Electronic Journal of Qualitative Theory of Differential Equations

.
- *i\‘;ﬁj 2025, No. 36, 1-41; https://doi.org/10.14232/ejqtde.2025.1.36 www.math.u-szeged.hu/ejqtde/

On the kernel of the Stieltjes derivative and the space
of bounded Stieltjes-differentiable functions

Francisco J. Fernandez!2, ® Ignacio Marquez Albés %3,
F. Adrian F. Tojo®'? and © Carlos Villanueva Mariz*

!Departamento de Estatistica, Analise Matemética e Optimizacién, Universidade de Santiago de
Compostela, 15782, Facultade de Mateméticas, Campus Vida, Santiago, Spain
2CITMAga, Santiago de Compostela, Spain
3Institute of Mathematics of the Czech Academy of Sciences, Zitna 25, 115 67 Praha 1, Czech Republic
4Institut fiir Mathematik, Freie Universitit Berlin, 14195, Berlin, Germany

Received 31 March 2025, appeared 8 August 2025
Communicated by Josef Diblik

Abstract. We investigate the existence and uniqueness of solutions to first-order Stieltjes
differential problems, focusing on the role of the Stieltjes derivative and its kernel.
Unlike the classical case, the kernel of the Stieltjes derivative operator is nontrivial,
leading to non-uniqueness issues in Cauchy problems. We characterize this kernel
by providing necessary and sufficient conditions for a function to have a zero Stieltjes
derivative. To address the implications of this nontrivial kernel, we introduce a function
space which serves as a suitable framework for studying Stieltjes differential problems.
We explore its topological structure and propose a metric that facilitates the formulation
of existence and uniqueness results. Our findings demonstrate that solutions to first-
order Stieltjes differential equations are, in general, not unique, underscoring the need
for a refined analytical approach to such problems.
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1 Introduction

The study of existence and uniqueness of solutions to Stieltjes differential problems has gained
significant attention in recent years (see, for instance, [5,9]). Regarding uniqueness, many
results rely on classical techniques—such as Lipschitz conditions—and on an appropriate
definition of the concept of solution. In the case of first-order problems, solutions are typically
assumed to belong either to the space of Stieltjes absolutely continuous functions [9] or to the
space of continuously Stieltjes differentiable functions [5], mirroring the classical setting.
These choices, however, are not merely natural consequences of the problem’s structure.
A key observation is that there exist Stieltjes differentiable functions with an everywhere zero
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Stieltjes derivative that are not constant. In other words, the kernel of the Stieltjes deriva-
tive operator is larger than expected. As a direct consequence, the first-order Cauchy problem
does not generally admit a unique solution if we consider solutions that are everywhere Stielt-
jes differentiable, possibly with a Stieltjes continuous derivative, but not necessarily Stieltjes
continuous. This distinction between differentiable functions that are continuous and those
that are not has been highlighted in the literature—see, for example, [6]—and stems from the
absence of a mean value theorem for Stieltjes derivatives with the same strength as in the
classical case. Nevertheless, certain versions of this result do exist, and we will explore some
of them in this article.

Given this setting, a fundamental step is to determine the kernel of the Stieltjes derivative
operator, as it parameterizes the solutions of the Cauchy problem. This is a nontrivial task,
but we will provide several characterizations of the kernel along with necessary and sufficient
conditions for a function to have a zero Stieltjes derivative.

The fact that we are working with differentiable functions that are not necessarily contin-
uous raises a crucial question: in which space are we operating? We will introduce a function
space, denoted BD, which contains the kernel of the derivative and serves as a suitable frame-
work for studying first-order Cauchy problems. Equipping this space with an appropriate
topology is challenging. Even in the classical case, it is uncommon to work with the space of
everywhere differentiable functions; instead, continuity of the derivative is usually imposed
to obtain a Banach space structure. We will investigate under which conditions this is possible
in our setting and propose a metric topology for the general case.

This work is structured to build a coherent development of the theoretical framework and
main results. We begin in Section 2 by introducing the fundamental notions that will serve as
the foundation for our analysis. A key concept in our formulation is that of derivators, which
provide the necessary structure for defining and studying Stieltjes differential problems. We
outline their role and significance before turning to the Stieltjes derivative itself. This deriva-
tive, which generalizes the classical notion of differentiation, possesses distinctive properties
that set it apart from its conventional counterpart. To further clarify its behavior, we also
discuss the set of points where a given derivator remains constant, as these play a crucial role
in describing the kernel of the Stieltjes derivative operator.

Building on these preliminaries, Section 3 is devoted to a detailed study of the kernel
of the Stieltjes derivative. We establish precise conditions that characterize when a function
has a zero Stieltjes derivative and explore the implications of these results for uniqueness in
first-order differential problems. To provide further insight, we complement the theoretical
discussion with explicit examples that illustrate how the structure of the kernel depends on
the choice of derivator.

In Section 4, we introduce the function space BD, which is specifically designed to accom-
modate solutions to Stieltjes differential problems. Our objective is to capture the essential
features of differentiability in this setting while ensuring a well-defined analytical framework.
To this end, we examine the topological properties of BD and introduce a suitable metric
structure that facilitates the development of an existence and uniqueness theory.

Finally, in Section 5, we present our main results on the existence and uniqueness of
solutions to first-order Stieltjes differential equations. We show that first order problems have
in general several solutions, thereby highlighting the subtleties introduced by the Stieltjes
setting.
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2 Preliminaries

Let [a,b] C R be an interval, F the field R or C and ¢ : R — R a left-continuous non-
decreasing function. We will refer to such functions as derivators. For these functions, we
define the set Dy = {d, },en (Where A C IN) as the set of all discontinuity points of g, namely,
Dy = {t € R : Ag(t) > 0} where Ag(t) := g(t*) — g(t), t € R, and g(t*) denotes the right
hand side limit of g at t. We also define

Cy:={t € R : gis constant on (t — ¢,t + ¢) for some £ > 0}.

Observe that C, is open in the usual topology of R, so we can write

Ce = U (an, bn), (2.1)

neA

where A € N and (a, b;) N (aj,bj) = @ for k # j. With this notation, we denote Ny :=
{an},cx\Dg, Ng" := {bn}, 5 \Dg and Ng := N U N

Definition 2.1 ([5, Definition 3.7]). We define the Stieltjes derivative, or g-derivative, of a map
f:[a,b] - Catapointt € [0,T| as

(. f(s) = f(t)
m g FD:YC
/ im f(S) _f(t)
2 (1) slﬁt+ )30’ t € Dg,
slirl?* J;EZ; :gglb?:;' teCy te (’Zn/ bn)/

where a,, b, are as in (2.1), provided the corresponding limits exist. In that case, we say that
f is g-differentiable at t.

Remark 2.2. It is possible to further simplify the definition of the Stieltjes derivative at a point
t € [a,b] by defining
{t, t & Cg,
t =

by, t € (an, bn) C Cq,

with a,,, b, as in (2.1). With this notation, we have that

OR0

oo s s ERS

8 o s) — *
W9 o

provided the corresponding limit exists. We will define the function f* as f*(t) = f(t*) for
t € [a,b].

The following result includes some basic properties of this derivative.

Proposition 2.3 ([5, Proposition 3.9]). Let t € [a,b]. If fi1, f> : [a,b] — T are g-differentiable at ¢,
then:
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o The function Ay fi + A fs is g-differentiable at t for any Ay, A, € F and
(ALfr 4+ Aafa)g () = A1 (fr)g (1) + Az (f2)g ().
e (Product rule). The product f,f, is g-differentiable at t and
(fifo)g (1) = (f)g (N 2(t) + (fo)g (DF1(E") + (fr)g (1) (f2) (H)AG(E).
* (Quotient rule). If f2(t*) (f2(t*) + (f2),(t) Ag(t*)) # O, the quotient f,/ fa is g-differentiable

at t and , /
(ﬁ)’(t _ (A OA(F) = (f)g (DA)
)" A1) (R() + (f)5(1) Ag(t))”

Furthermore, we have the following chain rule.

Proposition 2.4 ([5, Proposition 4.1]). Let xo € [a,b], f : [a,b] = Rand h : R — F. Then, the
following hold:

1. If xo € [a,b]\(Cq U Dg) and there exist h'(f(xo)) and fg(xo), then ho f is g-differentiable at
Xg and

(ho f)g(x0) = H'(f(x0)) fg(x0)- (22)
2. If xo € Cg and there exist ' (f (xo)) and fq(xo), then h o f is g-differentiable at xo and

(ho fg(x0) = W (f(x5)) fy(x0),
Observe that if f is g-continuous, f(xo) = f(x;) and we recover the formula (2.2).

3. If xo € Dg and
f(s) = f(xo0), s € (xo,x0+ ) for some d >0, (2.3)

then fq(x0) = (ho f)g(x0) = 0. In particular, (2.2) holds provided h'(f(xo)) exists.

4. Suppose that xo € Dg and condition (2.3) does not hold. If f(xJ) exists, h is continuous at
f(xg ) and the limit
L B(E(S) ~ h(F(x0))
soxg - f(8) = flx0)

exists, then there exist fo(xo) and (ho f)g(xo) and

+ —_
(ho f),(x0) = "V ;(>; = j’r((f()o))

fg(x0)-

Remark 2.5. It is clear from the proof of [5, Proposition 4.1], which is itself a continuation
of the proof of [14, Proposition 2.56 and Proposition 3.15], that it is not necessary for / to be
defined on R. It is enough that f([a, b]) is contained in the domain of h and that the point at
which /' is evaluated in each of the cases is an accumulation point of the domain.

We shall write as ji; the Lebesgue-Stieltjes measure associated to ¢ given by

pe(le,d)) = g(d) —glc), c¢deR, c<d.
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We will use the term “g-measurable” for a set or function to refer to y -measurability in the
corresponding sense, and we denote by L’é(X,]F) the set of Lebesgue-Stieltjes p -integrable
functions on a g-measurable set X with values in [F, whose integral we write as

| F©) dngls), £ € LHXE).

Similarly, we will talk about properties holding g-almost everywhere in a set X (shortened to
g-a.e. in X), or holding for g-almost all (or, simply, g-a.a.) x € X, as a simplified way to express
that they hold p¢-almost everywhere in X or for pg-almost all x € X, respectively. Lé(X,IF)
will be the Banach space associated to Eé(X, IF) by taking equivalence classes of functions that

are equal pg-a.e. The spaces LE(X,IF) are defined as usual (they are L7 spaces with respect to
the measure ;) and we will denote their respective norms by || - || I

Definition 2.6 ([9, Definition 3.1]). A function f : [a,b] — F is g-continuous at a point t € [a, b],
or continuous with respect to g at t, if for every € > 0, there exists § > 0 such that

|f(t) — f(s)| <e forallse[0,T|, |g(t) —g(s)| <é.

If f is g-continuous at every point ¢ € [a,b], we say that f is g-continuous on [a, b]. We denote
by C¢([a, b];F) the set of g-continuous functions on [a,b]; and by BC,([a, b];F) the set of bounded
g-continuous functions on [a, b].

Definition 2.7. Given k € IN, we define Cgo([a, b];F) := Cq([a, b]; F) and Ciﬁ([a, b]; F) recursively
as

Ci(la, b)) = {f € C N[, BLF) = (£ € Clla D)),

where fg(O) = f and fék) = (fgfkfl))é, k € IN. Similarly, given k € IN, we define Bcg([a, b;F) ==
BC([a,b];F) and BC;([a, b]; F) recursively as

BC([a,b);F) := {f € CX(la,b;F) : f{" € BCy([a,b];F), Vn =0,...,k}.

We also define Cg°([a, b]; F) := Nyen Céf([a, b;IF) and BC ([a,b]; F) := Nyen BC;([a, b];F).

Definition 2.8 ([12, Definition 5.1]). A function F : [a,b] — R is absolutely continuous with
respect to g (or g-absolutely continuous) if to each € > 0 there is some § > 0 such that for any
family {(ay, by)},_, of pairwise disjoint open subintervals of [a,b] the inequality

m

Y (8 (bn) —g(an)) <6

n—=

—_

implies
Y |F (bn) — F (an)| <.
n=1

Theorem 2.9 ([12, Theorem 2.4]). Assume that f : [a,b) — R is integrable on [a, b) with respect
to pg and consider its indefinite Lebesgue—Stieltjes integral

F(x) = /[ )fdyg forall x € [a,b].
a,x
Then there is a g-measurable set N C [a,b) such that pq(N) = 0 and

Fo(x) = f(x) forall x € [a,b]\N.
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Theorem 2.10 (Fundamental Theorem of Calculus for the Lebesgue—Stieltjes Integral [12, The-
orem 5.4]). A function F : [a,b] — R is g-absolutely continuous on [a, b] if and only if the following
three conditions are fulfilled:

1. There exists Fy(t) for g-almost all t € [a, b];
2. Fj € Lg([a,b)); and
3. Foreach t € [a, b] we have
F(t) = F(a) + /W) Fyd pg.
Definition 2.11. Given a function p : [a,b] — F, we say that it is g-regressive if
1+ p(t)Ag(t) #0, te€ [a,b]NDy.

Given a g-regressive function p € Ly([0,T);C), we define the g-exponential map associated
to the map p as

expg(p;t) = exp (/[O,t) p(s) dyg(s)) , t€lab],

where, denoting by In(z) := In|z| + i Arg(z) the principal branch of the complex logarithm,

p(s), s€[0,T)\ Dy,
ps) = In(1+ p(s) Ag(s))
Ag(s)

Observe that exp g( p;t) can be written in the following way:

, s€[0,T)ND,.

expylpit) =TT (+page)ew ([ pedn).

s€[0,£)NDg

Remark 2.12. The g-exponential map belongs to AC([a,b];C), see [5, Theorem 4.2], and,
furthermore, it is the only function in that space satisfying

ve(t) = p(t)o(t), g-aa.te€[ab],
v(a) =1.

In particular, if p € BC4([a, b];C), then expg(p; )€ BC;([a, b];C). Furthermore, if p(t) = A €
C,t € [a,b], then expg(p; 1) € BC([a, b];C).

3 The Mean Value Theorem for real-valued functions and the kernel
of the Stieltjes derivative

Inspired by the ideas in [1, Theorem 1.67], in this section we propose a series of results that
can be described as different versions of the Mean Value Theorem for the Stieltjes derivative
as a result of imposing different levels of regularity on the function. These results will be then
used to study the kernel of the Stieltjes derivative under the corresponding hypotheses. It is
clear that a constant function will have zero g-derivative but, as we will see, not every function
with zero g-derivative has to be constant.
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3.1 g-absolutely continuous functions

We first start for a theorem in the case of functions with weak derivatives, that is, the space
of absolutely continuous functions AC([a, b],IF). We will be assuming that g is not constant
throughout this work.

Theorem 3.1. Let be f € ACq([a,b],R). Then

we({re s gz L0=0081) 5
we({reta) s o < LO=LO) -

Proof. We divide the proof in different cases.
L. If essinf fy, esssup f; € R, we consider the following cases:

(a) If essinf f, = esssup fy, then f; takes the same value c pg-a.e. and, by Theorem 3.1,
f(b)—f(a) = f[u’b) fedpg =c(g(b) —g(a)), soc= ggzg:ﬁg and, therefore,

Mg ({fe [a,b) : g<t>=M}) > 0.

(b) In the case where

(b) —g(a)
we have that
i s £ = fa)
w({relon s f0> =g ) >0

Now, given

€€ <O,esssupfé OET0)]

we define the following sets:

A= {x €lab): folx) € {M +s,esssupf5’,] } , B=]ab)\A.
We have py(A) > 0. Indeed, assume, on the contrary, that o (A) = 0,
W) O S D= f@)
PSS = g0) @) S s 0) —g(a) TP T ) —gla) TS
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we have that

fo)—f@) = [ fodug= [ fedns+ [ fedng

> ug(A) < (b; {;Ea > + pg(B essmffg
_ f(b) — f(a) f(b) — f(a)
=) (G =aa) +) s
~ () + (B L =L gga)+—yg< )
= f(b) — f(a) + pg(A)e > f(b) — f(a),
which leads to a contradiction. Therefore:
o _ f(b)—f(a)
essinf fy < (%) —g(a)

and thus:

() In the case where

f(b) — f(a)
8(b) — g(a)
the procedure is analogous, and we will complete it for the sake of thoroughness. As a
consequence of the preceding chain of inequalities,

Mg<{t€ la,b) : fi(t) < M}) -0,

FO) ~f@)
€€<ng—gw> fQ)

essinf fg < < esssup f,

Now, let us take

and define the following sets:

A:{xe[a,b):fgf(x) [essmff’ égb;_gzg—sn, B=1[ab)\ A.

We have pg(A) > 0. Indeed, if puo(A) =0,

fo) = fla)
g(b) —g(a) g(b) —g(a) g(b) —gla)

essinf fy >
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then,

< g(A) (f(b) :f(a) - s) +yg(B)esssupfé

g(b) —g(a)
B £(b) — fla) £(b) ~ f(a)
= #el4) <g<b> “g(a) > THB) ) " ga)
= (4g(A) + () LD =L@ )

g(b) —g(a)
= f(b) = f(a) = pg(A)e < f(b) = f(a),

which leads to a contradiction. Therefore,

ess sup fé, >

and, thus,

we({retws) o= L0210 oo

2. If essinf f; = —oco and esssup f; € R, then:

we({rewn o <=L o0

Let us see that the following also holds:

w({remn o= L2201~

We are in the following situation:

: a
—00 = essinf fg < < esssup fy.

Given ¢ > 0, we define the following sets:

_ o f(b) = f(a) _
A_{xe[a,b).fg(x)gg(b)_g(a)—e}, B =[a,b)\ A.

We have, since essinf f; = —oo, that pig(A) > 0. Therefore, following the reasoning applied in
section (c) of the previous point,

we({retan s g = L9101 0

3. If esssup f; = +oo and essinf f; € R, then:

we({rews  po= L2001 o0
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Let us see that the following also holds:

we({retwn <=L o0

We are in the following situation:

essinf f < ; < esssup f, = +oo.

Given € > 0, we define the following sets:

_ o f(b) = f(a) _
A—{xe[a,b).fg(x)zw+e}, B =[a,b)\ A.

We have, since esssup f; = +oo, that pig(A) > 0. Therefore, following the reasoning applied
in section (b) of the previous point,

we({retan) s g < LP=L0L) 0 .

Corollary 3.2. Let f € AC4([a,b],R). Then there exist c,d € [a, b] such that

b) — f(a)

.(c) < f(b) = f(a) < fo(d).

S S )~ gta) <5

Proof. Taking into account that, by Theorem 2.10, the derivative of an g-absolutely continuous
function exist g-a.e., and Theorem 3.1, we get the result. O

Remark 3.3. It is clear that, in the conditions of the previous corollary, given ¢ € R,

e ({telatl : it =c})+m ({telatl : fi(<c})>g0)—ga) >0,

and, in particular, for the value ¢ = f; EZ%:g EZ% . Nevertheless, % is the only value for

which we can guarantee, a priori, that both sets have positive measure for every function f.
Indeed, just take a ACq function with constant derivative x. If x = ¢ both sets have measure
g(b) — g(a); otherwise, one has measure g(b) — g(a) and the other measure zero.

Lemma 3.4. Let f € ACy([a,b],R). Then f is constant if and only if f is g-differentiable on [a, b]
and fo = 0 pg-a.c.

Proof. If f is constant, by the definition of g-derivative, f; exists everywhere in [4,b] and
fe = 0. Now assume f; = 0 pg-ae. Since f € ACgy([a,b],R), by Theorem 2.10, f(t) =

f[a,t) fe(s)ds+ f(a) = f(a), so f is constant. 0

3.2 Functions which are continuous with respect to g

One of the main tools in the proof of [1, Theorem 1.67] is the generalization of the Induc-
tion Principle for a given time scale, see [1, Theorem 1.7]. In our setting, we will use the
following version of the Induction Principle on the real line that can be directly deduced from
[2, Theorem 1].
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Theorem 3.5 (Principle of real induction). Let ¢,d € R be such that ¢ < d and S C [c,d]. Then,
S = [c,d] if and only if the following conditions are satisfied:

1l.ceS.
2. If x € [c,d) is such that x € S, then there exists 6 > 0 such that [x,x + 6] C S.
3. If x € (c,d] is such that [c,x) C S, then x € S.

In this first step, we prove a version of the Mean Value Theorem for functions which are g-
differentiable and g-continuous on an interval. This is, to some extent, the generalization of the
set of hypotheses required for the Mean Value Theorem for the usual derivative. Nevertheless,
instead of establishing this result under the mentioned conditions, we propose a formulation
based on some of the properties that such functions present. We do so as we believe that this
makes it easy to understand the improvements in the subsequent sections.

Theorem 3.6. Let f,h : [a,b] — R be such that the following conditions hold:
(i) The maps f and h are left-continuous on (a, b).
(ii) If g is constant on some [w, B] C [a,b], then so are f and h.

(ili) Forall t € [a,b], f and h are g-differentiable at t and |fg(t)| < hg(t).

Then for any s, t € [a, b],
[f(s) = F()] < [h(s) — h(E)]. (3.1)

Proof. Let t € [a,b]. We shall prove that
|f(s) — f(t)| < h(s) —h(t), forallse [a,b], s>t (3.2)

Observe that, if t = b, this is trivial, so we shall assume that t < b.
Let ¢ > 0 and define

Se={sc[t,b]:|f(s) = f(O)] <h(s) —h(t) +e(g(s) —g(t))}-

Note that, in order to prove (3.2), it is enough to show that S, = [t,b] as ¢ > 0 has been
arbitrarily chosen. We do this by means of Theorem 3.5. In particular, we only need to check
that 2 and 3 in Theorem 3.5 are satisfied as, by definition, ¢ € S, which shows 1.

In order to check 2 in Theorem 3.5, let s € [t,b) be such that s € S,. We study two cases
separately: s € Ny UCg and s ¢ Ny U Cy.

First, if s € Ng* U C,, then we find § > 0 such that g is constant on [s,s + §]. Hence, (ii)
guarantees that f and & are also constant on [s,s + ] and thus, since s € S,, it follows that
[s,s+ 6] C S..

Otherwise, we have that s ¢ N, U Cg in which case, since f and h are g-differentiable at s,

we know that " L
£6) = tim LI ) B =)
rost g(r) —g(s)” ¢ r=st 8(r) — &(s)
Hence, there exists p > 0 such that if r € (s,s + p), then

<




12 F. |. Ferndndez, I. Mdrquez Albés, F. A. F. Tojo and C. Villanueva Mariz

or, equivalently,
) = £(5) = Fo(s)(8() = 8(5))] < 5(2(r) = (5)),
h(r) = h(s) = () (8(r) = 8(5))] < 5(3(r) = 8(s)).
In particular, for any r € (s,s + p), we have that
) = )] < 20 =) (If5)l +35)
() (2(r) = () < h(r) = h(s) + 5 (3(r) = 8()).

Hence, taking d € (0, p), it follows that for any r € [s,s + ],

which shows that [s,s + 6] C S..
Finally, for 3 in Theorem 3.5, let s € (t,b] be such that [t,s) C S,. In that case, since f, g
and & are left-continuous at s, we see that

£6) = F0)] = | tim ) = £)| = tim £ — )
< lim (h(r) — h(t) +e(g(r) — g(t))) = h(s) = h(t) +e(g(s) - 8(t)),
as we needed to show.
Hence, we have proven that (3.2) holds from which (3.1) follows. O

As a direct consequence of Theorem 3.6 and [9, Proposition 3.2] we have the anticipated
version of the Mean Value Theorem for functions which are continuous with respect to g.

Corollary 3.7 (Mean Value Theorem for g-continuous functions). Let f,h : [a,b] — R be g-
continuous on [a,b]. If f and h are g-differentiable on [a,b] and |fg(t)| < hy(t) for all t € [a, b],
then,

[f(s) = F(O)] < |h(s) = h(t)], st € [a,b].

Finally, we can use Corollary 3.7 to fully describe the kernel of the Stieltjes derivative
operator on the set of g-continuous functions.

Theorem 3.8 (Kernel of the Stieltjes derivative for g-continuous functions). Let f : [a,b] — R
be g-continuous on [a, b]. Then, fo(t) = 0 for all t € [a, b] if and only if f is constant on [a, b].
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Proof. 1t is clear from the definition of g-derivative that if f is constant, then fg(f) = 0 so we
shall focus on the converse implication.

Assume fo(t) = 0 for all t € [a,b]. Then, the map h(t) =0, t € [a, ], is g-continuous and
g-differentiable on [a,b] with hy(t) = 0, t € [a,b]. Furthermore, we have that |fy(t)| < hg(t)
for all t € [a,b], so Corollary 3.7 guarantees that |f(s) — f(¢)| = 0 for all s,t € [a,b], which
finishes the proof. O

To end this section we recall some interesting and already known results in this direction.

Theorem 3.9 ([13, Theorem 2.6]). Let g : R — R be a left-continuous and nondecreasing function,
continuous and increasing on an interval [a,b] C R. Let f : [a,b] — R be g-continuous on [a, b] and
g-differentiable on (a, b) satisfying f(a) = f(b). Then, there exists ¢ € (a,b) such that f¢(c) = 0.

As a consequence of this theorem, the authors prove the following corollary.

Corollary 3.10 ([13, Corollary 2.7]). Let g : R — RR be a left-continuous and nondecreasing function,
continuous and increasing on an interval [a,b] C R. Let f : [a,b] — R be g-continuous on [a, b] and

g-differentiable on (a,b). Then, there exists c € (a,b) such that fq(c) = ggz;:ﬁzg

We note that in Theorem 3.9 it is required that ¢ be continuous and increasing on the inter-
val [a,b], a hypothesis that, in our case, is not necessary. In any case, if the derivator satisfies
the hypothesis of continuity and monotonicity in the interval [a, b], the proof of Theorem 3.8
is a consequence of the Corollary 3.10.

3.3 Left-continuous functions

In this next step, we aim to prove a version of the Mean Value Theorem for functions that are
not necessarily g-continuous but share one basic properties with them: left-continuity.

To that end, we shall denote by 7; the family of connected components of [a, b]\C,. We
have the following result conveying some properties of this family.

Lemma 3.11. The family I, is nonempty consisting of singletons or closed subintervals of [a,b)].
Furthermore, if I € 1y is an interval, then min I + & ¢ Cg U N, for all e € [0,max ] — min ).

Proof. The hypotheses under which we define the Stieltjes derivative guarantee that b ¢ C,,
which guarantees that [a,b]\C; # @ and, thus, 7; # @. Now, by definition, the elements of Z;
are closed and connected subsets of the real line. Hence, the first part of the result follows.
Now, let I € 77 be an interval and consider {, = min I. Observe that t, is well-defined as I
is closed. Furthermore, by definition, we have that t. ¢ C,. Now, reasoning by contradiction,
suppose f. +¢ € N, . Then, by definition, there exists r > 0 such that g is constant on
[t + & ts + €+ r], which means that (t. +¢,t, +¢e+ 1) C C,. This is a contradiction since
(tet+eti+e+r)NI1# O Hence, t. +¢e ¢ Ny . O

We are now in position to prove a version of the Mean Value Theorem for left-continuous
functions, in which the family Z; plays an important role.

Theorem 3.12 (Mean Value Theorem for left-continuous functions). Let f,h : [a,b] — R be
left-continuous on (a,b). If f and h are g-differentiable on [a, b] and |fo(t)| < hy(t) for all t € [a, b],
then for each I € 14,

[f(s) = f(O < |h(s) = h(b)], s tel (33)
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Proof. Let I € Zy. If I is a singleton, then (3.3) is trivially satisfied so we shall assume that
I = [c,d] for some c,d € [a,b], c < d.
Let t € [c,d]. Following the ideas in the proof of Theorem 3.6, we shall prove that

|f(s) = f(t)] < h(s) —h(t), forallse [c,d], s>t (34)

from which the result follows. Once again, if t = d, (3.4) is trivially satisfied, so we shall
assume that t < d.

Let ¢ > 0 and define

Se={s e[t d]:|f(s) = f(H)| <h(s) = h(t) +e(g(s) —g(t))}-

As in the proof of Theorem 3.6, (3.4) will be proved if we show that S, = [t,d]| using Theo-
rem 3.5. Note that 1 is trivially satisfied and 3 can be checked in an analogous manner to the
proof of Theorem 3.6, so we shall focus on 2.

Let s € [t,d) be such that s € S.. Observe that the definition of Z; and Lemma 3.11 ensure
that s ¢ Co U N, so, since f and h are g-differentiable at s, we know that

i B = B(S)

M hé(s) rost g(r) —g(s)”

From here, checking 2 in Theorem 3.5 is analogous to reasoning used in the proof of Theo-
rem 3.6 and we omit it. O

We can use this new version of the Mean Value Theorem to obtain a characterization of
the left-continuous functions which have null Stieltjes derivative. The proof of the following
result is analogous to that of Theorem 3.8 and we omit it.

Corollary 3.13. Let f : [a,b] — R be a left-continuous function on (a,b] such that fo(t) = 0 for all
t € [a,b]. Then,

f(t)=f(s), foralls,tel, 1€7I.
The reciprocal implication in Corollary 3.13 does not hold, as the following example shows.

Example 3.14. Consider g to be the Cantor function, that is,

(e e] [ee]

c c
22,111, X = ZﬁECforcne{O,Z};
g(x) — n=1 n=1
sup g(y), x€[0,1\C,
y<x,yeC

where C is Cantor’s set, that is,

C=()En
n=0
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where
Eo =1[0,1],
1 2
E —_— 7 A 711 7
! 04“[3 ]
1 21 27 8
= oo 53w 5] 5]

1 2 3 6 7 8 9
e T R E T el T T el T

[3’”—3 3m—2] [3’”—1
U U

3 3m e ,1],m€IN.

Observe that g is continuous and increasing and, therefore, a derivator. Furthermore, C, =
[0,1]\C. Since C is totally disconnected, Z; = {{x} : x € C} and the conclusion of Corol-
lary 3.13 is vacuous. Still, we have that g is g-differentiable and g, = 1, not zero.

As a final note for this case, observe that, effectively, neither Theorem 3.12 nor Corol-
lary 3.13 describe what happens to the functions involved on the set C;. This is because the
definition of Stieltjes derivative on the set C, does not take into account the behavior of the
functions in C,. Without any extra hypotheses, it is not possible to describe the functions on
a neighborhood of such points.

3.4 Stieltjes differentiable functions

In this final section, we aim to obtain a version of the Mean Value Theorem for g-differentiable
functions, without imposing any other conditions. To that end, we need to refine the family
Z;. This refined family will be 7y, the family of connected subsets of [a,b]\(Cy U N~ U Dy),
for which we have the following result.

Lemma 3.15. The family I, is nonempty and consists of either singletons or subintervals of [a, b].
Moreover, letting t. = inf(I) for any I € I,, we have that, for every € > 0 such that t, + ¢ < sup(I),
it holds that t. + ¢ ¢ C¢ U Ng U Dy. Furthermore, if t. € I, then t, ¢ Co U Ng U Dy.

Proof. Let e > 0 be such that t. +¢& < sup(I). If t, + ¢ € N, there exists r > 0 such that g is
constant on [t, +¢,t, + & +r|. In particular, (t, + ¢t +€+71) C Cy. This is a contradiction
since (t, +¢ti+e+7)NI # @D. Hence, t, +¢ & N . The proof for the case t, € I is analogous
to the previous one. O

This new family of sets is enough to obtain a version of the Mean Value Theorem for
g-differentiable functions in a similar fashion to Theorem 3.12.

Theorem 3.16 (Mean Value Theorem for Stieltjes differentiable functions). Let f,h: [a,b] — R
be g-differentiable functions on [a, b]. If |fo(t)| < hg(t) for all t € [a,b] then, for each I € I,

[f(s) = f(O] < |h(s) —h(B)], s tel (3.5)

Proof. Let I € I,. If I is a singleton, then (3.5) is trivially satisfied, so we shall assume that
I = [c,d] for some ¢ < d. Let us examine each case individually.
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e I = (c,d]. If we can prove that, given any ¢ € (0,d — ¢), it holds that

[f(s) = F(D] < [h(s) = h(B)], st €[cted],

we will be done, since for any two elements t,s € (c,d], it is always possible to find a
value of ¢ € (0,d — ¢) such that t,s € [c +¢,d]. Thus, (3.5) is satisfied.

Now take an arbitrary € € (0,d —c), let t € [c + ¢,d] and we shall show that
|f(s)— f(t)] < h(s) —h(t), foralls€ [c+¢ed], s>t (3.6)

We will assume that t < d, since, in the case t = d, inequality (3.6) holds trivially. Now
take € > 0 and define:

Se={sctd]:[f(s) = f(O] <h(s) —h(t) +E(g(s) —&(t))}.

As in the previous proofs, if we show that S; = [t,d] for any € > 0, (3.6) holds. Let us
verify that the hypotheses of Theorem 3.5 are satisfied:

1. t € S; trivially (equality holds).

2. Let s € [t,d) such that s € S;. Thanks to Lemma 3.15, s ¢ C; U Ny U Dy, so, since f
and h are g-differentiable at s, we have
o(s) = limfi(r) —f(s)’ W, (s) = lim ——4———=.
O = et ) " =g —g0)
In particular,
! — 1 f(r) —f(S), h/ — 1
folo) = I e =gy = R e =)
and we can proceed as in the proof of Theorem 3.6.
3. Let s € (t,d] such that [t,s) C Sz Since s € [c+¢,d] C (¢, d] € I, we have
s ¢ CgUNg U Dg. In particular, we have that g(r) < g(s) for all r < s. Hence, since
f and h are g-differentiable at s, [12, Proposition 2.1] ensures that they are left-
continuous at s, so it is enough to follow the arguments in Theorem 3.6 to finish
the proof of the result.

e | = [c,d). This case is similar to the previous one, and we must prove that, given any

e € (0,d — ¢), it holds that
[f(s) = F(O)] < |h(s) = h(E)], st €fe,d—¢].

Thus, (3.5) is satisfied. The reasoning is analogous to the previous case: we take t €
[c,d — €], assuming that t < d — ¢, since the case t = d — ¢ is trivial. Given an arbitrary
€ > 0, define

Se={seltd—e:|f(s) = f(D)] < h(s) = h(t) +E(g(s) — g(t))}-
and verify, using Theorem 3.5, that Sz = [t,d — ¢]. As a consequence, we obtain that
|f(s)— f(t)] < h(s) —h(t), forallse€ [c,d—e¢], s>t
from which it follows that

[f(s) = F(O)] < |h(s) = h(E)], st € fe,d—¢].
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e [ = (c¢,d). Analogous to the previous cases, if we prove that, given ¢ € (0, (d —c)/3), it
holds that
[f(s) = fF(OI < [h(s) = h(E)], s telcted—e,
we will be done. The proof is a combination of the arguments used in the previous two
points.

e I =[c,d]. In this case, we directly prove that

[f(s) = f(B)] < |h(s) —h(t)], s,t€[cd],
with the proof being analogous to the previous cases. O

Remark 3.17. Notice that in the interior of an interval such as I in Theorem 3.16, the restric-
tion of ¢ satisfies the hypothesis of Theorem 3.9 and Corollary 3.10 (that is, continuous and
increasing).

As a direct consequence of Theorem 3.16, we can obtain the following result which can be
described as a different version of the Mean Value Theorem under a boundedness assumption.
Note that this formulation of the result is closer to the corresponding result for the usual
derivative.

Corollary 3.18 (Mean Value Theorem for Stieltjes differentiable functions). Let f : [a,b] — R
be a g-differentiable function on [a, b]. Then, for each I € I,

|[f(sup ™) — f(infI")[ < sup |fe(u)[(g(sup I™) — g(inf IT)). (3.7)

Proof. Let I € Ip. By the definition of 7, g(supI~) — g(infI") > 0. If sup,;|fg(u)| = oo,
there is nothing to prove, so we will assume that sup,,; | fg(1)| < co. We shall only prove (3.7)
whenever I = [c,d] with ¢ < d, as the case when [ is a singleton is trivial.

Given ¢ € (0, (d — ¢)/3), we define the following map:

he it € [c+¢e,d—¢€] = he(t) =sup ]fé(u)](g(t) —g(c+e)).

uel

Clearly h, is g-differentiable on [c + ¢,d — €] with

(he)g(t) = 51;119 [fe(u)], Yt € [c+ed—el

So, it follows that |f¢(t)| < (he)g(t), for all t € [c +¢,d —¢]. Hence, applying Theorem 3.16
on the interval [c + ¢,d — €] and noting that [c + ¢,d — €] is the only connected component of
[c +&,d —¢e]\(Cg UNZ U Dy), we have that

£(s) = F()] < |he(s) — he(t)[= sup f)llg(t) —g(s)l, s,telcted—e

In particular,

[f(d—€) = fc+e)| <sup|fe(u)l(8(d —¢) —g(c+e)),

uel

so we can conclude the proof of the result by taking ¢ — 0% if we show first that the limits
f(c*) and f(d™) exist. Observe that f(c*) exists by the g-differentiability of f at c € Dg UN".
On the other hand, f(d~) exists because, given ¢ € R™, and defining

M €
2max{1,sup, ;| fs(u)|}’
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since g is left continuous at d, there exists 6 € R such that |g(t) — g(d)|,|g(s) — g(d)| < M if
t,s € (c,d),d—t,d—s <J. Thus, given t,s € (¢,d),d—t,d —s <,

Ifs) = F(B)] < sup fellg(t) = g(s)] < sup £l (Ig(t) = g(d)] +18(d) —g(s)]) <&
uec ue
which is enough to guarantee that f(d ™) exists, as it implies that, for any sequence {x, },en C
(c,d) converging to d, { f(x) }nen is a Cauchy sequence—cf. [11, p. 245]. O

Theorem 3.16 can also be used to describe some properties of functions in the kernel of
the Stieltjes derivative as presented in the next result. The proof of the following result is in
the style of the one for Theorem 3.8 and we omit it.

Corollary 3.19. Let f : [a,b] — R be such that f¢(t) =0 for all t € [a,b]. Then,
f(t)=f(s), foralls,tel, 1€,

Remark 3.20. The converse of Corollary 3.19 is not generally true. For example, if we consider
g as the Cantor function that we defined in Example 3.14, we have that C; U N; UDg =

[0,1] \ C, where

C=(E
n=0
with R
Ey=10,1],
~ [ 1 2
E;=10,=|U[(=,1],
=[5 u (5]
~ 1 21 27 8
E, = - -, = —— —,1
2= [og)u (53] (53] v (5]

= [1 2 3 6 7 8 9
e T R T T R TR T R TR T

) m __ m __ m__
..U(3 33 2]u<3 1,1},mem.

gm 7 3m 3m

The set C is totally disconnected, and therefore 7, = {{x} : x € C}. Hence, g(t) = g(s), for
all s, t € I, with I € Z,. However, g,(t) =1 forall t € [0,1].

Now we present some characterizations of those g-differentiable functions with g-
derivative 0 everywhere.

Lemma 3.21. f : [a,b] — R satisfies fo(t) = 0 for all t € [a,b) if and only if (fh), = f*hy, for every
g-differentiable function h : [a,b) — R.

Proof. If fo(t) = 0 for all t € [a,b), given g-differentiable function h : [a,b) — R, by the
product rule,

(fh)g (8) = fo(DR(E) + g () f (1) + fo (D) ()Ag(t") = F(£") g (t).

Now assume (fh), = f*h for every g-differentiable function & : [a,b] — R. By taking
h = 1, this equality implies that f is g-differentiable and f; = 0. O
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We now aim to characterize the functions whose g-derivative is zero, using the following
observation. Clearly, if ¢ is constant, then any function of the form f = ¢ o ¢ has g-derivative
zero. Conversely, suppose ¢ is differentiable, g is continuous, and f = ¢ o ¢ has vanishing
g-derivative. Then, by Proposition 2.4, for any t in the domain of g, we have

0= folt) = 9o (8(t7))ge(t) = @g(g(t)),

S0 ¢, has to vanish on the image of g. A similar characterization should hold for any g-
differentiable function f; it suffices to express f as a composition f = ¢ o g for a suitable
function ¢. This is precisely the content of Lemma 3.22.

For the next result we will denote by A’, the set of accumulation points of A from the right
and by f’ the derivative of f from the right.

Lemma 3.22. Let f : R — R be a g-differentiable function. f satisfies fo(t) = 0 for all t € [a, b) if
and only if there exists a function ¢ : I — R, where I is the smallest interval containing ¢(R), such
that

1. ¢ is constant on [g(t),g(t7)] for t € R,

2. ¢(8(t7)) = f(t") for t € R,

3. @lg(r) is differentiable on [g(IR)\g(Dg U Ng)| N g(IR)’, differentiable from the right on the set
[§(R)\g(Dg)] N g(R)" N g(N) and differentiable from the left on [g(R)\g(Dg)] N g(R)" N

§(Ng ) and the derivative on those sets is zero, and

4. @lg(r) is differentiable from the right on ¢(Dg) N g(R)'y and (¢|4(r))’y = 0 on that set.

Proof. Assume first that there exists a differentiable function ¢ : I — R satisfying conditions
1-4. Leth = pog = @lgr) 08 First, g is g-differentiable and g, = 1. Now we consider
different cases for t € [a,b).

We start by making the observation that the points in ¢(R)\¢(R)" are points x = ¢(t)
where t € Dg and g is constant on (f —¢,t) and (t,t + ¢) for some &.

If g(t) € ¢(R)’, g(t) € Dy and ¢ is constant on [g(t), g(t")], so, given that ¢ is continuous,

by e 98(s) —e(g(t) _ e(g(th)) —o(g(t)
ho(t) = slgﬂ 205) = 0.

-8 g(t) —g(t)

If ¢(t) € (R), taking into account Remark 2.5, we can apply points 1-3 of Lemma 2.4 to
deduce that h is g-differentiable and hy(t) = 0 if t ¢ Dg or t € Dg and condition (2.3) holds.
Suppose now that t € Dg and condition (2.3) does not hold. g(t*) exists, ¢ is continuous from
the right at ¢(t7), as it is differentiable form the right, and we have that

9(8(s) —9(g(t)) _ (&(t7)) = (g(t)) _

, s
S gl —g0) $(E) —g(0)
Thus, by point 4 of Lemma 2.4, hé =0.

Since f is g-differentiable, by [6, Proposition 4.1], f* is g differentiable as well and (f*), =
fe- Thus, fo(t) = (f)g(t)" = hy(t) = 0 for t € [a, b).

To show the converse, we modify the proof of [8, Theorem 3.13]. Let ¢ = supg(R) €
(—o0, ]. We start by defining the function o (t) = sup g~ !(x) for every x € (—oo,c) Ng(R). If
c € g(R), we define o(c) = t for some ¢ € R such that g(t) = g(c). This way, we have defined
o on ¢(R). Since g is increasing and left continuous, o(g(t)) = t* for every t € R.
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Let
¢w%:{ﬂdﬂh x € g(R),
p(g(t), xe(g(t),g(t")\g(R), t € R.

Observe that ¢ is well defined and, as g is nondecreasing, we have defined ¢ on all of I.
Furthermore, ¢ is constant on [¢(t), g(t1)] and @(g(t*)) = f(o(g(t*))) = f(t*) for t € R.

Now we check that ¢, is differentiable on [¢(R)\g(Dg U Ng)] N g(R)’ (the other cases
are similar) and ¢| ;, ®) = 0- Given t € R, g(t), is an accumulation point from the left in the
set ¢(RR) because g is left continuous, so, given that t* ¢ N, we can consider

im YW —e(e®) _ . @) —e(g(t) _ . flolg(s)) = flo(g(t))
y;ﬁﬁ%{ y—g(t) sot o g(s) —g(t) st g(s) —g(t)

= (f*)ilt) = fy(t) =o0.

If g(t), is an accumulation point from the right in the set ¢(R), and given that t ¢ N, we
conclude, in a similar manner, that

v W = (f)g(t) = fe(t) = 0.
yeg(R)

In any case, we have proven that the derivative is zero. Condition 4 is proven in a similar
way. [

Remark 3.23. While Lemma 3.21 does not require f to be g-differentiable, Lemma 3.22 im-
poses this condition. The reason for this is that, although g-differentiability of f implies the
same for f*, with identical g-derivatives [6, Proposition 4.1], the reverse implication does not
hold in general [6, Remark 4.3].

4 BD-spaces

We now aim to define suitable function spaces, denoted by BD;( [a,b];F), for g-differentiable
functions. To this end, we begin by establishing some basic properties of such functions, as
these must be satisfied by any element of the proposed spaces. Moreover, we seek to ensure
that these spaces provide a natural framework for the study of differential problems involving
g-derivatives.

Remark 4.1. Taking into account Definition 2.1, given a derivator g : [4,b] — R such that
a ¢ Ny and b ¢ NJ U Dg U Cg, the following conditions will be necessary for the existence of
the g-derivative in all of the points of [a,b] \ (Cg U Dy) (see [5, Remark 3.3]):

e Given t € [a,b] \ (CgUDgUNy), f is g-continuous at t. In particular, f is continuous
at t since g-continuous functions are, in particular, continuous at the points where g is
continuous.

* Given t € Ng, f is left g-continuous at #, in the sense that, given ¢ € R", there exists
5 € R" such that, if s < t with g(t) — g(s) < é then, |f(s) — f(t)] < e.
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Observe that the function f might not be g-continuous at such points. Indeed, take for

instance
X, x €[0,1],
g:x€0,3] = g(s) =<1, x € (1,2), 4.1)
x—1, x€[2,3]
Then,

f:xe€l0,3] = f(x) = {i’+1 ii E(i/;]],

is g-differentiable at x = 1 since

fo)=f) o os—1

li =1
o g(s) —g(1)  eoits—1

However, the function f is not g-continuous at x = 1 since g is continuous at that point.

e Given t € Ng+ , f is right g-continuous at f, in the sense that, given ¢ € R*, there exists
J € R* such that, if t < s with ¢(s) — g¢(t) < é then, |f(s) — f(t)] < e.

As in the previous case, the function does not have to be g-continuous at such points.
Indeed, take for instance g as before and

X, x €10,2),

4.2)
2x+1, x€1[2,3],

f:x€[0,3]—>f(x):{

f is g-differentiable at x = 2, but f is not g-continuous at such point.
* Given t € D,, the right limit f(t*) = lim,_;+ f(s) exists.

We conclude that, interestingly enough, the g-differentiability of a function at a point of N,
does not imply the g-continuity of the function at the point. The g-differentiability of a func-
tion only guarantees the g-continuity at the points of [a, b]\(Cg U Dg U Ng).

Remark 4.2. It is important to highlight that it may happen that the g-derivative of a function
has more points at which it is g-continuous than the function itself. For example, let us
consider the derivator (4.1) and the function (4.2). The function f is g-continuous on [0,1) U
(2,3], however, its g-derivative,

1, x €[0,1],

ferx€[0,3] = folx) = {2 ce (L3

is g-continuous on [0,1) U (1,3]. That is, f, is g-continuous on (1,2], however, f is not g-
continuous on (1,2) (in order for f to be continuous on the interval (1,2), it would have to be
constant on that interval, which is false).

Lemma 4.3. Let [a,b] C R be a closed interval of the real line. Let us assume that a ¢ Ny and
b ¢ N UDgUCg. Given a function f : [a,b] — T such that fy(bu) exists for some n € A, then
there exists fg(x) for all x € (an, by], and fg’,‘ is g-continuous on (ay, by].

(an,bn]

Proof. The proof is straightforward considering that f; is constant on (a,, bu| since fg(x) =
fe(by) for all x € (an, by].
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Building on the observations in Remark 4.1 regarding the properties of g-differentiable
functions, we now introduce the space BD,(|a, b];F), consisting of functions that satisfy those
same properties.

Definition 4.4. (BD,([a, b];F) space) Let [a,b] C R be a closed interval of the real line. Let us
assume thata ¢ Ny and b ¢ NJ" U Dy U C,. We say that f : [a,b] — TF belongs to BDg([a, b]; IF)
if it is bounded in [, b], g-continuous on [a, b] \ (Cg U Ng U D), left g-continuous on N, and
right g-continuous on N

In order to define the spaces BD;([a, b];F), with k € IN, we will denote by BDg([a, b];F)
the space BD,([a, b];F) and by féo) the function f.

Definition 4.5 (BD;([a, b];F) space, k € IN). Let [a,b] C R be a closed interval of the real
line. Let us assume that a ¢ Ny and b ¢ NJ” U Dy U Gy, we say that f : [a,b] — FF belongs

to BD;([a,b];lF) if fg(kfl) € BDg_l([a,b];lF) and there exists (f(k_l))é(t), for all t € [a,b]
in terms of Definition 2.1, such that (f(k_l))é € BDg([a, b];IF). We write BDS([a,b];F) =
Nken BDY([a, b; F).

In the next result we show that, in contrast with the case of the spaces BC’;,([LI, b];F), the

spaces BD’;,([a, b];F) are closed under the product of functions, showing that they have an
algebra structure.

Lemma 4.6. Given fi, f, € BD;([a, b];F), with k € IN, we have that f1f, € BD’;,([a, b]; ).

Proof. Let us see the case k = 1 (analogous for k € IN, k > 2). Given fi, f» € BD;,([IJI, b]; F), we
have, by Proposition 2.3, that, the product f f, is g-differentiable at ¢ € [4,b] and

(fifa)y (8) = (fi)g (D 2(£) + (f2)y (D Fi(E) + (1) () (f2)y (E)AG(HY).

In particular,
(fif2)y (8) = (f)y (1) f2(£) + (fa)g (£) fu(F), Yt € [a,b]\(Dg U Cy).

Hence, by the definition of space B'Dé([a, b];IF) we have that (fif2); is bounded in [a,b],

g-continuous on [a,b] \ (Cg U Ng U D), left g-continuous on N, and right g-continuous on

N;. O
8

Remark 4.7. In general we cannot ensure in general that BD;,([EI, bJ;IF) C ACq([a,b];F) since
the functions of BD;([a, b];IF) need not be left-continuous in D,.

Remark 4.8. Under the hypotheses of Lemma 4.3, given f € BD:,([a, b];F), we have that
fél)|(ambn] is g-continuous on (ay, by|, for all n € Aand foralll =1,...,k

Observe that given | € {1,...,k}, we only have guaranteed left g-continuity of fél) at
by, € Dy, whereas if b, € Ng+ , the function fg(l) is g-continuous at b,,. In both cases the function
fg(l)|(an,b,,,] is g-continuous on (ay,, by].

Example 4.9. Let us consider the example we analyzed in Remark 4.2, in this case, D, = @,
Cg = (1,2), Ny = {1}, and NJ = {2}. Moreover,
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e f is bounded, g-continuous on [0,3] \ [1,2], g-continuous from the left at x = 1, and
g-continuous from the right at x = 2.

* fg is bounded, g-continuous on [0,3]\ [1,2], g-continuous from the left at x = 1, and
g-continuous from the right at x = 2. In fact, f; is g-continuous on [0,3] \ {1}.

. fg(k) = 0 for all k > 2, in particular, it trivially holds that it is bounded, g-continuous
on [0,3]\ [1,2], g-continuous from the left at x = 1, and g-continuous from the right at
x=2.

Thus, f € BDg([a, b];F) for all k € N.

Remark 4.10. In the previous example, a very important property of the spaces BD;‘,([a, bl; F)
is revealed, namely that non-constant functions can exist whose g-derivative is zero.

We have that BD;( [a,b];F) is a normed vector space with the norm

Be () — b g
fr— lfllc:= 02k|\f§”\m

where || f|[co 1= sup,¢(, ) |f(x)] is the supremum norm, and k € {0} UN.

4.1 Sufficient conditions for a Banach space structure

In the following results we will assume that [2,b] C R and ¢ : R — R is a derivator such that
a¢ Ny and b ¢ N UDgUCs.

Remark 4.11. We have that (BDq([a, b];F), || - ||) is a Banach space. Indeed: the properties in
the definition of BD;([a, b];IF), g-continuity on [a,b] \ (Cg U Ng U Dy), left g-continuity on N
and right g-continuity on N are preserved by the convergence in the supremum norm. Let us
see that under some hypotheses concerning the derivator ¢ we have that (BD;([a, b, || - lk)
is also a Banach space for all k € IN.

Lemma 4.12. The following families of statements are equivalent:
1. Ng\ Ny C Dy and Dy C Ds.
2. (a) Forall x € [a,b]\(DgUNgUCy) there exists § > 0 such that [x — 5, x4 0] C [a, b]\(Dg U
(b) for all x € Ny there exists 6 > 0 such that (x,x + 9] C [a, b]\(Dg U Ny U Cyq) and
(c) forall x € Ny there exists 6 > 0 such that [x — J,x) C [a,b]\(Dg U Ng U Cyg).
Proof. Let us prove each of the implications separately.
1=2. On the one hand, Dg UN, UCy = C¢ UN, U Dy U Né U Dé = C¢ UNy U Dy, from
which we deduce that C; U Ny U Dy is closed. Therefore, given an element x € [a,b] \ (C; U
N, U Dy), there exists 6 > 0 such that [x —,x+ 6] C [a,b] \ (Cg U Ng U Dy).

Now let x € N; (the case Ng_ is analogous), since D, is a closed set, there exists an
element é; > 0 such that [x — d1,x + 1] C [a,b] \ Dg. Since x ¢ Dy, in particular, x ¢ N,
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therefore, there exists an element J, > 0 such that [x — &2, x 4 &2] \ {x} C [a,]] \ N,. Taking
03 = min{dy, 2}, we have [x —d3,x + 3] \ {x} C [a,b]\ (N; UDg). Hence, (x,x+ 3] C
[a,b] \ (Ng U Dg) and, since the points of the set Ny U D, include the endpoints of the intervals
that form the connected components of Cg, it follows that (x, x + 3] C [a,b] \ (C¢ U Ny U D).

2=1. Let x € N, and assume x € N; (the case of N, is analogous). By point 2. (b),
we know that there exists an element 6 > 0 such that (x,x + ] C [a,b] \ (Cg U Ny U Dy),
in particular, (x,x 4 0] C [a,b] \ (Ng U Dg). Additionally, there exists 6, > 0 such that [x —
02,x) C Cq C [a,b]\ (NgUDy). Taking 3 = min{d,d2}, we have [x — d3,x + 3] \ {x} C
[a,b] \ (Ng U Dg). Hence, x ¢ Ng U Dg,. Therefore, we have that Ng N Ng = Ny N Dy = @. Now,
by point 2. (a), the set Cg UNg U Dy is closed in [g,b], and since Cg is an open set, it follows
that Ng U Dg must be closed. Thus,

Ny UDg = Ny UDg = Ny UNg U Dg U Dy,
Finally, taking into account that Dg N Ny = Ng N Ny = Ng N Dy = @, we deduce that Ng\N, C
Dg and Dy C Ds,. O
We recall the following result.

Lemma 4.13 ([5, Lemma 3.13]). We have the continuous embedding BC;([a, b]) — ACg([a,b]).
Furthermore, for every f € BC;,([a, b]),

FE) =@+ [ fi(s) dugls), Vxe lad]

The following result is a generalization of [5, Lemma 3.14]. The proof is essentially the
same, but we include it here for completeness.

Lemma 4.14. Let h € BD(];([H, b];F) and consider the function

H:xelab) = H(x) :/[ H(s) dpg(s)
a,x
We have that Hg(x) = h(x*), for every x € [a,b], h* € BD(’;,([a,b];]F), and, therefore, H €
BDS ([a, b]; F).

Proof. On the one hand, since 1 and h* have the same g-derivatives and h € B’D;( [a,b];F), we
have that h* € BD(I;,([LZ, b];F). Furthermore, H € ACg([a, b];F) given that h € BDg([a,b];F) C
Eé([a, b);TF), so it is enough ot prove that Hy(x) = h(x*) for every x € [a, ] to get the result.
We study three different cases:

e If x € Dy it is clear that

) — 1 HO)HG)
Hy() = I o) =)
1
= g(s) — g(x) /[x,s) He) dpgls)
1
= tim s (1) digle) + [ n6s) dg9)
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o If x € [a,b]\(Cy UDg U Ng), let us compute the limit
i HO) — HG).
s g(s) —g(x)

on the domain where g(s) # g(x). Fix ¢ > 0. Since h is g-continuous and ¢ is continu-
ous at x, there exists § > 0 such that |h(u) — h(x)| < e if |u — x| < 4. Define [x,s) :=
[min{x, s}, max{x,s}). Now, for s € [a,b], |u —s| < J, we have that

H(s) = H) ol [3806=2) [ g 00 s
RO I e ey /ﬂx,sbh( ) dpug(u) — h(x)
1
- o L (0 k) dp N
1
S 20 =g Jpum 100 M )
1
S RO = g@)] Sl € s =
Thus,
lim AE) ZHO) o

=1 g(s) — g(x)
o Ifx c Ng+ \Dy, let us compute the limit

lim H(s) — H(x)
s—oxt g(s) —g(x

4

on the domain where g(s) # g(x). Fix e > 0. Since & is g-continuous from the right and g is
continuous at x, there exists 6 > 0 such that |h(u) — h(x)| < ¢ if 0 < |u —s| < J. Repeating
the calculations at (4.3), we conclude that
H!(x) = lim M = h(x).
T st g(s) —g(w)
* In the case x € Ny \ Dy, the reasoning is analogous.
e Finally, if x € (a,,bn) C Cg, it holds that

Hy(x) = Hy(by) = h(by) = h(x*),

where the first equality comes from the definition of the g-derivative at the points of C; and
the last is a consequence of the definition of x*. O

Theorem 4.15. Assume Ny \ Ng C Dg and Dy C Dg. Then (BD;([a, bl; ), || - ||x) is a Banach
space.

Proof. We present a similar reasoning in the one in the proof of [5, Theorem 3.13]. We will
check the case k = 1 (the case k > 2 is analogous). Let {f,}nen C BDé([a, b]) be a Cauchy
sequence. Then, {fy}nen C BDg([a,b]) and {(fu)g}tnen C BDg([a, b]) are Cauchy sequences
in the Banach space BDq([a,b]), so there exist f, h € BDy([a,b]) such that f, — f and
(fn)g — hin BDqg([a,b]). Let us check that fi(x) exists for every x € [a,b] for all possible
cases and that, furthermore, fé’, = h.
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* Given x € D,, we have that

ARG R FED - ()
U = Femy 7T Ag)

= fe(x),
therefore h(x) = fg(x).
* Thanks to Lemma 4.12, given x € [a,b]\(Dy U Cy U Ny), there exists & > 0 such that [x —

9, x+0] C [a,b]\(Dg UNy UC,). We have that f, is bounded and g-continuous in [x — ¢, x + 4]
and so is (fy)q. Therefore, by Lemma 4.13, fu|(y_jx45 € ACg([x —J,x +5];F) and

Falt) — fulx — 6) = /[Mt) (fu)(s) dpig(s), Vt € [x— 3, x+4].
On the other hand,
[ k) dngle) = [ () gl

< [y | =
< e(g(x+0) —g(x =),

where the last inequality is valid for every n > N, where N € N is such that ||(f,) é —hlje <,
for every n > N. Then, we have that

lim [ () dpgls) = [ BS) dpgls)

n—oo [x—(S,t

uniformly on [x — §, x + J]. Thus,

tim (fu(8) = fulx = 0) = Jim [ (F)(s) dpg(s) = [ () dpug(s)

n—o0 n—00 JIx—4,t) [x—=4,t)

uniformly on [x — J,x + J]. Hence,

f(8) = flx=0)+ h(s) d pg(s).

[x=6,t)

Since h|y_s+5) € BCg([x — J,x + J]), by Lemma 4.14, we get that
fo(t) =h(t), Vx € [x —d,x + 9],

as we wanted to show. Thus, we have that f;(t) = h(t), for all t € [x — J,x + 4]. In particular,
f1(x) = h(x).

* For x € N, (analogous for Ng ) the reasoning is similar. In this case, thanks to
Lemma 4.12, given x € N, we have that there exists 6 > 0 such that [x — J,x) C [a,b]\(Dg U
Ng U Cg). Now since f, and (fy), are left g-continuous at x, we have that fu|,_s, €
ACq([x — 0,x];F) and we can proceed in a way resembling that of the previous point.

* For x € (ay,by) C Cq, we have, thanks to the previous results, that fé(x) = fé(bn) =
h(b,), where b, € Ng+ U D,. Now, thanks to Remark 4.8, (fn)é|(ambn} is g-continuous on (a,, by,),
in particular, (fn)g(x) = (fu)g(by) for all x € (an, by]. Therefore, by taking the limit as n tends
to infinity, h(x) = h(by) for all x € (an, by], thus f¢(x) = h(x) for all x € (an, by]. O
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Remark 4.16. The previous Theorem is in fact a characterization. Indeed, suppose Ng\Ng ¢
Dy (the case Dy ¢ Dg being similar) and let us see that BD;,([a, b];F) is not a Banach space.
There exists t € Ng\(Cg U Dg U Ng), which we may assume to be an accumulation point of Ng
from the right in the interior of [a,b] (when t € {a,b} or t is an accumulation point from the
left we can argue analogously). In that case there exist a family of connected components of
Cq, {(cn,dn)tnen, such thatdy > ¢y > -+~ >dy, > ¢y > -+ >t and ¢y, dy — t. We may take
g(t) = 0 without loss of generality and define

0, x <dp,
fn(x): %g(ck_l), dk§x<dk_1, k=2,...,n,
g(b), x> dy.

Notice that whenever n < m and x > d,, f.(x) = fu(x). It is clear that {f,}sen C
BD;([Q, b];IF) and (fn); = O for every n. Furthermore, by continuity of g at t, {f}uen is
Cauchy in BD;([EI, b];F); however, it cannot possibly converge in that space, since for any
potential limit f we would have, for every n,

flew1) = F(8) _ fulew1) _ 1g(caa) _ 1 ()i (B).

2o ) (B  glenn)  28leny) 2707

Therefore BD;{( [a,b];F) is not a Banach space.
The following example, in which Dy = @ and N \ Ny ¢ @), reinforces the previous remark.

Example 4.17. Let us take as the generator ¢ the Cantor function defined in Example 3.14, and
consider the sequence of functions {F,}{_, defined by Fy(x) =1 and, for all n > 0,

1 1
EFn(:’}X), 0<x< 3
1 1 2
Fop1:x € [0,1] = Fypa(x) = 5 §§x<§, (4.4)
1 1 2
S 4= - S<x<1.
2+2Fn(3x 2), 3 <x<1

As proved in [4], the sequence of functions defined by the recurrence formula (4.4) converges
uniformly to the Cantor function on [0, 1]. Additionally, {F,};, C BD,([0,1];R) and it holds
that (F,)g(x) =0, for all x € [0,1] and for all n > 0.

For instance, in Figure 4.1 we can observe both the function F; (in blue) and an approx-
imation of the Cantor function g (in black), which corresponds to the derivator. The aim
of this representation is to provide a visual intuition of the convergence of the sequence
{Fu}nen towards the Cantor function, while also highlighting the fact that each function F,
has zero g-derivative. We note that this function F; is g-continuous on N, (in particular, left
g-continuous), right g-continuous on N7, and g-continuous on [0, 1] \ N. Since the function
is piecewise constant and satisfies the g-continuity conditions described above, we have that
(F3)g =0.

Taking this into account, {F,}* , C BD;,( [0,1];R) is a Cauchy sequence in BDé( [0,1];R).
Finally, it is clear that the function g € BD;,([O, 1];R), moreover, g¢(x) = 1 for all x € [0,1].
Therefore, the sequence {(Fy),};” does not converge uniformly to g, on [0,1], and thus the
sequence {F,}?  is not convergent in BD;( [0,1]; R).
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Figure 4.1: Graph of the function F; (in blue), along with an approximation of
the Cantor function g (in black).

Proposition 4.18. Assume Ny \ Ny C Dg and Dy C Dg. Then BC’S‘,([a, b;F) is a closed subspace of
BD%([a,b]; F).

Proof. 1t is clear that BC;([a, b];F) C BD(I;,([LZ, b];F). Since the norm of BC;([a, b];F) and that
of BD;([H, b];F) coincide on BC;([a, b];F) and BC;([IZ, b];F) is a Banach space, it is a closed
subspace of BDZ;([Q, b]; F). O

4.2 Complete metric space structure

Throughout this section, we will assume that [2,] C R and ¢ : R — R is a derivator such that
a ¢ Ny and b ¢ N UDgUC,y. We will also denote by BD;‘,([Q, b]) the space BD;([a, bl;R),
for k > 0.

Cases such as the one shown in Example 4.17 give rise to the following question: can
the space BD;([a, b];R) be given, without any further assumptions, a structure that makes
differentiation continuous? This would imply that with such structure, the kernel of the g-
derivative is a closed subspace of BD}g.

A Banach or even Fréchet space structure would be desirable, but this has proven to be a
rather difficult problem; one could point out that if, in Example 4.17, the supremum norm is
strengthened, for instance to the total variation norm, the sequence is no longer Cauchy. If
the new norm is still not strong enough, as is the case for the total variation, continuity of
the g-derivative may fail, and therefore the Banach space structure; if it is too strong, however
(e.g. a g-Lipschitz type norm), it may be necessary to exclude functions that we would like to
have in the space (such as the ones in Example 4.17, none of which are g-Lipschitz).

In this section we provide a less ambitious (although still interesting) approach. A key tool
is introduced in the following definition.
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y=tanp

Figure 4.2: Geometric interpretation of the function / in two dimensions (with-
out the cross product). In this figure we are assuming y > x > 0. Observe that
a = tanx and y = tan B.

Definition 4.19. Given x,y € C, let

l(x,y) = 2V
T VIR TR

which is the chordal distance —see [3,10].

Remark 4.20. The chordal distance between two complex numbers is the euclidean distance
between their stereographic projections on the unit sphere. (C,!) is a metric space.

Remark 4.21. Another useful way of interpreting ! in the case of x,y € R is as I(x,y) = sin#,
where 0 € [0, 7] is the angle between the vectors (1,x) and (1,y). To see this it is enough to

note that 1(L2,0) % (Ly,0)|
X, X /]/, 2
l X, = 7
(o) (1, x,0)[]21[ (1, 5, 0) ]2

and remember that ||@ x b||, = ||@||2]|b||2sin6, with 6 € [0, 7] the (small) angle between the
vectors 4 and b.
In Figure 4.2 we show a geometric interpretation that does not rely on the cross product.

Definition 4.22. For f,h € BD;,([a, b]), we define

. F(s) = f(£) h(s) —h(t)
TR = reiny l( (S)—g(t)’g(s)—g(t)>'
g(s)#g(t)

and from this,

d(f,h) = |If = hlleo + [l fg = Bglleo +T(f, 1)
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Since [ is a distance on R, I is symmetric and satisfies the triangle inequality (on BD;( [a,1])).
Therefore, (BD;,([a, b]),d) is a metric space.

Theorem 4.23. (BD;,([u, bl),d) is a complete metric space.

Proof. Tt is clear that if {f,},en is a Cauchy sequence in (BD;([u, b]),d), there exist f and h
such that f, — f and (fu); — hin (BD([a,b]), || - |l). Let us see that fo(t) = h(t) for every
t € la,b].

Let t € [a,b], and suppose that the g-derivative at that point is obtained by taking the
right-hand limit (the remaining cases are analogous). Our goal is producing a bound in the
following fashion

f5)— F() f
) g0 h(”' 'g

(5) = f(t)  fun(s) = (D] | |G = fn(®) .
(s) —g(t)  g&(s)—g(t) ‘Jr g(s) —g(t) (fn)(®)

+ | (fn)g(t) —h(t

~—

~

where N is big enough and s € [t,sy). Recalling its sine interpretation, for the metric / to
approach zero one of the following need to happen:

¢ x and y both tend to infinity (or minus infinity),
* x tends to infinity, and y to minus infinity,
¢ x and y are close to each other (and do not approach plus or minus infinity).

That said, for a big N and sy near t, we can bound the value f Z Esgé A(’t()) (close to (fN)g(t),

which is uniformly bounded). Since I'(fy, fn) is small if n > N, the only possibility in [t,sy)

f”gsg_/g[”(g) — fzgz%:g&gﬂ ’ is close to zero for n > N,

(if indices are chosen accordingly) is that

and consequently also

’f(s) —f(f _ ns) = falt )‘
g(s) —g(t) '
Thanks to all this, and the definition of d, fé(t) = h(t).
I -lleo

Since fy —) f (in particular there is pointwise convergence), the continuity of I guaran-
tees that f, EN f. O

Remark 4.24. Observe that the sequence {F,},cn defined in Example 4.17 is not a Cauchy
sequence. Indeed, given n,m € n € N, n > m, there exists a point t € [a,b] such that F, has a
jump at t whereas F,, is constant on an open interval containing that point. This implies that

lan(S)_Fn(t) — o, li Fu(s) — Fu(t) _
s=t g(s) —g(t) s—t g(s) —g(t)
so, taking into account Remark 4.21,

[(Fy En) = sup z(Fn<5>—Fn<t>,Fm<s>—Fm<t>>: ,
]

s,telab

8(s)#8(t)

So {F, }nen cannot be a Cauchy sequence. Observe that this is a general behavior occurring
when we have jumps appearing in constancy intervals.
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As a consequence of the previous theorem we have the following corollary.

Corollary 4.25. The differential operator dg : (BD;,([a, b,R),d) = (BD([a,b],R),| - ||ec), Ogf =
fg is continuous.

This structure has another desirable property.

Theorem 4.26. (BC;([a, bl),d) has the same topology (BC;([a, b)), |- Nl ger)-
8

Proof. It is equivalent to check that for any { f, }ren U{f} C BC;( [a,b]) it holds that

folsf e, Sy

By definition of d, the first implication is immediate. For the second one, it is enough to note

BCy
that for f, —% f, we have the following bound for the difference quotients:

o [fO-FO _AO -0 1 o
S le) g0 g () | 52 |50 o)~ it
g(s)#g(f) g(s)#g(t)
<|Ifg = (fu)glloo-
Hence, I'(fy, f) — 0, and d(fy, f) — O. d

Remark 4.27. Thanks to Theorem 4.26, the inclusion (BC;([a, b)), I -l ger) — (BD;([a, bl),d)
8
is an embedding.

The next example dispels the possibility of (BD;{( [a,1]),d) being a topological vector space.
Example 4.28. Consider the functions

x x € [-1,0], ~J0, x€[-1,0),
8(x) = {x+1, x € (0,1]. ’ flx) = { x € ,

andalsoh = —f, f = (1— %)f, hy =—(1+ %)f We will check that d(f, fx) — 0, d(h,hx) — 0,

but d(f +h, fx +he) - 0 (which implies that addition is not a continuous operation for the

product topology of BD¢([—1,1]) x BD¢([-1,1])).
On one hand, || f — kaoo = kaHoo and Ifg =

( HOQ - HO 0”00 = 0. On the other,
I(f, fc) == sup l(f( s) = f(t) fk(s; fk(t

stclap]  \8(s) —8(t)" &(s) —&(
$(5)78()
‘_1f(5) —f(t)‘
. kg(s) —g(t)
sicla fs) = F(HY? 1\ () - F(O)Y?
$E)7s) \/1 * (g(s) —g(t)> b <1 " k> (g(s) —g(t)>
e
g(s) —gl(t 1
SESJS;J[EH \/1+<f(s)f(t))2<k—>0,
g(s)#g(t) g(S) — g(t)



32 F. |. Ferndndez, I. Mdrquez Albés, F. A. F. Tojo and C. Villanueva Mariz

so we have that fj 4 f. The same reasoning is valid for & and hy. Now,

F(f+h,fk+hk):r<0,—if>: sup ) y
5 1 (RLO10)
kg(s) —g(t)
N

V=i 1, we have that

Since f is not g-Lipschitz (take t = 0 and s = —1/n) and limy_.
T(f +h, fr + hx) = 1 for each k. Consequently, fi + I 4, f+h

Remark 4.29. In the previous example, any f with zero g-derivative that is not g-Lipschitz
could have been chosen.

4.3 Relation of BD spaces to other spaces

In this section, we will assume that [a,b] C R and g : R — R is a derivator such that a ¢ Ny
and b ¢ Ny U Dg U Cg. Let us examine the relationship between the space BC(’;([a, b];F) and
other more regular spaces.

We now define the Stieltjes-Sobolev spaces—see [8, Definition 5.1] and [15, Definition 3.2].

Definition 4.30. Let p € [1, co]. We define the Stieltjes—Sobolev spaces as follows. Wg’l( [a,b),F):=
L;,([a, b),FF), and, forn € N, Wg’l([a,b),]F) =

{u € Lé([a,b),IF) » Ju e Wé’f_l'l([a,b),IF) st u(y) —u(x) = /xyﬁdyg, X,y € [u,b)}.

Observe that, due to Theorem 2.10, W, ([a,b), F) = AC([a,b), F).
Lemma 4.31. Let f € BDqy([a, b];F) be such that f(t) = 0 pg-a.e. Then f(t) = 0 for every t € [a, b].

Proof. Let A = {t € [a,b] : f(t) = 0}. Since f(t) = 0 pq-a.e., we have that po(A) = pe([a, b))
and pg(X) = pue(X N A) for any pg-measurable set X C [a,b]. Since ug({t}) > 0 for every
t € Dg, we conclude that Dy N [a,b] C A. Given t € (a,b), if there exists § € Rt, 6§ <
min{t —a,b — t}, such that [t —,t + J) N A = @, then

g(t+0) —g(t—=0) =ug([t—=6,t+6)) = pg([t —=6,t +6)NA) =0,

so t € Cq. This implies that AN (a,b) is dense in (a,b)\C,. Since f € BDY([a,b];F), f is
g-continuous on (a,b)\(Cy U Ny U Dg) and, thus, continuous in that set. Given that f|4 = 0
and AN [(a,b)\(Cg UNgUDy)] is dense in (a,b)\(Cq U Ny U Dg), we conclude that f = 0 on
(a,b)\(Cq UNy U D).

We have proved that Dy N [a,b], (a,b)\(Cg UNy) C A. It is left to see what happens on
Ng\Dg and on Ny \Dg. Given thata ¢ Ny~ and b ¢ N U Dy U Cg, we do not have to consider
aorb.

Ift e Ng\Dg, since t < b, if there exists § € R*, § < min{b — t}, such that [t,t +§) N A =
@, then

§t+8) = g(t) = gt t+ ) = igl[t,t+8) N A =0,

sot ¢ Ng+ , which is a contradiction. Therefore, we conclude that t is an accumulation point of
AN [a,b] from the right. Since f is right g-continuous and, thus, continuous from the right at
te Ny, f(t)=0.

The argument is analogous for the case t € N, \Dg, And we conclude that f(t) = 0 for
every t € [a,b]. O
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Remark 4.32. The condition f € BDg([a,b];F) in Lemma 4.31 is necessary as, in general, a
function f : R — R can have g-derivative everywhere with f; = 0 yg-a.e., but fg # 0.
Indeed, let ¢ : R — R be defined as

gity=t4+ ) 27°4+ ) 27°
0<s<t t<s<0
ez lez

Observe that C; = 0, Dg = {1},cz and Ag (1) = 271"l for n € Z.
Define

Hl, te [—1,1\{0},
0 =0,

f is right continuous. Furthermore, it is clear that if t € [—1,1]\{0}, f; = 0, s0 f; = 0 pg-a.e.

1!
0.8 1
0.6 |
0.4

0.2 -

1 1 1 o~ 1 1 1 1
06  —04  —02" | 0.2 0.4 0.6 0.8

f — —0.2 ¢

L2

Figure 4.3: Representation of the function f.

—see Figure 4.3. Taking into account that, for t € [—1,1)\{0},

fort € (0,1),

t t

f(t) — f(0) 1—¢ 1—t_ ,_ 1 .t

g(t) — g(0) DT SR Sl W g
O<s<t
lez

and
g(t)—g(0) ~ T+ ¥y 27 t '
01<s<t
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whereas, for t € (—1/2,0), given that f(¢) — f(0) and g(t) — g(0) are negative,

£ = £0) _ A S
1< 1= 1< ,
g(t) —g(0) 4+ Yrcs02° — 1 T—t—Yicee02 1—t
%EZ %EZ
and
t ot —t
fO=f0) -t P T SR
g(t) —g(O) t+2t<s<02 s—1 1 _t_2t<s<02 § —t t
%EZ %EZ
ot
1t

In any case, we have that

oo £~ £(0)
O =1 et 50

Thus, f is g-differentiable, f; = 0 pg-a.e. and

0, 0,
gw%:{1 iia

Theorem 4.33. Let n € N. f € BDy([a,b],F) if and only if f = h+ Yz, pr, where h €

Wy ([a, b], F) N BDg([a,b];F) and py € Wk=11(]a,b]; F) N BDg([a,b],F) is such that pék) =0,
forallk=1,...,n.

Proof. Given that Wy ([a,b], F) N BDg([a,b];F) C BDg([a,b];F), the sufficient condition is
immediate. Let us now examine the necessary condition.

For n = 1, given an element f € BD;([a,b];]F), we have that f; € BD([a,b];F) C
L4 ([a,b);FF). We can then consider h(t) := [ ) f¢d pg, which is clearly i € W' ([a, b];TF) N
BDé([a, b];TF). Moreover, thanks to Lemma 4.14, we have hy, = (f3)* = f; € BDg([a, b];TF).
Now, let us define p; = f—h € B'Dé([ﬂl, b],F). By Lemmas 4.14 and 4.31, we obtain

o= i H =0
Now, let n € IN, n > 2, and assume the result holds for n — 1. Since f € BDZ([a, b]; F

)s
we have that f; € BDgfl( [a,b];F). Therefore, there exist elements = € W 11([a,b];IF) N
BDgfl([a, b];F) and gy € ~W"*lfl([a, b];F) N BDgfl([a, b];F), with (ﬁk)? = 0 for all k =
1,...,n—1, such that fé =h+ 22;11 Pk- Define:

h(t) == / fid g, t € [a,b],
[a,t)
pr(t) == /[at) Pr-1dpug, t€lab], k=2,...,n,
p1:=f—h— Zpk.
k=2

It follows that h € W”/l([a, b];TF) N BD;([a, b, E), px € Wk_lfl([a, b];F) N BD;([a, b];F) for k =
1,...,n. Furthermore, thanks to Lemmas 4.14 and 4.31 and [6, Proposition 4.1 and Remark 4.3]
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(that if ¢ is g-differentiable, ¢* is g-differentiable and the derivatives coincide), we obtain:

(pk)? - (ﬁfl)sk;l) = (Pr-1)" V=0, Vk=2,...n,
n _ n—1

(01)g = fo— Mg =Y (oK) = fo —h* =Y (0f)s = fe — (f)* = 0. -
k=2 k=1

Remark 4.34. The decomposition is unique if we impose pi(a) =0 forallk=1,...,n.

Theorem 4.35. Let f : [a,b] — F a be such that fi/f* € Li([a,b);F) is g-regressive. Then
f e BD;,([a,b],lF) if and only if f = p - u, where u € Wg’l([a,b],lF) N BDé([a,b];lF) and p €
BD;([a, b], IF) is such that pg = 0.

Furthermore, in that case, u € ng’l([a, b], F)N BD;,([a, b]; ) is a solution of equation

_ L)
()

Proof. Since Wy ([a,b],TF) N BD;([Q, b];F) C BD;,([EI, b];F) and the product of two elements
of BD;([a, b];F) is in BD;([EI, b];F) (see Lemma 4.6), the sufficient condition is immediate.
Let us now examine the necessary condition.

Let us consider the following initial value problem:

ug(t) u(t), Vte [a,b]. (4.5)

s Jeg(B)
ug(t) :fg(t*)u(t)' g-aa.t € [ab),
u(a) =1.

Thanks to [5, Theorem 4.2 and Remark 4.4], we know that the above problem admits a unique
solution in the space AC,([a, b];F), which is also nonzero in [a,b]. Now, since Jj}zg))u(t) €
BDg([a,b];F), thanks to Lemma 4.14 and the fact that (fg)* = f; and u = u* (since u is g-
continuous), we can ensure that (4.5) holds at every point of the interval [a, b]. Consequently,
we have u € ACgy([a,b];F) N BDé([a, b]; F).
Now, let us define p = f/u € BDé([a, b];F). Clearly, we have f = p - u. Moreover, given

any element t € [a, b], we obtain:

/

)
8

oL (t) = (
_ fé(t)u(t) —ué(t)f(t*) o
u(F) () + ah(5) g (7))

since (4.5) holds for all elements in the interval [a, b]. O

f

5 Applications to Stieltjes differential equations

Although we have so far considered an arbitrary interval [a,b], in this section, we will focus
on the interval [0, T| as it is a more natural choice for the study of initial value problems. In
any case, the generalization to generic intervals of the form [a, b] is possible. Thus, throughout
this section we will assume that [0, 7] C Rand g : R — R is a derivator such that 0 ¢ N, and
T ¢ Ny UDgUC,.
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Definition 5.1 (Kernel of the operator d;). We define ker(dy) C BD;( [0, T];F) as the kernel of
the following operator:

dg : BDL([0, T]; FF)

h

— BDy([0,T];F)
—  0g(h) = hy.
In the following proposition, we will show that ker(dg) is a non-empty set.

Proposition 5.2. Assume Dy C Dgand let h : [0, T| — IF be bounded, right continuous at [0, T] N Dy
and constant on each connected component of [0, T|\Dg. Then h € ker(dy).

Proof. Given an element t € Dy, we have that h(t") = h(t), so hg(t) = 0. Now, given t €
[0, T]\ Dy, since Dy is closed, there exists § > 0 such that 1 is constant at (t — 6, t 4-6), therefore

h,(t) = 0. O
8

Let us now examine the relationship between ker(dy) C BD;([O, T];F) and the solutions
of the homogeneous Stieltjes linear differential equation in the space BD;( [0, T];F).

Proposition 5.3. Let B € BDg ([0, T];IF) be g-regressive. The solutions in BD;([O, T); F) of problem

/ - =

ve(t) = B(t)v(t) =0, t€[0,T), 51)
v(0) =1

are the functions of the form h - v where h € ker(dy) with h(0) = 1 and v € BD}Z([O, T|;F) is the
unique g-absolutely continuous solution of problem (5.1).

Proof. We start by observing that the uniqueness of the g-absolutely continuous solution v
of problem (5.1) was proven in [5, Theorem 4.2 and Remark 4.4]. Moreover, since v is g-
absolutely continuous, it is bounded and g-continuous by [9, Proposition 5.5] and, therefore,
by definition of BD, ([0, T|;F), we have that v € BD,([0, T|;F). Given that § € BD,([0, T|;F),
we have, by Lemma 4.6, that - v € BDg([0, T];F). Furthermore, since v, = B0 pg-a.e.
and v is g-absolutely continuous, by Theorem 2.10 we have that v(t) = v(0) + |, 0,4) B-odpug
for every t € [0,T]. Thanks to Lemma 4.14, we have that v, = g*v € BDg([0, T|;F) and

v(t) — B(t*) v(t) = 0 forall t € [0, T). Hence, v € AC4([0, T|;F) N BD;,([O, T|; F).

We now show that a function of the form v = hv is a solution of problem (5.1) in
BD;,([O, T|; F). Indeed, observe that, thanks to Lemma 4.6 and the fact that h € BD;,([O, T);F),
we have that o = hv € BD;([O, T];F). Moreover, 7(0) = h(0) v(0) = 1.

Furthermore, for a given element t € [0, T)\C,, t* = t. If t is such that v, (t) = B(t) v(t),
it follows, thanks to Lemma 3.21, that T(t) = h(t)vy(t) = h(t) B(t) v(t) = B(t)v(t). We
conclude that T, (t) = B(t) 0(t), g-a.e. t € [0,T) and, thus, 7 is a solution of problem (5.1) in
BD,([0, T|; FF).

Finally we show that if w € BD;,([O, T]; F) is a solution of problem (5.1), it has to be of the
form 1 - v where h € ker(dy) with /(0) = 1. Indeed, given that § = w'/w* € Li([0, T);F) is
g-regressive, we can apply the construction in Theorem 4.35 to conclude that w = h - u, for
some 1 € BDg([0, T], F) such that i, = 0 and u € ACg([0, T];F) N BC;([O, T); F) satisfying

(8 = 2B ey = Bty ue), vt € 0, ],
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Hence, u is a g-absolutely continuous function that is a solution of problem (5.1). Since the
g-absolutely continuous solution is unique, # = v, so w = h - v, as we wanted to show. O

Proposition 5.4. Let B € BDg([0, T]; IF) be g-regressive. Given v € ACq([0, T];IF) N BC;,([O, T);F)
the solution of (5.1) we have that a function h € BD;([O, T]; ), with h(0) = 1, belongs to ker(dy)
if and only if v = hv € BD;([O, T|;IF) is a solution of problem (5.1) and it satisfies that Tg(t) —
B(t)o(t) =0, Vt € [0, T] \ Cq.

Proof. Before starting the proof, it is worth remembering that the unique solution v of (5.1)
in the space AC4([0, T];IF) N BD;,([O, T]|;F) is such that v(t) # 0, for all t+ € [0, T] —see [5,
Theorem 4.2 and Remark 4.4]. Moreover, v, (t) — B(t) v(t) = 0, for all t € [0, T] \ Cq.

8
Now, on the one hand, given an element i € ker(ag), by Proposition 5.3, it follows that v =

hv e BD;([O, T];F) is also a solution of (5.1). Moreover, Uy (t) = h(t) vg(t) = h(t) B(t) v(t) =
B(t)o(t), forall t € [0,T] \ Cs.
On the other hand, assume that v € BD;,([O, T); F) is a solution of (5.1) which also satisfies

Ug(t) — B(t) o(t) = 0, for all t € [0, T] \ Cg. We have that:

Taking into account that o = hv and that v, = po,

B(t) h(t) o(t) = hy(t) v(t) + B(t) h(t) v(t) + B(t) M (t) o(t) Ag(t), Wt € [0, T]\ Cs.
Therefore,
hg(t) v(t) (1+ B(t) Ag(t)) =0, Vt € [0, T]\ Cq.
Since 1+ B(t) Ag(t) # 0 and v(t) # 0 for all ¢ € [0, T], we conclude that /g (t) = 0 for all
t € [0, T] \ Cq, and thus, h(t) =0 for all t € [0, T]. O

Remark 5.5. From Proposition 5.4 it follows that, given an element § € BD([0, T|;F) such
that 14 B(t)Ag(t) # 0 for all t € [0,T] N Dg, the dimension of the space of solutions in
BD;( [0, T];F) of problem (5.1) is equal to the dimension of ker(dy).

Example 5.6. Let be € BD,([0, T|;F) be g-regressive. Let v = expg(ﬁ, -), see Definition 2.11.
Now, let us define the function i : t € [0, T] — h(t) € F, where

= ep (= [ B i)

= exp ( [Z ln(1+,8(s)Ag(s)))

0,6NDg

-1
{ I (1+ﬁ(S)Ag(S))] :

s€[0,t]NDg

The above function is well-defined since g € Eé([O, T);F) and T ¢ D,. Furthermore, h is
bounded, right-continuous in [0, T] N Dg, constant in the connected components of [0, T] \ Dy,
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and satisfies 71(0) = 1. Therefore, thanks to Proposition 5.2, i € ker(dg), and, by Proposi-
tion 5.3, the function v : t € [0, T| — F, defined by

o(t) = h(t)v(t)

[ [Tscjonnp, (1+ B(s) Ag(s ))}
[ €[0,tjNDy (14 B(s) g(s))} exp (/[o,t)\Dgﬁ(s) dﬂg(5)>

1
= AT pmag) OF Umwﬁ () d”g“))

is another solution in the space BD;( [0, T|; F) of the initial value problem (5.1).
For example, let T > 2 and consider the following generator:

) t<1,
g:teR—g(t) =1 t+4d, te(1,2],
t+614+60, t>2,
where 5y > 0, for k = 1,2. In this case, Dy = {1,2} and Ny, = @, thus it is clear that

Ng\ Ny C Dgand Dy C Dg. Now, let B: t € [0, T] — B(t) = 1. It follows that f is g-regressive
on [0, T] for all §; > 0, with k = 1, 2. Therefore,

o(t) = expy(B,t)

exp(t), t<1,
= { [1 (1+Ag(s))] exp (pg([0,£) \ Dg) = q (1+ 1) exp(t), te (1,2,
s€[0,£)NDg (1+61)(146) exp(t), t>2

exp(t), t<1,
(1+6) texp(t), t=1,
sejo,)np, (1 +4
N ll?l e[[zlt;ng él JJ:A;E:B exp (pg([0,¢) \ Dg) = { exp(t), te(1,2),
o (1+6) "exp(t), t=2,
eXp( )/ t> 2.

are two solutions in the space BD;([O, T];R) of the initial value problem (5.1). Observe that
both solutions converge to exp(t) as d; and J, tends to zero.

In Figure 5.1, we can observe the behavior of v(t) = exp, (B, ), while in Figure 5.2, we see
that of o(t) = h(t) v(t). Observe that, in both cases, the solutions exhibit discontinuities at the
points of D,. However, while v is left-continuous, v is not.

The significance of this example is crucial in the sense that the g-exponential function
associated to B under the given conditions is unique in the space AC, ([0, T];IF), while if we
consider the space BD;,([O, T];F), the g-exponential function is not uniquely determined.

We end this work with the following corollaries of Theorem 5.3.
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Figure 5.1: 0(t) = exp (B, t).
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10 |

.
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Figure 5.2: 9(t) = h(t) v(t).

Corollary 5.7. Let n € N, B € BDg([0, T];IF) g-regressive. The solutions in BDgH([O, T|;F) of
problem

5.2)

are the functions of the form h - v where h € ker(dq) with h(0) = 1 and v € BD;“([O, T|;F) is the
unique g-absolutely continuous solution of problem (5.2).

Proof. We will assume n > 2, as the case n = 1 is covered by Proposition 5.3. We start by
observing that v € BDy([0, T];F), where v is the unique g-absolutely continuous solution
of problem (5.2). Indeed, as we reasoned in Proposition 5.3, v € BD;,([O, T|;F) and, given
that B € BD,([0, T];F), we have, by Lemma 4.6, that f-v € BD;,([O, T|;F). Furthermore,
since v, = B-v pg-a.e. and v is g-absolutely continuous, by Theorem 2.10 we have that
v(t) = v(0) + f[O,t) Boudpg for every t € [0,T]. Thanks to Lemma 4.14, we have that v, =
pov € BDL([0,T|;F) and vj(t) — B(t*) v(t) = O for all t € [0,T]. Hence, v € BDZ([0, T|; F).
Repeating this argument inductively, we conclude that v € BD;H ([0, T]; ).
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Now take o = h - v where h € ker(dy) with 1(0) = 1 and we will show that 7 is a solution
in BD,([0, T];IF) of problem (5.2). We already know from Proposition 5.3 that v is a solution

in BD;,([O, T];F) of problem (5.2), so it is enough to show that o € BDg([0, T|;F), but this
is evident given that, since hg, =0, and v € BD;([O, T|;F), we have that z“)? = ho) for
k=1,...,nand, thus, v € BDZ([O, T, F).

On the other hand, if u € BDZ,([O, T|;F) is a solution of problem (5.2), by Proposition 5.3,
u = hv for some I € kerd, with h(0) = 1. O

The next corollary is proven following the same steps as in Proposition 5.3 and Corol-
lary 5.7.

Corollary 5.8. Let n € N, B, f € BDy([0, T|;F) g-regressive. The solutions in BDZ,H([O, T|;F) of
problem

{vg(t) —B()o(t) = f(t), te[0,T), (5.3)

v(0) =1,

are the functions of the form h - v where h € ker(dg) with h(0) = 1and v € BD;“([O, T|;F) is the
unique g-absolutely continuous solution of problem (5.3).
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