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Commutants de certains opérateurs

Par BELA SZ.-NAGY a Szeged et CIPRIAN FOIA$ a Bucarest

1. Introduction et préliminaires

1. Soit T une contraction d’un ‘espace de Hilbert, de classe C,,, c’est-a-dire .
telle que T™ et T*" convergent fortement vers O lorsque n —~<o. Supposons de plus
que T a ses indices de défaut égaux a 1, c’est-a-dire que I—T*T et I—TT* sont-
de rang 1.1)

Dans des conditions équivalentes 4 celles ¢numérées, D. SARASON [2] a démontré,
que les opérateurs qui permutent a T sont ceux qui peuvent étre représentés sous la
forme X=b(T) oit b est une fonction analytique bornée dans le disque unité ouvert D -
du plan des nombres complexes et que de plus b peut étre choisie de fagon que le
supremum de sa valeur absolue dans D soit égal @ la norme de X. Un résultat analogue
porte sur les commutants d’'une somme orthogonale de répliques de la méme con-
traction] 7, mais au lieu de la fonction scalaire b on aura alors une fonction ma-
tricielle. SARASON indique des applications intéressantes de ses résultats a certains
problémes d’interpolation. :

L’un des buts de la présente Note est de généraliser ces résultats aux contrac-
tions de classe Cy,- d’ailleurs arbitraires, et méme 2 des couples 7," 77 de telles
contractions en déterminant alors les opérateurs X tels que 7X=XT".

Notre résuitat principal, dont les autres derwent concerne les opérateurs
X qui vérifient ’équation
a.n TX=XS

ou T est une contraction de classe Coo et S est une translatlon umlaterale de mul-
tiplicité¢ donnée w. ' '
Nous abordons ce probléme en représentant T et S par leurs modéles fonc-
tionnels et déterminons alors la' forme fonctionnelle correspondante des solutions
Xde (1. 1). :

) Pour une contraction T€C, les rangs de ces deux opérateurs sont toujours égaux
(finis ou infinis).

1 A



2 : B. Sz.-Nagy et C. Foias

Tous les espaces de Hilbert que nous allons considérer seront supposés separa-
bles, mais ils peuvent étre aussi de dimension finie.

2. Introduisons quelques notions et notations qui nous seront nécessaires.

C désigne le cercle unité et D le disque unité ouvert dans le plan des nombres
complexes; on désigne par z le point variable sur C et par 4 le point variable dans D;
m est la mesure de Lebesgue normée sur C. Pour un espace de Hilbert § quelconque,
LP(F) (1 =p=-<o) est I’espace des fonctions v sur C, a valeurs v(z) € §, mesurables
et telles que

ol =.{ [f @I dn@]” < = si 1=p=en,

sup ()|l <= (supremum essentiel) si p=co;

on ne distingue pas deux fonctions comme éléments de LP(®) si elles different
seulement dans un ensemble de mesure 0. Les fonctions v € LP(§) pour lesquelles

‘/‘z (z)dm(z)=0 (n=1, 2, ---), forment la classe de Hardy H?(F); c’est un sous-
espace de LP(F). Chaque fonction v € H?(F) admet un prolongement naturel ana-
lytique v(1) dans D. L’espace L2%(F) est hilbertien; normes et produits scalaires
dans L2(§) seront désignés par | .|| et (-,-) sans ajouter I’indice 2.

¥ et G étant deux espaces de Hilbert, on désignera par L™(§, ®) ’espace
des fonctions V sur C, a valeurs V(z) opérateurs de § dans ®, fonctions mesurables
(faiblement et alors aussi fortement) et telles que .

[V ]| =sup| V()| <o (supremum essentlel)

I V(z)|| désignant ici la norme de V(z) comme opérateur de §§ dans ®. On ne dlstlngue
pas deux fonctions comme elements de L=(%, ®) si elles coincident p. p. Les fOl’lCthIlS
V pour lesquelles ||V]l.=1, seront appelées contractives. La classe de Hardy
correspondante sera des1gnee par H=(§, ®), les fonctions de cette classe admettent
des prolongements analytiques V(1) dans D.?) Les fonctions V¢ H(g, ®) telles
que |V =1 s’appellent analytiques contractives; lorsque de plus || VO flle=<Iiflg
pour tout f€§ (f=0), V sappelle analytique contractive pure. Chaque fonction
Ve L™(F, ®) sera considérée aussi comme un opérateur de I’espace L*(§) dans
l’espace L*(®), notamment celui défini par

V)@=V () o), vELA(F).
La norme de ¥V comme élément de L=(§, ®) est égale alors & sa norme comme
opérateur: |V|..= ||V]. Lorsque V¢ H*(%, ®), on a

VHX®) c HA(6).

7) Daprés la notation de [A], chap. V, il s’agit donc d’une fonction opératorielle analy-
tique bornée {§, ®, V(4)}.
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La fonction V¢ H=(§, ®) est appelée extérieure lorsque :
’ VHXE) =HYG) (adhérence dans L¥(6))

et intérieure lorsque ¥ comme opérateur de L*(%) dans LZ((S) est isométrique,
ou, ce qui revient au méme, lorsque ¥ (z) est un opérateur isométrique de & dans G,
presque partout (p. p.). V s’appelle %k -extérieure ou * -intérieure lorsque la fonction .
associée. V™~ € L7(6, §),. définie par V~(z)=V(Z)*, est extérieure ou intérieure,
selon les cas. Pour que V soit intériere des deux cétés (c’est-a-dire a la fois intérieure
et- % -intérieure) il faut et il suffit que opérateur V' soit unitaire de Lz({‘y) dans
L¥(®), ou, d’une maniére équivalente, que les valeurs V(z) soient des opérateurs
unitaires de ¥ dans.®, p. P ) :

-Lorsque & et & sont "de .dimension 1, les espaces L"(S-) H*({), L“(‘{y, ®),
- H=(§, ®) se réduisent d’une maniére ev1dente aux espaces scalaires L7, H?, L7, H~,

selon les cas. ) : :

3. Cela étant, le modele fonctionnel d’une contraction 7€ C,, s’obtient de la
maniére suivante. *) On prend une fonction O¢H=(F,§) contractive pure,
intérieu;e des deux cétés, § étant un espace de Hilbert quelconque (1 =dim § = R,).
On -construit I'espace ’ '

12 . H=H§)O0H )

qui est un sous-espace de H 2(3‘) et par conséquent de Lz(g-) (notdns qﬁe O est
un opérateur unitaire dans LZ(ES-)) On définit dans H I’ operateur T par

(1.3) - = Py(zu) (uEH)

~ou PH est la projection orthogonale de- LZ(';}) sur H. L’opérateur adjoint 7% sera
alors donné par - :

(1. 3%) Ty :'u.' ol u(z) = %[u(z)—;—u(O)] (uEH)_.

" Les opérateurs T ainsi obtenus sont des contractions de classe Coq, et toute -
contraction de classe Cgyo d’un espace de Hilbert (5 {0}) s’obtient de cette fagon,
a équivalence unitaire prés (notamment si ’on prend pour @ la ,,fonctlon carac-
terlsthue de la contraction en question). _

Pour toute contraction T d’un espace de Hilbert, de classe COO (et plus géné-
ralement pour toute contraction complétement non- umtalre) et pour toute fonctlon

o(d) = Vckzl" € H* on peut définir Popérateur ¢(T) par
(1.4) : @(T)= lim chr T*
. . r>1-0 ‘g

3) Pour ces notions cf. [A], chap. V.
4) Cf. [A], chap: VI. :
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ou la série converge en norme et la limite existe au sens de la convergence. forte
des opérateurs. °) Dans le cas particulier que nous avons en vue, il dérive de (1. 2—3)
la représentation

s - eDu=Pulew (weH).
Remarquons aussi la relation
a.e - TPyv = RH(zv) pour vEH?*(F).

En effet, (1. 3) entralne
TPyv=Py(z-Pyv) = Py(zv) — PH(z (I — Pg)v)

et il ne reste qu’a montrer que le dernier terme est 0. Or, cela résulte de ce que,
en vertu de la deﬁmtlon (1.2) de H, :

PH(z (I PH)U)E_PH(ZV OH(§))  Py(OH?(§F)) ={0}.

Drailleurs, la multiplication par z dans un espace L?(®), ou dans un eépace
H?*(®), est le modele fonctionnel d’une translation bilatérale, ou unilatérale, selon
les cas, de multiplicité égale 2 dim G. L’opérateur S figurant dans (1. 1) sera donc

'_représ'ente’ par son modéle

(1.7) C Sw=zw ot weHX(6), dimG=o.

2. Les théorémes
Notre résultat prinéipal dans cette Note sera le suivant:

Théorémé 1. Soient la contraction T de classe C.OO et la translation unilatérale
 S.de multiplicité o (1 =w=R,) représentées par leurs modéles fonctionnels (1. 2-—3)
et (1. 7). 'Les opérateurs X de H*(®) dans H vérifiant I'équation o

@y . TX=XS
sont alors p.récisément ceux qui peuvent étre représentés sous la forme

@2 | Xw = PyBw, -weH*(6), |
moyennant.une fonction B¢ H(G, "3'), de plus cette Jonction peut étre choisie telle
que . : o
2.3) - _ 1Bl = 1 X1.

La démonstration de ce theoreme fera l’objet des n°s 4—6. 101 nous, Voulons '
en déduire le suivant :

5) Cf. [A], chap. TIL
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Théoréme 2. Soient T et T’ deux contractions de classe Coo, représentées |
_par leurs modéles fonctionnels de type (l.2—3), avec des fonctions @EH""(%, &)
et O cH=(F, &) (contractives pures, intérieures des deux ciOtés), selon les cas.
* Les opérateurs Y de H' dans H vérifiant la condition -

Q.4 : . TY=YT

sor_ﬁ pré;c;'séMent ceux qui peuvent étre représentés sous la forme
2.5) '  Yu= P.Bu  (u€H),
mo}ennant uhe fonction B€ H=(§', §) telle que

@6 ‘ BO'H*(§)C OH*(J),

de plus cette fdnction peut toujours étre choisie telle -que

Q.7 o 1Bll.=IY]|.

Démohstfation; On déduit de (2. 4) et de la relation (1. 6), appliquée a 7"
au lieu de 7, que . ' .

TYPHu—YT’PHu——YPH(zu) pour uEHz(‘{s-)
- Ainsi, en définissant 'opérateur S dans H%(§") et 'opérateur X de H 2(3 )dans H par
(2.9 Su=zu et Xu=YPyu (ue HX(F),

on aboutit a ’équation 7X = X'S. En vertu du théoreme 1 il exnste alors une fonctlon
" BEH™(§ ‘{y) telle que '

2.9 - Xu= PyBu pour ,uEHZ(g') et [Bl.=1X1;
vu que (2 8) entraine les relations X |H =Y et lIYll =|X|, il résulte de (2. 9) que
Y = PyBIH' et |Y|= 1Bl -

Par conséquent notre fonction B vérifie (2. 5) et (2. 7). Elle vérifie aussi (2. 6) parce
que de (2. 8-9) il dérive PyB(I—Py)u = X(I—Py)u= YPy(I—Py)u=0 pour
u€ HX(F'); en vertu de la définition (1.2) de H et celle analogue pour H on en
déduit que PyBO H*(§)={0}, BO'H¥(F)< OHX(Y).

Inversement, une fonction B’¢ H*(F’, §) quelconque, vérifiant la relation
(2. 6) (avec B’ au lieu de. B) engendre, moyennant la formule Y’'u=PyB'u (uc H’),
analogue a (2 5), un opérateur Y’ de H' dans H tel que TY'=Y’T’. En eﬁ’et on
a alors

Py B (I- Pnr)Hz(ﬁ’) c PHB'Q’HZ(?S’) C Py @Hz(i?) = {0},
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d’ou, faisant usage aussi de (1. 6), on obtient pour u¢ H”:
o TY'u = TPyB'u = Py(z-Bu) = PyB (zu) =
= PyB Py (zu) + Py B'(I— Py)(zu) = Py B’ T’u =YTu.
| Cela achéve. la demonstratlon du théoréme 2, comme une conséquence du

théoréme 1.

Remarque Lorsque B vérifie (2. 6), la fonction B+ définie par .’

(2 10) B (z) = O@2)*B(2)0'(2)
vérifie B+H 2(8- JcH 2(¥). On en déduit que B+ est analytique, donc
@.11) _ _ B*€H(F,F).
Inversement, (2.11) entraine évidemment (2 6). A1ns1, les deux condmons sont
équivalentes.

- Un cas par'ucuher ou ces conditions sont vérifiées pour toute fonction
BCH=(F', &), est celui ot O'(z)=¢(z) Iy, ¢ étant une fonction intérieure scalalre

non constante, et @ admet ¢ comme un multlple c’est-a-dire qu’il existe une fonction
QEH™(F, &) telle que O(2)Q(z)=@(2)l;. Cest le’ cas tout particuliérement, si
O(z)=¢(z)Iy. Si 'ona de plus F=§’, cest-a-dire que @ =0 " =¢l;, on aboutit
ainsi essentiellement au théoréme 3 de SARASON [2], et si § = § = E?, & son théoréme 1.
Dans ce dernier cas la fonction B se réduit 2 une fonction scalaire € H” et ’équation
. 5_) prend la forme - :
. Yu= PH(bu) = b(T)u (ucH) ,
-ou P'on a fait usage aussi de (1. 5). Ainsi, Y=5(T), l]bllw— [ Y): le théoréme de
SARASON en sa forme citée au commencement du n°1. .
~ Drajlleurs, les méthodes adoptées dans [2] sont différentes des nétres. Un point
commun des deux raisonnements est un lemme de factorlsatlon qu’ on.va établir
au n° 3.

3. Un lemme de factorisation

1 s’agit(du suivant

Lemme. Toute fonction QEH“’(Q Nn) admet une factonsatwn B
G.1 h ' Q@) = 92(2)9 @
en produit de deux foncttons, Q,€H(2, M) et Q,c H(M, N), dont la premiére
 est extérieure, et qui sont ‘telles que :

(3.2) . 11 (Z)*Q () = [Q(Z)*Q(Z)]

et o : _
(3.3) - Qz(z)*Qz(z) = Ql(z)Ql..(z)*.'
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~ Ce résultat, généralisant des résultats.antérieurs de HELSON—LOWDENSLAGER
et de DEVINATZ,.se trouve (méme pour des fonctions non bornées, mais de carré
som'mable) dans SARASON [2] (théoréme 4). Nous en allons donner une démonstration
simple, basée sur un critére général de factorxsatlon di 2 LOWDENSLAGER: [1], ¢f.
aussi [A] proposition V. 4. 2.

Démonstration. Il ne restreint évidemment pas la généralité de supposer
que la fonction @ est contractive.- Posons '

NG) = [QCrFOEF et Ny = NG
ce sont des fonctions contractives a valeurs opérateurs autoadjoints positifs ‘dan_sv L.
Comme N—N?=N(—N)=0, on a pour v€ L3(9):
|lN1v2H = (N3, v) = (No,v) = (N?v, v) = (Q* Qu, v) = ||Qu]|]%,
d’on 1l résulte en partlculler qu’il existe une contraction

Z:Nl-HZ(Q).-'—_HZ(‘R)
pour laquelle L : _
Z(N,z2)=Qu (ue H3(Q)).

Comme les opérateurs N, et Q permutent 2 la multiplication par des fonctions
scalaires, il en est de méme pour Z et par conséquent

ZN "N,-HX (®) c ) 2"Q- HZ(Q)C N z"H*(M) = {0}.

n=0 . nz=0 n=0

De ce résultat on pourra conclure

3.4 NN HZ(E)—{O}

n=0

dés qu’on aura’ montré que le seul élément w de N,-H*&) pour lequél Zw=0,
est w=0. Or, soit w=lim v, ou v, —Nlu,,,u,.EHz(Q) Alors, 0=2Zw=Ilim Zv,=
= lim Qu, entraine

INu, ||=||Qu',,||—>0 Nu,~0, N,v,=N,N,u,= Nu,~0.

Ainsi, Nyw=Ilim N;v,=0. Comrne we€ N, -H*(Q), cela entraine w= 0.
La relation (3.4) que nous venons d’établir, entraine, d’apres le critére cité,
qu’il existe une fonction @, ¢ H=(L, M), méme extérieure, telle que

3.3 . 2,(2)*Qi(2)=N(2)*;

W est un .certaip espace de Hilbert. C’est I’équation (3. 2).

| Vu que N (2)>=N(E)=N(2)? =.Q('z)*Q(z),. (3. 5) entraine
(3. 6) - Q) Ql (@)= Q(2)*Q(2).
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Vu que 2, est une fonction extérieure, il s’ensuit de (3 6) qu’il existe une fonction
Q, € H=(M, N) telle que. la factorisation (3. 1) subsiste; ¢f. [A], proposmon V.4.1.
En reumssant ces résultats on obtient

@, @P= Ni@)*=N@)=Q0C¢ Q@)= (2:(2) 2, ))*(2:(2) 2, (2))
et 'par conséquent

Q@ 4(2)Q,(2)=0, ol A() = Q(z) Q) — Qz(z)*fzz(z)

' Puisque 2,(z)€ =M (cf. [Al, proposition V. 2. 4 (b)) et que par conséquent Q,(z)*
est jn\}ersible, on conclut que A(z)=0; tout cela p. p. Cela établit la relation (3. 3)
et achéve la démonstration.

4. Une inégalité .

1. Nous commengons la dém‘onstration du théoréme 1. Soient donc T et S
donnés par leurs modéles fonctionnels (1. 2—3) et (1. 7) ou § et G sont deux espaces
de Hilbert.(#{0}), dim & =w, et ol O est une fonction EH""(%, 3') contractive
"pure, intérieure des deux cotés. :

Il ne restreint pas la généralité de choisir & = E, ’espace des vecteurs x = [xk]"l")
A composantes nombres complexes, avec '

° 3
"x"Ew = ? [ 2| < oo

On désignera par e™® le vecteur dont la composante de rang k est 1 et les autres
sont 0.

Aupres de I'espace H= HX({)© O@HX(F), dans lequel T est deﬁm on envisagera
aussi le sous- espace suivant de LZ(L’\;)

(4.1) G = LA(HOOH(F) = [LZ’(%)@HZ(:;)]@H.

 Pour toute fonction scalalre @EH” on a (p@Hz(i}) @(pHZ(%)C@HZ(‘,}) et par
conséquent

(4.2) o . $GCG. 7)
Nous définissons dans L3(§) des opérateurs & et ¥ de la maniére suivante:

@3 (@)@ =z-0E@)@E), (F)E) =20~ (@)(3).

¢) Dans le cas w= &, convenons d’entendre par k=1, ..., w la suite des nombres naturels.
) 7) Pour une fonction scalaire ¥ nous définissons les fonctions ¥~ et ¥ par y~(2)=y(2)
et y(2) = y/(z) On a alors g~ (z) = y~(2)=w(3). Pour we H= on a aussi w~ c H=.
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Comme @ est intérieure des deux cOtés, ses valeurs sont des opérateurs unitaires
dans &, p.p., donc on a : .

“H IOl = k@l = F@l PP

Or il est manifeste que pour toute fonction a€ L', I'intégrale de a(Z) sur C est égale
a celle de a(z), donc il dérive de (4.4) par lintégration des carrés que || Pvl| =
=|v|l = | ¥v|: les opérateurs @ et ¥ sont donc isométriques. De plus on a (Pv)(z)=
'=2z0(2)-z0~(2) v(z) = 2z0(2)O(2)*1(z) =v(z) et une relation analogue pour ¥,
d’ou il résulte que @ et ¥ sont des opérateurs unitaires dans L3(§) et que ¢ =¥~ 1.,

1l est’ manifeste. que si v(z) parcourt les fonctions dans H (%), zv(Z) parcourt
les fonctions dans LAFOH*(F) et zZO(z) v(2) parcourt les fonctions dans
OILAF) O HA(F)) = LA(F)© OHX(F)=G. Cela prouve que ‘

4.5) ‘ - dHX(H) =G, YG=H*({).

Notons éncore que pour toute fonction scalaire ¢EL-°° on a ¢(2)-(¥Yv)(z)=
=¢(2) £ O(2) u(2)=2 O(2) ¢~(2) v(2)=(¥(@"V))(2), donc

@.6) @-Wo=P(@ v) . (VELX(F), @cL~).

2. Soit X un opérateur (de H*(E®) dans H) vérifiant ’équation TX=XS.
On a alors aussi 7"X=XS" pour n=0, 1, --- et par conséquent o(T)-X=X-¢(S)
pour @€ H=. Or, ¢(T) s’exprime aussi par (1 5), et on -déduit de (1. 7) que ¢(S)
est la multiplication par la fonction ¢. Donc nous avons

4.7) ' _ P,,((p-Xu) = X(pu) pour uEHZ(E“’) et @€H-.
Désignons ‘
4.8) - ' . Lap=Xe® o (k=1,...,0),

o on considére e® comme la fonction constante ayant cette valeur. (4. 7) entraine
4.9) Py(pa) = X(pe®).

Soit g€ G ol G est le sous-espace de L2(F) défini par (4. 1) et soit ¢ € H~. En
appliquant (4.9) a ¢~ € H=, on obtient ' '

(& X(pme™) = (g, Pul9~a)) = (Pug. 9~ @) = (2, 9" a),

la derniére equation dérivant de ce que, en vertu de Ia seconide des représentations
4.1)deG,la projection de g 4 H est égale 4 sa projection 2 HZ(‘&) Comme ¢~ =¢~,
notre résultat peut €tre ecrlt aussi sous la forme

(4. 10) ' (&, X (go. e®) = (@8 a).
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Envisageons alors une somme de la forme

>
5

2 (Z (ﬁfl;g;a ak)
k=1 j=1

ol r et s sont des nombres naturels, r ne dépassant pas @, et ou
ei€H™ et gi€G.

En vertu de (4. 10) cette somme est égale a
N , r

2 (&, X 2 one®)
i=1 k=1

et sa valeur absolue est par conséquent majorée par

1x1- 2 0l 5 oie®l].

Ce resultat peut étre formulé au551 dans la forme suivante: pour g€ G (k— I -

quelconques, '

(4. 11) ’,,2 @ a0)

S r
= |IX1I-inf > [lgjl-|l 5 oje®]]
i=1 =1
ol gj, @y varient sous les conditions
4.12) - g€G, <p,-,,EH°° Zaﬁ‘g}:gk (=1,

Soit ¥ l’operateur unitaire dans Lz((y) 1ntrodu1t ci-dessus, et posons

(4 13) ‘ o =Ya, k=1, 0). ’

Puisque ¥ apphque G sur . Hz(i}) (¢f. (4. 5)), on déduit de (4. 11—]2) et de’ 4.6)

que pour ykEHz(lg) (k=1, ---, r) quelconques on a

(4.14)

2 OG> %) | = I1X| - inf > [|]y;.|;.||k21 05ie®]]
= j= =1

.ol y; et @, varient sous les conditions

.15 Y;€eH*(), @pcH=, Zl%.ky;:yk k=1, 0).
Jj= : :

Envisageons le cas particulier ol les fonctions y, sont bornées. Elles engendrent

alors une fonction y€ H=(E", §) par la définition -

(4.16) §(@) x = 2 @x, x = [nJEE
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D’aprés le lemme du n°3 il existe . des fonctions 91 CH>(E", M) et
Q, € H=(M, §), avec un espace de Hilbert mtermedlalre M, telles que Q, est extérieure
‘ et les relatlons suivantes sont vérifiées: :

@1 =000,
@y 2@ =007
(4.19) o Qz(z)*gz'(z)=Ql(z)gl(z)*.

_ Le fait que Q, est extérieure entraine dim M=dim E"=r; cf. [A], corollaire ala
proposition V. 2. 4. Ainsi, on peut supposer MM =EFE°, O0=s=r. Laissant a part .
le cas banal y= 0 (c’ est—a—dlre ol 7, =0 pour tous les k) on a méme 1=s=r. Les

fonctlons
Q€H(E, EY), Q,¢ H(E*)

" peuvent &tre représentées sous les formes

(4‘_ 20) : o Q,@)x = [k;r’l (p‘jk(z)xk]j,=1 ol x = [x ) €E", -
@ 2@r= Sy@y o y=Dkek,

moyennant des fonctions ¢, € H=(j=1, ---, s; k=1, r)et Yi€H(F(j=1,-, ).
En vertu de (4. 17) on en déduit pour la fonction y€ H=(E", &) la représentation

4.22 y(2)x = 21 y;.(z)kz1 ¢4(2)x, ou xEE".
i= = o :
En cofnparant (4. 16) a (4. 22) il résulte qué '
Ve = 21 Vieg (k=11
J= .

Ainsi, les fonctions obtenues -y} et. @ ;. vérifient les relations (4. 15).

Evaluons la double somme correspondante, figurant au second membre de
(4. 14). A cette fin, de51gnons par e les vecteurs de base de E, ainsi que les vecteurs
de base de E* (h=1,--,ret h=1, s, selon Jes cas). En vertu de (4 21) on a
Q,(z)e?? =y)(z); vu aussi (4. 19) et (4 20) on en déduit :

@I = 12 eV = (22 (@)e?, eP)pe =

(QI(Z)Q (z)*e(” e(’))}: 2 I(ij(z)l
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Par intégration sur C il en résulte : ‘
”)’1“2 = Z ”(pjkllz'
. D’autre part, il est manifeste que
. r X 2 r r - 3
“2 (Pj~ke( )“ =2 |](P1~k"2 =2 ll sl
k=1 . k=1 k=1

_ Faisant usage aussi de (4. 18) on obtient donc
é[lw;u-n 2 oxeVl] = 3 L2 o] = 2 [ 2 leal?] =
_2 f (@22, ()e®, e®); dm () = f tr [Q, (2)* Q, (2)] dm (z)

= [t @ @1 dm (),

des1gnant la trace de lopérateur. :
_ En utilisant la notation |t} =(z*1)* pour un operateur 7 (d’un espace de Hilbert
en soi-méme ou dans un autre) nous pouvons résumer nos résultats dans I’inégalité

@3 }2 () | = 1X1- [ 1y @) - dm ),

" valable pour les o, = Wa, et pour-des v, ¢ H(F) quelconques, en nombre fini r=w. ¥)

Ajoutons que si ’on compléte la suite [y,]; 4 une suite [y,]¢ par des fonctions
=0 (k=r) il y 'correspondré, par la méme formule (4.16), une fonction
Y€ H=(E®, ). La trace de [y(z)| ne change pas lors de ce prolongement. '

5. Application du théoréme de Hahn—Banach

1. L’inégalité que nous venons. d’obtenir impose d’introduire I’espace linéaire
normé L suivant. Ses éléments sont les fonctions y € L=(E®, §) définies par

G.n - y(‘z)x:;’yk(z)xk, x =[xt €E®,

ol y,;e L=(F) (k=1, -+, »), 7, =0 pour k =r, r étant un nombre fini =w, dépendant
~de 7. Les opérations llnealres étant celles ¢videntes, on définit la norme par o

5.2 . . bl= f @) dm(2).

-8) Le cas y=0, mis a part dans la demonstratlon, s’y range d’une maniére évidente.
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Cette mtegrale existe. En effet, fy(z)[—(y(z)* 7(2))* est un opérateur autoadjoint
de rang =r, de borne indépendante de zet fonction (faiblement et alors aussi forte-
ment) mesurable de z; par conséquent tr |y(z)| est une fonction mesurable bornée
de z. La propriété |cy| = |c||y] est manifeste. La propriété |y + ] =}v|+]v] résulte
de ce qu’on a méme tr|y(z)+ y (z)[<trh;(z)| +tr|y ()| par points, et cela en vertu
de I’inégalité '
i jr+ o] =tr ]t|+tr 7],
valable pour des operateurs 1,7 (d’un espace de Hilbert dans soi-méme ou dans .
un autre), de la ,,classe de trace” (,,trace class”), classe qu1 comprend en particulier
les opérateurs de rang fini. %) ,
‘On déduit de (5. 1) que P'opérateur y(z)* (de dans E®) est déﬁni par

)’(Z)*f = [(ﬁ Yk(z))ry]k=1 (€W

_et par conséquent on a _ » .
(5.3) Y@*y(@)x = [é’; xj(}’j(z)’ Yk(z))r;]k=l ' (xEEb),

C’est-a-dire la matrice de yp(z)*y(z) par rapport a la base {¢®} a ses éléments »
(5.9 ) mkj(z) = ()’j(z)> )’k(z))a- k=1, m). -

2. Envisageons le sous-ensemble H de Lv évidemment linéaire, constitué des
y€L tels que vy, H”(Qy) pour tous les k, et la fonctionnelle linéaire L dans H
deﬁme par

(CR)) L(y) = kzl (i) (GEH).
Drapres (4. 23) et la remarque y ajoutée, L vérifie l’iﬁégalité’

G.6) L) = 1X) -7}

En vertu du théoréme de Hahn—Banach il existe donc un prolongement de
L a tout Yespace L de facon qu’elle reste une fonctionnelle linéaire vérifiant (5. 6)
pour tous les y€L. A :
_ Pour chaque nombre naturel r=w définissons fa fonctionnelle L, sur I'espace
L=(§) par
(5.7 : ' L) = L(ve"’) (ve L= (F)).

Pour y=ve® la matrice (5.4) a tous ses éléments O sauf 'élément m, (z) qui est
égal & |u(z)lI3. 11 en résulte que tr [y(z)| =|v(z)|lz et par conséquent

foe} = [ Ho@)lzdm @) = [o],

%) Cf. [3], lemma 5.14. "
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d’ou : ,
"(3.8) AL @I = 1X] Dol (veL=(F)).

Le dual de I’espace L1(§) étant L=(F), il s’ensuit de (5. 8) qu’il existe des fonc-
tions B, € L=(F) (r=1, -+, ) telles que -

A

(5.9) | L) = [ (v02), B.(2))z dm (2).
- Comme v et B, sont compris a fortiori dans LA(®), (5. 9) s’écrit aussi sous la forme
(5. 10) L(»)=(v, B) (produit scalaire dans LX(%)).

Dans le cas particulier ou UEH”(Q‘), on a ve”¢H et 11 résulte de (5 3), (5 7) et
(5. 10) que

(.11 . - ®B) ='(v, o). (r=1,-,0). .

Puisque les fonctions bornées sont partout denses dans H2(§) dans la métrique
de ce dernier espace (il n’y a qu’a prendre les sommes partielles de la série de Fourier)
on conclut que (5. 11) subsiste pour toutes les fonctions v € H*(F).

3. Envisageons un élément y€ L quelconque. On peut Pécrire sous la forme
¥y =2 y e® (il n’y a qu’un nombre fini de termes 0);

vu (5. 7) et (5. 10) il 'en dérive

(5:12) L(y) = 2 L(Yke(k)) = Z L () = 2 (Yk, B).
Soit en particulier y la fonction aux composantes

G 13 - nl(2) = X 6(2)- f k=10

ou feg, 6EL"" a valeurs 6(z)>0 et x=[x,]¢ € E® tel que x,=0 pour tous les k
qui dépassent un nombre fini r (dépendant de x). En vertu de (5.°12) on a alors

(5.19) L) = 2 5[50 (4 A@)dm @)
et la matrice correspondante (5. 4) a ses éléments-

my(z) = X;x,6(2)? 1115 -

Or la matrice hermitienne [X; x,] (j, k=1, ---,r) a son polyndéme caractéristique

PE) = &r—&-t 2 12

parce que tous ses mineurs principaux d’ordre =2 s’annulent. Si' x0, la seule
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valeur propre =0 de cette matrice est donc égale & |x||Z. et par conséquent la
racine carrée positive de cette ‘matrice a la seule valeur’ propre =0 égale a || x| o,
qui est alors égale 2 la trace de cette racine carrée. Ce résultat subsiste aussi dans
le cas x=0. On en déduit que pour la fonction y aux composantes (5 13) ona

tr |9(2)] =8(z)-1.f llgHXIle,

o L
.15 - [ 6 dm @)1l - Ixl e
~ En combinant (5.6), (5. 14) et (5. 15) on obtient

.16 = 1X1- [5(2) dm )1 /s Il e

2% 0@ (f: By dm ()
Choisissons § en particulier de la maniére suivante:
-8(2) :?‘hﬁ " lorsque r=argz<it+h (mod'.2.7'c)_

et 5(2)%0 ailleurs. L’intégrélé au second membre de (5. 16) est alors égalé’ alet,
lorsque 4 —0, ’intégrale dans le premier membre tend vers

(f’ ﬂk(C));’f ’ '(Czeit) .
en presque tous les points { € C. On a donc Tinégalité
Gan 3% (s B©)s| = 1 X117 151

en presque tous les points de C, I’ensemble exceptionnel pouvant dépendré de f.
'Grice a la séparabilité de & il existe alors un sous-ensemble ¢ de C, de mesure 0,
tel que (5.17) est vérifiée pour z§¢e quels que soient fe‘& et x€E®. Pour {{e

(5. 17) entraine (en choissant f= Zxkﬁk(C))

I1X] - |x|zo pour tout x€E®

(5.18) H 2 hOx| =

6. Conclusion de la démonstration du théoréme 1

Les fonctions 8, obtenues dans le n® 5 étant, comprises dans L2(i§) ony peut
appliquer Popérateur @ du n° 3; sment

b, = DB, r=1,-- o).
Vu que Pa, —CD‘I’a =aq,, ¢f. (4.13), on déduit de (5 11) que
(6 1) . (g3 br) = (g’ r)' (r = ls ,(,0)
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pour tout g€ PHA(F)=G; cf. (4.5). Les éléments g du sous-espace L_z(?s-)eH g6
de G sont orthogonaux aux g, (parce que a,€ HC HX(§)); (6.1) entraine alors
qu’ils sont orthogonaux aussi aux b,, donc

(6.2) L b EHAY) (=1, o).

D’autre part, envisagée pour les éléments g du sous-espace H de G, la. relation
(6. 1) entraine que - . ) ‘
6.3 _ a,=Pyb, (r=1, «, w).

Appliquons la premiére des relations.(4. 4) a v=2r' xB,. Grace a (5. 18) on
1 .
obtient ' _ _ .
6.4 I ;'bk(z)xk H%§ X1 - §xlgw
pour. tout x¢€ £ et pour tout z€C sauf peut-tre les points z d’un ensemble & de
mesure 0. Il s’ensuit que si z§ , Zw b,;(z)xk converge (dans &) pour tout x € E” et que
(6.4%) o Hzm@nn DY RE P
Définissons la fonction B, a valeurs B(z) opérateurs de E° dans H2(F), par
. (6.5) "B)x = Sh@x,  (xCE®).
. . : 1

En vertu de (6. 4*) on a p.p. o
o 1B(@)xlg = I1X) - lixllgw,

donc B¢ H‘;"(E“’, &) et _ v
(6.6) _ ' | Bll.=1X]:

Pour o€ H” on'a .
6.7 Py(B-9e®) = Py(p-Be®) = Py(p- PyBe®)
parce que ‘

Pu(@-(I— Py)Be®) € Py(p - OH(F)) < PyOH () = {0},
Vu que B(z)é“" =b(2), ¢f. (6.5), on déduit de (6. 7), (6. 3) et (4.9):
68 PuB(9e®) = Py(9- Pub) = Py(@-a) = X(pe®).

Soit uEH”(E“’). On peut Pécrire sous la forme

.o [
u= ue®  (eH)
1
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(convergence dans la métrique de H 2(E”)), donc, grice a (6. 8),
Xu = ﬁ' X e®) = E'PHB(uke(")) = Py Bu.
Toute fonction u€ H 2(E®) étant la limite, dans la métrique de H 2(E“’), d’une suite
de fonctions bornées u™ ¢ H=(E®), I’équation

6.9 - _ . Xu= Py Bu

s’étend par continuité & toutes les fonctions u € HX(E®).
Inversement, toute fonction B’ € H~(E®, §) engendre, moyennant la formule
(6. 9), un opérateur X’ de H*(E®) dans H vérifiant (1. 1) et tel que

(6.10) 1X'|=18Y..
En effet, la linéarité de X’ étant manifesté, il 0’y a qu’a observer que pour u €& H*(E®)
1Xul = 1Py B'ul = |Bul = | B'||.|u]
et que, en vertu de (1. 6—7), A |
TX'u = TPyB u = Py(z-B'u) = Py B'(zti) = X'(zu) = X’Su.

En choisissant pour B’ la fonction B que nous avons construite plus haut,
(6. 6) et (6. 10) entrainent qu’il y a égalité dans (6. 6).
Cela achéve la démonstration du théoréme 1 et finit notre étude.
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Operators of the form C*C
in indefinite inner product spaces
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1. Introduction

Let A4 denote a continuous self-adjoint operator in a J-space H (for definitions
see Sections 2 and 3 below). In the present paper we give a necessary and sufficient
condition (Theorem 1) for the existence of a continuous linear operator C in H
such that '

()] , A=C*C.’

In the special case when the space H is of type H, we obtain (in Theorems 2
‘and 3) the solution of a problem proposed in [1]. Partial answers to other questions
contained in [1] are to be found in the communications [2]—{5].

We mention that Theorem 2 is equivalent to an early result of PotApov ([6],
Chapter 2, Theorem 2).

In J-spaces whose positive and negative components are of equal infinite dimen-
sion it turns out that the representation (1) is always pbssible (Theorem 4).

In some J-spaces property (1) is known [1] to be less restrictive than the existence
of a seif-adjoint square root:

V) A A=B?* . (B*=B).

Therefore” we do not hope that our conditions would have a significance similar
to that of positivity in Hilbert space. However, they are so simple comparatively
to the criteria for (2), contained in [2] that it seems desirable to use the factorization
(1) instead of (2) as far as possible.

Lemmas 1—3 are known; Lemmas 4—7 shghtly generalize some results of
GINZBURG, JoHvIDOV and WITTSTOCK. It should be noted that Lemmas 5 and 6
show the invariant character of some of the notions applied, but actually they
are not used in the followmg
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2. Basic facts concerning J-spaces

We consider a complex vector space H and a hermitian form (-, -) defined
on H X H. The corresponding quadratic form is not assumed to be positive definite.
We shall say that (x, y) is the inner product of the elements x, y€ H.

‘Two elements, x and y are orthogonal to each other if (x, y)=0. Two sets
F, G H are said to be orthogonal if any element of F is orthogonal to any element
of G. :

An clement x € H is called posztwe if (x, x) >0, neutral if (x, x)=0, and negative
if (x, x)<0 A subspace (linear manifold) L c H is said to be positive (neutral,
negative) if all its elements except 0 are positive (neutral, negative).

The positive (negative) subspace L is mtrmszcally complete if it is complete
with respect to the intrinsic norm

3 [xlL=Ix, ) (x€l). -
In the following we assume that H is a J-space i. e. H is an orthogonal direct sum
©) ' H=H*oH~

of an intrinsically complete positive subspace H* and an- intrinsically complete
negative subspace H-. » ’

In the special case dim H- =k<oowe say that H i is a space of type H,. Spaces
with dim H* << have essentially the same propertles

In a J-space H we put

¢ [x, 9] = x*,yF)=(x",y7)  (x,y€H)
where x =x* + x~, y=y* + y~ denote the decompositions of x and y corresponding
to (4).

It is evident that [x, x] =0 if x 0. Therefore the hermitian form (5) may be
called the definite inner product belonging to the decomposition (4). By definition,
the J-space is a Hilbert space with respect to this definite inner product. The functional

(©) Il =[x, xF (xeH)

is called the norm belonging to (4).
The norm (6) defines a topology in H. In the following the words “closed”,
“continuous™, etc. will always refer to this topology.

Lemma 1. For any x, yEH we have |(x, y)[§l|x|[ Ivll.

Proof. We shall use the same notations as in (5). By the orthogonality of
H* and H- we have
» (x*,37) = (7,7%) = 0.
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On the other hand, it follows from (5) that

[x*,x7]=[y*,y7] = 0.
Thus we can write :
[Ge, I = 1Ge*, y 0+ (= y7)| = e+, 1+ =, y71 = ety i+ x- Tyl =
= (IeF I+ 112Uy 12+ 1y~ 12 = D] iy]- ‘
Let-T be a continuous (everywhere defined) linear operator in the J-space H

By virtue of Lemma 1 (Tx, y) is a continuous linear form in x and the Riesz repre-
sentation theorem assures the existence of an element y, € H such that

(Tx,y) =[x, y:]  (x€H).
. Try=yi-yi (yEH)
where y,=y§ +yi (vi €H*, yx €H~) we obtain
(Tx, p)=(x, T*y)  (x,y€H).

" One verifies easily that T* is a single-valued continuous linear operator. We call
T* the adjoint of T. The operator T is said to be self-adjoint provided T*=T.
For a continuous self-adjoint operator 4 one can define the A-inner product by

™ (6 9a=(4x,3) (5, yEH).

The form (-, -)4 is hermitian and continuous (Lemma 1). In the special case 4=1
it turns into the original inner product (-,:). )

Using the A-inner product the notions of A-orthogonality, A-positivity, intrinsic
A-completeness etc. can be introduced in the same way as orthogonality, positivity,
intrinsic completeness have been defined with the help of the original inner product.
The intrinsic A-norm on an A-positive or A-negative subspace L has the form

® IXIA =10 x4t (xeD).

An A-fundamental decomposition is a representation of H as the A4-orthogonal
direct sum of an A-neutral subspace HY, an A- posmve subspace H} and an A4-
negative subspace Hy :
® _ H=H{+H};+Hj;.

Setting

In the case A =1 we speak of a fundamental decomposition. E. g. the decomposition
(4) appearing in the definition of a J-space is a fundamental one.
An A-fundamental decomposition (9) is regular if H} -+ Hy is closed.

Lemma 2. (See e.g. [7], § 3, section 2.) Let A be a continuous self-adjoint
operator in the J-space H. Then H admits at least one regular A-fundamental de-
composition.
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Lemma 3. The A-neutral component HS of an arbitrary A-fundamental de-
composition (9) consists of all elements in H that are A-orthogonal to H:

(10)  HY ={x:(x,). =0 for évery y€H}.

Proof. If x¢ HY then x is A-orthogonal to H] and H by the definition of
the A-fundamental decomposition. Furthermore, (-,-), is a semi-definite form
on HY, hence the Schwarz inequality |(x, y)4|* = (x, X)4(), )4 (x, y€ HY) is valid.
It follows that x is A-orthogonal to HY.

If, conversely, the element

an x=xY+xi+xy . (Y€HY, xicHj, x3€HY)

is A-orthogonal to. H then (x, x}),=(x}, x{)4=0 and (x, x1)4=(x7, x4 =0
But HY is A-positive and H; is A-negative. Therefore x}| and x5 must be 0.

As a corollary we obtain that every fundamental decomposition of a J-space
is of the form (4).

Lemma 4. Each component of a regular A-fundamental decomposition . (9)
is closed.

Proof. HY is closed by Lemma 3 and the continuity of the A -inner product
(cf: Lemma 1). :

Denote by H the relative closure of H} in H} +Hj. If H} ~H + then H}
has a non-trivial intersection with the A-negative subspace H . But this is impossible,
since it follows from the continuity of the A-inner product that H} is A-non-negative.

Hence HY is closed in H} + Hj and, the decomposmon (9) being regular, in H
as well.

For H; the argument is similar.

3. Invariant properties. Intrinsic A-dimension

We consider an A-fundamental decomposition (9) and define

(12) B, y]a = 54, yDa— (3, ¥2)a (%, yEH).
Here ' .
x=x3+xi+x1, y=yi+yi+ya
are the decompositions corresponding to (9).-
It is clear that [x, x], =0 for every x¢ H. We call [ -, -], the semi-definite A-inner
product belonging to (9). The corresponding A-semi-norm is

(13) Ixla=[x.xli  (x€H).
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Lemma 5. The A-semi-norms belonging to any two A-fﬁndamental decompo-
sitions are topologically equivalent.

Proof. Let HY be defined by (10), and put

HP ={x:[x,y] =0 for every y€Hj}.

Then HYY is a closed subspace and we have |
(14) : H=H{+HP. »

We consider an arbitrary A-fundamental decomposition (9), and set
5 | Vx=x%+x0  (xeH)

where}x$ is defined by (11), and x4 is the component of x in H{) corresponding
to the decomposition (14):

1) = XD PP P CHS, XD CHY).

It is evident that ¥ is a one-to-one linear mapping of H onto H which leaves
the elements of HY fixed, and carries H} + H into H(l) Moreover, accordmg

. to (15), (16) and (10) the identity

a7 - X Va= a0 (xyeH)
holds. Introducing the notations
(18) VH} = H{", VH7 =H{) -

we obtain an A-fundamental decomposition -

(19) ' H=H}+HP+HY

where ‘ :

Qo) HP LHE = HY.
Let N

@n Vxi =x, Vxi=x{).

Then in virtue of (18) we have x{" e H{, x4 )EH( ) and the relatlons
(11), (21) imply that .
(22) _ Vx = x5+ x+x7.

Comparing (22) with (15) we obtain:
(23) o X ex) =X
The equalities (23) and (16) yield:

) x = xP+x0 + x40 (x(°)€HA xPeHP, x{) € HY).



24 J. Bognar and A. Kramli

The A-semi-norm belonging to (19) is
(25) Ixlé ? = (5P, xiNa— (57, x50))E (xeH).

Taking the analogous definition (13), (12) of x|l , and the relations (21) (17) into

account we see that
lxlle = IIx1 ? (x€ H).

But, according to (23), (24) and (25),

Ixfig 2 = Ix{P05 0 (x€ H).
Hence
Ixle = 1xS205 (x€H).

Consequently, it is sufficient to show that for any two A-fundamental de-
compositions, which are of the form (19) and satisfy (20), the corresponding A4-semi-
norms (25) are topologically equivalent on the closed subspace H{). As, by virtue
of (10) and (14), the A-inner product is non-degenerate on H'D, i.e. for x¢ H{D
(x #0) there is an element y ¢ H' such that (x, y), #0, the statement of our lemma
follows from WITTSTOCK’s theorem ([8], Theorem 15; cf. also [9]).

In the special case 4 =1 Lemma 5 (or WITTSTOCK’s theorem itself) asserts
that the topology of H does not depend on the choice of the fundamental decomposi-
tion (4).

Lemma 6. If the component HY (HS)) of an A-fundamental decomposition
(19) is intrinsically A-complete then the respective component H} (H7) of any other
A-fundamental decomposition (9) is also intrinsically A-complete.

Proof. We denote by P the projection operator belonging to the subspace -
H} and the decomposition (9), i.e. '

Px=x} (xeH)
where x} is defined by (11).
According to (12) and (13) we have

(26) )%+ lIxz 1% = 1% (x€ H).
On the other hand, |x3 ||A—l|xA||A (x,x), =0 for x€ H{, so that
27 0= xzld = Ix{li (x€ H{P).

Using (27) we obtain from (26)

(28) ) Ixils = lxla = V2 Ix} 4 (x€H{).
Since | .4 is a norm on both of the A:positive subspaces HGP), H}, the

relations (28) and the definition of P imply that with respect to || .|, the operator '



Operators of the form C*C : 25

P induces a topolog1cal isomorphism (a hnear one-to-one, blcontmuous mapplng)
between HY") and the subspace PHYH < H (cf. (7). '
If H{" is intrinsically 4-complete then it is complete in the norm

IXlanr = lxly’ - (x€HED)

(see (8) and (25)) and, as a consequence of Lemma 5, in the norm | . || . Therefore
the image PH{ is also complete in the norm

Cixla = lxlA,H: = IXIA,PH;” (xe PH{D).

In other words, the subspace PH{") is intrinsically A-complete.

We shall show that PH{") =H}. Assumjng the contrary, the intrinsic 4- -
completeness of PH{") would imply the existence of an element xo€ H} (x,7#0)
which is A-orthogonal to PH{). Then x, is.A-orthogonal to HY", so that the
span of x, and H{") is an A-positive extension of H{). But this is impossible
because, in virtue of (19), any subspace properly containing H¢*? has a non-trivial
intersection with the A-non-positive subspace HY -+ H({.

For an intrinsically 4-complete H{™’ the proof is similar.

In the special case 4 =17 we obtain that the components of any fundamental
decomposition of a J-space are intrinsically complete.

Consider an A-positive or A4-negative subspace Lc H. The dimension of the
completion of L with respect to the intrinsic 4-norm (8) will be called the intrinsic
A-dimension of L. It is equal to the minimal power of those systems in L which
are complete in L with respect to (8). The equivalence of the two definitions follows
essentially by the same argument as the separability of the subsets of a separable
metric space (see [10], Section 33).

Ju. L. SMUL’JAN called our attention to the fact that for a closed A-positive
or A-negative subspace L the intrinsic 4A-dimension coincides with the usual Hilbert
dimension. This can be seen as follows.

L is a Hilbert space with respect to the definite inner product (5). Let L be
A-positive. Then (4x, y) is a continuous positive form on L, and there exists a
continuous positive operator B acting in the Hilbert space L such that

(Ax, p)=[Bx,y]  (x, y€L)
Taking the positive square root B* we have
(4x, y))=[B*x, Bty]  (x, y€L).

Therefore if a system {e,},¢r is complete in L with respect to the A-inner product
then {B%ey}ye riscomplete in B*L with respect to the definite inner product. As B*L
is dense in L we obtain that the Hilbert dimension of L is not greater than the
intrinsic A-dimension of L. The converse inequality is trivial.
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Instead of “intrinsic I-dimension” we shall use the term intrinsic dimension.

Lemma 7. Let L*(L~) be an A-positive ( A-negative) subspace of the J-space
H, and let (9) denote any A-fundamental decomposition of H. Denote the intrinsic
A-dimensions of L* and HY (L~ and H;) by d* and k} (d~ and k) respectively.
Then d* =k} (d~ =k3). In particular, the cardinal numbers k, k; do not depend
on the choice of the A-fundamental decomposition.

Proof. In the same way as it has been done in the first half of the preceding
proof one can show that, with respect to the A-seminorm | .|, belonging to the
decomposition (9), L* is topologically isomorphic to a subspace of Hf. Observ-
. ing that '

Ixlla=x]4,m4 (xeHY)

we obtain the inequality di =k where dy, stands for the dimension of the completion
of L* with respect to || .||, i. e. for the minimal power of systems in L* which
are complete-in L* with respect to | . |i.

On the other hand, for x€ L* we have

|xl:24.L+ = (x’ x)A = (xI’xI)A'{'(xZ’ xZ)A = (x.Z’ xI)A.—(x;’ x;)A = ”x”i-

Therefore d* =dj.
We have proved that d+ =k}. The inequality 4~ =% can be verified similarly.

4. The representation 4 =C*C

- Theorem 1. Consider a continuous self-adjoint operator A in the J-space H.
Denote by k* and k= the intrinsic dimension of the positive resp. negative component
of a fundamental decomposition, and by k} and kj, the intrinsic A-dimension of the
A-positive resp. A-negative component of an A-fundamental decomposition of H.
Then A admits a representation (1) with a continuous linear operator C if and onlv if

(29) ki =kt
and . -
(30) ki =k

Proof. First we remark that (1) is equivalent to the identity
€2y (Ax, y)=(Cx,Cy)  (x,y€H).

Now we assume that 4 and C satisfy (31). Applying Lemma 2 we choose some
A-fundamental decomposition (9) and put CH} =R*. Then, in virtue of (31),
R* is a positive subspace, and C is a linear one-to-one mapping of H; onto R*.
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Applying the relation (31) once again we obtain that the intrinsic dimension r* of
R* is equal to the intrinsic 4-dimension k} of Hj}. But, according to Lemma 7,
r*=k*. Therefore (29) is valid. The inequality (30) can be proved in the same way. -

« Conversely, let the operator A4 satisfy the relations (29), (30). Consider a regular
A-canonical decomposition (9) (Lemma 2) and a fundamental decomposition (4)

of the.space H.
The completion- A} of H} with respect to the A-inner product is a Hilbert

space of dimension k} (Lemma 7). On the other hand, H* is a Hilbert space of
dimension k* with respect to the original inner product (Lemmas 6 and 7). It follows
from (29) that there exists a linear isometric imbedding of A7 into H*. Restricting
the imbedding operator to H} we obtain a linear operator C* such that

(32 (4x, y)=(C*x, C*y)  (x, y€HJ).

Analogously, one can find a linear operator C~, Wthh maps H; into H-
and has the property

(33) (4%,3)=(C"x, C7y)  (x, y€H2).
For an arbitrary element (11) we define '
(34) Cx=C*xi+Cx; (x€H).

C is a linear operator of H to itself. Moreover, as a consequence of (32), (33), the
orthogonality of the decomposition (4), the 4-orthogonality of the decomposition
(9), and the A4-orthogonality of HS to H (Lemma 3), C fulfils the relation (31).

It remains to prove that C is continuous. For this purpose we apply the norm
(6) which belongs to the fundamental decomposition (4) occuring in the above |
construction (cf. Lemma 5). We have

ICxl? = (Cx¥, Cx})—(Cx%, Cx3) = (Axi, x}) —(4xZ, x3).
Therefore, by Lemma 1, one obtains
-(3%) ICx)? = 4N lxfh? + lxa IIZ)

As we are considering a regular A-fundamental decomposition, H§ and H} + H;
are closed subspaces of the complete space H (Lemma 4). Thus, according to a
well-known corollary_to BANACH’s theorem, x} 4+ xj, depends continuously on x.
_ On the other hand, H} and H, are closed subépaces of H (Lemma 4) and, conse-
quently, they are closed subspaces.of H} + H; . A second application of the Banach
theorem yields that xj and xj depend continuously on xj +x7; §As a result,
x} and x7 are continuous functions of the element x. This fact together with the
relation (35) implies the continuity of the operator C.

The theorem is proved. :

In the following we consider some consequences of Theorem 1.
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Theorem 2. Let A denote a self-adjoint operator in an n-dimensional space
H of type H, 0=k =n<<o). Then A admits a representation (1) with a linear C
if and only if the following two conditions are fulfilled:

o) H contains an A-non-positive subspace of dimension k;

B) H does not contain any A-negative subspace of dimension k1.

Proof. With the notations of Theorem 1 we have:
(36) k—=k, kt=n—k.

Consider an A-fundamental decomposition (9) and put dim H{=k3. If L is
a subspace and dim L>kS% +k;, then L has a non-trivial intersection with the
A-positive subspace H}. Analogously, if dim L=k, then L has a non-trivial
intersection with the A4-non-negative subspace HY-+ HJ. Therefore k% +k5 (k3)
is equal to the maximal dimension of A-non-positive (resp. A-negative) subspaces.
It follows from the foregoing that the conditions «), §) can be written in the form

37 ‘ Ko+ k3 =k,
resp. : :
- (38) ‘ kz=k.

By virtue of (36) the relations (37), (38) are equivalent to the conditions (29), (30)
in Theorem 1. -

Theorem 3. Consider an infinite-dimensional space H of type H,, and a
continuous self-adjoint operator A in H. The representation (1), where C denotes
a continuous linear operator, is possible if and only if A satisfies condition B) of
Theorem 2.

Proof. One of the statements of the preceding proof remains valid for the
present situation in the modified form that k; is equal to the maximal dimension
of A-negative subspaces, provided that one of these numbers is finite. Consequently,
B) is equivalent to (38) or, what is the same, to (30) even now. o

On the other hand, the ordinary dimension (i. e. the dimension with respect
to a norm (6)) of H is k* +k~=k* +k=k*. As the continuity of the A-inner
product (see Lemma 1) implies that the intrinsic A-dimension of the component
H} of an A-fundamental decomposition (9) is not greater than the ordinary dimen-
sion of H}, in our case the inequality (29) holds for every A.

Now the conclusion of our theorem follows from Theorem 1.

Theorem 4. If the J-space H has infinite dimension, and the cardinal numbers
k* and k= defined in Theorem 1 are equal to each other, then any continuous self-
adjoint operator A in H admits the representation (1) with a continuous linear C.

2
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Proof. In the present case both of the relations (29), (30) are always satisfied,
since the ordinary dimension of H is equal to k* +k~ =k* =k, and any ordinary
dimension in H, a fortiori (see Lemma 1) any intrinsic 4-dimension in H, does
not exceed this common value. Therefore our theorem is a consequence of Theorem 1.
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The spectrum of the'Ce.siu'd operator

By D. W. BOYD in Edmonton (Canada) *)

Introduction

- Suppose that x is a locally integrable function on R+ =|[0, ) and that the

Cesaro average of x is defined by
14

o . Px(t)=%fx(s)ds.

0

In [3}, BRowN, HaLMOs and SHIELDs considered the operator P as a bounded operator
from L*(R*) to itself and showed that the spectrum in this case is the circle '

@)  e(PLH) = {AA-1] =1}

In this paper, we examine P as an opefator in LP(R*) when p=2 and show
that the spectrum in this case is the following set:

3y o(P; L) = {A:Re(1/2) = (p—1)/p},

which, for p>1, is a circle with centre 2(p —1)/p and the same radius, and for p=1,
is the imaginary axis.

The result can.be extended to 1nclude certain rearran gement invariant spaces X,
in which case the spectrum becomes the following lune:

(@) o(P;X)={A:1-B=Re(1/D) = 1 —q},

where « and § are the indices associated with the space X as in [I]. The proof for
~ this will appear elsewhere.

The method of proof is to exhibit integral operators which are proved to be
the resolvents of P for Re (1/))<(p—1)/p and Re (1/2)=>(p—1)/p, respectively.
A short additional argument then shows that the spectrum is indeed given by (3).

*) The author is presently at the California Institute of Technology, Pasadena.
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Preliminary Lemmas

Let x be a locally integrable function, and let { be a complex number. Define
the operators P, and Q; by
) 4 L
) , Px@) = [ s~ix(st)ds,
]
whenever

1
f [s~¢x(st)|ds < > a.e.,
0 o

and

o

(6) ' Q)= f s¢x(st) ds,
wheneve_r !

o

f [s= x(st)|ds <= == a.e.

1 ®
We denote the space of bounded linear operators on L? by B(LP) and the spectral
radius and norm of T€B(LP) by r(T; L?) and || T|| . Tespectively.

Lemma 1. Letl= p§ oo, and the operators P, and Q, be defined by (5) and (6).
(@) P,€B(LP) with domain all of L? if and only if

- Rel<(p=D)fp (=1, if p=co).
In this case,
-1 :
® - 1P, = r(Pg; L?) = [‘i]}l—Re c] .
(b)' Q. € B(LP) with domain all of L? if and only if

©) Re{>(p—1)/p.
In this case, '

_11-t
(10) “Qillp.z r(QgQ Lry = [ReC——p—P—l] .

Proof. The proof that (7) implies that P, € B(L?) and that (9) implies that
Q€ B(L?) can be derived from ([4], Th. 318). The other pafits are given for real
{ in ([2], Theorem 2 and introductory remarks), and the proofs given there ‘are
easily extended to complex (.

Lemma 2. Let 1=p=o. Let x€LP be such that PxelLP, .
(@) If P€B(L®), then PP x€LP, and '

(11) . [PPx=[PPx=(P—P)x,
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(6) If Q,€B(L), then POx€L?, and
(12) . (PQx={QPx=(P+Q)x.

Proof. (a) Since Px¢€L?, and P, € B(L?), PPx¢L?, and
) 1

(13) _ i : f ls‘g(Px)(_st)lds <o, t=>0. - _ o

0

We can write (13) as an iterated integral using the definition of P to show that
) ' .

(14) S [ s Rec—ldsf|x(m)|du<oo >0,
g .
~and ‘then apply FuBINT’s theorem to the followmg 1terated mtegral

1

CP;Px(tj = Cf-s‘g‘lds fx(ut)du = Cf x(ut) dufS‘C‘lds =

(15) _
| f (l—u‘c)x(ut)du = Px(t)— P.x(0).

Also changing variables in another way and usmg (14) to justify the interchange

of order of integration,
1 1

.(16) P.Px(f) = fs Edsfx(sut)du— fdufs Sx(sur)du = PP.x(t), 1> 0.

This proves (11). (Note that Re{<1 is necessary for P;EB(L") by Lemma 1,
so we have used this fact freely.)
(b) The proof of (12) follows the same pattern as in (a) and we leave the

* appropriate manipulations to the reader.

The resolventjof P

By Lemma 1, applied to { =0, it is clear that P B(L?) iff 1 < p< e, Of course,

_this is a well known result of HARDY. In case p =1 we can define P as a closed linear

operator with range L' and domain D(P; L') dense in L' by the 51mp1e expedient
of defining :

: : 1 1. '
1" D(P;LY) = {x€L1 : f dtf |x(st)| ds < oo}.
o] 0 :

To show D(P; L!) is dense in L!, we note that it contains all functions in L!
vanishing in a neighbourhood of 0. Since convergence in norm in L! implies con-
vergence a.e., it is €asy to prove that P is closed as an operator D(P; L') -~ L!,

3 A
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For p>1, we define D(P;LP)=L". :
_The resolvent set of P considered as an operator D(P; LP) —»LP will be denot-
ed o(P; L”) and the spectrum by o(P; L?).

Theorem 1. Let A be a complex number satisfying

as Re (1/2)<(p—D/p or Re(l//l)>(1)—1)/1)
Then, A€o(P; LF) and for each x¢L?,

a9 @A—P)y'x =@ +4" 21"1/,1)36, Re(1/2) < (p—1)/p,
(20) (A—P)'x=(A"1=2720Q,)x, Re(l/d) > (p—Dp.

Proof. Let {=4'. And Re()<(p—1)/p. From Lemma I, _we Have
P e B(L?), and from Lemma 2,

ey - (A=P)C+{Px =l LP+{P — c2PP¢1x =X,

and also
22 . , (C+CZP;)(/1 P)x=x,

for every xED(P LP). But D(P; LP) is dense in L” and hence (21) and (22) are’
enough to show that (1 — P) has the bonnded inverse { +{2P,, for Re O<(p—~ D/p. .
Similarly, (4 — P) has the bounded inverse given in (20) for Re © >( p—1/p.

Theorem 2. Let A be a complex number satlsfymg Re (1//1) (p—l)/p
_Then A€ao(P; LP).

- Proof. Let A be a sequence of complex numbers with Re (1 /A )<(p— 1)/p,‘
approachmg A Then by Lemma 1 if C =1

v IIC,.+C P, =N Py )l = 1] = [ 12 [(p—1)/p—Re C,.]‘ — [Cal = o
as. {,~{. Hence 1€0(P; L).
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Convergence of random products of Markov transition functions
o " ByS. R. FOGUEL in Jerusalem (Israel) '

1. Introduction

The purposé of this note is to apply a theorem of AMEMIYA and ANDO [1] to

study a Markov process {x,} with the phase space (X, Z) which is not stationary

" but there exists ‘a mapping n—r(n). of the set of all non-negative integers onto the.
finite set {1, ..., N} such that the conditional probabilities

Pr{x,; €dlx,=x} (x€X, AEE n=0,1,2,..)
depend (besides on A and X ) only on r(n), ie.
PI' {xn+IEAIx —X} (n)(x» A)

By means of Pi(x, A) (j=1,..,N) one deﬁnes in the Banach space of the
finite measures on X, 2) operators v—»vP by »
(L1 | OPYA) = [ Py(x, A)v(d).

Thus if pis a probablhty measure on (X, Z) and we choose it to be the distri-
butlon of xg then the dlstrlbutlon U, of x, is, as well known, -

Ha=H1 P,y - - Py

We shall prove.the convergence of u,(A4) as n—-<o under suitable conditions.

2. Convergence of random products

Let the mapping n—r(n) be defined on the set of all non-negative integers
and assume the values 1,2, :.., N. Let P i(x, A) be subtransition functions on the
measure space (X, X, A) w1th ). being a o-finite subinvariant measure: P;(x, A) '
is a function on X XX which is for each x€X a non-negative measure of total
measure =1 and for each A€, a measurable function and

@.1) o fP & A)A(dx) = A(A).
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It is well known that Pi(x, 4) induce_contraction operators on L, (X, Z, Z) by‘

@y @O =[P )

From now on P; will be considered as contraction operators on Lz only, also
" every relation between functions will be a.e. '
In [1] it is proved that if each P; satisfies the condition:

W) | AP, fI=IfIl implies P;f=f

and each 1= Jj=N appears infinitely often in the sequence r(n) then the sequences
‘of operators P,.(,,, P,(l), P,y P;(n) both converge weakly to the projection

on the intersection ﬂ {f: P,f=f}. Let us study property (W) in our case.

Lemma 1. Let P(x, A) be a subtransition function on (X, X, A) with A being
a subinvariant measure. Let K= {1 Pf | =flI}. Then K is generated by charac-
teristic functions of sets of finite measure and if 1,€ K 1 for some A€X then P(x, A)
assumes the values zero and one only.

Proof. Theequation || Pf | =1£Il isequivalentto P*Pf=f smcePlsacontractlon '
operator. Thus K is a subspace of L,.
- Now if f=0 then Pf=0. Also if f=0. then P*f =0: otherw1se if .P*f<0 on

a set A of positive finite measure, then 0>fP*fdl —fPlA -fdi=0. Thus 1ffEK :

and is real, P*P|f|= |P*Pf |= | fl. Inequallty is impossible since ||P*P[} =1, hence
|fI€K. Now if 0=f=c then 0=Pf=c, also P¥f=c: otherw1se if P*f>c on a set
of positive finite measure A, then ' :

cA(A) < [Prfan = f fPLydi = [ () P(x, 4)2(dx) =c [ PG, i@x) = .

Therefore if 0=f€K and ¢>0 then P*P(min (f, ¢))=f and P*P(min (f, c))=c -
hence P*P(f—min (f, ¢))=f—P*P (min (f, ¢)) =f—min (f, ¢). Inequality is im-
possible, hence f—min (f, ¢)€K and therefore min (f, c)€K. ‘

Thus the conditions of [2], Lemma 1, are satisfied and K is generated by the
characteristic functions. it contains. Let us conclude the proof by showing that
if 14€K then Pl A_P(x, A) is a characteristic functlon
Put f=Pl, then 0=f=1 and P*f_ 1.

l-L
P5IGH EU .

1 for x¢ A,

K ]‘(x)z{o for x€X\A.
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Now if B {x: f(x)=¢} and Ci is a set of ﬁmte /A measure dlSjOlnt to A then
'o<fp*1,, e d,1<—fp*f 1cdA=0 or P*l, =1,=P*f. Thus

0= [ Pr(is=1)- lAdz S =pysdi~ [ aa=p) -fd2
where B—{x.f(x)>0}. Now 15 =f hence f=15.

Lemma 2. Let P(x, A) satisfy the conditions of Lemma 1. The correspondmg
, operator P on L, satisfies (W") provided:

@ 3) C P(,A)=1p and A(A)<e implies 1p=1,.

Proof Condition 2. 3 implies that every characteristic function in K is left
_invariant by P thus K itself is invariant under P by Lemma 1.

Remark. If P(-, 4) =1 this means that whenever there is a positive proba-
bility to move from x to A4 then the process moves x to A surely. Let us call such
a set 4 a “trap set”. Thus condition (2. 3) can be rephrased: :

" Every “‘trap set” captures only its own members.

Theorem. Let r(n). assume the values 1, ..., N infinitely. often. Let u be a proba-
bility measure which is absolutely continuous with respect to A and put du=fda,
O0=feL(X, Z, ). If P;(x, A) (1=j=N) satisfy (2. 3) then for every set A with
A(A) < oo A - A

- }Lnl (#Pr(o)"'Pr(n))(A) = /'lO(A)
where diig=f, dA and fy is the conditional expectation of f on the field 2’ =
—n (B: 2(B) <=, P;(, B)=14).

Proof . With no loss of generality we may assume that f€ L, (X, Z). It is well
known that the conditional expectation f, of f on the field -2’ is equal to the ortho-
gonal projection P’f of f on the subspace L’ of L,(X, X, 1), spanned by Z’.

By the Amemiya—Ando theorem " P,q,...P,, and- therefore P,(,,) P,";o)
converge weakly to the orthogonal prolectlon P’ on L’. Thus .

(uP, r0)-* r(n))A = f»(Rr(O)--- r(n)" 1) du = ‘ .
) f( r(0)+ < Prny 1)fdA = f IAP:Z") ‘--Pr”ZO)fd‘/1 .
tends to [ P'fd = [ fydi = po(A). | ’

A A .
» Let us consider the case where the only “trap sets”,. for the subtransition
functions P;(x, A), are the trivial sets. Then if A is not finite, K={0} and

lim (P, 1y .- Prn))(A)=0 whenever' 1(4)<oco. On the other hand if A(X)<e<
then K= {constant functions} and hm (/1 vty - Prm) (4) =4(A) w(X)/A(X).
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- Minimaxprinzipe fiir stark gedimpfte Scharen

Von ROLF KUHNE jn Dresden (DDR)*)

~ O. Einleitung

_ Es sei $ ein komplexer ') Hilbertraum, versehen mit dem Skalarprodukt
(x, ¥) (x, y€9), und es seien 4, B, C auf § definierte selbstadjungierte beschrinkte
.Operatoren. Wir betrachten die fiir jede komplexe Zahl A durch

©. 1) ' L)=124+1B+C

definierte Schar L unter fofgender Voraussetzung
(D) Dxe Schar L sei stark gedimpft, d.h., es gelte

(Bx, x)? > 4(4x, x)(Cx, x) fir alle xESj, x#0.

(Zur Terminologie vgl. [1], [2] und [4].)
4 Die bendtigten Voraussetzungen, Definitionen und elnfache swh daraus er-
gebende Folgerungen enthdlt Abschnitt 2.

Abschnitt 3 beschiftigt sich mit den fiir L (durch (2.2), (2 3)) definierten
Funktionalen erster und zweiter Art (sog. Verallgememerte Raylelgh Quotlenten
s. [1]).

In Abschnitt 4 betrachten wir das Spektrum der Schar L. Mit Hilfe der Funk-
tionale erster und zweiter Art werden fiir das Folgende wesentliche Teile des. Spek-
trums, das sog. Spektrum erster bzw. zweiter Art, ausgesondert und niiher behandelt.

Das eigentliche Ziel der Untersuchungen ist der Inhalt ‘des Abschnittes 5,
wo unter gewissen Voraussetzungen an das Spektrum der Schar L Minimaxprizipe
fiir die Bestimmung sog. Eigenwerte erster (bzw. zweiter) Art und zugehdriger
Eigenelemente angegeben werden (Sitze 5. 1 und 5. 2). Ergebnisse dieser Art erhielt

*) Diese Arbeit ist im wesentlichen Teil einer Dissertation. Herrn Prof. Dr. P. H. MULLER,
Dresd en, bin ich fiir seine stete Unterstiitzung, ihm und Herrn Prof. Dr. M. A. NEUMARK, Moskau,
" auBerdem fir die Ubernahme der Referate zu groBem Dank verpflichtet.
-1 Die folgenden Untersuchungen bleiben mutatis mutandis auch in reellen Raumen gultlg
Eine gew isse Ausnahmestellung nehmen dabe1 reelle Raume der Dlmensmn 2 ein. An entsprechender '
Stelle w ird darauf hingewiesen.
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erstmals R.J. DUFFIN [1], [2] unter zusitzlichen Voraussetzungen in endliche-
dimensionalen Ridumen (Niheres s. Ende des Abschnittes 6); die dort benutzten
Methoden beruhen aber groBenteils auf charakteristischen Figenschaften endlich-
dimensionaler Rdume und sind deshalb auf den hier betrachteten allgemeinen
‘Fall im wesentlichen nicht iibertragbar.

Anwendungen der M1n1maxpr1n21pe auf Scharen speziellen Typs erfolgen
in Abschnitt 6 (Sitze 6.1 und 6 2) wobei sich als Spezialfall die Aussagen von
[1} bzw. [2] ergeben.

SchlieBlich- sind in Abschnitt 1 einige fiir unsere Untersuchungen wesentliche
Beziehungen zwischen quadratxschen Formen, deren Nullkegel nur das Nullelement
des Raumes gemeinsam haben, vorangestelit.

Es sei noch erwihnt, daB Teile der vorgelegten Ergebmsse anfangs iiber Zu-
sammenhinge gewisser ‘Scharen mit speziellen J-selbstadjungierten Operatoren .
(zur Terminologie s. [4], [5]) gewonnen wurden.. Genauer gesagt liBt sich einer
Schar L z.B. unter den zusitzlichen Voraussetzungen A=1 und (Bx, x)=0,
(Cx, x)=0 (x€9) in einem geeignet gewdhlten J-Raum ein J-selbstadjungierter
Operator T zuordnen, dessen von O verschiedenes Spektrum mit dem von 0 ver-
schiedenen Spektrum der Schar L iibereinstimmt (eine solche Linearisierung wurde
von M.G. KreiN und H. LANGER in [4] beim Studium der. ‘Operatorgleichung
. Z®+ BZ + C=0 betrachtet und ist einer entsprechenden von P. H. MULLER ([6], [7])
unter der Voraussetzung (Cx, x)=0 (x€$9) verwendeten Linearisierung analog; .
der Verfasser verdankt Herrn Prof.- DR. H. LANGER, Dresden, den Hinweis auf -
solche Zusammenhénge sowie auf die Arbeiten [I] und [2]).

Wie H. LANGER bemerkte, gehort der Operator T genau dann zu der in [5]
betrachteten Operatorénklasse, wenn L stark gedampft ist. Wird zusitzlich gefordert,
daB C vollstetxg ist, so gelangt man dann unter teilweiser Benutzung der-in [5] ange--
gebenen Aussagen und Methoden auch auf diesem Wege der Llnearlslerung zu
Spezialfillen unserer Ergebmsse

1. Quadratische Forhen

Dieser Abschnitt enthilt unmlttelbare Verallgemelnerungen der Lemmata 1.1
" und 1.2 aus [5]. : :

"~ Es sei € ein komplexer linearer Raum. Unter einer hermetzschen Bilinearform
auf € versteht man eine Abbildung a von EXE in die Menge der komplexen Zahlen
-mit den Eigenschaften

a(i, X1 + 3%, y)= }*10("1 » ) +12a(x2 s )
, , a(x, y)=a(y, x)
fiir beliebige komplexe 4, 4, und x;, x,, x, y€€.
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- Die durch a(x, x) (x€€) auf € definierte (reellwertlge) Funktlon heiB3t die zu
a gehorige quadrattsche Form. Die Menge

={x € €la(x, x) 0}
nennen wir deren Nullkegel

Lemma 1.1. 2_) Es seien a und b zwei hermetische Bilinearformen, wobei
zwischen den Nullkegeln a® und b° der zugehorigen quadratischen Formen die Bedingung

a1y . S a®Nb° ={0}

bestehe. Dann gilt eine der befiden Relationen

(1. 2)> R A © a(x, x)=0 fiir alle xEBO\{O}'
oder . '

(1. 3) - a(x, x)<0 fur alle x€b°\{0}

Beweis. Angenommen, es gibe zwei Elemente x, y €b° mit a(x, x)<0 und
a(y, y)=0. Dann lieBe sich eine reelle Zahl ¢ und danach ein reelles ¢ 70 so wihlen,
" daB  Re(eb(x, »))=0 und a(x, x)+ 2 Re (e”a(x, y)) +a2a(y, y)=0 gilt. Fir
zo=x+ae®y folgt daraus z,€a°(b® und wegen a(x x)<0 und a(y, y) >0 aber
auch zo;éO im- Widerspruch zu (1. 1).

Lemma 1.2.% a und b seien zwei hermitesche ,Bilinedtformenj dabei sei die
quadratische Form b(x,x) (x€C€) streng ‘indefinit, und, es gelte fiir alle z€b%\ {0}
die Ungleichung a(z, z)=0. Dann ist fiir alle x €€ mit b(x, x) >0 und alle Y€€ mit -

b(y, »)<0

(1.4) a(,y) _ alx,x)

5.3~ benn)

— oo, und es ist

a(x, x)
b >0 B(x, x)

Ferner gllt n=

1.5 - o a(z, 2)=pb(z,z)  (z€E).

Beweis. Angenommen, es gibe zwei Elemente x,, yo €€ mit b(x,, Xo) =
= =b(yg, yo)=1 und —a(yy, yo) =a(x,, x,). Wihlt man dann eine reelle Zahl ¢,.
fir die Re(eb(xq, yo))=0 und Re (ea(x,, o)) =0 gilt, so ergeben sich fiir

CZo=6€¥xy+y, die Beziehungen 2z, €6\ {0} und ad(z,, zo) =0 im Widerspruch. =

zur Voraussetzung.

2) Der Inhalt dieses Lemmas ist in [8], Satz 1.1- enthalten. )

3) Eine entsprechende Aussage unter etwas allgemeineren Voraussetzungen wurde (in Verall--
gemeinerung von Lemma 1. 2 aus {5]) in Theorem 1. 1 der folgenden Arbeit bewiesen: M. G. KREIN
und Ju. L. 8mMuLiaN, Uber Plus-Operatoren in einem Raum mit indefiniter Metrik, Mat. zssledovanua
Akad. Nauk Moldavskoi SSR, KiSinev 1 (1) (1966), 131—161 [russ]
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Aus (1. 4) folgt u > — . SchlieBlich gilt die Ungleichung (1. >5) fur alle z€€,
da sie nach Definition fiir b(z, z) >0, auf Grund.der Voraussetzung fir b(z, z) = 0
und 1nfolge (1. 4) fiir b(z, z) <0 erfiillt ist. '

Bemerkun g. Ist € ein reeller Raum, so bleibt Lemma 1.2in vollem Umfang
giiltig, Lemma 1. 1 hingegen nur unter der zusitzlichen Voraussetzung, daB € eme
von 2 verschiedene Dimension ‘besitzt (vgl. [§], Satz 1. 1).’

2, Voraussetzungen und Deﬁnitioneli

Nach den vorbereitenden Betrachtungen des Abschnittes 1 in beliebigen komp-
.lexen linearen Riumen kehren wir zu den in der Einleitung formulierten Voraus-
setzungen zuriick. Es seien also $ ein komplexer Hilbertraum, L eine durch (0. 1)
auf $ definierte Schar, die der Bedmgung (D) der starken Dampfung genuge
o ~Eine einfache Konsequenz von (D) enthilt

‘Lemma 2. 1. Geniigt die Schar L der Bedingung (D), so gilt eine der folgenden' :
" Relationen:
(Bx, x)=0 fiir alle XED, x#O mit (Ax, x)=0
oder Co '
‘ (Bx, x)<0 furalle xESj x#£0, mit. (4Ax, x)=0.
" Beweis. Aus (D) folgt, daB dle quadratlschen Formen (Bx, x) (x€$) und
(A4x, x) (x€9) die Bedingung (1. 1) erfiillen. Also liefert Lemma 1. 1 die Behauptung.
Fiir alles Weitere setzen wir nun anstelle von (D) die Giiltigkeit der Bedingung
. (D*) Die Schar L geniige der Bedingung (D), und es gelte '

(Bx, x)=>0 fiir jedes x€$, x»0, mit (Ax; x)=0.

voraus, was insofern keine weitere Einschrinkung bedeutet, als nach Lemma 2.1
unter der Voraussetzung (D) entweder L oder —L sogar der Bedingung (D+)
geniigt. ’ .
An dieser Stelle soll der Fall reeller Hilbertriume erwahnt werden. Dié soeben
vorgenommene Ersetzung der Bedingung (D) durch (D+*) beruhte auf Lemma 2.1
und nach- dessen Beweis also auf Lemma 1.1, das im reellen Fall. — wie bereits
“vermerkt — unter der zusitzlichen Voraussetzung dim $ > 2 richtig bleibt. Somit
ist alles bisher Gesagte auch fiir reelle Riume einer von 2 verschiedenen Dimension
giiltig. Bei dim $ =2 ist die Bedmgung (D*) i. a. tatsdchlich stirker als (D). Dies
ist jedoch der einzige hier auftretende Unterschied zwischen reellen und komplexen
Réiumen. Alles Weitere gilt vollinhaltlich auch im reellen Fall.
Wir setzen nun abkiirzend '

d(x) = V(Bx, ¥ = 4(Ax, 9(Cx, 9.




Minimaxprinzipe fiir stark gedimpfte Scharen” : 43

Nach der Voraussetzung (D) gllt dann
. 1) . - d(x)=0 (xess, x#O)

Eine entscheidende Rolle spielen im weiteren ,dle Funktionale

. ‘mi—x) [(Bx, x)— A0 x€$, (Ax,%) %0
A e )’c) : o
. | (Bx’ x) X€9, x# 0’ (4x, x) =0,
(é 3) } s(x) = ‘ 2(A1x %) ! [(Bx, x)+d(x)1 XESI), (4%,%) # 0 »
° % *€5, ¥ %0, (4%, =0,

Dabei heile p Funktional erster Art und s Funktzonal zwezter Art von L (zur Defini-
tion und Terminologie s. [1]). Oﬂenbar gllt

o - plex)=p(x) u o
.49 . - . (x€9, x#0; 0=0 beliebig komplex).
s(ex) = s(x)

Wir definieren noch fiir jede (komplexe) Zahl bl
Q.5) . fix)= (/1 +p(x))(Ax, x)+(Bx, x) -(x€9, x#0)

und fassen nun die unmittelbar aus den Deﬁmtlonen folgenden Elgenschaften von
0, s und f; in den folgenden beiden Lemmata zusammen

Lemma 2.2. Fir eine beliebige (komplexe) Zahl A und beliebiges x¢€ $, x #0

gilt .
R (Bx, x) Jalls (Ax,x)=0
‘ (2',5) fil) = {(Ax N(A—s(x) falls (Ax, x) # 0,
Q.7 ' . ﬁ(x) #0 genau dann, wenn A s(x),
@8 (O ) =(A=p()) /i),
."Be.weis -Ist (Ax, x)#O so folgt aus (2. 2) und (2 3)
P Hs(o) = gﬁ 3

%) Unter<sei im folgenden stets der die komplexe Zahleﬂebene (im Sinne von ALExANDROFF)
bikompaktifizierende Punkt zu.verstehen. AuBerdem wollen wir diesen Punkt als reell definieren.
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‘und Spmit
“(Bx, x)
(4x, x)

also (2. 6). Im Falle (Ax x)=0 erg1bt sich (2. 6) direkt aus (2. 5)
© (2. 7) erhilt man aus (2.6) unter Beriicksichtigung der Bedingung (D).
(2.6), 2:2) und (2. 3) ergeben auf bekannte Wexse (2 8).

falx x) = A— ——s(x)] (Ax, x)+(Bx, x) = (Ax, x)(A—-s(x)),

Lemma 2. 3. Fiir ein (komplexes) /10 und ein xég x #0, besteht genau dann .
die Gleichung (L(Ap)x, x)=0, wenn eine der Beziehungen p(x) =2, oder s(x) Ao gllt

Ferner zst
2.9) ﬂl(j%ﬁ — fy () = 2() (A, )+ (B, ) = 0 (€S, x # 0),
. A=p(x) L : ) » . .
(-2. 10) M—(gﬁﬁ ;{= ( ): 2§(x)(4x, %c)+(Bx,'x) <0 - _.(xesj, (Ax, xy = O)v .
und . ,4 , A e )
Q1 S (x);és(x) (x€9, x=0).

~ Beweis. D1e erste Behauptung des Lemmas gilt oﬁ'enswhthch

Die Bezichungen (2. 9) und (2.'10) ergeben sich 1m Falle (4x, x) =0 daraus :
-daB per definitionem fp(x)(x) 2p(x)(Ax, x) + (Bx, x) =d(x) >0 und 2s(x)(4x, x)+. .
» +(Bx, x) = —d(x) <0 gilt. Ist (4x, x)=0, so folgt aus (D+) Jo(®)=(Bx, x)=0.
’ (2 11) erhdlt man aus (2. 9) und (2. 10) .

‘3. Die Funktionale pund s

~ Die folgenden Lemmata enthalten Eigehséhaften von p und s. Dabei beschrinken
_ wir uns im wesentlichen auf die Betrachtung des Funktionals p, da sich Aussagen’
iiber p unmittelbar auf s iibertragen lassen, wie in Lemma 3.6 gezelgt wird.

Lemma 3.1. Das Funktzonal p ist auf 55\{0} stetzg

_ Beweis. Fiir ]edes X€$H mit (Ax, x)#O exxstlert wegen der Stet1gke1t von A
eine Umgebung von x, fiir deren Elemente z ebenfalls (4z, z) =0 gilt.-Die Stet1gke1t
von p in x erglbt sich dann nach (2. 2) aus der Stetigkeit von 4, B und C.

Ist x€H, x=0 und (4x, x) =0, so gilt wegen (D+) die Unglelchung (Bx, x)=0.
Folglich gibt es eine Umgebung U von x mit (Bz, 2)=0 fiir alle zeU. '

Nun gllt nach (2. 2) fiir alle z¢ U

(B2, ) +d@1p@ = —ACz, 2)
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.und daher unter Beachtung von (Bz, z)>0 und (2. 1)

2(Cz, 2)

T Grorde Y

p(@) =

Also ist auch dann p_in x stetig, w.z. z. w.

Wir definieren fiir jede reelle Zahl ¢ die Opératoren:
T,=¢*4A-C
R,=204+B
und setzen ' . , .
‘ P={olo reell ‘fiirjedes x€H mit (Rx, x)=0 gilt '(Ax x) %0}.

» Lemma 3.2. Die quadratzsche Form (Ax, x) (xef)) sei streng._indefinit. Dann
.extstzert eine reelle Konstante p mzt

6an . BrYzmuxn® (s

Beweis. Wegen (D*) genugen die quadratlschen Formen (Bx, x) (x€$5)
und (4x, x) (x€9) den Voraussetzungen zu Lemma- 1. 2 Daher folgt aus (1. 5)
. (Bx, x)
w0 (0

S mit p= die Beziechung (3. 1)

Folgerung 1. Fiir alle x€$ mit (Ax, x)>0 gilt
s(x) < —%

Beweis. Wegen (3. 1) ist fiir jedesAxesj mit (4x, x)>0

Folgerung 2. Fiir jedes reelle ¢ < —%’ gilt o€P.

" Beweis. Essei g<»—% . Fiir jedes x £ H mit 2¢(4x, x) +(Bx, x) = (R,x, x)=0 .
~ folgt aus (3. 1) - . ' . '

2 [_-fzi'_g] (4x, x) : —pu(Ax, x)+(Bx,x) = O,‘
also ' : o

) : (Ax, x)=0.
Somit gilt o€P. :
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Lemma 3.3. Sei 0€P. Dann gilt fiir jedes x€$H mit (R,x, x)>0 und jede&
y€9H mit (R,y, y)<0 die Ungleichung

. ‘ (To3,9) _ (Tox,x)
G2 (Roy,y) (R, %)

, _ Bew_eis Es sei z ein Element aus '$ mit (R,z, z)=0 und (T,z, z)=0. Aus
(R,z, 2) =0 folgt (Bz, z)* = 40%*(4z, z)*> und wegen o€P (d4z,z)=0. Dies liefert
unter Benutzung von 0*(Az, z) — (Cz, z) =(Ryz, z) =0 die Beziehung

(Bz,2)*= = 4(A4z, 2)(Cz, 2).

Also gilt nach (D+) z=0. D h., fiir die quadratischen Formen (T z, z) und (R,z, 2)
sind die Voraussetzungen zu Lemma 1. 2 erfiillt. (3. 2) ergibt sich somit aus (1. 3)
_ Genauere Auskunft Giber die Wertebereiche von p und s gibt nun’ '

Lemma 3. 4. %) Es sei xX€9, x#=0, beliebig. Dann gilt

(3.3 s(M)<p(x), falls yc$ und (Ay, y)=0
und . . - L :
G4 s(¥)=p(x), falls y€9 und (Ay,y)<O.

Beweis. (1) Wir bewelsen zunichst (3. 3). Angenommen es gabe zZwei von
0 verschiedene Elemente x, y€9, so daB :

3. 5) ‘ . (4y, »)=0 und s(y)=p(x)
gilt. Wir setzen o=p(x)...
. Fall 1: Die Form (4x, x) (x€$) sei streng mdeﬁmt Dann gilt nach F olgerung 1

aus Lemma 3.2 p(x)és(y)<—%, also wegen Folgerung 2 aus Lemma 3.2

0 =p(x)€P. ' ' _
© Fall 2: Die Form (4x, x) (x€9) sei (sem1 )definit. Auf Grund von (Ay, y) =0
st dann (Ax, x) =0 (x€9H). Somit gilt wieder 9= p(x)EP
‘Folglich 1Bt sich Lemma 3.3 anwenden.

‘Nun ist nach (2. 9)

_ (Re%, %) =/(%) =/pi(3) >0
und wegen (Ay; »)=>0 und s(y)=p(x)=¢ nach (2. 10)
(R, ) =20(Ay, ¥) + (By, ) =25(y)(A4y, ) + (By, ) <0.
5) Dieses Lemma ist fiir dim << und (Bx, x) = 0 (x€$) in [1] enthalteh Die hier allgemeiner ‘

formulierte Aussage 1483t sich (abweichend vom obigen Beweis) im Prinzip auch durch (schrlttwelse) :
Reduktion auf diesen Spezialfall nachweisen.
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Daher erglbt die Be21ehung (3 2) des Lemmas 3: 3 die Unglelchung o

(Tey’y) < (Tgx, x) . | B L

@9 Ry " Rex®)

Wir benutzen nun die fiir alle z€ $ giiltige Gleichung

G (T )= Az, ) — (Cz, 2y=20%(4z, )+ e(Bz, 2) - (L(Q)z z)_

"Q(Roz’ Z) (L(Q)Z Z)
Da nach . Definition fiir o=p(x) die Gleichung (L(g)x x) 0 gilt, liefert (3 Tr.
Smit z=x

(T, ox, x) = o(R,x, x).
" (3. 6) vereinfacht sich so zu '

8 ‘ o(R,y, ) ~(T,, ) <0.
(3.7, mit z= y in (3 8) emgesetzt ergibt-dann

G. 9 . ' (L(Q)y, y)<0.

Andererselts folgt aber aus (2 2) und (2. 3) p(y)~—s(y)— ( A)Ey i])>0 also untex
Beachtung von (3 5) |

r)=s(=e.
© (2. 6) und (2. 8) liefern so zusammen mAit‘ (3. 5) die Ungleichung

(L(@y, »)=0 -
im Wlderspruch zu (3 9).

(2) (nach [1]) Zum Beweis von (3.4) betrachten wir die Schar L~(1)=:
=)24-+AB-+C~ mit A~ =—4,B-=B,C~=—C, die offenbar wieder der
Bedingung (D*) geniigt. Die Anwendung von Teil (1) des Beweises auf L‘ 11efert_
dann (3. 4). - .

Folgerung 1. Es sei p eine reelle Zahl zu der Elemente X, yéﬁ mit p(x)< '
<u<p(y) exzstleren Dann gilt fiir alle z€ 9, z#0, die Unglelchung '

fu(Z) ~0.

Beweis. -Gilt (Az z)= 0 so folgt aus (D*) (Bz, z)>0 und. somit aus (2 6)
" die Behauptung.

Ist (A4z,2)#0, so erglbt sich aus (3 3) und (3 4) (u—s(z))(Az z)>0 also.
nach (2.6) f,,(z)>0
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Folgerung 2. Ist u eine- reelle Zahl mit  inf p(x)§y§ sup p(x),
xe 5\ {0} - x€$,/{0}
so gilt fiir alle z€ 9, z#0, dze Ungletchung :

£.(2)=0.

Der Beweis ist dem vorstehenden Beweis der Folgerung 1 analog.
Aus dem fiir das Folgende grundlegenden Lemma 3. 4 ergibt sich

Lemma 3.5, Es sei ueine reelle Zahl mit f,(z) >0 fiir alle z€ 9, z;éO und
seien x, y Elemente aus S) mit p(x)=p(y) und (L()x, y)=0. Dann gilt

(1) Aus p(y)=p(x)=p folgt p(x+y)y>p.

@) Aus P(Y)=p(x)=p und x # —y folgt p(x +y) B

3) Aus p(x) <p()=p folgt plx )< ’

" Beweis. (0) Wegen f.(2) =0 folgt aus (2. 8) ‘
(3. 10) sgi [(L(wyz, 2)] =sgn -p@N9). (€S, 220 .
‘Weiter benutzen wir die nach VorausSefzung giiltige Gléiéhung |

G.11)  LWE+), x+y) = (L, %)+ (LG, 3).

(1) Aus p(»)=p(x)=p erhilt man infolge (3. 10) (L(wyx, x)=0. und
(L(1)y, y) <0, daher wegen (3. 11) (L(u)(x+ y), x+ y)<0 also auf Grund von

C(3.10) p(x+y)=p
Analog ergeben sich die Bewelse von (2) und (3)

Folgerung (s.[1]). Es seien x,y von 0 verschzedene Elemente aus Sj, wobei
zu x eine reelle Zahl p mit L(u)x =0 und p(x) = existiere. Dann gilt: :

(1) Aus p(y)=p(x) folgt p(y+x)>p(x). ,
(2) Aus p(y) p(X) und y # —x folgt p(y+x)= p(x)
3 Aus p(y) <p(x) folgt p(y + x) < p(x).

. Beweis. NachVoraussetzung gilt (L(y)x y) 0. AuBerdem 1st wegen der Folge-
tung 1 zu Lemma 3.4 f,(z) >0 (z€ 9,z #0). Also 146t sich das Lemma 3. 5 anwenden.

Wir geben nun noch einen Zusammenhang zwischen Funktionalen erster und
zweiter Art an, mit deren Hilfe die bisher bewiesenen Aussagen iiber p auf s iiber-
tragen werden konnen. '

§) sgna = 1,0, ode_r —1 je nachdem @=0, a=0, oder a<0.
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Lemma 3 6. (1) ‘Es sei x0€5, X # 0 belzebzg Mit Hzlfe von o p(xo) ordnen
‘wir der Schar L eine Schar L, durch :

L= /12;4" +AB, +C‘

mit A = L(o), B =244+ B, C,=A zu. Dann erfiillt L, die Bedingung (D+) und |
fur die. zugehorigen Funktionale Da> 84 gzlt '

JERY) N N (€S, x%0) 7,

Skx)—oc
61 W= omy @S x=0.

(2) Es sei B=0. "Danﬁ gelten die in (D Jormulierten Ausségén mit 0=0.
Beweis. (1) Die Deﬁmtlonen ergeben unmittelbar die Bezlehung

(3 14) (B,x, x)* — 4(A X, x)(G x,x) = (Bx, x)? —4(4x, x)(Cx, x) - (x€H).

Da auBerdem aus Lemma 2 3
(A Xg, Xo) = (L(P(xo))xo, xo) 0

(B Xos Xo) = 2P(xo) (Ao, xo) + (on, Xg) >0

folgt, ergibt sich auf Grund von (3. 14) und Lemma 2.1 aus der Bedmgung (D+)
-~ fiir L sofort die Giiltigkeit von (D+) auch fiir L,] -
Wir betrachten nun die Schar L,(1)=A%4,+ 1B, —|-C mit A, C‘a, B
C,=A,. Wieder folgt d1e Gultlgkelt von (D+) fiir L, unmittelbar aus der Bedmgung
(D*) fiir L.
Fiir L,, und die zugehdrigen Funktionale d s P> Sa erglbt sich

und

L)=224+ A(ZaA +B)+a?4+aB+C =LA +a),
aus (3. 14) - .
di(x) = d(x) (x€9)

und daher aus (2.2) und (2. 3)

Pu(x) =p(x) —a, 5,(x)= S(x) —x  (x€9, x#0).

A (@) Nach Lemma 3.4 ist s(x)#p(x,)=uo (xeﬁ, x#0) und somit s, (x) #0,
Dabher gilt nach Definition von L, und auf Grund von Lemma 2. 3firallex€$, x=0,

mit s,(x) #

(3.15) (L e, x)=s;2(x)(La(sa(x»x, x)=0

7) Hierbei sefzen wir wie iblich coc—a = e, — =10, — = o,
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| und nach (2. 10)
d(L,(2)x,x)

dl.  |a=sii
~25,(0)(Cx, ) — (B, ) = — [25,(x) (4o %, ) + (B, x, x)] > 0.

Entsprechendes gilt mutatis mutandis fiir s () =o0. (3.15) und 3. 16) ergeben
- so wegen Lemma 2.3 die Beziehung (3.'12). ‘
“(b) Fiir x€$ gelte p,(x) =0. Analog zu Tell (a) erhilt man dann

(L(p )% x) =0

a’(L (2)x, x) o
i i=mte o
also nach Lemma 2. 3 die Glelchung (2. 13).
Ist p,(x) =0, so folgt aus (L (p(x))x, x)=0 die Beziechung (A, x x) (C X, x) 0
und somit §,(x)= . Daher gilt auch dann (3. 13). ‘ ‘
(2) Ist B=0, so folgt aus (3 14) fiir 7, unmittelbar die Gultlgkelt von (D+)
Alles Weitere liefert der BCWCIS zu (1) mit A= 0 (vgl [1]) '

: = 2571 (9 (A, )+ (B, %) = 25, (L5 (9)x, x) -
(3.16) . ' ' o

. und

4. Das Spektrum von L

- Wegen der Einheitlichkeit der Darstellung setzen wir fiir alles Folgende
L(<)=A48) und haben damit die Schar L auf allen Punkten der erwelterten komplexen
Zahlenebene, die mit € bezeichnet werden soll, deﬁmert i
" Seien nun fiir einen beliebigen festen Wert A€ € das Spektrum a(L(i)) dessen
Teile 6,(L(4)), 6,(L(D), 6.(L(A) und die Resolventenmenge Q(L(/l)) des Operators
L(A) wie liblich (s. z.B. [10] S. 292) erklart. )
"Wir definieren o(L)= {/le Cloco(LA)}, o(L)= {/16 (E]OEG(L(A))} o, (L)=
={A€T|0€0,(LAN, 0.L)={2€ E|0€a(LM)}, 0.L)={ie T|0€a,(LD)).
o(L) heiBe Resolventenmenge, O'(L) Spektrum und o,(L) (bzw. ¢,(L) und o (L))‘
Punki- (bzw Residual- und kontinuierliches) Spektrum der Schar L.
Eme Folge (x,) von Elementen aus $ nennen wir eine zu A€ [ gehorlge Folge
~erster (bzw. zwezter) Art, wenn sie den fo]genden Bedmgungen gentigt:.

@n k=T =120,
(4.2) ‘ - Jlimp (x)=4" (bzw. lim s(x,) = 2);
4.3) S ~ L(M)x,~0 _' (n—>o0).

". 8) Vgl. FuBnote 4). '
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- Damit lassen sich weitére Téilmengen des Spektrums fol gendermafBen definieren:
| a‘”(L) {,1 €€|zu 2 existiert eine Folge erster Art},

' a“)(L) {Ac €| es ex1st1ert ein x€ 9, x#O mit p(x) A und L(A)x 0},

a(”(L) {AeaV(L)| fiir jede zu A gehorlge Folge (x,) erster Art m1t Xy Xo
© (n>) ) gilt x4520 und p(x) =4} 1%)

und in Analogle hierzu (mit s(x) anstelle p(x) und ,,Folge zwelter Art” anstélle
. ,,Folge erster Art”) die Teilmengen ad(L), ¢@ (L) und a(z)(L)

' Zum besseren Verstindnis der Deﬁmtlonen von ¢fY(L) und 0(2)(L) soll an ein
Kriterium von H. WEYL erinnert werden, das folgendermafBen lautet (s. [9], S.- 348):

Eine reelle Zahl v ist genau dann ein isolierter Punkt endlicher Vielfachheit
des Spektru_ms eines selbstadjungierten Operators 7, wenn fiir jede Folge (x,), x,€9
(n=1,2,-) mit. (T—vI)x,,—-»O;. X, X (n>e) und [x,|=1 (n=1,2, ) gilt
X, 7#0. '

Wir nenneninun o)(L) bzw. 0(2)(L) Spektrum erster bzw. zweiter Art, auf
_entsprechende Benennungen der iibrigen Mengen soll der Einfachheit. halber ver-
zichtet werden.

Gilt 2€0,(L) (bzw. Aea“)(L) oder AEa‘”(L)) $0 heiBt /. ein Eigenwert (bzw.
ein . Eigenwert- erster oder zweiter Art) und entsprechend. jedes x€9H, x=0, mit
L(A)x=0 ein zu 4 gehdriges Eigenelement (bzw. ein Eigenelement erster oder zweiter
Art), SchlieBlich sagt man, der Bigenwert 1 habe die endliche Vielfachheit n, wenn
es zu A genau n linear unabhingige Eigenelemente gibt. '

~ Die folgenden Lemmata belnhalten einige emfache Eigenschaften der oben
eingefithrten Mengen. :

Lemma 4.1. Es gilt , _
() P co(L), L) Co®(L). @) cDIL)Ue@(L) ist reell.

@) TOMUeDD)Co@). ) @) oOE)NeD (L) finf p(x), sup p(x)}.
. ’ . . x#0 x#0

) ehWNePL=0. (6 eP(D)Ue(L)=0,(L).

() oL istreell. L ®) o(l)=0.

?) Das Symbol — soll im folgenden stets die schwache Konvergenz in .{) das Symbol - aus-
schlieBlich die starke Konvergenz in $ bezeichnen.
10) Die Forderung p(xo)=4 ist offenbar automatisch erfullt falls inf p(x)<).< sup p(x) gllt

x#0
(s. Lemma 3. 4).
1) Es gilt i.a. a“’(L)Ua‘”(L)#a-(L)
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Beweis. Die Aussagen (1), (2) und (3) gelten per definitionem. (4) und (5
ergeben sich aus Lemma 3.4. (6) folgt daraus, daB fiir jedes A€o, (L) und ein
" beliebiges zugehoriges Eigenelement x die Gleichung (L(4)x, x)=0, also wegen -
Lemma 2.3, 2 =p(x) oder A=s(x) gilt. (7) ergibt sich aus (1), (2) und (6). (8) Ange- -
‘nommen, es sei A€0,(L), d. h. 0€6,(L(4)). Dann gllt (5. [10], S. 304) 0¢ o ([L(A)]*) =
= p(L(Z)) d.h. Z€o,(L). Wegen (7) gilt aber =4 und deshalb lEa (L) im Wider-
spruch zu A€o, (L). ,

" Lemma 4.2. Der Schar L werde auf die in Lemma 3. 6, (1) oder (2), ange-
- gebene Weise dze Schar L, zugeordnet. Dann sind die Bezzehungen

_ Agg(z)(L)" und l—_EEJ(”(f,a),' 12y iéa(z)(L) und —/11—60' (L,)

ebenso wie

A€ a“)(L) und }l%oce o@(L), - - A€a(L) und .Aitx caP (L),
zueinander dquivalent.

Der Beweis des Lemmas folgt unmittelbar aus den entsprechenden Deﬁmtlonen
und sei deshalb dem Leser iiberlassen.

Im folgenden werden wir nun alle Aussagen ausschhethh fir das Spektrum
erster Art formulieren. Die entsprechenden Aussagen fiir das Spektrum zweiter
- Art ergeben- sich dann sofort mittels Lemma 4.2,

- Lemma 4.3. Jeder Wert A€a} 1)(L) ist ein Ezgenwert endlzcher Vzelfachhezt .
von L, und es gilt A€aS(L). -~ = . , :

. Beweis. (1) sei /160 DL). Nach Definition existiert eine zu ,1 gehorxge Folge
(x) erster Art. Wegen |x,[ =1 (ni=1, 2, ---) besitzt diese Folge i in $ eine schwach
- konvergente Teilfolge (x,); es sei x,,~ X, (k—~<c). Auf Grund von A€6{(L) gilt
~ dann Xo#0 und p(xo)= A AuBerdem folgt aus x, —~x, (k—) die Bezichung
L(A)x,, ~ L(A)x, (k —oo). Nach Voraussetzung gilt aber L(Y)x,, —~0 (k —<0), somit
erhalten wir L(A)x,=0, also 1€ 0 M(L).
" (2) Angenommen, J wire ein Eigenwert unendlicher Vlelfachhelt Dann exis-
‘tlerte ein unendliches Orthonormalsystem' (¢,) von Eigenelementen der -Schar L
zum Eigenwert A, das offenbar eine zu 1 gehdrige Folge erster Art ist. Bekanntlich
gilt aber e,~0 (n-<0) im Widerspruch zu A€ a{"(L).

Lemma 4. 4. Ist ) ein Hc’iufungspunkt der Menge aM(L), so gilt

AeaD(D)\a{V(L).

12) ygl. FuBinote 7). -



Minimakprinzipe fiir stark gedéimpfte Scharen - 53

Beweis. (1) Sei 45 co. Nach Voraussetzung existiert eine F olge (l,,) A, € a(”(L)-.
n=1,2,-.), nntl#/l und -
(4.4) -  lim A,=A.

n—co

 Dann g1bt es wegen A, Ea“)(L) (n~1 2, - ) zu Jeder natiirlichen Zahl n eine Folge
(x{M)-aus $, so daB fiir die Bezwhungen ‘

49 O < Ut PGE) =Rl < wnd =1
fiir alle n,m=1,2, - gelten. }
Setzen wir y,=x{" (n=1,2, ), so folgt

also wegen (4 4) v o ‘
Jim p(p)=2

uﬁd unter Beaéhtung von |y,l=1 (n=1 2, ~--)

||L(/1)yn|| = ”L()'n)yn”'i_”(L('ln) L(l))ynll < ——l,l —/1|+|'12—/12|||A|I+M — B,
also wegen (4. 4) ' -
4.6)  Ly~0  (ne).

Daher gilt A €aM(L), wobei (y,) eine zu 1 gehonge Folge erster Art 1st Diese enthalt
eine schwach konvergente Teilfolge' (,,), ¥,,~y (k —~<2), die offenbar wieder eine
zu A gehorige Folge erster Art ist. 4

4 Angenommen, es wire AEG(”(L) Dann g11t y#O und p(y)=4. Aus Ve ¥
(k—»oo) erglbt sich L(l) V™ L(l) y (ko) und somit aus . 6) .

@7 o : L()y=0.

Weiter gilt ‘ ' ) ' ) , v
| PN 1 o,

77 L) —L@) = 71—"_—,1[(15_—/1 YA+ (a~N)B] =

o =(a+DA+B  (n=1,2, ). .
Hieraus folgt = -~ IR : - :

(Gt DA+ 13y, 3) = 77 [CG )= EDR)] (1= 12,0,

Unter Beachtung der nach (4.7) giiltigen Bemehung (L(A)y,,, y)= (y,,, L(A) y) -0
erhdlt man so auf Grund von (4. 5)

@8 . l([znk+A)A+B]ynk,y)!§ﬁuLan,‘)mej'ny|l <%"y”-
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- Nun gilt aber wegen y, —~y (k—»boo) und -lim A=A
([(n, + DA+ By, , y) ~([224 + By, y)

Zusammen mit (4. 8) erglbt sich dann

- fi(»)=(214 + Bly, y)=0.

. Dies steht im Widerspruch dazu daB fiir y als ‘Eigenelement erster Art zu A nach

(29) £,()>0 gilt.
(2) Sei A=-oo. Wird L, wie in Lemma 3.6 deﬁmert so ist nach Voraussetzung

wegen Lemma 4.2 0 ein Haufungspunkt der Menge o@(L,). Wie in (1) zeigt man
" dann 0€6@(L,). Aus Lemma 4. 2 ergibt sich so - €gV(L). Oﬁ’enbar'gilt aber
o §of)(L), dadas F unktional p(x) per deﬁnltlonem auf $\ {0} nur endliche Werte
anmmmt

Folgerung. Jedes /166,(1)(L) zst ein.isolierter Punkt von a(l)(L)

5. Minimaxprihzipe

- Lemma 5.1 (s. (1. Sind'j.1<).2 <l Eigenwerte erster. Art von L und
Xy Xpy otos Xy zugehorzge Eigenelemente *?), so gilt : '
o Ay <P xat e %) < A | o

-Folgerung 1. Essei S;= {xESj(L(l,)x 0} (1—1 2, .-+, n). Dann gilt fiir
]edes x661+62+ +C5,,,x¢0 : S

C M=p) =4,

Folgerung 2. Die‘Elemen'te Xi, Xy ™ty X smd lmear unabhangzg

Den Beweis des Lemmas und seiner Folgerungen erhilt man wie in [1]. v
Fiir das Folgende werde mit £; (i= --) die Gesamtheit aller der Teil-
" ‘riume von $ bezeichnet, deren orthogonales Komplement in § ein i- dlmensmnaler .
. Teilraum ist. Wir nennen -die reelle Zahl :

k;=sup inf p(x) (=01, -)
geo xeo\{o) . :

=
F
Lagvy

- den i-?én Minimum-Maximum-Wert (erster Art) von L.

Das wesentliche Ergebnis dieses Kapitels soll nun darin bestehen, unter geeigne-
ten Voraussetzungen die Eigenwerte erster Art von L als’ Minimum-Maximum-
Werte - erster Art zu charakter1s1eren Zuvor bewelsen wir elnlge vorbereltendeﬁ
Lemmata. :

13) Man beachte, daB nach Definition und wegen Lemma 4 1 (5), fur JCdCS Elgenelement X zu
einem Elgenwert i erster Art gllt ()= ,1 : -
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Lemma 5 2. Zu jedem (1+1) dimensionalen Tellraum %chﬁ (1—0 1, )
existiert ein Element yl+1€$;+1 mit :

_ P(Vir1) = k v .
Bewe.is. Angenommén, 'fii'r alle ye%,-ﬂ, y%O, gelte
Gn - P <k, |
Wir betrachten das Supremum Sip1= €g}sup\{o p(x). Da p(x) nach- Lemma. 3. 1
. X€Biay

auf der Einheitskugel ];., von B, stetig ist, existiert ein Element Xiy Gﬁ,“:
mit p(x;4y) = sup p(x) =s;4,. Auf’ Grund von (5. 1) folgt so :

XERi+1 -

-G 2) ' ' ) z+1—l7(x;+1)<k A .
Bekanntlich gibt es aber zu jedem £€%; ein ygeﬁﬂ%,ﬂ mit y,#0 (s zB [9],.
: S 223). Also gilt fiir Jedes 53653 inf p(x)=s;+,; und daher

xEﬁ\{O}

k =sup inf p(x)=sis1
] 2621 xce\{o}

im Wlderspruch Zu (5 2) » _

‘ Lemma 5.3. Es seien xq, x,, -, X, ‘linear unabh&ngige Eigenelemente erster ;

Art von L und Ay =), =--- =], die zugehdrigen Eigenwerte. Ferner sei p eine reelle

Zahl mit den Eigenschaften A n=H und f,(x)=0 fiir alle x¢$, x#0. Dann gilt fiir

55,,+1—{x€f>l([(u+/1)A+B]x,,X) 0 (=0,1,--,m}

(l) die Elemente y,=[(pn+ A )A + B]x (i=0, 1, .-+, n) sind linear unabhingig,
Cdh., es ist H,41€8,41; ‘ :
Q) fiir jedes z€D,41,2 750 sind X, Xys vy Xy, 2 linear unabhingig;
(3) esist . :
(5- 3) o C9=%X01F 90 ),

wobei X, die lineare Hiille der Elemente Xo5 xl, ey X,, bezeichnet.
Beweis. Wir vermerken fiir das Folgende die Bezichung

G4 . Lwx = [L() ~ LEA)]x: = (ﬁ —4) [(ﬂ +2)4+ Blx;
und definieren J {z Iz-O 1, n und Ay # 1} bzw J,={ili=0,1,-,n und
Ai=u}. - '

(1) Fiir d1e komplexen Zahlen oc, (i=0,1, -, n)_ gelte _

G5y o . Say=0,
coA . i=0

" 14) Durch das Symbol + seien im folgenden direkte Summen gekennzeichnet.
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o

Wu' setzen z,= 2 ) x;, und z,= 3 ax;. Oﬁ“enbar gilt nach V(5. 4)
’ IGJn i i€Jn
L(;z)zl = S d,y; und per deﬁmtlonem -(2ud +B)22 = 2 a;y;. (5.5) erhilt
HF .

so die Gestalt ,
(. 6) ' . L(#)Zl = 4(2HA+B)22

Angenommen es sei z, =0, Dann ergébe sich aus Punkt 2. der Folgerung von
Lemma 3.5 p(zz) u. Da weiter nach Definition L(u)z2—0 g11t folgte somit
~aus (5.6) :
f;:(zz) ([(ll ‘|‘P(Zz))A +B]Zz, Zz) = ([ZMA +B]Zz, Zz) =

—(L(H).Z1 ,Zp) = —(zl_ s L(y)zz) 0.

'Dies steht im Widerspruch zur Voraussetzung. Also gilt 2 ox; —22—0 und
’ ) - leJn

» déher wegen der linearen _Unabhéingigkeit der x;
.7 | %=0 firalle icJ,

AuBerdem erhilt man aus 5.6 L(uz, =0.

Wire nun 'z, #0, so ergdbe sich nach Voraussetzung f4(z:)=0 und.daher
aus (2. 8) p(zy) =u; z, wire also ein Eigenelement erster ‘Art zu p. Dann sind aber -
auf Grund der Folgerung 2 zu Lemma 5. 1 die Elemente z1 und X (IEJ,,) linear
unabhiingig im Widerspruch zur Definition von z,. :

~ Es gilt also z, =0. Dies ergibt wegen der linearen Unabhéingigkeit der x; a;=0
fiir alle i€J, und zusammen mit (5.-7) schlieBlich ;=0 fiir alle i=0, 1, -+, n,
W.Z.Z.W. | : -

2 Angenommen es sei.z= Z'ozx Dann folgt aus (5 4)

(L(ﬂ)z,Z) Z’Oﬂ(ﬂ i,)((ﬂ+l)A+B]an)—0

' (2 8) liefert so zusammen rmt f;,(z) >0 die Beziehung p(z) U H1eraus erglbt 51ch ;=0 -
fiir alle i€ J,; andernfalls wire namhch nach Lemma 5. 1 n= p(z) =p ( Z'oz x)</1

-im Widerspruch zur Voraussetzung l =
- Daher g11t z= D X Aus Z€EH 1 erhalt man aber wegen p(z) u

© i€dn
f.(2) = (2ud+ B] z,z) = (2 ([(;H—/'L)A+B]x,,z)) =0

im Widerspruch zu f(z) >0.

(3) Wir betrachten die — nach (2) direkte — Summe =%, +5.4.. O
ist dann infolge der endlichen Dimension von X,., ein abgeschlossener Té11—_
raum Von $ (s. [10]). :
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. Fiir jedes i=0,1, - wn ‘bezeichne . [x;] d1e hneare Hiille ‘des Elementes X;.
Wegen (2) existiert ein zo E[xo] -1-35,,+ 15 ||201] =1, mit (zo, Hn+1)={0}. Entsprechend
findet man ein

21€[x1]+[xo]+5n+1,|121”—~1 m1t (21’[xo]+55n+1) {O}

(n+ 1)-malige Anwendung dieses Verfahrens hefert ein in §’ zu S5,,+1 orthogonales:
Orthonormalsystem zo, 2y, =+, Z,; a1 besitzt also i in Sj einen Defekt =n+1. Da
aber 9,,; in H den Defekt n+1 hat, folgt

5 55 xn+ 1 + Sjn+ 12 W.Z.Z,W..
- Wir kommen nun zur Formuherun g eines- Minimaxprinzips. )

Satz 5. 1. (M1n1mum—Max1mum-Prmznp.) Es sei o= m\{o) p(x);éoo und

es existiere eine reelle Konstante /3 >a mit der Eigenschaft a(”(L) Nle, B) c_or,-(”(L),
Dann gilt : .
(1) Jeder Minimum- Maximum-Wert k €fa, B) ist ein Elgenwert erster Art
und endlicher Vielfachheit von L. : :
(2) Jeder Punkt A€o™®(L)N[x; B) ist ein Ezgenwert erster Art von- endlicher
* Vielfachheit und trttt in der Menge derk, (n 0, 1, ---) seiner Vielfachheit entsprechend
oft auf. . : . : ~ :
(3) Es sei k,€c[a, p). Dann existiert ein System von n+1 linear unabhingigen
Eigenelementen Xos X1, ++*» X, mit den zugehdrigen Eigenwerten Ay =k, Al —kl, e
e, A, =k,. 13) Definieren wir 55 ={xe9| ([k, +21)A +B]xj, x) 0 (] 0, n—1},
" so gzlt uberdles :

Gy k p().

e.s \(0} h
(3,) Jedes Element y€$§,,, y#0, mit. p(y) k, ist ein zu k, gehorzges Eigen-

element und ist auflerdem linear unabhdngig von den Elementen Xq, Xy, **; Xy_1.

Beweis. Zu (3) (vollstindige Induktion). Es sei k,€[x; B) Ferner sei die -
‘Aussage (3) des Satzes fiir n=/—1 richtig. Dann kénnen wir uns beim Beweis.
von (3) auf den Beweis von (3 1) und (3,) beschranken, da aus diesen Bemehungem
unmittelbar die Existenz eines zu k; gehorigen Eigenelementes x; folgt, das von. .
‘den. nach Induktionsvoraussetzung existierenden E1genelementen Xos Xq1y=ots Xi_1 -
linear unabhingig ist.

(a) Wir zeigen als erstes

.68 : k, p(x).

es\(o)

(ay) Es sei zunachst k, 1 <k, Offenbar existiert dann ein y0 65 mit p( Yo) <k,
~und auBerdem nach Lemma 5.2 ein y, 65 mit k= p(yl) Daher smd wegen der

3

" 1%) Es sei daran erinnert, daB nach Definition a=k,=k,=... gilt.
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Folgerung 1 aus Lemma 3. 4 fiir p=k; die Voraussetzungen -zu Lemma 3. 5 und
mit Xy, X;, -, X—y und pu=k; zu Lemma 5.3 erfiillt. Diese beiden Lemmata
sollen im- folgenden angewendet werden. ' :

Wir nehmen an, es gdbe eln 2,635,, z, #0, mit p(z;) <k, Ist dann x ein (be11eb1- :

ges) Element aus £5) der Gestalt x= 2’ , so gilt wegen z, €9, unter Benutzung

«der auch h1er gultlgen Be21ehung (5 4)

' (L(k,)x, 7)) = Z’ oc-(k, ,)([(k,+l,)A+B]x,,z,) =0.
' Welter ist wegen der Folgerung 1 aus Lemma 5. 1 .
_p(x_) = P [j;(') ocjxj] é ,1,__1 =k,_y < k-
- und nach Anna_hme p(z)<k;. Somit liefert'Lemma'3. 5 Q3), '

| o plx+z)<k. | _
Bezeichﬁet _3, die lineare Hiille der Elemepte xo; xl; vt Xp—1, ZZ,_,.s'o gift a'l'so.
69 : - pO)<k firalle ye3,y=o0. | .

Auf Giund von Lemma 5. 3 (2), ist aber dim 3,=17/41, daher erglbt 81ch aus-
Lemma 5.2 die Ex1stenz emes Elementes y,,, € 3; mit p(y,1,)=k,. Widerspruch -

,vzu (5 9). _
, ‘Damit ist die Ungleichung
k= inf p(x)
(5.10) ) ok neg\{o)p(x)

_bew1esen
' Andererse1ts 1st infolge Lemma 5.3, (1), 55162 Daher g11t

' (5 11) inf - p(x) = sup mf, p(x) =
. xegpnfoy - eeg; x€2\{0}
{5.10) und (5. 11) ergeben (5. 8). -
‘(a,) Bs sei ki_; =k;. Auch dann gilt offenbar die Unglelchung (5.11). AuBer— _
dém ist nach Definition $,<$H,_ 15 'somit erhalt man

< (5. 12) . xesl\{o}p( ) = 1nfl'\(0}P(X) =kj—y = kl

Wleder hefern (5. 11) und (5. 12) die’ Glelchung (5 8).
(b) Wir beweisen nun d1e Existenz eines Elementes X 65,, x, #0, mit p(x,) ki
and L(x)=0. - ,
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Da nach (5. 8) fur alle’ xesj,, x#0, die Unglelchung Kk — p(x)SO gllt erglbt ‘
~ sich aus (2. 8) zusammen mit Folgerung 2 von Lemma 3.4

5.13) o (L)% 9)=0  (x€H).

Wegen - (5 8) ex1st1ert eine Folge (x), xL€ 9, (n—l 2,- )b 'imvit' IxH =1 und
lim p(x,,) k. Da dann unter Beachtung von (L(p(xi)x%, x ) 0 :
(L(kl) xn’ 'xfl) - ([L(kl) L(p (xn))]xn= xl) = .
‘ = k2 —p2 (D14l + k—pGHIIBI =1,2,-)
gilt, folgt , : o ' .
(5.14) : - lim (L(k)xh, xE). = 0.

Wir definieren mit P, die: orthogonale Projektion von-$ auf $,. Die infolge

(5. 13) fiir die Bilinearform (P,L(k,)x, y) (x, y€H) gultlge Schwarzsche Unglelchung
liefert

”PIL(kl)x||4_:(PIL(kl)x9 PIL(k )x)z = l(PlL(kl)x: x)] |([P,L(k,)]2x, PlL(kl)x)| =

= |(Lkyx, DIPLEIPIA (xe$)).

Hleraus folgt fiar (x) nach (5. 14)
(. 16) ' P L(k)x,—~0 - (n—»oo)

Per definitionem ist nun (I—P)(H) der von den Elementen y; = [(k, +i )4 + Blx;
(j=0, -+, I—1) aufgespannte Teilraum; es gilt also dim (I — P)($) =/< . Somit '
existiert wegen der Kompaktheit beschrinkter Mengen in (I P)$ eme Tellfolge
(x,,k) so daB die Folge (L(k,)x .) auf Grund von

L(kz) P  L(kp)x, g + (I —P I)L(kt)xka
und nach (5. 16) konvergiert.

Wir zeigen jetzt L(k;)x} —~0 (k —eo). Fiir P, 1 folgt dies sofort aus (5. 16).

Im Falle P,=1 gilt 1= p(xo) <k,, aullerdem existiert nach (5 8) ein zy,€$H, mit

k,=p(z,). Auf Grund der Folgerung 1 aus Lemma 3.4 ist also Lemma 5.3 mit .
p=k, anwendbar und liefert entsprechend (3) eine Zerlegung Jedes Elementes _
yE€ s5 in die Summe
y=y'+y
mit y'=2-aix,. und 7€ $,.
. i=0
Da wegen (5.4) und x;, €9, (k=1,2, )

' (L(k,)xf,k,y’j = [xfw Ltkl) [_I_E'l.“-xi}] =

i

= [xflk’:.lill ai(kl x)[(l‘ +'1)A+B]x] = (k = 152’ )

i=0
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gilt, ergibt sich so fiir jedes y€$ die Bezichung

(517 (Llk)xh,,¥) = (L), y) = BLLEDR,,Y) . (k= 1,2, ).
Also folgt aus (5. 16) und (5. 17) L(k))x}, ~ 0 (k - <) und’ deshalb
 Lkxh, =0 (k=) -

da die Folge (L(k;)x},) nach Konstruktion stark kon\}érgieft Somit ist (x},) eine
zu k; gehorige Folge erster’ Art; demnach gilt k,€¢(L) und wegen ki€[o, B)
auf Grund der Voraussetzungen des. Satzes. schlieBlich

(5. 18) L k,cat(L).

Wie in Teil (1) des Beweises zu Lemma 4.3 erhalten wir nun durch Ubergang
zu einer Teilfolge (y)), y;=x, (j=1,2, ), eine zu k; gehdrige Folge erster Art
J
mit y;~ _x #0 (j—~o). Dann gilt ' '

L)% =0 und px)=k, .

und wegen y;€9,j=1,2, -, ist x;€H,.

(¢) Die Beziehung (3,) folgt nun unmittelbar aus den in (a) und (b) ‘bewiesenen
Aussagen. . Ferner folgt fiir jedes y€ $, mit p(y)=k, aus (5. 15) P,L(k;)y=0 und
entsprechend aus (5.17) L(k)y=0. Die lineare Unabhingigkeit der Eleémente )
Xgs X1, ***s Xj—1, y ergibt sich aus Lemma 5. 3, (2). Also gilt auch (3,).

(d) Zur Vervollstindigung unseres Induktionsbeweises bleibt noch die Richtig- '

_ vkeit von (3) fiir n=0 zu zeigen. Wegen H=9, gilt aber koa mf{ o)p(x) ‘Wie

in (b) 14Bt sich dann die Existenz eines ‘X0 €90, X070, mit p(xg)=kq bewezsen ‘
" Also gilt (3;) fiir n=0. Der Beweis fiir (3,) im Falle n=0 erfolgt w1e in (c).

Zu (1). Nach (5. 18) und Lemma 4. 3 gilt (1).

Zu (2). (a) Es sei dim §=m<ce. Dann gilt 6(L)=0"(L)=0{"(L) und
daher (3) mit f=oo. Also existieren m linear unabhingige Eigenelemente erster:
Art zu den Eigenwerten kg, k,, ---, k,,—,; hieraus folgt (2).

(b) Es sei $ unendlichdimensional und sei 4¢€a™(L)N[a, B). Nach Voraus-
setzung und wegen Lemma 5. 3 ist dann 1 ein Eigenwert erster -Art und endlicher
Vielfachheit von L. -

‘Wir beweisen zunéchst, daB es zwei benachbarte M1n1mum—Max1mum-Werte
k, und k,, gibt, so daB k, _,1_<k,,+1 gilt. Andernfalls wire nidmlich k,¢[o, AJc
cla, B) fiir alle /=0,1, --+; es gibe also nach (1) und (3) in [«, 1) unendlich viele
voneinander verschiedene Eigenwerte erster ‘Art und somit einen Hiufungspunkt -
p€fo, B) der Menge oV(L), fiir den wegen Lemma 4.4 p€o™M(L)\ o{(L) wire.
Dies stéht jedoch im Widerspruch zur Voraussetzung o™(L)N[a, ) <ofV(L).

Also gibt es unter allen natiirlichen Zahlen # mit k,> A eine.kleinste, die mit
n, bezeichnet werden soll. Weiter sei S={xq, X, -, X,,_1} €in nach (3) existie-
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rendes System linear unabhingiger Eigeneleménte zu den Ei'genwerten ko, ki, e,
" e, kpy—1. Gibe es nun ein zu A gehoriges Eigenelement y, das von dem System
* § linear unabhingig ist, so wire die lineare Hiille £ von S und y ein (n, + 1):dimen-

sionaler Teﬂraum von 9, fir den emerselts pach Lemma 5.2 s= sup p(x)=k,,,.
- oxee\{o}

also s>,l und- andererselts nach Folgerung 1 aus Lemma 5 1 s=41 wire. Wlder-
spruch. : : _
Folglich tritt A unter der ‘Menge der k (n= 0 1, ) seiner Vielfachheif ent-
sprechend oft auf, w.z.z.w. :

Das folgende Lemma glbt mit Hilfe von Satz 5. 1 .eine andere Charakterlslerung
A “-der Minimum-Maximum-Werte an. Hierbei bezeichne M, die Gesamtheit. aller
.om- dlmensmnalen Teilrdume von 9. ’

Lemma 5.4. Unter den Voraussetzungen von Satz 5.1 gzlt fur Jedes k,E[oc, ﬁ) '

619 L. o Y

Beweis. Nach Satz 5.1 existieren i+ 1 linear 'unabhé’mgige Eigeneléx_nente
Xg, X1, +++, X; erster. Art- von L zu den Eigenverten ,10-.k0, A=Ky, Ai=k;.
Dann gehort die lineare Hiille X, ., der Elemente xo, Xy, x; z0 My, und -es
gilt nach Folgerung 1 aus Lemma 5.1 : B
(5.20) ’ I k.=l. p(x).

. x€£.+1\(0)

Aus Lemma 5. 2 folgt aber ,ax p(x)>k 16y fur Jedes QEiUl,+1 Also gilt

5.21) : : Qelg‘f;“ Jceﬁaﬁg}p(x) = k.
(5.20) und (5.21) ergeben schlieBlich (5. 19). -

Wir geben nun noch ein zweites Minimaxprinzip zur Bestlmmung von Eigen-
werten der Schar L, begonnen beim groéfBten Elgenwert erster Art, an. Zu diesem °
Zwecke definieren wir unter. Beibehaltung der vorn emgefuhrten Bezelchnungen

m; = inf sup p(x) (1—01 ).
. 2e8; xca\{0} .

Dabei heille m; der i-te Maximum- Minimuin-Wert

Satz 5.2 (Max1mum-M1n1mum—Prmz1p) i Es sei o= sup p(x) #Foo, und - -
- xes\{0}
es existiere eine reelle Konstante B<ao mit der Elgenschaft a (DN (B, o caf(L).

- Dann gilt:

" 16) Im Beweis zu Lemma 5.2 wurde gezeigt, daB auf Jedem endhchdlmensmnalen Tellraum '

McH sup  p(x)= -max.p(x) gilt.
x€m\{0} | xEm\(0}
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(1) Jeder Maxlmum Mlmmum-Wert m, E(,B, oz] ist’ em Etgenwert erster Art
und endlicher Vzelfachhelt von L.

(2) Jeder Punkt A€ V(L)N\(B, a] ist ein Ezgenwert erster Art von endlicher
Vielfachheit und tritt in der Menge der m, (n=0, l ) seiner Vzelfachhett ent-
sprechend oft auf : - A

(3) Es sei m,€(B, oc] Dann existiert ein System von n+1 lmear unabhangzgen
Ezgenelementen Xos X1, °*5 X, Wit den zugehorlgen Ezgenwerten do=mg, A =ny, -

YA, =m,. 17 Deﬁmeren wir 5,,—{)6635! (lom, + 4 )A+B]x,, x)=0 (j=0,-
— 1)}, so gilt iiberdies

(31) m,= max p(x).

-(3,) Jedes Element yESj,,, y¢0 mit p(y)=m, ist ein zu m, gehoriges Ezgen-
' :element und zst auﬂerdem linear unabhdngig von den Elemienten Xo, X1, -+ Xp_ 1.

Bewels Anwendung von Satz 5.1 auf die Schar (vgl. [1])
: B L-(A)= iZA +AB‘+C‘ .
mit A~=—A, B-=B,C-=—C liefert unmittelbar die Behauptung.

‘6. Anwendbarkeit der Minimaxprinzipe

v_Derv’vorliegendc; Abschnitt gibt einige einfache hinreichende Bedingungen -
_ fiir die Anwendbarkeit der Minimaxprinzipe an. o
Zur Abkiirzung werden wir im folgenden sagen, dal die Schar L fur eine reelle,
Zahl )5 oo 18) der  Bedingung (V) geniigt, wenn gilt: : :
(V,l) Fiir jede zu A gehonge Folge (x,,) erster Art m1t x —nx0 (n—»oo) gllt _
Cx,—~Cxy (n—> ). ' :
AuBerdem werden im weiteren stellenweise elmge der nachstehenden Bedmgun-

. gen (L), (Ig), (I und (B) benutzt.

(Ly) (bzw. (Ip) oder (Ip)). Die Schar L sei so beschaffen daB, falls 0€o(A)
(bzw. 0€a(B) oder 0€0(C)) gilt, O ein isolierter Punkt des Spektrums
von A (bzw. B oder C) von endlicher Vielfachheit ist.

(B) Der Operator B der Schar L =424 +AB+C sei positiv 12) oder vollstetig.

Lemma 6. 1. Jede der nachstehenden Bedmgungen ist hinreichend fiir die Be-
schrénktheit des Funktzonals p:

(1) Die Form (Ax, x) (x€$) ist streng mdeﬁmt

(2) L genugt der Bedmgung (IA)

17) Es sei daran erinnert, daB nach Definition a=me=m,=... gi]i. -
18) Im weiteren werden stets nur endliche reelle' Zahlen betrachtet.
) D. h. (Bx, x)=0 fir alle x¢$ (Bezeichnung: B=0).
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- Béeweis. Im Falle (1) folgt die Aussage direkt aus Lemma 3. 4.
" (2) L geniige der Bedingung (I,). Angenommen, p wire unbeschrinkt, d.h.,
" es gabe eine Folge (%), X, €9, Ix,l =1 (n—l 2, --+) mit

(6 1) ]p(xn)l>n (n=1,2,-).

Wegen (1) ist dann die Form (4Xx, x) (seml ) definit. Weiter existiert nach Deﬁmtlon '
(2.7) auf Grund von (6. 1) eine Teilfolge (x,,), fur die hm(Ax,l x,,k) =0 g11t-

Aus der (beschrinkten) Folge '(x,,) wihlen wir "eine schwach konvergente -
: Tenlfolge (D> y1=xn,, (l=1,2 )1 y;=~Y,, fiir die wegen’ l|m (Ay,,y,) 0

Y0 (I > o)

gxlt wie man durch Anwendung der wegen der Deﬁmthelt von (Ax, x) (x€9) gil--
tigen Schwarzschen Ungleichung aus

4y, Ay)* =4y, YNAR 1, ») (l =1,2,-)
erkennt. ’ : ' »
Es bezeichne nun N den Nullraum von 4 und R dessen orthogonales Komple-
ment. R und N reduzieren bekanntlich 4 .und es gilt S=R®N; y, =y’ +yf .
(I=1,2, ---) sei die hierzu gehorige Zerlegung von y,. Dann folgt aus Ay, ~0 (I > )
wegen Ay¥=0 (I=1,2,--) die Bezichung Ay —~0 (/~<) und auf Grund der.
Voraussetzung (I,) hieraus yR—~0 (/). Wegen y¥ +yf=y,~y, (I—><) 'ergibf'
“sich somit y}—~y, und wegen der nach.(I,) endlichen Dimension von N also

Yi~yo (=20), lyoli =1. A
Infolge der Stetigkeit des Funktionals p (s. Lemma 3. 1) erhilt man schlieBlich

- lim p(x,,) = lim p(y) = p(yo)
" in Widerspruch zu (6. 1). 4

Lemma 6.2. Jede der folgenden beiden Bedmgungen ist hmretchend dafur
daf die Schar L fiir jedes reelle A der Bedingung (V) geniigt:

(1) Der Operator C ist vollstetig.

(2) Die Operatoren A und B sind beide vollstetig.

BCWCIS Im- Falle (1) ist die Aussage ev1dent Bei (2) folgt wegen der Voll- :
stetigkeit von A und B fiir jede Folge (x,) erster. Art mit x,~x, (n-<0) aus
L(A)x,=(A24A + AB)x,+ Cx, ~0= L(A)x0 (A4 + AB)xo+ Cx, (n—»oo) die Bezie- .
hung Cx, —~Cx, (n—-o), w.z.z.W. '

Lemma 6. 3. Geniigt. die Schar L in einem Punkt l#O der Bedmgung V) -
und auflerdem der Bedingung (B), so gilt fiir jede zu ). gehdrige Folge (x,) erster Art' :
mit x,~ 0 (n—»oo) gleichzeitig. Ax, ~0 (n—<0) und Bx,—~0 (n—>). :
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Beweis. Es sei (x,) ei’ne zu A gehorige Folge erster Art mit x,~0 (n-<0). Dann
folgt zuniichst aus (V)
(6. 2) : Cx,~0 (n —»oo)

Der Voraussetzung (B) entsprechend unterscheiden wir zwei Fille. -
(1) B sei vollstetig. Dann gilt Bx, -0 (n—<°) und wegen L(ll)x —lex,,+
-~ ABx,+ Cx —~0 (- oo) infolge (6. 2) und A0 schlieBlich Ax, ~0 (n—oo), W.Z.Z.W.
" (2) B sei positiv. Wir betrachten die nach (2. 2) gﬁltige' Beziehung

6.3 - [(Bx,, x,) +d(x)]p(x,) = —2(Cx,, Xn)-
Da_aus (6. 2) wegen ixll=1(n=1,2,- .Y die Glelchung hm (Cx,, x,,) 0 folgt
liefert (6. 3) auf Grund von hm p(x) A0
hm ((Bx.,, X +d(x)] = 0
und somit wegen B=0 und d(x)=>0 (n=1, 2, ---)
,.Hﬂ (Bx,, x;,) =0.

Infolge B=0 ergibt sich hieraus -
Bx,—+0 (n—o).

Wle in (1) erhdlt man nun Ax —»0 (n—- ), w.z.z.w. -

.Lemma 6.4. Die Schar L geniige fiir eine reelle Zahl A der Bedmgung VD).

Ferner gelte (B). Ist dann (x,) eine zu 2 gehorzge Folge erster Art mtt Xy~ x0 #0 -

{n—<), so gilt p(x,)=A.

Beweis. Wir vermerken zundchst, daB aus x,~x, (n-><) die Benehung'
V;L(ﬂ.)x —~L(,1)x (n— o) folgt und somit wegen L(A)x, 0 die Glelchung ’
L(l)xo =0
gilt. Daher geniigt es-auf Grund von Lemma 2. 3, zum Beweis von p(xo) A die
Giiltigkeit der Unglelchung :
©.49 . ' C 2M(Ax,, xo)+(on, Xo) = 0
" zu zeigen. (B) entsprechend unterschelden wir hierzu zwei Falle
(1) Essei B=0.
(a) Im Falle 1=0 gilt offenbar (6. 4). : :
(b) Es sei 40. Wir setzen ohne Emschrankung der Allgememhelt voraus
dal} die offenbar beschrinkte Zahlenfolge ((Bx,, x,,)) konvergiert. .
Aus L()x, ~L(A)x, =0 folgt, da wegen (V,) Cx,—~Cx, (n—<) gilt, die Be-
ziehung A24x, + ABx, ~A2Ax, + ABx, (n—»oo) und unter Beachtung von’ /1#0
~ somit .
-21Ax,, + 2ch,l —»2/1Ax0 +2Bx, (n— ).
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"Deshalb ergibt sich auf Grund der Relationen x,,’—- xo' (n—><) und
Jim Z(A—p( ))(Ax,,, x,)=0 - . :

hm [2P (xn) (Axn ’ xn) + 2(an ’ xn)] - 2/1 (Axo H xO) + 2(Bx0 s xO)
Mit f ) (x0) = 2p(x,,) (Ax,, , X,) + (Bx,, x,) erhilt man so

(. 5 . 22 (Axo;_xo) + (Bxo, x0) = '}irgfp(x") () + }H{lo (Bxy, X,) — (Bxo, Xo)-

Weiter gilt, weil aus x,—~ x, die Bezichung hm (Bx,,, xo) =(Bxg, Xq) folgt in-
folge B=0 . :
hm (ana xn) (on, xo) - hm [(me xn) (ana xO) (on, n) +(Bx0: xO)] -

6.9 = lim (B(x, — Xo), (% —x0)) =0,

Nun ist nach (2. 9) fp(xn)(x,,)>0 Somlt liefern (6. 5) und (6. 6) die Unglelchung
(6. 4), w.z.z.w. )
(2) B sei volistetig. Dan ist’

(6.7) "~ Bx,~Bx, (n-oo).

(a) Gilt 1=0, so folgt aus der nach (2. 9) giiltigen Ungleichung J’I,(xHS(xn)z
=2p(x,)(AX,, x,) +(Bx,, x,)>0 wegen der Bezichungen limp(x,)=21=0,

(dx,, x)|=]l4] (m=1,2,--) und nlim (Bxy, X,)=(Bxg, Xo) die Ungleichung

(Bxo, Xo) = lim f,ey(x) = 0,
also 6. 4).
(b) Es sei 1540. W1e in (1) gelangt man zu (6. 5). Daraus folgt auf Grund
von (6.7)  limf,, \(x,)=24(4Ax,, xo) + (Bxg, Xo). Wieder gilt (6. 4) Wegen

f;z(x,.)(xn) = 0 ’

Lemma 6. 5. Es sei A€oV (L). Ferner gelte fiir die Schar L die Bedingung (B).

(1) Geniigt L im Punkte A der Bedingung (V,) und erfiillt L auferdem die
Bedingung (1¢), so gilt A€a{V(L).

(2) Ist A0 und geniigt L neben der Bedingung (V,) wenigstens einer der Be-
dingungen (1) oder (1), so gilt A€o{V(L).

Beweis. Wegen A€oW(L) existiert eine zu A gehorige Folge erster Art (y,,),
“die infolge || y.l=1 (m—l 2,.) eine schwach konvergente Teilfolge (x,) mit -
X,~x (n—o<s) enthilt. '
" Angenommen, es wire 1¢ o{(L). Dann ergabe sich wegen Lemma 6.4 x 0 '
d. h X,~0 (1n—o0), :

5 A
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Fall (1). Aus (V,) folgte nunmehr Cx, -0 (n - ). Dies steht aber nach dem -
auf Seite 51 zitierten Kriterium von H. WEYL im Widerspruch zur Bedingung (Io),

Fall (2). Aus Lemma 6. 3 erhielte man dann sowohl Ax,—~0 (n- o) als auch
Bx,—~0 (n—<). Dies ist w1eder nach dem Kriterium von H. WEyYL zu (I,) bzw.
(Izp) im Widerspruch.

Wir konnen nun die Mlmmaxprlzlpe auf spemelle Scharen anwenden.

Satz 6. 1. Die Schar L=22A+ AB + C geniige den (auf Seite 42 bzw. 62 genann-
“ten) Voraussetzungen (D*), (B) und (1,). Ferner sei der Operator C vollstetig.
Dann sind die Sitze 5.1 und 5. 2 mit B=0 anwendbar und es ergibt sich:

Die Menge 6V (L)\ {0} besteht aus hichstens abzéihlbar vielen isolierten Punkten,
die sich nur im Nullpunkt héufen konnen, und jedes 1€ a(L) mit A0 ist ein Eigen-
wert erster Art von endlicher Vielfachheit.

Gilt. C#0, so ist e ML)\ {0} 0; das Minimum- Maximum-Prinzip (Satz 5. 1)
liefert dann alle negativen und das Maximum-Minimum-Prinzip (Satz 5.2) alle posi-
tiven Ezgenwerte erster Art von L. -

Beweis. Auf Grund der Voraussetzung des Satzes folgt aus Lemma 6. 1

inf p(x)# oo, sup p(x);éoo und aus 'Lemma 6. 5, (2), mittels Lemma 6. 2, (1),
x€5\{0}
(1)(L)\{0}ca(1)(L) Daher sind die Voraussetzungen zu den Sitzen 5.1 und

5.2 mit =0 erfiillt. Hieraus folgen alle iibrigen Aussagen des Satzes, wobei man
beim - Beweis von "D\ {0} #0 im Falle C 0 beachte, da8 dann entweder
ko = inf p(x)<O0 oder me= sup -p(x)=0 gllt '

xe$5\{0} x € 5\{0}

Satz 6. 2. Die Schar L=)2A+iB+C geniige den (auf Sezte 42 bzw 62 genann- '
ten) Bedingungen (D+) und (I;). Ferner seien die Operatoren A und B volistetig, und
" es gelte A # 0. Existiert dann ein x€$ mit (Ax, x)=0, so ist Satz 5.1 und andern-

Jalls Satz 5.2 mit unendlichem B anwendbar. Dabei ergibt sich: : )
 Gilt dim $=n<-co, s0 besteht ¢'(L) aus endlich vielen Eigenwerten, zu denen
ein System von genau n linear unabhingigen Eigenelementen erster Art gehort.

Ist © unendlichdimensional, so besteht oV (L)y\ {} aus genau abzihlbar vielen
isolierten Punkten, die sich nur gegen oo hiufen. Jedes 1€ o'V (L)\ {} ist ein Eigen-
wert erster Art von endlicher Vielfachheit. Der Operator A ist dann positiv oder negativ.

.Beweis. Wir vermerken zunéchst, daB nach Voraussetzung fiir Ldie Bedingung
(B) gilt und somit das Lemma 6. 5 angewendet werden kann.

(1) Es existiere ein x € H mit (4x, x)=>0. Dann folgt aus (3. 3) 1n\f{'0} D(x) # oo

und wegen Lemma 6. 2, (2) aus Lemma 6. 5, (1), a(l)(L)\{oo}ca(l)(L) Daher
sind die Voraussetzungen zu Satz 5. 1 mit unendlichem S erfiillt, woraus die Aus-
sagen des Satzes folgen, wenn man beachtet, daB p(x) und somit alle Mlnlmum-
Max1mum Werte k, (n=0, 1, ---) nur endliche Werte annehmen. .
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Im Falle unendlicher Dimension von $ ergibt sich aus der Haufung von
oM (L)\ {=} gegen < die Unbeschrinktheit von p und daher nach Lemma 6. 1, ),
die Definitheit der Form (Ax, x) (x€$); also ist A entweder positiv oder negativ.

(2) Existiert kein x¢$ mit (4x, x)=0, so gibt es wegen 440 ein y€$H mit
(Ay, ¥)<0. (3. 4) liefert dann su\;zo} P(x) # oo. (1) entsprechend zeigt'man, ‘daB jetzt

x€EH

Satz 5.2 anwendbar ist, W.Z.Z.W.

Folgerung. Die Schar L geniige den Bedingungen (D*) und (1,). Ferner
seien die Operatoren B und C vollstetig, und es sei B=0, C 0. Dann gilt:
© - Ist dim $=n=<-oo, so besteht 6P(L) aus endlich vielen Eigenwerten, zu denen
ein System von genau n linear unabhingigen Eigenelementen zweiter Art gehort.

Besitzt $ unendliche Dimension, so besteht o®(L)\ {0} aus genau abzéihlbar
vielen isolierten Punkten, die sich nur gegen 0 hiufen. Jedes ).¢ d®(L)\ {0} ist ein
Eigenwert zweiter Art von endlicher Vielfachheit. Der Operator C ist dann posmv
oder negativ.

Beweis. Wir ordnen der Schar L entsprechend Lemma 3. 6, (2), (bzw. Lemma
4.2) die Schar Ly(4) =224, + 4B, + Cy mit 4,=C, B,=B, C,=A zu. Offenbar
erfilllt Z, die Bedingungen (D+), (Iz,) und geniigt daher wegen 4,=C=0 und
auf Grund der Vollstetigkeit von B=5,, C=A4, den Voraussetzungen zu Satz
5.2, der dann unter Benutzung von Lemma 4.2 die Behauptung liefert.

An dieser Stelle .sei nochmals auf die bereits’ zitierten Arbeiten [1] und [2]
hingewiesen. In [1] wird in einem endlichdimensionalen Raum die Schar L unter
der Bedingung (D) und der zusitzlichen Voraussetzung (Bx, x) =0 (x € H) betrachtet;
in [2] werden u.a. stark geddmpfte Scharen untersucht, die sich durch eine Para-
metertransformation auf diesen Fall zuriickfiihren lassen. Stets geniigt hierbei
die Schar L der Bedingung (D*). Wegen der endlichen Dimension von § sind auch
die iibrigen Voraussetzungen zu den Sétzen 6.1 und 6. 2 erfiillt. Wir erhalten so

" als Spezialfall die in [1] bewiesenen Aussagen.
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The shell of a Hilbert-space operator

By CHANDLER DAVIS in Toronto (Canada)

For an arbitrary closed linear operator in Hilbert space, I will define a subset
of real 3- -space which summarizes much information about it: its point spectrum
its numerlcal range, many of its spectral sets, and more besides.

' .
1. Notations and principal ideas

Let $ be a complex Hilbert 'space. For any x€$, let the corresponding linear
functional be x*; thus y*x is the inner product of x by y.

Let 2 be a closed linear relation in §; that is, a closed linear subspace of
9.9 9,, where each $; is a replica of §. (No distinction is to be made between
$: and H, {0}, or between $H, and {0} P H,.) The most important case is that
of an operator A4, i.e. when (y, x) € means that y=Ax. The ’domain’ of U is-
{x: (A)(y, x) €A}, its ‘range’ is {y: (Ix)(y, x)€U}. (This reversalof the custom-
ary order in the notation for relations will save me, in.§ 5, from having to reverse

-order in a more troublesome way.) )
Before giving the novel ideas I must also fix the notations for stereographic

projection. Let C denote the complex plane and C =C U {es}. Define z: C =R? by

2z —1+[zf?
1+z]2° 1+z)?

an = [ ] (z€C), and 'c(oo) (0 1).

The first two co-ordinates in R are here collapsed into a single complex number;
this will be done frequently throughout. In this notation, the Riemann sphere
7(C) is the unit sphere S={({, h)€R?: [[|>+h*=1}. Letting B={(, K)cR3:
|£|> + A2 =1}, the unit ball, define n: B—~C by taking n({, h) to be that zeC for
which ({, #) is on the line joining (z, 0) to (0, 1); explicitly,

(1.2) "G = 2 G, and 20,1 = .

—h
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For any subset EC B, n(E) will be called the ‘shadow’ of E. On S, © coincides
with 771,

Defipition 1.1. The shell’ of the relation U, denoted s(QI), is deﬁned as
the set of points

3 O enw= [l

2x*y —IIxII2+l|yl|2]
X7+l + 1

in R3, where (y, x) runs over all non-zero elements of 2.

In case of an operator, I will write alternatively s(4). This is the case where
(0, 1) does not belong to the set. s(A) is void if and only if W={(0, 0)}.

One finds by direct computation that s(2)S B. Further geometric properties
of the set, in relation to spectral properties of A, will be developed below, especially
in §§2—3. Examples are treated in §4. In § 5, I will state the essential facts on the
transformation of s(2) when A is subjected to a Mdbius transformation.

Next, consider spectral sets [16], [17, § 154]. :

Let us adopt the followihg terminology: :

(i) a set of the form {z€C: |z—zo|=r} (z,€C, r=0) will be called a
“finite disk’;

(i) a set of the form {zeC: |z—20[ zr}U{oo} (zo€C, r=0) will be called
a_ ‘complementary disk’;

(iii) a set of the form {zE C: Re ({z)>a}U{oo} (i¢t=1, ac R) will be called

a ‘half-plane’;

(iv) a set of any of the types (i)—(iii) will be called a-‘disk’. Thus the disks.
are exactly those subsets X of C for which 7(X) is a proper spherical cap.

" The main result of the paper, Theorem 7. 2, may be stated roughly as follows:
A disk X is a spectral set for A if and only if s(A) is contained in the convex hull

of (X ) That is, the support planes of (the convex closure of) s(A4) correspond',' .

naturally one-one to the minimal disk spectral sets of A. This is exploited in §8
to give a description in terms of the shell of the operator classes occurring in [22].
In order to formulate my results for arbitrary closed linear relations, 1 had to
supplement the basic results of the paper [1] ') of ARENS with a study of the spectrum
(§ 2, below) and of the rational functional calculus (§ 6).
- My grateful acknowledgement is due to H. S. M. COXETER, C. Foias, G. KALISCH,
and C. A. McCartHY, for.stimulating conversations. '

1) The reader is w_arned of the uncommonly pesky misprints in the article [I]. Professor ARENS
has pointed out also that Theorem 3. 7 of {1] is not true in quite the generality claimed.
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2. The shell and the spectrum

_ It has already been remarked that s(2)< B. The shell may have points on the
boundary, the sphere §; this depends on spectral properties of 2, see Theorem 2. 2
_below. I define the spectrum in a form convenient for the purpose; cf. [13, § 2. 16],

A ~[1,§2]. (Inthe followmg definitions, recall that it is $, which contains the domaln)

Definition 2. 1. 0¢o (‘2[) the ‘point spectrum’ of 2, in'case er1532¢{(0 0)}
The ‘null-space” N(A) is the set of xesj such that (0, x) €, thus 0€0,() if and
only if 9(2) = {0}.

Definition 2.2. 0¢ o (), the ‘continuous  spectrum’ of 2, in case there -
exist x, € HON(), y,€9, such that (y,, x,)€U, |x,] =1, and y,—O0.

Definition 2.3. The ‘range’ R(A) is the set of y€H such that for some
x€9, (¥, x)€A. 0€0,(A), the ‘residual spectrum’ of A, in case R(A) =H.
According to these definitions, 0 may belong to any one of o, ac, a,, inde-
pendently of whether it belongs to the others. :
Let 3 denote the identity. relation: (y, x)€ 3 if and only if x=y.

Definition 2.4. For z€C, z¢o, () if ‘and “only if 0€0,(U—2z3J), and
similarly for o, 6,. «€0,() if and only if 0€g (A1), and similarly for o, g,.
Thus = €0,() if and only if the domain D(A) is not dense. :

Definition 2.5. The ‘approximate point spectrum’ ¢,(2).is o,(A)Ua(20).
The ‘approximate residual spectrum’ ¢,(%) is 6, (W Ua, (‘JI) The ‘spectrum’ ()
is 6, AUo (MUa, ). :

Proposition 2. 1. 06&,,(91) if and only if there exist x,, y,€9 such that
(V> X)€W, X[l =1, and y,~0. 0€ 0, () if and only if REA)#=H.

The first property is the familiar justification for the term ‘approximate point
spectrum’, cf. [10]. The second has no counterpart under the usual definitions.

Proposition 2._2. o (N) is closed.

I give only the key step in the (familiar) proof: suppose we have chosen, as we
may if 0¢ o (), numbers z,€0,(A) with z,-0, and elements (y,, ‘,,)EQI 2,3
with ||x,| =1 and | y,] 0. Then 0€0,(N) is established by using, as the sequence
in Prop. 2.1, (y,+2,x,, x,) €. '

Definition 2.6. The ‘adjoint’® A* of a relation A is (—U~1L; that is,
(w, 2) €A* if and-only if, for all (y, x) €A, w*x =z*y.

It follows easily that (a2 + b3J)* =aA*+ b3. :

The following property of ¢,, ., 6, may.justify the peculiar way I have defined
the types of spectral point. :
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Theorem 2. 1. z€o, () if and only if Z€o(U¥). z€o(N) if and only if
Z€0,(U*). Similar assertions hold for o in place of z.

Proof. The first statement follows at once from the definitions.” As for oo,
it presents-no special problem: merely consider A~! in place of . It remains to
prove the assertion concerning z€g,., and we may evidently take z=0. The proof
is essentially familiar.

Let P denote the projector of H, D H, onto H,, and let Q denote the projector
of H, 89, onto . The pairs (y,, x,) occurring in Definition 2. 2 will be sums of
(s, €D L H, and (0, x,)€9,; because x, | 9YQA), we have also (0, x,)1$H, nA;
hence (y,, x,) L H,NA. Also it is clear that both (y,, x,) and (0, x,) are orthogonal
to H,; NAL. We now confine attention for. the moment to a certain subspace |
of $,D9H,, namely, -
2D - K=, NASH; NAL)L =N(P-Q)*.

It reduces both P and Q.
‘ We have seen that (y,,,' x,) € QK and (0, x,) € PR, though both of norm =1,
satisfy [(3,, x,) — (0, x,)] =]y, ~0. It is required to prove the existence of w
such that (z,, w,)€(1 - Q)R] and (z,, 0)€(1 —P)K, both (z,, w,) and (z,, 0) have
" norm =1, and yet they satisfy Iz,, W) —(z,, )] =|lw,]l =0; for then the sequence
of pairs (~w,, z,) €UA* will show 0€(U*) from Def. 2. 2.
To prove this, deﬁne as in [7] and [14,1.4.6 and I. 6. 8],

=(P+Q-1?, S=(P-0)
(commuting operators =0). We are already restricted (see (2.1)) to K=N(S)L,

and it is easy to see that there is no loss in restrlctmg further to 8= RG‘R(C)
O =9, ﬂﬂ@ﬁzﬂﬂi ) Then

(2.2) o (CS)-*(QP — PQ)

" turns out to be a unitary operator £ > 2 taking P2 to (I'— P)Q and QL to (1 — Q)Q
‘Therefore we are able to specify (z,, w,) and (z,, 0) having the properties desired:

the images under (2 2) of (y,, X,) and 0, x,), respectlvely
The proof is complete.

Proposition 2. 3. o() is closed.

This is immediate from Prop. 2.2 and Thm. 2. 1.
The main relevance of mentioning the duality between point and residual
-spectra in the present connection is that, as will now be explained, only ¢, is involved
n matters concerning the shell. '

Theorem 2.2. The set S N s(A) consists exactly of the image of o ,(N) under
the stereographic projection T.
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Indeed, for C this follows easily from (1. 1) and (1. 3). As for eo, o€ 0, (A)
is equivalent to (y, 0) €A for some non-zero y, which has already been remarked
to be equivalent to (0, 1) €s(2).

Theorem 2. 3. The set SN s(A) consists exactly of the image of c (QI) under
the stereographzc pro;ectwn T.

- Proof. Partl. Let zeC No(A); it is to be proved that 7(z) € s(A). We can
choose (y,, x,) €U such that |x,||=1 and y,,—zx,,—»O. For such a sequence, it is
easy to compute that ¢(y,, x,)—~1(z).

Let w¢co(A); it is to be proved that r(oe)Es(?I) ‘The above paragraph
(for z=0) gives a proof by exchangmg x with y in (1. 3).

Part II. Assumé z€C, 1(z)€ s(W). This means that there exist Vs X, ,,)EQ[
~such that @(y,, x,)—(2).

If {ix,ll = o(jly.l), there is no loss of generality in assuming that no x, is 0;
replacing (y,, x;) by (Vu/lxall, X/l xal) gives still a point of A, having the same
image under ¢, so in this case there is no loss of generality in assuming that ||x,|| =1.
" Now : o '

—1+nl? | =1+
. Tyl 7T THEE
implies |y,| —|z|; then also x}y,—z. This implies that |y, —~zx,]?—~0. Hence .
z€0(N) (provided, to be sure, that x, 1 NQU —23); but if NEA—z3J) is non-tr1v1a1
then z€0,(A), which is also all rlght)

If, on the other hand, |x,|=o(||»,l), then

— sl 4yl

a2 + [l yall?
o(y,, x,)—(0, 1), and we must be in the remaining case, t(e=)€ s(). This is easily
disposed of, and the proof is complete.

b

3. The shell and the numerical range

First, the followmg key observation, -which follows immediately from the
definitions. »

. ,Theorem 3. 1. The shadow of the shell is the numerical range.
The definitions to be consulted are those in § 1; and the following
Definition 3. 1; The ‘numerical range’ of U, ~denoted w(), is
, e lxl =1, (0, X)EQI}
w1th oo adJ01ned in case ooEap(QI)
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In light of the last theorem, the following may be regarded as a sharpening of
‘the Hausdorffi—Toeplitz theorem, which asserts that the numerical range of an
-operator is convex:

Theorem 3.2. For every pair of points of s(W), there is an ellzpsozd ({ perhaps
.degenerate) containing them and lying in s(2).

Proof.  Let us normalize every vector (y, x) entering in (1. 3), [|(», x)'||2=
=|x|>+|yI> =1, so that (1.3) reads simply ¢(y, x)=@2x*y, —||xII>+]»]?).

Now 'argué as in the proof of the Hausdorff—Toeplitz theorem [9]. The two
given points of s(A) come from two unit vectors (v, X;j), (¥2, X,), spanning a
space (SCQ[ The set of points

G (Re(2x*y) Im@2x*y), —x x+y*)

in R3, as (y, X) ranges over all unit vectors in the 2- dlmenswnal space S, w111 be
shown to be an ellipsoid, and it is Ss() by definition.

Each component in (3. 1) is a hermitian form in the variable (y, x). By suitably
-choosing co-ordinates in R® we may assume all have trace zero; and then by- suitable
.choice of co-ordinates in & we may write (3. 1) as :

6.2 (e, (E2 — )+ 2Re GuE), @ (P~ D+
+2Re(baln), a(E— ) (PP =D,

with a,, a,, a; real. It is elementary to express the set of pomts (3. 2) explicitly
-as an ellipsoid, and the proof is complete.

Thus the shell is in general not convex, as the examples 1mmed1ately followmg
‘will illustrate, but it becomes convex if its “holes are filled up”. That is, the un-
bounded component of the complement of the shell, is the complement of a convex
‘set. - ’ '

Proposition 3. 1. Assume A is not densely defined. It may be extended to
B=AD(H,O0DW)) (that is, B is the zero operator on D)L). Then s(B) is a
union of (perhaps degenerate) ellipsoids joining points of s() with (0, —1).

Proof. -Of Cdurse s(B)2s(A) just because BOA. The general point of B

is (y, x+x"), where (¥, x)€U and x’€ DA)L. Now use (y, x) and (0, x) as the

‘vectors spanning &, in the construction of Thm. 3. 2.
As a corollary of Thm. 3.2, we have '

Theorem 3.3. Unless () is void, every point of s(A) lies on a (perhaps
degenerate) ellipsoid lying in s() and intersecting S. :
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Proof. Imbed $ in a space $° of approximate proper vectors of . This
" is done in the same manner as given by BERBERIAN [3] for the case of an operator.
Let A° denote the corresponding relation in $°® $°. It is easy to see that S(AY) =
=s(2). Now s(A)NS is just (o, (A%))=1(c,(2AW)), which is not empty. Given
any point of s(°), choose an arbitrary point of s(A°) N S, and invoke Thm. 3.2
to show there is an ellipsoid in s(°) joining them, as desired.

The proof could have béen accomplished by approximation without mentioning
$°, as was done in Thm. 2. 3. 4

Many theorems are known drawing conclusions on the structure of an operator
from failure of its numerical range to have a smooth boundary [9], [18], [12]. The
key seems to be the degeneracy of the ellipsoid in Thm. 3. 2, and these theorems
should have sharper forms in which the shell would figure in place of the numerical
range. There should also be theorems relating the shell with dilations. A small begin-
ning is made in § 8 of this paper. ' )

4. Examples

In this section various results are listed, illustrating the sort of shells which
occur. The justifications of the results are mostly easy, and are not given.

Example 1. Let 4 be a normal matrix with eigenvalues Ais *+*» Ay. Then
5(A) is the convex hull of the points 7(1;)€ S.

Example 2. Let A= (g (1)] Then s(A) is the set of ({, H)€R3 satiéfying
HP+t+3)P=1. This is a non-degenerate ellipsoid tangent to the unit sphere
at the point corresponding to the eigenvalue of A, viz., (0, —1)=1(0).

Example 3. Let A= [(1) (1)) Then s(A4) is the set of (&, #n, k)€ R® satisfying

E4n>—th+h>—E+h=0. This is a non-degenerate ellipsoid tangent to the
unit spere at the two points correspondmg to the eigenvalues of A, viz., (1,0)=1(1)
and (0, — 1)Y=1(0). ,

From these results, s(4) can be found for all 2X2 matrices by using the results
of § 5. In particular, the shell of a 2 X2 matrix is a degenerate ellipsoid if and only
if the matrix is normal; otherwise, a non-degenerate ellipsoid.

Example 4. Let 4 be a normal operator. Then s(4) is the convex hull of
1(0(4)), except that the points 7(c(A4)\ 6,(4)) are not in s(4). In particular, the
shell of the bilateral shift is {(¢, 0): |{|<1}.

Example 5. Let ¥ denote the unilateral shift. Then s(V) {€,0): [¢|<1},
but s(F)={({, HeB: [[|<1, h=0}. (To prove all the points with A<O are in
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s(V*), it suffices to consider sequences of the form (3, {, {2, {3, ---).)] Note that }'~1
_ is a not-everywhere-defined, bounded operator. It happens also that ¥ and V!
have the same shell. Nonetheless, the two operators are quite different: o,(V)=
={z: |z| <1}, while o,(V~')={z: |z]>1}N{eo}. This is a pleasingly simple instance
of Thm. 5.1 and Prop. 6. 4 below. Note also that ¥* happens to be the same as
the extension of ¥ ~! obtained as 1n Prop. 3. 1; the relationship between their shells
is as described there.

- The preceding examples show some empty o,, hence some shells disjoint
from S. It is easy to see from familiar results that if D() is dense then o, () is

not empty, hence s() is not disjoint from S. However we have

Example 6. In 2- -space, let Ax,=x; 1 x,, and let 4 be otherwise undefined.
Then 5(4)={(0, 0)}, 6.(4) is void, 6(4) =0,(4)=C.

5. Transformation properties of the shell

The facts to be presented will emerge as immediate consequences of the defini-
tions, once these have been expressed in the notations appropriate to the purpose.

Mébius transformatio_ns C —C are most simply expressed in terms of complex-

homogeneous co-ordinates. Parametrize C in terms of pairs (z;, z,), with z repre-
sented by (z, 1) and o by (1, 0). Then the linear transformation

5.1) (j Z] (ad—bc = 0)
of the space of pairs represents the Mobius transformation usually writfen
‘az+b
. z [l(Z) = m .

The Riemann sphere S=1(C) may also be written in a way better suited to
present purposes: :
(5.2) : 1zy, 22) = ([21]% ZIZZ’ 2,21, |2, 2).
(To give these second and third components not necessarily real but conjugate to
each other, is more convenient than the equivalent procedure of giving the corres-
" ponding real and imaginary parts. Indeed, it makes possible the especially simple
form of (5. 4) :below.). These are real-homogeneous co-ordinates (d,,d,, 63, 6,4)
for the points of S, which will be the locus of non-zero quadruples with §,=4,,
0,63=0,6,. In terms of the previous co-ordinates ({, h), S was the locus of _
|(]> +h?=1. Composing.(1.2) with (5.2) it turns out that

5.3) (¢, n) may be written (1+h,¢, C, 1—h).
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The representation (5. 3) can be applied to. all of B, that is, to all (¢, h) with

- [¢|2+h?=1. It gives all non-zero (8, &,, 83, 6,) such that §,=0;, 6,0;=8,5,.

* Planes, in the d-co-ordinates, have homogeneous equations > A4;6;=0, subject

to Ay, A, real, and A,=4;. Halfspaces have representations A4 J_0 subject

to the same conditions, with the additional one: 8, + 6, non-negative. To handle
linear inequalities we need posmvely homogeneous co-ordinates; 4 and —4 will
not give the same half-space. : :

Now the Mobius transformation pu above gives a transformation S-S taking

(24, z,) to 'c(azl-f-bzz, ¢z, +dz,). Clearly the é-co- ordlnates are transformed by -

the matrix
aa ab ba bb)
ac ad bé bd

“|ca c¢b da db}’

A » c¢ cd dc dd
The correspondence between (5. 1) and (5. 4) is a representation of GL(2, C), viz.,
the tensor product of the natural representation and its complex conjugate. Spe01a1-
izing (5. 1) to have determinant 1 (as for present purposes we may), we give (5.4)
determinant 1 also. These matrices comprise the proper Lorentz group in its natural
representation by linear transformations- of R* (though not in the customary co-

- ordinate system). Indeed this group is well known to be 1somorph1c to the group
of Mobius transformations (e.g., [5,§ 17]).

_ We are interpreting the §; as homogeneous co-ordinates, so for us the matrices
(5. 4) give a representation ¢ of the group by non-linear transformations of R3.
The invariant cone (or half-cone!) under the Lorentz group is for us replaced by

~ S in R3, which was known to be invariant from the staft._ Now note that (correspond-
ing to the fact that the “future” is invariant under Lorentz transformations) all the
o(u) also take the ball B onto itself. : '

On B\ S this gives a group of plane-preservihg transformations — the group
of congruences of the Beltrami model [4, § 16.2] of hyperbolic 3-space. Cf. [19,
§ 15, ex. 5], [2, Abschnitt IV]. The rigid rotations of S are given in the particular
case d=a, c = —b. Since all the ¢(u) are plane-preserving, those which are rigid"
rotations of S will also be ordinary rotations of all of B.
. The one ingredient still lacking is the deﬁmtlon of a Mobius transformatlon
of a relation. For i as above, define

(-5) ) ={(ay +bx, ey +dx):(p, x) €W,

G.4)

This agrees with the usual definition u(4)= (aA—I—b)(cA +d)-! for the most im- '

portant case, that in which 4 is an everywhere defined operator and ~ d/c is not
in its spectrum. On the other hand; it agrées for all A with the usual deﬁn1t1on
~of At ={(x, y):(y, ¥) €A}.
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Theorem 5. 1. The shell of p(N) is obtained from the shell of A by the trans-
Sormation o(u). '

Proof. erte everything in the d-co-ordinates and this falls out. The shell '
of QI is
=LA, 5y, ¥, 1X1DG, %) EA}-
‘Similarly, s(u()) is :

Alllay +x%, (2y*+ dx*)(ay + bx), (@y* + bx*)(cy + dx), [ley +dx||?):(y, x) €U}

Clearly the quadruples in s(u(%[)) are got from those in s(QI) by applying the matrix
(5. 4).
This proves the theorem as stated, but leaves open the questlon whether, for
. two Mbébius transformations p,, u,, we need have p(u,(%))=p, 0 p,(A). This
is one of a whole class of questions which will be treated in the next section.

6. Rational functional calculus of relations

The main result of the paper was stated in the introduction for operators only.
Before stating it for general closed linear relations U, spectral sets must be defined
for them, and this means that we need discussion of rational functions of relatiOnS.

The definition of powers is standard: '

A2 =NWoA={(y, x): (AW)(y, w) € A& (w, x) €A},
etc. Similarly for linear combinations :
a, U, + aiﬁz = {(019’1 + a3, X):(¥1, X) EW, & (y,, ¥)€ ‘Hz}~

This defines polynomials. AReNs [1] explains their properties. In particular, it is
important to use only polynomials with leading coefficient non-zero, because 090
(say) may not be the zero relation: it may be- properly contained in it. Wlth this
understanding, ARENS proves the followmg

If pisa polynomlal

p@)=a,z"+ - +a;z+a (a,0),
then (y, x)Ep(QI‘) if and only if there exist wo=x, wy, -+, w,, With‘(wj, wj_i)EQ,[
and y= Z'ajwj If p and g are polynomials then p(ﬁI)q(QI):(pq)(QI) — this

despite the fact that the distributive law fails in general. If p and ¢ are polynomials
then p(g(A)) =poq(2). If p and ¢ are polynomials such that, in forming p+gq, the
leading terms do not cancel, then (p+ q)() = p(W) + q(2N).
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We want to extend the ideas to rational functions. Again, care is required
because (for instance) A~ need not be I, but may be a proper subset. There:
are therefore two inequivalent possible definitions, of which I choose this one:
(already used in (5. 5) in the case of a M&bius transformation):

~ Definition 6. 1. Let f=p/r be a rational function, where p and r are poly--
nomials without common factor: - p(z)=a,z"+:-+a,z+a, (a,#0), r(2)=
=b,,z™ + -+biz+by (b,#0). Then (y,x)ef () if and only if there exist w,

(k=0,1, .-, max {n, m}) with (w,, w,_,) €2, such that y= Z' a;w; and x = Z bw;.

By ARENS’s result just quoted, this gives the usual result in case fis a polynomlal.
(r= 1) For general polynomial r, the f(2) determined by Def. 6.1is © p(QI)(r(QI))“1
and the inclusion may be proper, though equality holds for 2 an operator We do-
have some of the expected relations. :

Proposition 6.1. Let p—q1r+r1, with ml—degree(r1)<n degree(p)e
Then (pr)(2)=g,(2) + (r,/r)(2).

(The hypothesis implies that m=degree (r)=n, but not that m, <m.)
Proof. Let ri(z)= jejzf, so that (q,7)(2)=2 (aj—cjw;. The general
j=0 j=0

‘pair in g, (W) + (r,/r)(Q) is expressible as (u+v, x) where (u, x)€q,(A), and
v=¢;w;, x=bw;, for some wg, -, w,, such that (w;, w;_,;)€. From:
(4, ) €q,(W) and (x, wo) €r(A) follows that (x, wo) €(q,r)(2A), by one of ARENS’s
results just cited. Indeed, by reference to the proof of that result [1, 2. 3] we see.
that we can even use :

u= 2 (a;—cpw;  (w;,w;- )€,
. 0 :

with the same w; as before as far as j=m’. But then (u+vo, x)E(p/r)(QI) This.
proves ,,=2” in the conclusion. '
: _In the other direction no subtleties are involved: we are given y= 2a;w;,.
x= Zb,w -asin Def. 6. 1, and we define u= 3(a;—c)w;, v=c;w;. By deﬁmtlon
(v, x)€(ry/r)(), it remains to prove that (u, x)€q,(2). Let ql(z) 2>dz’, then.

for each i, a,— c—Z Define xk—Z'b Wirk (k=0,1, -, degree (g0)-
so that x,=ux, (xk,xk 1)Ei’I and Z’dkxk—u Then by definition (u, X)€ g,(A)..
In the following propositions, MOblllS transformations pu(z) = azz+ P again.

play a special role.

Proposition 6. 2. _u(QI) is closed.
(We are assuming U closed throughout.)
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Proof. To say that (y,,x,)eu() is to say that y,=aw,,+bw,, and
X, =cwy, +dwy,, With (wy,, wo,) €Y. We assume in addition that y,~, x, - x.
Then solving for w,, and wy, in terms of y, and x,, we deduce that w,, ~w, and
“Wo, = W, for w; such that y =aw, + bw,, x =cw, + dw,. Srnce A is closed, (wy, wy) €9L.
This completes the proof.
' I don’t know how far this remains true when ;1 is replaced by the more general
f considered earlier; cf. 13, § 2. 16}, [1, 3.8].

Proposition 6.3. (fou)(W)=r(uN)).
Proof. This is clear when yu is just multiplication by .a constant. When u
_is-a translation, u(z)=z+b, a calculation is needed which I will only summarize: -

- . ;o o , kY, s
iny = J'a;w;change to an expression y = > a;w; by the substitution wi = > (]) b—iw;

J
(and similarly for x, of course), and make the verification that (Wis We_ )€U+
When p is recrprocatron u(z) z~1, there is again a little calculation. It is

convenient to depart from previous practice and write p(z) Z a;z’, (z)= 2 bz,

where not both g, and b, are 0 and not both g, and b,.are 0 Wrth this conventxon
"there is notational symmetry between f and fou, and reference to definitions will
verify the conclusion. :
The. observation that any Mobius transformation is obtained from these
types by composition, completes the proof. :

Proposition 6.4. (Detailed spectral mapping theorem for M&bius trans-
formations.) o,(u(¥0) = u(o, (D), (@)= (o)), 7,(1(W) = u(s,(20).
Again, we are at liberty to consider 51mp1e special Mobius transformations
and-then compose them to give the general u. a
Under linear transformation, o, ¢., and g, all behave as desired by Def, 2.4,
with the exception of o. Assume oo€0g,(U) and let us prove €, (U+b3J). The
assumption is equivalent to the existence of non-zero x such that (x, 0)€¥; but
~then (x, 0) €A+ 5T as well, and this gives the conclusion. Similarly for o€ o (20).
‘That o €0 () entails €, (A+53J) is a consequence of the remark following
Def. 2. 4. '

If we consider reciprocation, it is the A other than O and o which require
checking. Assume A€o, (), so that there are (y,, x,) € such that llxv[] =1 but
Iys—Ax,t ~0 (so that ||y,]|+0; without loss of generality, y;#0). Let x,=x,/[»l,
Yo=2lI3l. Clearly (x,, y) €A1, | ¥/l =1, and |1x,~A~1y{| -0, so A~ '€l (A~Y).
For o, it is even easier. Finally, take 1 €a,(W). This means R(A — AT) is not dense.
‘Choosen non-zero- z such that, for all (y, x)eA, z1Ly—2z. Then also for all
(%, Y)EA-L, 21 x— A1y, so KU~ 1—1 13) is not dense either. Thrs completes
the proof. S
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Agaln I don’t know how much of this result holds for more general f; I have
partial results. Of course it can’t hold in toto. For example, it is easy to construct
an operator 4 whose square is O and hence has void continuous spectrum, while
A itself has non-void continuous spectrum (For the case of operators see [13, Theorem

5.12.2])

7. The shell and spectral sets

Definition 7. 1. The ‘norm’ of a relation 9 is

llﬂll—sup{llyll/llxll (0, 0)= (y, x) €}

" Definition 7. 2 Let X be a closed subset of C. X “is a spectral set for’ A
or ‘is s.s. for’ A) in case every rational function f having modulus =1 on X has
also the property || f (QI)|| =1.

It is clear by Prop. 2. 1 that || is finite 1f and only if ¢ o (), that is, A
corresponds to an operator A which is bounded, and in this case || =]4].
Furthermore, as will appear in-the course of developing the basic properties, state-
ments about spectral sets for relations can be reduced to statements involving
operators without much trouble. However there are two closely related virtues
in the present definition: it applies to not-everywhere-defined operators; and,
secondly, it brings in ¢,-instead of o (see in particular Prop. 7. 2 below).

Proposition 7.1. X is s.s. for W if and only if W(X) is s.s. for p(N).
This follows easily from Prop. 6. 3. _
Proposition 7.2. If X is s.s. for W then o, (A)EX.

Proof. By Prop. 7.1, it is enough to consider a special point of C. Assume,
then, «€ o (A)\ X, so that X isa compact subset of C and U is not a bounded
operator. To show Def. 7. 2 is not satisfied, choose f(z) =az, for a sufﬁc1ently small
constant a=0.

Theorem 7.1. The unit disk D={zeC: [z|=1} is s.s. for W if and only if
=L | o -

Proof. Either condition implies we are dealing with a bounded operator A.
If D(4)=29, the theorem is just voN NEUMANN’s basic result, as in [17, § 154].
More generally, define 4 as the extension of 4 which is zero on D(4)L. By applying
vON NEUMANN’s theorem to A, it is easy to deduce (the non- tr1v1a1 half of) the pre-
sent theorem for A.

This, theorem, together with Prop. 7 1, tells which disks are s.s. for A. The
result is familiar in general outlines: it resembles that in [17] except that no special

6
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exemptions need to be made for functions with poles in o(2) — even in o, ().
Namely,

(i) the finite disk {z€C: |z —zy|=r} is s.s. for Wif and only if | —z,T|| =r;

(i) the complementary disk {z€C: |z—zo|=r}U{e} is s.s. for A if and
only if (U —z,3) M =r"";

(iii) the half-plane {z€C: Re (Cz)Za}U{ec-} is s.s. for QI if and only if it
contains w().

The following theorem contains all three of these, in a geometrlc form, invariant

under Mébius transformations of C.

Theorem 7.2. Let X be a disk. Then X is s.s. fbr A if and only if the shell
s() is contained in the convex hull of the stereographic projection ©(X).

Proof. Let p be the Mobius transformation such that u(X) = D, the unit disk.
" 'We have just seen that X is s.s. for 9 if and only if |u(20)|| =1. Comparing Defs.
7.1 and 1.1, this is seen to be equivalent to saying that s(u()) lies in the half-
space {({, h)€R*: h=0}; and this half-space is the convex hull of (D)= r1(u(X)).
To return from u(W) and p(X) to A and X, we want to consider the transformation
W inverse to p, and the projective transformation o(u’) of R® to which it gives rise. This
~was discussed in § 5. o(u") preserves B, and preserves planes; consequently it takes
convex hulls to convex hulls. It takes 7(p(X)) to 1(X). Finally, by Thm. 5. 1, it takes
s(u(‘lI)) to s(2). The theorem is proved.

Alternatively, I could have confined consideration to rigid rotatlons of B
(cf. § 5) with only slight modification in.the proof. Co

The set of disks which are s.s. for fixed 9 is hereby represented as a closed
convex set ()7, the dual of s(20). The convexity of this set is inherent in the follow-
ing easily proved fact, a generalization of the Lemma of [8, § 3. 1]: if two disks
are s.s. for A, then so is any disk containing their intersection. The closedness of
s(A)' is also easy to prove directly. :

However, if it was a question only of representing all disks s.s. for 2 in a simple
geometric way, the closed convex hull of s(2) would do exactly as well as s(2U),
for it has the same dual. It is like the situation for the numerical range w(2[). Only
w() is needed in criterion (iii) above, telling which half-planes are spectral sets.
Still for some purposes the richer structure of w(2) itself is interesting. The shell -
is like the numerical range with one dimension added (cf. Thm. 3. 1), and its structure
is very much richer than that of its closed convex hull.

. In spite of these remarks, Thm. 7. 2 throws emphasis on s(2)f, and this will
persist in the final section of the paper. Let me therefore say a few more words
about this set. ‘ o
It has already been pointed out in § 5 that half-spaces in R® may be for present
purposes conveniently represented by quadruples 4=(4,, 4,, 45, 4,); here
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A4,, 4,€R, Az‘—'Z €C, and if 1>0 then 14 represents the same half-space as 4.
Namely, it is the half—space of all (¢, h)€R® such that 4 1(1+h)+A2C+A3C +
+4,(1—h)=0.

Let us regard the dual Ct of .an arbxtrary set cc R3 as the convex cone of
all 4 €R* representing ‘half-spaces D C. This sort of dual has been used often .in
the theory of convex sets [23].

_ Proposition 7.3. A€B' if and only if A gives homogeneous co-ordinates
for a point of B in the 5-representation of §5, i.e., if and only if A, +4,>0 and
4, A34A A4

ThlS is just self-duality of the unit ball I will not bother translatmg the familiar
proof into this notation.

* 8. Generalization of Berger’s theorem

The most striking results relating disk spectral sets to dilation theory are the
well-known theorem of Sz.-NAGy [20] on dilations of contractions, and C. BERGER’s
theorem [11], [21] on dilations of operators with w(4) in the unit disk. Sz.-NAGy
and Forias [22] have recently given a common generalization of the two, which
I will relate to the ideas of this paper. Their theorem may be stated as follows. 2)

"~ Theorem8.1 (SZ.-NAGY——FOIAs). For a bounded, everywhere-defined operator A,
and for any @=0, consider these conditions:
(i) A€C,, that is, there exists a unitary U on a Hilbert space K29 such that
A"=g-pr U* (n=1, 2, ---), where pr denotes compression to 9;
(i) for every z with |z|<1, |zA((e —1)zA — o) ! =1;
(i) for every x€9 and every t€[0, 1], - '

20— )¢ |x*dx| = ol x|? — (2= Q)2 Ax|2.

Conclusions: Condmons (ii) and (iii) are equwalent Condmon (i) is equwalent
to (i) together with

(iv) 6(A)S D, the closed unit disk.
If 0=2, (iv) follows from (iii). .

This formulation is not quite that of Sz.-NAGyY and Foias; let me bridge the
short gap. My (i) is equivalent to their (5). My (iii) is obtained from their (7 o)
an inequality which must be assertéd for every z€ D, by rewriting it in such a . way
- that the phase of z need no longer be kept in v1ew

2) The real parametef o is not to be confused with the symbol o(x) already introdu=zd in § 5.
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Now for each ¢, the inequality (iii) is a homogeneous linear inequality relating
the moduli of the homogeneous co-ordinates of points of s(4). As such, it is readily
interpreted geometrically: it restricts s(4) to lie in a certain solid half-cone (from
now on I will say simply ‘cone’). The cone may degenerate into a half-space, in
particular it does so for r=0. To complete the account, we must-examine the con-
sequences for s(4) of imposing the restrictions (iii) for all ¢ simultaneously.

For this purpose, here are a few special notations. Let

[:(t) = 2 — o)l Ax|?¢? + 2o — 1] - |[x*Ax]t — o] x|,

For each non-zero x, f, is a real quadratic polynomial, considered as a function
on [0, 1]; (iii) asserts that every f, is =0 on the whole interval. '

Secondly, let K, denote the cone {({, )€R®: |¢—1|-[{|=sg—1~h}. The .
assertion f,(1)=0 is readily transformed into the assertion @(dx, x)€K,. This
- can be done directly from (1. 3) (normalizing by assuming ||x||? +||4x||> =1).
The first part of the picture can now be completed. -

* Proposition 8.1. For ¢g=2, A satisfies condition (iii) above if and bnly if
S(AEK,. -

Pfodf . Refer to the deﬁnitibn of f.. We ha\?e just noted that] s(A)gK;, if and
only if £,(1)=0for all x; and f,(0)=0 in any case. But f; is a quadratic polynomial
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with leading coefficient =0; therefore it is non-positive at the endpointslof the
interval [0, 1] if and only if it is non-positive throughout. This gives the equivalence.

K, is of course symmetric about the 4-axis, and has apex at =9 —1. Its gener-
ators pass through the equatorial points (e*, 0); but for ¢<1, the equator lies
in the other nappe of the cone, and K, itself lies entirely below the equatorial plane.
For ¢=1 (Sz.-NAGY’s case), K, is the half-spacé h=0. For ¢=2 (BERGER’s case),
the apex is at the north.pole, and s(4) S K, is equivalent to w(4)< D by Thm. 3. 1.

For ¢=2, the apex of K, is above the north pole. But then further restrlctlons
on 5(A4) result from (iii).

Let E, be obtained by removing from X, all pomts lymg between the apex
and the upper half of the ellipsoid (o — 1)2|C|2V— o(e —2)(1 —h?). This ellipsoid, in
addition to being evidently symmetric with respect to the A-axis and with reSpept‘
to the {-plane, is tangent to dK,. The definition of E, requires the following inter-
pretation. The “upper half”” of the ellipsoid is the portion above the circle of tangency. -

The ellipsoid lies entlrely in B, and is tangent to S at the poles. Hence in h>0
E, has no points in common with S except (0, 1). -

Proposition 8.2. For ¢=2, 4 satzsﬁes condition (iii) above zf and only if
S(A)SE,. :

Proof. The cones to which s(A) is restricted by (iii) are as follows: for =0,
the half-space h=1; for r=1, K,; and for intermediate #; the intermediate cones
tangent to the ellipsoid. To see this, one reduces by stn‘ietry to consideration
of {>0, and then makes an elementary computation which will not be reproduced
here. Now the equivalence of s(4)S E, becomes clear.

Proposition 8.3. In Thm. 8.1, condition (iv) follows from (iii) in . case ¢ =2
also. Hence (i) and (iii) are equivalent for all values of .

'Proof. For a bounded, everywhere-defined operator, 6(4)SD is known

to follow from ¢,(4)SD. By Thm. 2.3 and the above description of E,,-any A

with s(20) S E, must have o,(A)S DU {e}: Here o is ruled out because we are

in the bounded, single-valued case. The conclusion therefore follows from Prop. 8. 2. .

‘ These ideas lead to the following question: #If s(%t)gk,_, if g=2 (or SE,

if p=>2), what can we conclude about dilations of A?’ They do not, however,

lead to an answer. The difficulties arise even for g<2; although we then know

we have to deal with operators, we do not know that they are everywhere defined.
Some new idea seems to be needed to cope with this- dilation problem. ‘
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4The' inner _function' in Rota’s model

By J. W. MOELLER in Chicago (Illinois, U. S. A.)

Let X be a Hilbert sﬁaée of dimension ¥, with inner product (-,-), and let
H*(K) denote the Hardy class of vector-valued functions

k() = 3k [k,,eK; S (ks k) < oo].
n=0 n=0 . :
‘An inner product for these Hardy- functions can be defined by setting °
(k(2), h(2)) = Zo (G

~ and H?(K) becomes a Hilbert space in its own right under this new inner product.

It is well known from the work of BEURLING, LAx, and HALMOS (see [2], pp. 115—116)
that every closed subspace of H?(K) which is invariant under multiplication by
z has a representation of the form: G H%(K), where

G() = > G,z
n=0

and the Taylor coefficients of G are linear operators from K into K. In addition,

the operator norm of G is bounded from above by one, and the radial limits of
G on the boundary of the unit disc are equal almost everywhere to partial isometries.

(Such functions are commonly called ““inner functions” in the literature) If S* -
" designates the operation of multiplication by z in H*K),a stralghtforwa rd calculation

_revealq that the adjoint of this operation is given by

(Sh)(2) =z~ (h(z) — h(0)).

' Henceforth we will call a closed subspace of H2(K) which is invariant under
S a left translation invariant- subspace, and a closed subspace which is invariant
under S* a right translation invariant subspace. It is not difficult to show that the. -
orthogonal complement of a right translatlon 1nvar1ant subspace is a left translation
invariant subspace, and conversely. -

In [3], G.C. ROTA established the following mterestmg result.
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Theorem. Let A: K—K be a bounded linear operator whose spectrum is
contained in the interior of the unit disc. Then the set

Ly={U—z4)"'k| keK)}

is a left translation invariant subspace of H*K) and S actzng on Ly is szmtlar to A
acting on K.

According to the Beuriiﬁg—Lax theorem, we mally write .
- L,=H*K)©G H*(K)

for some G whose Taylor coefﬁments depend only on 4. Whenever || 4] <1 HEeLsoN
proved ([1], pp. 104—106) that G is always equal to a unitary operator on the rim
of the unit disc, and he further derived the explicit formula

G(Z)= Go +Z(I—ZA) lGl .

He did not, however, relate the operators G, and G, to 4 in any way Our -aim
here is to determine this relationship. :

We begin by computing the orthogonal -projection of the constant functlons
in H¥(K) onto L, in two different ways. If k€ K, we have - )

{(I- G(z)G*(O))k z"G(z)G*(O)k) = (k, 2"G(2)G*(0)k) — (G(z)G*(O)k z"G(z)G*(O)k)
=(k, z"G(z)G*(O)k) (G*(0)k, z"G*(O)k) 0 for n=0,1,
.From this relation and the 51mp1e 1dent1ty

_ k=(I-G(@)G*O)k + G(z)G*(O)k
we quickly deduce that . ,
: Pk=(I— G(z)G*(O))k,

- where P denotes the orfhbgo‘nal projection onto L. .
To complete the last part of our task, we will express P in terms of A4 alone.
If we set ' 4

A= 2 A¥n 47,
it follows 1mmed1ate1y that |
<k (I—z4)~ 1f><(1 2A)"f, (I-zA)" =, f)(Aff) %

* For fixed k the right hand. side of the preceding expresswn assumes its max1mum
when f=A"'k, so we conclude that

={I—zA) 1A k.
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After identifying the Téylor coefficients in HELSON’s formula, we find

A' and G,G&=—AA1.

M . I-G@G=
Since G(z) is a unitary operator .on the b.oundary of the unit disc,
@ GHe®)G(e?®)=1 and G(e)G*(?®)=1

Setting 6 =0 in the last identity gives

(Go+U—)™'G,)GE+ GTI—4%)™1) =1,

whjch,‘ together with (l) irhplies‘
GIG*—(I A)A Y= AN+ (- A)A- 1A*+AA 1(I A%-1,

Thus we ﬁnally have . ‘ .
) G\Gt=A""'—44'4*

The first equation in (2) may be rewritten in the form

1= GtGo+G14G,.

and premultiplication by G, gives
Go = (GoGY )Go+(GoG*)AG1

In other words, (I—GoG%) Go = (GOG*{)ZGI, so
@ - Go =~ A4*G;.
Hence, I=G{(AAA*A+ A)G, and we mfer that the operator
) = (AAA*A + A)*G,
is an isometry. . _ ' _
An easy application of the identity A4 = I+ A*AA reveals that
()f-l —AE“A*)A(ZAA*E+J) =1 and (ZAA*,‘T;}-A)(A 1_AA-'A% =T '
We now see from (3) and:(S) that U ié actually a unitary opérator and
®) G = (A""— A4~ '4*)*U.

Equations (4) and (6) thus determine the inner function associated w1th LA,
up to multlphcatlon on the right by a constant umtary factor,
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On interpolation fanctions. II

By J. PEETRE in Lund (Sweden)

The purpose of this note is to indicate a certain simplification of the ‘results
of [2]. (We use throughout the terminology of that note.) .

If h=h(u) is a positive Borel measurable function on (0, ) we agree to say
that A is pseudo-concave if it is equivalent to a concave function, i.e. if there exist a
concave function A, and a constant C such that C~'hy(u) = h(u)= Chy(u) for all u.

Lemma. h is pseudo-concave if and only if for some C holds
ORE h(v) = Cmax (1,0/u) k() for all u,v.

‘Proof (necessity).. It suffices to show that (1) holds for A,. But from the concav-
ho(u)-
u

ity it follows that ho(x) is increasing {but
with C=1.

is decreasing. Therefore (1) follows

Proof (sufficiency). Let aiéO; Z’oz,-=1, u= 2 o, (ﬁnite sums). Using (1)
we obtain

Zoh(u) = CXa;max [l —] h(u) = C[Zoc +X- % ‘]h(u) = 2Ch(u)

This éstabhshes the pseudo-concavity because we may now take. -

ho(u)=sup > o;h(u;),

which is by the way the least concave majorant of h.
1

Corollary. If h(u) is pseudo -concave 5o is k(u) (h(u ) where r w any real
number #0.

Proof. Obv1ous — This corollary was obtained in. [2] as a by product of the
main result there which we now reformulate as follows. :

Theorem.: A4 function H=H(z,, z,) homogeneous of degree i1 and satisfying
condition (2) in [2] is an mterpolatton function (of any power p) if and. only zf it is
of the form H (zo,21) = zoh(2/z0) with h pseudo -concave. :



92 . - - . J. Peetre: On interpolation functions. IT

Proof (necessity). Consider the space X={x, y} provided with the measure
p such that each of the two points x and y carries the mass 1. Take
' L)=1, Le=1; {(X)=u {;()=0v"
and deﬁﬁe a linear mapi)ing 7 by ma(x)=0, na(y)=a(x). -The correspondmg
operator norms of = (considered as a mapping from L}, into L}, etc.) are

—_— v h(v) .
My=1, M,= = M oR
By the 1nequa11ty (¢ 1nequa11ty (1) in [2]) M =C max (M,, M) ‘we now get
h(v) - .
T) = C max [1, u‘]

which estabhshes (1)

~ Proof (sufficiency). By the lemma H is equlvalent toa functlon of the form (4)
in [2]. Therefore we may use the corresponding part of the proof of theorem 1 in [2]
(¢f. in particular pp. 168—169)

We conclude by illustrating our new result in a concrete case (cf. [1])
Let X=(0, ), p=Haar measure, {o(x)=1, {;(x)=€*" (x>0). With

() = elos; 2 =§ @~ 5 = 0)
‘we th_én haV@ o L '
-l

We c1a1m that % is pseudo-concave. It is clear that. h(u):is 1ncreasmg It suffices there-

()

fore to 'show that is decreasing if u is large, since the values u<1 do not

interfere. To this end we consider the corresponding logarithmic derivative; we have

d log (h@)/u) = (l(log W= 1—1)u

which, since A<1, eventually becomes < 0. Applymg now our theorem we thus
get the following interpolation theorem: If = is ‘a continuous linear mapping from
LE into L% and from L? into L? it is also a continuous linear mapping from 124 info
L (a>ﬂ>0) Here we have set LY =12 ., with =0, o, B- '

()
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A Cauchy problem for a géneralized wave equation

By H. BERENS and U. WESTPHAL in Aach§n (B. R. Deutschland)*)

Infrdduction
The equation o
*w(x,t) 0*w(x,0)

PR T (x,1>0)

with the initial conditions -
ow(x, 1)
or |,

w(x, 0) = 0 (x=0;

L . 0
- and the boundary conditions

WO, =f@), limwi)=0 (=0

is no doubt the simplest type of a boundary value problem which may be formulated
for the wave equation. Its solution is given by w(x, ) = f(¢—x) for 0<x<t¢ and
=0 for x=>t, in case f(¢) is twice continuously differentiable. The object here is
“to study a problem of this type for a generalized wave equation in the Lebesgue
space LP(0, =) (1=p<s). For.the sake of precmon we first restate the original
problem as follows:
- Let the operator J~2, with domain D(J~?; p)={f€ L?(0, oo) Sfand f” locally
absolutely continuous on [0, =) with f(0)=f"'(0)=0 and f ”EL"(O oo)} and
range in. L?(0, =) (1 =p <o), be defined by J-2f=f".

Cauchy problem I. Given an element f,€ LP(0, oo) find a vector-valued
function w(x)=w(x;fo) on [0, =) to LP(0, =) such that

(i) w(x) is twice continuously dlfferentlable in the LP-norm on (0, oo),

(i) w(x)ED(J 2; p) for each x>0 and s w(x) J2 w(x)

(iii) there is a constant M =M, >0 such-that ||w(x)|| =M (x>0).
(1V) im [lw(x) "fol] =0.

l) The preparation of this:paper was parﬁally_ supported by a DFG grant.
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One easily proves that for any given f, € D(J=2; p) there is a unique solution
w(x; fo) = W(x)f,, where W(x) is the semi-group of right translations on L?(0, «):

. . 0, O<=t=x,
6} UG { Fe),  xetee
The Cauchy problem I will be generalized in such a way that the operator
- J72=(0/01)* is replaced by a differential operator of order 2y (0<y=1), namely
. by T =(0]01)*. (For the exact definition of J=7 and its domain in LP(0, )
see the following section.) In case y=1/2, this leads to a boundary value problem
of the heat-conduction equation for a semi-infinite rod.’

Abstract Cauchy problems of higher orders (especrally of order two) are
studied in E. HiLLE and R. S. PaiiLies [9, Sec. 23. 9]. Also we refer to Yu. I. LYUBICH
[11]. In particular for-the wave equation we mention two papers [7,.8] of E. HILLE.
However, the cited papers always deal with initial value problems, while the above -
Cauchy problem I is a proper boundary value problem (cf. conditions (iii) and (iv)).

' The Cauchy problem for the generalized wave equation will be treated in
Sec. 2. To this end we first solve a corresponding Cauchy problem of order one
.via the Hille—Yosida theofem of semi-group: theory. Thus' we collect in Sec. 1
some results on semi-groups of operators on Banach spaces and then define integral
“and differential operators of fractional order y>0 acting on functions defined
on the positive real axis. One-to-one characterizations of these notions are given
_ via Laplace transforms, which also play an important role in the proofs. In Sec. 3
we finally prove several equivalent characterizations of the domain of the differen-
~ tial operator J~7 (y=0) in the function space -LP(0, =) (1=p<<). The results -
obtained are generahzatrons of those presented by the authors in [4]. The most -
' interesting characterization here will. be in terins of the vector-valued integral

® f 1"j:du S <y<n),
~ where ' o o : :
o wo=Zev (-

is the n-th Riemann difference for the semi-group of rrght translatrons 6)) on
. L"(O oo)

"The results established in Sec. 3 possess far-reaching generalizations to frac-
- tional powers of infinitesimal generators of semi-groups of operators on Banach
spaces. For further details, we refer to Sec. 5 in [4] to [3] and the literature cited.
there. . : - : ',
. - The authors are 1ndebted to Professor P. L. BUTZER for his kind interest in
th1s paper.
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1. Auxiliary resﬁlts

Let X be a real or complex Banach space with elements /g ... and norm

| -1, and let (X) be the Banach algebra of endomorphisms of X. If T€€X), | T
denotes the norm of T. A family of operators {T(x); x=0} in €(X) is said to |be-
.a contraction semi-group of class (€,), if itis subject to the following conditions: -
(i) T(0)=1I (identity operator); (ii) T(x;+x,)=T(x;)T(x,) for x,, x,€[0, );
(i) ITG)I=1 uniformly with respect to x=0; (iv) ]im I T(x)f—f| =0 for ali
feX. The infinitesimal - generator A4 of {T'(x); x=0}, deﬁned by Af—shm x~ 1

{[T(x) —If whenever the strong limit (s-lim) exists, is a closed linear operator with
domain D(4) dense in X. The powers 4" of A (r=2,3, ...), are defined inducti-
vely. If f belongs to D(A4"), so doés_ T(x)f for each x=0 and :

dr

T()f = T(x) A'F.

If {(Tx); x=0} has a holomorphic extension  7(z) (z=x-+iy) in a sector
{z; 0<x< oo, |arg z| =ay<m/2} of the complex plane, we speak of a holomorphlc
semi-group. A necessary and sufficient condition for this is that T(x)[X]< D(Ay
. for x>0 and that there is a constant N such that x|| AT (x)| =N for x=0.
Under the above hypotheses upon {T(x); x=0} the set {4; ASO} belongs
to the resolvent set o(A) of the generator A, and the resolvent operator R(4; 4)
is given by :

@  RIAf= [ e T@rdx  (feX; i),
. 0o . T
Also the inversion formula

® T0of = stime= > L pRG AV, (en)

holds uniformly with respect to x in any finite interval [0, b]. Finally, let us
formulate the Hille—Yosida theorem: A closed linear operator U with dense domain
and range in a Banach space X generates a contraction Semi-group {T(x); x=0}
of class (€y) in €(X) if and only if {i; A=0}ce(U) and A R(4; U)|=1 for all
A=0. Moreover, U is the infinitesimal generator of exactly one semi-group, given
by (5). For a treatment of semi-group theory see E. HiLLE and R.S. PHILLIPS.
[9, Part 11}, K. Yosipa [13, Ch. IX] or P. L. Butzer and H. Berens [5, Ch. IJ.

-We now introduce the concepts of integration and differentiation of fractional
order. In the following, f(z) will always be a real or complex-valued Lebesgue-
measurable function defined on the positive real axis. The integral of / of order-
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-p=>0 is then defined by the (Laplace) convolution integral

0] V10 = T}ﬁ Of -y f@au (=0,

Jf exists for almost all ¢ in (0, =), whenever f¢ L(0,b) for every b=0, and also
belongs to this space. On the other hand, for a- y=0 with k—1<y<k (k in-
- tegral) the derivative of f of order y is defined by

() VT ’f](t)=z,;[f" 1@ (¢=0),

whenever this expression has a meaning, where J®= I (for the uotations see the
remarksin G. DoETSCH [6, vol. III, p. 164]; moreover, we refer to the literature
cited in [4]). The following lemma characterizes the fractional integral and derlvatlve
of a function f by means of the Laplace transform.

‘Lemma 1. Let y=0 and f, g be two functions in L(O b) for every b>0
(a) If the Laplace mtegral of f, ie.

oo

6= 2119 = f e~ f(1) dt,

.converges absoluZely for every complex number s with Re s>0 50 does 2[] ’f] (s) and
W1 (s) = s"f“(s) (Res>0)

"where the branch of s? is taken such that Re s”>0, when Re s=0.
(b) If f(s) and g\(s) exist in the absolute sense for Re s=>0 and if

SU(s) =g(s) - (Res=0),

. .then for k—1<y%k (k integral) J*~ yf and its derivatives [JE=r=1f], e, [JEYF]
up to the order (k —1) are locally absolutely continuous on [0, ) wzth [J"‘Vf](O)—
e =[1TH0)=0 and [J7f]() =4(t) ae. .

For a proof see D. V. WIDDER [12 Ch. II, § 8].
Since we are mainly interested in functions f belonging to L#(0, ) (1 =p <)
(endowed with the usual norm), we restrict the domain of J=7 (y>0) to the set

(8) D(J7; p)={f€LP(, «);] there is a g€ L?(0, «)- with - f(t)=[Jg](r) a..}.
‘Then J ‘Véxists- and is equal to g. By Lemma 1 we have equivalently ’
) D(7; p)={f€ L0, «); thereis a géL”(O, =) with s7f*(s)=g*(s) (Re s=>0)}

and -

(10) ' /1) = s7f+(s) = g%s)  (Res=0).
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2. The generalized wave equatiorl

We rlow formulate and solve the Cauchy problem of first order for the operator :
B,=—~J"7 (o< y<1) with domam D(B,; p) D(J?; p) and range in LP(0, )
‘ (1 =p<-<o). o :

Cauchy problem II. Given a function ﬁ)ELP(O o), find a functlon wy(x)_
=wy(x; fo) on [0, =) to L#(0, <) such that
(i) w,(x) is strongly continuously differentiable on (0, «);
(i) wy(x)€D(B,;p) and (d/dx)w,(x)=B wy(x) for each x=0;
(i) lim fw,06) ~foll, = O.
Proposition 2. (a) B, is a closed linear operator with domain dense in LP(0, ). .

(b) The set {A; A=0} belongs to the resolvent set o(B Y of B, and the resol vent
has the representation =

an - ROBAO = [fe=r,Gsdu (fEL? O, ),
‘where | 4 '
) . . sin yn u’
(12) rd0 = f — 2" cos ym + u? du
Moreover, . - ' ~
1) IRG: B)fl, = ”’;”" (L7, =),

Proof. (a) The linearity of B, is obvious by definition. To prove that B, is
closed, suppose there is a sequence {f,},; in D(B,; p) such that f, and B, f, converge
in the LP-norm to an f, and g, respectlvely Since strong convergence implies
weak convergence we have for each fixed s (Re s>0)

lim f3(6s) = £5() and lim —s7/3(s) = —s'/5(s) = g4(5),

ie fo€D(B,; p) and B,f, =go. Finally, it is easy to see that Cgy(0, =), the
space of arbitrarily often continuously differentiable functions with compact
support in (0, =), belongs to D(B,; p). Since Cgo(0, =) is dense in LP(0, =), so is
D(B,; D).

(b) At first we prove that {4; A=0}c o(B,), i.e. we have to show that for
each 1>0 the operator 47— B, from D(B,; p) to L?(0, =) has an inverse [A] — B 1
such that its domain is equal to L?(0, «) (since B, is a closed operator) Indeed,
- the equation

14) [AI—.-BY]. f= 9_' or, equivalently, Af*(s)+s/*(s)=0 (Res=>0)

7 A !
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implies that the function f(¢) is zero almost everywhere. Thus [A]— B,]7! exists,
~ and it remains to prove that for any given geL"(O o) there is an fe D(B,, p)
satisfying

(15) Af-B,f=g or, equivalently, Af*(s) +s’f‘(s) =g (s) _ (Re 5=0). :
But the function (14 s’) ! (Res >0) is the Laplace transform of the function ry4; -)

defined in (12). ry(/l ) is non—negatxve belongs to LY(0, =) and f ry4; t)a’t—)r
(see T. KaTo, [10]). Hence the element »

JO) = [Rygl0) = f £(t—w)r, (A ) d

belongs to D(B,; p) and solves the differential equation (15). Thus {4; A>0} c Q(By)
and the resolvent R(4; B) equals the operator R,. Finally,

IR&l, = liry(A;5 ) lilgll, = 4 -‘llgllp (4=0; geL*O, °°))
proving the estimate (13).-

" Proposition 2 shows that_ the operator B, with domain and rangevin L0, =),
(1 =p < o) satisfies the assumptions of the Hille—Yosida theorem. This leads to

Theorem *3. The Cauchy problem 11 has a unique solution. uf.,(x s )=

,,(x)f (x=0) for any given f¢ L?(0, ). {W (x); x=0} is a holomorphic contrac-
tion semi-group of class (€,) in €(L?(0, «)) generated by B, and is given by the con-
volution integral

16 @A = [fe—wpwde (fELPO, =)
0, ) ‘

wfth kernel .

oo

1 : o : : .
(1D pxi) = P f exp (tu cos 0 — xu? cos yg) - sin (tu sin ¢ — xu” sin yo + ¢) du
0

(x>0, r=0; %éaén, 0<,y<1)',' a Lévy stable density function on (0, ).

Proof. By the theorem of Hille—Yosida, the operator B, on D(B,; p) to
LP(0, <) génerates a unique contraction semi-group {W,(x); x=0} of class (€p)
in €(LP(0, =)). The operator W(x) (x=0) is given via the inversion formula (5)
through

A—soo

W, (0f1s) = liim e Z“ ' HR G BYYF]6) =

- (R2xy frs)
— Ax —
- }Lrg ¢ ,% J' QA+sy

= Jim exp {—x + 22X/ D)) = e AS)
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which holds for each fixed s, Re s=0, and all f¢ L?(0, ). Since exp (— xs?) is‘
the Laplace transform of the density function py(x -) defined in (17) and since

p,(x -) is non-negative on (0, =), belongs to L1(0 o) w1th f py(x u)du_l for

each x>0 (see G. DoETscH [6, vol. I, p. 263] and K. YOSIDA [13, p. 259 ft]), the
representation (16) of W, (x)f follows. Moreover, the properties of p,(x; ) assure
that {W,(x); x=0} is holomorphic. Thus the function W, (x)=w,(x)f on [0, =)
to L?(0, ) solves the Cauchy problem for each f¢ L?(0, ). It remains to prove that
the solution is unique. To this end suppose there is a non-trivial null solution

w, o(x) =w,(x; 6) on [0, oo) Le. wyx; )50 for all x=0. Then for each fixed
s with Re s=0, . .

A 0 (IP() = (B0 (OL () = —'sv[wy,o'(x)r(s)

with '
Jim [w, 0 (x)]"(s) = 0.

The solution of this ordinary differential equation is given by c(s) exp (—xs?).
But by the latter limit condition we obtain that c(s)=0 for each s, Re s>0, and
consequently [w,,0()}'(s) = 0 (Res=0) or w, o(x) = 6 for all x=0. This is a
"contradiction, proving the theorem.

Here we remark that for y=1 the solution of II is given by Wilx; fo) =w(x)fo
for any f, € D(J~; p), where {W(x); x=0} is the semi-group of right translations
(1) on LP(0, «)..However,for y>1, Laplace transform methods may not be applied -
to solve the related Cauchy problem, since exp (—s?) (Re s>0) is not the Laplace
integral of a Lebesgue integrable function (see e.g. G. DoETscH [6, vol. I, p. 163]).

As the solution (16) of the Cauchy problem II is given by a holomorphic
semi-group, it is evidently also a solution of the Cauchy problem I of second
order for each function f in L?(0, =), where the operator J~2 in I is now replaced
by (=B)*=J"? (0<y<l1) with domain D(J~2?;p) in LP(0, ). Moreover,
condition (iii) in I guarantees the uniqueness of the solution (16).

‘The Cauchy problem I taken in the generalized sense with J~2 replaced by
J-2 and y=1/2 is known to be the formal version of the following boundary-
value problem of the heat-conduction -equation for a semi-infinite rod (x=0):

0w Ow

= =10

with initial condition w(x, 0)=0 (x=>0) and boundary conditionsl

w(0,)=f(t) and lerg w(x,1)=0 (¢=0).
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Also, for y=1/2 the density function is explicitly known, thus '

. —x2/4
a p”z(x;,)=V:_nexp(t31.?§/t)_ (. 1>0),

~and the solution w, ,(x; f)=W, /z(x) S takes on the form

exp( x*[4u). du (fe L?(0, ;o)),

3/2

(19) Wi (Of ] (=

the semi-group property of W, ,z(x) being reflected 'i'n the functional equation satis-
fied by the kernel (18): :

¢ . t

%1 +x; exp(—(x; +x,)*/41) _ X1X; [€Xp (—x}/4(r —u)) exp (—x2/4u) du
Van 1312 4n (t —u)32u312

, S0

(xl’x2>0a t>0)

The latter relation was already noted in 1902 by E. CesAro, as D. DoOETscH [6, vol.
IIL, p. 81, p. 267] remarks. Moreover, the resolvent operator of B is given by

— Ae** Erfc (AVu )} du

nu

@ RBNO = [fu-

(A=0;f € L“’(Q, <)), where Erfe u=(2/Vx) f exp (—v?)dv is the complementary

" error function.

3. Characterizations of the operator J=7, y=0

' In the foregoing section we have seen that the characterizations (9) and (10)
of the domain D(J~7; p) of J=7 in LP(0, =) and of J~7 itself (y=>0) through the

: Laplaée transform are important auxiliary means for the solution of the
Cauchy problem II. However, it is more satisfactory to obtain direct charac-
terizations upon a function f€ L?(0, «) to belong to D(J~7; p). This is the object
of this section, generalizing at the same time results obtained in [4]. The following
lemma gives an evaluation of the Laplace transform of the integral (2).

Lemma 4. Let O0<y<n (n=1,2,--), and let f€L(0,b) for every b=0,
Lf1(s) being absolutely convergent for each s, Res=>0. The Laplace transform of
(2) is then given by

@1 [/ 157 du] () = SyfA(S)%,..(SE) (e>0; Re s>0),
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where : _ C \

@ o= / e Res>0)

is the Laplace transform of the functioh

| t_ i Y)Y < . —

Ta Z( 1) [,](t—]) (l<t=1+1;1=0,1,---,n-1),.
(23) q,.(t) = _ .

belongtng to L(0, «). Moreover

(24) Con= hm a5, ,,(se) f q, ,,(u) du = f a- ” +—yu)" du

“and

F(—Y) 2 (- 1)’( )J’ (0 <y < n, y non-integral)
(25) Cpn= L
(= )”1 <

Z’( 1)1[ ]]legJ (')’ = 1a29 "'sn—l)'

Proof. By Fusini’s theorem we obtain for each fixed s, Re s=0,

oo

[esa [ wtrnarioa = [uora 3 o) [ st -

0 £ ) . e J= ju
L=

= 1%(s) 2(—1)1()f ey ’du—ﬂﬂ@{ ~Hse) T+

. +'§1 =1y (’;]j’(sa)‘V f’e‘“"u“"du = 57 f*(5) gy, (s8),

giving at the same time the representation (22). By the fact that s=7 = Q[iﬂ" Yr(yIs)
(y=>0 and Re s=0) as well as by the convolution theorem, this leads to

@n(0) = F(; +1)+2( 1)![] h; (),
where .
- L 0 (<))
(26 By gt ~
) S 0= f(u il v™ivdp T (u=j). -

I'(y)
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Applymg the substitution (1/v) — (1 /u) =t in the integral (26), we obtain the represen—

tation (23) for g, ,.
- We now prove that g, , belongs to L(0, ==). Obviously, g,,, 1S @ continuous
function on (0, =) and it belongs to L(0, b) for every b>0. Moreover, for y=1, 2, -,
n—1,q,,(t)=0 for ¢t>n. This follows by the fact that the function

e““(l —e)y = é(’) -1’ (’;) o-elt—))

and its (n — 1) derivatives with respect to & vanish at e¢=0. So we may restrict the
discussion to non-integral y, 0<y<n. By a lengthy calculation one obtains for

t=>n the representation

oo

‘ .\ sinym it g1
qy,n(t)“‘— m fe t_(l_e) vl dy _ (t>n)

0o

Hence, for t=n qw,(t)' has a uniquely determined sign: sgng, ,(f)=(—=1)""%
(k—1<y'<k k=1,2,---,n;t=>n). So it suffices to prove that the limit

f q,, J)du (b=a=n) exists as b . For k—1<y<k, partlal 1ntegrat10n (k-times)

gives
b . n . j? ’
‘ y-1 —1)Y ", 1——]d =
‘ ‘afu_ f:ZO( )[J][ u) ™
k-1 y=1= n_ \y—1
e 2 geolyl-)
- ﬁo( ) '})—'l Jj=0 . ]'] ‘u
b

n ‘ \r—k
A1 1 y=k=1|q_
+J§ =1 [j]( l)kjk!u »" [1 u] du.

b

+

u=a

The first sum on the right-hand side of this equation for u=>hb tends to zero
as b, while the absolute value of the second sum is majorized by

s (7)) Ny
3 (3) -y —n.
. » j=o0 . :
Clearly, since g,,€L(0, ) for each fixed s (Re s>0)
] = hm qr ”(SS) - fqy, (u)du,

which by the represent_atlon (22) with s=l leads to the equatioﬁ (24). From (24)
~one may determine the explicit form (25) of C,,,.. '
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As a consequence of Lemma 4 we have

" Theorem 5. "Let f and g belong to L”(O o) (1 =p<co). Then the fo]lowzng
" are equivalent far O<y<n:

@) feDUTp) with JUf=g; Qe §fN)=g'()  (Res>0);

1 4uf
Kf s
€

Proof. If (i) holds, then by Lemma 4 (21)

=0.

(i) lim

-0+

p

t

@) f [""{’35’)4 o [se-wa,. L)% @0

Vs

for almost all t>0. Since ¢, ,€ L'(0, o) with

j’o.qy.,,(u.) du = C

the right-hand 51de of (27) converges to g in the L" -norm as ¢—~0+4, g1v1ng (ii).
On the other hand, for each fixed s, Re s=0, by (21) ‘

1 4.
/u1+y du—g
CyonJ e

where 6 =Res and p~!+p’~!=1. Letting e—»O—i—, (i) follows by (24).
We remark that Theorem S generalizes Theorem 2 of [4] to arbitrary y=0.

(e=0),

s'f* (S)qy,..(SS) g (S)

- _(p)”"

_ Proposition 6. If a function f€ LP(0, oo) belongs to D(J~7; p) (y0>0) then
f belongs to D(J~?; p) for each O0<y<vy,.

Proof. Let n be an integer such that n=>7,. By Theorem 5 we have to prove
that the limit in the LP-norm of

S oo

’ [ w1y fau

exists as e—~0+. Using

: u
uo-Y = 8"°'y+(y0—y)‘/v"°”"l dv,
’ B

/
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one obtains by a change of integration
a.f

IEZSE

€ E

uf

70 )'du =

oo co

= (yo— ')’)‘/.vyo = ld”/ 1+fyo du+ero” 7/ 1+{o du (6>0).
But
” o ‘A"fduH = 255 0| 11,

for all f€L?(0, ) and =||q, ,ll; |lJf7"‘f||p for all f¢ D(J~7°; p) by (27). The desired
result now follows immediately. As a consequence of Theorem 5 and Proposition 6
we have : '

Theorem 7. Let O<y<n (n=1,2, ), y=k+o (k=0,1,
0<a<1) An element f¢ L?(0, <o) belongs to D(J Y;p) with J =g
FE€DU=*; p) and

e on—1 and
if and only if

oo

et fase N
A, a: e du=g|| =00 <0<,
. 1 AZf(k) | ) '

s[l_{la C1,z'f du—g 1= 0 (c=1).

There are further characterizations of J=7 (y=0) and its domain in L?(0, =)
by the semi-groups of operators defined in (1) and (16), respectively.

" Theorem 8. Let 0<y§h n=1,2,

«--). An element f€ LP(0, ) belongs to .
D(J~"; p) with J™f=g if and only if '

o =W . S anr _ B
é’_’&"ﬁx"-'_—_ =0 (Of?<n), xl_l,lglf 8 p—,O. (y=n).

The theorem can be proved directly via Laplace transform methods, thus
by the results of Sec. 2. On the other hand, it is also a consequence of a general
theorem on powers of generators of semi-groups of operators on Banach spaces
given in [1] (see also. [5 Sec. 2. 2)). Let us finally state one further more general

" result.
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Theorem9. Let O<y<n(n=1,2, ). For an element fc LP(0, o) (1=p<eo)
the followmg assertzons are equivalent: ' '

() for p=1: there is a functton u of bounded variation on. [0 o) such that

SN = 1) = [etdut) | (Res>0),
. |

for l<p<oco: there is a funbtion gé L0, «) with s’f"(é)=g“(s) (Re s=0);

(i) ‘ “f'l—f Al",rfydu =0() (-04);
(i) n[I—Wy,n(xn"fn,,:oa) (x = 0.

This theorem solves the saturation problem connected with the operators J=7 (y >0)
in the function space L?(0, «) (1 =p< ) posed in [2] for 0<7y<1. For a proof .
of Theorem 9 in case n=1 see Theorems 5 and 6 in [4]. Using Lemma 4 these methods
may then be easily generalized to arbitfary n=1,2, . (cf. Theorem 5 above).
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On the characterization of classes of functions
by their best linear approximation

By G. ALEXITS in Budapest

1. In the theory of approximation it is an attractive problem to characterize
different classes of functions by mieans of their best approximation. Denote by
{E,} a positive non-increasing number sequence. We say that the class of functions
% is characterized by {E,}, if the nth best approximation of every f€% by poly-
nomials, or another by appropriate system of functions, remains =E, for every n
(so-called direct theorem) and there exists a constant K >0 such thatevery f(x) for which
the nth best approximation is =KE, for every n belongs to ¥ (so-called inverse
theorem). A

It is well known that many important classes. of functions are characterized
.by the sequence of their best trigonometric polynomial approximation. Such are
e.g. the classes Lipy o for O<a<1 and a fixed M=>0 (Lipschitz-constant), the
characteristic sequence {E,} being {CM-n~°} where C is an absolute constant.
But, for a =1, the class Lip, 1 is no more characterized by {CM -n~1}, this sequence
being characteristic for the Zygmund class Z,, containing all 2zn-periodic functions
for which

Jmax [f(x+h)+/(x—h)—2(x) = Mh|.

In the following, we intend to investigate the nature of the classes € charac-
terizable by the sequence of their best approximation with linear combinations
of an arbitrary system of functions {f,(x)}. Our main result' can be expressed,
roughly’speaking, about so: if a class & is characterizable by a sufficiently regular
sequence {£,} of any best approximafion, then E, grants the order of magnitude of
the absolutely best possible nth linear approximation of .

One may be tempted to think that the order of the absolutely best approximation
could be essentially improved if we turned to non-linear methods of approximation.
But, it is not easy to find out what kind of a non-linear method could accomplish
this task. If we confront, for instance, the linear method of approximation by poly-
nomials with the non-linear method of approximation by rational functions, we
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shall show that, for the classes characterizable by polynomial approximation, -
the best approximation by rational functions gives no essentially better result. Hence,
only the polynomially non-characterizable classes are worth to be investigated
concerning their best approximation by rational functions.

. Approximations in a Banach space

2. Let BbeaBanach space, || x|z thenorm of x€ B and {».} a'sequence of elements

of B set in a fixed order. We form linear combinations 2 a,y, of the first # elements
k=1 .

where the @,’s are real. numbers. The non-negative number

E®(x,{y}) = i},lkf,llx*k_Z1 @ il

. is the nth best {y,}-approximation of x € B. We call {y,} the basis of this approxima-
tion. If ¢ is any subset of B, then -

EB(E, {».}) = sup EP(x,{».})
x€€

is the nth best {y,}-approximation of the set €. _
Denote by %({E.,}, {,}) the set of all those elements x¢€ B for which

CEP(x,{(p})=E,  (n=12-)

We call 4({E,}, {»,}) the {E,}-saturation set of the {y,}-approximation. This is
the set of all elements x of B for which a ““direct theorem” with the best approximation
sequence {E,} exists (referring to {y,}-approximation). Saturation sets are closely
connected with characterizable classes: a set ¥ C B is called {E,}-characterizable,
if ‘there exists a sequence {»,} and a positive absolute constant K, such that

(K E), {y)) cec e ({E), (n.)).

(K., K,, -+< will denote always positive absolute constants.) In the folloWing, we
shall suppose that {E,} is a positive non-decreasing number sequence tending
to zero. '

3. Theorem 1. A saturation set Y({E,}, {».}) is a closed and convex subset
of B, provided that the elements {y,} are independent.

First of all, %¥({E,}, {»,}) contains infinitely many elements because of a
theorem of BERNSTEIN (cf. [3], p. 332) according to which, for every p=1, there
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exists an element x, such that
. En
Er(lB)(xp: {yv}) = 7 ._

hence every x, belongs to 9({E,}, {,}). After this, let x, y be two different elements
of ¥({E,}, {»,}) and| consider the element z=(1 —1)x+ Ay where 0<A<1. Since,
for every n,

EP(z,{n}) = 1~ HEP(x, {yv}) +AE®(y, (7)) = (1 =D+ ) -E, = E,,

(n= 152, "')s

the element z belongs to %({E,}, {».}), this set is therefore convex. — As for the
closure, let x be an element of accumulation and {x;} a sequence of different ele-
ments of 4({E,}, {»,}) converging to x. By assumption, to every x; belongs at least

n
one linear combination ' a{’y, such that
k=1 -

i xi_.kg; a,gf)yk lp= E'(IB)(xj, {yv}) =E, n=1,2,--).

Then we have

E®(x,{»)) = X—2 a? yi la= llx—x;ll+E,,

hence, going over to the limitb J> oo,
ESB)(x, {yv}) = En‘ T n=1,2,--),

i.e. x€%, what we had to prove.

_ Corollary 1. A set € is characterizable only if it contains a convex continuum,
namely (g({Kl E.n}’ {yv}) .

4. The class @ of convex functions having bounded nth derivatives was, in
the last time, subject of investigations ([8], I and II) concerning its best approxima-
tion by rational functions. This class & can serve as an example for a class which
is absolutely not characterizable by linear approximations in any Banach space.
Because if, on the contrary, there were a characteristic sequence {£,} to a linear
{»,}-approximation, then ¥ would contain €({K,E,}, {y,}). So choose two convex
functions f(x) and g(x) contained in 4 and a number 0<A<1 such that A(x)=
=(1—-2)f(x)+Ag(x) should not be convex. Then K, f(x) and K, g(x) would
be contained in ¥({K, E,}, {»,}) but K, h(x) not, contrary to Corollary 1.

5. We call the number seqﬁence {E,} slowly decreasing, if it is positive, non-
increasing and tends to zero such that E,,=K,E, for every n. '
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Theorem 2. If{E,} is slowly decreasmg and the basis of approximation bounded
(Irls=Ks), then there exists a K, =0 such that

K4En'yk€(g({En}3 {yv}) (k:1)23 *tts 2na n= _ls 2, )

The boundedness of the basis {y,} implies

+ ”ym”B) = E2n'

EZn -y, E2n -y - 2
2K, 7F 2K, T™ilsT 2K

Therefore, if k=2n and m=k,

E;n
Er(nB) [Té’;'yk’ {yv}] = EZn = Em'

This estimation is the m_oré satisfied when m >k, because then we have

E;n
Er(nB) [ 2K2v yk’ {yv}} = O

So it follows .

EZn
2K,

yké%({E} ) - k=12-2mn=12)

Put K, =K,/2K;, then, by the slow decrease of {E,}, we. obtain

E2n
Koky = 21<3

~ hence the more we have K,E,-y,€ ¢({E}, {n}) for k = 1,2, v 2nandn=1,2, .-

Corollary 2. If{E,} is slowly decreasing and {y} bounded, then a set € can be
{E,}-characterisable by {yv} -approximation only lf there exists a K, such that
K,E, -y, €% for k—l 2,+,2n and n=1,2, -

» 6. It is known [4] that the best linear approxxmation in the space C of conti-

nuous functions with the basis {w,(x)} of Walsh functions provides, for the classes
Lip o with O<a <1 and Lipschitz constant 1, about the same order of magnitude
as the best polynomial approximation, namely {n=%}. Although, for the {w,(x)}-
_approximation of Lip « only direct theorems can be obtained. Because if ¥ =Lip a
were {E,}-characterizable by {w,(x)}-approximation, then by Corollary 2 the func-
tions Kyn~*wi(x) (k=2n) would belong to ¥ and this is impossible, since w,(x)
is not continuous.
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Approximation in Banach spaces contained in a Hilbert space

7. Let H be a Hilbert space, (x, y) the inner product of the elements x, y of

H and |lx|lH=V()?,_;c_) the norm of x¢ H. By B we denote now a Banach space
Bc H for which the relation ||x||p= Ks||x||, is valid for all x€B.

We prove now the counterpart of Theorem 2, a statement proved previously,
in-a somewhat less-general form, by KNAPOWSKI and myse]f [2].

Theorem 3.. Assume that for a set € B and for an orthonormal system
{¢,} © B we have :
(l) E,‘,'ka% . (k:‘l’z""’zn; n=1,2"")a

then, for any system {y,}<B, E,(%,{»)}) = KsE, (n=1,2,--).

1
First, let {#,} — B be an arbitrary orthonormal system and

sn.(ék’ {”v}) = Z; (ék, r’v) *Hy.
By the orthonormality, we have » ‘

1= ||&lg = Hék S (ék’{rlv})“H-*'HS (ék:{nv})Hﬂ

Hence, owing attention to E™ (&, {n,}) = ||&—sa (&, {nv})||,,, and summing for
k=1,2,-,2n, we get

®) 2n = E‘"’(fk,{m})+2 s (G {1} -
Applymg CAUCHY s inequality, we see that
2n . [ 2n ) % (20 n +.
Z‘ “Sn(ék’ {nv})HH = V2n {2 Hsn(éka {'h})”u} = V2n {Z Z (éka nj)z} .
k=1 K=1 X K=1.j=1
Both systems {{,} and {,} being orthonormed, by BESSEL’s inequality,
. o | .
k;; Eon)r = ”'Ij“l%l =1,
’ . . i 2n
hence we obtain the estimation® 3 ||s, (&, {n.Dllz = V2n.
. k=1

. 2n - : 4 '
Therefore (2) leads to X ES(&, {n,)) = (2—¥2)n, and consequently to
k=1 .
2— V’

@  max EP(EG, (1)) =

1sk=2n
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" By assumption, |\x[ = K] x|l for all x € B, hence also EP(x, {n.}) = KES(x, {n,}).
Thus, if we apply (3) to the elements E,-&, instead of £, we obtain
max EO(E, & (1) = Ks 212

1=k=2n
Since we assumed that, for k=2n, E,-&, is an elemeni of €, hence
@) E®(%,{n.}) = KsE,. - '

The estimation (4) shows that our theorem holds good for the best approxima-
. tions with an orthonormal basis {5,} — B. Consider, now, an arbitrary approximation
basis {y,} c B. Delete from {y,} the linearly dependent elements and denote by
{y*} the remainder system. Since there are less linear combinations of y,, y,, -+, »,
than those of y¥, %, -+, y¥, we have E®(x, {3,}) = EP(x, {y¥}). But {y}} can be
orthonormalized such that the vth element 5, of the orthonormalized system should
“be a linear combination of the elements y}, y%, ---, y¥. Thus the linear combinations
of y¥, y%, -, y¥ are the same as those of 7, i, -+, 7,, therefore

EP(x, {n}) = EP(x, (5)) = EP(x, {nv})
for all x¢B and n=1, 2, ---. Hence, by (4), EP(%, {y,})=KsE,, as we asserted.

8. For two positive number sequences {a,} and {b,}, we write {a,}~{b,},
if a,=K5b, and b,=Kga, for n=1,2, ---, ie. if {a,} and {b,} have the same order
of magmtude If there exists an orthonormal system satisfying (1) for a set ¥ B
then, by Theorem 3, it follows that the- numbers

E®N(%) = me(B)(‘g {», }) (n= 1,2,:)
are positive where the inf has to be taken for all possible basises {y,} € B. We call
E)(%) the nth absolutely best linear approximation of €. (We are not concerned
with the question whether E{¥)(%) is attained or not by a system {y,} < B.).
If {¢,} is' an orthonormal system, set E} = supe,, where the ‘sup’ has to be
taken for all e,>0 for which

e, £ €L (k—12 - 2n; n=1,2,:-).
"We shall show that, in many cases, the sequence {E;}} is equ1valent to {E, } and
{EP(B)}.

" Theorem 4. Let {&) be a bounded orthonormal system and € a closed set
{E,}- characterzzable by best {&,}-approximation. If {E,} is slowly decreasmg, then
{E} ~ {(EP(®)} ~ {E}}.

Since % is closed, we have
EX-£6%  (k=1,2,-,2n; n=1,2, ).
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By Theorem 3 it follows then E, szE* By Theorem 2, there is a K, such that
K,E, & €%({E}, {&.)) for k=1,2, -+, 2n, hence

® K1K4E,,-5k€(€({K1En},{£v})c(€ k=1,2,+,2n; n=1,2, .-

and therefore K,K,E,=E¥ ie. E,~Ef We h_aVe still to prove Ef=E®(%).
- First, we have EP(®)=KE}f by Theorem 3. But E®(¥)=E, and (5) implies

K KEP(©) 566 (k=1,2,,2m; n=1,2,-),
- hence K, K,E®(¥)=E¥, thus also Ef~E® (%) is proved.

Comparison of the best approximations by polyhomials and by rational functions

9. The mostly used linear method is the approximation by polynomials; its
simplest extension to a non-linear .approximation method consists in the sub-
stitution of the polynomials by corresponding rational functions. We intend to -
" compare efficacy of these two methods and shall see that, for classes characterizable
by best polynomial approximation, the non-linear method provides no better results
than the linear method does.

‘Denote by r,(x) a rational function of degree n, ie. r,(x) = P,(x)/Q,(x) where

,,(x) and Q,(x) are polynomials of degree <n Then, ¥ being a given class
of continuous functions, we call

0,(%) = supinf | f—rlc
fEE rn i

the .nth best rational approximation of % in the space C.

Szisz—TURAN [8), FReUD [5], and SzaBapos [7] have proved that, for some
classes, the best rational approximation in the space C may be essentially better
than the best polynomial approximation. The classes considered by these autors
are not characterizable by polynomial appfoximation. But, for the classical poly-
nomially characterizable classes, the best rational approximation is equivalent’
to the best polynomial approximation. (NEWMAN [6], SzaBADOs [7].) We shall see
that this phenomenon occurs for all polynomially characterizable classes.

Theorem 5. Let 4 be a class of continuous functions {E,}-characterizable
by polynomial approximation in the space C where {E,} is slowly decreasing. T\ hen,
Jor the best rational approximation, we have {0,(%)} ~ {E}.

Consider the function

f(x) = Ky S (Ese — Exes1) Tan(x)

where T,(x) denotes the v-th normed Chebysheff polynomial and K,, an appro-

8 A
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priate constant. Let s5,(x) be the nth partlal sum of this series. Since |T,(x)|= }/2/7r

we have
_max If(x) 53m (%) = Kyy Esm.

A result of BERNSTEIN (cf. ACHYESER [1}, p. 79) states that s3m(x) represents, for
3"=p<3"*1, the best approximating polynomial of degree n and even the best
approximating rational function of degree n. Thus, denoting by g,(f) the best
approximation of the function f(x) by rational functions of degree n, we obtain

) en<f)-=En('f:{T..})=KuEn @"=n <3 m=0,1, ).

Because of the characterxsablhty of % by polynomial approximation, there is a K
such that
%({Kl E}{T.})c¢%,

" while {E,} is slowly decreasing; therefore, by appropriate choice of K, it follows that
Ki1Eyn =K, Eymsi =K,E, (3" =n=<3"; m=0,1, ).

Thus, in accordance with (7), we see that f éfg and so 0,(%) = 0,(f) = K, E,.
This is just. our assertion. '
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Inequalities and theorems concerning
strongly multiplicative systems

By FERENC MORICZ in Szeged

Introduction

ALEXITS introduced the following definitions (see [1], p. 186).

The sequence of real measurable functions ¢,(z), @,(¢), -+ defined in. the
interval [0, 1], is called a multlphcatlve system if all their finite products are Lebesgue-
integrable with -

NO f%ﬁmuo )t = 0 (< n << k=1,2,),

The sequence {,(2)} is called a strongly multiplicative system (SMS) if the
system {@, (£)@,,(¢) -9, (¢)} is an Grthogonal system, i.e.

. 1 o
) [ om0en0) - om@di =0 (1, < my << m k =1,2, ),
G J | A

where «;, «,, -+, o can be equal to 1 or 2 but at least one element of the sequence
oy, Uy, *++, o 1s equal to 1.

The sequence {@,(¢)} is called an equinormed strongly muitiplicative system
(ESMS) if the system {¢, (1)@, ,(t)-+- @, (?)} is an orthégonal and normal system, i.e.

Joawd=0 [e@d=1 @=12-;
0 ,\fmmwmmwww=

1 1 .
= [onwd [ om@yar - fwmm<m<w<m<%,42 ),
0 0 . .

where a,, a5, -+, ®, can be equal to 1 or 2.
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Evidently a sequence of independent functions (with mean value 0 and dis-
persion 1) is an ESMS. Another example is a strongly lacunary sequence of tri-

-gonometric functions, i.e. {l/2 sin 27 nkt} if mepy/m=3 k=12, ).
ALexits proved that an ESMS has the property of the mdependent functlons,

i.e. Za,,(p,,(t) is convergent almost everywhere if and only if Za,, <. More
n=1

n=1

exactly he proved

Theorem A If {(p,,(t)} ina umformly bounded ESMS then under the condztton

oo

D al <o the series Z a,p,(t) is convergent almost everywhere Furthermore,
n=1 n=

if for every measurable set EC]O, 1] and for sufficiently large n the relation
f 92 dr'= Cmes (E) )

holds (where C is a positive constant depending only on E ), and zf the series Z a,,go,,(t)

is convergent in a set of positive measure then 2 a2 < oo,

n=1

(In [1] this theorem is given in a more general form.)

The aim of the present paper is to study what other properties of the 1ndependent
functions remain valid for an ESMS. Namely we prove the inequality due to BERN-
STEIN and other exponential bounds, furthermore, the central limit theorem and .
- a weaker form of the law of iterated logarithm for ESMS. Let me recall here the
" well-known forms of these theorems. :

We shall use, for any sequence {(p,,(t)} of functions, the followmg notatlons _

SN(t) = 2, an(Pn(t)a A2 = Z ar?s MN = lmaxN Ian| (N=1’21 )
n=1 n=1 =n= .

The following inequality is due to BERNSTEIN [2]:

Theorem B. Let {on(1)} be a system of independent functions on [0, 11 with -
mean value 0 and dispersion 1, and uniformly bounded by the constant K further-
more, let x be a positive real number such that

xMyK
4

3 =

[IA

Then - ‘ N .
mes ({Sy(?) = x}) = exp {—2—2? Qa —9)} .

' ) mes (E) denotes the Lebesgue measure of the set E.



Strongly multiplicative systems 117

Here we prove the following analogo'us form:

Theorem 1. Let {0.)} be a uniformly bounded ESMS wzth bound K, and
let x be a posztwe real number. Then .

. 2 e ‘ 3
@ mes ({Sx (t) = ) = exp {~2’1‘47(1 —.9)} with 0 = xf‘ﬁv;

Rémark 1. We observe if Sy(r) is replaced by — Sy(¢) the conclusion yields

. o . | 3
mes ({|Sy ()] = x}) = 2exp {t—szIzv(l —0)} with 0= "A%K .

We show that the revefse inequality also holds if xMy/A% is sufficiently small
and x?/4}% is sufficiently large, the analogous form of which can be found in the
quoted paper of KOLMOGOROFF [2].

Theorem 2. Let {@,(t)} be a umformly bounded ESMS, wzth bound K, and
let x be a positive real number. If the inequalities

: N XMyK® 1 o X s
(5) . : i) yr ke *= o and (i) i p=2
are satisfied, then : '
. . 2 L
- (6) mes ({Sy(?) = x}) = exp {—2);7 ( +a)}, .
: N
whgre ' : S
£=max{64m, 32V10§ﬂ}.

MA.RCI_NKIEWICZ and ZyGMUND [3] proved the following %)

Theorem C. Let {¢,(¢)} be a syézem of independent functions on [0, 1], with
mean value 0 and dispersion 1. Then, for all positive real numbers p (=1), we have

: .1 , 1 _
0 | Coav=1{f (;max, 1S, dt)}” = D, Ay,

where C, and D, are positive constants depending only on p.

An essentially similar result holds for lacﬁnary trigonometric series 3), too

2) Here we give the original theorem with a little modification.

) kg,: (a,. cos mt-+ b, sin n, ) in called lacpnary if meyme=g=>1 (k=1,2,...)- - -
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(see [4], v. 1, p. 203). Unfortunately we cannot assert the analogous result for ESMS,
but the followmg result is valid: '

Theorem 3. Let {@,(t)} be a uniformly bounded normed SMS. Then, for all

positive real numbers p, we have
1 1

@®) ' Gy = {of Sx(Pdi}” = DAy, -

wherée C'p and D, are positive constants depending only on p. Furthermore, if for A,
and a_positive real number 1 we have

.
(9) . AN =1 and 1= W,
then

S B : 1

(10) - [ exp {1S§,(t)} dt=72.

0

Moreover we succeeded in proving the followmg theorem (for the case Rade-
_macher functions, see [4], v. 1L p. 235):

Theorem 4. Let {go,,(t)} be a uniformly bounded normed SMS. Then the JSollow-
"ing estimations are valid:

(D Cdylogt 4g—C = [ |Sy@)]log* ISy ()] dt = CAylog Ay +C', )
v C =, ,

wkere C and C’ are positive absolute constants. ' o v
Remark 2, It will be clear from the proofs that both Theorem 3 and Theorem 4

rémain valid 1f Sy(t) and Ay are replaced by 5’ a,p,(t) and A?= 2’ a; in them

éﬁpposing that A << or A=1, resp'ectively.’ln particular, if 2’ a?<oo then the
n=1

sum of Z’ a,,(p,,(t) belongs to L" for every positive: real number p. s
Concernmg the law of 1terated loganthm the basm result, obtained by KoL-
- MOGOROFF [2], reads-as follows

Theorem D. Let {p,(1)} be a system of bounded independent functions on
[0, 1}, with mean value O and dispersion 1. If .

‘ (12 (1) Ay oo, _ (1) |aN¢N(t)l. =my=o0 [Vﬁﬁ] ’

4) By log*iuj we mean log |u| wherever |uj=1, and 0 otherwise.
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then - ' _ :
‘ t
13 - : mes [{lim sup Su(®) = 1} =1.
‘ : : N~ V243 loglog A%

For lacunary trigonometric series SALEM and ZYGMUND [5] have shown that
under the hypotheses (12) we have (13) with “=" instead of “="", In this case
- a complete proof of (13) was given later by Erp&s and GAL [6]. Recently, REVESz [7]
obtained the following result

Theorem E. If {o, ()} is a unzformly bounded ESMS, then

s [{hm ap PO TQ O+ on () _ 6}]
: Nooo YV Nloglog N

We managed to prove the following result which can be roughly formulated
as follows: if the sequence of indices m; <m, <.+ is rare enough, then the law of
iterated logarithm will be valid for the subsequence {S,,,k(t)}' with “="" instead
"of “="". More exactly, we prove : ; :

Theorem 5. Let {0 ()} be a uniformly bounded ESMS. Under.the conditions

. AZ
14 . e . - N
(. ) (l) AN. and (ll) MN O[J 10g10gA§,]’
for every positive real number ¢ there exists a sequence of natural numbers Ny <N, <-
having the following property if m< m,<--- is an arbitrary sequence of natural
numbers Jor which Ny=m<N,,, (k=1,2,--.), then we have
. S ()
as - {hmsu : L =1+el| = 1.
) mes || eee V242, log log A2, !

Remark 3. It will be clear from the proof that if we had the stronger in-
equality (7) for a uniformly bounded ESMS too, then under the hypotheses (14)
we could assert also (I13) with “=" instead of “="", Unfortunately, we only have
“the weaker inequality (8) for a umformly bounded normed SMS.

A number of authors have generalized the central limit theorem for the lacunary
trigonometric series. The most general result is due to SALEM and ZYGMUND {§],
who state the followmg :

Theorem F. Let SN(t) denote the Nth partial sum of the lacunary trigono-
metric  series Z(ak cos mt+ by sin mt), myy  Jm=q=>1 (k=1,2,-.), and let -

a, a,,:; by, bz, - be arbitrary sequences of real numbers Sfor which -

CN—-{ Z(ak +b,%)} - o and {aN—i—b }*lr o(CN).
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Then, for any set E [0, 2n] of positive measure, the distribution functions

mes ({t € E: Sy(5)/Cx = })
mes (E)

FN(y,E) (N=1321"')

tend to fhe Gaussian distribution with mean value 0 and dispersiah 1. .
We' obtained the following result:
Theorem 6. Let {(p;,(t)} be a uniformly bounded ESMS. If

(16) . Ay and ay=0(4y);

then the distribution_functions

an ’ Fy(y) = mes [{—%’i—l‘) = y}] WN=1, 2, )

tend pointwise to the Gaussian distribution function

G(y) = r_f Zdu

This theorem contains a result of REvEsz [7] (case a,=1 for every ).

§ 1. The proof of Theorem 1 and Theorem 2

The following lemma has a fundamental significance in the proof of Theorem 1
and Theorem 2.

Lemma.l. Let i be an arbitrary non-negative real number. Then
1

2 42 2 2 )
exp{l AN [1_)» MN—AMNKs]} = fexp{lSN(t)} dt = A

2 2
(18)
’ j. AN

= exp{ a +AMNK3)}

Proof. For every real number u, we have that

29
-

=

19)

. ?
lqg [1+u+T]—

5) (19) follows from the sharper estimates: O=u—log (1+u+u?/2)=u’/3 for u=0and u?/3=
u—-log (1+u+u?/2) =0 for u=0. We only have to remark that the function x(u) =
u—log (14 u+u2/2) is non-decreasing — e <u<o and %(0)=0, and that the function u(u) =
u—log (1+u+u?/2)—u3/3 is non-increasing and u(0)=0.

o0 TA
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Applying this inequglity; we get that

) - 2a202(t . '
exp {Aa,0,(t)} =_[l + Aa, (p,,(t)-f———‘%’i—)—] exp {R,(0)},
where : ) .
33 2 . .
IR,(1)] = “{—ZM"—"— (n=1,2, ...,N).
, Hence : )
1 .
N 3K3 N 2.2 2
20) f exp {4y}t = [ exp {ﬁ—;f—”“—} f II [1+za"¢"(t)+l__“"2‘”n (’)] "
n=1
1]
. By a simple calculation we get that
N 33 2] . (133 2} .
Q1) . JTexp {M}=exp{l KMy 43|
n=1 . 2 2 : .
furthermore,

2

1
0
1

1
=1+2 A'k nl an‘f(pnl( ¢nk(t) dt+2 anl °* nkf (Pil(t) b (pl%k(t) dt+
. o : o '

2,42 ,,2
[1_+/1a,,<p,,(z)+i—"M]dt -

n=1

. +2”+21—qu o a’lkagll ---Aa,f,,fqo,u(t)_""qo,,’k(t)go;‘:”(t) oo (pr%ll(t)dt:__ 1+I+J+K’
o .

where the sum X’ is extended for all systems of integer values (1 =) n; <.+ <m(=N)
. (1=k=N), the sum ZX” is extended for all systems of integer values (1=) n, <
o< (=N) and (1=)m;<---<m, (=N) for which m=m; (1=i=k, 1=j=l);
1=k, 1=!and k+I=N. It follows from (3) that I=K=0 and

2 2,2
J= Z' Aa "1 %
So we obtain that ‘
. 2,2
@ fﬂ[l+la go,,(z)+'1 & "’"(‘)]dt ]][1+’1 & ]

Applying the well-known inequality

l1+u=e if u=0,
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frem (20), (21) and (22) we get that

j exp 150} i = exp [PE MY [T e { il

I3 2 2 42 2
=exp{'1 K éMNAN}exp{'1 ;N}=exp{'1 (l+AMNK3)}

This shows that the right-hand 'inequality of (18) is true.
~We get similarly to (20) that

1

/ exp {ASy(0)} dt =

0

‘ EA]]exp{—%}f H[I+/la (p,,(t)+w]

n=1

(23)

Applying the simple inequality

=" = 14u if u=0, °)
we get that '

N N - _ ;
v Aa? . T 2PME 24 A2ME
A o 2 29) - ool 229)

This and (21), (22), (23) show that the left hand 1nequahty of (18) is true. This
completes the proof of Lemma 1.

In the proof which follows we use some 1deas from the classical paper of
KOLMOGOROFF [2]. First we introduce the notatlon :

Wy(x) =mes ({SN(t)>x}) for x>0

Proof of Theorem 1. Let A be a positive real number determlned later on.
It is obvious that

Wy(x)e?* = f exp {AS&(Z)} dt, - |
(o]

and it follows.from (18) that

2 42

(24 Wy(x) = exp {— Ix+ 27 Ay

(1+ /IMNK3)} .

¢) This sharper inequality u—u?/2 = log'(1+#) (u=0) is also true, as the function ()=
= log (1+u)—u+u?/2 is non-decreasing and x(0)=0.
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Setting 4 = x/ 4} we get

x? x? xMyK3 x2 xM K3
W"(")ée"p{‘Tﬁ*zAﬁ [”' yp ]}ze"p{“uﬁ [1" ye ]}

This proves (4) and finishes the proof of Theorem 1.
We need the next two lemmas only for the proof of Theorem 2.

Lemma 2. If ' .
xMyK3 1.
(25) —A%—— =5,
then » , :
o , x2
(26) . Wyx) =exp {—m} |
Pioof. As §=1/2 by (25), on the ground-of Theorem 1, (26) holds obviously.
Lemma 3. If
' xMyK® |
@27 —AN?V— =5,
then
_ N _ MY
28) | -W X)) =exp {————8 i, K3} .

Proof. In the proof of Theorem 1 we obtained (24), where 1 is an arbitrary A

positive real number. Now we set :

: 1

5 - 4= 3K
‘From (24) and (27) we get that

x A2 1
Wy(x) = exp{ S, K3+8M [1_*_7]} =

=ex {— X + 3x =ex {——L—}
=P "MK T sMyKe) T P T 8K
So the proof of Lcmma 3 is ready

The proof of the inequality (6) is much more involved. The following argument
follows closely that of a similar theorem in the paper of KOLMOGOROFF [2].

Proof of Theoreni 2. Let §=¢/8. Then

(29) 82 = max (1284, 16(log B)/B).
Hence it follows that . _ .
(30) 6%2=1/64, 6=1/8 and &>28%

We set now :
% = x|} (1-9)]
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so that, by (30), o
‘ x[A} < A < 2x[AR,

furthermore, in virtue of (5) we have

31) AMyK? <20 =212
and - S -
(32) . 224> p =2,

On account of Lemma 1

1
[ exp USy®) dt = exp {gzZAZ(l—wMN—AMNK*)}.

]
By (29) and (31) we get

_ lAZMN+AMNK3 < l(2a)2+2a = 4oz = 52/4
Hence
- (33) J exp {ASy ()} dr = exp 3224301 —52/4)}.
0 ‘ . '
On the other hand, integrating by parts, we obtain
1 ’ T 4e - +eo ’
[exp sy} di= — [ ewawy() = 2 [ erwy()dy.
0 — oo -0 .,
We decompose the interval (—eo, +o) of integration into the five intérvals
=(—o,0], I=(0,24%(1 —8)], . I, = (A43(1—5), A4} (1+6)] I,=(AA%(1+9),
8).A ] and I, =(8143;, + oo) and search for upper bounds . of the mtegral over I, -
and I and over I, and I,. : A
We have

. , . _
(34) J,=2 fe"'WN(y)dy =1 fe"dy —1

because WN(y)<1 for all y. According to (31), Lemma 3 and Lemma 2 we

have on I;
2

Wy(y) = .exp {—gﬁ} = e™ W for 'y =

2My K3’
and
‘ WN(y) = expi— 4A2 =e? for 8ldf=y= MK
- Therefore ‘ _
(35) Js =14 f Wy dy = A f =My < 1.

BAAN 8}vAN
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It follows, by (30), (32), and (33), that

[ exp Sy} dt = 8.

0

Hence, on account of (34) and (35), we can see that

1

V' o

On the intervals 7, and I, applying Theorem 1, we have
y? 52 o)
Ay - —_— — ply
e W(y) exp{ly > 2[1 8]}—e .

because, by (29) and (31), we obtain that

3 ’ .. 2
yLI:ZK— = 8AMyK? < 160 = %

0=
The quadratic expression p(y) attains its maximum for y=JA42(1 —52/8)~! which
lies in 7;. Hence, in the intervals I, and I, u(y) is majorized by its value
at y=14% (1+6) (as A43(1+6) lies closer to the right endpoint of the 1nterva1
I, than to the left one). This value does not exceed

2
22431 +6)— 2 AN (1+49)? [1 —%] =

2 42 2 42 2
=1AN[1-52+ (1+5)] ’lA[l_‘S_]

. 2 2 2
Therefore
' Y AAk(1-3) 844} )
neso=al [+ [ }e*yWN<y)dy<
0 AA% (1 +8)

’ A2 A% 82 A2 A% 52 |
<2 f exp{ 2”[1— ]}dy—SAZANexp{ ZN[I—T]}.'

From (5), (29) and (32), we get the following estimates:

. 2
log2"B <2logfB = %,
(37 '
. A2 AN

log 2542 4% < 2log A2 A4} = 52
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because A°4% > B and log ufu is a decreasing function if u=e. So we have from (33)

’ 1
1 A2 A% 8?2 1
(38) CdyFdy = Iexp{ > [1 ——4—]} < Z()/,‘ exp {ASy(1)} dt.
It follows, from (36) and (38)

IAZ(149)

G L= [ POy f exp (A, (1)} dt > 1exp{

242%,(1-8)

12 A2 (1_5)}

because 6 =52/4. Since Wy(y) is a decreasing function, on account of the definition
of A, we have that _ : o
(40). J3 < 222 A% 6 exp {A2 A5 (1 + 8)} Wx(x).

From (39). and (40)' we obtain that
1 12 4% } '

Similarly to (37), we have
- log 4,12A2 d<1A? A2 d

as 422A25>4ﬂ6>16l/ﬂ log B=2!2, and log u/u<1/8 if uz=212, So we get that

24

; 2
Ax (a +45)} = exp {—-——2141%(1 o) (1 +45)} >

x? . : x? -

because d =¢/8 and by (30), 6= 1/8 Th1s ylelds (6) with a suitable ¢, by (29). And
this is what we wished to prove.

Wy (x) exp {—

'

§ 2. The proof of Theorem 3 and Theorem 4

We need a result conceérning series with RADEMACHER’s functions defined - -
‘as follows ' ' :
r(x)=signsin 2"*zx  (0=x=1; n=12, ).

The following assertion holds (see [4], v. 1, p. 213):

Lemma 4. If p is an arbitrary positive real number - then

BN N )3
"dx}"é 2p%{2 a,f} .
n=1

@ i |2 an®
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Proof of Theorem 3. This argument will follow closely that on page 215
of [4]. First we show (10), hence then the second inequality (8) immediately follows.
The first inequality (8) follows from the second one by a simple argument.’

Let K denote a common bound for the system {¢@,(2)}, i.e.

oDIZK  (0=1=1; n=1,2, ).

Furthermore, let u denote a suﬁiciently small posmve real number. We set

N x) Z LA MGIMEE

Applymg (41), with a simple calculatlcn we get

_ fexp{,uSN(t x)}dx— 2’ X f k(t; x)a’xS »
(42) °

=3u b S (t)} 3 e 3 (t)}

g

since k¥/k!< 3 k"/nl=¢* On the basis of (9i)
n=0 .

. N - i
dep > a?p(t) = deuK? A% = %
n=1 . .
if
A(43) , - 1
: ' F=gek?-

Thus, the series on the right of (42) umformly converges in. ¢ (0=¢=1), and its

‘sum does not exceed 2.
Integrate 42) over 0=¢=1 and mterchange the order of integration; then

1

fdxfexp {uS% (t;x)} dt = 2.
(1] 0

It follows that there is a dyadic irrational 7) number x, (0<x,~< 1) for which’

@ | [ exp (uS3 (63 ko)) e = 2.
. ' . . o .

Consider the following representation of Sy(?)

‘ . 1 .
- (49 - Sy =K? f Sy (u; x0) Py (t, u; Xo) du,
0 .

7) x, is dyadic irrational number if x,32p/2? where p and g are positive natural numbers.
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where . ‘
Pyt u; %) = 17[”%"’}??’@]
n=1 )
First of 'all,ﬂ Py(t, u; x,) is non-negative. Furthermore, Py(f, u; X,) is symmetric

in ¢ and u, and

L . _ 1 :
J Patus =1+ 3 On ) 001y, (o) o) [ 000 0n,

| where the sum 2’ is extended for all systems of integer values (1 =, <--<m(=N)
(1=k=N). It follows from (2) that

(46) | : f PN(t, u; xo) du = 1.
- o ,

As to the representation (45), after carrying out the multiplications and integrating
term by term, the right-hand side can be written as follows: .

K 2 tara(oo), [ oty dus 2 3 a,r (o) ra(xo) om(® f 91(0) ) .

n=1m=1

+ Z a rn(xo) 2” sz 2 ¢n1 (t) ¢nk(t)rn1 (xo) rnk(xo) f ¢n (u) (pnl (u)
o @y, (W) du = I+J+K

where the sum 2” is extended for all systems of integer values (1 =)n, <---<m(=N)
(2=k=N). Taking into account that the functions ¢,(t) are normed, it follows
from (2) that I=K=0 and »

J = Z’ a rz(xo)%(t) = Sx(?)

. because r¥(xs)=1 (1=n=N). This proves . (45)
The function x(u)=exp (uu?) is increasing and convex for u=0. On account
of (46), JENSEN ] mequahty (see [4], v. I, p. 24) gives

x[ ISI’Q(;)I] =7 [f Sy (t; x)| - Py(t, u; x0) dut) = -
0

1 - .
= fX(|SN(t;xo)DPN(ts u; Xo) du.
0 : :
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Integréteithis. os)ef'0§_t§1 and interchange the order of integration, from 44
and (46), we get that '

0

L svO) [ Pt
fx[‘%—] at = fX(|Szv(t,;xo)|)d“fPN(t’“;x°)dt =

= f exp {ﬂSN(u X du = 2.

Now we set u=K*A then, it follows from (911) thlS U sat1sﬁes (43) We ﬁmshed
the proof of (10).
As to the second mequahty (8), we set

S = Sy(1)]Ax.
The condition (9i) is satisfied by the coefﬁcwnts of Sﬁ(t) Thus, if 4 is suﬂic1ently
small then, on account of (10)
1

f exp (ASE2 (1)} dt = 2 f St dr = 2.

0

w]»-

Hence it follows for every &

1
f ShOPd = 2’2 ,
3 A

that is
{f ISy (t)lzkdt} = D2kANr .

where, choosing A equal to (8eK5)‘ ,
1

Dy = {2~ 8Kk} 2k =< 8K3k? k=1,2, ).

If now for the positive real number p we have 2k —2=p <2k with a suitable natural
number k then it is sufficient to remark that

s« sorats

h (see [4], v. I, p. 25).
It still remains to prove the first mequallty (8). This is 1mmedlate for p=2,

for then
{f |Sm(t)|"a’t}7 = {(f S,%(t)dt}7 =
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If0<p<2, let a, and o, be posmve and such that o; +a, =1, 2—poc1 +40,. The
function

[ 18w (@)l dr
0

being logarithmically convex in « (see '[4], v. 1, p 25),

. 1 - 1 1 1 . .
4 = [ s30yde={ [ Iss@Par)™ { [ ss@ af™ = { [ 18wl ™ (0, Ay,
: Y o - 0 o - _
which gives ) |
. i
{ [ Isx@lrdr}” = Dre=20rr 4,
1] .

- This completes the proof of Theorem 3. _
The following lemma needs in the proof of Theorem 4.

" Lemma 5. There exist positive absolute constants 1 (=1) and ¢ such that

mes ({| SN(t)I = ’IAN}) =e.

The proof is based ona lemma which can find in-[4], Chapter V; (8. 26), and
-t goes applying (8), word by word as there,

. As to the proof of Theorem 4, it can be proved in the same way as the analogous
assertion for Rademacher functions, see [4], Chapter XV., (5. 14), applymg 8)
to prove the second inequality (11) and Lemma 5 the first one.

- § 3. The proof of Theorem 5

- We are going to apply the following well-known assertion: if the sequence {Ek}
of measurable subsets of the interval [0, 1] is such that

2 InéS (Ek) V< 2,
k=1
then ‘
' - mes [lim sup_Ek] = 0. 9
k— oo .
For the arbitrary fixed positive real number e(<1), we choose the real number .
(< 1) such that

47 . C n(l+e=1,.e.z¢ ,721__7_

8) lim sup Ek is the set of all those points which belong to mﬁmtely many Ej:

k— oo
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" Now we define the sequence of indices n; =n,=--- in the following manner:
@) - A _ =< (k=12
This is possible in virtue of (14i). e
We set _
[ Su)
V242 loglog A2,

zl-i—a}_ o

K

On account of Theorem 1, we get that

(49) mes(E) = W,, ((1+¢)V242 loglog A,%k) = exp {—(1+¢&)*(1 —0) loglog 42},

. [3loglog AZ.
0 =(1+8K>M, l/ "_‘gA—‘;gA'"‘. .

Here K denotes a common bound of the system {¢,(r)}. Taking into account (14ii),
this 6 tends to 0 if k tends to . Thus, § is not greater than &/2 if k is sufficiently
large. Continuing the estimation (49) we obtain

where

mes (E;) = exp {—(1 +e)? [1 —%] log log A,Zrk} =

= exp{—(1+¢)loglog A2} = (log 42)~1#9),
By (48), hence we get : .
k;lv mes (Ek) § R;I—W)— < oo

in virtue of (47). So; we have shown that in the case of sequence of indices defined
by (48), we have that '

lim sup S ) =1l+¢

k== V2AZ loglog A2, |
holds almost everywhere. .
Let my =m, =--- be an arbitrary sequence of indices for which

(50) nm =M < iy, .if n # My, and
n, =m if M = Hyyy (k:l’ 2, )

It is sufficient to show that
’ Slhk(z)—snk(t) T
V242, loglog 42,

Ak(t) =

tends to O for almost every ¢t (0 =r=1).
It is obvious that A4,(1)=0 if n,=n,, . Therefore, in the following we assume
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that n, <n.4,. Let pbe a pqéitive real number to be determined later on. Applying
Theorem 3, we get '

1
A AZ p
A,%p(i)dlé 2 [ Ae+1—1" nk] =
of P1242 loglog A2,

. l')zp el 11 k1 |P D et 11—k1 _1)?
= — —].
= 2y Togk 2

We apply the followmg inequalities: .

(51)

e=14+3u if Osu=l,
and '

w1y —w = uf’_ if u=0 (©<n<I).?2)

n
On account of these and (51), we ‘obtain ,
1 . . ’

L g [ 3((k+ DT —kM))° 3\ 1
'.ofA'%p(t) dt = D%g[%—)l = [—2—] D%Fﬁ?ﬁ'
If we fix the real number p so'large that p(1—n)=>1 is :sétisﬁed then

. ) oo 1 " . ’

) .

| » “ J\Akp(t)dts[ ]D k§m< o,
It follows from the theorem of Beppo Levi that
a0 (k-

almost everywhere. As p is fixed, therefore we have proved the assertion (15).
Now, we set N; =n,, and let N;'(!=2) be equal to the first index n, for which

n,>N,_,. It is obvious that the sequence N, <N, <--- has the property as asserted

in Theorem 5. ‘ ' '

§ 4. The proof of Theorem 6

. Lemma 6. Let {b,} be a sequence ‘of non-negative real numbers. If

. _ N : : )
(52) (D sy= 2 by~ and (i) by =o(sy),
. n=1 :
then for arbitrdry positive real number d(>1)', we have =
Y i . ) .
(53) Zl by ="o(sf).

%) This inequality follows from the fact that the function #"(0<n<1) is concave for u=0.
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Proof.- Let € be an arbitrary positive real number. We choose the natural -
number ne in such a manner that '

. -1 -
ﬁ§[i] . if n=ng.

S, 2
This is p0551b1e in virtue of. (5211) Next we choose the natural number Ny such that
1™, e
2 b=
Syg et " 27

that is also possible in virtue of (52i)-. Then
1 N no—1 N : ]
i a—1 -
s S0 {Zﬂzm}*z anZn:,z" bn=e

whenever N=N,, and assertion (53) is proved.

Proof of Theorem 6. i°) In. the ~proof we apply the following elementary _
inequality: for every real number u and every natural number n, we have (see [10],
p. 365) .
- b

n! -’

2 (lu)k

k=0

We make use of the classical method of cbaracteristic functions. Let us introduce

the following notation:
. + o

I = [ e dF),

where FN( y) is defined by (17). It is enough to prove-that for any fixed 4 the charac-
teristic function yy(4) tends to the characterlstlc function of the normal distribution,
ie. :

o a2
(5% . Un@) ~e 2 (N~ <)
Itis vaious that . _
66 Yn(d) = of e'xp{’%";fl} dr.

Applying (54) with n=3, we get that

57 (D) ='/ ﬁ'{[1+i/1an¢n(t) 2agd (t)]+0" ,13a3<p3(t)} a,
! n=1 .
) . 0

Ay 243 643
-where 8, also depends on N, and [0,/=1 (n=1,2,--,N). -

’°) The proof follows that of LINDEBERG’S theorem which is due to FELLER [9] See also [10],
pp 365—368.



134 ' F. Moéricz

_ We show that the mtegral on the nght-hand side of (57) can be replaced by
the fo]lowmg simpler integral

. _ , 1 . g
N A, @, (t) S Arak oi(h)
(s8) - f 114202 ]d’

N

in the sense that for every ﬁxed A the difference of (57) and (58) tends to 0 1f Ntends
to ==. For the sake of brev1ty we denote

AHHG)
6A3 ”

il <p..(t) a2 i (f)

P,,(t)=1+ 4, - 243

and R, () =0,

“where we do not indicate the- dependence on N. Applymg the followmg 1dent1ty
"~ (see [10], p- 367)

]J (Patr.)— Jipn =n§; ":.i [:]jllpk] L:ﬁi (pk+rk)] :

(the empty product equals 1), we obtain

iexp{z)ts”(r)} ]] ()

tR ol []7 lPk(t)l] [ ]] (lPk(t)lHRk(t)l)]

(59

By a s1mp1e calculauon we get that

1P, = {[ rd "’"(’)] PR (’)}

o 243 A3
" (60) _
' (@ 2alK?
={l+ . UHE
: : ¥ N
furthermore, : , '
. APla,PK3 '
Q) Rl e m,

where K denotes a common bound of the system {0.(0)}. _
From. (60) and (61) we obtain that the right-hand side of (59) does not exceed

PR3 e, {"‘1 2aEK?) (. RaKr APK|a)
_21 P 2,4,%,‘]]“,r 2 Y e |

k=1 k=n+1
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Applying the inequality 1 +u=e" (u=0), the last sum is not greater than

APK a0 {”PK’a,% Y APK3|g,?
=21 BT R Py iy b

k=1 k=n+1

/13K3 2K2 ABK3 ’
§|| -exp{ -l-lI 3Z1|a|3
6 2 6 Ay =i

" as it is clear that A7 DlaP=1. It folloWs from ‘(16) that the conditions (52)
n=1 .

of Lemma 6 are satisfied by the sequence: {a2}. Therefore, applying Lemma 6 with

o=3/2, on the basis of (53), we get that the difference of the integrand of (57) and

(58) tends to O (N — o) uniformly in ¢t (0=¢=1) if 1 is fixed. '
To prove (55) for any fixed 2, we need the following inequalities:

l—-u=e* if u=0,

ﬁ—l 11)
2

(62)

e-"(l““‘)é 1—u if O=u=

Now carry out the mu1t1p11cat10n in the mtegrand of (58) and 1ntegrate term by term

1 N
1, ira qo..(t) A2az k(D)
of .,]Jl[H' Ay 24 at =

1
L
=143 —-a, ---an,‘f«»m(z) e gy, (1) de +
. Y

1
, —1 kAZk .
+2 (21:3421‘ az, - ar?kf(Pfl(t) - on (O dt+

'” ik(—1) Ak'+21
+Z T)ﬁv”’_—a"l o am;a v A, f (pru(t) (pnk(t)(pml (t) (Pm,(t) dt

where the sum 2’ is extended for all systems of integer values (1=) n; <--- <nk(§ N)

(1=k=N), the sum 2” is extended for all systems of integer values (1=) n, <
w<m (=N) and (1=)m; <-+<m(=N) for which m;=m; (1=i=k, 1=j=]);
1=k,1=]and k+I=N. It follows from (3) that the integral (58) equals

(1pi Y g
1+2 2kA2k '%1.““31::]]— 1_7 .

\

1) This inequality follows from the fact that.the curve p=eg~H+W) (( 1- l/2)/2 =u=
= ( 1+V2)/2) which is concave, lies below its tangent at the pomt u=0, v=1.
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" Taking into account (62), on the one hand ‘

:

R e s
(63) 17[1»'— ;]éexp{ Z "}= z.
243 s

2
n=1 N

holds for every N, on the othér hand

Aa; s Aa (| 2a 23 A“a:}
“ !]1 [ 243 ] =°xp{‘n=21 24 [” 24 ]} “?"P{fT“Z 74

holds if

i2a® V?—l -
2A§,=—. 2 (1 =n=N)

But, in virtue of (16ii), th1s is satisfied for every sufficiently large N. Applymg again
Lemma 6 with a=2, we get

. ,
Aat :
30 weo

According to (63) and (64)

N a2 ‘ _ At

Noreo 2y

holds for every fixed A. This completes the proof of Theorem 6.
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Inequahtles for polynomlals and their derlvatlves

By A.K. VARMA in Edmonton (Alberta, Canada) *)

: Introduction

1. Recently J. BALAZs and P. TURAN [2] have obtained certain interesting ine-
qualities which arise from their consideration of (0, 2) interpolation on w-abscissas.
(n,,(x) (1 —x?®)P,_,(x), P,(x) being the Legendre polynomial of degree =n).
By (0, 2) mterpolatlon they mean the problem of ﬁndmg interpolatory polynormals« '

R,(x) of degree =2n—1 for which : '

(1.1 R = RGD=p (k=121

are prescribed. From this,consideration they proved thez following

Theorem 1. 1. 1. Let n be even and further if we are gtven ‘for a polynomia:
Qsn-1(x) of degree =2n—1 :

(1 L. 2) |Q2n—1(xk)| = A: |Q,2,n—1(xk)l =B (k= 15 23 ""n)
then for —1=x=+1 we have
. R}
(1.1.3) Q201 ()] = 7ond+ 770
and _' _ '
(1.1.4). |Q%n_1(x)| = 78n5/2 A+ 75 Bnli2,

2. The appearence of the exponent 5/2 in (1. 1. 4) is unusual. They proved. that:
the results (1. 1. 3) and (1. 1. 4) are also best possible in a certain sense. The object.
of this note is to obtain analogous results when the x;’s are taken to be the zeros.
of (1 —x?)T,(x), T,(x) being the Tchebycheff polynomials of the first kind.

*) The author acknowledges financial support for this work from the Umversnty of Alberta.
Post-Doctoral Fellowship (1966—67). -
He is presently at the University of Florida, Gainesville.
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In an earlier work [3] we proved that (for n even) there exists a unique polynomial
R,(x) of degree =2n+1 for which

(1.2.1) R(x)=a (k=12 - n+2),
(1.2.2) R =b,  (k=23,,n+1)

are prescribed in advance. Let
©(1.2.3) : 1= > x> > X4y = —1

be the zeros of the polynomial (1 —x 2) (%), T,(x)=cos (narc cos x). From our
earher work [3] we have

(1. 2. 4) o R (%) = 5'2 a rk(x)+%'1 b0 (x) (n even),

where fundamental polynomlals r/(x) and g,(x) are mentloned in the next section.
From the uniqueness theorem [3] it follows that if 0, 1(x) is an arbitrary polynomial
of degree =2n+1, then

: nt2 C e
(1.2 5) O ()= Z QZni_-l(xk)rk(x)'l' _2' Qn+1 (%) 0k ().
Based on this we shall prove the following main theorem:

Theorem 1. 2. 1. Suppose the polynomtal Qzns ) of degree =2n+1 (n even)
. satisfies:

(12' 6) : .»IQ2h+l(xk)| é] . (k =.1529 "‘_,n+2),
(1.2.7) Q510 = 75 k=23, 4D
Then for —1=x=+1 we have

(1.2.8) = [Qant 1 (X)] = ¢, (32 A+ Bn=12) - with (c,=54)
.and o

(1.2.9) |Qns 1 (X)] = ¢, (052 A+ B2y with ¢, =251.

First we remark that the result (1. 2. 8) is essentially best possible, i.e. ‘we can
find a suitable polynomial f,(x) of degree <2n + 1 which satisfies (1.2.6) and (1.2.7) -
..and for a numerical positive c, -

L2100 |fold) = es(Ani k- Bamiy)

- where d,=coS Xy, Xn= . Thus comparing the results on these two abscissas

T T
2 4n
we find that (1.2.8) is not so good as (1. 1. 3) although (1. 2. 8) is. best possible
.as explained above. Nevertheless, the estimation of the derivative in both cases
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are equally good. If we apply MARKOV s 1nequality on (1 2 8) in the closed 1nterval
—l=x=+1 we get
(1.2.11) | Q1 O] = ¢, (An™2 + Br?l),

The result’ stated in (1. 2. 9) is much better than (1. 2. 11). lf however, we
consider only closed submtervals of (=1, 1), S. BERNSTEIN’S 1nequa11ty gives from
(1. 2. 8) that '

(1.2.12)  [Qnei ()] = 2—V2[An572+Bn1/2] for —l+e=x=1-e
Comparing (1.2.9) with (1.2.12) we observe that both 1nequalit1es assert-in
—l+s<x<1—e essent1ally the same thing.

‘2. Preliminaries '_ :

_ 1. The 'explicif forms of the fundamental functions r,(x) and g (x)
(k=2,3, ---, n+1) that we have obtained in [3] are the following:

. . . — y2)1/4 | .
ey k=730 5 (")[ f (IT",(J))mdt / T /|

where

AN ' T lk(t) |
(2' L. 2) o ) f (1 12)1/4 (1 t2)1/4
and [ (¢) is the fundamental polynomiql _of Lagrange 1nterpolat1on ) »
(213) . lk(t)_m (k'_‘2=3"' :n+1)1
2
r(x) = 2((11 )) lk( )‘i‘ )lkzgx;1; ())C) + by Qk(x) +
(2.1.4) n
(1—x2)1/4T (x) RAUES tl; (t) 1
M=) DT [ / a=mm “ +f a kﬂ)l/‘* ]
where. o . _
@Ls by = n !

—x " (=xp’

+1

- T(t) th,(2)
(2.l.6) _ ‘ Ak,/( 12)1/4 /(1 t2)1/4
1 .
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For k=1 and k=n+2 we have

O .

Q17 ri(x) = ! -;x Tf(x.)'*'(l = x)T,(x) Th(x)— d -—XZ);M_T"().C) f(l — 1)t
and | _ | o o
(218) a) =.1%X'T;2| )—(1— x2)T,,(X) T, (x) _ (¢! —xz);/4 Tn(x)f(l i:lt(zt))ll‘t di.

2. We wish to express these fundamental polynonuals in another form, sultable :
to our purpose. For this we denote :

Py, (x) = Thi+1(x)
(’+4] or(ivy)
(2.2.1) | x
= Polynomial part of (I —x2)-3/4 / (1_];% o
and - t :
'—F[’——] F[—]V ,_lr[i+—]
Vars ) = b & T =
F(’+Z) F(Z’) : F{z-l—z) ~
@.2.2) . i -
‘ . ’ 2r d
- f T

Thus g,(x) and r,(x) can be written, for k=2, 3,',---., n+1, in the following forms
o _1-AT,®
. (2 2’ 3) v . Qk'(x) - ZT;(xk) qn-1 (x)

where
n

@24 410 = API+E ST, (0 Py (0 + Tor o (Vs (]

- and A, is défined by (2. 1. 2), further

(2.2.5) r(x) = (—l)m*'bk""( )+( 4;“ ():Z,:;E)IC)—S";g)(x)
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where s,_,(x).1is given by

(2 2.6) 5,_1(x) = AkP x)—— 2(4’2 T2r(xk)P2r(x)+(2r_ 1)2 T2r 1(xk) Var- 1(x))
Here b, and 4; are stated in (2 1. 5) and (2 1. 6).

3. Wewill prove some results which we requlre in the estimation of the fundamen-
tal polynonuals

 Lemma 2.3.1. For k=2, 3, o, n+1 we have
o ‘ L) e
(2f 3. 1) . f (1 - 2)1/4 0,

. nt+l
L®
(2.3.2) 2 s1n0k/(l 12)1/4 =12.

This lemma is -established in our earher work: [see formula (5. 8) and (4 7
in [4]].

Lemma 2. 3. 2. For k= 2 3,- ’n+1 we have '
1

. tIk(t) _i_ i
(2.3. 3) | |di| = I f (1= 2)1/4 =V Vl—-—_x,f

Proof. From a result of L. FEJER we have

) n—1 )
O =3 2 T 0.

Integration by parts and using the differential equation for T,(¢) yields.

r 1
f tTL(2) _ V?rzr_[i_Z]
= )1/4 2 r 5
| r (T“Z)

" From this the result follows by using ABEL’s inequality.

for r even,'-= 0 for r oddt

"Lemma 2.3.3. For —1=x= +1 ‘we have
@.3.9 | PL =1, VoI =1,
2395 (1-PP,E S+, [(1—)V, =+ 21,

(2.3.6) A=) P =2, |-V ()] =2
where P,/(x) and Vé,_l(x) are defined in (2. 2. 1) and (2. 2. 2)," respectively.
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Proof. We will prove resuits for P,,(x), the corresponding results for ¥,,_,(x)
are similar. From (2.-2. 1) we have
(-2 el .

'léz;(a;)lér( )F( )

is a monotonically 1ncreasmg

Il/\

I

A p(
In order to prove (2. 3. 5) we observc that
| e )

i4

h—/‘/-ﬁ

Alw -Mu:

1+

functlon of i Usmg ABEL s 1nequahty we get

1 1
_F[r——] F{r—i——]
(1= x2)12 P, (6)] = — o 4

= 5 ( 1) Ispa s
F(f-l—z r r—Z

Again, using ABEL’s inequality, we have

(A
.*|’_

-y p 0o = | ED
_ o

- max Zsm(Zz—f—l)()smH =2

1=p=r—-1

This completes the proof of the above Lemma by using the representation
" of g,_,(x) as given in (2. 2'4) From the above lemma wé get

Lemma 2 3.4, For —1=x=+41 we have

2. 3-7) ' - g, - 1(x)l <4+2Ckn3’2
| 1 2 1./2 4 1/2
(2.3.8) I(1=x%)12g, 1 (x)| = —-logn+2n12C,,
@39 _'xz)q;_l(x)]-g 8+ an312C,.
Here C, is given by
‘ L.()
@310 /(1 klz)m

- Let us denote
4,() = (=X T, (), (-
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Then from Lemma 2. 3. 4 we have at once
2.3.11) lt1(x)|§ %logn+2t_11/2Ck (;1 =x=+41),

(2.3.12) C ()| = 20logn+10m32C,  (~1=x=+1).

3. Estimates of the fundamental polynomials

1. The above Lemmas lead us to formulate:

Lemma 3.1.1. For —1=x é + 1 we have

n+1 n+1
Y el _ 14
3.1 1) kg’ lex ()] = k;; (1=x2) = nii2’
n+1 nt+1 ’ : .
(.12 Sl = 3 A5 - gon
k=2 k=2 1—x;

From (2. 2. 3), (2. 3. 10), (2.3.1), (2.3.2) and (2.3. 11) we have -

n+1 |Qk(x)l _ 1 4. © on+1 1 vz
Z l—x,f :E ;lognz '/1 _xk+2 n 12

k=2 k=2

Using again the above relations and (2. 3. 12) we have

& o)

l—xk -

n+l . :
1 [ZOlogn 2 +10n3/2-12] = 80n1/2,

,/—*._ X2

2. In order to determine the estimate of the fundamental polynomlals of the
ﬁrst kind we need the followmg Lemmas:

k=2

T.emma 3.2.1. For —1=x=+1 we have

_ S A=x)RBx) _
3.2.1) 2 =6
(3.2.2) ' 3‘1 [M] = 36n

k=2 l—xk

where dash denotes dzﬂerentiation with respect to Xx.

A proof of (3.2.1) is given in our earlier work [4], and (3. 2. 2) follows Very
easily by using the inequalities:

(3.2.3) . |5 ()| =2 (-1=x=+1),
(3.2.4) (A—x)1Lx)| =2 (~1=x=+1).
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Lemma 3.2.2. For —1=x+1 We have'

(.2:5) | I50—1 (0)] = 3n2+ 203/ d),
(3.2.6) (1 =x2)12s,_, (x)| = 16n+2n112|d,],
(.2.7) ' I(1=x2)s,_ ()] = 1n2 +4n?2|d,], ' ;

where d, is defined by 2. 3. 3), and s,_,(x) is a polynomial in x of degree =n—1
given by (2. 2. 6).

The proof of this lemma is clear from Lemma 2.3.3 and (2 1. 6), and so we
omit the details. Let us denote :

G2y -b@—ﬂ—ﬂTMad@

then by the above Lemma 3. 2.2 it follows that

(3.2.9) It (0l = 16n-+2n112]d| (—1 =x=+1),

(3.2.10) |t2(x)| =324 10n20d,  (~1=x=+ 1.
3. Next we state: _ .
'Lemma 3.3.1. For —1=x=+1 we have |

REER) N o R e [P

(3.3.2) Iri ()] = 1302, |r,’,+2(x)|.s 13n2.

A proof of (3. 3. 1) is given in our earlier work [formula 6.10,[4] ] and (3. 3.2)
can be obtained easily by a simple computation using similar ideas as in Lemma 2. 3. 3.

Lemma 3.3.2. For —1=x §,+1, we have

.o n+2 -
. v‘(3. 3. 3) o Z’ |rk(x)] = C5n3/2 With C5 =54
“and ) ,
n+2
(G.3.4) S @) = Cenlr with  Cg=251.
o k=1 .

Proof. Using the representation of r(x) as given in (2.2.5) we have

n+1 i+l o, ()| "l 2nii2|d|+16n
r.(x)| = 8+ 2n? 4 KT =
kgzl e k=22' (1—x¢) k;zv 4ny1—x2

n+-1 1

4 +4nlogn+4n = 48mdi2,

= 84 2n?
+2n nil2 S k2
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Here we have used (2 3 3, 3.2.1), 3. 1. 1) Combmmg with (3 3. 1) we
obtain (3.3.3) with Cs="48. Again,

, - 2 ‘Qk(x)l n+133n2 4 10n3/2 A -
2 Irk(x)l = 36n*+2n? kgz' (0= x2 2 PRSTF e =

| k=2 =2

= 3672+ 212 - 80n*/2 + 912 log n + 202 = 225n57.

Here we have used (2. 3. 3), (3. 2. 2) and (3. 1. 2) Combmmg with (3. 3.2) we obtain _
3:3.4. ‘

. Proof of Theorem 1.2. 1. From the representation of QZ,,H(x) as glven
in (1 2. 5) we have on using (1. 2. 6), (1.2.7):

‘n+2 n+1

1@l =4 2 @B 2 ‘Q"(")‘ = Cy(nh 4 B,

bHere we have used only Lemma 3. 1.1 and Lemma 3. 3. 2. Similarly using the same

Lemmas .
n+2 . nt+1

10 @1 = 4 2 W8 2 'Q"(")‘ = C,(Ansl + Buil?),

Now it remains to prove (1. 2. 10). From our earlier work [5. 3, 6.9 [4] ] we know

: .n+1
IQk(d)|> _1/2
(3.3.5) 21 ="
: n+2 . .
(3.3.6) 2 re(d)| = 2-10n312,

where d,=cos %,, Xn = —41 The polynomial f(x) stated in (1. 2. 10) has the

T
2
following representation:
n+2 - . X V n+.1 .
Jo(x) = 'k‘-21 A sign rk(d,.)rk(X)+k_Z; B, (x) - (1—x2)~ " sign ox(d,).
Obviously, ' ' '

fo(x) = Asignr(d,), [o(x) = B(1—x¢)~" :signo(d,).
Therefore

n+2 n+1 .
fold) = 4 2 @B 3 'Qk(dn)' = C, (A2 + Bn-112)

- from (3. 3. 5) and (3. 3. 6). This completes the proof of the theorem.

Note. It is rat'her easy to prove that

n+2 n+1

2 |ri(0)] = CsnsP2 and

10 A
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from which it follows that (1. 2. 9) is also best possible, i.e. we can find a polynomial
fi(x) of degree =2n+1 which satisfies (1. 2. 6) and (l’. 2.7) and for a numerical

positive C,
F7(0) = C,(4n52 + Bn1/?),

The author is thankful to Professors P. TURAN; A. SHARMA and A. MEIR for
some valuable suggestions.
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On summability of Fourier series -

By LASZLO LEINDLER in Szeged*) .

Introduction

Let X ¢, be a given infinite series and let s, denote its n-th partial sum. Let
A={4,} be a monotone non-decreasing sequence of integers such that 1, =1 and
Aot —An=1. '

The mean

.V,,(/l)=)¥i Z_’ s, (=l

n'v=n—An,

- defines the n-th generalized de la- Vallée Poussin mean of the sequence {s,} generated
by the sequence {1,}. The series Xc, is said to be (¥, 1)-summable if V,(1) converges,
and absolutely (¥, A)-summable or, in brief, |V, 1]-summable if the séries -

PO AL

converges.

In the previous papers [7] and [8] we have dealt with (¥, A)- summablhty of
general orthogonal series and lV Al-summability of Fourier series, multiplied
by a factor sequence.

The main purpose of the present paper is'to unite, in terms-of (¥, A)- summation, -
some classical theorems on the partial sums, the (%, 1)-means, and the proper
de la Vallée Poussin means, of Fourier series. Indeed, it is easy to see that, by
suitable choice of A={1,}, the V,(1) means include the partial sums (1,=1,

V(M) = s) the (%, 1)-means (4,=n, V,+:(A)=0,) and the proper de la Vallée

1
- Poussin means (,,,: [5] )Vz,,()) = V] as special cases.

*) This research was supported by the National Research Council of Canada while the author,
stood at the University of Toronto. .
') [»] denotes the integral part of y.
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Analogous problems will be investigated for the so-called “strong (V A)-
summability’”’ (Theorems 5—7).

Furthermore, the method introduced in the present paper shall be used also
- to give a very simple proof of a theorem on strong (%, «, k)-summability of Fourier
series which generalizes ZYGMUND’s theorem [13] concerning strong (H, k)-summa-
bility (Theorem 8).

Finally we prove some theorems concermng absolute (¥, 4)- summablhty

Let f(x) be a functnon integrable in the sense of Lebesgue and periodic with
period 2x; and let

D : %+ 2, (a, cos nx + b, sin nx)
I . n=1
be its Fourier series. s,(x)=s,(f; x) and V,(4; x)=V,(/, 4; x) will denote the
n-th partial sum of (1) and the n-th generalized de la Vallée Poussin mean of (1),

. respectively.

We prove the following theorems:

Theorém 1. If the function f(x) is bounded; lf(x)léM,'then the means
V,(1; x) sansfy ‘the znequahty ' ’ : :

@) - N W0 x)|<M[3+1 g 2 ; ’1"].

n

If ,=1 or A,=n, this theorem reduces. to classical results of LEBESGUE and

FEJER, respectively. 2)
’ We will write as usual (px(t) = flx+2t)+ f(x — 2t) 2f(x) and

&) = f 0. ()] .
0.

Theorem 2. If the sequence {A,} tends to.infinity and the conditions

4
n

'(p’}(t)' di=ol) (-,

®

:vfr—\

@ . nqﬁx[l]—o(l) (1 o)
are fulﬁlled then the means V,(1; x) converge to f (x)

2) In this and in similar statements it will be understood that the constant factors occurring
in the new and the known estimates should not be necessarily the same.
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If n=0(2,), then (3) and (4) are fulfilled at any Lebesgue point of f(x) and
consequently almost everywhere, hence this theorem includes the classical Fejer—
Lebesgue theorem and the following

Corollary 1. If the sequence {n,/3} is bounded, then for any integrable F
the means V,(%; x) converge almost everywhere to f(x). .

Let E,=E,(f) denote the best approximation to f(x) in the space #(0, 2n)
of continuous functions in (0, 27) by a .trigonometric polynomial of order not
higher than n.

Theorem 3. If f (x) is continuous, then the estimate

|Vna;‘x)4f<x)| = [4+1 og 2”1 - ]

A holds true for all x uniformly.

If A,=1, this theorem gives the well-known result of LEBESGUE [6]. If 2 —[ ]
then we get the classical theorem of DE LA VALLEE PoussiN [12]. ‘
Corollary 2. If there exist two positive numbers, K, and K, such that 1 <K, =

=

=K,, then for any function f(x)cLipa (0<a§.1) the estimate =

Va(d; x)—f(x)| = O(1/n%)

i
Z
is valid for all x uniformly.

For a sequence {4,} of general type we have

Theorem 4. If f(x)eLipa, then

0[%] Jor a<l,

n

) I’Vn(i;X)fJf(X)l = 0[1+Iog i

p) ] Jor a=1,

n

Sorall x uhiformly

This theorem covers BERNSTEIN’s results [3] concerning (%, 1)-means.
From Theorem 3 and Lemma 1 we 1mmed1ate]y obtam '

Corollary 3, Ifn=0(l,,), then, for any function f(x)€%(0, 2n), the means
" V(4; x) converge uniformly. ' :

We remark that Corollary 2 and 3 can also be deduced from a theorem of
Erimov [4] (see p. 770). - ‘
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The strong (¥, 1)-summability, i.e., the means of the form

. 1
n—1

T,(f, 2, ;3 ) z{li 2 s —f(x)i"}

can also be investigated. We can however prove the strong analc;gues “of the
previous theorems only under the restriction n=O0(4,).

Theorem 5. Suppose that n=0(4,). Then, for any f(x)€%(0, 2n) and k=0,

1

© {%Z 5,x) —»f(x)l"} =0(,.)
-holds; and if | f(x)[éM; then we have | .

V - .‘ 1 n—-1 - % ' “

() : {T 2 1sv(x)|k} = O(M).

See alSO‘ALEXITSffKRALIK [1], Satz 1, and [9], Satz 1.

Theorem 6 Suppose that f(x) -can be dzﬁ"ere_ntidted r times and f©(x)€ .
€Lipa (0<a=1), and that n:O(l,,'). Then for any k=0 : .

1 ) .
. 0 {;r-}-—a] for (r+oz)k -~ 1,»
®)  T(hAkx) = 1 .
. ' 1 . . n k R .
|0[W[1+10gm] ] for (I‘-I-(x)k = 1". .
unz'formly; The same estimate is also valid for the conjugate function F(x).

Furthermore, if (r + )k =1 (0 < =1), then there exist functions fi(x) and f,(x)
such that their r-th derivatives exist and belong to Lip o, moreover

— , c L n
» (9) » nlin;lo Tn(fl’lifkao) =. nrte [1+logn—ln+l]
and : B
: _ 1
— . e n *
“(10) "11210 T,(f2, 4, k;0) = e [1+1ogm] ,

where ¢=>0 is independent .of n.
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MARCINKIEWICZ [11} (k=2) and ZYGMUND [13] (k =0), proved for any integrable
function f(x) that :

. 1 < ' '
(1n | — _20 [, () —f)* = o(1) ae.
From this result and Lemma 3 we obtain the following theorems.
Theorem 7. If f(x) is integrable, then, for any positive k and 5;

: ; , :
(12.) T 2 Is, (X)—f(X)l"—O[(A]] a.e.

v=n—2An

Theorem 8. If f(x) is an mtegrable Sfunction and k is any positive value ‘then
for any positive a

(13) m 2 A‘“ Vs, (x)—f(x)l"~0(1) a.e,

k+oc]

v‘with' A,ﬁ“):( X

It is obvious that similar theorems can be proved on the conjugate function too.
Finally we prove two theorems concerning absolute (¥, 1)-summability of
Fourier series.

Let E® —E(Z) €2) denote the best approx1mat10n of f(x) in L2(0, 27).
Theorem 9. If

oo 1 . .
O | 2V B = -,

then the Fourier series of f(x) is |V, Al-summable a.e.

Theorem 10. Let A(x) (x=1) be a continuous functfon, linear between n and
n+1, furthermore let ~A(n)=Vnl,. If ‘

1

(15) / [f [f(x+t)—f(x—t)]2dx] dt < oo,
| STL A

then the Fourier series of f(x) is |V, A|l-summable a.e.

It- may be worth while to remark thét under the conditions (14) and (15),

the same conclusnons are valid for the functions: |f(x)], 7() and 1/f(x) if | S =
=c¢=>0. . :



152 ‘ L. Leindler
§ 1. Lemmas

Lemma 1. Ifg(t)EL(O, %) and [g(t)|§M in (0, 6), 5§g, then

% .
N — [sin A,¢sin @n~4,)¢] . _
. I(g, ) = (')[g(t) _ 2, SIn% ¢ dt =
(1.1) m—,
= 7 [3 +log = ]+ J(8,9),

where J(g, 0) is independen; of A, and J(g, %) =0.

. NN 2 ) o ( 2 ]
.Prooft. Let al_——cxl(n)—.mm (n(2n—l,,)’ 5» and o, =a,(n) = min e é].
- It is evident that A , A

: o a 5 3
. I(g,,l,,):f+f2+fflel+lz+13+14.

Each term J; can easily be estimated by the use of the inequalities |sin n¢|=n| sin ¢|

. and [smt]
.1 .
Ii = 5 Miy(2n ),,)Ofdt<—M
1 = F1 i 2n— 2,
IZ =—n?MAna-l/‘7dt =?M10 in >
5 ' .
1 -n? 1 3
I3§ZTM12 ?dt§?M,
1 : g()
T
=—— d) J )
A_M4J‘ r= (0

Summing up, we obtam (1. 1).
Lemma?2. If g(t)EL(O 2n) and Ig(t)[ <Mfor all t, then, for any q >0, we have

1

(1.2) o { mem4§ C, M.
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Proof. We can assume with no loss in generality that g =2. Indeed, if (1.2)
holds for a certain g, then it remains valid for any ¢* =0 not greater than ¢.
Using DIrRICHLET’s formula for the partial sums we obtain

kg Isl? = Ci(@) kgm; {[ ['n|gtx+t)| D) dt]

4] f gD, [} = 31+ 2,

|
where D,(¢) is DIRICHLET s kernel and I denotes the set [—n T\, (-—n—1— %)

It is obvious that :
: 21§C2(q)M‘1m A
and

22 C3(q) Z’ 'fg(x+t)cotg—smktdt +ifg(x+t)cosktdt]} =

_ =23+ 2
By using the Hausdorff—Youﬁg inequality and the _nota;ion r= %(g% 2),
we get '

‘ a v

3= [ [ES ) s e
and

9

Se=co@([le+ol a) = C g me.

Collecting our estimates, we obtain (1. 2)..

Lemma 3. Let {c,} be a given sequence. If for any positive B

(1.3) | | L 3er = o),
_ n y=0
then, for any triangular matrix .”oz,wll and for any positive y and p =1, we_have the

estimate
1

(1.4) C Salel = o[n“?{gwaml”} ]

v=0
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Proof. By HOLDER’s inequality, we get

. p—-1 . —_1_ 1

n n P p n P 1L n p

2 el = {2 Icvlp‘l}- {2’ }anvi”} =oln'"7) {Z lanvl"} ;
v=0 v=0 v=0 o

which is the required statement.

§ 2. Proof of -the theorems

Ad Theorem 1. A standard computation gives-that

7!
sin A,fsin (2n— 4,)t
sm2 t

1

@n V(s x) = f [f(x+2t)+f(x 2)]

dt.
Applymg Lemma 1 w1th g(t) = f(x+21) —f(x 2t) and 6 = —i—, we get the in-

equality (2).
Ad Theorem 2. Since the (V, A)-means of a constant function f (x)~c

equal to ¢, from (2. 1) it follows that

@) Vs0=fe) =

7 L -
j‘ o.(t sin A, ¢ 51.n §2n — i)t dr
F sin? ¢

. Divide the integral into three parts:

~ 1 T

n 2 :
fE 12+13.

2
J=f+1+
An

These integrals can easily be estimated by _stand‘ard‘methods: :
1 .

~
:|"'

2=

1 = x n = An x i s
1 0(1)0f|<p ()| A, dt o[‘ nd (n)]
- T
L=o® [ 1.0 ’1;2‘ dr = o[z [ Iq”‘t(t)l_dt],

n

S
[IA

~/1n.

N 3
0(1)f "”x(’)’ it = O()[®..(1)1- 2]2 +0(1)f ?:3(’) dt =

i.n
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From these estimates we get that
| 1
. _ } ’
9 = 0[ne (1) + f “”x()' iy, (l ]]+o(l),
which gives the conclusion of Theorem 2 by (3) and (4).

Ad Theorem 3. Let Ty(x) denote the trigonometric polynomial of best
approximation of order not higher than m. From the definitions of 5,(f; x) and
V,(f, &; x) it is clear that if n— 2, =m, then : :

V=T A0 = Vo(f 45 3) — Th().
Tn*;l,(x)MT*_ D)=
e 45+ By |

Hence we have

IV (f,/1 )=/ = Valf, 40—

(2.3)
S ’ IV (f—
According to (2. 1) we get
- :
' . 1 sin 4,7 sin (2n A )tl
I . - n,
an(f Tn—}.ns /t{sx) - T 6/‘ 2.En~},,, smzt
Usfng Lemma 1 with g(t)=2E,_,, and 6:% , we obtain

v, (f~T,’,k_,1" A; %) SE —/1,,[34'10% 2n/{ A ]

©. 4)
The statement of Theorem 3 follows from (2.3) and (2. 4). .
Ad Theorem 4. If f(x)ELlp a, we obtain, using- (2 2),

, [sin 4,¢sin (2n l,,)t]
- 2

s x)—f(x)l 0(1)1 f

Let us ‘split the integra_l into three parts
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Il' and I, can easily be estimated for any a =1 as follows.
| o
2n—in .
| 1 : 1
I = = LLQ2n-2)dt = ——— = —,
T I @n— ,.) %
i
1 1 I 11
— ] = — a—1 =
Tl 1fz hdi = o7
2n—2n
The estimate of I, differs according to whether a<1 or a=1:
. BN
: : 2 'ml—:, if « < 1
—1I é—ft“'zdt§ :
A 2T A Y . |1+log_/1,l PO
7_ T’ 1 o= 1.

Collecting our - estimates, we obtain (5). _ _
Ad Theorem 5. Using the notations introduced in the proof of Theorem 3,

it is obvious that if v=m, then
sv(f T %) = 5,(f3.%) — T*(X)

: From this it follows that
1

5 e f(x)l"} =52 .(ls (= Ti a0l

n v=n—24

2.5 - : . . - _ .
; . . "y i n—1 4 *
+ IT:—A"(X) _f(x)lk)} = 21 k [{/1i ' 2 |S (f n—i. 5 x)ik} +En—}.nJ .

=n—-/.n

Applying Lemma 2 (with g(z)= S()—TF (1) and g=k), we get the required

estimate (6) by (2. 5).
The statement can immediately be derived from Lemma 2.

The proof of Theorem 5 is thus completed. _
Ad Theorem 6. The assumption f®(x)€Lip « 1mphes that E(f)= 0( r+a)

and E(f)= 0( ! ) (see [14], (13. 14) Theorem, p. 117., and (13 29) Theorem p:

121). From these and (6) we get, with 1, = [—;-] and n=2m, that
' 1

2. 6) | hm(fk;x) {1 Z |5, x)—f(x)l"} 40[n1,+a]
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and
1

2m—-1 ' . .
. 1
RAZEE { > 15,09~ f(x)lk} = [,n,+,], -
where 5,(x)=s,(f; x). ‘ . .
Suppose that 2" =p—4,+1 <2"'{‘j” and 2'"2<_’n§ 2m2+1_ Then, by (2. 6), we ,

have
my 2m+1_3

F I, (x) =L > Z Is, (x) ~f) =

nv n—4a )‘nm ml\—

0(1) 2 2m1=k(r+a) = =D,.

nmml

If k(r+o)<a, then, by n=0(2,) and 2™ <n,

. . : 7 . | .
) 2_1 §- o) 7:1_ 2m(l-k(r+a)) = O [;m]a
and if k(r+1)=1, then '

1 1{ no |
212 00) - oms=m) = 0 (14108,

From these estimates the statement (8) obviously follows.
The statement for the conjugate function can s1m11ar1y be verified.
- In order to prove the statements (9) and (10) let us define the following functions.
If r is an even integer, let
< cosnx
fl (x) 2 nl +rt+a

and’

et & [sin(5-2"—l)x sin(5-2;'+l)_x]_
12t = 2 G2 =nr G-+l )

T
ne1 2™ o2y

and if r is an odd integer, let

(- 1)n+1 < 2n [005(5-2_"—1)X cos(5-2"+l)x]'
fl(x) 2 na (52"—[)"] T (52"+1)rl

I=2n-141

< Sinnx
L) = 2 e
n=1 1. o

and

It is proved that the r-th derivatives of these functions belong to Lip « (see [9],
Satz IV). We shall now verify the inequalities (9) and (10) only for even r since
the other case would be an analogous computation. o
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On account of (r+a)k=1 and n=0(4,), we have
1

1 n—1 oo 1 KNk
noo 1
1 n—1 1 k n Yk
=C (k){ ”’Zlnj} = Cz(k){ log———/l,,+1} =
B L B
=C (k) l 1+1 L kzc (k —r=alq I n k
=2 n 0gn—l,,+1 - e )ln +Ogn—l,,+l ’

which gives (9). :
The proof of (10) is more complicated. We will first prove (10) in case

} is bounded. Let n=12-2" and let a; =max (n—4,,

' : n
that the sequence {
q n—A4i,)

22.2m-1) g, =max (ozl., 23.2"-1) and oy =max (ocz, n— [l";_ ! ]) . Then

: , 1
n—1 k
Tn(fz,z,k;O);{ 2 (0)—f(0)l"} =
1
2m+1

. k}T.

n* oy 1o2met B

S

. - v=ay vV=a2
It is clear by n=0(4,), that-
k

az—l 1 2m+1 2m+1 1 k
2 oy : r] = (0, — o) — i
v=a; | W i=v-T0.2m4+1 N N p=g;—10.2m R
. . .
m—1
. = (“2—“1) r+1+¢ min (2 ln) = C (k)(d2 “1) (r+¢)k .
Similarly,
am+t 1 2m+1 k
> = - | & L
s i = \U3—0;
veaz | B 1=y—1G2m41 17l e (]

k
= Cz(k)(“s‘“z) (,-+a)k .

1T (s A
meln[Z 1,—n—]

= (03— )
Hence we get L
1

x o 1 1 "
T,(f2, 4, k;0) = C;5(k) {(“3—0‘1)771(,—”)7} C4(k) e

. which proves (10) under the assumption that {n _n 1 } is bounded.

n
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If
n—4,
=4.2"*! and 4- W=n— Ay t+d4<4. 2’““1

1 m—1 42"+l

T, (2, 4k 0) = {7.2 2

n p=p+1v=4.2P+1
@7

12.2p-1

2

1.
.= {'Tnp %1" 11-2

I, can easily be estimated as follows

m—1

v

23.2pP~2 [ 1 2p

v=11.2pP-1

23.2p-2 [ 1 2p

=

v=11.2P-1
. ‘ . Lo ) 1 .
= Ci (k)2 s =

From this and- (2. 7) wé get

1

e ' A
Tn(fz,i,k;O);c;[_(m u— z)] - ;{1[

=C,(r,k) =

159

tends to infinity, then the proof is sirﬁpler Supﬁose that 4.2"<n =

and that m > u+2. Then we have.

1

15,(0) —f(O)]"} =

1. 1

150 —f(O)I"}T= {li '"21 }

1 k
Z —| =
2P“ I1=v—102P-141 6r_.2prl] =

1 k
27 g2ri) =
1=23.2P-2-10.2P-141

C2>O

1
1 no

iy

log2 1Ogn—/l,,+1

—_ OO

Since (r+a)k=1 and ﬁ_l , it is easy to see that, for n large enough,

1

’ k
T(j;,AkO)g [1+1og++1]}

where ¢=>0 is 1ndependent of n.
We have completed our proof

- Ad Theorem 7. To prove (12), by (11) and (1. 4), it is sufﬁ01ent to choose
p(=1)so close to 1 that 1—% =9, Wthh is possible.

"Ad Theorem 8. In order to prove (13), it is sufficient to show that, by sultable‘
'ch01ce of p occurring in (1. 4), the estimate
1

1 n ) .
2.9) n“F{_Z_(Ast:”)P} = 0(45)
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holds true. Let us choose p such that (@a=1p > —1. Then we have

n

Z(A#‘:v”)”=[2 + 2 ](Aﬁt‘vl’)"é ,
v=0 R v=0 - v=[%]+l_ )

2] :
=0(l) J n@Vr+0(1) 3 ve-De = out+t-br), -
v=0 v=1

From this we obtain
. 1

{ 3 (Agsvy } = 0r)

Wthh is equ1va1ent to (2. 8) as was requ1red to be proved ) .
. Ad Theorems9and 10. In [10] it is proved that if 1(x) is a posmve monotomc
functlon with the property 4

2.9 ' S gl

then the conditions .

: ., ‘
fl—llf[f(x+t)—f(x—;)]2dx dt <
o ZZZ [7] 3 N . | . - .
are equivalent. ' :
The function A(x) occumng in Theorem 9 satisfies (2 9), viz.

et 1 1 21 1
—— = Y==K :
n=2n: n an ) /1 n=27m n3/2 lmzm ’
(14) and (15) are therefore equivalent. - .
‘ By virtue of  the equivalence, it is sufficient to prove that condition (14)
implies the |V, Al-summability of (1).

We proved in [7] (Satz VIII) that any orthogonal series 2 C@a(x) is [V, Al-
summable a.e. under the condition

oo, Bm+1 )% .
L2 2 | < =,
‘m=0 \n=pp+1 * )
m—1 :

where py=1 and U= 2 Ay, . Therefore, it dﬁly remains to prove that the inequality
k=0 ) g

' oo oo 'm'+l S
(2.10) .. mgo = ;{ g+1'(a3+b3)}- <
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follows from condition (14). Since 3 (af +b%)=(EX(f))?, we obtain by .

. . . . . k=n+1 . . .

a simple coinputation that s

. o 2Mm+1_1 oo "‘2""+l 1 . o M .
2.11) zc— 2 > C, = 2 {2 cZ}< 22255,22{".

m=1 n=2m n=2m m=1

‘If we can show that

' 0 1.
2.12 s =22,
@12 . . n=ugm-s+1Vnh, 4
then, by(2 11) and (2. 12), we have o
oo oo Hym oo
Sc=e3 3 LEg=
. n=2 m=1n=pgym-1+1 Vn,l #am . " .
-i.e. the condition (l4),implies. (2. 10) indeed as we stated.
‘It remains to prove . 12). Using the definition of y,, we get
Ham - - st 2m—1
1 : 1
e pimert1 l’"; 2 LRS! an T Viters sy
2m-1 1 R EL RN GNP SR T I S 1, m
L= Z )u”k—_—-——é_ 2 L = %Zzza

-1 1
7, 8 TE

kK= 2'"(— 1 . 2 Vl.lk ll‘k 2 k=2m-1

v
x?)

and this completes the proof.

1 A
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Ona theorem of L. Takacs

By L. GEHER in Szeged

L. TAKACS [1] proved the followmg generahzatlon of the classical ballot
“theorem in probability theory: :

Let di(u) be a nondecreasing function on the interval I=[0, t, for which &'(u)=0
almost everywhere ‘and &(0)=0.. Set O(t+u) = &(t)+ D) for 0=u=t. Define
the functton 6 on I as follows; 6(u)=1 if ®(v)— !P(u)<v u for every v such. that
usv=u+tt, and u)=0 orherwzse Then '

f owydu =t—P() whenever Adi(t) = t.I .
0 .

In the following we shall give a new proof of this theorem or rather of a some-- .
what more general theorem, which we formulate in a measure theoretic form:

Theorem. Let m and p be non-negative complete regular measures on a circle C
such that m is absolutely continuous and y is singular with respect to the Lebesgue meas-
ure on C, and m(C)=pu(C). Denote by A[m, y] the-set of the points x € C for which

holds for all ye C, where [x; y) denotes the semi-closed arc from x to y in the positive
direction. Then A[m, p] is m-measurable (as well as Lebesgue measurable) and we have

@ m(4[m, u)) =-m(C)—u(C).

In the partlcular case that m is the Lebesgue measure, our theorem is obviously
‘equivalent to TAKACS’s theorem. : : :

The proof of the theorem will be done in several steps.

1. First suppose that p is concentrated into finitely 'inany points x;, x5, +:+, X,
and that «;, a,, ---, «, are the corresponding measures. Then we prove the theorem
by induction on n. The case n=1 is trivial. Indeed, if we associate with x, the minimal
- arc (&, x;] of measure «; (m being continuous with m(C) = yu(C), this can be done),
the complementary set of (£,, x,] coincides with. A[m, u]. Suppose the. theorem is
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true for # and then we prove it for n+1. Let i1 be concentrated in the points
Xy, X5, X,4, With the corresponding measures o, a,, -, Gy4q- We associate
with every point x; (i=1,2, -, n41) the minimal arc (¢;,x;] of m-measure ;.
If these arcs are mutually non-overlapping then the complementary set of the union
of these arcs coincides with A[m, u], which proves our statement. In case that there
exists an x, contained in some (&, x;], consider the atomic measure p” 'that we
obtain from u by shifting the measure «, from the point x, to the point x; so that x,
will have measure O and x; will have measure «; + a,. This measure " has only n
atoms and we have A[m, u]= A{m, u’]. Using our induction hypothesis, our theo-
rem is proved. ' ’ S

2. Let u be an arbitrary atomic measure, its atoms bemg at the pomts x1 s Xgy ttiy
with the measures o a5, ---, respectively. Denote by p, (n=1,2, ---) the atomic
measure whose atoms are at x;, x,, -, Xn “with the .corresponding medsures

ocl,ocz, e, 0 Our statement easﬂy follows from the fact A[m, [.l]‘ ﬂ Afm, p].
' Let namely x€ A[m y] then a fortlon we have xEA[m, Th| for 'every n, which
glves that Alm, 1< ﬂA[m u,). Conversely, suppose that x¢ ﬂ A[m, i,]. Then
for any n-and y€C we have mlx, y)=ux, y), from which we get mlx, y)=

. 2}1_{130;4,,[)6, .y) ulx, ), ie. x€Aim, u] Summarizing, we obtain, ‘that - A[m, u]= .

= ﬁ A[m, p,), which was to be proved. | |
n=1

3. Let u be an arbltrary smgular measure and denote by Z a set of (Lebesgue) ‘
measure 0 such that u vanishes on every 'measurable set contained in the comple-
mentary set of Z. Choose to Z countable many covermg systems ey (n=1,2, %)
of disjoint open arcs such that .

U 19> 1°*Y  and Zm(l"')) <7 =12 ).
i=1 i=1 : -

To the n-th covering system we ass'ociate ‘the atomic measure v, whose atoms
are at the starting points of the arcs I (i=1, 2, ---), each with measure p(/{™). Set -

4, = Apm, vlU (G 1§">J.

Then we have

AiDAZD--: ‘and . A[m,p) < ﬁ a,.
. . n=1 .

In an analogous manner we construct a' second system of atomic measures
by associating with the a-th covering system an atomic measure v, ‘whose atoms’
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are at the terminal points of the- arcs I (i=1, 2, ---), each with measure u(/{). Set
4, = 4A[m, V:.]—[ U Iz(")];

s . i=1

it can be easily seen that '

Achzc and Am,u} o U 4,.

Summarizing, we obtain - U A, C zi[m, ul < ﬂ A,,.' Since

lim m(A,,) = 11m m(d;) = m(C) u(0),

we get that “A[m, p] is m-measurable and m(4 [m u) =_m(C)-—'y(‘C)' i e. (1)

Remark. The theorem remains true if m is only continuous, but u is singular
with respect to m. The proof is essentially the same. ' :

Reference

[1} L. TakAcs, Combinatorial Methods in the Theory of Stochastic Processes’ (New York—Lon-
don—Sydney, 1967).
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Generators for groups of permutatlon polynomrals
over finite fields :

By CHARLES WELLS in Cleveland (Ohio, U. S. A.)*)

1. Introduction. Let GF(q) denote the finite field of order g=p" If & is a
function from GF(q) to GF(q), a polynomial f over GF(g) is said to represent ¢
if £(&)= (&) for all £€ GF(g). If follows from the Lagrange interpolation formula’
that every such function @ is represented by a unique polynomial f of degree =¢g—1.
(No-such simple theorem is true over the ring of mtegers (mod p”), see CARLITZ (5],
NOBAUER [12], REDEI and SzELE [13].) - :

© A permutation polynomial is simply a polynomial which represent a permutation. -
The first systematic investigation of permutation polynomials was undertaken by
DicksoN [8, 9]; the permutation polynomials over GF(p) had previously been
investigated by HErRMITE [11]. Other references to early work done on special cases
may be found in DicksoN [8].

DicksoN’s work suggested much of the work done since with permutation
polynomials. His longest' and most detailed investigation culminated in his listing
of all the permutation polynomials of degree =6 for all GF(g). (We note here that
CAVIOR [6] extended these results partlally to -octic binomial permutation poly-
nomials.) :

By means of this list DICKSON proved that the symmetric group on 7 letters
was generated by the permutations x° and ax+f (oc, BEGF(T), a£0). This sug-
gested our Theorem 4. 1, first proved by CARLITZ [2]. By a modification of CARLITZ’s
method, FRYER [10] found generators for the alternatmg group on p letters (Theorem
4. 6). . .
The present paper contains a number of new theorems on genérators of the .
symmetric group on ¢ letters and its subgroups. These include a sharpening of
CARLITZ’s result (Theorem.4. 2) and the presentation of generators of three small
subgroups (Theorem 4.4). A more interesting result is the discovery of ‘several
sets of generators for the alternating group on q letters (Theorems 4.7 and 4. 8).

*) Supported by National Science Foundation Grant GF'—1.891..
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None of these sets of generators is a-direct generalization of FRYER’s Theorem;
it may be that that result cannot be generalized in a satisfactory way.

Theorems on generators of S;,; and 4, , are found in Sections 6—8 by means
of a device used by BURNSIDE [1; p. 185], CARLITZ [3], and others. An element
is added to GF(g), forming the extended domain G F(g): Rational functions f(x)/g(x)
(where f and g are polynomials over GF(g)) are well defined as mappings of GF(q)
into GF(q), and all permutations of GF(g) are representable by rational functions,
as Carritz showed [3, p. 326—327]. Theorems 7.2, 7.3, 8.2; and 8.3 exhibit
generators of S ,+1 and Aq+1 in terms of rational functions.

2. Preliminaries. . Throughout the following, g will be assumed to ‘be fixed
and greater than 2. Many of the theorems are false for g =2 (for example Lemma_
4.3).. ' : '

GF(q) always 1ncludes GF(p) In this paper the elements of GF(p) will be
written.as integers; it will be understood that k. and k+mp are the same element
of GF(p) for all m. It is in this sense that a formula like (3. 2) below should be
understood. : ‘

If two polynomials represent the same function, then they differ by a polynom_ial .
multiple of x2—x. The reduced form of a polynomial will here be taken to be the"
remainder obtained when the polynomial is divided by x? — x. When two permutation
polynomials are combined by the operation of composition, the result may be
assumed to be in reduced form; in this senise the set of permutation polynomials
of degree =g —1 represents the symmetric group S,. It is not hard to prove that
in fact a permutation polynomial cannot have degree g—1. : '

It is convenient to -write
@n () ) =)

when f(g(x))=h(x) (mod x4—x). Then (g(x)) is the function represented by g(x).
" However, except when it is convenient to write out formulas like (2. 1), we shall o
follow the usual practice of identifying the polynomial and the function.

3. We collect here some elementary facts about permuta_tion polynomials.
" In the first place, it follows from the cancellation laws that ax and x4 f are per-
mutation polynomials for any B and any a#0 in GF(q). It follows from a theorem
of DICKSON [9; p. 59] that x* is a permutation polynomial for any integer b such
that (b, g—1)=1. This .may also be proved directly: let ¢ be a primitive root of
GF(q), set a=p", f=¢°, and note that of=p? if and only if rb=sb (mod g-—1).

~In partlcular x=2 is a permutatlon polynom1al It is, in fact the function .
that takes every nonzero element into its inverse.
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For later use we note the followmg rules of calculat1on

(3.1 (x+a)(x+p)= <x+oz+ﬁ> (o, BEGF(q)).
(3.2) S Ax4ay=(x+s0) = (2€GF(g), s any i‘n.teger).
(3.3) o <ax>s_=<asx> (oc €GF(g), x#0, s any integer). .
G4 (=22 = (). |
(3.5 : (ax) {x+ By ={ax + ﬁ) (a, BEGF(g), a5 O)
66 . G =(x)  (x€GF(g), a#0).

Since the 'composition of two permutations is a permutation, it follows that
the functions on the right side of the above equations are all permutations.

4. Generators. of 4. In >[2] CARLITZ proved:
‘Theorem 4. 1. S, is generated by . .
@1 . ax+Bx2  (a, BEGF(g), 20).

_ The proof consists in noting that the polyhomlal
(4.2) : &) ==y [((e=n=2 4y~ 2 =y ]

represents the transposition (0y). .

Of course, several sets of generators of the abstract symmetric group are known;
see, for example, COXETER and MOSER [7; pp. 63—66]. The transpositions form
" such a set. The value of the generators found in this section is that they are simple
as polynomials; it is evident from (4. 2) that simplicity- as polynomlals and srmpll—
city as permutations are not equrvalentl

We may simplify Theorem 4. 1 as follows. Let g be a pmmtrve root_of GF(q)

Theorem 4 2. S, is generated by '
A (4 3) . ox, Xx+1, and X2,

‘Proof. Let a, B GF(g), uff 0. Let a=g% f=¢" Then the proof follows,

from (3. 3) and -
4. 4) | (o + By =(oxy "+ 1) (gx).
By an elaboration of these methods we may find ‘generators for the alternating

group A,. Since the polynomials given in (4. 1) and (4 3) do not necessarily represent
~ even permutatrons we_first prove

Lemma 4. 3. For all o, Xx+o and (x9"24o)2"2 are',euerz; “ax is even if and
only if o is a nonzero square; x*~2 is even if and only if =3 (mod 4). '
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n—1

_ Proof. By (3. 1) x+« is composed of p cycles of length p. Thus, if p is
odd, or if ¢=2" and n=>1, then x+o is even. Since ((x‘l Zqaym2y={(x'" 2}
«(x+a) (x1%), it iseven regardless of what x?~2 is.

By (3. 3) ax is'a power of gx (as permutations), which is a cycle of length g —1.
The second clause follows from this and the fact that every element of GF(2™ is
square.

As.a permutation, x2~2 consists of dlSjOlnt transpositions containing all elements
of GF(q) except 0,1, —1. It therefore contains 4(g—3) transpositions when q
is odd and (g —2) whén q is even (since then 1 = —1). This proves the lemma.

We now define the following sets:
| {ocx—l—[floz BEGF(g), a#O}
AL _{a x+pla, ﬁEGF(q) a#O}
={(2 4 ot)" !lee GF (q)}

The followmg equat1ons 1mply that L,, AL,, and Qq are actually groups

' 4.5) B (ocx+ﬂ)(yx+5> = {ayx+fy +5>
@6). (@ 2 - 2>—<(x" " ot - 2>

_ Evidently the Order of L, is g(¢g—1), that of AL is $q(qg— l), g odd, and that
. of Qq is g. Q, is isomorphic to the add1t1ve group of GF(q) We have

Theorem 4.4. L, is generated by gx and x+1. AL, is generated by 0%x and
x+1. The elements of Qq may- be obtamed from (x1~ Z—I—l)q 2 and .0%x. Further-
more, AL,S A,, Q,S 4,

~ Proof. The first two sentences follow from (4. 4) and the fact that every element
"in afinite field is the sum of two squares (see [12; p. 46]). The th1rd sentence follows
from the last mentioned fact, (3. 3), and :

@7 (K72 4+ o212 = (@2 )12 4 1)1 2><a-2 9.

| “The last sentence follows from Lemma 4 3.
The groups L, and AL were first considered by BURNSIDE [1; pp. 181—185]

We now prove a lemma on generators for the alternating group A4, on n letters
{0, 1,---,n—1}. Let R=(012) and S=012.-- n—1)..

Lemma 4. 5. For odd n, A, is generated by R and S.
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Proof. We have _ ' A

. ' (013)=S"'R-'SR -
~and , R .
01i+1)=(1 i)'s-i+.1Rsf~1(o 1)~101i=1),

for i=3,--,n—1. ‘Since the permutatlons 013 (1—2 3 n—-l)‘ generate A,,
this proves- the lemma. : : ' o
Usmg this lemma FryEgr [10] proved

" Theorem 4. 6. Let p be an oddprzme Then A is generated by x +1 and mx?—2
where m is any square if p=3 (mod 4) and any nonsquare zf p=1 (mod 4). Other—_
. wise x+1 and mxP~2 generate S,.

Now FRYER’s proof depends on the fact that in GF (p) the permutation x+1

_is a single cycle containing all the elements:of the field, and so is the S of Lemma 4. 5.

But for general GF (p)), x+1 contains n cycles and FRYER’s proof does not work.

However, we may find generators for the general case using (4. 2). For the ele-
ments (0 1 o) (¢€GF(q)) generate 4,, and '

01)=(01)00)= <g1(x)> <ga(x)> =
= (= 1)Ox + )Qx 1>Q< = %) (r = ) ~ o )Ox = QK ~ax),

where O denotes the permutation x4~ 2,
Now for ¢g= 0 or 1 (mod 4) this has the form

| “.9) | _ E(OEO)E(OEEO)E(O_EO)E

where E stands for any even permutation and O for ény odd one. Groupihg in
. the manner shown we' obtain the. generators o x+ ﬂ(a,ﬁEGF(q) a#O) and
T (T2 4 ) 2(yeGF(q)) For g=3 (mod 4) we have

(4.9 EEEEEEOEEEEEEO,

but we may bring the two odd’ permutatrons together by noting that —x commutes
(as a permutatron) wrth ax and with x?~ 2, and that

(=0 &+ h=x-D{~ X>

- After this is done we may group them as in (4 8) to obtain the same set of )
generators. We therefore have

Theorem 4. 7 Ti he alternatzng group A Is' generated by r'ls.subgroups_ALq
and O, o
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Of course, (4. 9) implies the existence of a simpler set of generators which is
incorporated in the following theorem:

Theorem 4.8. The alternatmg group A, is generated by 0%x, x+1, and any
one of the elements in the following list: )

@ 241672 (all g),
(i) x¢~% - (g=3(mod 4)),
(iii) oxd2 . (¢=1(mod 4), .oc not square; or qz 3 (mod 4), «-square).

Proof. The theorem follows from Theorems 4.4 and 4. 7 and from (4. 9)
- Lemma 4. 3 and the following formula:

@10 (G2 = (e 2y G a (axi=2),

5. Another method of proof. The fact that AL,I and x7-2 generate A, whenever’
“ax?7? is even may also be deduced independently by a method resembling the
proof of FRYER’s Theorem (Theorem 4. 6). It follows from Lemma 4 5 by properly
renumbering the elements of GF(g) that the permutatlons

6.0 o (01@) and T:(OIQQ..IIZ)

generate A,. Let s=1if g=1 (mod 4) and s=2 if g=3 (mod 4), and let U be the
: permutatlon 0° x772, A lengthy calculation shows that ’

©01o=T1" 1[(TUT)2 U(TU T)Z]“T '

50 that Tand U generate A,.

. Since T=(gx) (g,(x)), we may deduce by a method like that in (4. 8) and o
4. 9) ‘that 4, is generated by

(5.2 ox—1)"2, (x9"2—1)17%, o?x, x+1, and ox?2
when.g=1 (mod 4) and .
(5.3) . —ox, x—1, x1=2 and g?x212% -

when g=3 (mod 4). But' we may replace (x1~2—1)7-2 by (x¥=2+1)-2 in (5. 2)
since the former is merely the p-lst power_ of the latter (as permutatlons) and we
may eliminate (Qx—l)q 2 by means of the equation '

<(ax—1)" 2y = (gtx —p)(xt~2)."

We may replace - 0x by 0%x in (5 3) because the former is the }(q— l)st power
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: h'”x"l 2 for ¢°x7~2 for m the proper parity
. (that is, we must have m=s (mod 2)) in both (5. 2) and (5. 3) by means of

<Q x4= 2>__<Q xi= 2><QS myq— 2>

This shows that ax?~2? and AL, generate Aq when ox?~2 is even.

of the latter. Finally.we may substitute '

6. The extended domain. -Let r(x)=f(x)/g(x) be a rational function .over

GF(q), where f and g are relatively prime polynomials over GF(q) and g is primary.

-If g has a root f€GF(q), then r does not represent a function from 'GF(q) into

GF(q) since r(B) is undefined. We may evade this difficulty by addmg an element
o to GF(g) obeying the followmg rules of calculatlon

o . f(ﬁ)g(ﬁ)‘ (2(B) = 0)
and o '
_ P C (degg < degf)
(6.2 o r(=) =10 - (degg > degf)

Sgnf - (degg = degf )-

From (6. 1) and (6. 2) we may deduce the usual rules of calculatlon For example
for @, B, v, € GF(q) we have - ‘

(6. 3) : , Proo =.9/0 = o (y # 0)
N . d°°+B _ o . .
(6.4)  | S (y % 0)
(6.5) flee) == (f€GFlg,x], degf = 1).

The structure obtained from GF(g) by adding e in this manner is called the

_extended domain and is denoted by GF(q).

CarLITZ [3; pp. 326—327] showed that every permutation of GF(g) is represent- .
able by a rational. function. In fact, he shows that every permutation is representable
in the form g(t(x)) where g is a polynomial over GF(g), and ¢ is a member of the
general linear fractional group of functions of the form -

_ oax+f o
‘ t(x) - ,yx+5 (“:ﬁ;%‘sEGF(q), aé. ﬂ? # O)
7. Generators for S " We may find generators for S,+1 by -Usihg' the follow-

. mg lemma

. ' Lemma 7.1. Let ¥ and & be in S’,,,i with @ a c.ycle'contain;'ng.n—l elemeﬁt_y
-and ¥ a transposition containing the element not in ®. Then @ and ¥ generate S,.
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T_he proof follows from the formula
az-- n—l)"§ oOna2--n-—1D=0k+1)(1 ékéﬁ—Z).

Now - cons1dered as permutations of GF(p), l/x” 2 is (0 o) and x+1 is
©12:-p=1), so by the lemma they generate S,.

" For the general case g=p" we consider the permutatlon gx+1 where ¢ is a-
‘primitive root of GF(q). This permutatlon takes oo —<o, and

0-'1—>Q+1—>Q —I—Q+1—>Q +Q +o+1 - -—»g‘l 2+Q‘1 Py —|—Q+1—0

Since g is a primitive g-lst root of unity, it follows that the above series contains
" Mo zeros except for the first and last elements. Hence, ox+1 isa ¥ asin the lemma
and we have o

Theorem 7.2, Sp4q IS generated by x+1 and l/x" 2, For all qg=p", S
is generated by ox+1 and 1/x172,

From this we have 1mmed1ately
Theorem_ 7.3, Sp4q is generated by 1/x, x272, ox, and x+1

Theorem 7. 3 is, by Theorem 4. 4, equivalent to a theorem proved by CARLITZ
[3; p. 328] (his proof uses the canonical form mentioned at the end of Section 6)

8. To find generators for the alternatmg group’ AqH, we first prove a lemma
analogous to Lemma 4, 3.

Lemma 8. 1.. The permutatlon X+a is even over GF(q) for all ocEGF(q) :
- X1=2 is even if and only if q=3 (mod 4); 1/x is odd zfand only if g=3 (mod 4).

: Proof The first two clauses follow immediately from Lemma 4.3, since
x+a and -x17 2 leave unchanged The other follows from .

"(8'1) o <xq”'2>’,%.<?><ow)."

This proves the lemma. i
Now AqH is generated by the elements (Ooooc) (ozEGF(q)) But V

 (0eet) = (2) (0<)

4

and for any. ocEF(q) 1ncludmg a—OA

'(8.2) R (o) = <(x O()qz+>
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RERRE ><x“ =l

we may write (Ooooz) in two ways

Since

(8.3) - - (0=w) = <x+cx>< ><x’1 2><x+a>(x‘1 2)< >
and '
(8.4 | | (Ococt) = <x+oc><x‘1 2>< ><x+a)< ><xq 2.

Grouping the .third, fourth and ﬁfth factors together in each of (8. 3) and.(8. 4),
~ we find that when g=0or 1 (mod4), 4,,, is generated by 1/x, SL,, and Q,, ‘where
SL, 1is the group of permutations of the form x+a (¢€GF(g)); and when
- g=3(mod 4), A, is generated by x2~2, SL,, and Q, where Q is the group of
permutatlons (x~1+p)~(BEGF(9)).

Now it is easy to see that Q,, @;, and SL, are all isomorphic to the additive
group of GF(g) in the obvious manner. When g =p, these groups are cyclic, and we
’ have the following partlcularly sxmple theorem:

The_orem 8.2, AI,+1 is generated by
%,' x+1, (xP~231)r-2 (p = 0,1(mod 4))

- , x4+, (x4 l). L (p= 3(mod4))

By Theorem 4. 4 the elements of Qq may be obtained from (x2-2 + 1)‘1 2 and
.@*x, and the elements of SL, from ¢?x and x+1 (since SL 1 EAL,). Slrrularly
- @*x and (x~1+1)"1 give the elem‘ents of Q. Hence, we have

xP=2

Theorem 8. 3. A;H is generdted by

.-Jl?, x+1, @*x, (x*72+1)"% - (g =0,1(mod 4))
S x472, x41, Q_Z_x, (x"t+D-1 (g = 3(mod 4)).
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- Objektentheoretische Untersuchungen iiber die kovarianten
Ableitungen in allgemeinen Linienelementriumen

Von A. MOOR in Szeged*)

§ 1. Einleitung'

Ein allgememer L1n1enelementraum M, ist eine Manmgfaltlgkelt der Grund- '
elemente (', v‘), (i=1,2, -, n), die dem Transformationsgesetz:

al

x' = £i(x!, x2, e, x")
0%

=@, ), P =g

genugen wo die Funktionen u‘(v) homogen von erster Ordnung in den & sind,
ferner

(1.1a) . Det[

Mg

(L.1).

ox o
dx* o*

besteht. Die Bedingungen (1.1a) sichern die Existenz der inversen Transformationen.
Im M, soll noch eine Ubertragungstheorie der erweiterten kontra- und kovarianten
Vektoren existieren [3]. Diese erweiterten Vektoren geniigen beziiglich der Trans-
formationen (1.1) dem Transformatlonsgesetz

5 O ov’
(1.2a) » .X‘ = 57 bzw._ (l.2b) Y= 55 Ys._
Die Ubertragungstheorie haben wir in unserer Arbeit [3] entwickelt, deren
Resultate wir im folgenden weltgehend beniitzen werden Die wichtigsten Trans-
formatlonsformeln stellen wir zusammen.

Nach den Bezeichungen

o oa(2) <o

Ai def a)‘ 35 j def xi

; def O
T T e VT G5
o der 00 i def o

G R
*) Jetzt in Sopron (Ungarn).

12 A o o °
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folgt auf Grund von (1. 1), da3 die ¢ bzw. q, allem von den xi bzw %! abhingig
sind, ferner die Relationen

1.3) - : diq; = §iai = 3,
14 | pip; = Bipr = 0}

bestehen Die Transformatlonsformeln (1. 2a) und (1.2b) konnen somit in der
Form: '
(1.5a) - L= ggx, (L) 7= g,

geschrieben werden (vgl. fiir die inversen Trasformationen von (1. 1) die Formeln
(2. 4) von [3]). Die Transformationsformeln der Ubertragungsparameter sind die
folgenden (vgl. die Formeln (3. 8) und (4. 6) von [3]):

(1 6) V Ajik = Ma cqu?ﬁ;qbpkqs p:spf]plsn
(.6 -~ IF —-LZ"’cp, q,psqbqk + Bhe P24 quZ",+pbcq,p, 9t + 504 955
wo der Index ,,0” die Kontraktlon mit ¢, ferner

. L
i def 02D . def 0°X'

R VY R L P T

bezeichnen. Bei der Helleltung dleser Formeln haben wir aufler den zxtlerten Formeln
~von [3] die Relationen -
"v—qv 05 = pd; o = alpi
sY s avl rYj> aﬁk sFk
ferner (1.3) und (1. 4) beachtet '
~ Es gelten noch fiir M}, die Relationen

Mji =M} =0.

Nach diesen Vorbereitungen kénnen wir unsere Resultate. kurz formulieren.
Die kovariante ‘Ableitung der Vektoren im Sinne der Theorie der’ geometrischen
. Objekte ist ein Tensor zweiter Stufe, der aus dem Vektor, aus seiner partiellen Ab-
leitungen und aus einem. Hilfsobjekt -gebildet ist (vgl. [1], Kapitel IV). In unserer
* Arbeit [3] haben wir zwei kovariarite Ableitungen. im 9, -Raum bestimmt, undzwar:

| G OXF X
kX;def X X'd f L*.jk‘_l_LjflkX,l’ :

ak+Mf"X o ow Lo
bzw. fiir die erweiterten kovarianten Vektoren '

aY o« Y, 97, B
Gy, &MY, vky."_fw— oy L:Jk -L,*Jij.
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’ _Dlese fundamentalen kovananten Ableltungen geniigen'den Transformatlonsformeln

([3], (4. 15)):

(1. 7a) R TIRT
- (1.7b) R Y e

(1. 82) ' o U= gplarpiv Y,

sy = R,

Die erste kovériante Ableitung ék ist Vom Vektor selbst, von s¢inen partiellen
Ableitungen nach v* und von dem Hilfsobjekt M, abhingig. Im zweiten kovarianten

- Ableitung v, kommt noch die partielle Ableitung nach x* vor und statt der Uber-

tragungsparameter M, ist L¥, vorhanden. Die allgemeinsten ersten und -zweiten
kovarianten Ableitungen, die wir mit ,,V, bzw. (,,V, bezeichnen werden, sind -
‘auch von diesen Gréflen abhingig, aber nach der Theorie der geometfischen Objekte
haben sie eine allgemeinere Form, da z. B. Linearitit nicht gefordert wird. Die.
allgemeinen ersten und zweiten kovarianten Ableitungen verallgemeinern somit
die fundamentalen kovarianten Ableitungen Vk und Vv,. Wir wollen in diesem
Aufsatz eben diese allgemeinere Form bestimmen (Vgl unsere Sétze 1——4)

Ein M, -Raum heilt ein gewdhnlicher Linienelementraum (vgl. Aufsatz [2]) falls
0%

ot = v

ox"

i

1.9) | g

gilt. In diesem Falle ist gi=pi=0i. Da im allgemeinen M,-Raum die p’ und
g} voneinander unabhingig sind, bekommt man fiir die Bestimmung der allgemeinen
- kovarianten Ableitungen stirkere Bedingungen als im gewohnlichen — d.h. durch
(1. 9) charakterisierten — Linienelementraum. Das kommt besonders in der Formel
der zweiten kovarianten Ableitung ,,v, X' zum Ausdruck (vgl. [3], § 4).

§ 2. Die allgemeine erste kovariante Ableitung
: v . .
Vor allem geben wir die Definition der allgemeinen ersten kovarianten Ableitung.

Defini'_tion 1. Die allgemeine erste kovariante Ableitung eines kontra- bzw.
kovarianten erweiterten Vektors Z ist ein erweiterter Tensor zweiter Stufe: ,vZ,
der aus 0,Z,Z und aus einem Hilfsobjekt M mit dem! Transformationsgesetz
(1.6) gebildet ist, und dessen kovarxante Stufenzahl um eins groBer als die von.-
Z ist (vgl.- [3] §2).
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Im folgenden werden wir immer annehmen, daf8 die vorhandenen Funktionen :
in ihren Verénderlichen stetig sind. Unter dieser Annahme gilt der folgende - '

- Satz 1. Wenn M';;=0, so ist die allgemeine erste kovariante Ableitung eines
erweiterten kontravarianten Vektors X' vom Transformatzonsgesetz (1. 2a). eine
Funktion von VkX i

Beweis. Bezeichnen wir die allgememe erste kovarlante Ableitung des er-.
weiterten’ Vektors X' mit (1)VkX so gilt:

(2.1 S oYX = pigiar Pka)Vme;
da die allgemeine erste kovariante Ableitung von X' ein gemischter erweiterter

Tensor ist. Nach der Definition 1 st (l)ka eine Furnktion von 9,X’, X und
M, dh.: »

i .
R I’ ) (A
VX' = F [W’ X/, Mjlm] .
Auf Grund von (2. 1) bekommt man fiir die Funktion Fj das Funktionalgleichungs-
system: = ‘ , . '
i aX ¢ Jj sa yr .btaﬁl'r.sc Al 8 b I
Fi|pidorhas 5, +Bipt ch s Pigr X7, M D5qi Br GoPmds —PaPiPm| =
2.2 ‘ . _
: o X I LY
=p:qsq:"sz [a s X0, MY h], wo Pav = prans -

Bestlmmen wir Jetzt die Koordmatentransformatlon (1.1) in “der Form:

(2 3) . o p_, = 951’ qj = 5;’ ﬁab - QMabv e = konst.
50 erd nach (1. 3) und (1. 4)

und aus (2 2) bekommt man:

(ox0 ) e
F [3—/1\;‘, X, Mljh] = Fl:(él{Yl:- eX’, 0). B

F} ist also von My, nur durch -*V(,Xf ‘abhingig; wenn jetzt ¢ nach Null strebt,. so .
folgt auf Grund der Stetigkeit, daB F} nur von %,Xf abhingig ist, w.z.b.w. -

* Jetzt gehen wir zur Bestimmung der allgemeinen ersten kovarianten Ableitung .
~ der erweiterten kovarianten Vektoren iiber. Es gilt der folgende '

Satz 2. Wenn M/, =0, so ist die allgemeine erste kovariante ‘Ableitung eines
_erweiterten kovarzanten Vektors Y der dem T ransformattonsgesetz (1 2b) geniigt,

von Y; und %, Y abhangzg
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Beweis. (;,V,Y; sei die allgemeine erste kovariante Ableitung von Y;; die
Transformatlonsformel dieser GroB8e ist nach unserer Definition 1:

2.9 A (l)kai = ‘IranmPk WLV Y.
(l)ka hat ferner die Form:

Y,
(l)kai=Fm[al ,Y Ml]

Auf Grund von (2.4) bekommt man fiir die Funktionen F,, die Formeln:

oY : o
Fy [q,p,qmp, 5y TaPaYss @0iYss MJePiqipidipmas —pibp?pi’n] =
" (2.5) , : : N
g oY ; . 0%
= q;PighPeF [a = ,Y M; m], WO P = goianr
Nach (1. 4) ist aber ) o
P3P = —Bipiubs .
wie man das nach einer partiellen Ableitung beider Seiten vonr(l. 4) nach & un-
mittelbar verifizieren kann, und somit wird aus (2. 5) nach der Substitution (2. 3)
_wenn noch in (2. 3) ¢=1 gesetzt wird:

Y ; :
.‘Fik Tl)i” Yj: M-jlm] = ‘Fik(élyj’ Yj’ 0)
und das bewelst den Satz 2. A
An zwei Beispielen, die unten angegeben smd sieht man, daB aufler é’ Y:

bzw. %kYi auch andere Formen von (,)VkX bzw. (,V,Y; moglich sind:
I , VX = ésX‘ka_ R
II. ’ (l)ka = %kYr_Y'Yk.

Diese geniigen der Transformationsformel (2. 1) bzw. (2. 4), da vk eine- ten-
sorielle Operation ist. (Vgl. Satz 3 von [3].)

In den gewohnlichen Linienelementrdumen  ist immer p,k—O und pi=4,
somit ist d, eine tensorielle Operation, die der Operation Vk entspricht. Auch
- M ist in diesen Riumen ein Tensor, und somit bestimmt M/, in den gewdhnlichen
Linienelementraumen kein Hilfsobjekt.

Zum Schlu} dieses Paragraphen wollen wir noch bemerken, daB zwar d,;Y}
selbst als eine erste kovariante Ableitung betrachtet werden kann, doch  wegen
der vorausgesetzten Symmetrie von M/, in j, k ist

aU[J'Yi] = %’[JYI]

und somit gibt O, Y, keine neue Maéglichkeiten fiir VY
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§ 3. Die allgemeine zweite kovariante Ableitung

In diesem Paragraphen werden wir annehmen, daB in dem Raum die folgende
' Forderung erfillt ist:

Forderung 1. Es soll ein Koordmatensystem fir die Elemente (x‘ )
existieren, in dem L*, in j, k symmetrisch ist. ')

Mit der- Forderung 1 ist unser Raum eine unmittelbare Verallgemeinerung‘
der Finslerriume, da in diesen die entsprechenden ﬂbertragungsparemeter'I“}‘"k
in j, k immer symmetrisch sind und fiir die gewoGhnlichen Linienelementtrans-
‘formationen, d.h. & =17 ist diese Relation invariant. In den M -Riumen gl]t aber
die Forderung 1 nur in einem System (x ).

Definition 2. . D1e allgemeine ‘zweite kovariante  Ableitung '(Z)V‘k eines
erweiterten kontra- bzw. kovarianten Vektors X' bzw. ¥; ist ein Pseudotensor
mit dem ‘Transformationsgesetz

G. la) (Z)VkX —prquk(Z)VX bzw. (3.1b) (Z)VkY = 4Py Y5
und (;,V; X! bzw. (,)¥,7Y; ist eine Funktion des Vektors selbst, die partiellen Ablei-
tungen des Vektors und eines Hilfsobjekts L}/, mit dem Transformationsgesetz (1. 6%).
Jetzt gehen wir zur B¢stimniung der Form der zweiten kovarianten Ableitung
iiber. Es gilt der folgénde : . , N
" Satz 3. Die zweite kovariante Ableitung eines erweiterten kontravarianten
Vektors X' ist bis auf einen skalaren Faktor mit 9, X" identisch. . ' '

"Beweis. Die zweite kovariante Ableitung von X ist nach der Definition 2
von der Form ’

VX' = Fk [X

wo Fi noch der Gleichung (3.12) geniigt. Setzen wir in (3.1a) p' =35I, so bekommen
wir den Fall des Linienelementraumes zuriick, und nach Satz 3 von [2] (vgl. [2],
Seite 49) folgt nach unserer Schrelbwelse

2 d
- b 8vl 2
d.h. die zweite kovariante Ableitung ist eine Funktion von v, X/ und 9,X’. Im

M,-Raum muB aber (3.1a) erfiillt sein, und das gibt fiir F} das Funktlonalglelchungs-
_system . ’

1 PP i na X" i e L oxiY
(3.2) _Fi.[péqﬁ_qx v.X?, p.’,q,pzquer{,bp!’ch ] p;qzqk [VX 3,]

) Diese Voraussetzung wird im Satz 3 [2] ausgeniitzt.
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Wihlen wijr jetzt pi, so, daB

o PanX® = — %, ferner p] = ¢} = pl = qi =4},
so folgt aus (3. 2):
- N L
F {V,XJ, W] = Fi(v, X%, 0).

@ VX" ist also nur von vV, X* abh;'ingig::

G R @ViX' = fi(V,X), fi(X0) L Fi(,X7, 0).
Das Funktlonalglelchungssystem (3. 2) geht somlt in’ '

Gey FUBLEREET.X) = Fdiaifi(7,X0)

itber. Wihlen wir jetzt: . ' '

g, =9, qi=95,

so folgt aus (3.4) . , . '

G.5) - FiB X" = B fid( v, X))

Wenn wir Jetzt VX7 fix halten, wihrend p,,, verdnderlich ist, z.B. VXi=4§{, so
folgt aus (3. 5): : '

(3.6 - fiB) =P, 4 d=°1fk(61) = konst.

. fiist also eine homogen-lineare Funktlon Aus (3. 4) wird nach (3. 6), wo die Ver-
‘anderhchen jetzt die pi sind:

PG X = Priigial T X5,
Fiir p}, =0}, und nach einer Kontraktion mit ¢/ wird nach den Formeln (1. 3):
q;"(a,'cv Xi—8as, v XJ) =0.
Das gllt aber dann nur dann fiir _]CdCS zulassxge qr [det g7 #0], falls
@GV X = 8Las, v X7
besteht. Eine Verjiingung beziiglich'  und k gibt unmittelbar

3.7 : .. VaX/ = Skalar g, v X
Im aligemeinen ist aber '
Det (v,X’) = 0,

somit existiert die Losung des Gleichungssystems

(V4 X))@= 6L,
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Aus (3. 7) folgt dann nach einer Uberschiebung mit &}, daB s, bis auif einen Skalaren
Faktor eben ¢, ist. Es folgt aber daraus auf Grund von (3. 6) und (3. 3):
- @ Vi X' = Skalar v, X,
w.z.b.w. : :

" Bemerkung. Der Skalar in (3. 7) braucht nicht eihe Konstante zu sein, da bei
der Herleitung von (3. 6) im allgememen kann v, X einen- festen aber von (X, vf)
abhangigen Wert haben. » '

Die Form der zweiten kovananten Ableitung der. erweiterten kovarianten
Vektoren mit dem Transformatlonsgesetz (1. 2b) ist durch den folgenden Satz
festgelegt:

Satz 4. Die zweite kovariante Ableitung eines erweiterten kovarianten Vektors
Y, ist eine Funktion von Y; selbst, ferner ist sie von V,Y; und 0, Yy abhdngig.

Beweis. Nehmen wir in den Grundtransformationen (1. 1) # =7, $0 reduziért

sich unser Raum auf einen gewdhnlichen Linienelementraum. Nach Satz 4 von [2]

ist dann die zweite kovariante Ableitung von Y, VkY und 3,,k Y; abhanglg — Im

Satz 4 von [2] ist noch die explizite Abhingigkeit von v/ ausgedruckt wir haben

aber in unseren Jet21gen Definitionen 1 und 2 die explizite Abhéngigkeit von
- nicht betont, da * schieBlich Grundelement ist. — Beachten wir noch; daB

a,, Yi = 3,,<kY,-)+3,,[kY,-J, )
so konnen wir annehmen, daf die zweite kovariante Ableitung von Y, 'die Form .
(3.8 . @YY = Fy(Y;, VY5, 0,uY ), 0,uY )
‘hat. : : oo o
In der Formel (3.8) sind Y;, V,Y; und 9,sY;,; der Reihe nach erweiterter

Vektor, Pseudotensor und erweiterter rein kovarianter Tensor, wie das aus (1. 5b)
und (1. 6*) leicht bewiesen werdcn kann ngegen hat 0, Y}, die Transformations-

- formel:

- (3.9 S ' 3u(zY) = QtPJ‘I:an u<'Y)+QfP31Y
Setzen wir-nun (,,v,Y; aus (3. 8) in (3. 1b) ein, so bekommt man fiir sz ein ‘Funk-
tionalgleichungssystem. Wihlt man jetzt: _
’ q pt_‘éfs pjlY =—3(1Yl)9
so erhdlt man: :
Fik(Yj’ lej’ 3U(jyl)5 U“Yl]) = ik(Yj5 lej? O, 81)”Yl])'
Nach (3. 8) driickt das eben den Satz 4 aus.

Weitere Elimination der im Satz 4 angegebenen GroBen aus der Formel der
allgemeinen zweiten kovarianten Ableitung der erweiterten kovarianten Vektoren
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ist nicht moglich, wie das aus dem folgenden Belsplel fo]gt Es sei H rt die Losung
des Gle1chungssystcms
v 'Bv[sY,]H" = ot.

Offenbar st H" ein allgememer schlefsymmetrlscher Tensor zZweiter Stufe mit
dem Transformatlonsformel

. ar —quspbqi’..H""
Es ist nun

) ° (Z)VkY — ka HtSYY

eine entsprechende Formel fiir (z)ka,, die der Glelchung (3 lb) geniigt.

§ 4. SchluBbemerkungen

" Unsere Sitze 1—4 driicken aus, daB die erste und zweite kovariante Ableitun-
gen aus gewissen fundamentalen GroBen gebildet sind. Diese fundamentalen GréBen
sind die fundamentalen kovarianten Ableitungen v, und v, ferner 9,us Y;;. Selbst-
‘verstandlich sind die allgemeinen kovarianten Ableitungen (,v, und (,,V; nicht
beliebige Funktionen der genannten GroBen, sondern sie miissen den Relationen-
2.1, (2. 4), (3.1a) und (3.1b) geniigen.

Wenn wir in den Grundtransformationen (1.1) fiir zii(z’;) nur in &/ lineare Funk-
tionen zulassen, dann ist nach (1.2) M}, ein erweiterter Tensor und nach (1.2) ist

9. eine tensorielle Operation. Statt <, kann jetzt 9, als fundamentale erste N
kovariante Ableitung genommen werden und falls M/, 20 ist, konnen sehr ver-
schiedenartige Funktionen fiir ;,V,X' bestimmt werden. Z.B.:-

o0X!
_(9—7
Ist M/, =0, so iibernimmt 3,,kX‘ die Rolle von v Xt
D1e kovariante Ableitung (1), ist sehr ahnlich zur allgemeinen kovarlanten
Ableitung in den Punktrdumen, wie das durch die Vergleichung der Sétze 1 und 2
mit- den Sdtzen 3 und 4 der Arbeit [4] unmittelbar verifiziert werden kann. Die
zweite ‘kovariante Ableitung zeigt hingegen wesentliche Unterschiede im Vergleich
zu der kovarianten Ableitung der gewShnlichen Linienelementraume. Das kommt
besonders im Satz 3 zum Ausdruck, wenn wir diesen Satz mit demi Satz 3 von [2]
vergleichen. Besonders in diesem Satz zeigt sich d1e einschrinkende Wirkung der-
aligemeinen Transformationen (1.1). A
Zuletzt” wollen wir noch darauf hinweisen, daB die Symmetrie von M i in
Jj, k nicht eine wesentliche Bedingung ist. Hiitten wir diese Bedingung nicht gestellt,
so hétten wir etwas all gemeinere Type fiir die erste kovariante Ableitung bekommen. ’

“)kai = Msrsz.
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On mixing: sequences of c-algebras

' By J.. MOGYORODI in Budapest

1. Let {Q, o7, P} be a probability space, i.e. let & be a g-algebra of some
subsets of the basic set Q and for 4 €. et P(A) denote the probability measure
of 4. Random variables are defined as functions on @, which are measurable with
respect to the o- algebra /. The elements of .« will be called events. A dénotes
the event consisting in the non-occurrence of the event 4. The elements of Q will be
denoted by w. If A is an event then y, denotes the indicator of 4, i.e. y =1, if
. weAand y,=0,if w¢ 4. Let &’ Csf be another g-algebra of some subsets of Q. -
We denote by M(¢|«’) the conditional expectation of the random - variable ¢, i.e.
such a random variable, which is measurable with respect to o/’ and for which

fM(i[d)dP fgdP

holds, if A€s’. If, especially, £=y, then M@l (A E.sa() will be called the
conditional probability of the event 4 with respect to &/’ and will be denoted by
P(A|4’). The simplest properties of the conditional expectation will be used
in this paper. :

A. RENvYI ([1]) calls the sequence {B,} of random events ‘mixing with density d
if for any fixed random event FE

) . : llmw P(B,E) = dP (E)

holds, where d is a fixed number, 0 <d<1. It follows that hm P(B,,) d. For

mixing sequences {B,} with den51ty d the followmg limit relatlon also holds: for
every fixed random event E
) : - lim_P(E[B) = P(E).

A sequence {B,}, satisfying the relation (1%), is mixing in'thé sense of the defini-
tion of A. REnvl if the limit ligrn P(B,) =d exists and 0 <d<1. -

It is obvious that, if the sequence {B,} is mixing with density d, then the sequence
{B} is also rmxmg with density 1 —d. Thus we have for every fixed E .
a Jim P(EIB,.) = P(E).
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. The facts expressed by (1°) and (1”) can be unified in the following manner:
let &, denote the class {Q, B,, B,, O} of sets, where O is the empty set and Q is
the basic set. It is easily seen that &, is a.o- algebra For every fixed event E we have
with probability 1 '
‘ P(EIF) = P(EIB,.)XB,.+P(EIB,.)(1 — X8>

where P(E|%,) denotes the cond®tional probability of E with 'respect to the o-
" algebra &,, xp, and 1 —y;, are the indicators of the events B, and B,, respectively.
From the fact that {B,} is a mixing sequence w1th density d, it follows that we have
with probabrhty 1

@) lim P(E[ﬁ) = P(E)

and so this limit relation holds in probab1l1ty measure, too.
However, relation (2) implies the- mixing property (l) of the sequences {B,}
and {B} only if hm L P(B,)=d exists and 0<d<1.

Relation (2) suggests a-more general formulation of the notion of mixing
sequences of events. . : A .
Let {%,} (n=l 2,-+; 9, o) be a sequence of g-algebras.

Definition. The sequence {¥%,} of o-algebras is called nnxmg if for every
fixed event E the sequence

3) | P(El‘ (n"=1-,2,---)

converges in probability to.P(E), as n— -- oo, .

- Examples, showing that the class of the mixing sequences of o- algebras is not’
~ empty, are given e.g. in papers [1], [2], where concrete mixing sequences of events -
in the sense of the definition of A. RENyI have been studied. '

ROSENBLATT ([3]) introduced the notion of the strongly mixing and. KOLMOGOROV
([6]) used the notion of the completely regular sequences of g-algebras. Both notions
' requrre more than that of the regular sequences of g-algebras. A’ sequence Y09, 1

(n= 1, 2, ---) of g-algebras is called regular if the a-algebral ﬂ @, is a trivial one.
n=1

(The trivial o-algebra is that o-algebra- which contains only sets with measure 0 -
or 1.) In this note we shall show. that the properties of m1x1ng sequences of o-algebras
are close to those of regular sequences.

2. First we shall show the following

Theorem 1. Let Ec.s/ be an arbztrary fixed event and let {9,}. be a mixing
sequerice of c-algebras. Then '

@ lim sup |P(EB)— P(E)P(B)[ = 0.

n—o BEY,
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Proof. It can be easily seen that

:gp |P(EB)— P(E)P(B)| = sup ] f (P(E|%,) - P(E))dp{

= sup [|P(EI%)— P(E)|dP = f \P(EIS) — PE)| dP.
: B9 npB

We have 0=P(E|9)=1 wrth probability 1. Since the-sequence {%,} is mixing
we obtain (4) from (3) by LEBESGUE’S convergence theorem. ‘

Remark. If, for n=1,2, --‘-,?,,D%H', then relation (4) is the necessary '
and sufficient condition for {%,} to be a regular sequence of o-algebras. (See e.g. [5].)
It is known that the set-‘_[heoref(ical intersection of g-dlgebras is also o-algebra.
By the union of g-algebras we mean that o-algebra which is generated by the
set-theoretical union of these o-algebras. It is obvious that the union of trivial
0~ algebras is their set-theoretical union. We mean by the “limes inferior” of
a sequence of o-algebras the o- algebra
Unéa.
n=1k=n
and we denote it by hm 1nf g,.

Theorem 2. Let {%,} be a mixing sequence of g-algebras. Then lim 1nf {9

n- + oo

is a trivial o- algebra.

'Proof It is enough to show that for n=1,2, ... the o-algebras ﬂ @, are

trivial. Applyrng assertion (4) of Theorem 1 to the event F E ﬂ Y, (and writing

E instead of B in (4)) we obtain P(E)= (P(E))2 From this our assertron follows.
. The following theorem asserts that regular sequences of g-algebras are mixing.

Theorem 3. Let {9} be a monotonically decreasing sequence of o-algebras,
ie. for n=1,2,..- let 4,5% .. In order that the sequence {¥,} be mixing, it is
necessary and sufficient. that the sequence {%,} be regular. '

Proof. If the sequence {{% } is mrxmg then, by Theorem 2, hm mf G, = ﬂ g,

is a trivial g-algebra. : a
Conversely, if for n_l 2, --- we have %D%H, then for every fixed event
E the sequence o - :
"P(E%)  (n=1,2,--)
is a martingale which converges with probability 1 (and, consequently, in probability
measure, too) to the random variable R ‘

P(E| () )
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i (See e. g Doos [4], Section VII, Theorem 4. 3) Since in our case ﬂ 9, isa trivial

c-algebra, the last conditional probability is equal to P(E) with probablhty 1. This
proves our assertion.

3. Let {¢%,} be a sequence.of a-algebras Further consider all the random
variables defined on Q and measurable with respect to the o-algebra &/ which are
square integrable. If 5 denotes the set of these random variables, then for EHw)EH
n(w) € # we define thé inner product of ¢ and 5 by '

ff_-ndP,
2

and we denote it by (¢, #). The norm of a random variable & is defined as (¢, &t
and it is denoted by ||£||. Then ¢ is a Hilbert space with the inner product (&, #)
Let E€¥%, (n=1,2,---) and consider the linear combinations of the random
variables y;— P(E), further consider also the limits in {the mean of these linear .
combinations. The set of these random variables will be denoted by 5#,. Clearly, .
S, is a subspace of the Hilbert space 5 Let us also cons1der that subspace 9?2
of # which is orthogonal to . -

We prove now the following assertion which is well known. We prove 1t only
for the sake -of completeness.

Lemma If £€J%, is a random variable, then we have for every n.
P(M(¢£]%,) = M(Q) = 1.

Proof. It is én’ough to prove this assertion in case that M(&)=0. Let
A be the event {w: M(¢|%,)>¢}, where ¢ is an arbitrary fixed - positive number.
Then, since M(£|%,) is ¥,-measurable, we have 4 €9, . Further '

[ M@gyap = [ M%) dP = [xaap.
A . 2 2

Since. by our-supposition, ¢ and g, — P(4) are orthogonal, we obtain that
' L ’

fM ¢|9,)dP = P(A)M(g) -0
On the other hand ' '
0= f M1, dp = P(4)= 0.

This results that P(A)=0. Let further B be the event {w: M ({l?)< —a} (e=0).
Then B€ %, and we obtain in such a way as above that

[m@g)yap = o.
F A
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On the other hand | .
0= _/M(él?}’,,) dP = —¢P(B) = 0.

So we have P(B)= 0 Since »
P(M(E%)] > ) = P(4)+P(B) = 0,
and &>0 was chosen arbitrarily, we proved that

w1th probability 1. '
We shall use this Lemma in the followmg assertion which facilitates to decide
whether a sequence {%, } of o-algebras is mixing or not.

Theorem 4. Let {94} be a sequence of o-algebras. A necessary and sufficient
condition for {%, } to be mixing is that for every fixed E€%, (k=1,2, - ) the sequence

P(Elg) (”l= 152:“')
of random variables com/erge in probabllzty to’ P(E)

Proof. The necessity part of the assertion is obvious. The sufficiency part
of the proof can be performed as follows. Let ¢=>0 be an arbitrary fixed number
_ and let E be an arbitrary event. Then

&) . eP(PEG)—PE) > &) = MM ((rz— P(E))Y,))-
Let us. decompose y;— P(E) in the form -
&i+¢

where £, €3¢, and ¢&,€5,, 3¢, and %, being defined as above. Since

M(xg—P(E))=0, further M(éjl) 0, one has M(&,)=0. So by our Lemma we

’ have for' every n :
ME,i9) = 0

with probablhty 1. On the other hand

M((XE—P(E))[g) = M, I%)+M(€z|‘fn) = M(f l
with probability 1.-So we have
(6) M(IM((XE P(E))l?)l) = M(IM(é I ).

¢, being element of o, can be approx1mated in the mean by finite linear com- '
binations ‘of the elements y,—P(A), (4€%,, k=1,2, ). Denote the sequence,
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approximating ¢; in the mean, by 75,7, -+ (n;€#;). For every fixed k- the

sequence
M(”k,gn) (n = 1: 2) ')

conQerges, obviously, in probability to 0. Let =0 be arbitrary and let us put k
such that }|&; —n,]l <0 be satisfied. Then fix k. It is easily seen that 7, is bounded
-and so is M (n;|%,) with probability 1. Now we have

(7 M(IM &%) = M(IM((E — %))+ MM @%,)).

The second meniber on the right-hand side of (7) by LEBESGUE’s theorem convefges
to 0, while the first is smaller than

M(M(E—m(G)) = MM(E =nd9) = 1=l

Conferring (7), (6) and (5) we obtain that
(3) - lim sup P(|P(E|%,)— P(E)] > g) = —i—

n—eco

Since £>0 and §=>0 vary 1ndependently each of other (8) means ‘the assertion
of the theorem.

' Theorem 4 gives similar condltlons for {#,} to be .mixing as the conditions
of the theorem of A. REnvi ([1]) for the sequence of events {B,} to be rmxmg w1th
dens1ty d(0<d< 1). :

Theorem 5. Let {.‘9} be a mixing sequence of o-algebras and let z be a random
‘variable having finite mean-value. Then the sequence :

M(Zlgu) (n=172"")
of random variables converges in probability to M(z).

Proof. The assertion of the theorem is true if z is of the form:
J
Z C XEka
k=1 .

where o k=1, 2' . ,j) is a real number, E € (k=1,2,---,j) are events such
that E;NE,= ¢, and U E,=Q, further Ax, denotes the indicator of £, and j is

finite posmve integer. Smce M(2) is finite, the random variable z can be approxi-
mated in L! norm by the random variables of the mentioned form- as close as we
. please. Let z* be such a random variable for which’

M(lz —zD)=e
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holds. Then _ o . ’
[IMEI%) - M @) dP = [ M%) - ME19)| P+

Q

.,+v‘/‘|M(zv*Ig")—M(z*)| dP+f|z*—z| dP =
. “7 J

= f M(iz—z*H D P f |M(z*!{4)—M(z*)idP+M(|z—z*|).
The ﬁrst and the third terms on the right hand side of this inequality are smailer -
than ¢ and the second converges to zero. This proves the theorem.

4. It is interesting to investigate the analogon of Theorem 4 in .case of the
-almost everywhere convergence. Theorem. 6 makes this for martingales.

Theorem 6> Let {9, } be a sequence of c-algebras and suppose that for euery
event E the conditional probabilities P(E|9,) (n=1, 2, ---) form a martingale. If for
every fixed E€Y, (k—l 2, -+) we have

P(lim_P(E|%) = PEY=1, -

then the same holds for every event E. o
Proof. We have for arbitrary fixed E
0= P(EY) = 1.

- Thus by the convergence .theorem of the martmgales (cf. DOOB {4], Sectlon VII,

Theorem 4.1.) the limit
A llTP P(Elgn) = ¢p(w),

exists with probability 1, where {g(w) is a random variable. We have further
M(¢g(w)) = P(E). So it remains to prove that P(¢z(w)=P(E))=1. Let us consider
for this purpose M(|£(w)—P(E)|). We have

©) . M(Ex(@)— PE)) = M(|¢x(w)— PCEIG)) + M (M (1 — PE))IE,))-

By LEBESGUE’S theorem, the first term on the right hand side converges to zero as
n oo, For dealing with the second member let us decompose the random variable
xi: — P(E) into the form - : '

£l+€29

where ¢, €3, and &, €56, %’1. and ##, being defined as above. Since &, €5,
one has M(¢;)=0 and so M(£,)=0. By our Lemma we have for every n

 MEIg) =0
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with prdbablhty 1. On the otﬁer hand

M((xe— PE)NG,) = M\ |9)+ M (&%) = M(é AN
with probability 1. So _
(10) M(IM((rz~ P(E))IS)) = MM, I%)I)

&, , being element of J#,, can be approximated in ‘the mean by finite line'ar: com-
binations of the elements y,— P(4) (AE.%, k=1,2,.-:); Denote this sequence,
approximating &, in the mean, by 5,, %5, --- . For every ﬁxed k we have with pro-

bablllty 1
'HT M%) = 0.

Let é'>0 be arbitrary and let us put k such that ||, —n| <& be satisfied. Then .
fix k. It is obvious that #, is bounded and so is M (nk]g,,)_. Now we have

(tn - MM & 19)) = MIM(E —ndG)) + MM @l9D).
The second member on the rlght hand side of (11) converges to 0, while the ﬁrst
is smaller than M€ —nell. Conferrlng (11), (10), and (9) we see that

M(léE(w) P(E)I) = llmlnfM(lﬁs(w) P(E|%))+

12
2 +lim infM(lM((é1 ~’r]‘,‘)[g)l)~|-‘lim inf M(IM(n,|%))) = e.

Smce £=0 was chosen arbltrarlly, the mequahty (12) means our assertion:

5. By the .aid of the mixing sequences of o- algebras sequences of random_
events, which are mixing with density d(()<d< 1) can_ be constructed as follows: .

_ Theorem 7. Let {%,} be a mixihg sequence of o-algebras and {B,} asequence
' of random events, for which B,€9,, further liin P(B,,):d exists. Then {B,} is
a mixing sequence of events with denszty d. R

Proof. Let E be an arbitrary event. By our supposmon the condition of :
Theorem 1 is satlsﬁed So we have : '

IP(EB,.)—dP(E)I sup IP(EB) P(E)P(B)I+P(E)IP(B) d..

‘Letting s -» oo, the limit of the right hand side will be 0. This proves the theorem.

6. Consider now some consequences of the above results. We say that a se quence
{¢,} (n=1,2, --+) of random variables is mixing if the sequence of the corresponding
o-algebras ¥, (n=1, 2, ---) generated by the random variable {, is mixing.

Theorem 8. If the sequence {, (n=1,2,---) of random variables is mixing
and n is an arbitrary random uvariable the {, is asymptotically independent of n. If,
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in addition, {, conuerges in probabllzty toa random variable {, then { is constant with
probabzhty 1. -

Proof. The first assertion follows lmmedlately from Theorem 1. In fact,
x and y belng arbitrary real numbers, by (4) we obtain if n—>co

\P(C <x,n<»)-P{, <P <) =
= sup |P(B,n < y)— P(B)P(n < y)I -~ 0.

From this it follows especrally that if {, converges in probablhty to C, then for every A

real x
: lim P, <x{< x) (P(C < x))z.

oo
_On'the other hand, if ¢=0 is an arbitrary number
PC<xl<®)=Pl<x{<x|lL~l<d+PlL<x{<x|L-{=
The second member on the rlght hand side converges to 0, while the first satisfies
the 1nequa11ty
Pl <x—&|l,—l <& =Pl <x{=<x|l,—{ <29 é-P(C,.j<'x)i
If x and x—¢ are-cdhtinuity points of the drstribution functien of {, then the right

hand side converges to P({<x) and the liminf of the left hand side of the ine-
quality is greater than P({<x—¢). Since >0 was chosen arbitrarily, we see that

_ lim P({, <x,{ < x)=P( <‘x).2 :
So we have | ’ . :

PC <x)=(PC <x)
which means that for every real x

- P(l<=x)=0, or 1.
This proves our assertion. - '

Theorem 9. Let {%.} be a mixing sequence of c-algebras in the probability
space {Q, &, P}. If Q is another probability measure, defined on £, and it is absolut-
ely continuous with respect to P, then for every event E the sequence

Q%) - (n=1,2,)

of conditional Q probabzlztzes converges in P (and, consequently, in Q) probabtlzty .
to Q(E), as n— oo,

Proof. Q(E|¥9,), being condltlonal Q- probabrhty, is a random variable,
which is measurable with respect to %, and for every 4€%, we have

0(E4) = [ 0(EI9) do = [ 0(EIg)A(w) P,
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where A(w) is the RadonmNikodym derivaltive of Q with respect to P. Now we have
(EA) fQ(E|e)A dp = fM (E|e);|e)dp fQ(Ew)M(;}fe)dP

" On the other hand- for every Ae{ﬁ

0@ - J yeddp = JMGeng)ar.

Since the conditional expectation is uniquely determined. mod_P,'.we have vvith
. probability 1 v
o ' Q(E|G)M(AF,) = M (1£4%,)
By Theorem 5 the random variables .

M%) and M%)

converge in probabrhty to 1 and to

M(zz2) = f AdP = Q(E)

respectively. Froni this and from the preceding equality onr'th'eorem follows.

Corollary If A E%, 11m P(An) d, then under the condztzons of Theorem 9

we have for every event E
lim Q(4,E) = dQ (E)?

ie., if a sequence {A,} is mixiﬁg with density d in’ the probability space {Q, o, P}
then it is mixing with the same density in {Q, o, Q} provided that Q- is absolutely
contmuous probabtltty measure with respect to P. :

" Proof. By Theorem 9, O(F |{¢ ) converges in probabllrty to Q(E) and so
oc4, £) = f 0(E1%,) dQ ~ O(E) lim P(4,) = dQ(E),
as n—oo, becaus_e lim 0(4,) = lim f M(|9)dP = Jim lD(A,,) ~d. .

" As another consequence of Theorem 9 we prove now

Theorem 10. Let {g} be a mixing sequence of o- algebras in the probabzlzty
space {Q, o, P} and {(,} a sequence of random variables such that {, is ¥,-measurable
(n=1,2, ). Let further Q be a probability measure whrch is absolutely contznuous
with respect to P. If

: Clim P, <.x) = F(x),

n- oo
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where F(x) is a distribution function and the limit relation holds for every fixed x
which is a continuity point of F(x), then we have at every continuity point of F(x)

Jim_ 0@, <) = F(x.

Remark. Theorem 10 is a genefalizatidn of Theorem 3.1 of [5] and of the
corresponding theorem of 1], where a similar assertion has been proved for regular
sequences of o- algebras '

Proof. Let x be an arbltrary fixed contmu1ty point "of .F (x) Then the event
4 —{u) {(w)<x} belongs to. %,. So by the Corollary to Theorem 9 (puttmg Q
instead of E) we obtain our assertlon
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On the sum de( finy) )
By I. KATAT in Budapest
1.

Let £ (n) denote an irreducible _polyndmial 'with integer coefficients. We assume

that £ (n) =0 for n=1. Suppose further that f(n) = cn.. Let d(n) denote the number™ -

" of divisors of n, and dd(n) the number of divisors of d(n). The letters P54, P, Pas ey

qy, q,, --- stand for prime numbers. For the sake of brevity we write xl—logx :
2—log Xy, . We shall. prove the following results.

Theorem 1. If the degree of f(n) is §3, then

a1.n : A _zdd(f(n))_cxx2+o(x1/x_2)

nsx
where ¢ is a positive constant.

- Theorem 2. If the degrée of f(n) is =2, then
(1.2 2 dd(f(p)) = ¢’ lix-x, +O(lix:Vxyx3),

where ¢ is a paszttue constant.

Remarks. It seems probable that the relations (1. l)—-—(l 2) hold without
Aany restriction on the degree of f(n). For the proof of (1.1) in the case r=3 we
use a result of C. HOOLEY concerning the power-free values of polynomials [1].
(This question previously was’ investigated by P. ErRDGs in [2].) For the proof of
(1.2) we use some well-known theorems on the distribution of prime numbers
in arithmetical progressions. '

2. Notafion

.The function U(n) is the number of di_étinct jarime factors of n. (a, b) is the
highest common factor of a and b. g(n) denotes the number of (incongruent) roots
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of the congruence f(v)=0 (mod #), and A(n) the number of those roots for which
(v,n)=1. The letter m denotes square-free numbers.

We shall say that K is a ‘‘square-full” number if it contains every prime-divisors
at least on the second power. Let 1l denote the set’ of the square-full numbers. It is
_evident, that every integer n can be represented in the form n= Km; where K¢,
(m, K)=1: This representation is unique. We say that K is the square-full part
and m is the square-freé part of n. Let %, denote the set of n’s, square-full part
of which is K. :

Let pu(n) denote the Moblus function.

"For K€U we introduce the notation:

@.1) k=d(K), k= 2%k, (k, is odd), k2.‘=d_(k-), k;:d(lkl);

4(2.7‘_) SR a(K) = ky— U(K)ks. |
Thus for f(n)¢ By we have '

'(,2.‘ 3) ‘  ddf(n) = k3U(f(n))+a(K)

: Let BK(x) (resp By(x)) the number of n’s (resp p’s) in the 1nterval {1, x] for
~which f(n) (resp. f(»)) belongs to %x. Let C(x, n) (resp. C(x, 7)) the number
of n’s (resp. p’s) in the interval [1, x] for which £ (#) =0 (mod {) but /()0 (mod g?)
(resp. f(p)=0 (modl) but f(p)#0 (mod qz)) when 1=¢=¢ and q’rl Let
- Cx)=C(x, =), Cx)= Ci(x, <).. :
The following relations obviously hold:

@24 ' Bx(x) = vgu(v)cxv(x),j
(2.9 - o 'BK‘(x) ;_Z 1(¥) Cg, ().

. &1, &, &3 denote sufficiently small posmve constants. We use the symbol - < in
g VINOGRADOV § sense. : :

3 Lemmas

Lemma 1. [3] The following relations hold: a) o(ab)= Q(a)g(b) if (a, b)=1; :
b) o(pY<a; ¢ o(p?)= o(p),.if pID (D denotes the dzscrzmmant of f(n)). Further
o(p®) = A(p*), when p- is sufﬁczently large.

We shall use the fo]lowmg result of P. TURAN. ~

Lemma. 2. [4] ]
| Z(U(f(”)) xz) < XX,.
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Comblmng the method of TurRAN w1th the Rodossky—Tatuzawa theorems,
we can prove the following

. Lemma 3. . )
. X ) .
3.1 | 2 W) —x) < —x: log x2.
Usmg addmonally the result of BOMBIERI in the theory of large sieve [6], we
could prove that the left hand side of (3. 1) has the order xxi x2
Lemma 4. ([8]) ‘
C S[fe)F<xx@ i a1,
(o) is a suitable constant which' depends only on « and f. '
Corollary. ' - _
. > d(f(n)) <« %, if B is large enough.
nsx ' 1. : .
U (n))> px2

Let N(x, y) denote the number of those n’s in l<n<x, for which p |f(n)
with some p>y.
C. HooLEY proved

Lemma 5. ([1])
N(x, x.l)<<x Lxp A% “ (A =0, suitable constant).
Lemma 6. Let b,<n} be a sequence of positive numbers. Then

Sy for y .

K>y

The proof is simple.and so can be omitted.
Applying the sieve method, we can prove the following

Lemma 7.

© pth

G, 9 = <20 ]][ -2 o )
umformly for. ]<h<x | : '

Lemma 8. Let f(n) be an zrreduczble polynomial of degree 2 Then for ﬁxed h
. the number of the solutions of f(n) hs? (1 =n=x, n,s integers) is at most O(x,)
: umformly in h. '

For the- proof see [7], Lemma: 2.
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Lemma 9..

Ci(x, x11?) = lix-Lh) ]][1— 11(7122)]'*'0("?‘1_2),

h pth

umformly in l=h=x,.
The proof goes with the standard application of the s1eve method usmg in
addmon the prime number theorems in the form: : '

lix

(3.2) . kD) = (k)(1+0(x1 2)),
umformly for: 1<k<x1, (k H=1 (see [5], and the Brun—Trtchmarsh 1nequa11ty
stating that ‘

lix

G.3) (e k1) < Coiyr for K = W (5= 0) @),

4. The oroof of Theorem 1

Sk= 3 ddf(); Sea= PARIGON

: o f(:)éefzx ' f(n)e Bx
' Using (2. 3) we have
' ' Zx —k32KA+a(K)BK(x)

Let é=x and let 6 bea sufﬁcrently small posmve constant. Frrst we prove that -

(4 1) . ‘ ’ . . 2 ZK << X,

K>¢

Applylng the Corollary to Lemma 4, it is enough to. prove that
Z (x2k +k2)BK(x) <x..

( )+ Q(K) by Lemma 6 we obtain

Since Bg(x) <

< xx,&° 13 <<x

> <k3x2+k2>BK(x)<<xx2 > ’M bx 3 ka0l

¢SKsx S =ksx K K=
Let now K>x K =pit--Pirs Py <P2<""<Pj§x /4<Pj+1’<"'.<Pr~ Let K'=K1K2_f
K; =pj--p} | o S " |
Let _ - .
2 (x2ks +k2)BK(x) = Dat Zp+ e

where in the sums D Db D We sum over those K for whxch a) K, =¢;
b) §<K1 =x; ¢) K;>x holds, respectively. oo



On-the sum £dd(f(n)) . - 203

Since for K;=¢ the inequality

=)k, = ¢ _loge | _ X3
. (k; =)k, = dd(K) < dd(K, ) < [d(K; )] < exp [2 Toglog 2 exp[ x3]
holds, by Lemma 5 we have '

2 <« x2 exp [a, z ] N(x x14) «< xx, exp [—%ﬁ] < X.
3

For 3, we have

Z}_,‘<< Z (k3x2'+k;)CK1(x)<<xx2 Z M

1/3
EsKi=x - R e<Ki<x K '

<« xx, 870 = x.

For the estimation of 3. let K; denote the maximal square- full divisor of
K, in the interval x!'*=K;=x. (K, exists since the greatest prime factor of K,
- is =x'/%.) Consequently, we have :
K
Zc < xl*e Z Q(K ) < X.

x/4<K3y=x

So (4. 1) holds.
Sinc_e ' -
Za(K)BK(x) <« X Z LS Q(K) < X,

for 'the proof of (1.1) it is enough to prove that
Ké’{ ks ZK"? = cxx,+ O(xl/g)
By the Cauc’hy—Schwarz inequality we have
' T= xé; k{2 k,a—x2 Bg()} < Ké; 2 k3|U(f(”)) PARS
<(Z kB (2 lU(f(n))—x:P)‘/Z S sy

Since

21 <x D ki =2 Q( )

=
. and by Lemma 2 D XXy, WE have T<<xxi/?,
Now we prove that

4.2)  ZkaBe) = cx+0 [x exp [——’;- fj]]

hence Theorem 1 follows.
Applying (2. 4) we have

ZaBe(®) = 3 ks 2 u0)Ca(s) = 25 ks 3 H0)Cra( 9+
+0(Zh 3 O o)~ Cr0) = Zat+0(Za).
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Since in the sum - >, the relations d(K)<<exp (35 ) k3 =d¥X) hold, by

Lemma 5
24-'<< exp (4dx;/x3) N (3, x) << xxy4/2%3,

if § is small enough.
F urther by Lemma 7

25 = CX+0(xxf152) e b O (A,

where |
- {2 20 17[1_—@_0;)]. -
. K Ptk p
» 5, The proof of'Theorem 2. )
Let A -
Sk = ; ddf(p);  Ska= Z U(f(p))
V /e ' Fesg
By (2.3) :

Sk = ks SK,A + a(K)EK(x)‘

~ Using the Corollary to Lemma 4, we have

25k< Z(k3x2+k2>BK(x)+0(x/x )=2+0 [xi]
Let . o
S = +22+23+24,
where in. 3, : 6<K<x’/4 in 22 ¥t <K=x,in J5: x<K<x7/‘* and in 24
K=x"4. » ‘
For K =x34 we have by 3. 3) that .

EK (x) « ;1)((11(()) li'Ax‘.

.Consequently

k
21<<11‘62 3x2+k <<x211x - 1/3<<]1x
g=arTo .

For x% <K <x we use the tr1v1a1 estlmatlon

BK(.?.C). = B,(x) < x%,

D, < xlte 2 ok )<<11x

K=x3/4

Since for K=x .
‘ By(x) < Q(K) <X,
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and the number of the square-full number in the interval [1 x”“] is majorlzed by
7/8+e , SO

'23<<li x.

Finally, let K=x"/*. Let L? denote thelgreatest square d1v1sor of K. Since K
is a square-full number, so L2>K2/3 (>x7/6)
It is obvious, that
24<<x > > l<xt 2 > 1.
K2x7/4 f(n)=0(mod K) L2z=x7/6 f(n)=hL2
nsx . - . n=x
Since the degree off(n) is 2 SO h<<‘c5/6 Changmg the order of summatxon '
and applymg Lemma 8 we have
Dl = xt 2 2 l<lix.
h=cx36 f(my=hL? = : .

n=x

Consequently
: . ZSk= ZSK+0<hx>

. K=&
Taking into account that

Zla(K)]BK(x) < ]1)6‘2 ja ((K))‘ < lix,.

we have
’ Z’SK = 3 k3Sx 4+ O(li x).
kst

By Lemma 3 we obtain that

Ké€k3S1\A x2 Z k B (x)‘ <<[ ZkZBk(v)]I/Z(Z (U(f(p)) Xz)z]llz << A
‘ L= (h ,\‘)lfz(hx-,\‘z-xs)‘/2 <lix-Vx,x5.
Conseqﬁ'eqtly for the probf of Theorem 2 it is enough to prove that

(. 1) S k3 By(x) = dlix-x, + O(lix- Vx,x3).
A B _ 3)

The proof of (5. 1) is very similar to that of (4. 2)-and so it can be omitted.
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On a classification of primes

By 1. KATAI in Budapest '

) 1. Let I, D be coprime natural numbers. The letters p, Pis s g, qq, -+ denote

prime numbers. Let o7, ; denote the set of those p for which g{p +1,if g =1 (mod D).
- Let N(x, D, ) be the number of the elements of 27, which are smaller than x. -
It seems to be interesting to know whether N(x, D, I) ~ oo for x — o or not. Using
_ the variance-method due to Yu.V.LINNIK [1], or the method of 'C. HooLey [2]
' combined .with BOMBIERT’s large sieve theorem (see [3]), we deduce the inequality

)4

Shairpening the method of HOOLEY we are also able to prove that

(LD ' N(x,4 3)>>

o -

.2) | | N(x,D D>t v
provided that there exists some Dirichlet character x (mod D) such that (/) = —1.
For the remaining cases we are unable to prove that N(x, D, [) > for x—ce.

Furthermore by SELBERG’S sieve method we obtam :

(1. 3) . , N(x,D,!) < x/(log x)' ‘”‘P(D), _

It seems probable that this is the exact order of N(x D, ).

We shall give a detailed proof of the inequalities (1. 1)——(1 2) in another
paper. Here we investigate only the ‘special case /=D—1, D prrme and one of
its-applications.

Let ¢(n) denote the Euler function, and o(n) the sum of the positive lelSOl’S
of n. Let <p(n) @1(n), o) =0,(n); (1) = @(@4-1(n)), o: () = G(Gk 1(n) for au
Ck=2.

Let D be a fixed odd prime. We say, that the prime number g belongs
to the rth class, if ¢,(g)=0 (mod D) but qok(q);—EO(mod D), whenever k<r. Let
f(D, r, x) denote the number of the primes in the rth class smaller than x.. Using
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the prime-number theorem for arithmetical progressions and the eratosthenian
sieve, ERDGs [4] proved that .

X : N D-2 x

D, 1 = (1 — " f(D,2 = 1)) ———. .

S0, 1,5) = (1400) g —fyiepss S0:2.9 = (ko) 577 o

But he has left open the prqblem'whether f(D, 3, 'x)—»ooas X ~> oo,
We formulate now analogous questions for-o(n) instead of ¢(n).
We say, that the prime number g belongs to the rth class, if ,(g) =0 (mod-D)

but ¢,(q)#0 (mod D) whenever k<r. Let g(D, r; x) denote the ‘number of the

primes in the rth class smaller than x. Usmg the same method as ErDOs, it is easy
to see that

g(Dlx)_(1+o(l)) N D 2 al

In this paper we shall prove, that g(D, 3, x)>>x (log x)~* if x - o. The method
cannot be applied to the lower estimation of f(D, 3, x). -

Thcorem. Wé hc'we. L g(D, §,x > m—;ﬁ. |

. Remark. Sharpening the method we are able to improve this inequaiity (éee [5D.
2. For the proof we need- some lemmas. | ’
Lemma:l. (E. BoMBIERI [3]) _

x

iz - _ .
(log x)*

n(z;D,l)—.(p(D)

2 max max
D=y l(modD) z=x
D)

where . _
Y = x”z(logx) B B=44+40,

A bezng an arbztrary constant.’

Let y(n) denote a character modD such that y(—l) =—1. Let further'

S r(n) = 7x(d) pqn{lﬂ(p)Jr +z(p“)}
Let - : '
Kx= 2 r@+Dlu@+D

' qz—l{(énfodD) ) o
~ Using the method of C. HooLey [2] combined with the theorem of BOMBIERI -
(Lemma 1), we can prové the following :

-Lemma 2. K(x) = ADIIX—I—O(hx (loglog x)™%), where a=0, Ap#0 are
: uztable constants. . ' ‘



On a classification of primes T 209

We shall give a detailed proof of this assertion in another paper.

Lemma 3. Let N (k,.x) denote the number of the couples of primes sattsfymg
the conditions p+1=kq, p=x. . Then '

Nk, x) < d

o (k)log?

For the proof see PRACHAR [6] p. 51, Theorem 4. 6.
Let ' ' . ’
M(x,y) = 2’ IV(”)L

where the dash means that we sum over those n all prlme divisors of which are
smaller than y. :

Lemma 4. We.havg

M(x,y) < xexp[ lo g3y10gx+clog2y+0[;c)§2;]]
3

: 1/2
when 1<y(x)<x; y(x)—>o as x-—>oo; c=V2 (1__}__‘_1) .
The proof is similar to the proof of RANKIN’s theorem (PRACHAR [6], p. 158)

and so we omit it.
Let f (n) be a totally addmve arithmetical function defined as follows

1 when y<p=<2x'3 and p=-—1(modD),
0 otherwise.

fp) = {

Using BoMBIERI’S theorem, we obtain:

Lemma 5. We have ‘
q-;;{f(q-iil)——Ax,y}z <lix-4,,,

where : A, = i
’ y<p<xi/3 P
) p=—1(mod D)
' log x ' . '

Corollary. Jj 10E—»oo,_ then the number of those q for which f(q+1)=0
is at most o(li x). ‘ '

Lemma 6. 2 Ir* (g +1)] < xlog? x.

g=x

The proof is simple and can be omitted:

14 A
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3. Proof of the Theorem

The letters ¥, g, Q, Pi1>P2s s 913 92s s Q1 Qs, -+, denote prime numbers.
Let 2, denote the set of those g which belong to the rth class. It is evident
that those ¢ in the sum K(x), for which

rig+1) ug+1) =0,

are not belonging to the classes™ Uy, A,. Indeed, if rig+Du@@+1)=0,
g # —1(mod D) then »

3D g+l = qiq>4e (1< <g) and xg) # -1,

ie. q,+1;7é0(modD)

If for a g, represented in the form (3. 1) there exists a @, .such that
Q=-1(modD) and ao(g+1)=(g,+1)-(q,+1)=0(mod Q), but [o(g+1)=
#0(mod Q then g€ s,

Let :

3.2 ’ - zo=(log x)S _Zlosz x ,Zy= xl/logz ®

Let S, denote the set of those g which are fepresented in the form '(3.1), and
-for which there exists a ‘prime number Q, Q=>z,, 0 = -1 (mod D) such that

o(g+1) =0 (mod 0%). "

Let S, denote the set of those g for which

_ , a(g+1) £0(mod Q),

if Q>z, and ¢ = —1(mod D).

Let ' ) .
Gy  S@= I et (=12,

|
and let A, = 2 Irlg+Dllug+D).
. ‘16913
Obviously _
- Ge ' A;() =K = [S:) = [S2(9].

Lemma 7. We have

(3.5) ' S, (x)=o(li x),

(3.6) S,(x)=o(li x).
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Proof. Since |r(m)|=d(m), where d(m) denotes the number of divisors of
-m, so we have  S,(x)< >, + >, with

2= 2 2 dgig.m), Zi= 2 2 d(gm).
z20<Qsx (q1=42= - 1(mod Q) zo<Q=x q— - l(mod Qy
Q=-1(mod D) q1,42=x _ Q= - 1(mod D)

‘'We obtain evidently, that
. : 5
Dli<xlogx D) > 1 <« x(log x) << x2,

20<05x ai=a=-1@) 9192 Zg log?x”
L. q1, 2%
Similarly, we have .
x log3 X o X
22 < 2 2 .
zo<Q@=x Q

log x
and so (3. 5) is proved. '
In order to prove (3.6), let

§5(x)= S3(x) + S4(x),

where in S3(x) we sum over those g+.1 the greatest prime divisor of which is '
smaller than z,, and in S,(x) over the others.
Using Lemma 4, we easily deduce that

) x
Si(x) = M(x, z;) < fog? %'

We consider now S,(x). For the ¢ occﬁrring in the sum S,(x) let g+1=
=A(g) B(q), where -
Al@)= [I p, B9 = H P

. plat+1

plg+1
pP=z) P>z

Let p* denote the maximal prime divisor of ¢+ 1, and write
BYq)-p*=B(9), A@)B*(g)=k.
Since, for a fixed k, by Lemma 3 it follows that

rg+1) < ]r(k)]N(k x) < Il x
A@BT@) =k @ (k) Tog? ¥
K
so we have
x(Ing X)2 r®l _ '
i) < 2 FOING ¥ x) = Zx o) <

ks_
z2

x(log, X 17 {. . r(D)] ()|
= logzx plézl{l-l_p_l}.n!p]éx{l-,_P_l}.'
pET :
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Here & denotes the set of those p for which p+ 120 (mod Q), if Q = —1 (mod D)

and Q=>z,.
Obviously »

Jii {1 +1]:(%2} < (log z,)? << (log, X)*.

pP<zi

Furthermore, applying Lemma 5 and the Corollary to y=z,, u=z,, we have

logﬂ{ "“’)‘} 23 2 L cloga,

Zy<p=Xx x 2v21<11_5_2"+121p
pe ; _ pE€

whence it follows _
Ir(p)l}

14— << (log x)*.

z1<1p]Kx{ : P_l ( 8 )

peET

So (3 6) holds.
Taking 1nto account the inequality (3. 4), from Lemma 2 and Lemma 7 it follows

. that
Az(x)=1i x.

Using the Cauchy—Schwartz inequality and Lerhma 6, we obtain

< A;(x) =< { 2 1}1/2 {Z lrz(q+ 1)[}1/2 <« g(D, 3, x)”2 12 log x.

q=x a=x
€U

X
“log x

Hence the assertion of the Theorem evidently follows.
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N. L. Achleser—I M. Glasmann, Theorie der linearen Operatoren im Hilbert-Raum (Mathe-
matische Lehrbiicher und Monographien, 1. Abteilung. Mathematische Lehrbiicher, Bd. 4), vierte,
unverdnderte Auflage, XIV+369 Seiten, Berlin, Akademie-Verlag, 1965. .

This book, the German translation of the Russian original (1950}, contains a complete pre-
sentation of the classical theory of self-adjoint operators in Hilbert space, and a summary of progress
(prior to 1950) achieved in this field by Soviet mathematicians.

There are seven chapters and two appendices. )

. The first four chapters show no essential methodical difference from the corresponding

parts of other well-known books in functional analysis. They give a survey of standard definitions -
and theorems in the theory of Hilbert space (geometry of Hilbert space, linear functionals and
operators, special operators: projections, isometric and unitary operators, the niotion of the spectrum
and resolvent).

Chapter V deals with the elementary form of the spectral theory of completely continuous
operators. The spectral theorem, stated in terms of reduction to diagonal form, is proved for a
normal .completely continuous operator by elementary means.

Chapter VI contains the spectral analysis of self-adjoint and unitary operators (the spectral
theorem for normal operators is' not mentioned). The chapter begins with a discussion of the moment
problems, including BocHNER’s theorem.on positive definite functions. The spectral theorem for
unitary operators is proved by one of these moment theorems. STONE’s theorem on integral répre-
sentation for groups of unitary operators is proved by BocHNER’s theorem. For the spectral theorem
of self-adjoint operators two proofs are given; the first of them uses the integral representation for
the resolvent operators of a self-adjoint operator, while the second one is based on the spectral
theorem for unitary operators and on Cayley transform. Other topics treated are: operators with
simple spectrum; spectral types; functions of a self-adjoint operator; spectral resolutlon of the
Schrodinger operators.

- Chapter VII contains the theories of J. voN NEUMANN and M. G. KREIN on the exten51on
of symmetric operators.

Append:x 1 deals with self-adjoint extensions of symmetrlc operators in a larger Hilbert space.:
The main result is that any symmetric operator in a Hilbert space H can be extended to 4 self-adjoint
operator defined on a Hilbert space K, which is usually larger than H. This theorem is used to
define a generalized resolvent of a symmetric operator, and an integral representation for. this
resolvent is obtained with respect to a generalized resolution of the identity.

Appendix 2 contains a detailed description of the foregoing theory as apphed to ordinary
linear differential operators of the n-th order.

L. Gehér (Szeged)

H. . Axuesep — U. M. I'itazman, Teopus JIHHEHHEIX 0HEPATOPOB B ITLGePTOBOM NPOCTPA HCTBE
[N. I. Achieser — I. M. Glasmann, Theorie der linearen Operatoren im Hilbertraum], Zweite, um-
gearbeitete und ergiinzte Ausgabe, 544 Seiten, Verlag ,,Nauka”, Moskau, 1966.

Das in seiner ersten Ausgabe 1950 erschienene und seitdem auch in fremdsprachigen Uber-
setzungen verbreitete, ausgezeichnete Lehrbuch der Verf. wurde in dieser neuen Ausgabe wesentlich
umgearbeitet und erginzt. .
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Die wesentlichsten Verinderungen sind die folgenden: Das Kapitel iiber vollstetige Operatoren
betrachtet jetzt auch die Theorie von F. Riksz iiber diese Operatoren, den Satz iiber die Existenz
nichttrivialer invarianter Unterdrume fiir vollstetige Operatoren, sowie Ausfiihrugen iiber nukleare
Operatoren. Ein ganz neues Kapitel wurde den Stérungsproblemen selbstadjungierter Operatoren
gewidmet, insbesondere betrachtet man hier die Sdtze von M. RoseNBLUM und T. KaTo iiber die
Invarianz (bis auf unitire Aquivalenz) des absolut stetigen Teiles eines selbstadjungierten Operators
bei Stérung durch einen nuklearen Operator. Ein neuer umfangreicher Anhang wird den Integral-
operatoren gewidmet (Theorien von CARLEMAN und vON NEUMANN). Auch in den anderen Kapi-
teln findet man manches neue Material, entsprechend der Weiterentwicklung der Theorie seit der
ersten Ausgabe. Natiirlich wollten (und konnten) die Verf. nicht alles einarbeiten, was man heute
iiber Hilbertraumoperatoren weill, dazu wire ein einziges Lehrbuch viel zu wenig.

Doch haben die Verf. erreicht, ihr Buch noch lehrreicher zu gestalten. Gewifl wird es vielen
Erfolg bei den Lesern haben.

B. Sz.-Nagy'(Szeged)

Ralph P. Boas, Jr., Integrability theorems for trigonometric transforms (Ergebnisse der Mathe-
. matik und ihrer Grenzgeblete, Band 38), VIII+ 65 pages, Ber]m—-Helde]berg—New York, Springer-
Verlag, 1967.

This monograph offers a survey of the present stage of a special but 1mportant collection of
problems concerning trlgonometrrc series about which a sizeable llterature has grown up in recent ’
years.

The typical problems of this subject are ralsed as follows Suppose that a perlodlc functlon

. ag
f(x) is associated with a trigonometric cosine series — + Z_a,, cos nx (e. g. f(x) is integrable in some
= ! .
sense and a,, are its Fourier coefficients). We ask two questions: a) if ¢(x) is a given function, and
f(x) belongs to a specified class of functions, what hypotheses on {a,} are equivalent to the fact that
F(x)p(x) belongs to a certain class of functions (e. g. f(x)¢(x) € L2(0, 7)); b) if {«,} is a given sequence
of numbers, a.nd'{a,‘} belongs to a given class of sequences, what conditions on f(x) are necessary -
and sufficient in order that {x,a,} should belong to a certain class of sequences (e g. {oc,.a,,}e 1?).
Similar questions cas be asked about sine series as well. i
) The author has not aimed at encyclopedic completeness; he presents only the more general
and more characteristic theorems from the large number of results. Good arrangement helps the
reader to get a picture on the material of the book.

This monograph was written at the suggestion of BELA Sz.-NAGY whose paper, ““Séries et

" intégrales de Fourier des fonctions monotones non bornées”, published in these Acra, 13 (1949),
inspired the greater part of the material that is presented in this book. Correspondingly, one con--
siders in particular the cases ¢(x) = x~? and a,=n"".

§ 3 and § 4 treat the case 0<y <1, p=1, provided that the functions f(x) and the coefficients a,,
are positive or. decreasing, respectively. In §5 we can find a more detailed analysis of the cases
y=0and y=1, § 6 is devoted to L” problems, l<p<e, and § 7 deals with the case p=e. In § 8.
a number of various generalizations is considered, e.g. the author uses a more general class of
multipliers instead of x~” and n~?, or, e.g., he shows that conditional convergence of the series
Za,u, or of the integral f(x)p(x)dx implies conditional convergence of the other. § 9 touches the
question of trigonometric integrals, selectmg a few theorems partrcu]arly relevant to the theme
of the monograph.

The theorems in the book — apart from §9 — are proved in a detailed, concise form thus
the reader receives an overall picture of the methods of proof. To show the sharpness of some
theorems, the author presents striking examples. The author mentions a number of unsolved prob-
lems which will certainly inspire further research. Some unpublished recent results, commu-
nicated to the author, are also included. A comprehensnve brbhography gives a survey of the former
literature on the subject.

K. Tandori—F. Mdricz (Szeged)
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N. Bourbaki, Eléments de mathématique, Fascicule XV, Espaces vectoriels topologiques, Cha-
pitres 1 et 2: Espaces vectoriels topologiques sur un corps valué, Ensembles convexes et espaces locale-
ment convexes, deuxiéme édition revue et corrigée, VI+178 pages, Paris, Hermann, 1966.

The first edition appeared in 1953.

This book contains the first two chapters of an exposmon of the theory of linear topological
spaces. One difference between the first and second editions is that a paragraph on weak duality,
which was contained in chapter 4 of the first edition, was included now into chapter 2. A more
essential difference is that a more detailed development is given for the notions of the inductive
limit for locally compact convex topologies and of the extremal generators of convex cones.

The book is a careful, extremely well-organized account of the foundations of the subject,
covering essentially all the elementary topological and geometric prerequisites for the duality theory.
The exposition is very well documented with examples and problems.

The first chapter treats linear topological spaces over a valued field and gives, in the usual
way, the notion of topology, continuity and equicontinuity, and uniform structure. Product spaces,
subspaces, and complementary subspaces are discussed briefly. The open mapping theorem and
the closed graph theorem are proved for metrisable complete spaces over a valued field.

Chapter 2 is devoted to convex sets and to the elementary theory of locally convex spaces.

" The scalar field is supposed to be the reals, except in the last section where the scalars are supposed

to be the complex numbers. The chapter begins with the study of topologies defined by sémi-norms.
After geometric preliminaries, the connection between cones and partial orders is studied. Two
sections deal with the different forms (analytic and geometric) of the Hahn-—Banach theorem;
they are proved under the most general conditions (the classical form of the Hahn—Banach theorem
is given as an example). In connection with the geometric form of the Hahn—Banach theorem,
separation theorems are proved. Theorems concerning inductive limits of sequences of locally -
convex spaces, extremal generators of convex cones and weak topologies are also given. KrREmn—
MiLMAN’s theorem on the existence of extreme points for convex sets is proved, too. Finally a
number of results are extended to complex spaces. In an appendix, the Markov—Kakutani
fixed point theorem for a commuting family of affine maps on convex compact subsets of a linear
topological space is proved, and, as an application, the existence of Haar measure on a compact
Abelian group is derived.

L. Gehér (Szeged)

Hans Grauert und Ingo Lieb, Differential- .und Integralrechnung. I (Heidelberger Taschen
" biicher, Band 26) X+200 Seiten, Berlin—Heidelberg—New York, Springer Verlag, 1967.

Dies Buch ist der erste Teil einer dreibindigen Darstellung der Differential- und Integral-
rechnung; in den folgenden Bidnden werden Funktionen mehrerer Verinderlichen, gewsOhnliche
Differentialgleichungen und Integrationstheorie behandelt.

Die einzelnen Kapiteln sind der Reihe nach: Die reellen Zahlen, Mengen und Folgen, Unend- -
liche Reihen, Funktionen, Differentiation, Spezielle Funktionen und Taylorscher Satz, Integration.

In dem ersten, auch vom didaktischen Standpunkt aus gut geschriebenen  Kapitel werden die
Axiome des reellen ZahlkGrpers mit ihren einfachsten Folgerungen, die Grundbegriffe der Zahlen-
mengen und die logischen Gesetze besprochen

Der weitere Aufbau der Theorie zeigt gewnsse Besonderhelten Die Konvergenz einer Reihe
wird z. B. damit definiert, daB der limes superior und der limes inferior der Folge gleich sind. Statt
Stetigkeit wird zuerst die Halbstetigkeit von Funktionen definiert; die Differenzierbarkeit wird als
totale Differenzierbarkeit eingefiihrt. Die speziellen Funktionen (Exponentlalfunktlon, Logarlthmus,
trigonometrische Funktionen) werden durch Potenzreihen eingefiihrt. Das Buch gibt einen elemen-
taren Aufbau des Lebesgueschen Integralbegriffes mit Hilfe von Treppenfunktionen; bei diesem
Aufbau spielen die halbstetigen Funktionen eine wichtige Rolle. Diese Definition des Integrals
kann man direkt auf Funktionen mit Werten in lokalkonvexen Vektorrdumen iibertragen. Die tie-
feren Sitze der Lebesgueschen Theorie werden in diesem Band noch nicht behandelt; die wichtigsten
Sédtze iiber das Riemansche Integral sind aber bewiesen. Fragen der Interpolatlonstheorle und der
numerischen Integration werden ausfiihrlich diskutiert. :
) Alle Beweise sind bis in die Einzelheiten hinein ausgefiihrt. Im Text gibt es aber nur wenige
Beispiele, und wegen ihrer Besonderheiten ist die Betrachtungsweise nicht als einfach zu bezeichnen.
Das interessant aufgebaute Buch ist also fiir eine erste Einfithrung weniger geeignet.

K. Tandori (Szeged)
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Paul R. Halmos, A Hilbert space problem book, XVII+ 365 pages, D VYan Nostrand Company,
Inc., Princeton—Toronto—London, 1967.

Until about twenty years ago it seemed that the theory of Hilbert space operators is essentially
confined to normal (in particular selfadjoint and unitary) operators or to selfadjoint operator algeb-
ras. For the study of non-normal operators the inner product structure of HilBert space seemed
to be of little effect, so that, for these operators, one did not hope to obtain much more information
in the Hilbert space than in the general Banach space situation.

This view had to be revised later in many respects. More and more special results were obtained
which hold on-Hilbert space operators without holding for operators in general Banach spaces.
One of the first and most striking of these results was that of J. voON NEUMANN (1950) asserting
that, for any (linear bounded) operator 7 in Hilbert space, and for any polynomial p, the norm
of the opeartor p(T) is bounded from above by the maximum of the function |p(4)| on the disc
|Al=1|T}l. One has discovered interesting properties of a particular non-normal operator in Hilbert
space, the ““unilateral shift”, simple or multiple; one has solved for it the invariant subspace problem
by essential use of the theory of Hardy class analytic functions in the unit disc (BEURLING, LAX,
HarMmos). New ways were devised to relate non-normal operators to normal ones, in particular
the dilation of the operator (NAIMARK, HALMOS, Sz.-NAGY, etc.). New classes of operators in Hilbert
space were studied, which share some properties with the normal operators (subnormal, hyponormal
operators, etc.). The numerical range W(T)={(Th, h):||h||=1} of operators was extensively stu-
died. The problem of determining the commutators of Hilbert space operators, raised by the com-
mutation relations of quantum mechanics, was solved. An operator valued analytic function
©,(A) has been attached to operators T, in particular to contractions T ({{7]{=1); by this “charac-
teristic function’” (rather than by the classical resolvent function) it was possible to obtain functional
models for these operators, study their invariant subspaces, etc.

This sample taken from the variety of directions in which research work has been done recently
concerning Hilbert space operators might suffice to show that. we have to do already with a many-
faced new theory.

The present “‘problem book” of Professor Harmos gives an excellent introduction to a large
part of this new theory, to which he and the group of his collaborators have contributed many
basic results. The first part of the book (“‘Problems™) lists 199 problems, each introduced in a very
instructive manner by an outline of the pertinent chapter of the theory. There follows a part (‘“‘Hints™)
where some short indications are given how to try to find a solution, pointing to what the author
regards as the heart of the matter. The last and largest part of the book are the “Solutions”, with. -
many interesting further remarks and comments added.

This structure of the book appeals to the reader who is willing to learn in the active way thus
ach1evmg more lasting result and ability to further. work on the subject. But also the reader whose
concern is only to get a short, but authentic orientation on these topics, will find this structure of
the book of advantage: reading the ‘‘Problems” and occasionally having a glimpse into the ¢‘Solu-
tions”, he is given a masterly presentation of a large part of recent development in ‘the theory of
Hllbert space operators.

The “Problems” — and accordingly the two other parts — are grouped into 20 chapters
Here are the titles (with some samples from the contents): 1. Vectors and Spaces. (If {e,} is an ortho-
normal basis for a Hilbert space H and if {/,} is an orthonormal set in H such that Z'lle,—f,||> <<,
then {f,} is also a basis for H.) — 2. Weak topology. (The closed unit ball in Hilbert space is compact
with respect to weak topology. The weak topology of an infinite dimensional Hilbert space is not
mettizable.) — 3. Analytic functions. (Analytic Hilbert spaces; Hardy classes;. kernel functions,
etc.) — 4. Infinite matrices. (Schur test; Hilbert matrix.) — 5. Boundedness and invertibility. (Very
simple proofs-are given for the uniform boundedness and the closed graph theorems.) — 6. Multi-
plication operators. (Diagonal operators; multipliers of functional Hilbert spaces.) — 7. Operator

matrices. (If C and D cofnmute,.and 1f D is invertible, then [‘ég is invertible iff AD —BC is invert-

ible.) ~— 8. Properties of spectra. (The boundary of the spectrum is included in the approximate
_point spectrum.) — 9. Examples of spectra. (Point spectrum, approximate point spectrum, and
compression spectrum of diagonal operators, of multiplication operators, and of shifts.) — 10.-
Speciral radius. (In particular for “weighted shifts”’.) — 11. Norm topology. (The spectral radius -
r(A4) is a discontinuous function of 4 in the norm tolpogy.) — 12. Strong and weak ropologies (for
operators. Multiplication is discontinuous in the strong and weak topologies of operators. Is a
bounded increasing sequence of Hermitian operators necessarily strongly convergent? uniformly
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convergent?) — 13. Partial isometries. (Existence, for every contraction 4 in H, of a dilation to a.
partial isometry M(A4) in H® H, such that if 4, A" are unitarily equivalent then so are M(4), M(A4);
if A and A’ are invertible, then the converse also holds.) — 14. Unilateral shift. (Does it have a.
square root? Commutants of shifts. Every contraction 4 such that A" - O strongly, is unitarily
equivalent to a part of the adjoint of a unilateral shift. Invariant subspaces of a simple unilateral:
shift. If U is a unilateral shift of countable multiplicity then U has a cyclic vector.) — 15. Compact

" operators. (If C is compact and if Ch=#h implies 1=0, then I—C is invertible. Volterra operators
are quasi-nilpotent.) — 16. Subnormal operators. (Is a contraction similar to a unitary operator
necessarily unitary?) — 17.. Numerical range. (Convexity. Questions concerning closure. The:
inequality w(A4")=w(A4)" for the numerical radius.) — 18. Unitary dilations. (Every contraction has.
a unitary power dilation.) — 19. Commutators of operators (i. e. operators of the form PQ—- QP
where P, Q are operators. If an operator 4 on a separable Hilbert space is not a scalar, then A®@ A®... -
is a commutator.) — 20. Toeplitz operators (i. e. operators on the Hardy space H?2, of the form
T,f=P(pf) where p is a bounded measurable function and P is the orthogonal pro;ection from.
L2 onto H2. The only compact T, is O. The spectrum of T, if ¢ is real-valued.)

Thus the topics dealt with range from fairly text- book material to the boundary of what is
known. As it should be, the choice of the problems reflects to some extent the interests of the author
(*‘every problem in the book puzzled me once”) and this lends an intriguing personal flavor to the
book.

In any respect, this new book by Professor HALMOS is a very valuable and useful contribution
to the literature on functional analysis, and certainly will be welcomed by a large circle of readers..

Béla Sz.-Nagy (Szeged)

Béla Kerékjarté, Les fondements de la géométrie, Tome deux, Géométrie prolective, 528 pages.
168 figures, Budapest, Akadémiai Kiadd, et Paris, Gauthier-Villars, 1966. -

Cet ouvrage est une traduction de ’édition parue en langue hongronse en 1944 (A geometria
alapjairol, M4sodik kotet, Projektiv geometria). Le texte était revisé par le rédacteur de cette édition,
G. HAJ0s et par l'auteur de ce compte rendu; de plus, il était complete par quelques remarques du
rédacteur. Ici nous ne voulons pas nous occuper du sommaire du livre (cf Acta Sci. Math., 11
(1946/48), 254) mais nous devons souligner que, jusqu’aujourd’hui, cet ouvrage donne le develop-
pement le plus complet de la géométrie projective. Ainsi, outre des théorémes -classiques, on y
trouve un large exposé de la théorie des groupes de transformations projectives, I'introduction
de la measure projective dans les géométries non-euclidiennes et ’examen critique des divers syste-
mes d’axiomes de la géométrie projective. C’est pourquoi le livre de KEREKIARTO sera trés profitable
pour tous ceux qui veulent étudier ce discipline mathématique d’une fagon approfondie.

G. Szdsz (Nyiregyhaza)

E. Hewitt and K. Stromberg, Real and Abstract Analysis, VIIT+476 pages, Berlin—Heidelberg—
- New York, Springer-Verlag, 1965.

Measure and integration theory has been restricted to R" for -a long.time. However, in the
frame of the development of mathematics as a whole this theory also arrived at higher levels of
abstraction. DANIELL’s work concerning integration on an arbitrary abstract space is already clas-
sical. The abstract forms of measure and integration theory have proved to be very useful also
for several other branches of modern mathematics. Thus, it is no wonder that many monographs
and textbooks have been devoted to the subject. The book under review is one of the most sym-
pathetic books written in this field.

The authors’ standpoint is that modern analys1s draws on at least five disc1p1mes First, in
dealing with measure theory, and even in studying the structure of real numbers, one must often
use powerful machinery from the abstract theory ‘of sets. Second, algebraic ideas and techniques
prove to be sometimes essential in studying problems in analysis. Third, set-theoretic topology is
an important tool in constructing and studying measures. Fourth, the method of functional analysis
can often be used with much success to obtain fundamental results in analysis with relatively little
effort. Fifth, analysis really is analysis. Handling inequalities, computing with actual functions,
and obtaining actual numbers, is indispensable for the training of every mathematician. The spirit
in which the book has been written was certainly suggested by this conception. In fact, though
measures and integrals constitute the primary objects of study, all five of these subjects find a place
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in the book, each of them developed just to the extent which assures the book to be self-contained
as much as possible. Another virtue of the book is that the authors always point out that the abstract
forms of measure and integration theory came into being as a very generalization of that on R".
Thus they do not let the reader get lost in the jungle of abstract concepts and acquire only a formal
knowledge of the subject. .

The book consists of six chapters.

Chapter 1: Set theory and algebra. It beglns with elemertary facts on sets and functions. '
Then there are sections discussing the axiom of choice and its equwalents, cardinals, ordinals,
transfinite induction.

Chapter 2: Topology and continuous functlons. It begins with a self-contained treatment of
those” parts of set-theoretic topology that have proved important for analysis. There follows a
study of continuous functions, and functions closely related to the continuous ones. In this study,
the methods of Banach algebras evidently play a role, thus Banach algebras are also defined and
< illustrated. A detailed and careful treatment is given of various versions of the Stone-Weierstrass
theorem.

Chapter 3: The Lebesgue integral. After a rapid discussion of the Riemann and Riemann—
Stieltjes integral, the authors proceed as follows. They start with a positive linear functional I -
defined on continuous functions with compact support on a locally compact Hausdorff space X.

They extend I to an ‘““upper integral” I and define outer measure ¢ by means of 7 3 la BOURBAKI.
Measurable sets and functions, and the measures are then defined & la CARATHEODORY. Now if
(X, 4, @) is an arbitrary abstract measure space and f is an arbitrary nonnegatlve extended real-
valued functlon on X, then the “mtegral” of fis deﬁned as

: Lu(f)= sup {gl inf {£(): x € 4,) u(Ak)}

where the supremum is taken over all possible measurable dissections A,‘, ..., A, of X. In particular.

if X is locally compact and the measure space (X, 4, 1) derives from the functional I then L,(f)=I(f)
for every nonnegative measurable function f on X (a generalized form of the Riesz representation
theorem). In this way, a connection between the Daniell and Carathéodory approaches to integ-
ration theory is established.

Chapter 4: Function spaces and Banach spaces. One begins with L spaces. This leads to a
study of abstract Banach spaces, centered around the three basic principles: the principle of uniform
boundedness, the interior mapping principle, and the Hahn—Banach theorem. The conjugate of
Lr is computed by means of uniform convexity and CLARKSON’s inequalities. Then again abstract
spaces, in particular Hilbert spaces are studied; the orthogonal expansions discussed in an ab-
stract form lead to non-trivial facts about Fourier series,

Chapter 5: Differentiation. First a brief but reasonably complete treatment of the usual point-
" wise theory is persente d. The main result proved re is LEBESGUE’s theore m that a function of finite
variation has a finite derivative almost everywhere The main tool here is VITALr scovermg theorem.

Then the conditions under which the classical equality f(b)—f(a) f I (x)dx is valid are explor-

ed. This leads to interesting measure-theoretic ideas which have llttle to do with differentiation
but have applications in diverse fields. The main result here is the Lebesgue-Nikodym theorem
which is thoroughly examined and several applications of it to problems in absctract analysis,
such as integration by subsututlon, computation of the conjugate of L1 and L°° the Riesz represen-
“tation theorem, are given.

Chapter 6: Integration on product spaces. First comes a discussion of the Fubini theorem
with applications to convolution, Fourier transform and to the proof of the Hardy—Littlewood
maximal theorem on the line. The final topic of this chapter is that of infinite products of measure
spaces with probabilistic interpretations including the zero-one law and the strong law of large
numbers.

A number of excellent exercises is added which cover a very wide range of difficulty; the more
difficult ones are provided with hints.

-The authors did a very nice job in writing this book. Every analyst, student or researcher, will
find in it much of interest and value. .

I. Kovdcs (Szeged)
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0. Haunt—H Kiinneth, Geometrische Ordnungen (Die Grundlehren der mathematischen
Wissenschaften in Emzeldarstellungen, Bd 133), VIII+429 Selten, Berlm—Heldereg—New York
Sprmger-Verlag, 1967.

Das Buch ist Problemen der geometrischen Ordnungen gewidmet, d.h. Problemen der fol-
genden Art: In einem kompakten metrischen Raum G ist ein System f von gewissen (voll ) kompakten
Teilmengen Kc G, — die $sog. Ordnungscharakteristiken — gegeben. Ein Bogen, eine Kurve, all-
gemein ein Kontinuum Cc G heiBlt vom Punktordnungswert m beziiglich f, wenn C mit jedem
K¢ maximal m Punkte gemeinsam hat. Man fragt nun nach der ,,Gestalt” von C beziiglich §, also
nach den ordnungshomogenen Teilkontinuen von C, d.h. nach Teilkontinuen, deren simtliche
Teilkontinuen die gleiche Ordnung haben, sowie nach den ordnungssinguliren Punkten von C,
d.h. nach Punkten, die nur solche Umgebungen auf C haben, deren Ordnung verschieden von dem
der ordnungshomogenen Teilkontinuen ist, und evtl. nach infinitesimalgeometrischen Eigenschaften
von C. Daneben ergeben sich auch Fragen hinsichtlich der. Komponentenordnungswerte von C,
worunter die Anzahl der Zusammenhangskomponenten von Cn X zu verstehen ist. Ist weiterhin
m die kleinste unter den ganzen Zahlen m’ =0, fiir welche die Menge der K¢¥, die mit C mehr als
m’ Punkte gemeinsam haben, nirgends dicht in f ist, beziiglich der in f in iiblicher Weise erklirten
Metrik, so wird m als der schwache Punktordnungswert von C beziiglich T bezeichnet.

Im 1. Teil ist der Grundbereich G zumeist eine abgeschlossene Kreisscheibe, evtl. ein topolo-
gisches Bild derselben. Die Ordnungscharakteristiken X sind Bogen und Kurven, welche den fol-
genden Ax1omen geniigen:

1. Ist X ein Bogen, so hat K mit der Begrenzung G, von G genau seine belden Endpunkte
gemeinsam. Ist X eine Kurve, so hat K mit G, hochtens emen Punkt gemeinsam.

I1. Es existiert eine natiirliche Zahl k=1, die sog. Grundzahl, sodaB durch irgendwelche &
. verschiedene Punkte x; (i=1, ..., k) einer K(¢f) und alle zu solchen x; hinreichend benachbarten
x; (wobel x;=x; sein kann) ein K’ ¢ f eindeutig bestimmt ist, der sich mit den x| stetig dndert.
Dazu kommt in einigen Betrachtungen folgende zusitzliche Voraussetzung hinzu:

Es sei Bc G ein Bogen und x; (i=1, ..., k) irgend k verschiedene Punkte von B. Ferner gebe
es K,et n=1,2,...) und x,;€ K, mit x;=lim x,; (i=1,..., k). Dann existiert K¢ mit x;€¢K
(=1, ..., k).

Es werden zunichst im Abschnitt 1 einige Folgerungen aus den obigen Axiomen abgeleitet
und dann die aligemeinen Eigenschaften der Kontinuen von héchstens endlichen Komponenten-
ordnungswerten zusammengestellt,. sow1e fiir den Fall der Grundzahl k=1, alle ordnungshomo-
genen Kontinuen bestimmt.

Nach diesen a]lgememen Erorterungen werden im Abschnitt 2 die ‘Anderungen untersucht
welche von den evtl. gemeinsamen Punkten aller Ordnungscharakteristiken verschiedener Punkte
einer Ordnungschrakarteristik, die sie mit einem Bogen B gemeinsam hat, erleidet, wenn man
k—1 Punkte unter ihnén festhalt.

Im Abschnitt 3 werden die friiher fiir Systeme von Ordnungscharakteristiken in der eukli-
dischen Ebene fiir eine beliebige Grundzahl k=2 dargelegte Methode fiir den Fall der sog. topolo-
gisch projektiven Ebene, d.h. fiir den Fall der reellen projektiven Ebene (oder eines topologischen
Bildes von ihr) als Grundgebiet und fiir k=2, angewendet. Nach Verallgemeinerung gewisser
Sdtze iiber konvexe Mengen, wird die Gestalt der Bégen und Kurven vom Punktordnungswert
3 bestimmt, insbesondere bei Bogen die Maximalzahl und bei Kurven die genaue Anzahl der sin-
_guldren Punkten, und es wird bewiesen, daB sich diese Bogen und Kurven als Vereinigungen einer
beschriankten Anzahl von Bogen, die den schwachen Punktordnungswert zwei besitzen (f-konvexe
Bogen) darstellen laBen. Damit.ist die Juelsche Theorie der Kurven 3. Ordnung verallgemeinert
worden. Dann kommen Bemerkungen iiber Kurven hoéherer Ordnung, sowie der Satz iiber die
Existenz ordnungsgomogener Bogen. Zum Schlul wird gezeigt, daB auch die Theorie von J. v.

. Sz. NAGY tiber Kurven vom Maximalklassenindex, d.h. iiver Kurven, bei denen das Minimum der -
Anzahl der Tangenten von den Punkten der Ebene an die Kurve um zwei kleiner ist als das Maximum
der Anzahl derselben, sowie auch Sidtze von MoBrus, A. KNeSER und Kivikoskr giiltig bleiben.

Im Abschnitt 4 werden Systeme von Ordnungscharakteristiken .mit beliebiger Grundzahl
k=2 betrachtet und zunichst die untere und obere Schranken fiir die'Anzahl der singuliren Punkte
von Bogen und Kurven untersucht. Dann wird die bekannte Eigenschaft der Viertelellipse, dal3
von je zweien der Schmiegkreise derselben immer einer den anderen umfaBt, auf ein System f von
Kurven, deren jede durch k ihrer Punkte bestimmt ist, wobei k=3 ungerade ist, und auf einen Bogen,
der beziiglich ¥ den Punktordnungswert k& besitzt, verallgemeinert, (Fiir gerades k=4 ergibt sich
analog eine Verallgemeinerung des Verhaltens der Konvexbogen bzw. ihrer Stiitzgeraden.) Dann
wird eine Kennzeichnung der Kurven von der zyklischen Ordnung vier (die also den Punktord-
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nungswert 4 besitzen beziiglich des Systems der in G liegenden Kreise und Kreisbogen) und ihre
Verallgemeinerung angegeben. Endlich wird der Satz von BOHMER, nach welchem der durch fiinf
" beliebige Punkte eines Ovals bestimmte Kegelschnitt eine Ellipse ist, falls der Schmiegkegelschnitt
in jedem Punkte des Ovals eine Ellipse ist, und die damit zusammenhingenden Sitze von MOHR-
MANN, CARLEMANN und MUKHOPADHYAYA verallgemeinert. Es ergibt sich noch ein 2-Scheitelsatz
fiir (ebene) Jordankurven, sowie die topologische Verallgemeinerung des Kneserschen 4-Scheitel-
satzes.

Der 1I. Teil, der die Abschnitte 5—7 umfaft, ist Problemen in n-dimensionalen und noch
allgemeineren Rdumen gewidmet. Im Abschnitt 5 werden die Kontinua hochstens endlichen Ord-
nungswertes beziiglich der Hyperebenen im #n-dimensionalen projektiven Raum P, behandelt,
und dann werden zunichst Parameterbogen und ihre k-dimensionale Schmieg-, insbesondere
Tangentlal- (halb-) ebenen in P, untersucht. Unter Benutzung dieser Entwicklungen werden die
Bogen in P,, vom Punktordnungswert n und n—1 néher untersucht, und die Monotonie der Halb-
tangenten eines Bogens vom Punktordnungswert » mit stetiger Tangente im E, bewiesen. Nunmehr
werden in projektiven P, (n=2) einige Eigenschaften der schwach ordnungsminimalcn Kontinua,
d. h. der Kontinuen Cc P,, die nicht in einer Hyperebene von P, liegen, mit schwachem Punkt-
ordnungswert » bezliglich des Systems der Hyperebenén von P,, wie die Besehrinktheit der Anzahl
ihrer Verzweigungspunkte, sowie ihre Darstellbarkeit als Vereinigung von endlich vielen einfachen
Bogen u. s. w., bewiesen.. Es werden im euklidischen Raum E,(n=2) die Kontinua behandelt, die
fiir keine Hyprebene mehr als n—1 zu ihnen parallele Tangenten besitzen, sowie die Bdgen vom
schwachen Punktordnungswert m. Endlich wird eine Klassifikation der reguldren und singuldren
Punkte eines offenen Bogens in P,(n=2) gegeben.

Im Abschnitt 6 werden die t-dlmenswnalen Kompakta von endlichem Punktordnungswert
in E,, behandelt, wobei iiber einen Satz von G. NOBELING berichtet wird, der eine Verallgemeinerung

. des Satzes auf (voll-) kompakte metrische Raume ist, nach welchem alle Kontinua der Ebene, die
von hochstens endlichem Punktordnungswert beziiglich eines Systems f von Ordnungscharak-
teristiken mit der Grundzahl k=1 sind, sich als abgeschlossene Hiille der Vereinigung von abzihlbar
vielen Bogen mit Punktordnungswert. 1 darstellen lassen, und es werden Bemerkungen zu diesem
Satz betréffs der Darstellbarkeit durch Lipschitz-Flichenstiicke (d.h. durch z-Flichenstiicke von
beschriinkter Dehnung) hinzugefiigt.

Im Abschnitt 7 werden ordnungsgeometrische Probleme in kompakten metrischen Rdumen
behandelt. Es wird gezeigt, daB elmge grundlegende Sitze, die im Abschnitt 1 lediglich fiir Systeme
t von Ordnungschrakteristiken in der Ebene bewiesen wurden, unter ziemlich allgememen Vor-
- aussetzungen gelten.
' Wie es sich auch aus dieser kurzen Inhaltsiibersicht herausstellt, 1st das vorliegende Buch in
erster Linie eine weitgehende Verallgemeinerung von friiher unter engeren Voraussetzungen bewie-
senen klassischen Sidtzen, die die toplogische Natur derselben deutlich hervortreten 1dBt. Um aber -
einen Uberlick iiber neuere Untersuchungen zu geben, werden im letzten Teil des Buches neben
verschiedenen Erginzungen auch Berichte iiber Arbeiten u. a. von D. DERRY, F. FABRICIUS-BJERRE
A. MarcHAUD und P. ScHErRk gebracht.

Ein reichhaltiges Literaturverzeichnis erganzt dieses schon ausgestattete, wertvolle Buch

! J. Strommer (Budapest)

Andor Kertész, Vorlesungen iiber Artinsche Ringe, 282 Seiten, Budapest, Akadémiai Kiado,
1968. : ’ o :

Im Studium von beliebigen Gruppen spielen die sogennanten Endlichkeitsbedingungen eine
“wichtige Rolle, denn die allgemeine Gruppentheorie ist historisch aus der Theorie der endlichen .
Gruppen ausgewachsen. Eine Endlichkeitsbedingung fiir eine Gruppe ist eine solche Bedingung,
die fiir jede endliche Gruppe, nicht aber fiir alle unendlichen Gruppen etfiillt ist. In der Ringtheorie
spielen die Algebren endlichen Ranges iiber einem Kd&rper eine gewissermaBlen dhnliche Rolle,
wie die endlichen Gruppen in der Gruppentheorie. -Weiterhin sind in der Ringtheorie die Mini--
~ malbedingungen bzw. Maximalbedingungen fiir Ideale bzw. Rechtsideale die wichtigsten Endlich-
keitsbedingungen, und die Algebren endlichen Ranges liber einem Korper geniigen diesen beiden
Kettenbedingungen. Auf die Bedeutung der Kettenbedingungen in Ringen machte schon EMmY
NoetHER aufmerksam. Ein Ring erfiillt bekanntlich dann die Minimalbedingung (bzw. Maximal-
bedingung) fiir Rechtsideale, wenn jede echt absteigende (bzw. aufsteigende) Kette von Rechts-

idealen des Ringes endlich ist. . .
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Die Artinschen nge sind die Ringe mit Minimalbedingung fiir Rechtsideale. Von EmiL
ARTIN stammt ndmlich die wichtige Entdeckung, daB die Struktursitze der Algebren endlichen
Ranges-iiber einem Korper sich auf die groBere Klasse der Ringe mit Mmlmalbedmgung fiir Rechts-
iadeale iibertragen lassen.

Abgesehen von einem Kapitel des Buches ,,The Theory of Rings” von N. JACOBSON (1943),
ist die erste monographische Darstellung iiber Artinsche Ringe das Buch ,,Rings with minimum -
condition” von E. ARTIN, C. NEsBITT und R. THRALL (1944). Die seitdem verflossenen Jahre haben
eine Fiille weiterer Ergebnisse auf diesem Gebiet erbracht, die eine neue monographlsche Bear-
beitung notwendig machten. Obwohl einige diesbeziigliche w1cht1ge Resultate in einem Kapitel -
des Buches ,,Structure of Rings” von N. JacoBson (1956) bzw. in einem Kapitel des Buches ,,Elé-
ments de mathématique, Algébre” von N. BoUurBAKI (1958) betrachtet sind, streben aber dlese .
Kapitel nach keiner vollstindigen Darstellung des Stoffes.

Das vorliegende, neue Buch iiber Artinsche Ringe entstand aus einem gememsamen Plane
von T. SzeLE und A. KErTEsz, an dessen Verwirklichung T. SzELE aber wegen seines friihzeitigen
Tod (1955) leider nicht mitwirken konnte. Prof. A. KertEsz widmet sein Buch dem Andenken von
T. SzeLE, und bringt seine Dankbarkeit an seinen Lehrer und Mitarbeiter auch hiermit zum Ausdruck.

Das Buch enthilt 10 Kapitel und einen Anhang iiber. diejenigen Aspekten der Theorie der
Abelschen Gruppen, die fiir die Untersuchung der Artinschen Ringe nétig sind. Die Kapitel sind
die folgenden:

I. Mengen, Relationen;
II. Der Ringbegriff;
III. Ringkonstruktionen;
IV. Moduln und Algebren;
V. Das Radikal;
VI. Allgemeines iiber Artinsche Ringe;
VII. Ringe linearer Transformationen;
VII. Halbeinfache Ringe und vollstandlg primére Ringe;
IX.. Moduln iiber halbeinfachen Ringen;
X. Die additive Struktur der Artinschen Ringe.

Das Buch griindet sich auf Vorlesungen, die Verf, 1962/63 an der Universitit zu Halle gehalten -
hat. Dementsprechend verfolgt der Verf. ein zweifaches Ziel: einerseits wiinscht er eine Einfithrung
in die allgemeine Ringtheorie zu bieten (wobei im Kapitel V unter dem Radikal stets das Jacob-
sonsche Radikal verstanden wird), andererseits will er die wichtigsten ‘Resultate der Theorie der
Artinschen Ringe darstellen. Dabei strebt Verf. nicht nach Vollstindigkeit, jedoch werden einige
Arbeiten beziiglich der im Buch nicht betrachteten Theorie der einreihigen Ringe, der Quasi-
Frobeniusschen Ringe, der distributiv darstellbaren Ringe, des Basisunterringes, der linear kompakten
Ringe, der Ringe mit Minimalbedingung fiir Hauptrechtsideale und beziiglich der im Buch nicht
betrachteten Galoisschen Theorie fiir Artinsche Ringe im Literaturverzeichnis angefiihrt. Fast
zweidrittel Teil des Buches diskutiert Resultate iiber Mengen, algebraische Strukturen und beliebige
(assoziative) Ringe, und umgefihr eindrittel Teil des Textes enthiilt Ergebnisse iiber Artinsche
Ringe. Hiernach kann dieses vorziigliche, gut lesbare-und niitzbare Buch auch als ein Einfithrungs-
buch in die Algebra bzw. in die Ringtheorie angesehen werden. Das Buch ist also keine Monographie.
Bei der Ausbearbeitung des Stoffes sind einige Resultate ungarischer Algebraiker, insbesondere
mehrere Resultate des Verfassers betrachtet.

Im allgemeinen wird ein groBes Gewicht auf den streng systematischen Aufbau des Gegen-
standes gelegt. Die Definitionen und Sitze sind klar formuliert, die Beweise sind poliert und mog-
lichst kurz ausgefiihrt. Das Studium des interessanten Buches erfordert keine Vorkenntnisse. Nach
jedem Kapitel gibt es zahlreiche Ubungsaufgaben; am Ende des Buches sind die Anleitungen zur
Losung der schwierigeren Aufgaben angegeben. Weiterhin enthilt das Buch eine Zusammenfassung
der stindigen Bezeichnungen, einen Namen- und Sachregister, .ein Literaturverzeichnis und es
werden sechs offene Probleme formuliert. Aus diesen Problemen hat der Referent inzwischen das
Problem 3 vollstandlg gelost (vgl. Acta Math. Acad. Sci. Hung., 18 (1967), 261—272) und gewisse
Resu31u;te auch im Zusammenhang mit dem Problem 1 erhalten (vgl. Acta Sci. Math., 28 (1967),
31—-37

F. Szdsz (Budapest)
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G. Pélya, Vom Losen mathematischer Aufgaben, Einsicht und Entdeckung, Lernen und Lehren,
. ) Bd. 20—21), 315+ 286 Seiten, Basel—Stuttgart
»Blrkhauser Verlag, 1966—67. Ins deutsche iibersetzt von Lulu Bechtolsheim.

,,Jede Aufgabe, die ich 16ste, wurde zu einer Regel, die spiter zur Losung anderer Aufgaben
diente.” Dieses Zitat von DESCARTES gibt das wesentliche Ziel des Buches. Das vorliegende Werk ist
die Fortsetzung von zwei friiheren (,,Schule des Denkens’ und ,,Mathematik und plausibles Schlies-
sen’’).

Die in dlesem Buch vorgelegten Aufgaben verlangen kaum iiber das Mittelschulniveau hinaus-
gehende Kenntnisse, aber sie verlangen einen gewissen und zuweilen einen hohen Grad der Kon-
zentration und Einsicht. Die Themen des ersten Teils (Losungsschemata) sind die folgenden: das
Schema zweier, geometrischer Orter, das Descartessche Schema (,,man reduziere jede Art von
Problem auf ein mathematisches Problem, zweitens auf ein algebraisches Problem und drittens

.man reduziere jedes algebraische Problem auf die Losung einer einzigen Gleichung”), das Rekur-
sionsverfahren und das Superpositionsverfahren.

Der zweite Teil hat mehr einen theoretischen Charakter. Hier finden wir solche Abschnitte:
Aufgaben (,,was ist eine Aufgabe?’), Geometrische Darstellung des Werdegangs der Losung,
Pline und Programme, Aufgaben in Aufgaben, Die Geburt der Idee, So sollten wir denken, Ler-
nen lehren und lehren lernen, Erraten und wissenschaftliche Methode. Verf. formuliert die fol-
genden drei Prinzipien des Lehrens: (1) Man lasse die Schiiler selbst so viel wie unter den gege--
.benen Umstdnden irgend tunlich ist, entdecken; (2) Das Lehren der Mathematik sei interessant.
(3) Wir sollen in aufeinanderfolgenden Phasen. lehren. .

Die Ausstattung des Buches ist vorziiglich.

J. Berkes (Szeged)

A. 1. Markushevich, Series (Fundamental concepts with historical exposmon), 175 pages,
Delhl, Hindustan Publlshlng Corporation (India), 1967.

The aim of-the book is to acquaint the reader, possessing mathematical background up to an
undergraduate level, in an easy and independent manner, with the concept of series, the fundamental
properties of series, and the representation of elementary functions by series, without using TAYLOR’s
formula. It is not intended to serve as a text book, but is suitable to assist the young readers in
getting interested in mathematical analysis in its early period. In fact, the book follows the path
laid down by NewToN, LeiBN1z, EULER, CAUCHY, ABEL, D’ALEMBERT, and contains many his-
torical comments which may be of interest to the adult mathematician readers too.

J. Németh (Szeged)

Raphaél Salem, Oeuyres mathématiqueé, 645 pages, Paris, Hermann, 1967.

Les travaux de RAPHAEL SALEM ont influencé d’une maniére considérable le développement
modernedes théories des séries de Fourier et des séries trigonométriques. Son oeuvre comprend,
outre ses articles apparus dans divers périodiques, trois livres: ,,Essais sur les séries trigonométriques’
(Paris, 1940), ,,Algebraic numbers and Fourier series” (Boston, Mass., 1963), ,,Ensembles parfaits
et séries trigonométriques’’ (avec J. P. KAHANE, Paris, 1963).. ’

" Dans ce volume on a reproduit ‘ses amcles et son premier livre et cela dans le groupement
suivant:
. théorie générale des séries trlgonometrlques,
‘ séries trigonométriques lacunaires et aléatoires,
. ensembles parfaits et entiers algébriques,
. ensembles parfaits et mesures singuli¢res,
résultats isolés.

Une préface, par A. ZYGMUND, expose les données biographiques pr1nc1pa]es et Iactivité en direc-

moow»

tions diverses de R. SALEM. Puis, dans une introduction de 21 pages, J. P. KAHANE et A. ZYG\AUND

donnent une revue sur ses résultats mathématiques.
Cette collection bien rédigée et de belle présentation contribuera beaucoup de faire connaitre
toute I'oeuvre de ce savant remarquable que fit le regretté RAPHAEL SALEM.

K. Tandori (Szeged)
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Béla Sz.-Nagy—Ciprian Foiag, Analyse harmonique des opérateurs de Pespace de Hilbert,
XI+373 pages, Budapest, Akadémiai Kiado, 1967.

After the basic general concepts of the dilation theory of operators in Hilbert space have
been brought to light there appeared the question how useful the methods of this theory are in the.
study of the nature of general bounded operators. Most of the attention has been paid to the study
of contraction operators by using their unitary dilations. The book presents what has been done
up till now in this domain, mostly for a single contraction. The authors develop the method which
can be called the Fourier operator analysis. The leading role in the inner contents and applications.
of this analysis is played by the theory of unitary dilations. It has been much influenced by the
abstract prediction theory of weakly stationary stochastic processes on thé one hand, and by the
theory related to the concept of characteristic functions of operators, originated by Liviic (and
enclosing thereby investigations of M. G. KREIN's school), on the other hand. The theory of the
authors gives an ingenious synthesis and simplification of both theories mentioned above, as.
well as a huge variety of other results, by presenting the true reasons why they succeed and work
on. The point is however that Fourier operator analysis when combined with unitary dilation.
methods goes considerably further and creates methods which made possible the discovery and
the characterization of intrinsic and essentially new geomietrical and functional features of quite:
general contraction operators. ‘Special attention should be paid here to the completely general
functional models of contractions (Chapter VI) and the analysis of analytic contraction valued
functions (Chapters V and VII), both in separable spaces, which is not an essential restriction.:
These achievements of the authors stand for an essentially new step forward in the general
operator theory and certainly are one of the most powerful and fruitful means we get to work with,

The subtle methods developed by the authors will be certainly used with success in the future
for penetrating into new domains of operator theory. One should point out the unified and elegant
manner of developing the theory in the book, in contrary to some often observable tendencies
of treating modeérn operator theory in Hilbert space as a collection of separated tI'leS or artificially
arranged computatlons

The main part of the book is a unified exposmon (with many simplified proofs and new details)
of original results of the authors published before in a series of papers in these Acra since 1953.
The book contains also some entirely new results of the authors not published elsewhere or only
announced in a short form. Each chapter is concluded by “Notices” in which there are included
detailed references, historical remarks and short comments, and some other problems concerning.
the contents of the corresponding chapter. The writing of the book is precise and the exposition is.
clear and careful The geometrical methods are developed in a nice harmony with the analytical.
means.

The ﬁrst four chapters of the book deal with unitary dllatlons of contraction operators (mostly
of a single contraction or of a one-parameter contraction semi-group) and with some of their direct
applications. After giving the basic existence results (Chapter I) the authors study the geometry
of the dilation space, the basic function theoretic properties of the harmonic-spectral measure of”
a single contraction and the interplay between the properties of a contraction and its unitary dila-
tion (Chapter II). All this is used to build up a functional calculus for a single contraction: bounded
functions are investigated in Chapter III and the unbounded ones in Chapter 1IV. Several appli-
cations are given concerning one- parameter contraction semlgroups, fractional powers of dissipative
operators and related topics. A nice part of Chapter I1I is devoted to a detalled study of an interest--
ing class of contractions, called class. C,.

The most important part of the book starts with Chapter V. After giving there some basic
definitions and preliminary properties of operator valued analytic bounded functions on the unit’
disc the authors prove two crucial lemmas about the Fourier representation of contractions which
behave in a prescribed way with respect to some shift operators. The rest of Chapter V is devoted
to some almost direct applications of these lemmas. Herewith are included the general Beurling:
invariance theorem, the Szegd type factoring of positive operator valued functions, and the factor-
ing of contraction valued analytic functions. There is introduced a very important class of analytic
contraction valued functions, the functions which admit a scalar multiple. All the above includes.
among others an extremely nice and general exposition of abstract prediction theory not to be:
found elsewhere in such a compact. and elegant form.

Chapters VI and VII form the central part of the book. The first one begms with the descrip--
tion of the characteristic function of a contraction. Then, using the previous theorems the authors
construct for an arbitrary (completely non-unitary) contraction its functional model. The true and
explicit characterization of this model is performed with the help of the isometric-and unitary
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.dilations of the contraction in question. It becomes clear that the use of these dilations is in the
essence of the matter. There is discussed in detail the interplay between the given contraction,
its functional model and its characteristic function. The chapter finishes with a complete description

-.of unitary dilations in terms of spectral multiplicities. In Chapter VII the authors introduce the
concept of the regular factoring of contraction valued analytic functions in the unit disc. Then
there are established the subtle relations between such factorings of the characteristic function of

. the contraction T and the invariant subspaces for 7. The results are in some sense definitive and
-close the question how far the generalizations of Beurling type invariance theorems may be con-
‘tinued within the frames of the developed theory. The functional models are essentially involved
‘and the general results are illustrated by investigations of contractions 7 of class C,, (i.e. such
that 7"h and T*"# do not tend to 0 as n-—e, for h=0).

The two last chapters, VIII and IX, are of a more special character. Among others, they
ilustrate some applications of the whole theory developed before. Chapter VIII deals with the
-so called weak contractions, and establishes a general spectral decomposition theorem for them.
Chapter IX concerns criteria for the similarity of a contraction to a unitary operator, and problems
of ,,quasi-similarity”” and unicellularity for contraction operators.

The book concludes with a long list of references*) and with indexes of authors quoted and
-of the more important terms and symbols

The reading of the book requires merely the knowledge of the operator theory as presented

" in the ,,Legons d’analyse fonctionnelle” of F. Riesz and Sz.-Nacy and some knowledge about
special Hardy classes of functions analytic in the unit disc. This together with a clear and direct
-exposition makes the book accessible for a wide variety of -mathematicians who would like to
become acquainted with modern operator theory in Hilbert space. The book is an excellent help
for specialists in the field and certainly will be a rich source of inspiration in further research.

. W. Mlak (Krakow)§?

A, Renyl, Calcul des probabllltes avec un appendlce sur la théorie de l’mformatnon. XIII+620
pages, Paris, Dunod, 1966.

: Ce livre de belle présentation est la traduction autorisee du méme ouvrage publié en langue
-allemande en 1962. Au cours de la traduction on a corrigé quelques fautes d’1mpress1on et quelques
. imprécisions.
K. Tandori (Szeged)

*) This opportunity should be used to mention that the following two papers (although cited
on pp. 54 and 224) are missing from the list of references: NakaNo, H. [1] On unitary dilations of
‘bounded operators, Acta Sci. Math., 22 (1961), 286—288, LOWDENSLAGER, D. B. [1] On factoring
matrix valued functions, Annals of Math., 78 (2)- (1963), 450—454. Also, the exact title of
Foray, C.—Mrak, W. [1] is: “The extended spectrum of completely non-unitary contractions
and the spectral mapping theorem™.
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