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FRIGYES CSAKI
1921—1977

It was an irreplaceable loss to Hungarian science that Professor Frigyes Cséki,
a member of the Hungarian Academy of Sciences and an editor of our periodical
Acta Cybernetica died on August 29, 1977.

He was an outstanding scientist in Control Theory and Computer Science. As
an untiring and inspiring teacher he had brought up several generations of electri-
cal engineers.

We honour the memory of Professor Frigyes Csaki.

1 Acta Cybernetica III/3






A note on data base integrity

By A. BichzUR and A. KRAMLI

The interest of the authors in the problem of data base integrity came from
a practical task.. In 1974 we began to build up a new management information
system for the Danube Iron and Steal Works. The data base of this system is placed
at the CDC—3300 computer of the Hungarian Academy of Sciences and the system
can be accessed through a user terminal UT—200. The processing of the data base
is random batch processing with some query capabilities and the problem of its
integrity is very close to that of the online processing.

Based on this experience we are gomg to give a model for describing and analys-
ing data bases from the point of view of the integrity.

Different approaches to the data base management problems (e.g. Codd’s
relational data base [1], the network data system recommended by the CODASYL .
DBTG [2]) first of all give models for describing the structure of data bases, or
give proposals for standardizing languages, structures and procedures used in
data base management systems (DBMS). A very sophisticated DBMS (based on
CODASYL DBTG) is described in the paper of Barbara M. Fossum [3], where
one can find a list of routines maintaining and preserving the integrity of the data
base. The most general problems of integrity are also described there, and we shall
use her terminology like rollback, rerun, recovery, and so on.

In.the sequel we shall give a very simplified — but a completely sufficient to
treat the problem of integrity — model for physical realization of data bases. Using
this model we can investigate the dynamic behaviour of the data base. ,

Physically the data base is a sequence of elementary data items, (in this paper
the elementary data items are the least adressable units on.the auxiliary memory
devices, i.e., the blocks or pages on the disk). .

The physical state S of a data base is given by the sequence {P,, ..., P,} of
page-adresses and by the sequence {C,, ..., C,} of their contents. In our definition
the state of a data base, besides the data in traditlonal sense, includes also the prog-
rams handling them.

Definition 1. We shall say that a state S’={{Py, ..., Pn}, {Cl, e ,,,}}
is a substate of S={{Py, ..., P}, {Ci, ..., C,}} (5’SS) iff there exists a sub-
sequence {11, cees iy Of indices such that P,=P; and C;=C; for every

j=1,

1*
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Definition 2. A state S is an extension of S iff SCS.

The physical state of a data base has to satisfy some rules, which define the
syntax, accessing and processing capabilities and so on. We need some further
definitions. Let F be a class of ‘‘state valued” functions f(S) defined on a set of
physical states. The above mentioned rules can be expressed in terms of class F.

Definition 3. We shall say that a state S1i is consistent with respect to the class
Fiff VfeF f(S)=S.

(E.g. if fis a function corresponding to a sort procedure, then S is consistent
with respect to f iff it is sorted).

Definition 4. A state S’ is called preconsistent with respect to class F, iff there
exists a function g€ F such that

(i) foreach fEF, f(g(8)) = g(S"),
(ii) for every g’ satisfying (i), o

g'(8) = g(8).

The state g(S”) is called the consistent reorganization of the preconsistent
state S”. o

Definition 5. A substate S” of a preconsistent state S’ is a generator, iff it is
also a preconsistent state, and they have the same consistent reorganization.

Notice that the inclusion S“& S is not necessary.

The above definitions are suitable not only to describe the static state of a data
base, but they give a tool to characterize the dynamic one too. Designing a data
base we have to construct the class of functions F in such a way that it would assure
the following two capabilities. .

Assumption 6. (i) The class F must contain functions which carry ‘out the
various update procedures. In terms of our definitions, we consider the state of
the data base, before initiating an update run, to be consistent.

(i) We need to assure with great probability the recovery of the data base
in the case of loss or failure of some substate of it. For this reason we have to build
up some optimal system of nontrivial generator substates.

Up to this point we have assumed that the preconsistent state becomes con-
sistent’ in a unique step. But physically it cannot be realized. The real update pro-
cedures work in the core memory and the state of the data base changes page by
page. So, the realization of a function g€ F is a sequence S, Si, ..., S,=g(Sp)
of states. (The content of core memory is not included in the notion of a state.)

The defect during an update run, which occurs with a considerable probability,
leads usually to the loss of information in the core memory. This raises a special
safety problem. In our language, to defend the base against this type of information
loss, we have to guarantee the states Sj, ..., S,_; to be preconsistent. This con-
dition on the state provides the possibility of rerun and in many practical realiza-
tions this poss1b111ty is combined with rollback ‘facilities on the quick recovery
level.

For the evaluatlon of cost function of different update procedures we make
the following assumption: there is a subset of indices 7,, ...;, and a sequence of
generators T :

' A Y

i = M

S E Sy s SIS

1 = Mige
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The -substates .S;, ..., S;, are the rerun generators and the corresponding func-
tions g;, determine the rerun procedure.

(S, = g;,(S ,,))

We assume, that the processmg cost is a monotonically 1ncreasmg nonlinear
unction of the run time, so in order to calculate the avarage cost we have to de--
termine the probability dlstrlbutlon function of the run-time.

This can be carried out under some conditions on the failure process and the
process of changing-points of generators by standard methods of reliability theory.

As an illustration we show how to calculate the probability distribution func-
tion of the extra run time caused by random failures occured during the process
S15 ... S,. We suppose that the following assumptions are fulfilled. '

Assumption 7. (i) the failure process {r,}, where 7, is the time interval (the
length of the time between two consecutive changes is taken for the time unit) be-
tween the (k 1)-th and k-th failure, is a sequence of independent identically dis-
tributed. (i. i. d.) discrete valued random variables W1th common distribution func-
tion F,

(i) the first two moments of distribution F are finite,

(iii) the differences_i, —i,_, are equaI to a constant d for every k=1, ...,/

(iv) the rerun procedure Sy ,~8(S; )= S;, does not need extra time.

Let us introduce the random processes {Ok} and {g} as follows

01 = max ll,

i<t

' k-1
CO=( max #)-— 21' ;>
k=1 j=

i< 0,4+
! ,§1-’ k

k-1 k
& = 2 (91+TJ)— 201 = Tk—gk'
=T =1

The random variable 8, denotes the time interval between two consecutive regener-
ation points of the update run, and ¢, the extra run time caused by the k-th failure.
' The following two properties are consequences of conditions
(i)—(iv) assumption and the definitions of processes {6}, {&}:
(v) {6,} forms a sequence of i.i. d. random variables having finite first and
second moments,
(vi) {e,} forms a sequence of i. i. d. random variables bounded by d. .
We have to determnine the probability distribution'function of the random

variable n,= 2 &, where v, is the first moment m for which Z’ 0,=n. The
k=1

asymptotic behavnour of the distribution function of random variables n,,, when
n-—eo, can be expressed by the following theorem:
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“Theorem 1. If F(d)»=1, then E(6;)#0 and

e — 7~ E(&)
lim P £ (01)

- [

E(e,—E (61))2

E(01)
Proof. It follows from (v) and the weak law of large numbers that for n—eo,
%—»ﬁ in probability. Thus taking into account property (vi) we can apply

to {n,} Anscomb’s central limit theorem for the sum of a random number of random
variables (see Rényi [4)). :

The difference between the long and quick recovery problems can be summarized
as follows: in the quick recovery we preserve generator substates of preconsistent
_states during an update run, while for solving the long recovery problem we have
to preserve (generally duplicate) generator substates of a consistent state before
a-sequence of update runs. Between two duplications we collect the changes in
such a way, that the preserved generators of the original state and the changes
together compose a generator of .the present state. :

So ‘the reliability of the system is the product of the reliability of the presérved
generator and that of the preserved changes. The cost of this recovery system consists
-of the cost of the periodical duplications, the cost of collecting the changes (pro-
portional to the update time) and the average cost of the recovery. The proba-
bilistic treatment of this process.is analogous to that of the quick recovery.

Finally, we mention some special problems arising in the use of the operat-
ing system MASTER of computer CDC—3300. (See [5]). We must handle the
SCHRATCH-pool as an-extension of core memory and not as a part of the physical
state. The only exception is the INP-file for not DIRECT input JOB-s. In this case
the operating system ensures the restart of the JOB using the INP-file as a part
of a generator, when an AUTOLOAD has occured during the run of the JOB.

This facility was exploited only for automatic restart of update processes
by preserving only the control cards. The input data were put into the data base
before initiating the update system in strict sense.

This method can serve to collect the changes for long time recovery and in
some cases to obtain a part of a generator for quick recovery.

The update system of the realized DBMS mentioned at the beginning of our
paper consists of 40 processes corresponding to the various types of data. Each
process is organized in such a way that their repetition, or rollback, or continuation
when it is 1nterrupted would be available. The organization of the correct runs of these
processes is solved by a special program (TASK), which calls the update tasks in
correct sequence, determines the input data, controls their run and, in the case
of a restart calls the necessary rollback procedures and continues the run from
the interrupted task.

The long recovery is based on the File Back Up system of MASTER.
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Abstract

The integrity and reliability problems of data base systems arise in computer praxis and theore-
tical investigations too. The authors give a statistical model for the description of data bases, which
is sufficient to treat the integrity problem.

COMPUTER AND AUTOMATIONIINSTIT UTE .
HUNGARIAN ACADEMY OF SCIENCES
H-1502 BUDAPEST, HUNGARY
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On some open problems of applied automaton theory
- and graph theory (suggested by the mathematical modelling
of certain neuronal networks)

By A. ADAm

Introduction

The branch of investigations to which this paper is devoted was initiated by
U. Kling and Gy. Székely [14]. They studied some kind of electronical networks
simulating certain nervous activities, and facilitating the quantitative treatment
of such phenomena. The description of structure and function of such networks
was continued in the articles [2], [7], [3] etc., using mathematical tools. .

This paper contains a (more or less detailed) survey of the mathematical con-
siderations mentioned above and — primarily — a list of numerous open problems.
The article consists of four chapters. In Chapter I certain finite directed graphs
are considered. The questions raised here may mostly be viewed as “variations
on the theme” of describing graph classes each of which is  a natural extension
of the class of single cycles (in one or another sense). Chapter II starts with a sys-
tematization of the behaviour of autonomous continuous automata and, as a par-

. Fig. 1 :
Subordination of the sections of the paper
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ticular case, deals chiefly with the network notions without supposing any special
graph structure. In Chapter III the behaviour of networks with special structure
is treated and the problem of speed of propagating actions is posed. In Chapter
IV some questions of stochastic behaviour of networks are touched.

The first half of the paper contains a number of assertions, too. Some of them
(e.g. Proposition 8) are easy consequences of the concepts defined or are “folklorist-
ically” known to the specialists of the topics (as Propositions 12—14). Only the
statements of § 4 and § 7 could be regarded as (more or less) original results.

The subject of Chapter I has its own importance in the theory of graphs. The
considerations referred to in Chapters II—IV may be estimated rather as an attempt
how a certain type of questions admits an exact mathematical treatment, than
settled, definitive scientific advances.

The exposed problems are partly strlctly determined ones (as Problem 14),
partly proposals for making researches in some intuitively encircled field (e.g. Pro-
blem 7), or of transitional character between these extremities.

In the assembling of the material of this paper I was not free from some sub-
jectiveness. The variety of ideas in the first chapter has followed from my affection
for structural descriptions; on the other hand, the fact that I am no probability
theorist has implied that the (very important) questions of stochastlc behaviour
appear in a smaller extent than they would deserve.

I. Structural problems (Problems concerning graphs)
C§L

In this § we deal always with strongly connected directed finite graphs (see
Chapter 16 of [12]). The graph with one vertex and without edges is excluded. We
do not allow loops and parallel edges with the same orientation. By a. cycle (of -
a graph) we mean a circuit (without repeated. vertices) along which each edge e is
passed through in sense of the orientation of e. For any edge ‘e the number of cycles
containing e is denoted by Z(e); similarly, Z(A4) is the number of cycles in which
a vertex 4 occurs. The strong connectedness implies Z(e)=1 for every edge and
Z(A)=1 for every vertex of the graph. (Conversely, if a connected graph is not
strongly connected, then Z(e)=0 for some edge of it.)

If a graph G can be represented as the union of two subgraphs Gl, G, (each
having at least one edge) such that G, and G, have only one vertex 4 in common,
then A is called a cut vertex?. If a vertex 4 of a graph G is contamed in every
cycle of G, then A is called a pancyclic vertex. :

Now let four properties (), (f), (7), (6) of graphs be defined. (For the sake
of brevity we shall say e.g. “(«f)-graph” instead of “graph satlsfymg (=) and (B)”)

(2) Z(e)=2 for every edge e of the graph,

(B) Z(4)=2 for every vertex A of the graph,

(y) the graph has no cut vertex,

1 Chapter I has already been propagated in preprint form under the title ‘“‘Some open questions
concerning finite directed graphs™.
2 The term ‘“‘articulation vertex’’ is also used.
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(6) the graph has a pahcyclic vertex.
The main question to be proposed in this § is:

PROBLEM 1 (see [3)). Des'cribe the structure of all . (x)-graphs.

* In some particular cases, Problem 1 has been solved. §3 of [3] deals with the
structural description of (f)-graphs, and any (B)-graph is clearly an (a)-graph.
On the other hand, [4] is devoted to the description of (ayd)-graphs and the extension
of this to («d)-graphs.

It séems that the difficulty of solving Problem 1 lies in getting an overview
of the (ay)-graphs, therefore we formulate separately

PROBLEM 2. Describe the structure of all (ay)-graphs.

In § 7 we shall give a relatlve solution of Problem 1 presupposmg that Problem
2 is settled. ,

§2.

The terminology of § 1 is continued, especially, the condition of strong con-
nectedness is maintained. Let us recall Property (5) and define two related pro- -
perties: .

(¢) The graph has a vertex A such that

for any choice of the vertex B there is a cycle contammg both A and B, and
for any choice of the edge e there is a cycle containing both 4 and e.
. (©) Each pair of cycles has at ieast one vertex in common.

It is trivial that each (d)-graph is an (¢{)-graph and each (ef)-graph is an (g)-
graph. The examples on Fig. 2 show that these inclusions (concermng the classes
of (5)—graphs (e{)-graphs and (¢)- graphs) are proper®. The connection of (g) and
() is questionable as follows:

PROBLEM 3.. Does there exist a (©)-graph which does not satisfy (8)?

(a) ' : : (h)

Fig. 2

3 The graph on Fig. 2/b was called to my attention by Dr. B. Zelinka.
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§3.

Let H be a set with n(=2) elements. A permutation « of H is called cyclic
if o fixes g elements and permutes the remaining n—g ones cyclically (where
0=¢g=n—-2 or g=n). ais fully cyclic if it is cyclic with ¢g=0. By a fully cyclic
automorphism of a graph such an automorphism is understood which acts as a fully
cyclic permutation on the set of vertices.

In contrasting with § 1, now we do not restrict ourselves to connected graphs?.
Let us choose some integers n, k, m,, m,, ..., m; such that

3.1 k<n, l=m-<=my<...<m <n.

We define the (labelled) graph G=G(n; my, m,, ..., m,) as follows:

the vertices of G are denoted by P,, P,, ..., P,;

the edge from P; to P, (where 1=i=n, 1=j=n) exists in G if and only if
there is a number ## (1=A=k) for which the congruence

1——] =m, (modn)
holds. '

Proposition 1. A graph G can be expressed as G(n;my,my, ..., m) if and
only if G has a fully cyclic automorphism.

Proof. Let G(n;my, m,, ...,m) be considered. The following (fully cyclic)
vertex permutation o is obviously an automorphism:

P Pi+1 if 1§i<n,
a( ) P, if i=n.

Conversely, suppose that a graph G (having n vertices) possesses a fully cychc
automorphism «. For an arbltrary vertex A, let us introduce the notation

A=P, oa(d)=P,, o*(4A)=P;, (A =P, o 1A=
and let my,, m,, ..., m, be defined by the conditions

m1<m2<...<mk,

the edges P o Pray s P P,,,z, ., PP, exist in G, and

there are no other edges from P,

_ It is easy to see that G equals G(n;r;;tl,mz, . O
For given n and k, two sequences (m,,m,, ..., m) and (my, my, ..., my)
(fulfilling (3.1)) are called equivalent (for m) if there exisis a number r (1=r<n)

and a permutation = of the set {1, 2, ..., k} such that r is relatively prime to n and
the congruences . '
(3.2 rmy = Mpqy, Ty =My, ..., M = Mg

are &alid modulo ».

¢ The meaning of “graph’ is unchanged in any other respect.’
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Proposition 2. The equivalence defined above is a reflexive, symmetric and
transitive relation (in the set of all sequences (m,, my, ..., my) when n and k are
fixed).

In the proof we shall use the fact that the residue classes, consisting of numbers

- relatively prime to n, form a multiplicative group.

The reflexivity holds since 1 may be chosen for r. — If some r, n establish
a connection of type (3.2), then the solution r’ (1=r"<n) of rr'=1 (mod n) and
n~! establish a conneotion between the two sequences having interchanged roles.
— If rm,=r o and r’my=m; (,,) (mod n), then let r’ (lsr”<n) be defined
by r”=rr’ (mod n); it follows r'm,=r'rmy =71 myg) = my,q (modn) (where
h may be 1,2, ..., k).

Next we state an ev1dent assertion:

Proposmon 3. If two graphs are described in terms of the Sormalism
G(n; my, my, ...,my) and they are isomorphic, then n and k are common. [

Proposition 4. If (with the same n and k) the sequences (my, my, ..., m,) and
(my, my, ..., my) are equivalent, then the graphs G=Gn;my, m,, ...,m;) and
G =G(n; m;, my, ..., m) are isomorphic.

Proof. To an arbitrary vertex P; of G, let B(P;) be the vertex P,’, of G’ whose
subscript is defined by ri=i’ (mod n) where the equlvalence is established by
r. We may check that f is an isomorphism. [J

Since Proposmons 3 and 4 do not determine fully when two graphs in question
are isomorphic, we raise

PROBLEM 4. Let a condition for two sequences (my, ms, ..., my), (mi, my, ..., ny)
be stated which is necessary and sufficient in order G(n;my,m,, ..., mk)' and
G(n; mi, ms, ..., m;) be isomorphic.

I have conjectured [1] that the converse of Proposition 4 is also valid, i.e. that
" the equivalence is necessary for isomorphism, too*. The counter—examples due to

Elspas and Turner [10] show that the conjecture is false in the class of all graphs
having a fully cyclic automorphism; namely, G(8; 1, 2, 5) is isomorphic to
G(8;1,5,6) and G(16;1,2,7,9, 14, 15) is isomorphic to G(16;2, 3,5, 11, 13, 14)
although neither (1,2,5) and (1,5,6) (for n=8) nor (1,2,7,9,14,15) and
(2,3,5,11,13,14) (for n=16) are equlvalent

It was proved by Pokovié, Elspas, Toida and Turner (see [9], [10], [16]) that
my conjecture is valid within each of the following four subclasses of the mentioned
class:

(i) the class of graphs the number of whose vertices is a prime,

(ii) the class of graphs whose adjacency matrlces have non-repeated eigen-
values only,

(iii) the class of graphs with k=3, m,+ms=n and my=n/2,

(iv) the class of graphs with k=4, m;+my=my+mz=n and (m;, n)=(m,, n)=1
(the parentheses denote here largest common divisor).
They use — somewhat surprisingly — mostly tools lying outside graph theory
(e.g. techniques of matrix theory).

* Remark added in proof (November 21, 1977). For category-theoretical generalizations see [18].
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§4.

This § is® a continuation of the preceding one. Our present aim is to -
re-formulate Problem 4 in terms of automorphisms. For the sake of simplicity, we
do not make a distinction between a permutation n of the set {1, 2, ..., n} and
the permutation of vertices defined by P;—~P,.

Let a vertex permutation 7 of the graph G(n; my, m,, ..., m) be called special
when man~! is an automorphism where

o [i+1if 1=i<n
D=1 i i=n
) _Propdsition 5. Consider a vertex permutation n of G=G(n;my, my, ..., my).
Let us introduce another labelling P{, P, ..., P, of the vertices of G by the equalities
P/=P,y. If n is special, then G (provided with the new notation) -equals
G(n; n7 (my+ (), i (my+ (), ..., 72 (Mg +7(n)))

where the k sums (after the semicolon) are thought to be reduced modulo n and ordered
increasingly, If m is not special, then the new notation of vertices does not allow to
write G as G(n; my, m,, ..., my) (for any choice of the sequence (my, my, ..., m).

Proof. Let 7 be special. This means that nar~?! is an automorphism. The deduc-

tions n(P)=P,;=P; and
ran =1 (P;) = na(P) = n(Piyy) = Pl
show® that mazz 1 acts in the same manner as « in the sufficiency proof of Proposi-
tion 1. There are evidently k edges incoming to P, (=P,)), these edges are
outgoing from the vertices
Pﬂ:(n)+m1 = P;:‘l(n(n) +my) » Pn(n)+mz =lP1Iz'1(1c(n)+m2).5 cers Pn(n)+mk = P;:“l(n(n)+mk)

where the sums are meant mod n.

Conversely, suppose that n is not special. There is a pair (P;, P;) such that

exactly one of the edges PP and (non=(P))(nan~1(P; )) exists, We have the
equahtles

Pi = P;_l(i)3Pj - _P;-—l(j),
nan = (P) = na(Pn“l(i)) = ”(P1+u-1(i)) = P£+1r‘1(i),
nan = (P;) = Piyz-1(

(the subscnpts have sometimes to be reduced mod #), thus the fully cychc permuta-
tion P;/—P/,, is not an automorphism. ]

Proposition 6. The graphs G=G(n;my, my, ...,m) and G'=G(n; mj, my, ...
my) are isomorphic if and only if there exists a pazr (n, o) satisfying the followmg
three properties: .

8 'The reader may neglect this § unless he is particularly interested in Problem 4.
¢ We omit the separate treatment of the case i=n.
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n is a permutation of the set {1,2, ..., n} and — as.a permutation of the vertex
set of G — m is special,
o is a permutation of the set {1,2,...,k},
the congruence
n(mya) = m,,—l-n(n) (mod n)
holds for each h (1=h=k).

Proof. Let p be an isomorphism of G onto G’, denote by y the mapping of
the vertex set of G onto the vertex set of G’ satisfying y(P)=P; (1=i=n). We
introduce new notations Py, Py, ..., P, by the formula § (P{’)=P,-’, we can now
write also G in the form G(n; my, m;, ..., my). Proposition 5 is applicable (with
B~1y in the role of x).

Assume the ex1stence of = and ¢ that satlsfy the conditions. Proposition 5
assures that G can be made isomorphic to G(n; m;, m;, ..., m;) by introducing
the notations P/ =P, (1=i=n). O '

PROBLEM 5. Let a method "be given which, for an arbitrary graph G—
=G(n; my, my, ..., my) gives a survey of all (different) systems '

{m (my+ 7 (), = (mp+ 7 (), ..., a7 (my+m(m))}

where © runs through the special permutations of the vertex set of G and the sums
are meant modulo n. O

By virtue of Proposition 6, a solution of Problem 5 would 1mp1y the solutlon
of Problem 4.

§5.

"We study finite directed graphs without loops and pairs of parallel edges (with
coinciding or opposite orientation). We denote by M(G) the lenght of a shortest
cycle of the graph G. If the number k satisfies” 2=k<M(G), then we assign a new
graph U, (G) to the graph G in the following way:

the vertex set of U, (G) equals the vertex set of G,

. the edge AB exists in U, (G) if and only if (A B and) there is a path in G
from A4 to B the length of which is smaller than %.

A, (G) is G itself. If G is a cycle of length n, then U, (G)=G(n; 1, 2 . k—1)
where the right-hand side is to be understood as in § 3.

Proposmon 1. If G is a subgraph of H (with the same vertex set as H), then
there exists at most one number k fulfilling U, (G)=H.

Proof. Let-H equal %, (G) for some k. Denote by A4,, 4, ..., Ay) the vertices
of a shortest cycle of G (in the natural ordering). Suppose 2=k’<M(G) and k’#k,

denote by k” the larger of k and and k’. The edge Ay ) As~ eXists in precisely one
of A, (G) and A (G), thus A (G)= A (G). O

? The letter & is now used in another sense, than in the previous sections.
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Let C be a class consisting of directed graphs. Then we denote by Qi(C) the
class of all graphs %;(G) where G runs through the members of C and, for any
G, k runs through the numbers satisfying 2=k<M(G).

By virtue of this definition, every member H of A(C) has at least one subgraph
G(€C) such that U, (G)=H for some k. C is called a decomposition class if every
member H of A(C) can be represented with exactly one G(€C) in the form A, (G).

Proposition 8. The class C consisting of all cycles is a decomposition class.

Proof. Let A be a vertex of a member H of UAU(C). Denote the outdegree of
A by o(A4) and the set of end vertices of the edges outgoing from 4 by 6(4). Then
¢(4) is common for the vertices of H and — denoting it by ¢ — [a(4)|=0. ,

Let G be an arbitrary cycle such that "W, (G)=H. It may be seen easily that
o=k—1, furthermore, ' '

l6(4) Ne(B)| = k-2
if 4 and B are adjacent vertices in G but?
lo(4) N o(B)| = k-3
for any other choice of 4 and B (4=#B). -
We have reconstructed the pair (G, k) in terms of H only. O

Let the notion of (f)-graphs be recalled (see §1).

PROBLEM 6. Prove or disprove that the family of (B)-graphs is a decomposition
class. _ '
This problem was raised in § 4 of [3] as Conjecture 3 together with some related
conjectures. . '
Problem 6 is a particular case of the subsequent question (of rather heuristic
than exact nature): '

E .

. . PROBLEM 7. Let us determine
decomposition classes, comprehensive
as far as possible, among the finite
directed graphs.

F
. D G § 6.

A graph G is called cyclically
simpleif the intersection of any pair
of different cycles of G is (empty or)
_ . a path. The graph on Fig. 3 is not

A : cyclically simple because the inter-
Fig. 3 section of the cycles (d4BDEF) and

¢ We utilize here the fact k<n where # is the length of G.
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-(ACDEG) consists of two paths (of lenghts zero and one resp.) bemg not connected

with each other.
The future development -of the methods of analyzing directed graphs struc-

turally, with a particular emphasis to their cycles (see [3], [4], [5]), will perhaps
enable us to make remarkable attacks towards the followmg general . research di-

rection:
PROBLEM 8. Let the structure of all cyclically szmple graphs be described.

1 note that [S] terminates with an open- questlon This problem is somewhat
particular, this fact and the lengthiness of the. previous definitions (before all, the
Bconstructlbillty) do not permit to recapitulate it here within reasonable size.

§7.°

Let V be a finite setand M
={H,,H,, ..., H} (t=1)

be a family of subsets of ¥. The palr (V, H) is called a hyper-tree if the followmg
four conditions are fulfilled:” -

A) HUHU..UH,=V,

(B) [H[>2 for each i (1<1<t),

(C) |H;NHj|=1 whenever 1=i<j=, :

D) to each pair (7, j)- (where l<l<j<t) there exists precrsely one sequence

=1, 0y, gy ey iy = (m= l)
satrsfyrng the propertres @, ():
() dy, iys .-, i, are pairwise different numbers chosen from the set {1 2,...,t},
(i) H;,_ lﬁH #0 whenever 1=p=m. '

Let some evident consequences of the above definition of hyper-tree be stated.
H,CH, if i»j (by (B) and (C)). The intersection in (ji) has exactly one element
(by (C)) If 2=p+1<q=m, then H; NH,, is empty in (D) (by the unicity of the
sequence). .

The elements of ¥ are called the vertices of the hyper tree the nembers of
A 53 are the hyper-edges of it. 4

CONSTRUCTION The construction consists of three steps

Step 1. Let a hyper-tree (¥, $) be considered. We assign to any vertex A(E V)
“an (ay)- graph v(4). At the beginning of the procedure, v(4) and v(B) are viewed
to be disjoint if 4, B are different vertices.

Step 2. Let u(4, H;) be a rnappmg such that

(a) p is defined on the set of pairs A(€V), H;(€9) such that AEH,,

(b) the value of u(A, H;) is a vertex of v(A), and

(© z;é] implies u(A H)# (4, H) (where, of course, AEH NH;).

9 This § is addressed only to readers’interested in Problem 1 or how graphs are built up from
their blocks. .

2 Acta Cybernetica HI/3
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Step 3. For any H;(€9), let us identify all the vertices” u(4, H;) with each
other (A runs through the elements of H;). Denote the resulting graph by G. '
The description of the Construction is completed.

In Step 3, any v(4) is embedded into G. We denote by v*(4) the result of this
embedding. The graphs v*(A) are not necessarily disjoint, unlike the v(A4)s.

Proposition 9. Let P be a vertex of the graph G (constructed above). P is a cut
vertex of G if and only-if there is a H (€ D) such that P is the result of the identification
of the vertices u(A, H;) (in sense of Step 3).

Proof. We use the following characteristic property of cut vertices: P is a cut
vertex if and only if there exist two vertices Q, R such that Q and R are adjacent
to P and every chain between Q and R contains P.

Necessity. Suppose that P has not been produced by identification. Then P
is a vertex of some (well- determmed) v*(4) and any vertex adjacent to P (in G)~
is in the same v*(4). v*(4) is an (ay)-graph, hence it has no cut vertex. For every
choicé of Q and R, these vertices may be connected by a chain within v*(4) which
does not pass through P; the same holds obviously in G, too.

Sufficiency. Assume that P originates from identification. Let us choose two
elements A and B of H;. There is a.vertex Q in v*(4) and a vertex R in v*(B) such
that they are adjacent to P, i.e. they can be connected by a chain @, whose vertices
are 0, P, R (in this ordering). Suppose that there exists a chain a, (in- G) which.
connects Q and R and does not contain P. The union of a;, and a, is a circuit a.
Passing along a and considering the common vertices of the subgraphs of type
v¥*(4), we can form a sequence

H, , H,

iy igy <vv

H;,,

Iw

w=2) -

of some members of $ such that every pair of neighbouring members of the sequence -

is a pair of distinct and non-disjoint elements, moreover also H;, and H; 6 have

an element in common. If w=2, then this contradicts the condition (D) in the
definition of hyper-trees. The case w=2 is impossible by (C). O

Proposition 9 implies immediately

"Proposition 10. The blocks of G coincide with the subgraphs v*(A) where 4 .
runs through the elements of V. d

Proposition 11." Every graph produced by our Construction is an (o) graph ,
and -all («)-graphs can be represented in this manner. .

Proof. Any circuit (and, particularly, any cycle) of G is entirely included in -
some v* (4), thus the Construction leads to an («)-graph if all the v(A) s were (0)-
graphs.

Conversely, con51der the blocks of an ()-graph G. Every block is an (ozy)
graph. If

we assign an element A4 to any block,

V denotes the set of the A’s (|V] is the number of blocks),
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we assign a H; to the situation (whenever it occurs) that the same vertex of
G occurs in two or more blocks, and
$ denotes the family of H;’s (|9] is the number of cut vertices of G),
then the conditions of the Constructlon are obviously satisfied. . [}

Remark. In this § we have utilized only very few properties of the (o)-graphs.
Let us consider an arbitrary class of connected graphs (directed or non-directed)
— say, the (1:) graphs — such that a graph G is a (7)-graph precisely if each block
of G is again a (r)-graph.!® Then the connection of (7)-graphs and (zy)- graphs can
be described analogously to the prevxous treatment.

I1. Problems on the fuh‘ctioning of networks

§8.

By an autonomous continuous automaton we understand in the sequel a partial
function. ¢ (x, ¢) fulfilling the seven conditions as follows:
(i) x runs through the elements of a set X,
(i) ¢ runs through the non-negative real numbers,
(iii) each value of ¢ is an element of X,
(iv) for any fixed x(€X), either ¢(x, t) is defined- for every t or there exists
a bound b,(=0) (depending on x) such that @(x, ¢) is defined premsely_when
O0=t<b,,
(V) @(x,0)=x if the left-hand side is defined (i.e. if 5,>0), -
(vi) whenever ¢@(x,0) is deﬁned then there exists an rx(>0) (dependmg
on x) such that either )
O<t=r, implies ¢@(x,t)=x or
O<t=r, 1mp11es o(x, t)#x,
(vii) the equality

@0 1+ = 9(p(x, 1), 1) - 8.1)

is required for every triple x(EX )s t1(>0), 1, (=0) (1n such a sense that either both
sides of (8.1) are defined or none of them). -

Now we turn to a heuristical exp]anation' of what the definition of autonomous continuous auto-
mata expresses. The second variable 7 of ¢ is interpreted as time. The first variable x corresponds to
the possible states of a system (working in time). The function ¢ itself has the following meaning:
whenever the systemiis in a state x at the initial instant 0 and the function value ¢(x, ) is defined, then -
the system will take the state ¢(x, r) at the instant ¢. (The case when ¢(x, ¢) in undefined means that
our mathematical model is unable to say what will be the state of the system at 2.)

In (iv) three possibilities are allowed, namely, either b, is O or b, is a positive real number or
b, does not occur. The situation b,.=0 means that, at least in sense of the mathematical treatment

. of the system’s behaviou_i the system is not capable to take the state x. (In the following §§ this
will arise when the edge PQ exists in a graph, and the state x attributes the value 1 to P and a value
lying in the interval®* (0, 1] to Q.) If a positive b, exists, then our mathematical apparatus

1 Of course, the blocks are (ry)-graphs.
1 By (0, 1] the-set of instants ¢ fulfilling 0 <#=1 is denoted.

2%
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describes the functioning of the system not longer than within a time interval having a finite
(positive) length. When b, is not defined, then our model is able to prognosticate the system’s
states for every future instant.

The aim of the condition (vi) is to exclude the automata whose functioning is very irregular. It
does not permit the occurrence of the following (abnormal enough) situation: for any positive r
(however small it be!) there exist two instants ¢, ¢’ in the interval (0, r] such that the state of the system
at ¢ is x and its state at #* differs from x (i.e., roughly speaking, the state x is densely mixed with other
state(s) in the neighbourhood of the initial mstant) — Such situations can scarcely arise in the work
of real systems, but they are logically imaginable.

Condition (vi) is rather of technical character; in contrast with this, (vii) expresses an important
characteristic feature of the considered automata. The notation ¢(x, £) (containing no symbol deno-
ting effects which come from outside!) is interpreted that the automaton works autonomously; in
addition to this, (vii) postulates that the laws of its functioning do not change with time, in other
words, the distinguished role of the initial instant is abolished and ¢ may be viewed as the length of a
time interval (situated anywhere in the non-negative semiaxis). (We can also say, on the basis of
(vii), that the system neither oldens nor learns.)

In accordance with the above intuitive considerations, we introduce the follow-
ing terminologies. The elements of X are also called states (of the automaton A,
to be defined later). The variable 7 is interpreted as time, thus its values are called
instants. If ¢(x; 0) is defined, then x is called a permirted state. The condition (vi)
‘is said the quasz-contmulty of @, (vii) is said the homogeneity of ¢ in time.

A pair A=(9, x,) is called an initial autonomous continuous automaton (or,
for the sake of brevity, an initial automaton) if ¢ is an autonomous continuous
automaton and x, is a (fixed) permitted element of X. We call x, the initial state
of A. ¢(x;, ) is said the state of A at the instant f.

If x is a state of ¢, then we denote by H, the set of positive numbers z, satlsfylng
o(x, t)=x. — We write also shortly H (1nstead of H,) when only one state is
considered. If some states x;, x,, ... are viewed, then the simple notations H,, H,, ...
may be used (instead of H, sz,. .., resp). Similar simplifications will be -used
for other quantities dependmg on states too.

Proposition 12. If x is a state of the autonomous continuous automaton @ such
that H, is nezther empty nor the set of all positive numbers, then H, contains a smallest
element Dx-

Proof. Suppose that H is not empty and (the existence of smallest element
does not hold, i.e.) for every t,(€ H) there’is a ¢, satisfying both O0<# <z, and
1,€H. Our aim is to show that every positive number belongs to H. By iterating
the step of determining #;, we get an infinite decreasing sequence

to>1, >ty > t3 >

consisting of elements of H. The dlfference d =t —1ti1 conifergés to 0 if i tends
to the infinity. We have

o(x,d) = oo (x, fiv1)s d;)) =o(x, ti+1+di) =0(x, 1) =x

(since ¢ is homogeneous in time) for each i, thus there exists an r such that
@(x,t)=x whenever O<t=r (by the qua51 continuity of ¢).
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N

Let now 7* be an arbltrary positive ‘number. There is an integer u and a (real)
* number v such that t*=ur4+v and O0=uv<r; hence

o051 = x,
o(x2) = pp(x, 1) = e(x, 1) =x,

px,ur) = @(ox, W—1)r), r) = o(x,1) = x,

@(x, t*) = @(x, ur+v) = ¢ (@(x, ur), ) = @(x, v) = x,
this means t*¢H. 0O . '

_ In the set of permitted states.of an autonomous continuous automaton, we
introduce the (binary) relation ¢ as follows: o (x, y) exactly if there exist two non-
negatlve numbers f,,f, such that ¢(x, )=y and ¢(y, t;)=x. It is obvious that.
o is reflexive, symmetric and transitive, consequently the set of permltted states
splits into equlvalence classes modulo ¢ (called o-classes). A a-class is said trivial
if it consists of one element only.

If @ (x, t) (is meaningful and) equals x for every non-negatlve‘t, then x is called

a steady state. Any steady state forms a trivial o-class (but the trivial o-classes are

not.exhausted in this manner). If the o-class containing X is non-trivial, then we
say that x is a properly periodic state'? and 1ts perzod is Px. X is periodic 1f it is either

steady or properly periodic. : :

The behaviour of an initial automaton whose initial state x, is steady is trivial.

If x, is properly periodic, then the behaviour may be derived from our next statement:

Proposition 13. Let K be a non-trivial o-class of an autonomous continuous
‘automaton. Then the following five assertions hold: ' .

D) (the perzod P is common in K, i. . ) there exists a positive number py such
that p.=py for eveiry x{€K), ;

(I1) whenever x€K and t*=0, then @(x, t*) (exists and) belongs to K, .

(I11) whenever x and y are arbitrary elements of K, .then there exists one and
only one instant t fulfilling both - 0=t<py and ¢(x,t)=y,

(IV) whenever x¢K and t*=pg, then @(x,t*)=¢(x,v) where v is the single
number determined by the inequalities O<v<pK and the condition that (t* —v)/px
is an integer,

(V) the cardinality of K is continuum.

Proof () Choose two arbltrary elements x, y of K. Smce @(x, )=y is satis-
ﬁable with some #;,we have

0, p2) = 0(@(x, 1), P) = 0 (x, 1+ ) = @(0(x, P ) = @(x, 1) =y

hence p,=p.. A symmetrlcal inference shows that p, :p, Hence p, is the same
for every choice of x in K. :

12 Proposition 13 will justify this terminology.
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(II) Let u, v be two numbers such that r*=up,+v, 0=v<p, and u is an in-
teger. An easy induction shows that ¢ (x, up,) (exists and) equals x for every u (sim-
ilarly to the final part of the proof of Proposition 12). Moreover,

@ (x, t%) = o(x, up+0) = @(@(x, upy), v) = @(x, v)
' (wh‘ere @(x, v) is necessarily meaningful!) and
@(@(x, 1%), p,—0) = (9 (%, v), px—0) = @(x, v+p,—0) = @(x, p) = X,
consequently, x and ¢(x, ¢t*) are in the same o¢-class. '
(Ill) We have ¢@(x,t*)=y with some ¢*(=0). The number v, seen in the
preceding section of the proof, is a convenient v. We are going to show the unicity
of ¢. Suppose (contrarlly to this) that @(x, t)=¢(x, )=y where O0=t<t"<py;

hence
o(x, px+t—1t) = @(e(x, 1), px—t") =

=@(p(x, "), px—t) = @(x, t"+px—1t) = o(x, pg) = X,
this equality and the obvious inequalities :
0 <(px—t' <)pg+i—t' < px

contradict the definition of p,.

(IV) This assertion was already verified in the proof of (I).

(V) If x is fixed, then (III) establishes a one-to-one mapping between the ele-
ments (denoted by y) of K and the numbers being in the interval [0, px). O

Now we turn to the behaviour of an automaton when it starts with a non— )
periodic state.

Proposition 14. Let an autonomous continuous automaton be considered. Suppose
that a permitted state x of it is not periodic. Then exactly one of the subsequent two
_assertions is valid:
(A) The states @(x, t) are pairwise different as far as they are defined (the bound
b, may or may not exist).
(B) There is a number ¢ (=0) such that
"~ (i) for all choices of t such that t=c,, the states o (x, t) are (defined
and) periodic and moreover, they belong to a common o-class K,
(i) for the choices of t such that O=t<c,, the states ¢(x,t) are non-
periodic and pairwise different, moreover, any of them differs from ¢(x, c.), and
(iil) if (c,=>0 and) @(x, c,) is a periodic state; then it belongs to the class
K mentioned in (i).

Proof. Assume that (A) does not hold, i.e. there are two instants ¢,, ¢, such
that (0<)f,<t, and o@(x, t,)=9(x, 1;). We want to show that all statements of

(B) are true.

Case 1: there is a ¢” such that ¢ <t¢'<t, and ¢@(x, t)=¢@(x, tl) In sense
of the formulae (@ (x, ), ' —t)=0(x, 1), @(¢(x, 1), L—t)=0(x, t)=0(x, t,),
¢ (x, t,) and ¢(x, ") are in the same o-class K, hence they are properly periodic.
 Denote by J(#0) the set of all instants ¢* fulfilling ¢ (x, ¢*)€K. Proposition 13,
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4 ~

(II) implies that J is an interval of form (c,, =) or [c,, =) where c, is the infimum
of J. The statements (i), (iii) are obvious, (ii).can be verified easily by indirect method
(namely, supposing that #,, ¢, may be chosen so that #,<#,<c,, we get a contradic-
tion with the definition of ¢,).

Case 2: ¢(x,t)=¢(x, t;) whenever ¢’ is between ¢, and t,. It is clear that
o(x, t;) is a steady state. If we denote now by J the set of instants ¢* fulfilling
o(x, t*)=¢@(x, t;), then J and its infimum ¢, will again satisfy (i), (ii), (iii). O

. A (non-periodic, permitted) state is called aperiodic or pre-periodic if it satisfies

assertion (A). or assertion (B) of Proposition 14, respectively. The number c, is
called the length of the pre-period. An aperiodic state x is called bounded aperiodic
or boundless aperiodic depending on the existence of the bound b,. Table 1 shows
the hierarchy of the notions introduced for states.

PROBLEM 9. Analyze how the periodicity properties are modified if some of the
conditions ()—(vii) is replaced by a weaker one.

(E.g. we can suppose, instead of (ii), that 7 varies on a totally ordered set T,
the cardlnalxty of T may dlffer from the continuum.)

properly perlodlc
steady
pre-periodic
boundless aperiodic
bounded aperiodic

} periodic
| ' permitted
} aperiodic } nf)nfperlodlc ”

Table 1

Remarks. In this § we have considered automata whose functioning starts
with an instantaneous initial state. The somewhat modified notion when the be-
haviour in an interval of positive duration is regarded to be the startmg condition
has been studied by Konikowska [15]..

It is worthy of mention that the behaviour of autonomous systems of diffe- -
rential equations has certain similarities to the above results (see [17], § 15).

§9.-

By a network we understand a triple (G, X, ¢) such that :
(1) G is a finite directed graph whose vertices are denoted by Py, Py, ..., P,,
(2) X is a subsét of the set of real numbers,
(3) the set of all mappings x of the set {P;, P,, ..., P,} into X is denoted by -
X, and '

(4) ¢ is an autonomous continuous automaton the set of states of go is X,
the function ¢ is given.in terms of the graph structure of G.
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By virtue of the above definition a state of the network in question is denoted
as a vector . . ]
(x(Pl)’ x(Pz): ...,X(P")). . : (91)
For the sake of convenience, we write the simpler notation
) A (X1, Xa5 -5 X)) - _ 092

instead of the vector (9.1) and we identify the mapping x to (9.2).
Thus ¢(x,?) may be decomposed into n functions - .

—_—

0 (X, 1), %06 1), ooy (X, 1) - ' 9.2)

where o;(x, t) is the i-th component of the vectorial form of the state’® ¢(x, t).

This means that if x; is the state of the vertex P; of the network at some instant #, (for any i,
1=i=n) and we use the symbol x for thé sequence (x,; x;, ..., X,), then o,(x, ) denotes the state -
of some P, at #,+1.

§10

Now we define a particular type of networks which will be called .simple net-
works in the sequel*. This notion arises (by abstraction) from the networks studied
in Chapter 2 of [14]. Let G be a graph (without loops and multiple edges). Let X be
the closed interval [0, 1] (i.e. the set of real numbers y fulfilling 0=y=1). Let
the positive number t, called recovery time (of the vertices), be characteristic for -
‘the network (z is the same for each vertex) The function ¢ is. determmed by the
subsequent four rules (in which { y} is defined by

fy if 0<y<1
v}={ '

if y=1
and g, denotes the maximum of the values {x,}, {x2} oo {Xy })
(1) a state x is permitted if and only if ‘the equality x;=1 and the ex1stence
of the edge PP imply x;=0 (for any i, j where l=i=n, 1=j=n), ~ |

2 if x is a permltted state and O<t<(1—gx)r the we define

(xs t) = (Zl’ Zgy eens Zn)

13 The functions «; (x t) are not autonomous continuous automata. (Indeed, let us recall the
definition of autonomous continuous automata in § 8. If the set of states of the entire network is
. denoted by X, then (iii) is not satisfied; if X denotes the state of a single vertex, then (i) is not ful-
- filled.) — We avoid the notation of type «;(x,, ) since' it lacks to be a function (because there are
interactions among the vertices; hence «; (x, #) may depend on each of x,, x,, ...; x,,, not only on x,).

¥ The reader who is ‘interested in this subject may find a moré detailed explanation
in [2] (mainly in Section 3). A short summary of 'the definition is contained also at the begmmng

of § 6 of [3]
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in the following manner:

z 0. if thereisa jsuch that P;P; exists.and x;=1I,
' . t .
A : xi+? otherwise,

(3) if x is a permitted state, ¢,>0 and there are two subscripts i, j such that

PP exists and x;=x;=g¢,, then ¢(x, (I—g,)7) is undefined,
(4) if xis'a permrtted state, 0,=0 and the assumptlon in (3) does not hold,
then we define 4 .

(p(x,(l—gx)t); (zl, z;, s Z)

in the following manner

< {0 if thereis a ] such that I—’_}; exists and
z. = one of the equalities xj-Qx, x;=1 is true,

‘ lmln {a, x,+1— - 0,) otherwise'®.

It can be verified that we have defined an autonomous continuous autematon
@ (among others, either the value @(x, #) can be determined or-the fact that ¢(x, 1)
is not defined can be stated consistently by successive application of (1)—4) for
an arbltrary choice of the state x and. the non- negatlve 1nstant t).

Our next aim is to clear up the intuitive basrs of the ab_ove definition. The vertices of the network
represent (idealized) neurons, the edges of the network are inhibitory connections. Each neuron is (at
an instant) either in inhibited state or in firing state (denoted by 0, 1, resp.) or in the so-named reco-
very state? (being between these extremiief). The inhibition is understcod in such a manner thatif a
- neuron P is in firing state and the edge PQ exists, then Q is in inhibited state. There is a permanent
“background effect’” manifesting itself in such a way that a neuron, being in recovery state, strives
to be firing (unless, of course, it will be inhibited by another state in the meantime), and a firing
neuron remains in firing state (till it gets an inhibition). The inhibition is produced instantaneously
" (and, more precisely, right-continuously), the duration of a full recovery phase (beginning with an .
inhibited state and leading to a firing state) is 7, this duration does not depend on which of the neurons
is considered. If two neurons, connected with each other, reach the firing state at the same instant,
then the behaviour of the network is studied no more. Let the state of a neuron, being in recovery
state at an instant ¢, be considered; if the neuron is in recovery phase since a duration of length #,,
_ then its state is denoted by #,/7 (clearly O=<to/r<1), hence the firing state 1 will be reached conti-

- nuously at the 1nstant t+1—t, (except when the recovery phase is 1nterrupted by a new inhibition)

(see Fig. 4).

15 The definition of o, implies that x;+1—¢,>1 if and only if x;,=1. :
16 The terminology ‘“recovery’’ occurs in another. sense in the literature, too, than its

meaning in the sequel
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to T—[o

f—ty - t : 1+ T—1,

Fig. 4

It is shown in Sections 4—5 of [2] that the functioning of such a network happens
in. discrete steps substantially, and the essential instants can be calculated from
the .initial state. It follows from the treatment that no boundless aperiodic state
occurs in this type of networks. A matrix ‘

P4 S
vl i, '
' (10.1)

m m m
R 25 41NN o

(having an infinity of rows) is there considered whose entries are sets of vertices
(corresponding to the smaller or larger values of «;(x, T,,) where x is the initial
state and T, is the m-th essential instant), and rules are stated how the entries of
.the m-th row may be expressed in terms of the entries of the (m—1)-th row. The -
following three problems are mentioned in the last section of [2]:

ProBLEM 10. Express’ the entries vy, YT, .., Y of (1‘0.14) in terms of the
entries W}, VY, ..., ¥3.1 by formulae which are closed as far as possible.

ProBLEM 11. Describe the per’iodibity properties of a network (starting ‘
with an arbitrary initial state) by use of the matrix (10.1). .

ProBLEM 12. Characterize the graphs G possessing‘ the stability property
that whenever x and y are periodic or pre-periodic. states, then there exist t and t’
such that o(x, t)=¢(y,t).

(Obviously, Problems 10 and 11 are closely related to each .other.)
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- §11.

It seems that from various considerations (belonging not to mathematics but
to more or less experimental sciences) it is imaginable to derive various network
types. In [2} it was elaborated only in one special case how some concrete type
of networks can be introduced and analyzed.

Among the diversity of possibilities, we turn now to the network type,suggested
by Chapter 3 of [14] where they are called ‘“‘complex networks”. We are going to
give a definition of these networks that uses mathematical tools (analogously to
how:the network notion appearing in Chapter 2 of [14] was abstractly defined in
Section 3 of [2]). (The motivation will be gwen at the end of theé §.) The definition

consists of four parts.
(I)  The graph G contains 2n vertices which are presented in a matrix form

(P1 P, ... P,,]
01 Qo Q)

The n edges }_’;Q;, 1;2_(_2;, ..., P,Q, are always vpresent in G, every other.edge
of G starts from some. 0, - ’
(I) X consists of the real numbers @ satlsfymg either 0=a=1 or a=2.

(Il) A state - . .
' [x(Pl) x(Py) ... x(P, ,)] [xl Xg ... x,,] B (“ 2)"
\x(Qy) x(Qz) - x(@), a7 g, ' L

is permitted precisely when

(@) X172, x,7#2, ..., X, #2,

(b) x;=1 implies z;#],

(©) z;=2 implies x;=1,

(d) z;=2 and the existence of 0 P imply x; ~—O and

(e) zz=2 and the existence of Q;Q; imply zJ—O :

Before exposing the final part of the definition, we agree that two (fixed) positive
real numbers T, 7, are characteristic for the activity of the network, and we introduce .
some notations (concernmg (11.2)). Let ¢’ be the minimum of the positive numbers
among the 2n quantities

(1=, (L= %), e, T X, rza —z), 11—z, ..., 1, (1-2z,).
I’ is the set of subscrlpts i fulfilling x,=1. F‘l’ and 't are the sets of i’s satlsfymg_

(11.1)

z;=2. or z;=1, respectlvely AP and 49 are the sets of i’s for whlch X; =1-Z or

z.=1——; ho]d respectively.’” If ¥ is an arbitrary subset of {I, 2 .y 1), then:

let XP(W) be the set of those P;’s for which Q ;P; exists in G with a smtable J(eWY). .
The set X () (con51st1ng of some Q,’s) is 51m11arly defined (with Q; Q,) '

7 If v, or requals a, than th> d:faitioas of 47 or 47 must be somewhat modified. Thismay
be left to the reader (for an analogy, see the definition of 4, and Footnote 4 in [2]).



206 A. Adam

. (IV) Now define the values of the entries of the matrix
al(x]9 t) a2(x2a t) an(xn’ t)]
'yl(zla t) Yz(zz; t) . yn(zn’ t)

where x is the same as in (11. 2) and ¢ satisfies (separately) O<t<o or t=¢ in
the following way:
[a] if t<o, then

o(x, 1) = [

0 if Py, (I'v?)

IR
o (x;, ) = boir ier

Xt — otherwise,
[0 if Qex, (I
! 1 if iers
'yi(Zi, t) = 2 if iEFq’2 .
t )
zi+ . otherwise,

2 -

]

[b] for t=a:
{0 if Piey, (47N 49
1 if icrr and Pi¢y, (47N 49
%(x;,0) =31 if icar :
g .
lx,-+-1: otherwise
0 if Qi€x,(47N49).
1 if ier=s—(*U4?) and
o Qi x, (47149
- 2 if i€4N(IPU 4P
NG =4, ie(r*Ur+)NI*U4?) and
0 %, (47N 49)

0 .
z;+ — otherwise.

It may happen that this definition of «;(x;, 6) or y,(z;, 6) is not consistent
(because the first and third conditions in both definitions do not exclude each other
in general). If such a contradiction arises, then we do not define ¢(x, t) for the
instants that are =o.

If the values «;(x;, ) and y;(z;, 6) are meaningful, then the definition of ¢
can be continued such that 0 is replaced by ¢.and some instant” ¢’(>¢) will play

- the role of ¢. This may be continued ‘piece-wise till the infinity unless a contradic-
tion is sometimes produced (in the manner seen above).

PROBLEM 13. Let the network type introduced in this § be studied, let the
analogies and dissimilarities to [2] be discovered.
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Since the above definition of complex networks is awfully intricate, the reader may expect
eagerly the usual elucidating considerations. The present notion is a modified (and, we can say, im-
proved) version of the simple networks (in § 10). There are two types of neurons (denoted by P’s
zﬂ’ Q’s with subscripts, resp.) and the neurons constitute pairs of form (2;, Q;). The edges of form
P,Q, express excitatory connections, the remaining ones (each starting from a Q,) express inhibiting
ones. The inhibited state is denoted by 0 and the recovery state is by numbers in the open interval
(0, 1) (without any change). In contrast to the simple networks, now fwo kinds of firing state are de-
fined for the vertices Q,, they are denoted by the numbers® 1 and 2 (for the P,’s only the firing state
1 is permitted). A neuron Q, is in the state 2 if and only if both of Q; and P, have finished a recovery
phase (and they did not get inhibition in the meantime). If Q, is in the state 1, then Q, does not really
produce an inhibiting effect (but it is ready to produce the effect instantaneously when it gets an _
excitation from its pair P;). The *‘background effect’’ acts similarly to the simple networks (but this
- effect alone is unable to produce the state 2 for a Q,). The recovery durations z,. and 7, (for the P,’s and

Q.’s, resp.) may differ from each other. The detailed prescriptions in (1V) are elaborated in analogy
with Section 3 of [2]. Finally we spec1fy the meaning of some formulae in (1V). x,, (I"*%)is the of P,’sbe-
ing inhibited by a Q, at theinitialinstant 0. x, (47N 49) istheset of P,’s for which an inhibition setsin
at the instant ¢. I'**— (I'? U 4P) is the set of subscriptsi such that (1) the state of Q, was 1 during the
interval [0, ¢) and (2) the state of P; does not reach 1 at ¢. 49N ("7 U 4P) is the set of i’s such that
(1) the state of Q, converges to 1 (from below) if ¢ approximates o (from the left) and (2) the state of
P, reaches 1 at ¢. (I'9*U ') N (I'P U 4P) is the set of i’s such that (1) the state of Q,is 1 or 2 dunng
[0 o) and (2) the state of P; reaches’1 at 6.

III. On the interconnections between structure and function

§12.

The exact mathematical treatment of the behaviour of networks dealt with
in Chapter 2 of [14] has been done in the article [7]. We applied in [7] the considera-
tions of [2] to the more particular type of networks whose structure is G(n; 1,2, ..., k)
with some n and k where 1=k<n, n=3 (cf. § 3 and § 10 of this paper); thls spe- :
cialization enables us.to deduce more explicit assertions on the behaviour in com- |
parison to the case when (in [2]) we did not restnct ourselves to any special graph
structure. '

We have introduced in [7] the notion of regular state in terms of certain equahtles
and inequalities between the values x, X, ..., x,. The main consequences are:

any regular state is periodic and its period is a divisor of the number!?
Tln, k+ k+ -1]

Tk+1 ,
' any non-regular state is eitherpre-periodic or bounded aperiodic and — respec- '
tively to these cases — the corresponding number c, or b, does not exceed 2r.

§§.6—8 of [3] have been devoted to an extension of the results of [7] to the
networks the structure of which belongs to the graph class (Cy) where C; is the
family of (8)-graphs (see § 1 and § 5). It was proved that — after a suitable defini-

(if it is properly periodic),

18 The occurrence of the isolated number 2 in (1I) means that we have given up certain conti-
nuity properties of the mathematical model. -

1% [a, b] denotes here the least common muliiple of a and b. We say that a is a divisor of bif
ac=b with some positive integer ¢ (a and b are not necessarily integers). The word “‘period”’ is now
meant as it was defined in § 8. (This is the same as ‘‘smallest perlod”m the termmology of the prevnous
articles. Other changes in the termlnology are that we say now “‘periodic’’ and “‘non-periodic’” in
stead of “‘cyclic’” and ““acyclic”, resp.)
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tion of regularity — each regular state is periodic;' I did not succeed, however,
in showing the expected converse of this statement. Let therefore the conjecture
that terminates the article [3] be recalled as follows:

PROBLEM 14. Decide whether or not there exists a properly periodic non-
-regular state of a network lying in W(Cp): .

The next question is of comprehensive nature, it proposes further investiga-
tions in analogy with [7] (the act1v1ty of a network is thought again as it was stud-
ied in [2])

ProBLEM 15. For network classes corresponding to various graph types
affected in Chapter I of this paper, determine the sets of periodic states and the other
periodicity properties.

§13.

Let henceforward the network type of [2] be considered. We mention a mathe-

matical formulation of the questron how raprdly the -effects can be propagated.
in a network.

' Whenever a network and a- permrtted state x=(x;, X, :.., X,) of it is given

and the edge’ P P, exists, then we call P P, a red edge or a green edge accordingly
to which of x;<x;, x;=x; is true®. For emphasrzrng the role of x we can speak
of x-red and x-green edges . :

We say that the independence. statement I(r, s, t) holds 1f

a; (x, ) = o‘i(ya t)

is true for every possible chorce of G, i, x, y where the occurrmg symbols have the
following meanings:
(i) r and s are non-negative integers, at least one of them is positive,
(ii) 71 a positive real number,
(i) (G, Z, ¢) is a network (as in §10),
(iv) the number of vertices of G is denoted by n,
(v) i is an integer such that 1=i=n, : '
(Vi) x=(xy, Xg, ..., X,) and y=(yy, 5. ..., ¥,) are states of (G, Z, ¢), each
edge of G is supposed to be red or green concerning any of x, y,
(vii) any integer j (1=j=n) -fulfils the condition: either x;=y; or each
path from P; to P; (in- G) contains at least r x-red ‘edges, at least r y-red ones, at
least s x-green ones and at least s y-green ones.

Conditions (i), (vu) imply x;=y; since x;# yJ is possible only if the number
of edges. of an arbitrary path from P; to P, 1s at least r+s(>0)

We define n(r, s) as the largest number u (p0551bly =) possessing the following.
property: the independence statement I(r, s, t) is true for every ¢ such that 0<t< ut.

20 The edge is not coloured if x;=x;.
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PROBLEM 16. Let the function n(r,s) be studied. _
In the particular case s=0, I conjecture =n(r, 0)=[%] ([a] denotes here
the integer fulfilling a—1<[d]=a).

Example Let the graph with the four vertices P,, P,, P;, P, and three edges

P1P2, P2P3, l”'3P4 be considered with the initial states x=(0.96, 0:97, 0.98, 0.99)
and y=(0.95,0.97,0.98,0.99). An easy discussion shows that

4)) . os(x, ) = oe(y,t) if ¢t<0.04r but
a3 (x, 0.047) = 0 # 1 = a,(y, 0.047),
@ | og(x, t) = a3(y,t) if £=0.04r bute.g
o3(x, 0.05t) = 0.01 = 0" = oy(y, 0.0517),
3) w(x, 1) =a(y, 1) if 1<10d4c but

oy (x,1.047) =0 %1 = ay(y, 1.047).
Hence this example implies 7(1,0)=0.04, n(2, 0)=0.04, =(3, 0)=1.04.

Remark. It may seem to be curious that red and green edges were distinguished
in the above definition of 7. Now we want to explain why this was done. In fact,
one can introduce I*(g, ¢) and n*(g) in an analogous (but simpler) manner; this
function * is, however, identically zero. E.g. the discussion of* the network having
the'edges P, P,, P, P;, P3P,, P, P;with the initial states x=(0, 0.98, 0.97, 0.96, 0. 95)
and y=(0.99,0.98, 0.97, 0.96, 0.95) shows =*(4)=0.04.

§14.

Let the so-named complex networks be considered the formalized definition
of which' was contained in § 11.
Suppose that H, and H, are non-empty finite sets of positive integers such that

H,UH,={1,2,3, ..., |H,|+|H,]}.
(This equahty implies H ,(VH)=0). Letn, k fulfil n>k=|H, |+|H| we denote

by G(n; H,, H,) the graph whose vertices are Py, O, Ps, Q2, ..., P,, Q, and the
edges of Wthh are determined in'the following way: . .

PiQ, exists for every i (1=i=n),
QiP exists precisely when there is an h(E ») such that i—j=h (mod n),

0:0 Q; exists premsely when there is an h(E ) such that i—j=h (mod n)
Chapter 3 of [14] gives a suggestion for ralsmg the followmg question:

PrRoBLEM 17. Let the complex networks (in sense of [14]) built up over the
class of graphs expr essible in the form G(n; H,, H,) be studied (in a manner analo-

*. gous to [71).
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IV. On the stochastic behaviour of networks

§ 1s.

In the network type considered in § 10, the recovery time t was supposed to
be (common for the vertices and) strictly determined. It may be a bettér simulation
of real processes if the value of t is randomly chosen (at every occasion when a
recovery phase takes place) according to some probablhstlc distribution. E.g. the
. following question may be raised:

ProBLEM 8. Let a (stochastic) analogon of the investigations mentfbned
in §10 and § 12 be given when < is a logarithmically normally distributed stochastic
varigble (i.e. 1=e" where 1" is distributed normally). :

1

§16.

Another possibility for probabilistic considerations arises if (7 .is deterministic
but) the initial state of a network is not fixed. Namely, let the case be considered when
(a) the components of the initial state are numbers chosen randomly (e.g.
in sense of the uniform distribution) between 0 and 1,
. (b) the class of all (logically possible) manners of behaviour is partltloned
to some subclasses Kl,Kz, ... by virtue of some simple properties, and
(c) we are interested in the probability P(K;) of the event that an initial state
will lead to a behaviour belonging to K.
In § 5 of [7] we have proposed a problem of this type when the graph structure
of the networks is G(n; 1) and a behaviour is defined to belong to the class K; if
" it leads to a. regular state with precisely z(sn/2) vertrces being m the maxrmal
state 1.
In §§ 4—5 of the paper [6] an attempt.was made for showing how a partlcular
- problem, being similar to the mentioned type, can be studied. The. followmg question
was discussed:
(i) we consider the networks built up on finite ‘trees with a. distinguished
vertex (called root-of the tree) such that every edge is directed towards the root,
(11) the components of the initial state of a network are chosen randomly .
(like in (a)),

(iii) we separate five types f the behaviour of the networks (each starting
from an initial state) accordmg to which of the following statements are fulfilled :2
the state of the root is 1 somewhere in the open 1nterva1 ©,7), -

the state of the root is 0 at ,
the state of the rootis 1 at 7, _
(iv) the probabilities of the occurrence of the types are calculated such that
the number of vertices of the tree is fixed and the trees (having thls size) are chosen
equiprobably with respect to an xsomorphjsm notion.

31 These three statements can be combined with each’other in eight manners. From among these
(logically imaginable) cases, two ones are impossible, a third one is of zero probability.
, .

3 Acta Cybernetica III/3
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§17.-

In the last section of this paper a glance is thrown at the problem of genesis
of networks, i.e. how a graph (underlying a network) may develope in a stochastic
manner. In the article [11] the following version of this question is thoroughly studied
(concerning non-directed graphs):

at the beglnmng of the process there are given n 1solated vertices (this set of
vertices remains unchanged),

after i steps we start with a graph having (the » vertices and) 7 edges from among
the _n(n_) possible ones, the (i+1)-th step is that we draw a further edge e such

2
that e joins one of the'n(nz_ D

—i non-adjacent vertex pairs and is chosen equi-.

- probably,

the procedure terminates after k steps:

Erd8s and Rényi have determined in [11] which graphs may be typlcally formed
in this manner (depending on the order of magnitude of -k). It seems that these
typical graphs are quite dissimilar from the graphs belonging to the classes dealt
with in our Chapter I. Therefore, if one shares the opinion that the elements of
our graph classes are particularly able as carriers of networks producing reasonable
activities, then he must seek other principles in addition to the above principle
of ,inserting a new edge” in sense of ErdGs and Rényi.

Such an additional principle may be that an edge ceases to exist under certain
circumstances. If some condition, implying that edges are destroyed, is fixed, then
one can study e.g. what happens typically when he starts with a complete graph

nn—1)
2. _ :
and independently of each other) and applies the “edge-destroying” principle
in k steps. Of course, the principles of inserting and destroying may also be com-
bined with each other. .

Let us return again to the manner of functioning introduced in § 10. A concrete
possibility how an edge may cease is illustrated in the following example. Let a
network have four vertices Py, P,, P;, Py, four edges P, P,, PP, P,P,, P, P,

.and the initial state (0.6, 0.7, 0.8, 0.9). A discussion of the activity of this network
shows that it is defined only for the instants ¢ smaller than 1.4t. When the instant-
1.4z is approx1mated then both of a3(t) and o, (¢) converge to'1; this fact and the

existence of the edge P3 P, imply that the working of this network remains undefined
- if t=1.47. It seems advisable to supplement the network -definition by demanding
that ‘an edge e is deleted at such an instant when both vertices. mmdent to e reach
the value 1 51mu1taneously

(with n vertices and all the possible

edges, being the edges oriented randomly

PROBLEM 19. Let the activity of a network be understood as in § 10. Which
typzcal graph structures (depending on the order of magnitude of k) arise if we start
with a complete graph with n vertices and we apply the edge-destroying prtnCtple,
mentioned above, till when k edges had been deleted?

Tt is. expectable that the stochastic considerations proposed in § 16 are closely
_related to the.study of Problem 19. _

N
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Topological analysis of linear systems

By I. PAv6

Abstract
1

The author deals with the solution of the input—output analysis problem of
the linear system models. Beside the traditional elements a suggestion is presented
for introducing degenerate elements, hereby a more general class of practical linear
systems can be taken into account: For the analysis by topological formulas the
author gives k-trees generation procedures which are essentially applications of
his earlier methods written in papers [3] and [4). Finally concrete examples are .
presented from the area of the electrical networks model as well.

Introduction

In this paper we are going to deal with models of linear systems which can
be described by differencial equations in general, and can disjoin two terminal
tools connecting two points or domains. In practice we can find such systems at
electrical, mechanical, pneumatic, thermodyrnamic, etc. networks. After defining
the system elements let the structure of the linear system be given by an abstract
‘graph. Beside the conservative system elements well-known from reference [9],
degenerate elements will be introduced by which the model of more general linear
_ systems can be given. For example, it can be shown that any two terminal or two
part electrical network consisting of passive elements, mutual inductances and
controlled generators may be modelled as a network consisting only of degenerate
(nullator and norator) and passive elements [8]. The network determinant is set
in the centre of the formal solution of the system equations, a suggestion will be
presented for its calculation by a topological formula with application of the gen-
eration of k-trees suggested by the author in earlier papers [3] and [4]. Finally, the
order of the topological analysis will be shown by concrete examples for the cal-
culations of the electrical linear systems.
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The elements of the linear system

In the model of the linear system variables of two type are allowed; namely,
through and across, which are characterized by the usual measuring directions [9].
(In practice through variables are electrical current, power, flood, convection of
heat, etc., across variables are voltage, rotation, pressure, temperature, etc.). In
general avarlable is a function of the time, and we assume that there exists’its -
Laplace-transform. The system elements are defined by relations between the through
and the across variables in the following manner:

Inductive Inductance — “L.s. Js)=V(s)Y

Resistive Resistance | —t}— R. J(s)=V(s)
Capacitive - Capaticy —{— Js)=C. s. V(.s)
Over determined Nullator —0— J(8)=0, V(s)=0
Undetermined Norator ‘ —8— \J,EZ; - 2:-23;2?\1’

’

The symbol s is the complex value, J and V are the Laplace-transforms of
the corresponding functions (through and across variables). The equations between
the Laplace-transforms are valid under zero initial conditions. L, R and C are
arbitrary real numbers differing from zero (they are the parameters of the corres-
ponding system elements). In case of a concrete system V(s) and J(s) belonging
to a norator are defined by the other elements of the system, the word “‘arbi- -
trary” is to be understood in this manner. ,

The first three system elements are.to be regarded as classical ones from the
reference. These are the so called “passive elements”. Now we give a reason for
the infroduction of degenerate eleménts (nullator and norator).

"The through and across source variables driving the linear systems (the inde-
pendent generators) are given by their functions. Beside such ideal source variables
other ones may occur as well, the function of which depend on through or across
variable between two vertices of the system graph (controlled generators). For
example, it may occur that the controlled through source variable between vertices
i and k is the multiple of the across variable between vertices / and k. This is the
situation with electricdl linear networks in case of voltage controlled circuit gener-
ators. The conventional sign of the controlled source variable occurring in the present
.example and its nullator—norator pair equivalent network are-shown by Fig. 1.
According to Fig. 1 such an equivalent network may be produced from an unique
passive element (resistance) and from a nullator—norator pair.

After the.introduction of the nullator—norator pairs there is a possibility
for producing the models of the controlled generators of all types and the ideal
transformator by electrical networks [7]. In the nullator—norator pair model of
a general linear network only elements with parameters R, L and C, nullators and -
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norators, (the latters as‘a pair) occur [6]. Thus by the introduction of degenerated
element suggested in the present paper, a practically larger class of the linear sys-
tems may be described than by the set of passive elements.

We do not define exactly the rules of the connections between the system ele-
ments. But we assume in the present paper that the graph of the system is connected,

J() = () J() = (1)

I

(1) | v(1)

b -

. Fig. 1

an. element does not .contain a loop, the degenerated elements occur only in pairs
and degenerated element cannot be parallel with any passive one. According. to
_ [8] the latter condition does not break the general case. Practically, concrete linear
systems obviously hold these conditions.

' After this we draw up the program of the 1nput—output analysis of linear
_ systems in the following manner. Consider a model of a linear system by its graph,
the edges of which are system elements, through and across source variables driving
" the system. Determine the concrete values of the through and across varlables
in each passive elements.

System equations and their formal solutien

Let the system graph consist of n vertlces ! edges containing a passive element
and N pairs of nullator—norator edges The equlvalent network of an edge of
the graph containing a passive element is shown in Flg 2 (F]g 2 takes into account

the generalized case) »
/
(D »

S '
o /3-" ] —
U

<

V

134
Fig. 2
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Concerning the passive element the vector equations are the following:
V=u+U 1)
I =041, ¥

where U and I are vectors of the across and through source variables, respectively,
the components of which can be found in the equivalent networks of the edges
" of the graph, u and i are column vectors of size / made from the Laplace-transforms
of the across -and through variables of the edges.

After suitable numbering of the edges, let A be the incidence matrix of the
graph concerning a reference vertex, and divide it into the following parts ’

=[A, Ao A] )

where submatrix A, corresponds to the edges contarmng a passrve element A,
to the nullator and A, to the norator edges.

It is true [cf. 8].that - :
J=yv . L SR )

where y=(y, Vas ooy ) is a diagonal matrix and y; is ‘the operator admrttance
of the i-th passive element Namely,

7.5
Vi = V. (s)

After this we define the incidence matrices of the modified graphs. -

Let (A, represent the reduced incidence matrix of the graph which is determined
by the edges containing a passive element after short circuiting. all nullator edge
endpoints. We use matrix ..A,, in a similar sense, i.e., let A, be the reduced incidence
matrix of the graph which is determrned by the edges contalmng a passive element
after short circuiting all norator edges endpoints.

To describe the linear system we write the law of the node [8] in the.following
form:

<A, i=0. . C)
Finally, let us introduce the vector P of size (n—N) by the equation
' u=-,A,-P ' 5

_ the components of which are sum of the across variables along the path connecting
the suitable vertex of the graph with the reference vertex [9].

(1)=—(5) are the basic equatrons of the examined system

'Cons1der1ng (1) and (2),

i+1=y(u+V). : ‘ (©6)
Let us multiply (6) by the matrix A, from the left, and consider (4). Then
oAy I= LA,y ut A,y U o 0]

‘Taking into account (5), after some rearrangement we get
A, Y oAL-P=_A (I-y-U). ' - ®
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Let us introduce the symbol Y by
Y = LA, ¥ oA}

If det (Y)=0 then there exists the inverse matrix Y‘l.AIn:this case, byv[8],
we can write

P=Y 1 A0-yU). )

One can consider. (9) as the explicite solution of the input—output analysis.
We remark that in this manner the calculation of det (Y) is necessary for the solu—
tion, or rather, for determining the inverse of a matrix.

If the system contains also purely across or through source variable edges
then the form of (9) is modified slightly. There is no problem that the graph contains
only through variable edges. Namely, in this case the equivalent network of the .
generalized passive edge has a passive element with “operator admittance of zero”

It can be seen that in the case of across source variable edges the right side of (9)
is invariable, and the modification of (9) does not influence the calcu]atlon of det (Y).
Further more, det (Y) will be-called system determinant.

4

Calculation of the system determinant

It is known from [5] that _ _ .
det(Y) = > FN+1. : (10)

This is a topological formula, where F¥*!is an edge admittance product formed
'by an (N+1)-tree of the system graph which: consists of only edges containing
a passive element, and this (N+1)-tree turns into a circuitless connected graph
after short-circuiting either the nullator or the norator endpomts The sign of each
product comes from the product of the corresponding majors of .A, and oA,
The summation takes into account the same (N+1)-trees of the type in question.
The generation of such (N+1)-trees can be given by the following algorithm.

Step 1. After missing all nullator edges pr'od’uce and list trees of the remained
graph which contain all the norator edges. This is possible by the suitable organlza-
tion of the method written in [3].

Step 2. Leave the norator edges from the trees produced by step 1. We obtain "
'FN+1(N+1)-trees, and

{fFN+1} 2 {FN+1} i (1'1) .
. s obv1ously fulfilled. ‘ '

Step 3 Short-circuit the endpoints of the left nullator edges in each of the
elements of set {"FN*}. Let us select from them the circuitless graphs accordmg
to method [4]. By this the generation of all FN+1 comes to the end.

Finally, we remark that the sign of any F¥*! edge admittance product can
be determined by the application of the Davies rule.
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Universal parameters

We use the method written in this paper in the analysis of an electrical linear
network model consisting of nullator—norator pairs. It is known that any universal
parameter of a two port network (if there exists any) can be obtained as system
determinant of the two port network its input and output being closed by suitable
nullator—norator pairs [2]. One can see the suitable closure in Fig. 3 together with

. . f i
R | A 18] ¢
) .
o [;’ co X S' R"
[ | " S | . *u .
Fig. 3

the symbol of the universal parameter. Notice that the short circuit closure in Fig. 3
is equivalent to a parallel connected nullator—norator pair. Referring to the earlier,
it is clear that for the production of any universal parameter by topological formulas
we need the earlier k-trees of the suitable closed network graph, and now N+1=
=k=N+3, where N is the number of the nullator—norator pairs in the original
network model.

We give a block scheme of the k-trees generatlon in Fig. 4 to produce an ar-
bitrary universal parameter. To realize this algorithm by a computer.the procedure
has all the advantages of methods written in [3] and [4] (i.e., *“calculation of the
trees” is possible “one by one”, it is not necessary to reserve them in the storage
capacity).

In the case of actlve networks the determination of the universal parameters
. makes possible to describe the system functions of the network model in question,
which are quotiens of the suitable universal parameters in general [2].

Further on we are going to study the description of some system functions
either passive or active networks. ' :

Analysis of passive networks

First consider a two terminal network consisting of R, L.and C elements and
set ourselves an aim to write its operator admittance function in the general case.
The task can be drawn up as the determination of the input admittance' of a two
terminal network closing its output by break (the output may’ be an arbitrarily
choosen pair of the vertex in the network).

The first equation of the inverse hybrid characteristics is:

I, =Dy Uy + Dyl
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from which after considering I,=0
we get '

Taking into account the defini-
_tions of the universal parameters
we can write

Y, = S (12)

mn P"

Taking into account the calcu-
lation of G, and P, by topologi-
cal formulas (see Fig. 3) we can see
that to produce the numerator of
(i2) all the trees of the network
graph are needed, while the denom-
inator needs all 2-trees which con-
tain the input points in separate
components of the graph. So k-trees
needed to (12) can be generated by
the somewhat modified method writ-
" ten inq3]. Next determine the trans-
fer impedance functiod of an arbi-
trary RLC two port network, the
scheme -of which is represented in
Fig. 5.

Now from the impedance char-
acteristics of the network closed
on the output by a break we obtain

U,
I 1,0

and from (13), because of the defi-
-nitions of the universal parameters,

er = = Z21> (13)

z,=5 (14)
follows. :

To write the numerator of (14)
all the 2-trees are needed, which
separate either the input or the output
vertices (i.e., the 2-trees contain these
points in different components).

From the latter statement it follows

that to determine B, the closed -

graph of the
network model

T .

universal
parameter

T‘

conditions

closing

:

modified

graph

procedure. of the
i-th tree F

F contains all\
the norator

edges

missing of the
norator edges:

k-tree

short-circuiting
of the endpoints
of the norator

edges

Fig. 4 ]
I, I,
ot | RIC |
Fig.5

{ printing off
the F*
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network model contains a unique nullator—norator pair each degenerate element
of which is connected to the input and output. It is not a problem to generate k-trees
for the denominator of (14) (see the first example). We remark that similar k-trees
are needed for producing F, as in the case of B,.

Network containing controlled generator

As a concrete example let us consider the two port network in Fig. 6 consisting
of an ideal operational amplifier, and set as a task to generate k-trees necessary

fig. 6

to the calculation of the transfer voltage function of the network by topologlca]
formulas from the suitable network model.

From the inverse hybrid characteristics of a two port network whose output
is closed by a break it follows:
U,
Ui lr,=0

Taking into account the definitions of the universal parameters, from (15)
we-get

4, = = Dy, - (15)

B,
A, = P : . (16):
After using the nullator—norator equivalent network of the ideal operational
amplifier we can see the network model in Fig. 7. To determine the denominator
of (16) close the input of the network model by a parallel connected nullator—
norator pair. Thus we get the task discussed in paper [4], and the results are 3-trees .

(01400), (03400), (04200), (04400) and (05400)
in order. .
To determine the numerator of (16) close the network model shown in Fig. 7
by a norator on the input and by a nullator on the output. The modified network
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model is shown by Fig. 8. It can be seen, if we search the trees of the modified graph
containing all the norator edges and left the norator edges from them, that the
obtained 3-trees are equlvalent to the 3-trees before the short circuiting listed in
paper [4]:

(01200), (01400), (03400), (04200), (04400), (05200) (05400). :

~ But at present the condition of the short c1rcu1t1ng differs from the earlier
one. Namely,
a=3=4=5"

in respect to the unique symbol element.

( Ve

Vi

Fig. 7 ‘ Fig. 8

To decide which subgraphs are circuitless write in a table the row vector rep-
resentations. The ﬁrst common row of the representatlons is

12aaa

while the second rows are in order

012 00
01 a 0.0
0 a a 00
0 a 200
0 aa 00
0 a2 00
0 aa 00

A Performing their complete cycle check, only the first “Tepresentation leads’
. to a finite outcome and the suitable reduced graph is circuitless as well.

We get that the numerator of (16) needs only one 3-tree with representation
(01200). According to topological formula (16), taking into account the sign of
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the edge admittance products, after some calculation we have got for the active
network '

U . »nys

U~ ys(ntyetysty)+yays
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On some basic theoretical problems of fuzzy mathematics

By L. T. Kdczy

Abstract
. ~

The aim of this paper is to raise some questions — and partly, also to answer
them — in connection with two important problem groups of fuzzy mathematics:
n-fuzzy objects and the sigma-properties of different interactive fuzzy structures.
These questions are suggested by the analysis of natural languages, the common
sense thinking — which are typical fields where the most adequate mathematical
model is a fuzzy one —, especially by complex adjectival structures and subjective
“verifying processes, respectwely They have, however, a real practical 51gn1ﬁcance
also in the field of engineering, as e.g. in learmng machine problems. .

In the first part we try to point to the practical importance of the concept of
fuzzy objects of type n (or an-fuzzy objects), from the aspect of modelling natural
languages. A useful way to define n-fuzzy algebras, i.e., generalizing ordinary fuzzy
algebras for n-fuzzy objects, is also given, with introducing an isomorphism mapping
from the fuzzy object space to the n-fuzzy object space. As an example, an R-n-
fuzzy algebra is defined. Because of the isomorphic property of the above mapping
the later studies can be restricted to ordinary fuzzy objects.

-In the second part some very basic concepts in connection with the sigma-
properties of fuzzy algebras are given and some simple theorems are proved. These
are quite important from the aspect of fuzzy learning processes, as their probability
theoretic interpretation leads to several convergence theorems — which are not
dealt with here, however.

In this part we introduce the concept of the quantified algebra of -a fuzzy al-
gebra, and by means of this concept a close relation between interactive fuzzy and
Boolean algebras is proved different from the relation between non-interactive
system and Boolean algebra given by Zadeh.

Although any presentation of complete application examples is not at all
intended in this paper, some aspects of the application of the above results, especially
in learning control algorithms, are given, the statements backed up by the experience
of a simulation experiment going on at present.
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1. Introduction

In the invention of fuzzy mathematics, one of the most important aspects
was the intention of obtaining an effective way for modelling badly defined pheno-
mena appearing over and over in the everyday life and many fields of sciences.
Modelling by traditional methods proved to be often very coarse. The first problems
of this type were raised in pattern recoguition by L. A. Zadeh [1, 2]. However, this
field turned out soon not to be the one where the application of his new concept
made the quickest advance. In disciplines having an even more human factor as
linguistics, economics, etc. results could be produced easier. Nevertheless, it did
not mean that fuzzy concepts played no part in engineering; rather, that engineering
had had its own well-worked-up mathematical background, and to replace it — if
only partly — by a new model necessarily met resistance and obstacles. We have
to admit it, too, that the bases of fuzzy mathematics have been laid often inexactly
which fact resulted, as a matter of course, in the increase of resistance.

As many other, we were suggested by such failures of exactness to look for
a correct formulation of fuzziness, by finding and observing real objects and pheno-
mena corresponding to the basic concept of fuzzy objects and operations on them.
For this purpose, some phenomena in the common sense thinking and the natural
languages turned out to be very suitable. On the basis of these considerations we
established a group of fuzzy algebras, among them the most 1mportant one was
R-fuzzy algebra [3, 4].

Some inference methods used in the medical science gave the basic aspects
in our constructing these systems; they also pointed to the fact, that the fuzzy oper-
.ations used formerly (max—min or non-interactive ones) were in accordance only
with a restricted part of fuzzy objects. The new type of operations turned out to.
be much more adequate and applicable as it had been proved by some simple ex-
periments in cluster analysis and learning control carried out by the author and
his colleagues.

We now introduce some notions and notations.

I. Pre-R-fuzzy algebra
1. a) There exists a nonempty set
X =1{x}

which is named universe or basé set.
b) There exists a nonempty set

® = {4}

the elements of which are named fuzzy objects.
c) There exists a mapping M, so that

M:®—>.97

where F={uju: X~2P},
where 2 is an ordered nonempty set.
(In the practice, the usual representation of & is the closed interval [0, 1],
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then the functions g and the single values p(x) are named membership
_ functions and membership grades, respectively.)
Definition. We define A=B (A equal to B) such that it is the abbrevn-
~ ation for
) : M(4) = M(B).

(In the practice it means that

: pa(x) = pp(x),
for all x¢X.)-
2. a) There exist A and B in ® such that A#B
b) ® is closed under the binary operation V, named disjunction,
" ¢) ® is closed under the binary operation A, named conjunction,
d) ® is closed under the unary operation 7}, named negation.
- 3. a) AVB=BV 4, for all 4, BE®.
b) (AVB)VC=4V(BVC), for all A4, B, CeQ®.
¢) 114=4, for all 4€®.
d) There exists an element ¢ ®, named zero, such that for all A€ ®,

dl) AVO = A,
d2) AND =0.

€) 1(AVB)=14AB, for all 4, BE®.
4. a) M((ANB)V(AAC))>M(ANBVC); for all 4, B, CE®, if

(AAB)V(ANC) #0 and AA(BVC) =10.
b)  M((A4VB)A(4VC)<M(AV(BAC)), for all 4,B,Ce®, if
(AVB)A(AVC) %10 and AV(BAC) = 0.

c) M(AVB)=M(A4), for all 4, BE®, if A=10 and B=f.
d) M(AANB)<M(4), for all 4, BE®, if A0 and B0
- e) M(A)—M(B)=M(1B)— M(‘IA) for all 4, BER.
‘5. a) If the equatlon AVU=B (4, Bc®, A#“IQ) has a solution UE®,
. than U is unique. -
b) If the equatlon ANU=B (4, B€®, A#0) has a solutlon Ue®, than
Uis umque
6. a) M{(AVB) is a contmuously differentiable function in terms of M(A)
and M(B).
'b) M(AAB) is a continuously differentiable function in terms of M(A4)
and M (B)
c) M(14) is a contmuously dlﬁ'erentlable functlon in terms of M(A).

IT. 'R-fuzz‘y, algebra "

1. Like in System L. (Here the usual representation of 2 is Rl)
2—4). Like in System I.
5. a) Equation 4VU=B8 (4, Be®, A;f‘lﬁ) can be solved for U€® and
U is unique.
4 Acta Cybernetica II1/3
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b) Equauon ANU=B (4, BeQ, A*ﬂ) can be solved for Uc® and U is
unique.
6. Like in System I.

1. S-fuzzy algebra

1—3. Like in System I.

4. a) M(AV A)=M(A), for all AC®, A=, A=%D,
b) M(AAA)<M(4), for all AC®, A=D, A7=0.
¢) M(AVA)>=M(BVB) if M(4)>M(B); A, BE®.
d) M(ANA)>M(BAB) iff M(4)>M(B); 4, BE®.

- 5. Like condition 6 in System I.

At the end of the presentation of our axiomatic systems we should like to’
stress the fact, that all three systems are symmetrical for the operations conjunction
and disjunction, that is, they are dual structures — in spite of their asymmetrical
appearance.

Although the above systems were constructed merely on the basis of theoretic
speculations and passive observations of the rules of common sense inference,
after they having been established in a more or less exact form, they would be backed
up by some independent, objective, experimental facts discovered by another author
[5 and 6, respectively]. Also some independent theoretical considerations pointed
to the fact that adequate fuzzy axiomatics must be constructed: similarly to I. (Al-
though no dual systems were introduced.) [7]. On the basis of these results we were
able to extend the group of representative operation trebles to a very general class
. (rational functions) [8). As we are not concerned now with the problem of rep-
- tesentatives, we omit a detailed presentation of it.

2. N-fuzzy objects

. When fuzzy sets, fuzzy objects were introduced by L. A. Zadeh, they seemed
general enough for modelling ¢‘all fuzzy-type phenomena of the world” [2]. Later
analyses of natural languages etc., however, resulted in the perception of the fact,
that a more general concept — modelling twofold, n-fold fuzziness — must be
introduced: this has been done also by Zadeh, and has been named “fuzzy object
of type »”” or more simply “n-fuzzy object” [9]. Although this first formulation
was not at all exact, the general idea can be preserved, however, formulating its
definition in an entirely different way. As we see it now, this concept is the most
general one (having also a practical importance), so we are very much interested
in it. In this section we shall present a way, how handling of n-fuzzy objects can
be simplified considerably, restricting the field of interest agam to ordinary fuzzy
systems (as I, II, and III).

Accordlng to the axiomatics an ordinary fuzzy object can be given in the
following way:
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Let X be the given universe, then Ay is as follows:

(X, g4 (x)),
where

gA:X—~2 (2 is [0,1] in the most simple case.)

Let us consider now an example from the natural ]anguage

“Peter is tall.”

and

“Peter is rather tall.”

are both fuzzy statements. We are 1nterested now in the predicative part of
them. If we define X as

X={possible values of the height of a man},’

“tall’” is a fuzzy set of X (Ay). What is “rather”? It is also a fuzzy expression, but
a fuzzy set of grades. Let now P be the universe of abstract truth grades mapped
on the interval [0, 1]. Then “rather” is a fuzzy set Bp, a double consisting of P and
a function qB(p) We must become aware of the fact, that taklng a singular x in
X, g4 maps it on the ordered set of truth values £, which is identical to P. Thus
if we consider an object gained by “modulating” g4 (x) by ¢B(p), we get a mapping
(gA42(x)) which maps X on the set of fuzzy subsets of £. This is named 2-fuzzy
membership function of the expression “rather tall”. A 2-fuzzy object is now the
system
A% = (X, qA2(x)).

-

After this examplve we can g_ive the exact definition of an n-fuzzy object:

Definition. ‘Given a universe X={x}. Then S%=(X,qS"), is an n-fuzzy ob- »
ject of X where - : ‘
, : gs™: X—S57,

e <.@, an_1>,
qS"" 1. P-~S""2,

SL = S, = (2, ¢S),
qS:P—~P.

A much greater problem is the proper way of defining operations over n-fuzzy
ob_]ects It has been done by Zadeh, we must state, however, that his definition
is not correct, as the set of n-fuzzy objects is not closed under his disjunction (and -
conjunction either.) Another way has been taken by Mizumoto et al. [10], where
no failure of correctness appeared, neverthéless, the properties of n-fuzzy operations
contradicted the simplest natural properties of normal operations. We mention
only the fact, that in Mizumoto’s disjunction, e.g., it is possible that the membership
function of the result (taken over one single x) is less that both functions of the
arguments.

4%
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Here, we are going to present a way for defining an arbitrary operation over
n-fuzzy objects, which has been introduced over fuzzy objects, in such a way that
this definition is always consistent and in accordance with the original one. -

Definition. Let % be an arbitrary m-ary operation over fuzzy objects such that
¥ (Ay, Ag, .oy A) = ¥ (X, g4,), (X, g4s), ..., {X, qA4,)) =
= (X, F(qA,, q4,, ..., g4,))),
where F:M"-M, M ={q},
and‘ F(qu, qu. AN 1'qu)x = f(qu (x)9 qAZ(x)r (AR qu (x)),
, where f:2"-2.
Let now C% be an n-fuzzy object of X such that
. Cy= <X’ qcn,\”
where v
o gC"(x) = (Py, ¢C37%),
qc)'c'_l(pl) = <P2a qC:._p2l>a p1€P1’

qu, pL, p2,...,p(n—2) (pn—l.) = qc(x’ D1, st' Jeey pnv—l);
Pi=P,=.=P,_,=2.
Let C be the fuzzy “equivalent” of C%:

C=(Xx?"1,qC)=(Y,qC), and Y={y}={(x p1,.~> p,,,)}

Now, * is to be extended in the following way:
Let £ be a one-to-one mapping from the set of n-fuzzy objects of X to the set
of fuzzy objects of Y such that

E(Cy =C. '
Then )
*(Aix, Agp s Alx) = ¥ ((X, g4D), (X, gA43), .. \X gA? >) N
' =<X’ q*(AliAZs"-’ Am)n>

means, that

g% (g, As, ..., 4,7 ) = F(GEAL) ), aEUI) D), ..., GE(AT x)(y))
This is equivalent to

¥ (Afx, Aix, ..., Anx) = E7'(k (E(A3x), E(45x), ..., E(47x)))-

Although the above definition might seem to be quite complicated at first
srght in reality it is very simple: the operations must be computed point by point
in n-fuzzy cases.

On the basis of the above formulae, a very important fact can be proved in a
most simple way:
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Theorem (of zsonwr;)hlsm) Let ®" be an algebra with, r operations of the
n-fuzzy objects of X. Moreover, let these r operations be extensions of r similar opera-
tions of the algebra ® of the fuzzy objects of Xxz"1=Y. If -

E(S3) =Sy for all Sre®", SYE® A'then ;

‘® and ®" are isomorphic.

We close this part with a simple example which shows that, using this theorem,
the computation in the field.of n-fuzzy objects becomes quite simple, proving also
‘that no separate examinations or considerations are necessary when dealing with
n-fuzzy problems: All results concerning ordinary fuzzy algebras are also valid for
their. n-fuzzy equivalents. We shall utilize this fact in the second part.

EXamplg. Let us define disjunction over fuzzy objects as follows:.
. qAVB = qA+qB—.-qA-q1‘3.
. We rep.res'erit the iﬁterval [0, 1] l?y 6 ‘points only: Q.Q, 0.2, 0.4,/0.6, 0.8, 1.0.
| X ={a, b, c,d}. |
In the table we give the merhbe.rship functions of two objects of X:4% a}nd'.}.'_i2 .

\

\P 000204060810

N\ . :
42, a (000001030709 gA2(a)
* b 1000102061006 gA%(b)
¢ 1000206100904 qA2(c)
d 10.20.7 1.0 0.9.0.3 0.0 gAx(d). ~
{ . .
NP 0.0 020406 08 1.0
XN\ . , -
, gz @ 1000309100705 . ¢Ba)
. *" b |0.20.50.909080.7 gB2(b)
¢ |0.40.70.909 09 0.9 qB2(c)

v "d [0609090909 1.0 qB*(d)

Usihg the given definition of the disjunction, C%=4%V B% can be given in
the following way - .

. NP 00 02 04 06 08 1.0 o

N
2. a |00 03 09110 091 095 4C*(a)
Xp (0.2 05509209610 088  gC%(b)
c 104 0.76 096 1.0 0.990.94 ~ ¢C2(¢)
-d {0.680.97 1.0 0.990.931.0_ 2C*(d)
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3. Basic concepts of fuzzy sigma-algebras

In this section we introduce some very basic ideas in connection with fuzzy
sigma-algebras and related problems. Then, we are able to deal with an interesting
transformation of algebras named ‘quantification’ which leads to the concept of a
special type of convergent algebras.

First we give some definitions.

Definition. G is a fuzzy sigma-algebra, if G is a fuzzy algebra (in either senses
of the Introduction, or in the sense, as it has been defined by Zadeh, etc.) and the
infinite conjunction and disjunction are defined in G, i.e.,

V 4;€G, and A A;€G, where |H|=18,, A€GVi.
i€H i€eH

Thus, e.g., IIl and the sigma-properties together form an S-sigma-algebra.
Definition. Let A; be a sequence of fuzzy objects
A; = (X, qi) (4,€G).
Then the limit value of 4;is A=(X,q) (A€G),
if , q= .lirtg qi

in the ordinary sense. Thus A4; is convergent iff ¢i is convergent.
Using this notion, the infinite conjunctlon or dlS_]UnCtIOD can be computed

<8

= lim Bj, where B; = \/ A;.
i=1 jmee i=1
Definition. 35 is named the existential quantifier over the well-ordered set of
indices H -
Judi= V 4; (4,€G6).

icH
Similarly, the universal quantifier over. H, V is defined as
Vadi= N 4; (A‘iEG)-
‘ icH
Although this way of generalizing the notion of quantifiers of predicate calculus.
is not the only (and not at all the most logical) one. However, we shall need this
special concept in our further examinations. Since it has a vague resemblance to
quantifiers, thus it will not cause any ambiguity.
We mention also, that we will not deal with general case since we are interested
only in the special case where

A;=A4;, forallij.

Definition. Let Q be the algebra defined in the following way:
The elements of Q are gained from a fuzzy algebra G

{3A|AEG}U{VA|A€G}
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where 34 and V4 are used for Jyd; (4;=4, Vi) and Y udi (4;=4, Vi), respec-
tively.

Since G is a. fuzzy sigma-algebra thus the elements of Q are in G.

The operations in Q" are the same as in G, and are defined in the same way.
If Q” is not closed then, it must be completed until it becomes closed. Thus, Q is.
the minimal closed subalgebra in G containing Q’. In the cases interesting for us we
shall see that Q=0Q".

Q .is named the quantrﬁed algebra of G.

4, Quantiﬁed algebras

In this section we give some statements concerning the quantrﬁed algebras of
different fuzzy algebras.

Theorem. Let G be an R-fuzzy sigma-algebra. Then 1ts quant1ﬁed algebra 0 is
" a Boolean algebra.

Proof For proving.the statement let us assume, that X= {x,} has only one
element. Let K and L be elements of G such that

. Then'
L K/\/\K KAVK = KAL.

. i=2
Thus
L =KAL.

Thus, becaiuse of axiom 4 in II, either K=T=710 or L=0, (And then
K=0 too.) In the first case, if K=T, then L=T. Therefore, taking an arbitrary
K, L can be only 0 or T.

Similarly, if M=3K, M is 0 or T. :

In the case when - X'={x,}, ‘it can be easily proved now, that Q contames only
two elements T and @, since

TNT=T,TVP=T,0V0 =90: T/\T=T,T/\ﬂ,,=ﬂ,ﬂ/\ﬂ=ﬂ;‘
1T =0, 710 =T.

Let us consrder now the general case, where X is an arbitrary set. Then for an
arbitrary x€X, o _ -

4L = 0(x0) or gT() and qM(v) = gO(ss) or qf(xo). |

Considering now the ordinary sets and their characteristic functions over X,
an isomorphism to the set of all possible tunctions gL(x) and ¢M(x), i.e., all mem-
bership functions of the elements can be found. The isomorphism mapping orders
to one characteristic function the membership function which has the value g7
where it is 1, and ¢ where it is 0.
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Finally, Q has not to be completed, which fact can be proved from the ideas
concerning the connection between K and L, and K and M, used in the above part

of the proof. :
As the characteristic functions of the subsets of a set X form a Boolean algebra,

the isomorphic Q is Boolean, too.

Theorem. Let G be an S-algebra, such that cardinality of S is finite. Then the
quantified"algebra Q of G, is Boolean.

Proof can be found in [8].

For the further examination we introduce some more definitions:

Definition. Let G be a fuzzy sigma-algebra. Then G is named (weakly) sigma-
associative, if

‘ V(AVB)_\/AVVBU
and .
’ X (4,\B) = X AN 7\ B, forall A, BG.

Definition. If G is an S-algebra which is 51gma-algebra and sigma-associative
then we call it an SA4-algebra.

Theorem. Let G be an SA-algebra. Then the quantified algebra Q of G is
Boolean. _
First, we prove two dual lemmata.

Lemma. If g4=>¢B, then ¢g34=¢3B.

Proof. Because of axiom group 4 in III,

. gAV A > gBVB.
Similarly, ,
- q(AV A)V(4V A) > q(BV B)V (BV B),
etc. etc. o .
q '\.../1 % \=/
ie.
934 = q3B,

_ which had to be proved.

Lemma. If g4>¢B, then qVA=qVB.

The proof is the dual of the above one.

Now, we return to the proof of the original statement.

.Let A be-an arbitrary element different from 9 and T, and B=AV A, C=34.
(Since G is a sigma-algebra thus CEG) _

Then, obwously,

gB = gC, and, since 334 = 34 = C,
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using the ﬁrst lemma we obtam

giB=g¢q \/ B =qC.
Using the property of sigrh_a-assomanv:ty, this can be written in the following form

gV AVY 4 =gCVC = 4C:
i=1 | i=1

Because of axiom group 4 in III, gCVC=qC, which means, that

C=CVC

Réstricting our considerations to sets X with one single element, similarly as
in the former proof, it can be seen, that C can be only T or 9. That means, that if

allowing arbitrary sets X, the elements of Q are in isomorphism with the ordmary -

subsets of X (the dual proof for D=V A4 must, as a matter of course, added to the

- above one), thus Q is a Boolean algebra.

Without going into details, we mention, ‘that some related definitions (strong
sigma-associativity and sigma-continuity) are dealt with in [8]; on the basis of them
different theorems can be proved, which give some practical conditions for a fuzzy
algebra to be s1gma-assoc13t1ve etc.

Here we give only one statement yet, referrmg ‘to Zadeh’s so-called non-inter-

active algebra.

Theorem. If G.is a nondnteractive 'fuiZy sigma-algebra, (i.e. a distributive

. lattice),. the quantiﬁed algebra Q of G is identical to G. (The very simple proof can

also be found in [8].)
Finally, we should stress again the fact, that — because of the exammanons
in Section 2 — all the above theorems hold for arbitrary n-fuzzy structures, as well.

5. On the application possibilities

" Here, we do not mtend to deal with apphcatxon p0531b111t1es in detail, only
some very general aspects will be given.

Let us assume, that we have a concrete representant of an — e.g. R-fuzzy —
algebra, as an example, we present here the most smple and well-known one: the
so-named “soft definitions”, as fol]ows

qAVB—qA+qB quB
gAAB = qAqB,
. g14=1—gqA.

(A much more general discussion of representants can be found in [8].)

We intend to use this fuzzy calculus for realizing learning algorithms, A very
obvious way for this is the formulation of a learning fuzzy automaton which -acts
on behalf of a membership function (or more than one functions) representmg a -
present strategy for the automaton. The membership function: 1tself is gained by a
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learning generative process, where fuzzy calculus has a basic role. We have a system
that we want to control by our automaton. In a particular situation (element of X,
now the situation space) the automaton produces a particular output. (Let us assume
now, that the automaton is the fuzzy generalization of a bang-bang type controller;
i.e,, it has two possible outputs, 1 and 0, and — being a fuzzy one — something
like “meanthings™ between this two, the values of the interval [0, 1].)

It can be proved in the.case of some special optimality criteria, that the best
output is the maximal possible value (or the minimal) in a particular situation.
Then a given output of the automaton can be more or less near to this or, in contrary,
more or less far from it. In the first case a little “quantum” of membership function
will be “added” (i.e. disjoined) to the grven function such that it converges to the
maximal value, and in the second case, it is added in such a way that it converges
to the other extremum. Then, if the learning process is going on, it can be hoped,
that the values of the membership function(s) over all x-es will be near to the optimal
extremum.

Now, we do not intend to deal with the problem, how a fuzzy automaton
executes a fuzzy instruction. Let us assume, that both pos51ble outputs have one
membership function, that we hope to converge to 1 over such x’s where an output
1 or 0 is needed, respectively; and to 0, where 0 or 1, respectively. (Thus two func-
tions belong to the outputs “1” and “0” respectively.)

The real mathematical problem is here Whether thrs algorrthm converges in.
the exact mathematical sense? .

Theorem. If C is a calculus representing G, an R-fuzzy algebra, the disjunction
in Cis V, and the inverse operation of it (which can be defined on the basis of axiom
group 5 in II) is denoted by V ~, f is an indicator taking the value 1, if a strategy
S is “good” (in any sense), .and O, if it is “bad”, then the following algorithm gen-
erating the membership function qS(x) of the strategy S is convergent over all x, .
where the expected value of fis greater than O

qS(x)0 = Oa
g8’ Xpsr= iff=1 then gS’X)Vq(x) else ¢S’ (x)V~q(x),
qS(x),,+1 if g8'(x), =0 then ¢S’(x), else 0.

(x) is chosen such that q(x) is greater than a posrtlve € and less than 1 over x
and O elsewhere.

Here, we do not prove this statement. :

Usmg other types of g(x), similar theorems can be proved (however in the
case of not so general conditions). The same is the case, when G is not R-fuzzy,
but SA-algebra. Then, however, the algorithm must slightly be changed.

' Finally, we mention, that we have always some experimental results using an
algorithm srmllar to the above one (controlled is a stochastic, double mtegratmg
system) :

DEPT. OF COMMUNICATION ELECTRONICS,
TECHNICAL UNIVERSITY OF BUDAPEST
H-1111 BUDAPEST, HUNGARY

STOCZEK U. 2. ST EP:.



On some basic theoretical problems of fuzzy mathematics 237

References

[{] BELLMAN, R. E R. KaLaBa, L. A. ZaDeH, Abstraction and pattem classnﬁcauon J. Math.
Anal. Appl., v. 13 1966, pp. 1—7.

[2] ZaDEH, L. A., Fuzzy sets, Information and Control, v. 8, 1965, pp. 338—353.

[3) Kbczy, L. T., A fuzzy halmazok néhany elméleti kérdése (Some theoretical questions of fuzzy
of sets), Repart, Dept. of Proc. Contr., Tech. Univ. Budapest, Jan. 1974,

[4] Koczy, L. T., M. HAINAL, A new fuzzy calculus and its application as a pattern recognition
technique, Modern Trends of Cyberneticsand General Systems, Proc. of the 3rd Congress of
WOGSC, Bucharest, Aug. 1975, pp. 66—381.

[5]1 Koczy, L. T., A fuzzy halmazok elmélete és miszaki alkaimazasai (The theory of fuzzy sets
and their apphcatlons in technology), Report Dept. of Proc. Contr., Tech. Univ. Budapest,
May 1975.

[6] HamacuEer; H., Uber logische Verkniipfungen unscharfer Aussagen und deren zugehorige,
Bewertungsfunkuonen Arbeitsbericht, Lehrst. fiir Unternehmensforschung RWTH Aachen, July
1975.

{71 R6pDER, W., On “‘and” and “or connective in fuzzy set theory, WP Lst. fiir Unt. forsch.
RWTH Aachen, Jan. 1975.

_ 8] Kéczy, L. T., Fuzzy algebrak és miiszaki alkalmazasaik néhany kérdése (Fuzzy algebras and
. some questions of their technical applications), P4D thesis, Dept. of Proc. Contr., Tech Univ. .
Budapest, May 1976.
[91 ZaDEn, L. A., The concept of liguistic variable and its application to approumate reasomng I,
Information Scz v. 8, 1975, pp. 199—249. ) .
[10] SELYE, H., From dream to discovery on being a scientist, McGraw Hill Book Co.; 2nd Hung. ed.
Akadem1a1 Kiado, Budapest, 1974, -
[11] MrzumoTo, M. & K. TANAKA, Some propertxes of fuzzy sets of type 2, Information and Control
v. 31, 1976, pp. 312—340.

{ Received Feb. 16, 1977 )






On the formal definition of VDL-objects
By I. FeketE and L. VARGA 4

Originally the VDL (Vienna Definition Language) was designed for defining .
programming languages [1], [2], [3], but recently it has been used as a general tech-
nique of deﬁmng data structures and algorithms [4].

The VDL is a definition system. This system consists of objects a machine
operating on objects and a programming language.

The VDL-objects are abstractions of data structures of a certain type ‘In this
.- paper we deal with the objects and the basic operators of VDL mampulatmg on -
objects. -

The VDL-objects form a set with the elements of which there are associated
selection. and construction operators. The basic properties of the operators are
taken as axioms and their main properties are proved. A complet formal system
of VDL-objects is given, -which can be regarded as a detailed elaboration of the
axiomatic definition of VDL data structures given in [4] and [5].

Definition 1. The elements of the non empty set OB are called objects, if there
exists a finite set S of selectors and a construction function k such that

- §:0B—-0B forall s¢S, and
k:OBXSXOB—-0B.

It is assumed the validity of the following:
Axiom 1. If t€O0B, scS, 1,€0B, then

vs(k(t: 5:‘t1))‘ =1,
. s'(k(t, s, 1)) = 5'(t) for all s’€S and s #s.,
The “fixed point” of the system i.e. the null object of the set OB is defined as
follows:
Definition 2. A’ tEOB is called the null object if and only if
(VseS)(s(t) =r

Axnom 2. There is exatly one null object.
In the following we denote the null object by Q.

and
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The objects can be classified according to their “distance” from the null object.-
The so called elementary objects are ‘“nearest” to the null object and they can
be defined in the following way:

Definition 3. A t€¢ OB is called elementary object if and only if
(Vs€S)(s(r) = Q).

Let EO be the set of elementary objects.

Definition 4. The elements of the set

CO = OB\ EO
are called composite objects.

Axiom 3. If 1€ OB then there exists an integer N, such that for any sequence
$1€S, 5€ S, ..., €S8, (n=N,)

‘ Su(--- (2(s:(1)...) = Q.
COROLLARY 1. There is no t€OB, t=Q for which
' Sl (52(5,(2))...) = 2.
Axiom 4. Elementary objects are regarded as different, that is if
4 EO={.,t; ..t ..}
then ti¥tj. ,
Definition 5. The objects 1,€CO and .tzAE co afe equal if and only if -
' (VseS)(s(t) = s(2).
Lemma 1. Q is an elementary object. :
Proof. This results fr(;m Definitions 2 and 3.
Theorem 1. If FO has ét least two elexﬁents, then CO is a non empty set.
Proof. Let t€OB, 1% and scS. Then by Axiom 1.

s(k(t, s, 1) =1,
k(t, s, t)€CO.

and hence

Theorem 2. If CO is a non empty set, then FO has at least two elements.
Proof. Let us suppose, that EO={Q}. Let t€¢CO. Then, by definition,

(35165)(51(1) # Q)-
But the set EO has only one element. Therefore

t-= 5,(1)€CO.
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Hence .
- (35;,€8)(s2(1) = Q).

The repeated application of this procedure leads to a contradiction to Axiom 3.
Now let us consider the “structure” of the objects First of all we define the
‘immediate components of the object. 4 :

Deﬁmtzon 6. If t€OB and s€S, then the object s(t) is called the zmmedtate
component of the object ¢.

COROLLARY 2. All immediate components of an elementary object are the null
object.

Definition 7. Let t€CO. The immediate characteristic set of t is defined as

{(51:50(2)), (52:52(2))s -5 (S i 8 (2))}

where ) .
5:(), (s:€8), i=1,2,..,m

are all non null immediate components-.of the object #.

Lemma 2. Any composite object can be umque]y represented with its immediate
characterlstlc set.

Proof. This follows from Definition 5 immediately.
Definition 8. Let t€CO and let B
| o Bstas oes bt
be eVery non null immediate componen_t of the object‘ t,éﬁch that
A 5 () = ti,‘. i= 1., 2,...,m,
T (CHA RO S N (s,,,: b))

will stand for the object L. -
By Lemma 2, this is an unambigouos representatlon of the object ¢.
The composite object can be represented also by a tree as shown in Fig. 1.

PR N

“then the symbol

I 15

Fig. 1
The tree of the object’

t =.ﬂ0(<515 1), (Sz:8), (S31tg)) *
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Theorem 3. If _
1= po({s1: 1), {Saita)s vvy (S lmy)

then the object ¢ can be constructed from the objects ¢, 7, ..., t, by applying
the operatlon k m times. :

Proof. Let us consider the: following sequence
yl. = k(Q? S, tl):

ye = k(yy, $25 1),

. ym = k(ym—l, sms tm)' .4
Then, by Axiom 1, we have ' '
Sm(Vm) = tms

sm—l(ym) = sm-—l(ym'—l) = tin—b

: $10m) = $1(Ym-1D) =--.=5:(y) = 1,
_aﬁd for every séS, s#Es, i=1,2,...,m
| 5(m) = @
. Hence, by Lemma 2, we have fhe result y,=t.

Definition 9. The composition
Y = $308,_10...08;, §€S, i=12,...,m "’

is called 'éomposite selector. The result of applying a composite selector y to an -
objects 1€ CO is defined as follows -

1(8) = 55 (2(s2 (O))--.).

Let S* be the set of all the comp051te selectors constructed’ by the elements of
~ § and all the simple selectors.

Definition 10 If y=soy’, y'€S*, s€S, t€OB, ,¢OB then
. k(t, y. ) = k(t, 1, k(X' (1), s, 1,)).
Theorem 4. The obj'ects L€CO, t,€CO are equal if and oniy if

(Vx €8 (x(2) = x1(t).
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Proof. Let y=5,0...05,05;.
If t,=t,, then, by Definition 5, we have
5,(t) = 85(82)

5208, (¢) = 5205, (25)

X(tl) = x(t2)

for every composite selector in S*.
On the other hand, if

(V2ESM(x(t) = 2(2)
(Vs€8)(s(t9) = s(1),

i.e., the immediate characteristic sets of #; and ¢, are equal. Therefore, t,=1,.

then

Theorem 5. For every object 1€ CO there exists a composite selector y such that .
' ' ,‘ 1 ()EEON{2}.
Proof. By Definition 4, we have 4
| (3s,€8)(s,(¢) = Q). -

If t1=.s1(t)EE0, then the assertion follows immediately. Otherwis¢ ,€ CO and
as above we have '
(35265)(5'201) =1, # Q), .

‘and so forth, .‘by virtue of Axiom 3,
(3n = 1)(s,(t.- YEEON{2}).

Therefore, for x:s,,o...észosl, .
g r(®EEON{Q}. .
Definition 11. Let- _

Hy(t) = {(s1: 1), (atte) ovns (Smi )}

be the immediate characteristic set of 1€ CO. Let us introduce the notation
Hy(t) = {(dV:0), (8P 1), o, i 06300}

WO =5 t® =t =12, m.

where

If
@i, 1=j=m@EPeCo)

‘choose the smallest j such that t?€CO and let
H(t) = {{s1:2y), (s5:20), v s {SniZp}
be the immediate characteristic set of 7, where s}€ S, i=1,2,...,n

5 Acta Cybernetica II1/3
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Substituting H(r;) into H,(t), the following set may be derived
- Hy(D) = {P e, o (s100 @0 zy), oo, (SnoxP i z,), .. (,(“) I =
| = {2 1), - R0
Iterating the preceding procedure, we can generate the sequence of sets
" Hy (1), Hy(2), Hy (D), ...
The elements of this sequence are called characteristic sets of t.
Definition 12. Let t€ CO é.nd let _
H;(0) = {1, ..., (9 t"’>} i=12, ..
be all the characteristic sets of 7. The characteristic set
Hy (@) = AV 1Y), s (e 10D}
(Vs 1 = j = my) ¢V €EO)

is called the elementary cha'zracteristic‘ set of t.

for which

Theorem 6. Let t€CO, then the sequence of characteristic sets
Hl(t)a H2(t)’
is finite, and its last element is the elementary characteristic set of r.

Proof. By Axiom 3, the procedure given in Definition 11 terminates after a
finite number of steps, and the last element of the sequence obviously satisfies
the criteria of the elementary characteristic set of ¢.

Theorem 7. A composite object ¢ can be unlquely represented with its any -
characteristic set.

Proof. On the base of the procedure given in Definition 11, by Lemma 2, Theorem
7 follows for ¢ and' H,(¢). Similarly it is also true for ¢, and H(z;). Hence ¢ can-be
uniquely represented with H,(r). Similarly we may show that ¢ can be umquely
represented with H,(¢), H,(¢), ...

CoRrOLLARY 3. It follows from the Theorems 6 and 7 that any t€CO can be
unambigouosly represented by an. elementary characteristic set.

Definition 13. Let t€ CO and let
CHE) = {00t s S )}
“be a characteristic set of ¢. Then the object # can be notified by the symbol
po((ait)s oo <x,,,: t))-

-Based on Theorem 6, every composite object can be représented_ by a tree
in which there are only elementary objects as terminal nodes. For example the
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composite object : S :
t = pto((s1:a), (51 82:b), (s3+52:¢))
{a, b, ¢} S EO

can ‘be represented by the tree shown in Fig. 2.

where

1
N\,
S $>
e >\
a )
-5 Sy
b/. \C
Fig. 2

The tree of the object

t = po((s1: ads (slosz'b). (8308,:¢€))

. Deﬁmtton 14. A composite selector y is said to be dependent on a comp051te
selector x’ if and only if.

¥ =y"ox or ¥ = for some x”ES*

Deﬁmtzon 15. The selectors y; and X; are said to be independent if and only
if neither x; is dependent on’ x, nor y; 1s dependent on_y;.

Theorem 8. Let
H(t) = {<X1 ), Xaite)s s (lmt m>}

" be a characteristic set of 1€ CO. Then for all 1=i, j=m, 1#] implies that zi and
. X; are independent. i

Pioof. The proof is by induction on k in H,(¢). Based on definition 14 every
pair x®, x{ is independent in H,(?). ,
Assume that Theorem 8 holds for every H; (t), 1<l<k and prove it for

Hy11(). Let '
Hi(r) = {00, ..., (a0 190},
and . - t™cEO, .., 1M, EEO0, but tWeCO. Let
{(sl: 21y, ooos (SniZyy} »

be the immediate characteristic set of .t}"’,. Then-
H. ()= {(X{"):t{")> s (s10x P 2y, o, (sNoAx](-"):z-N%-
- D) |

5%
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Here, by our assumption, every pair 3P, ¥ is independent. We now have to show
that _
, =S o,((") (1=p=N)
and
ta =501 (1=g=N)

(p#q) are also independent. For example, we can easily see, that there exists no
# such that .

Xp = XOXq>
because
' S, # £0S,.
Slmllar]y, it is also easy to show that any s,0%{® is not dependent on- x®, i#j.
Theorem 9. If 7€ S*, 1€OB, 1,cOB, then ‘
K(k(t’ X t])) = tl

. , x,(k(ts X tl)) = x’(t)
" provided that y is not dependent on y’, ¥'€S*

and

- Proof. We prbve'the theorem by induction. Consider the selector
A = § O.S;,,, 10...08; (s €S).

If y=y3 and x'=y, then the Theorem is true by Axiom 1.
The principle of the induction states:
If our Theorem holds for any x=x and y'=yx; with 1=k, ]<m then it
also holds for any y= by and y'=y; with 1=k, j<m—l-1
Assume the Theorem i is true for all’ _
_ t=x and Y =y with 1=kj=m
and prove it for all 1=k, j=m+1. By Definition 10,

k(t’ Zm+1’ tl) = k(t, Xm9 k(Xm-(t)’ S, tl))’
where  yp,41=50),. Furthermore, by our assumption,

© 50 Lm(KU, Ly KGln (1), 5, 1) = s (kGtm()s's, 1),

» and, by Axiom 1, : '
s(kGm (@), s, ) = 1.
Consider the second equation in the Theorem. If x is not dependent on y’ then

X =708, y=70s, where ss

or - _ .

. 4

A = J1%K2s X = X1OKe

where .
7’ ’ 7 ’

’ A1 = $10520...05;,

X1 = $10520...05;
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and
s # S;
" Hence ’ )
708" (kt, 1)) = 7’08 (k(t, 5, k(s(t), X, 1)) = ¥'os'(t)
or

X{°X2(k(t, X tl)) = X{Ox2(k(ta X2» K((1), Zh'tl))) =
: Xi(k(lz(t), s t-l)) = 110%2(2).
This completes the proof. :

Theorem 10. Let
t= ,llo(</1 t1> <Xm m>)

Then the object ¢t can be constructed from the objects #, ty, ..., t,, by applying
the operation k m times. A

Proof. The proof is analogdus to that of Theorem 3.
Due to this Theorem, every composite object can be constructed from elementary
objects too. Hence each composite object is a structure of elementary objects.

Deﬁnmon 16. _ _
k(t, x1s tys Xo» 25 - x,,,’ 1) = k(k(t, X1 1), Xz» Tas -ves Xns n)
Theorem 11. If y;, and y, are independent, then for arbitrary objects #, and ¢,
k(1 x1> ths Ko ) = k(8 Xas B2y X1s 1) |
Proof. Consider the right side of the equation. It follows from Theorem 9 that
| 1 (ke (1, e 1), 21, 1)) = a, ‘
. and for every x” which is not dependent on y,

X,(k(k (ts.x2, (tz), Xl)) (tl): X,k(t3 Xz, t2)' '
Hence for ¥ =y,

Xz(k(k(t Xo» B2)s X1, tl)) = Xz(k(t X2 fz)) =1y,
and for every x which is not, dependent on y,,
X”(k(k(t Xas 12)s X1, t1)) = X”(k(t Xes tz)) = X”(t)
Similarly, it can be shown that
Xl(k(t X1 t1: Xo» 1)) = 10,
' Xz(k(t, X1, t].y X2 t2)) _ t2’
~and for every 7 which is not dependent on y; and ¥,
Z(k(t: X1, tla Xz,‘tz)) = Z(t)

This completes-the proof.
In the VDL the following notation is used:

(85 ity oo Qi ) = K 2as trs ooos Xns B)-
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O dopmanbHom onpenesiennn VDL-06bexToB

TlepsoHavansno VDL Obil mpenmasmaveH Ml ONpeleieHAsl A3LIKOB NPOTrPaMMHPOBAHHSA
[1, 2, 3], HO B nocneanee BpeMs MPAMEHAETCS U KaK OOIIHIT MeTON onpeuene}mﬂ CTPYKTYPb! NAHHBIX
W anroputmos [4].

VDL siBJIsi€TCsl CHCTEMOIL OTpeneerns. DTa CHCTEMa COCTOHT H3 OGBEKTOB, MAanIHHBI AecHT-
BylOLLEH Hal OOBbEKTaMH, M U3 A3BIKA NIPOrpaMMHPOBAHMS.

VDL-06bekTh! NPeACcTaBASIOT cOBOM CTPYKTYpb! HAaHHBIX OMNPENENEHHOro THna. B mauuoi
paboTte HayyaroTca OOBEKTHI U-OCHOBHBIE VDL-onepaTopthl, neicTBYIOUINE HAN OO BEKTAMH.

C aneMeHTaMu MHOXeCTBa VDL-06b€KkTOB CBA3aHLI ONepaTOpPhl BLIGOPa H KOHCTPYHPOBAHHA.
OcHOBHBIE CBOMCTBA 3THX ONEPAaTOPOB HM3JIOLIEHH B BHIAE aKCHOM, a JajJbHEHINHE CBOWCTBA MOKAa-
3aHbl. TakuM o6pa3oM, 3anaHa noawHas ¢opManbHas cucrema VDL-06BEKTOB, KOTOPYIO MOXHO
paccMarpuBaTh Kak nmoApobHyIo pa3paboTKy akCMOMATHYECKOro ONpeAesieHHs CTPYKTYPHl JAaH-
ueix VDL, mpennoxenH#oro B [4] u [5).

~ EOTVOS LORAND UNIVERSITY ’ CENTRAL RESEARCH INSTITUTE FOR PHYSICS

H-1088 BUDAPEST, HUNGARY ) H-1525 BUDAPEST, HUNGARY
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An effective theorem proving algorithm

By P. Ecsepi—TOTH and A.. VARGA

Summary

A simple procedure is presented which is a sound and complete calculus for
first-order logic. The method can. easily be implemented on computcrs and it has
considerable advantage in manual work.

TIntroduction

Nowadays computer science becomes more and more ‘scientific’ after its ‘naive’
age of the last 30 years. Much work has been devoted to create ‘software industry’,
however, for although there is a shortage of really effective methods.

Research of artificial intelligence gives rise to a hope of solving this problem.
First program-correctness-proving procedures were suggested by Turing, Floyd,
Manna and others in their works on ‘modeling’ intelligent processes of human
thinkjng The soul of these procedures is a pure mathematical logical tool: a theorem-
proving algorithm, or in other words an automatic deduction.

After the activity of Gdédel, Skolem, Turing, and Herbrand 5, 9; 10, 6}, J A.
Robinson proposed- an elegant practical realization of automatic deduction in
[8]. Since 1965, when the first paper on Robinson’s resolution principle appeared,
many theorem-proving algorithms, each of them is an ‘improvement’ of the re-
solution principle, have been published. However, almost all these methods have
two common disadvantages. Namely, they have.a deep combinatorial nature and -
- one has to do a not-so-few unnecessary steps in pre-procedure.

The input of a theorem-prover, working on the basis of a version of the re-
solution principle, is a formula in the first-order logic. (First-order logic is one of
the most important.tools for ‘software industry’, but theorem-provers of other
“ types of languages e.g. zero- or second-order logi¢, non-classical (modal) logic,
fuzzy logic and other multi-valued logics etc. are also. known.) This input formula
has to be in prenex normal form, in disjunctive normal form and in Skolem-normal
form. In this paper we present a procedure which can be applied to formulae not
being’ in disjunctive normal form- (skolemization and prencx normal form are'
needed). ’
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Our method has some similarity, although it is essentially different from that,
to "the resolution principle. Our procedure is a ‘valuation’ or rather a ‘com-
putation of logical value’ of the given formula, and thus it has less combinatorial .
character.

Some other resolution-like algorithms eliminating the steps needed to get
a disjunctive normal form of the given input formula, are also known[7], [2, 3]
but our method over the ‘computation’ property, mentioned above, differs in the
following points, as well. It offers: .

i) Easier treating of quantified variables;

ii) More effectiveness thanks to the less combmatorlal nature of our method;

iii) Easier manual and also machine execution.

In the first section the notlons notations and facts needed for the development
are surveyed.

The second section deals with the essence of the material. In the third one the
procedure is defined for first-order logic. Completeness theorems are only stated,
the long but not too complicated proofs will appear elsewhere.

‘ § 1. Preliminaries
By a type 7 we mean an ordered quintuple
=, J,K 1"

where I, J, K are pairwise disjoint sets (sets of relation symbols, function symbols

and constant symbols, respectively); ¢’,¢” are functions for which

Domain (¢")=1,

Range (t)co,

Domain (t")=J,
| Range (")Cow.

~ The set of 7-type formulae of zero- and first-order (defined in the standard way)
will be denoted by A
oF* and 1F T,

& is the class of t-type algebraic structures (the class of possible models). Let M ((p)
denote the following class of structures

M(p) ={AAEC, A |= ¢).
(pElF Tis a tautology (unsatlsﬁable) iff
“M(p) =& (M (9) = 0)

The notion. of . algorithm is used in a naive sense. We shall suppose that a finite
set of symbols Z is fixed. A
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Let o
‘ ={z1, ..; ZyIn <, z€Z if i=n}

By the definition of an algorithm we mean an element of Z*."
‘ If z¢Z* then there exists a partial function

2:.Z*~2Z%,
the meaning of z. 'C(')nsequentl.y, if z,, 2y, 23€Z* then :
'21(22) =2Z3

means that the result of applying the algorithm z, to the algorlthm z, is the algo-.
rithm z,.
© We will assume that the elements of 1F * and o are represented in Z* (for ex-
ample F*cZ* and ocZ¥).
Let z€Z* and ACZ* z enumerates the set A4 iff

Domain @=o,
Range (2)=4.

Suppose theré exxst two dlStlnngth elements in Z*, namely, z, and z, whlch.
represent the truth-values TRUE and FALSE, respectively. :
: If z¢Z*, ASZ* then z decides the set 4 1ﬁ'

Domaln &=2*,

. : : Range &= {zo,zl}
~and for any z’€Z%, , ;
' ) =1z, iff ZEA.

§2. Deeiding the set of zero-order sentences

For an arbltrary zero-order sentence o, let S be a sequence of prime sentences
(relation symbols with no variables in their argumentum places) occurring in ¢.
’ Let ¢ be a zero-order. sentence The followmg algorlthm z defines a b1nary -
tree £ (¢p) of ¢: :

Step 1. Start with the sentence (p as initial vertex.

Step 2 Choose the first not used element of Sw, say p, where ¥ is the actually
treated vertex, and. substitute the truth-values TRUE and FALSE, respectively,
for p in . Draw two edges, labelled by p and its negatlon respectlvely, from the.
vertex. .
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Step 3. Apply the following rules to obtain the truth-value-free version o
the substituted vertex ¢ or a single truth-value along both of the edges: for any
zero-order sentence ¢,

20N e H VAV R - 0y
- A0~ 0; 0Ap —~0 : Q) -
Vi1,  1Vourl. - N,
V09, . Voo ‘ o C))
e B L SN ©)
¢~0—~¢ . . (6)
T1-9w0 ‘ : TD
0= 1 - e
@=Dwp; (Q=@—¢ -~ . 9
@05 O=@=F (10
ohp — o ‘ | S ay
OAG—~0;  FAp 0 N 12
Ve o - I )
PNE—1 Vel o aa
o= 1 )
@@=l . - 3 (16)
=9 . L (17
T0; D1 ' . (18)

where A, V, -, <, =, 0 and 1 is the symbol for conjunction, disjunction, implica-
tion, equivalence, negation, truth-values FALSE and TRUE, respectively. -

The truth-value-free formulae or single truth-values, obtained from the actually’
treated vertex will be the two new vertices ¥ and 5. Let the sequence of zero-order
prime sentences of y (n) be S, (S, with the same order as in S,.

Note that S, = -S,,,—_{p} &, = Sw,— {r})-

Step 4. Do steps 2 and 3 for the vertices y and #.if they are not single truth-values.
If each of the vertices newly made is a truth-value, the procedure terminates.
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The vertices which are truth-values will be called final-vertices.

Example 1. Assume that ;he given zero-order sentence is
| ¢ = (4(a, B)AC) - ((B(a) VC) ~ A(a, b)) .
where _ ..
_ Y A=2, t'B)=1, t/(C)=0, t"(a)=0, t”"(b)=0

The tree produced by the algorithm is indicated in Fig. 1, and its “computation
in Fig. 2. '

A, AT ~ (B@)VC) — A(a, b))
: T

' ’ A@b) . A, Bb)

C —~(B(a)VC) "B@veC
| : |

[ €]
J

[eT
i

Ba) B@)|

-
Ml

Fig. 1

Let o f%, g% be algorithms such that
) . ofdec: oF* = {20, z4};
0841 oF* — {20, 21},
i) - r |
decs~ _ |70 if all the final-vertices of Z(¢) are 1
o/ () = z, otherwise, _

glee z, if all the final-vertices of Z(p) are 0
(®) =1z, otherwise.
Note that g fde° and 0% do exist, i.e., the final vertices of Z(¢) do not depend on
the order of S,,.

Theorem. [11].
i) of9¢ decides the set of zero- order tautologies;

i) og%c decides the set of zero-order unsatisfiable senterices.
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¢, Sy = {A (a, b), C, B(a)} _
| 4@ BAT - (B@VC)~ 4@, b) |

A(a, b) | i@
‘//1, Swl = {C’ B(a)} I . | ) l/’?a Suj/2 = {C3 B(a)}
IAC ~ (B(a)VC)—1 0VC — ((B(a)VC) — 0)
t () 2)
C - ((B(a)vC) —1 0~ ((B@VC) - 0)
{1 (17 , 118
C —~((B(a)VC) -~ 1 1 - ((B(a)vC)~0)
{9 t (M
C ~(B@VC) - ((B(e)vC)—~0)
}(10)
B(a)vC
c | C c | C
Yu, Syn = {B(a)} | . S Yor, Syr = {B(a)}
Vi2s Sy12 = {B(a)} W, Swzz = {B(a)}
1 — (B(a)V1) 0 — (B(a)V0) Ba)V1 B(@)V0
1 () 19 110 1@
B(a)V1 1 1 B(a)
16)) { (18) :
1 0
, |
| B@  B@
1 o
i (18) 1 (18)
0 1
Fig. 2

§ 3. Tree-constructing for first-order sentences

. We define the well-known Skolem-extension of type 7 in the following way:

70 = 1.
If .
™M = (L, J™, K, ¢, t"™)  is defined
then ’
WD = (I, JMJ J*, K, t, 705D
where '

.J* = {fq,l(p(xl, ceey x")elFr(m)} | '
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and f, is a new function symibol for every @(xy, ..., x,)€ F*™ and
$7(m+1) (f(o) =n-—1;

D (f) = 1™ (f)

furthermore,

if f¢J%.

Theorem (Skolem).. There exist algorithms ex and un such that
i) | ' ex:,F* - F*,
- Un: Fe - Fe;
ii) For any ¢@¢€,F*, ¢ is in prenex form, o
€x(¢p) does not contain unversal quantifiers,

un(<p) does not contain existential quantifiers;
111) For @&,F* in prenex form

M(p) =& 1ﬁ' M (ex (go)) &,
M(p)=0 1ﬁ‘ M(un(qo)) — 0.
This theorem is a 'simple consequence of the Skolemi Normal Form Theorem [1, 4, 9].
Let a sentence @ be glven in prenex form. Consider the formulae €x(¢) and

un(e).
We define the sets Pg* (P‘“’) and Sg* (S,") as follows

Pgx (P is the sequence of zero-order prime formulae of 3{(¢) (un(¢)) which
" are- not sentences i.e., contain at least one free variable. The prlme formulae y and
n differing only in free variables are distinguished in P (P‘“‘)

S&* (Sg™ is the sequence of zero-order prime sentences of ex(p) (un(q))) if
-there ex1st such sentences. In the opposite case, substitute arbitrary constant symbols
for the free variables of the elements of Pg* (P3") and let the substituted formulae,
which are now sentences, be in the sequence S‘”‘ (Sy".

Example 2. Let the formula ¢ be

(VR )Y DE@ )~ Ez, ) — I(% ).
Then i

un(p)=0,
& (¢) = [E(a, b) — E(a, ¢)] — I(b, o),
P = (E(z, ), E(z, y), I(x, y)),
| | Se" = (E(a, a), I(a, a))
for any arbitary constant symbol a,
A P =9,
Sg* = (E(a, b), E(a, c), I(b, ¢)).
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Denote the matrices of €x(¢) and un(¢) by €x(¢)* and un((p) , respectively.

We recall the concept of unification [8]. Let ¢ and ¥ be prime-formulae. ¢
and Y are unifiable iff there exists a substitution such that the substituted ¢ and ¢
are identical literal by literal.

Let ¢ be a first-order sentence in prenex form. The following generahzanon
of z defines ‘two binary trees Z¢*(¢) and 2""(¢):

Step 1. Start with the formula €x(p)* (0n(p)*) to obtam the initial vertex
of z¢*(¢) (and £°(p)), respectively. :

Step 2. Choose the first element of Sg* (Sy"), say p, where ¥ is the actually -
treated vertex and substitute p first by 1 then by 0. Draw two edges from ¢, labelled
by p and its negation, respectively.

Seek for the elements of PJ* (Py") which can be unified with p, and execute
the unifying substitution for all such elements.

Step 3. Apply the tautologies listed in §2 as rules (1)—(18) to obtain the
truth-value-free version of the substituted vertex or to obtain a single truth-value
along both edges. These truth-value-free formulae or the single truth-values will
be the two new vertices x and . Then construct the sequences Sy (S™s S (SP™,
PCX (Pun)’ Pex (Pun) .

Step 4. Repeat the steps for every vertices newly obtained if they are not single
truth-values. If all of the vertices are truth-values the procedure terminates. -

Note that 2°*(¢p) and Z""(¢) exist for any first-order-sentence ¢ if it is in prenex
form. The trees do not depend on the order of Sg* and S;". If ¢ is a tautology or
it is unsatisfiable then 2°*(p) and 2“*(¢p) are finite trees.

Example 3. Let us construct the trees 2°*(¢) and Z**(p) for the formula of
Example 2. They are indicated by Fig. 3 and Fig. 4.
Let 4 fe™, 8™ be a]gorlthms such that

Do | Jeom Fe = Z%,
Algcom:IFr‘_,Z*"

where elements of I are supposed to be in prenex normal form.
ii)
ico'm _ [z, if all the final vertices of Z**(¢) are 1,
1 (@) = undefined otherwise,

—coms _ |20 if all the final vertices of Z""(¢) are 0.
1£°7(9) = undefined otherwise. ' T
Remark. | f°™, g™ exist by the previous note.

Theorem. Let ¢€,F* be a sentence in prenex form. Then
i) ¢ is a tautology iff ,f™(p)=z,, »
ii) ¢ is unsatisfiable iff g*°=(p)=z,.



’ <p1 = (E(a, y), 1(a, J'))
o1 = (E(a,b), I(a, b))

E(a, a)

@ﬁw@@wunnm
= (E(a, a), I(a, a))

»w

[E(z, x) — Ez, y)]~ 1(z, ) |

.

k

E(a, a)

E(a> y) had ](a’ y)

' E(a, b)

" SUBSTITUTION

zla
xla

E(a, b)

P =P SUBST. “
52'1'1‘— (I(a, b)) ylb Sgiz = (I(a, b))
z@m [@n
an | T@H  wh | T@h

11
1] || © ]9 !

Fig. 3
The tree 2"() of ¢
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I(a, b)
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[E(as b) hag E(a7 C)] hnd I(b’ C)

E(a, b) ) | . E(a, b)
| E(a, ) — 1(b, 0) E(a, &) — I(b, ¢)
E(a, ;*) E(,c¢) E(a,c) . E(a, c)
15, 15, 0 15, ) |16, o)

Imomqumymgum)@qnm)m@

| I.

Fig. 4
The tree Z°* (p)of ¢

<.

|
[e
=
|
|
|

Example 4. Let the following seritence_s be given:

@1:(VX)(A(x) ~ (B(X)AC (X)),
@2: (3 (A()AD (X)),
¥ (3)(DX)AC (x))
Assume we want to know whether ¢ is a consequence of ¢, and ¢,. There are two
possibilities: to show that the formula ¢"=@;A@,—~y is a tautology; or to show

that the formula' ¢” —(plf\cpz/\‘h// is unsatisfiable. The previous theorem ensures
us that if the formula ¢’ is a tautology then ,f*°™(¢p’)=z,; and if the formula

”

©” is unsatisfiable then ,g°°™(p”)= =z,
& (9) = E)EAN[(4®) ~ (BEAC)A
AA4(a)AD(@)]) ~ [D(ACH)]),

ih (¢”) = (VX (Y ))([A(x) ~ (BRIACEH)A
AA@AD@IA[D()VICH)]),
where a is a Skolem-function (constant).
The tree £°*(p’) is indicated in Fig. S.
All the final-vertices of the tree ¢*(¢’) are 1. Thus', f*°™ (¢’ ) =z, i.e., @’ is a tautol-

- ogy. The tree "‘"‘(qo”) is very similar to £°*(¢") but all the ﬁnal-vertxces are 0. Thus
1£°7 (o ') 2y, ie. ¢” is unsatisfiable.
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PY = (A(x), B(x), C), D), €Y
5% = {4(a), D(@)),

A(a) A
Py = (D), C(y)) - SUBSTITUTION
S% = (B@, C@, D@) |~ xla
@1 ((B(a) ~ C(@]AD(a)) ~ [D(NAC(] I_T,
B | B®
PE (D(3), C(»)) SUBSTITUTION
S, =(C(a), D(a)) ‘ ]
oi: | (C@AD@) ~ (DHIAC(H)) [1]
cw | - @
Pi=9  SUBSTITUTION
si=p@ | s
o | D@ ~D@ 1]
D(a) D(a) :
il |
Fig. 5 . / »

) The tree Z°=(¢’)
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INTERCELLAS
an interactive cellular space simulation language

- By T. LEqEnDI : ‘ . .

Abstract

Intercellas is an integral member of a family of languages for cellular space’
simulation and programming. It has been designed for interactive use on mini-
~computers and gives possibilities for simulation of heterogeneus spaces, too.

L Design goals

The main goals of the research and the reasons to define a new family of cellular
space simulation and programming languages [8, 10, 12] rather than using the
existing ones [1, 2, 3, 4] — are described in ‘detail in [11].

The CEeLLAS cellular space simulation and programming language famlly has
been designed for medium size computers and mainly for use under batch operating
'systems. In many cases it seems more favourable and economic to use a smaller
- but interactive system.

The instruction set of INTERCELLAS is compatrble with CELLAS except drnamlc
program editing and interrupt possibilities.

It is natural that after detecting syntactic or semantic errors control is passed
to the programmer.

Some instructions of the language are more simple, than their equivalents
in CELLAS, but combined with interactive facilities. For e€xample: instruction ON,
that monitors continuosly the space, in the original language has wider condition
description part and has action part, too. In INTERCELLAS it has no action part,
preprogrammed automatic reaction is inpossible, the only action is that control
is passed to the programmer at the consol (display).
" The instructions of the language are command-type. They are: interpreted
and executed as they enter the processor The structure of the language is very
simple and natural: .
- @) tobegin a srmulatlon the programmer first needs tools to define topology, neigh-

bourhood, transition function(s), size of the space and initial configuration should
be formed; :
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b) control of the simulation steps is the central goal of the language;

¢) the display of the results should be flexible to support obtaining as much in-
formation as possible but in compact form through controlling the time, mode,
origin and destination of the results to display;

_d) interactive intervention into the 51mulat10n process;

e) other utilities; :

f) as minicomputer configurations are very different (peripherals, mass storage,
core memory) and the structure of the language is simple, it is very natural to
associate a system generation feature (actual peripherals, instructions, limits
for tables — including transition function table, the maximum size of the cellular
space and other internal tables, etc — may determine actual processors).

In the following the instruction set of the language will be brleﬂy discussed
and shown that it meets the above basic requirements.

The instruction format is simple,. assembly type. The instructions begin with
instruction code (may be abbreviated or full) which is followed by parameters.

The instructions may be labeled in the usual way.

II. Groups of the instruction set

,

1. Definition of the space. The topology of the space may be deﬁned through’
assigning to each cell its neighbours’ relative coordinates. :

Transition functions may be defined by a list of terms, by tables, by definition
of terms in a tree form, or by feature definition and new state assignment instructions.

Examples: Table form 1 0110 1001 1001 0110 ... (table of summa mod 2).
Here ny+2n,+4n,+... defines an address in the table where the new ‘state should -
be found (n,, ny, n, ... are the current states of the cell and its nelghbours)

Table form 2 (Summa mod 4)

TI0O1 2 3
0/01 23
1{1 2 3.0
212301
3j]301 2

Here T (T(T(T(ny, m), ny), n5), ny) assigns the next state. ‘

List of terms -

old state , neighbours states . new state
1234 5

1334 : © 6
2234
2334
3456
3457
3464
3465

QOO0 OCOOO
LoV, N N e NV e
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Tree form (for the above terms)

N
'N0O=0 0
N1=1,2

" 234%5 N,

334%6
N1=3

N2=4
N3=5

N,

67
T%6
N3=6

4%5
5%4

Another term form:
-0 —0+1+2-3-—-4 * -5
old state - neighbourhood " new state
description

where in the simplest case+means there is at least one neighbour in the state follow-
ing the plus sign, and — means that there is no nelghbour in the state followmg
the minus sign. :

. A more sophlstlcated interpretation may be used by Jfeature definition instruc-
tions, their execution assigns a feature to i and after it,+ i means that the nelghbour-
hood has the ith feature, —i means the opposite.

Examples for possible features:
a) the third neighbour is in state 3 or
the third neighbour is in state 4 or
the second neighbour is in state 3
b) there are no neighbours in state 2~
¢) the number of neighbours in state 2 and state 4 is even
or the number: of neighbours in state 3 is 2 \
Transtion functions may be read from files or libraries, too. (See I/0 1nstructlons)
Dimension and actual size of the space may be dlrectly defined, a space may
have dummy cells on the boundary or may be closed in form of a circle in one di-
-mension (or forus in two dimension).
To different parts of the space different (predefined) transition functtons may
be ass1gned
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Initial configuration. Initial configurations may be -defined by a set of simple
geometrical instructions: rectangles may be filled with the same value (state), lines
(of the same value) may be specified, configurations may be copied from parts
of the space to other parts of it and configurations may be shifted from outside
of the space. I/0 instructions (see below) may also define configurations in the space.

2. Input-output. Under I/0 we mean here the flow of main (characteristic)
data structures e.g. transition functions and configurations.

The instructions control the flow (and implicitly the conversion) of data among
files, core memory and libraries.

On a file data are in a usual line form and may be accessed- only sequentially.

In the memory data are in internal representation.

In a library data are in compressed formats, they may be accessed in asso-

ciative way.

Simple library handling instructions are also included (library mmatlon/purge
listing, deleting objects from the library etc.).

3. Simulation. The central instruction of the language effects execution of
n steps of simulation (the cellular space should be defined prior to the execution
of the simulation). As the simulation is sequential and therefore slow a look ahead
" algorithm is applied to speed up processing. Cells are- grouped in two classes: '
a) closed cells (neither the cell nor its neighbour cells had changed their previous

. states during the last step of simulation).

b) open cells (either the cell itsélf or any of its neighbour cells had changed its
state during the last step of simulation)

Naturally, the transition -function is computed only for open cells. The cells
are made open or closed during each simulation step. The presumed status is closed -
and it is made open only if a change occurs in the state of the cell or in the states
- of its neighbours. The status is stored in two independent flag-bits (open/closed,
next open/next closed) which alternate during the consecutive simulation steps.
The main characteristic of the algorithm is that no operation is performed on the
" closed cells—neither on their states nor on their flag—bits.

4. Display of the results. It is possible to deﬁne

a) when — in which steps of the simulation
b) from where — from what parts of the cellular space
c) how — which characters correspond to the states of the cells (conversmn)

to display the results. Steps for display are indicated by a set of stored display/do
not display instructions. (They are stored in the order of execution.) They effect
in parallel — each of them defines a set of. steps (non-negative integers) in.form
a+bx+¢ x,y=1,2,3,... If an actual simulation step does not fall in any set
or it is a member of at least one do not display set — no display will take place. The
" result will be displayed if the actual step occurs (only) in a display set.
For example

a b c

DISPLAY 1 0 0

DISPLAY 2 0 0

’ DISPLAY 0 0 3
DO NOT DISPLAY 27
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Results will be displayed in the first, second and each 3n, n=1, 2, 3, ... steps
exc]udlng 27.(1,2,3,9,81,..)

DISPLAY 0 1 0
DO NOT DISPLAY 0 3 0

Results will be displayed in each step excluding each third step. (1, 2, 4, 5, 7, 8, 10, ...)

Destination of the results may also be programmed, this is treated in the next
section.

5. Flow of information. It is possible to designate ﬁles (1nclud1ng perlpherlal
equipments) for
a) the program input file,
b) program output files,
«¢) result output files.
The program input file should contain an INTERCELLAS program or part of it.
The program output file(s) will contain the executed and (during execution)
skipped instructions. This file ‘will contain only syntactically correct instructions.
* The result output file(s) will contain the result of the run.
_ All these files may be dinamically designated. (For example the source program
may be read from two or more files).
Files may be des1gnated for more than one purpose (in a meaningful way).
‘A natural way is to read program from the card reader or the console and
to print the program and the results in an intermixed form e.g. each instruction
is followed by its result (1f any).
‘Another possibility is to make selective output for example
a) to print results and send them.to a mass storage file, not to print program;
b) to read program from console to punch program to prmt results and program
and so forth.

6. Flow of control. Normally instructions are executed sequentlally It is possible
to skip instructions conditionally or uncondmonally with an optional mput file -
~ change.

(There are two main reasons to combine skipping with input file change:

a) skip, instructions typed in at the 'main periphery have no meaning without a
change of the input file;

‘b) in some situations at ‘the time of a change of the input file sklppmg may-be needed.
For example a prepared program on cards or tape during its run passes control
to the programmer. After executing the needed intervention the programmer
wants to pass control back to the program — but may be not to the point where
it was 1nterrupted)

It is p0551ble to stop the work of the processor ﬁnally, or to begin a new si-
mulation.

_ Continuos momtormg of the cellular space against simple conditions (whether 4
the state of the (i, j) cell is S) may be programmed. When the condition is met,
control is passed to the programmer. Conditions may be cleared, too. .

7. Interactivity, There is a simple editing possibility: characters are specrﬁed
for deleting consecutive characters or parameters or a whole line typed in pre-
viously. (The read process is character oriented rather then line oriented.)
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A longer (many steps) simulation process may be interrupted by sending a
special interrupt character. The actual simulation step is finished and control is
passed to the main periphery. After the execution of arbitrary instructions it is
possible to return to the previous activity and input periphery. Two special characters
ensure the return. One of them selects to continue the interrupted simulation, while
the other skips the remaining steps and execution continues by interpreting the
next instruction on the previous input periphery.

Interrupt may be used in case of any problem with an actual (when it is not
the mam) pcrlphery — the change to the input periphery ensures 1nterventlon pre-
serving the prev1ous state of the system.

8. System generation instructions. The list of actual peripherals defines the
needed/unneeded handlers and tables.

The main peripheral (which should be a read/write perlpheral it has priority
and interrupt may me initiated only from it) may be designated. The actual set of
instructions may be defined including the definition of the names of the instruc-
tions. In connection with this there is an implicit possibility for selecting transition
function evaluating rable search procedures and this selection may be done expli-
citly, too.

There is a p0551b111ty to limit some explicit and implicit data structures, namely
the maximum size of the cellular space, and transition function tables; the maximum
number of parallel ON conditions, DISPLAY/DO NOT DISPLAY condltlons etc.

Error messages may be défined too.

An automatic user’s manual generation and autotest generation will also be
incorporated into this group of instructions which is 1mplemented in FORTRAN
1V as cross-software for the simulator. N

Hi. Implementation, emulators

INTERCELLAS has been implemented on minicomputers CII—10010 (subset

- only), TpA (equivalent to PDP—8) and R—10 (equivalent to MiTRA—15). The pro-

cessors are coded in assembly and FORTRAN—IV languages.
For speeding up the simulation special firmware (cellular space emulator)
has been designed for 2 state and 16 state spaces. A

The main goal of the project is to design cellular processors: emulators will
serve partly as their working models. INTERCELLAS has been designed as a software
tool for simulation, which may be interpreted as machine code level programming
of cellular processors (with added utilities which are important and useful but
do not -increase the machine code level). In this way INTERCELLAS may be used for
testing cellular processors and developing higher level languages for them.

RESEARCH GROUP ON MATHEMATICAL LOGIC
AND THEORY OF AUTOMATA OF THE
HUNGARIAN ACADEMY OF SCIENCES

H-6720 SZEGED, HUNGARY .
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