dx

(
∫

R3 |vn|6dx)
1
3
≤

∥vn∥2+(m2
0−ω2)∥vn∥2

2

(
∫

R3 |vn|6dx)
1
3

, which implies that

l ≥ λ− 1
2 S

3
2 . (3.30)

By (3.20), (3.21), (3.23), (3.25) and (3.28), we get

cλ − Iλ(uλ) = Iλ(un)− Iλ(uλ) + o(1)

=
1
2
∥vn∥2 +

1
2

∫
R3
(m2

0 − ω2)|vn|2dx − λ

6

∫
R3

|vn|6dx + o(1).
(3.31)

Then, by (3.30)–(3.31), we have cλ − Iλ(uλ) =
1
3 l > 1

3 λ− 1
2 S

3
2 , by Lemma 3.3, which contradicts

with cλ − Iλ(uλ) <
1
3 λ− 1

2 S
3
2 since that Iλ(uλ) ≥ 0. Therefore, l = 0, i.e. ∥vn∥2 = o(1), hence

un → uλ in H. This completes Lemma 3.4.

Proof of Theorem 1.1. According to Lemma 3.4, there exists sequences {λn} ⊂ h with λn →
1, cλn ∈ (0, 1

3 λ
− 1

2
n S

3
2 ) and a sequence of {uλn}, denoted by {un} such that Iλn(un) = cλn and

I′λn
(un) = 0. Next we show {un} is bounded. The proof will be developed in several steps:

Indeed, by Lemma 2.4, Iλn(un) = cλn and I′λn
(un) = 0, we have

1
2

∫
R3 |∇un|2dx + 3

2

∫
R3(m2

0 − ω2)u2
ndx − 1

2

∫
R3(5ω + 2φun)φun u2

ndx − 3λn
∫

R3 F(un)dx = 0,
1
2

∫
R3 [|∇un|2 + (m2

0 − ω2)u2
n − ωφun u2]dx − λn

∫
R3 F(un)dx = cλn ≤ c 1

2
,∫

R3 [|∇un|2 + (m2
0 − ω2)u2

n − (2ω + φun)φun u2
n]dx − λn

∫
R3 f (un)undx = 0.
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Step 1. If γ ≥ 4 in ( f5), then it follows from (3.14) that

c 1
2
≥ cλn = Iλn(un) = Iλn(un)−

1
γ
⟨I′λn

(un), un⟩

≥
(

1
2
− 1

γ

) ∫
R3
[|∇uλ|2 + (m2

0 − ω2)u2
λ]dx ≥ C∥un∥2.

(3.32)

Thus, we deduce from (3.32) that {un} is bounded in H if γ ≥ 4.

Step 2. If 2 < γ < 4 in ( f5), we distinguish two cases:

Case 1. 3 ≤ γ < 4 and 0 < ω < m0. Following from (3.17), we have

c 1
2
≥ cλn = Iλn(un) ≥

γ − 2
6 − γ

∫
R3
(m2

0 − ω2)u2
ndx. (3.33)

Case 2. 2 < γ < 3 and 0 < ω <
√
(γ − 2)(4 − γ)m0. From (3.19), we have

c 1
2
≥ cλn = Iλn(uλ) ≥

1
(6 − γ)(4 − γ)

[(γ − 2)(4 − γ)m2
0 − ω2]

∫
R3

u2
ndx. (3.34)

Deriving from (3.33) and (3.34), we get the boundedness of ∥un∥2. Then by Lemma 2.1, one
has

0 ≤
∫

R3
−ωφun u2

ndx ≤
∫

R3
ω2u2

ndx ≤ C. (3.35)

Thus from Lemma 2.4 and (3.35) we deduce that

c 1
2
≥ cλn = Iλn(un)−

1
6

Pλn(un) =
1
3

∫
R3

|∇un|2dx +
1
3

∫
R3
(ω + φun)φun u2

ndx

≥ 1
3

∫
R3

|∇un|2dx +
1
3

∫
R3

ωφun u2
ndx ≥ 1

3

∫
R3

|∇un|2dx − C,

which means the boundedness of {∥∇un|2}. This completes the proof.

Note that I(un)= Iλn(un)−(λn−1)
∫

R3 F(un)dx and I′(un)= I′λn
(un)−(λn−1)

∫
R3 f (un)undx.

By using the fact that the map λ → cλ is left-continuous (see [23]), λn → 1, the boundedness
of {un}, we can show that

lim
n→∞

I(un) = c1, lim
n→∞

I′(un) = 0.

Lemma 3.4 yields that there exists u0 ∈ H \ {0} being a critical point of I and I(u0) = c1. Set

I+(u) =
1
2
∥u∥2 +

1
2

∫
R3
(m2

0 − ω2)u2dx − 1
2

∫
R3

ωφuu2dx

−
(∫

R3
G(u)dx − 1

6

∫
R3

|u|6dx
)
− 1

6

∫
R3

|u+|6dx,

where u+ = max{u, 0}. Repeating all the calculations above word by word, there is nonzero
function u0 solving the equation

−∆u + (m2
0 − ω2)u + mu − ωφuu = (g(u)− u5) + (u+)5. (3.36)
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Using u− = max{−u0, 0} as a text function and integrating (3.36) by parts, we obtain

0 =
∫

R3
(|∇u−

0 |
2 + m|u−

0 |
2 + (m2

0 − ω2)|u−
0 |

2)dx

−
∫

R3
ωφu0 |u−

0 |
2)dx −

∫
R3
(g(u0)− u5

0)u
−
0 dx.

(3.37)

We deduce from ( f1) and ( f4) that g(t)− t5 is an odd function and g(t)− t5 > 0 for t > 0. So
from (3.37) one has

0 =
∫

R3
(|∇u−

0 |
2 + m|u−

0 |
2 + (m2

0 − ω2)|u−
0 |

2)dx −
∫

R3
ωφu0 |u−

0 |
2)dx.

From Lemma 2.1, we obtain that u−
0 = 0 and u0 ≥ 0. Then u0 is a nonnegative solution of the

problem (KGME). Deducing from Harnack’s inequality (see [26]), we can obtain that u0 > 0
for all x ∈ R3, and u0 is a positive critical point of the functional I(u). Then by Lemma 2.1, we
have φ = φu0 . From (2.1), (2.3) and (2.4) that (u0, φu0) is a positive solution of (KGME). The
proof is complete. In what follows, we prove the existence of a positive ground state solution
for the problem (KGME).

Proof of Theorem 1.2. Set m̃ := inf{I(u) : u ∈ H \ {0}, I′(u) = 0}. According to the argu-
ments as above, we know that 0 < m̃ ≤ c < c∗1 := 1

3 S
3
2 . By the definition of m̃, there exists a

sequence {un} ⊂ H such that un ̸= 0, I(un) → m̃ and I′(un) = 0. Similar to the arguments as
Step 1 and Step 2 in Theorem 1.1, we obtain the boundedness of {un} in H. Since I′(un) = 0,
we deduce from (2.3), (2.5), ( f1)–( f3) and the Sobolev embedding inequality that

∥un∥2 =
∫

R3
(|∇un|2 + m|un|2 + (m2

0 − ω2)|un|2)dx +
∫

R3
[2|∇φun |2 + φ2

un
u2

n]dx

=
∫

R3
g(un)undx ≤ ε

∫
R3
(|un|2 + |un|6)dx,

and so, there exists C > 0 such that ∥un∥ ≥ C. Then we can claim that there exists σ > 0 such
that

lim
n→∞

sup
y∈R3

∫
B1(y)

|un|2dx ≥ σ > 0. (3.38)

Otherwise, limn→∞ supy∈R3

∫
B1(y)

|un|2dx = 0. Using Lemma I.1 of [26], it follows that, for
2 < s < 6,

∫
R3 |un|sdx → 0 in Ls(R3). Using the same arguments as Lemma 3.4, we can obtain

m̃ ≥ c∗1 := 1
3 S

3
2 , which contradicts m̃ < c∗1 := 1

3 S
3
2 . Then (3.38) holds. Going if necessary to a

subsequence, by (3.37), we may assume the existence of yn ∈ R3 such that∫
B1(yn)

|un|2dx ≥ σ

2
> 0.

Set vn(x) = un(x + yn). Then

∥vn∥ = ∥un∥,
∫

B1(0)
|vn|2dx ≥ σ

2
> 0.

Since φun(x + yn) = φvn(x), by (2.4), (2.5), we have

I(vn) → m̃, I′(vn) = 0.
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From the boundedness of {un} in H, {vn} is also bounded. Then there exits v0 ̸= 0 such that
vn ⇀ v0 weakly in H. In view of Lemma 3.4, one can conclude that

⟨I′(v0), v0⟩ = 0, I(v0) ≥ m̃. (3.39)

On the other hand, we will prove that m̃ ≥ I(v0).
In fact, if γ ≥ 4 in ( f5), by (2.3), (2.5), (3.39) and Fatou’s lemma, one has

m̃ = lim
n→∞

{
I(vn)−

1
γ
⟨I′(vn), vn⟩

}
= lim

n→∞

{(
1
2
− 1

γ

) ∫
R3
[|∇vn|2 + (m2

0 − ω2)v2
n]dx

+
∫

R3

[(
2
γ
− 1

2

)
ωφvn v2

n +
1
γ

φ2
vn

v2
n

]
dx +

∫
R3

[
1
γ

f (vn)vn − F(vn)

]
dx

}
≥

(
1
2
− 1

γ

) ∫
R3
[|∇v0|2 + (m2

0 − ω2)v2
0]dx

+
∫

R3

[(
2
γ
− 1

2

)
ωφv0 v2

0 +
1
γ

φ2
v0

v2
0

]
dx +

∫
R3

[
1
γ

f (v0)v0 − F(v0)

]
dx

= I(v0)−
1
γ
⟨I′(v0), v0⟩ = I(v0).

(3.40)

If 2 < γ < 3 in ( f5) and 0 < ω <
√
(γ − 2)(4 − γ)m0 or 3 ≤ γ < 4 in ( f5) and 0 < ω < m0,

by (3.15) and Fatou’s lemma, one also has

m̃ = lim
n→∞

{
I(vn)−

2
6 − γ

⟨I′(vn), vn⟩ −
2 − γ

2(6 − γ)
P(vn)

}
= lim

n→∞

{
γ − 2
6 − γ

∫
R3
(m2

0 − ω2)v2
ndx +

∫
R3

[
2(3 − γ)

6 − γ
ωφvn +

4 − γ

6 − γ
φ2

vn

]
v2

ndx

+
2

6 − γ
λ
∫

R3
[ f (vn)vn − γF(vn)]dx

}
≥ γ − 2

6 − γ

∫
R3
(m2

0 − ω2)v2
0dx +

∫
R3

[
2(3 − γ)

6 − γ
ωφv0 +

4 − γ

6 − γ
φ2

v0

]
v2

0dx

+
2

6 − γ
λ
∫

R3
[ f (v0)v0 − γF(v0)]dx

= I(v0)−
2

6 − γ
⟨I′(v0), v0⟩ −

2 − γ

2(6 − γ)
P(v0) = I(v0).

(3.41)

Combining (3.39), (3.40) with (3.41), we derive that I(v0) = m̃ = inf{I(u) : u ∈ H \ {0}} >

0. Arguments as Theorem 1.1, we get v0 > 0. Thus, by Lemma 2.1, (2.1), (2.3) and (2.4),
(v0, φv0) ∈ H × D1,2(R3) is a positive ground state solution of problem (KGME). The proof is
complete.

Proof of Theorem 1.3. It is sufficient to prove ( f5). Indeed, by ( f6), whenever u > 0,

F(x, u) =
∫ 1

0
f (x, ut)udt =

∫ 1

0

f (x, ut)
(ut)γ−1 uγtγ−1dt ≤

∫ 1

0

f (x, u)
uγ−1 uγtγ−1dt =

1
γ

u f (u),
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and whenever u < 0,

F(x, u) =
∫ 1

0
f (x, ut)udt = −

∫ 1

0

f (x, ut)
(−ut)γ−1 (−u)γtγ−1dt

= −
∫ 1

0

f (x, ut)
|ut|γ−1 |u|

γtγ−1dt ≤ −
∫ 1

0

f (x, u)
|u|γ−1 |u|

γtγ−1dt =
1
γ

u f (u).

The above results mean ( f5) holds. The proof is complete.
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