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Abstract. A Leslie-Gower predator-prey system with cross-diffusion subject to Neu-
mann boundary conditions is considered. The global existence and boundedness of
solutions are shown. Some sufficient conditions ensuring the existence of noncon-
stant solutions are obtained by means of the Leray—-Schauder degree theory. The local
and global stability of the positive constant steady-state solution are investigated via
eigenvalue analysis and Lyapunov procedure. Based on center manifold reduction and
normal form theory, Hopf bifurcation direction and the stability of bifurcating time-
periodic solutions are investigated and a normal form of Bogdanov—Takens bifurcation
is determined as well.
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1 Introduction

In ecological systems, the interaction of predator and prey has abundant dynamical features
although the investigations on predator-prey models has improved and lasted for several
decades, which are based on the pioneering works of Lotka and Volterra [34]. Moreover, more
realistic models are proposed in view of laboratory experiments and observations. Leslie and
Gower [17] first proposed the following predator—prey model

(1.1)

where u(t) and v(t) represent the densities of prey and predators at time ¢, respectively; the
parameters a;, b ¢; and d; are positive constants; the term dyv/u is called the Leslie-Gower
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terms, which measures the loss in the predator population due to rarity of its favorite food.
System (1.1) is regarded as a prototypical predator-prey system in the ecological studies. But
the interaction terms in (1.1) are unbounded, which is not reasonable in the real world. By
using Holling type II functional response [13] in both prey and predator interaction terms, a
Leslie-Gower predator—prey system with saturated functional responses is obtained and takes
the form (see [4]):

du

dt

@—v ar — €Y
at - \? utk )

The model (1.2) is based on the biological fact that if the predator v is more capable of switch-
ing from its favorite food (the prey u) to other food options, then it has better ability to survive
when the prey population is low; here a; and a, are the growth rates per capita of prey u and
predator v, respectively; by measures the strength of intraspecific competition among individ-
uals of species u, and it is related to the carrying capacity of the prey; c; is the maximum value
of the per capita reduction rate of u due to v, and c; is the maximum growth per capita of v
due to predation of u; ki and k» measure the extent to which environment provides protection
to prey u and predator v, respectively.

Non-monotonic responses appear at the microbial level; when the nutrient concentration
reaches at a high level an inhibitory effect of the specific growth rate can occur [3,6]. This
may frequently be noticed when micro-organisms are used for waste decomposition or for
water purification. Andrews [3] suggested a response function p(u) = kﬁgﬁ, known as
Monod-Haldane response function, to model such an inhibitory effect at high concentrations.
In particular, Sokol and Howell [31] derived a simplified Monod-Haldane type p(u) = kl"_f;z.
A Leslie-Gower predator-prey system with a Monod-Haldane functional response takes the
form:

=u(a — byu —
(12)

%—u ay — by — 0
a "\ a2
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In mathematical ecology, population may be distributed non-homogeneously, and the
predators and preys naturally develop strategies for survival. Thus, we may introduce dif-
fusive structure, which can be illustrated as different concentration levels of predators and
preys causing different movements. Diffusion means the movement of individuals from a
higher to a lower concentration region, while cross diffusion implies the population fluxes
of one species owing to the presence of the other species. In this paper, our concern is the
following system with cross-diffusion rates

(1.3)

ou v .
at—dlAM"‘u(a—u—W) anX(0,00),

v % .

E = A[(dz + ﬁl/l)v] +0 <b - 1_{—142) in O X (0, OO), (14)
ou dv

ﬁ_ﬁ_o on 9Q) x (0,00),

u(x,0) =¢(x) >0, ov(x,0)=¢(x)>0, inQ,

whose corresponding ordinary differential equations (ODEs) is (1.3) with all the parameters
b1, m, ki and ko equal to 1. Here A denotes the Laplacian operator on RN(N>1),Qisa
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connected bounded open domain in RY, with a smooth boundary d(), n is the outward unit
normal vector on d(). The homogeneous Neumann boundary condition means that the two
species have zero flux across the boundary dQ). The diffusion terms d;, j = 1,2 stand for
natural dispersive force of movement of an individual, while B describes the mutual interfer-
ences between individuals and is usually referred as the cross-diffusion pressure measuring
the situation that the prey keeps away from the predator; a2 and b are the growth rates per
capita of prey u and predator v. The parameters a, b, d; and d; are positive constants and f is
non-negative constant.

In some cases, the quantity v is not influenced by any cross diffusion in the sense that
the coefficient B in the second equation of (1.4) vanishes, that is, we ignore the population
migration of predators due to the presence of preys. In this situation, Li et al. [20] considered
the following reaction-diffusion system in the one-dimensional space domain Q) = (0, 77):

ou v .

at—Au+u<a—M—Huz> IHQX(0,00),

0v v

- = - i 1.5
o dAv—l—v<b 1—|—u2> in O x (0,00), (1.5)
ou 0v

a—ﬁ—o OnaQX<0,00),

where d is the relative diffusion rate of predator v when the diffusion rate of prey is rescaled
to 1. Li et al. [20] studied the Hopf bifurcation and steady-state bifurcation by taking d as the
bifurcation parameter and described both the global structure of the steady-state bifurcation
from simple eigenvalues and the local structure of the steady-state bifurcation from double
eigenvalues by using space decomposition and the implicit function theorem.

The presence of the cross-diffusion term causes more abundant dynamic behaviors. For
example, the effect of cross diffusion on dynamics of predator-prey models has been studied
in [5,7,22,24,30,35,37,43,44,47]. The relevant discussion is a bit difficult and requires more
techniques than for models without cross-diffusion. In [5,24,43,44], the researchers mainly
obtained the non-existence and existence of non-constant positive steady-states (patterns) and
showed cross diffusion can create non-constant steady states. Gambino et al. [7] analyzed the
linear stability of the positive equilibrium of a competitive Lotka—Volterra system, and showed
the cross-diffusion is the key mechanism for the formation of spatial patterns through Turing
bifurcation. Liu et al. [22] not only obtained the global existence result of solutions under an
appropriate parameter condition, but also gave explicit parameter ranges of the existence of
non-constant positive steady-states.

For system (1.4), we first discuss the influence of the cross-diffusion coefficient 8 on the
global existence of the solution. As far as global existence is concerned, many researchers
have some relevant works, for example, [22,26,33,41]. Wu et al. [41] and Tao [33] analyzed
the predator-prey model with prey-taxis and discussed the effect of the prey-taxis term on
the global existence of solutions of the system. Mu et al. [26] studied the global existence of
classical solutions to a parabolic-parabolic chemotaxis system, but there are strict restrictions
on functions in the system. Liu et al. [22] investigated the global existence of solutions of a
parabolic-elliptic two-species competition model with cross diffusion.

Next, for a predator-prey system, what we are interested in is whether the various species
can exist and takes the form of non-constant time-independent positive solutions. In [5,8,24,
25,43,44], the authors have established the existence of stationary patterns in some predator-
prey models in the presence of self-diffusion and cross-diffusion. Our results are a little
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different from theirs. We not only prove the existence of non-constant solution of system (1.4)
when the cross-diffusion f is sufficiently large, but also we find infinitely many intervals of
d; > 0 near zero such that (1.4) admits at least one nonconstant solution if d; belongs to such
intervals. Moreover, researchers have paid more attention to Hopf bifurcation and steady state
bifurcation (cf. [9,10,15,18,19,36,42,46]), and investigated some predator-prey models without
cross diffusion term. Only a few works [23,45] have concentrated on the Bogdanov-Takens
bifurcation phenomena of diffusive predator-prey systems with delay effect. In this paper,
we study the Bogdanov—Takens bifurcation by regarding the cross-diffusion term p as one of
bifurcation parameters.

The organization of the remaining part of the paper is as follows. In Section 2 we prove
the global existence and boundedness results of solutions to (1.4) and in Section 3 we obtain
a priori bounds of nonnegative steady state solutions. In Section 4 we deal with the non-
existence of non-constant positive steady states for sufficient large diffusion coefficient and
consider the existence of non-constant positive steady states for a small range of diffusion
coefficient and sufficient large cross-diffusion coefficient by using the Leray-Schauder degree
theory. Section 5 is devoted to the local and global stability of homogeneous steady states.
Center manifold reduction and normal form theory are employed in Section 6 not only to
discuss the existence of Hopf bifurcation but also to determine the Hopf bifurcation direction
and the stability of bifurcating time-periodic solutions. In Section 7 we observe that system
(1.4) exhibits Bogdanov—Takens bifurcation phenomena. Finally in Section 8, some conclusions
are presented and numerical simulations are carried out to illustrate some previous theoretical
results.

For convenience, we introduce the following notations. Let H*(Q) (k > 0) be the Sobolev
space of the L2-functions f defined on ) whose derivatives f") (n = 1,...,k) also belong to
L%(Q)). Denote the spaces X = {¢ € H2(Q) 3% = 0on d0Q} and Y = L2(Q). For a space Z,
we also define the complexification of Z to be Z¢ L 7®iZ = {x1 4+ ixz|x1, x2 € Z}. Define an
inner product on the complex-valued Hilbert space YZ by

(u,v) = /Qﬁ(s)Tv(s)ds for u,v € Y2. (1.6)

2 Global existence and boundedness

In this section, we employ the method in [40] to obtain the global existence and boundedness
of solutions of model (1.4). We need to establish some priori estimates. It is clear that the local
existence of solutions to (1.4) was established by Amann [1]. This result can be summarized
as follows.

Lemma 2.1. For each fixed p > N, assume that the initial data (@,) € (WYP(Q))? satisfies
@ > 0and y > 0, then there exists a positive constant Tmax (the maximal existence time) such that

(@, ¢) determines a unique nonnegative classical solution (u(x,t),v(x,t)) of system (1.4) satisfying
(u,0) € (C([0, Tmax), W (Q)) N C>(Q x (0, Tiax)))? and

0 < u(x,t) < c = max {mgx (p(x),a} , o(x,t) >0 (2.1)

forall (x,t) € QO X [0, Trmax)-

Proof. (i) The local existence of the solution to (1.4) follows from [1]. Denote by Tmax the
maximal existence time of the solution. Next, we shall prove (2.1). On account of (1.4), we



Dynamics of a Leslie—-Gower predator—prey system with cross-diffusion 5

know that v(x, t) satisfies

0 :

5=l el o (v- ) QX 0)

0 2.2
%:0 on 9Q) x (0,00), 22)
v(x,0) =¢(x) >0 in Q.

Clearly, v = 0 is a sub-solution to problem (2.2). Hence, we can apply the maximum principle
for parabolic equations to obtain that v(x,t) > 0. Similarly, we can obtain u(x,t) > 0. Also
from (1.4) and v > 0, we obtain that

au:dlAu—i—u<a—u— v >§u(a—u) in Q) x (0,00),

ot 1+ u?
gﬁ =0 on 9Q) x (0,00),
u(x,0) =¢(x) >0 in Q.

Then from comparison principle of parabolic equations, it is easy to verify u(x,t) < ¢, where
c is given in (2.1). This completes the proof of Lemma 2.1. O

The above lemma means that, in the space W?(Q) each pair of the initial values ¢ and
§ can determine a unique nonnegative classical solution (u(x,t), v(x, t)), which is twice con-
tinuously differentiable with respect to x € Q and continuously differentiable with respect to
t € [0, Tmax)- Moreover, u(-,t), v(-,t) € W'P(Q)) can be regarded as a continuous mapping
with respect to t € [0, Tmax)-

According to Amann’s results [2], we need to establish the L® bound of (u,v) in order
to show its global existence. Based on Lemma 2.1, it is enough to establish the L* bound of
v(x,t). Firstly, we shall show that the solution v(x,t) is bounded in L!(Q)). In the proof, we
need to use the following elementary inequality [39].

Lemma 2.2. Assume that z(t) > 0 satisfy

Z/(t) < —mz"(t) + apz(t) +a3, >0,
z(0) = zo,

where ay,ap,a3 > 0 and r > 1. Then there exist constants c1 (a1, az, a3, r) and cp(zo) such that
z(t) < max{ci(ay,az,as,1),c2(z0) }-

Lemma 2.3. There exists a constant Cy > 0 such that the second component of the solution of (1.4)
satisfies the following estimate

/ v(x,t)dx < Cy for all t € (0, Tmax)- (2.3)
Q

Proof. Let
ut) = /Q u(x, t)dx, V() = /Q o(x, H)dx.

Then we have

. . e v?
U)+Vv(t) = /Q(mﬁ—bv)dx—/Q <u2+ 1w + 1+u2> dx.
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In view of Lemma 2.1, we know that 0 < u(x,t) < c for all (x,t) € Q x [0, Tmax) and hence
that

2 2 2
I S > (u+0) > (u+0) ’
T1+u?  1+4+u?2 = 2(14+u?) = 2(1+¢?)
which, together with the Holder inequality, implies that
: . (u+0)?
< _ AT TR
U)+Vv(t) < /Qr(u +v)dx /Q 20 +Cz)dx

2
gr/ﬂ(u—i—v)dx—2(14_1@)’QI {/Q(u%—v)dx}

[u(t) + V()P

= U +Vl = Sa o)

with r = max{a, b}. It follows from Lemma 2.2 that there exists a positive constant M such
that U(t) + V(t) < M for all t € (0, Tmax), and hence that there exists a positive constant C
such that (2.3) holds. The proof is completed. ]

Secondly, we will establish L? estimates for v(x, t) by using a weight function ¢(u) similar
to that in [32,38,41]. We now present some basic inequalities which will be used in the sequel
(see [14,27]). In several places we shall need the following Poincaré’s inequality:

lull,p < Ca([|Vullp + |lully) for all u € W' (Q)

with arbitrary p > 1 and g > 0. Also, an essential role will be played by Gagliardo-Nirenberg
interpolation inequality

1—
lullp < Callull{ gllull ™ for all u € W (),

which holds for all 1 < p,gq < oo satisfying p(n — q) < ng and all m € (0, p) with

h_ 1

m 4
n=-"_" _c(0,1).

wH1=14

Lemma 2.4. Let (u(x,t), v(x,t)) be a solution of (1.4), then for every p € [2,00), there exists a
positive constant E > 0 such that

lo(x,t)||, < E for t € (0, Tmax)

if
dida
€ |0, . 24
p [ 2v/2(d; +d2)pc] @4
Proof. Let
_ _dd(p—1)
 4(dy + dp)2pc?’ @5)
and consider a weight function
P(u(x,t)) =) when 0 < u(x,t) <c. (2.6)

Denote ¢(u(x,t)) by ¢(u), then we have

1<¢(u) = e < e =h and 1< ¢'(u) = 2aue™’ < ZDcce"‘Cz, 0<u<ec. (2.7)
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It follows from system (1.4) that

1d 9 1 9
pdt/ vPp(u)dx = /va’lcp(u)a—zzdx—i—f/ vP¢ (u)a—btldx

:/v’“ 1(,1)( )[A(dy + Bu)v dx+/v’”4> < z)>dx

14 u?

+ = /vp(p [dlAu%—u(a—u—l:uzﬂdx
< —(p=1) [ " 2(da+ u)p(u)| Vo

—-(p—1) ﬁ/ o 1p(u)Vu - Vvdx—/Qv”’lqb’(u)(dz—i—ﬁu)Vu-Vvdx

—,B/ oP ¢ (u |Vu]2dx+b/ Up(p(u)dx—dl/ P 1¢' (u)Vu - Vodx
o o 0
dy

- Qv’ggb”(u)\Vu]de—kE;C/vacp’(u)dx

which implies that

L5 e+ (=1 [ o7 2p(] Vol + L [ g (1] Vs

< - /Q(dz + pu)oP ¢ (u)Vu - Vodx — B(p — 1) /va_1¢(u)Vu - Vodx (2.8)

—di [ o9/ () V- Vodx+b [ orp(udx+ 7 [ org/(u)d
1],? ¢'(u)Vu - Vodx + chp(u) x+P chp(u)x
In virtue of (2.7), we know that ¢'(u), ¢(u) > 0. Combining with v(x,t) > 0, it is easy to see
that

— (d1+ dz)/ oP1¢' (u)Vu - Vodx

0
< [ Voud(p— 1o’z [Vo| V2(d +da)ob ! ()| V] |
/0 V2 ¢(u)da(p —1)

Furthermore, using Young's inequality, we obtain

— (d1 +do) /Q P 1 (u)Vu - Vodx

p 2.9)
Be 1) [ sy s DP9 o (
< =72 [ oP u)|Vol~dx + / o Vul|~dx.
R vopar + R [ o vy
Similar to the above, we obtain
—B(p—1) / o 1p(u)Vu - Vodx
¢ (2.10)
dz(P—l)/ p—2 2 ,32(79—1)/ P 2 '
< 1)y ¢(u)| Vol dx + 7 v ¢(u)|Vu|“dx.
Together with 0 < u < ¢, we similarly have
—,3/ uoP ¢ (u)Vu - Vodx
dZ(P_l) p-2 2 [’Q(P—l)/ 2 p‘Plz(”) 2
< 1 /Qv ¢$(u)|Vo|~dx + 0 L () |Vu|“dx (2.11)

da(p=1) [ p- Blp—1c [ 921
< T/va 2¢(u)|Vv|2dx—|—T/Qv” o00) |Vu|*dx.
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Substituting (2.9), (2.10) and (2.11) into (2.8), we have

;jt [ orpuax+ 222D [ vﬂ¢<u>|w|2dx+fj | 09" ()| Vulax
(di+do)* | B*c*(p—1) (1) o 1
< ot EEE=R) [ o f ) vupay 212

+52<Z2_1)/Qv”fi’(u)|Vu\2dx+b/ﬂv”¢(u)dx+L;C/QUPW(”)dx-

Clearly,

4;:2((5) =40*u’Pp(u) and ¢"(u) = (2a + 4a’u?)p(u).

By a direct calculation, we obtain

2ap(u) _ 4(dr + d2)2c2pa _

< 1,
ar(u) — did2(p—1)
200 222 2
ar(u) didra d2d3
dag(u) _4Bp(p—1) _4p(p—1)  did _ didb(p-1) _,
al(u) - dyd, dyd, 8p2(d1 + d2)2 Zp(dl + d2)2 ’

for 0 < u < ¢, where B and « satisfy (2.4) and (2.5) respectively, and

- d;qb’/(u),
az(u) _ (dl +d2)2 . 4)/2(”)
d(p—1) ¢(u)’
2 _
astu) = P =D,
2
_RRp-1) 97w
do ¢(u)

a1(u)

as(u)

Therefore,

ﬁz(";z_l) /Q o ()| VP 4 1+ ) /Q o) g

da(p —1) $(u)
BE(p—1) [ WP o oy i [ o .
+ i /Qv (1) |Vul“dx < p/Qv ¢" (u)|Vo|~dx.

It follows from (2.14) that (2.12) is simplified to be

1d

dr(p—1
pdt/OUp(P(u)dx—i-Z(IJLL)/QUP—ZCP(MHVUF §C1/va¢(u)dx, (215)

where C; = (bp + 2aac?)/p. By the Gagliardo-Nirenberg and Poincaré’s inequality and (2.7)
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and (2.3), we have

[ owdr < [ ordx = njo | < Coffof [ of 57
Q Q , 2

2 2n 21 _
<hca(Ca(2)) (9ol o) 1ot 120
p p

y (2.16)
2 14 14 2)7 17
—hcs (e (3)) (1o + folf) " ol
p
1
<Cs (Vo +1)",
where S
]/]:me(o,l).
Now from (2.7) and (2.16), we have
4 p
P 2p(u)|[Voldx > [ o2 VoPdr = - [ [Vold
/Qv ¢$(u)|Vo| xz | v |Vo|“dx pzn} v2|°dx
2.17)

> : 1 </Q vpt,b(u)dx>17 — ;2

pACy
Hence from (2.15) and (2.17) we obtain

1d

pdt va4>(u)dx < _da(p=1) (/Q v’”fl’(“)dx) ! +CG /vafl’(u)dx + (12(;;2_1)

1
p>C4

for all € (0, Tax ), where % > 1. By using Lemma 2.2 and (2.7), we conclude that there exists
E > 0 such that

1
o, )], < </ vp4>(u)dx> ’ < E fort € (0, Tmax),
Q
which is the desired result. O

Finally, we establish the L® bound of v(x, t) using Lemma 2.4.

Lemma 2.5. If B satisfies (2.4) and let (u(x,t),v(x,t)) be a solution of (1.4). Then there exists a
positive constant A such that

lo(-, £)]l0 < A for t € (0, Tinax)-
Proof. Define

(%

f(u,v):u<a—u—1+uz>, 8(”1”):/50A“+U<b_1:uz>

for (u,v) € (C([0, Tmax), WP (Q) N C*1(Q) x (0, Trmax)))?. It follows from Lemmas 2.4 and 2.1
that there exists a positive constant A; such that

HfHLp(Q) < A; < +oo forallte (0, Tmax)~ (218)

In virtue of (2.18) and the first equation of system (1.4) and the LP-estimate for parabolic
equations, we obtain
Hu(-,t)||w5(0) < Ay forall t € (0, Tmax)- (2.19)
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This, together with the Sobolev embedding theorem (see [16]), yields
[Vu(-, )|~ < A1 for all t € (0, Tmax)- (2.20)

We now turn to the second equation of (1.4), which can be rewritten as the non-divergence
form:

v
ot
In virtue of Lemmas 2.4 and 2.1 and (2.19), we have

= (dy + pu)Av+2BVu - Vo + g(u,v). (2.21)

181, 0)|r() £ A1 and  ||d2 + Bul| =) < A1 for all £ € (0, Tinax)- (2.22)
Using (2.21), (2.20) and (2.22) and the LP-estimate for parabolic equations, we have
lo(, ) lwz(q) < Ar for all £ € (0, Trax)-

Again, taking p to be sufficiently large and combing with the Sobolev embedding theorem
(see [16]), we have
[0(-, )| L=() < A for all t € (0, Tax)-

Hence, this proof is completed. O

Obviously, from Lemmas 2.1 and 2.5 and [2], we conclude that Tax = o0 and ||v(+, t)]|e +
lo(-, )] < M(g,9) for all t € [0,00), where M(¢, ) depends on the initial value (¢, ).
Notice that in the proof of Lemma 2.1, for any positive constant ¢y, there exists t; > 0 such
that

lu(-, t)|lr> <a+ey forall t € (t,00). (2.23)

Hence we can replace c by a+¢o for t € (f1,00). Similarly in Lemma 2.3, Cy can be chosen to
be independent of (¢, ¢). So fQ x,t) < Cp for t € (tp,00) with fp > t. Again in the proof of
Lemmas 2.4 and 2.5, we can also replace c by a + gy and then we can find ty > t; such that

lo(-,t)]|, <E forall t € (ty, o)

and
|o(-, t)|l0 < A forall t € (t,00) (2.24)

iy ] (2.25)

pe [O’ Z\ﬁ(d1 + dz)pa

where E and A are independent of (¢, ¢). In view of (2.23) and (2.24), there exists a constant
M; such that
[0, t)[leo + [[0(-/ 1) [0 < My for all £ € (to, ),

where M; is independent of (¢, ). Therefore, we have the following theorem.

Theorem 2.6. Suppose that p > N and B satisfies (2.4), then every initial value (¢, ) € (W'P(Q))?
satisfying @(x) > 0 and P(x) > 0 for all x € Q, determines a unique global classical solution
(u(x,t),0(x,t)) of system (1.4), which satisfies (u,v) € (C([0,0); WP (Q)) N C>1(Q x [0,0)))>.
Moreover, (u,v) is uniformly bounded in Q) x (0,00), that is, there exists a constant M(¢,p) > 0,
depending on the initial (¢, ), such that ||u(-, )|l + ||0(+, ) ||ee < M forall t € [0, c0). Furthermore,
if B satisfies (2.25), then there exist two positive constants My, independent of (¢, ), and to > 0, such
that ||u(-, t) ]| + [|0(-, )]0 < My forall t € (t, 0).
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3 A priori estimates

Steady-state solutions of (1.4) satisfy the following system:

v .
dlAu+u<a—u—1+uz>—0 in ),
v .
Jdu  dv
% = g =0 on aQ,
u(x,0) = @(x) >0, ov(x,0)=y(x)>0, inQ.

It is easy to see that system (1.4) has a positive constant steady-state solution e = (u*,v*)7 if
and only if a > b, where u* = 6 2a0—b,0" =b(1+6?).

Next, we study the asymptotic behavior of positive solutions of (3.1) as d; is small or B
is sufficiently large. For the first step of the asymptotic analysis, we derive a priori positive
upper and lower bounds for positive solutions to (3.1).

Lemma 3.1. Suppose that (u,v) is a solution of (3.1) and a # b, then there exists a positive constant
C such that (u,v) satisfies

dzdfﬁ < o(x) < k2 2 (da+ ) (1+)

C< u(x) <a,
dp

forall x € Q).

Proof. Let xp € Q) be a maximum point of u, i.e., u(xg) = max,.qu(x). Then by using the

maximum principle [24] to the first equation of (3.1), one has a — u(xo) — 1 fb(lf‘(’io) > 0 and

hence u < a.

By setting w = (d, + Bu)v, we can reduce the second equation of (3.1) with the boundary
condition to

v
Aw+v<b—2>:0 in (),
) 1+u (3.2)
—w:O on dQ).
on

Let x; € Q) be a maximum point of w, i.e., w(x1) = max,.qw(x). Applying the maximum
principle [24] to (3.2), we get v(x1) < b(1+ u*(x1)) = b(1+ a?). Note that 0 < u(x;) < a
and v(x1) < b(1 + a?), then we have maxq w(x) = w(x1) < b(da + Ba)(1 + a?), which in turn
implies that

| &

1 1
maxo(x) < —maxw(x) = —

o d Q s [da + Bu(x1)]v(x1) <

(dy + Ba)(1 +a?) = «.

[

2

To obtain the lower bound for v, we define w(yp) = ming w(x). Similarly, applying the
maximum principle [24] to (3.2) yields v(yo) > b(1 4 u?(yo)). According to the definition of
w, we obtain

, ming w w(yo) dy + Bu(yo) dob
> = = > .
n}%nv T dy+ Bmaxgu  dy+ Bu(xo) dz—l—,Bu(xo)U( )2 dy+ a
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Now, denote u(y1) = ming u(x) for some y; € Q. It follows from the maximum principle [24]
that

v
u(y1) Za—%. (3.3)
Note that ()
(% yl
Trul(yy) = "W smaxol) sx (3.49)
This, together with (3.3) and (3.4), implies that
o) o,
u(yr) =z a T2 () >a—K.

If a > x then u(x) > a — « for all x € O and hence the proof of Lemma 3.1 is completed.
In what follows, we shall show that u(x) > C in the case where a < x. Let

v(x)

c1(x) =a—u(x) — T+ w2 (x)’

then
le1(x)] < 2a+«.

From Harnack’s inequality (see [21]), there exists a positive constant C* such that

max u(x) < C*minu(x).
Q o)
Hence, it remains to prove that there is a positive constant € such that maxga u(x) > €. Suppose
this is not true, then there exists a sequence {(d1,,d2n, Bn) }5r_; such that the corresponding
positive solutions (u,, v,) of problem (3.1) with (dy,d2, B) = (d1n, dan, Bn) satisfy maxq u, — 0
as n — oo.

From the Sobolev embedding theorem and elliptic estimates, there exists a subsequence
of {(uy,v,)7T = _1» which we still denote by {(u,,v,)}5;, such that u, — e and v, — Ve in
C%(Q)) as n — oo. From the assumption, we have o, = 0 and (1«0, Vo) satisfies (3.1). Then the
second equation of (3.1) implies

v

—dr AV = Voo (b — Vo) in O, — =0 on Q.
on

By the property of solutions of the logistic equation and minv, > dxb/(dy + B), we have

Ve = b. Denote by il, = u,/||uy||L~ the L® normalization of u,. Then by dividing the first
equation of (3.1) by ||uy||L~, we know that {ii,} forms a sequence of positive solutions of

~ ~ (" . dil,
- dlAun = Uy <[/Z — Uy — 1—’—1,[%) m Q, on =0 on JdO. (35)
Note that ||ii,| 1~ = 1 for n € N, then it follows from the elliptic regularity theory and the
Sobolev embedding theorem that there exists a nonnegative function 7, € C!(Q)) such that
lim, o0 1, = fleo in C}(Q)). This, combining with ||fi ||~ = 1, yields that #i, > 0. On the
other hand, by integrating the first equation in (3.5) over (), we observe that

3 Un B
/Qun <a—un—1+u%>dx—0.

Let n — o0, and note that @i > 0, o = 0 and ve = b, then we have a = b, which contradicts
our assumption. Therefore, we complete the proof of Lemma 3.1. O
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4 Existence/nonexistence of nonconstant solutions

Throughout the remaining part of this paper, we always assume that a > b.

Lemma 4.1. Every sequence {(u,,v,)}5_, of positive solutions of (3.1) with a > b and dy = dy,, —
00 as n — oo satisfies
|ty — u*||L> + [0 — 0*||ze — 0 asn — oo,

where e = (u*,v*) is the unique positive constant solution.

Proof. For fixed a, b, B and (), Lemma 3.1 and standard regularity arguments tell that
{(un, )}, has a convergent subsequence, which we still denote by {(u,,v,)}" ;. Ac-
cording to the argument by Lou and Ni [24], we can obtain a positive constant K, which is
independent of #, such that

K 1
— U (e8] < e th i, = f/ d
|ty — iy || < ™ with 7, 0l | Undx
for n € IN. Together with Lemma 3.1, we can find a constant i € [0, a] such that lim,_,e 1, = 1
uniformly in (). Lemma 3.1 and the standard LP-estimate for elliptic equations mean that
both {u,}*_; and {v,}>_, are uniformly bounded in W2?(Q)). Thus, the usual compactness
argument implies

lim u, =@ in C(Q), (4.1)

n—oo
passing to subsequence. We can similarly get a nonnegative function @ such that

lim v, =7 in C}{(Q)), (4.2)

n—00

passing to a subsequence. By setting n — oo in the weak form of the second equation of (3.1)
and using the elliptic regularity theory, we know that 7 satisfies
J0

) in C1(Q), 3 0 on dQ.

0

Since i € [0,a] is constant, the well-known property of the logistic equation implies that 7 is
also constant and satisfies

_ 4
UZO or b_mzo (43)
Integrating the first equation of (3.1) yields
Uy
/Qun<a— b 1+u2>dx 0, neN. (4.4)
By (4.1) and (4.2), letting n — oo in (4.4) implies
_ _ 0
=0 or a—1i— Tom 0

because 7 and 7 are constants. Suppose for contradiction that a — i1 — ; fﬂz # 0. Hence (4.1)
and (4.2) imply a — u, — 1% # 0 in Q for sufficiently large n € N. Together with u, > 0 in

Un
/Qun<a—un T >dx7é0

for sufficiently large n € IN. However, this contradicts (4.4). Then we obtaina — i1 — 77 =0
Using a similar argument, we have b — ;=" = 0. Therefore, (i1,7) = (u*,v"). O

(), we obtain
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Theorem 4.2. For any fixed (da, B,a,b, Q)) satisfying a > b, there exists a large positive constant D
such that (3.1) with d1 > D has no nonconstant solutions.

Proof. Assume that (u#,v) is a non-negative solution of (3.1) and denote

1 1
1=— [ udx, 5:—/ vdx.

Then, multiplying u — i the first equation in (3.1) by and integrating over () yield

dl/Q]Vu|2dx: /Qu(a—u—L)(u—ﬁ)dx

14 u?
-, (”_”_”_‘_ et (152(2%;;?%)) (1= m)dx
R .3
< /Q(a+2a21c)(u—ﬁ)2dx—|—a[/dex—i—/ﬂ(ilzzzdx]
< (32” +2a21c> /( 2dx+2/ 7)2dx,

where the last inequality comes from Lemma 3.1. Recall the Poincaré-Wirtinger inequality
MU =12, < ||VU|?, for any U € H'(Q2), where Ay is the least positive eigenvalue of —A
with homogeneous Neumann boundary condition on dQ). Then it follows from (4.5) that

a 3
[1 - (2 +zm<)] IVl < 5o (46)

Similarly, multiplying by v — @ the second equation of (3.1) and integrating the resulting
expression lead us to

/(.l(d2+ﬁu)|vv|2dx:/gv<b—1+vz> (v—@)dx—ﬁ/ﬂvvu.vvdx

_/< 1+u2 1fu2>(7’—5)2dx

(u—1it)(v—70)(u+u)
+/ (14 u?)(1 + i2) dx ,B/QUVu Vodx.

By Lemma 3.1 and Young’s inequality, for any & > 0, one can find a positive constant K such
that B
24, < / v v A2
/Q(dz—i—ﬁu)\Vv\ dx < Q<b T2 1+ (v—10)"dx
+ 2ax? [/ 5(u —i)2dx + / e(v— ﬁ)de] 4.7)
Q¢ 0
K 2 2
+ Bx / —|Vu| dx+/ e|Vo|~dx|,
Q¢ Q

where « is the positive number given in Lemma 3.1. Then the Poincaré-Wirtinger inequality
implies

2ak B 2
[1—81{ <M+d )] Vol

1 v 0 _ kK [ 2ax ﬁ
< = _ _ — )2 S e S
~ dy /Q <b 1+ u? 1+u2> (v—-9)7dx+ € (dz)\ do > IVuli.

(4.8)
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Note that

b_v_v:b_v_(v_v>_v
1+u?2 1+ u? 1+ i 1+u?2 142 1+ u?’
then it follows from Lemma 4.1 that
v 0

1w 14u?

< e if d; > 0 is sufficiently large. (4.9)

Thus, when d; > 0 is large, (4.6) and (4.8) enable us to find a positive constant K; such that

Ky

2
Il <

IVullZ.,

which implies that u is a constant if d; is large enough. Combining with (4.8) and (4.9), we
deduce that (u,v) is a constant solution if d; > 0 is sufficiently large. Then the proof of
Theorem 4.2 is completed. 0

Remark 4.3. The conclusion of Theorem 4.2 is still valid in the case where B = 0, that is, for
any fixed (dp,a,b, Q)) with a > b, there exists a large positive constant D such that (3.1) with
B = 0and d; > D has no nonconstant solutions.

Recall that —A under Neumann boundary condition has eigenvalues 0 = Ag < Ay < --- <
Ay < - -+ with limy, 0 Ay = +00. Let S; be the eigenspace associated with A; with multiplicity
n;. Let ¢;;, 1 < j < n;, be the normalized eigenfunctions corresponding to A;. Then the set
{¢ijli > 0,1 <j<mn} forms a complete orthonormal basis of the Lebesgue space L?()) of
integrable functions defined on Q, ¢(x) > 0 for all x € Q. Let Xjj = {c¢;|c € R?}, and
{¢ij|1 < j < dimS;} be an orthonormal basis of S;. For i > 0, it can be observed that

o] dimS,‘
X=PX; and X;= P X;. (4.10)
i=1 =1
Next, we study the linearization of (3.1) at (u*,v*), where e = (u*,v*) is the unique

positive constant solution of (1.4). Let ®(U) = (dyu,dyv + puv)’ and

o5

for U = (u,v)T. Then (3.1) can be rewritten as

—A®(U) =G(U) inQ,

(4.11)
a—u =0 on 0Q).
on
Define
Xt={UeX|u>0,v>0o0nO}
and

C C

where C is a positive constant whose existence is guaranteed by Lemma 3.1. Note that the
derivative ®;(U) of ®(U) with respect to U is a positive operator for all non-negative U, then

]B:{UEX

1 1
<u<C,<v<C},
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@, (U) exists and is a positive operator as well. Hence, U is a positive solution to (4.11) if
and only if

FU)2U—(I-A)" {cp;,l(u)[c(u) + VUL (U)VUT] + u} =0 in X",

where (I — A)~! is the inverse of [ — A in X. As F(+) is a compact perturbation of the identity
operator, the Leray-Schauder degree deg(F(-),0,B) is well-defined if F(U) # 0 on 0B. Note
that

DyF(e) =1—(I—A) Y&, (e)Gule) + I},

and that the index of F at e is defined as index(F(-),e) = (—1)” provided that Dy F(e) is
invertible, where v = Y_m,, and m,, is the multiplicity of any negative eigenvalue i of Dy F(e);
see [28] for more details.

We now consider the eigenvalues of Dy F (e). First, for every integer i > Oand 1 < j <
dimS;, Xj; is invariant under Dy F(e), and y is an eigenvalue of Dy F(e) on X;; if and only if
it is an eigenvalue of the matrix

_
1+ A

1

I =
1+ A

[%l (e)Gule) + 1} [Ail - cp;,l(e)cu(e)} .

Thus, Dy F(e) is invertible if and only if, for all i > 0, the above matrix is nonsingular. To
calculate 7y, we first define

H()A) = det{Al — @' (e)Gu(e)}. (4.12)

If H(A;) # 0, then for each 1 < j < dimS;, the number of negative eigenvalues of D;;F(e) on
X;j is odd if and only if H(A;) < 0. In conclusion, we have the following lemma (see [29]),
which gives the explicit formula of calculating the index.

Lemma 4.4. Ifa > band H(A;) # 0 for all i > 0, then

index(F(-),e) = (=1)Y with y= ) ni(Ai),
i>0,H(A;)<0

where n;(\;) is the algebraic multiplicity of A;.

To facilitate our computation of index(F(-), e), we will consider the sign of H(A;). Notice
that our aim is to investigate the effect of the cross-diffusion coefficient g and diffusion coeffi-
cient d; on the existence of stationary patterns. Then we will concentrate on the dependence
of H(A;) on B and d;. Note that

A— 262b2 +dg 0__
1 i (146 i (146
Al =@ (e)Gule) = _ Ob(1+6%) 5 259)%2 1_ 262 _ 519(17 )+ b
d1(d2+p0) T di(d+pO)  dr+po d1(dy+BO) "~ dr+po

Then, we have

Bob 262b 0 b bo

H(A) =A% — - — A . 4.13
() | di(dy + BO) * di(1+62) di  dy+ po] M di(d> + B0) *13)
If )
0b 2602 0 b ] 4b0
A(B,dy) £ B - = — >0,
(B,dy) | dq(dp + BO) + di(146%) dy da+ Bo) d1(dy + B9)
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then H(A) = 0 has two roots A = A" (B,dy) and A = A~ (B, d;), where

1 Bob 26%b 6 b IPPEEN
)‘i(ﬁ’m)_i dl(d2+ﬁ9)+d1(1+92) dq aler/Bf)lL A(ﬁ’dl)]'

We first consider the dependence of H(A) on . When B is large enough, we have A > 0 and
the two roots of H(A) satisfy

lim )\7(‘3,[11) =0

B—o0
and (1+362)b—6(1+62) (1+6%)6
1430%)b—60(1 + . 1+
glg}o)\ (B, dr) = LT =) lfb>71+392. (4.14)

Thus, we have the following existence result about the non-constant steady state solution:

Theorem 4.5. Assume that a > b, b > (iigge and A € (An, Apy1) for some n > 1 and Y1 n;(A;)
is odd, then there exists a positive number B* such that system (3.1) with B > B* has at least one

non-constant positive solution.

Proof. In virtue of (4.14) and A € (Ay, Ayus1), there exists a positive constant f* such that, if
B > B* then
0<A (Bd1) <A and AT(B,d1) € (Au, Aut1)- (4.15)

We argue by contradiction. Assume that system (3.1) with B > B* has no non-constant
positive solutions. For s € [0, 1], define

Y¥(s,U) = ((sdy + (1 —s)d})u, (dy + su)v)T,

% : "y * 26%b 0 _ b ;
where d] is a positive constant such that di > D and T & 4 < 0. Obviously,

¥(1,-) = ®(+). Consider the following system

(4.16)
a—u =0 on 0Q).

{A‘I’(s, Uu)=a6U) inQ,
on

Then U is a positive non-constant solution of (3.1) if and only if it is a solution to (4.16) with
s = 1. It is obvious that e is the unique constant positive solution of (4.16) for all 0 <s < 1. U
is a positive solution of (4.16) if and only if

F(s,U) 2 U~ (1—A)~2 {‘F&l(s, U)[G(U) + VUY, yu (U)VUT] + u} —0 in X"

It is obvious that F(1,U) = F(U). Remark 4.3 says that F(0,U) = 0 has only one positive
solution e in X*. By a direct computation, we have

DyF(s,e) =1—(I1—A)"{¥,' (s, e)Gu(e) + I}.
In particular,
DyF(0,e) =1— (I—A)"{¥,'(0,e)Gyu(e) + I},
DyF(l,e) =1—(I-A)"Y{®,'(e)Gu(e) + I} = DyF(e),

where ¥;(0,-) = diag(dj,d2). From the previous analysis, we know that the key point is to
determine the sign of
H(s,A) = det{ Al — ¥ ' (s, e)Gul(e)}. (4.17)
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By direction calculation, we have H(0,A) = A? — (Lzb - % - L))\ + d?i and hence

& (1+07) a;
H(0,A;)) >0 foralli>D0.
Clearly, 7 (1,A) = H(A). Therefore, in view of (4.14) and (4.15), we can get
H(Ao) = H(0) >0,
H(A;) <0 when 1 <i<mn,
H(A) >0 when i >n+1.

Therefore, zero is not an eigenvalue of A;,1 — ®,' (e)Gy(e) for all i > 0, and

n
Z dim§S; = Z n;i(A;), which is odd.
i>1,H();)<0 i=1

Thanks to Lemma 4.4, we have
index(F(1,-),e) = (=1)7 = (=)= = _q,
index(F(0,-),e) = (-1)7 = (-1)° = 1.
Now, by Lemma 3.1, we know that every positive solution of system (3.1) lies in B and
F(t,-) # 0 on dB. So deg(F(s,-),B,0) is well defined. By the homotopy invariance of
topological degree, we have
deg(F(1,-),1B,0) = deg(F(0,-),B,0). (4.18)
On the other hand, from our assumption, both equations F(1,e) = 0 and F(0,e) = 0 have
only one positive solution e in BB, then we have
deg(F(1,-),B,0) = index(F(1,-),e) = —1,
deg(F(0,-),B,0) = index(F(0,-),e) =1,
which is a contradiction with (4.18). So the proof is completed. O

Next we consider the dependence of H(A) on di. From the previous analysis, it follows
that the roots of H(A) = 0 are all negative if 12sz + dﬁbﬁg —1 < 0and A(B,d1) > 0. So, in this
case, we can’t obtain the existence of non-constant positive solutions by using the method of

degree theory.

We begin with the case ffgz + dﬁhﬁe —1 > 0. By straightforward computations, one can

get A(B,d1) > 0 and the two roots of H(A) = O satisfy 0 < A~ (B,d1) < AT (B,d1) if dy € (0,d*)

20b pb
and e T 510 > 1, where

2
x 1 Bb 20b
d :{b,/eb(dﬁﬁe) (—1+\/<d2+59+1+92>>} :

Furthermore, one can verify that A~ (B, d;) is monotone increasing and A" (B, d;) is monotone
decreasing with respect to d; € (0,d*). Moreover, A*(B,d1) and A~ (B, dq) satisfy

‘ B B b 20b Bb - A
6 = g (e g e) 2
lim AT (B, d1) = +oo,

dl—)O

-1
_ b 26b Bb
lim A~ (B,d1) = lim A*(B,d) = ———— | —1 .
i, (B,d1) S, (B,d1) @a+ P0) < +\/1+92+d2+ﬁ9>
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In order to state the structure of nonconstant solutions, we introduce the following two natural
numbers jy and kg by

joémin{jGIN

”(_1+ 200, _Pb >_1<A-
(d2 + B0) 1+602  dy+ B0 T

-1
b 20b Bb |
W<_1+\/1+92+d2+ﬁ9> <Ak}(>m'

Since At (B,d;) is monotone decreasing with respect to di and limy,_,oA™(B,d1) = +oo,
there are positive numbers

koAmin{ke]N

diy = sup{d1 > O‘ A+(13,d1) > Ak} fork =ko,ko+1,.... (4.19)

Solving A™(B,d1) = Ay for d1, we get the solution dq (k = ko, ko +1,...) with

J —(—1+ 2600 . b bo >(A+b>_1
e 1462  dy+ B0 Ae(da+p0) ) \F " da+po)

Therefore, the sequence {d1k};§°:k0 defined by (4.19) satisfies
0+  <dpy < <dyggr < dig, < d* = dyg,1. (4.20)
If ko > jo, we define
dyj 2 inf{dy > 0| A~ (B,d1) > A} forj=jojo+1,-- ko — 1

Similarly, it follows from A~ (B,d;) = A; that d~1j = dyj. Hence the monotone increasing
property of A~ (B,dq) for d; € (0,d*) induces the monotone increasing property of {Jlj};fgol

as

(djo—l é)O < d~]'0 < (,{]'04_1 <0 < Jkgfl < d*.

Therefore, we have the following conclusions:

Theorem 4.6. Assume that a > b and ffgz + dﬁbﬁg > 1, then the following (i) and (ii) hold true:

(i) In case where ko > jo, there exists at least one nonconstant solution of (3.1) provided that
dy € (dvj,drjs1) N (dixsr, dix) and 2?:]41 n;(A;) is odd or dy € (dig1,d1x) N (diy—1,d*) and
Zf:ko ni(A;) is odd.

(ii) In case where ko = jo, there exists at least one nonconstant solution of (3.1) provided that
dy € (digsr, di) and Yj_ ni(A;) is odd.

Proof. In the case where % + dzﬁTbﬁe > 1, suppose for contradiction that there is no noncon-

stant solution of (3.1). According to Lemma 3.1, we know every positive solution of system
(3.1) lies in B and F(U) # 0 on 0B. Then the homotopy invariance of topological degree
implies

deg(F(-),B,0) is constant for all d; > 0. (4.21)
In view of Theorem 4.2, we recall that if d; > D, then F(U) = 0 has a unique solution e in
X, Therefore, we know that

deg(F(-),B,0) = index(F(-),e) for d; > D.
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It is easy to verify that AT(B,d;) is monotone decreasing with respect to d; and satisfies
limy, o AT(B,d1) = 0. Together with H(Ag) > 0 and A~ (B,d1) < AT(B,d1), we obtain
H(A;) > 0 for all i > 0 when d; is sufficiently large. It follows from Lemma 4.4 that if d; > 0
is large enough,

deg(F(-),B,0) = index(F(-),e) = (—1)" = (-1)° = 1. (4.22)

On the other hand, if d; € (d~1j, d~1]'+1) N (di41,dx), then (4.19) and (4.20) imply that A; <
A7(B,d1) < Ajy1 and AT (B,d1) > Ay. Hence, if ko > jo, we can get

when j+1<i <k,
when i > k.

By Lemma 4.4, we have
index(F(-),e) = (—1)" = (_1)25:]'“”1'()\1')'

If ¥,y ni(A;) is odd , then

deg(E(+), B,0) = index(F(-),e) = (—1)7 = (=1)Z=n ) = _q,

which is a contradiction with (4.22). Consequently, by the contradiction argument, we ob-
tain at least one nonconstant solution if di € (dyj,dij+1) N (dis1,di) and Zﬁ-‘:jﬂ ni(A;) is
odd. Similarly, we have A(kg —1) < A~ (B,d1) < A (B,d*) < A(ko) and AT (B,d1) > A(k)
if dy € (Jko,l,d*) N (dxy1,dx). Therefore,

H(Ao) = H(0) >0,
H(A;) i when kg <i <k,

0
H(A;) >0, when i > k

AVARWAN

if kg > jo. Through similar calculations, we can get a contradiction with (4.22) if Z;(:kg ni(A)
is odd. So the proof for the statement (i) is completed. The proof for statement (ii) can be
carried out by a similar manner. O

Remark 4.7. In particular, assume that jo = kg = 1, namely,

-1
b 200 Bb
-1 < Aq.
(d2+,89)< +\/1+92+d2+,89> =M

If a > b and
20b Bb

1
1+92+d2+/39 -

then there exists a sequence {dlk};o:o such that 0 < --- < dy; < --- < dyp < dq1 and (3.1)

admits at least one nonconstant solution if dy € (dqx1,d1x) and 2?:1 n;(A;) is odd.
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5 Stability of the positive constant solution

In this section, we firstly analyze the stability of the positive constant steady-state solution by
eigenvalue analysis. And then, we will investigate the global stability of the positive constant
steady-state solution. To investigate the local dynamical behavior of system (1.4) near the
positive constant solution e, we need to consider the linearized operator L, g of (1.4) with
respect to (u,v) at (u*,v*). Note that

r o 1A+ aq —o
BT Bb(1+62)A+as  (dy+BO)A—D |’
where
2b6? ) )
gzﬂ—b, 061__9 m, DCZ:W, 0(3:2b9.

The characteristic equation is Ly, g(¢1,¢2) = 0(P1,$2). Let ¢1 = Yo<icootii, P2 =
Y o<i<eo bi@i. Notice that {¢;}°, is a complete orthogonal base of X. Substituting them into
the characteristic equation yields

Y Mo, a1,B,Ai)(a;, bi) @i =0,

0<i<oo

where
—diAi+a—0 —y

MO BN = | g1 o)\t —(da ot BOA b0 |

To investigate the stability of the positive steady-state solution, it suffices to study the charac-
teristic equation detM (o, a1, B, A;) = 0, that is,

0% — Ti(a1, B)o + Di(a1,B) =0, i=0,1,2,..., (5.1)
where
Ti(a1,B) = — (d1 +d2+ BO)A; + a1 — b,
Di(a1, B) = di(dz + PO)AT + [bdy — (da + BO)a1 — bB(1 4 6%)az]A; + b6.
It is easy to know that two solutions of equation (5.1) have negative real parts if T;(a1, f) < 0

and D;(a1,8) > 0 for all i > 0. Thus, we have the following results.

Lemma 5.1. If a > b, then all eigenvalues of L,, g have negative real parts, or equivalently, the
homogenous steady-state e = (0,b(1 + 62)) is locally asymptotically stable, provided that one of the
following conditions is satisfied:

; ; _ _ bdl—dzlx] : % bdl—dzﬂ(l .
(i) either e < —bor —b < way <0and B < R or 0 < a; < min{b, ; }and B < wibe

(ii) 0 < &y < min{b, %1} and p > TG4 and [(bdy — dyay) — (a1 + ) B6)> < 4d (d2 + p6)b6;

(iii) dy < dp and %b < ay < band [(bdy — dyar) — (a1 + b) BO)* < 4dq(do + BO)bE.

Now, we consider the global stability of e.

Lemma 5.2. Ifa > b,2b(a+c) < land p < 2,/ bgfi";ﬂ), then e is globally asymptotically stable.



22 R. Zou and S. |. Guo

Proof. We discuss the global stability of e by Lyapunov method. Define

u _
L(u(x, ), v(x, t :/ / =¥ 4pd
()00 ) = [ [T 8 azde dx.
Then 3 3
yon [ u—utou v—0v* v
L(t>_/Q S +/Q L dx
—d1/ i Audx—l—/ v [A(dy + Bu)v]dx
v
+/ u—u* (a—u 1+u>dx+/ v— 0" <b—1+uz>dx
=N+,
where

— g [ vu2de — Y ivolde—g [ &
L= dl/QuZWu\ dx /Q(dz—kﬁu)vzlvm dx ,B/Q U\VuHVv[dx

) - - - o* B . 0 _ o*
12__./0(1/[—1/[ )<M u +1+u2 1_|_(u>k)2>dx /Q(U v ) (1+M2 1+(u*)2>dx

It is easy to see that 4d;(d, + Bu)u* > B2u?v* when g < 2 bélizggz).

Hence, we have I; < 0.

Further computation gives

L 2 v v v _ v*
2= /Q[(u ul)” = (u u><1+u2 12 "1y 1+(u*)2)]dx

—/(v—v*) A dx
0 1+u?2 14u?> 14+u> 14 (u*)?

:/ ( 1+ (1+(*(;l—)'—<;l2u2)> (u—u*)zdx—/ﬂl_:uz(v—v*)zdx
+/ ( u+(;l—2u2) 1—&1,12) (u = u)(o—v7)dx
W) (u—u*)zdx—/()1+u2(v—v*)2dx

:/Q(‘l

+
+/ <2b(u+u*)—1) (u—u*)(v—2o")dx.

1+ u?

Clearly,

2b(u + u*) 2b(u + u*) 4 2b(u +u*) —1\?
EEPeT R <1 and <1— 1w 1+u2> —ir2

if 2b(a +¢) < 1. Therefore, we have I < 0. It follows from the above arguments that if the
conditions of Lemma 5.2 are satisfied, then L'(¢) < 0 along all trajectories in the first quadrant
except (u*,v*). Therefore e = (u*,v*) is globally asymptotically stable. O

6 Hopf bifurcation

This section is devoted to the Hopf bifurcation at the nontrivial steady-state solution e =
(u*,0*)T of (1.4) with a > b. To be more precise, as a pair of simple complex conjugate
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eigenvalues of the linearization around e = (u*,v*)T cross the imaginary axis of the complex
plane, the nontrivial steady-state solution e = (u*,v*)7 of (1.4) loses stability and a branch of
small-amplitude limit cycles emerges from e = (u*,v*)T. Throughout this section, we always
assume that

(H1) a > b, A; is a simple eigenvalues of the linear operator —A subject to the homoge-

neous boundary condition %u on d(), ¢; is the eigenvector associated with A; satisfying

Jo 97 (x)dx = 1.

In what follows, by choosing the cross-diffusion coefficient B as the bifurcation parameter,
we shall analyze the occurrence of Hopf bifurcation, the Hopf bifurcation direction and the
stability of bifurcating time-periodic solutions. It follows from [11,12] that system (1.4) with
a > b undergoes Hopf bifurcation near f = B; at the nontrivial steady-state solution e =
(u*,0*)T, where B; € (0,00) satisfies

J T-(rxl,ﬁi) 75 0, Dz-(le,,Bi) >0,

Ti(a1,Bi) =0, 3B

and
T]-(le,ﬁz-) 7é 0, D]'(lxl,‘Bi) 75 0 foralli 75 ]

Note that T;(«1, ) is monotone decreasing with respect to 8, then it is easy to see that T;(«q, -)
has exactly one zero
A —b— (dl—f—dz)/\i
Bi = oA, /

which is positive when a1 > b+ (d1 +d2)A;. Obviously, Tj(ay,B;) # 0 for j # i. More-
over, D;(a1,B;) = —zx% +201dq Ay + b7 4 b(dy +dp)A; + bO — d%/\%. Hence, it is easy to see that
Di(le,ﬁi) > 0if b0 > dz)\f‘ + b(dz — d1))\,‘ and a1 < diA; + \/b(d1 + dz))\i + b + b%. Next, we
only need to verify D;j(ay,B;) # 0 for all j # i. Obviously,

Aj o dl/\fz bdl)\f 252 b*A;
Dj(vqlﬁi) =——0+ | — +d1Aj ®] — 0 dl}\j +2bd1/\j + bdZ)\j + + be.

A A i A

Therefore, we have D;(a1, 8;) < 0 for all j # i if ® < 0 and D;(a1, B;) # 0 for all j # i if & > 0
and a1 # Déli, where

bz)\j b
1 +

i

diA? ar; [ bdiA?
_ 1% 242 il j
%—A2+%%+Ai A

1

1
—§ﬁﬁ+QM+@MM+

and
e dl(}\] + )\1))\] + /\i\/%‘
1 21

Therefore, we shall consider Hopf bifurcation under the following assumptions:

(H2) b6 > dQAZZ + b(dz — dl))ti and b+ (dl + dz)/\i < < dl/\i + \/b(d1 + dZ)Ai + bO + bz;
(H3) Either R < 0or ® > 0and a; # af.

For convenience, we call a Hopf bifurcation forward if there exist periodic solutions when
parameter value § > B;; and backward if f < B;. Under assumptions (H1), (H2) and (H3),
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Ly, p; has exactly one pair of purely imaginary eigenvalues +iw; with associated eigenvec-
tors g; and §;, where w; = +/D;(a1,Bi), i = pi¢;, and the nonzero vector p; € C? satisfies
M (iw;, a1, Bi, Ai)pi = 0. Tt follows that p; = (ap, —d1A; + a1 — iw;)T. Moreover, there exist a
neighborhood N (B;) x Na(iw;) of (B, iw;) in Ry x C and a continuously differentiable func-
tion 0: Ni(B;) — N2(iw;) such that o(B;) = +iw; and that the only eigenvalue of L,, g in
Ny (iw;) is o(B). Moreover, as p varies such that T;(a1, ) decreases and passes through 0,
o(p) varies from a complex number with a positive real part to a purely imaginary number
and then to a complex number with a negative real part. This implies that a codimension one
Hopf bifurcation for (1.4) occurs at § = B;. Namely, in every neighborhood of (U, ) = (e, B;)
there is a unique branch of time-periodic spatially non-homogeneous solutions Ug(t, x), which
tends to e as B — B;. The period Ty of Ug(t, x) satisfies that Tg — 271/ w; as B — B;.

Under assumptions (H1), (H2) and (H3), —iw; is also an eigenvalue of L3, g, with an
associated eigenvector p; = p}¢;, where p; € C2\ {0} satisfies

M (—iw;, a1, Bi, Ai)pi =0

- —v— i i i i T 1
and p; - p; = 1 and p; - p; = 0. Then, we have p; = (%W, %wz) . Next, we consider

the bifurcation direction and stability of the bifurcating periodic solutions at p = B; according
to [11,12]. Denote by &2 = ((’5%, Gﬁ%)T, and &3 = ((’5?, Qﬁg)T the second- and third-order Fréchet
derivatives of A®(U) 4+ G(U) with respect to U at e = (u*, v*), respectively. A straightforward
computation yields

92

T 92> 5 (6182 + G201),

2 _ 2
BAE0) = AlB(EGa + 8a01)] ~ T gabole + 1o (@16 + ) + gy,

822, 0) =2(—1+3b€(1 & )>m+(

(1+ 62

2 ph 2
67(¢,¢,¢) = 6b<1<1 f?92)+ f )6151(51 + 2(91(1929)3)(@151(52 + &0161 + €10261),
3 4b(1 — 36?)
®5(¢,0,6) = W(Clglgz + 810261 + $20161)
20002 _
+ (1_;1902)2(62@(;1 +G10262 + $20162) + Wé&gl

for all & = (&1,&)7, (¢1,22)T and ¢ = (g1,62)7 € X. It is well known that the following
quantity determines the direction and stability of bifurcating periodic orbits Ug(t, x) (see [11,
12])

: 2
Y; = % <g11gzo 2lgn|* — Ig(;)2|> + % 6.1)

where

g20 = (pi, 8(qi,q:)),

g = (pi, &% (q:, 7)),

g2 = (pi, &% (7:, 7)),

g1 = (pi, & (qi, i, 7)) + 2(pi, &> (Wi, i) + (pi, & (Wao, 4i)),
and

Wao = [2iw; — Loy 5] [6%(q:,9:) — (pi, 8 (91, 1)) q: — (Pi, ©%(q:,9:)) 7] »
Wit = — [Layp] " [6%(q:,30) — (pi, 8 (95, 7i))qi — (Pi, 8% (91, 7)) 4] -

Therefore, we obtain the following result.
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Theorem 6.1. In addition to assumptions (H1), (H2) and (H3), a Hopf bifurcation for (1.4) occurs at
B = Biif a > b. Namely, when a > b, in a neighborhood of (U,p) = (e, B;) there is a branch of
periodic solutions Ug(x, t) satisfying Ug(x,t) — e as B — B;. The period Ty of Ug(x,t) satisfies that
Tg — 271/ wy as B — B;. Moreover, the bifurcation is backward (respectively, forward) if Re(Y;) <
0 (respectively, > 0).

Obviously, in Theorem 6.1, if A; is not the principal eigenvalue of the linear operator —A
subject to the homogeneous boundary condition %u = 0 on d(), then the Hopf bifurcating
periodic solutions Ug(x,t) is spatially nonhomogeneous and unstable. However, if A; is the
principal eigenvalue Ag = 0, then the associated eigenvector ¢g can be a positive constant func-
tion on ). In this case, assumption (H1) is obviously satisfied and a; — b is sufficiently close
to zero. Hence, we can regard b as a bifurcation parameter. Obviously, we have Ty(a1, 8) =0,
Tj(a1,B) < 0 and Do(ay, B) = b6 > 0, Dj(ay,B) > O0forallj e Nifb=b, £ 0(9127?12) and one of
the following conditions is satisfied

(A1) 0 >1and d; —dy — 256 > 0;
(A2) 0 >1, dl > dy and dl —dy — 2‘59 < 0and b(dl —dy — ZIBQ)Z < 4d1 (dz + 139)9,

(A3) 0 >1and d; < dp and b(dl —dr — 2,39)2 < 4d, (dz —+ ,39)9

It is easy to evaluate o(b) at b = b, to get Red”’(b,) = 2(9127;912) > 0. Thus, it remains to calculate
the direction of Hopf bifurcation and the stability of bifurcating periodic orbits bifurcating

from (U, b) = (e, b*). In virtue of (6.1), we have

36%(2 — 30% + 60* — 6°)
2(1+62)4(2 - 1)

Re(Yo) =

Corollary 6.2. Under one of conditions (A1)-(A3), if a > b then in every neighborhood of (U,b) =
(e, b.) there is a branch of spatially homogeneous periodic solutions Uy (x, t) satisfying U,(x,t) — e as
b — b, and the Hopf bifurcation is forward (respectively, backward) and the bifurcation periodic solu-
tions are orbitally asymptotically stable (respectively, unstable) if 2 — 30% + 60* — 6% < 0 (respectively,

> 0), where b, £ 9(91;:912).

7 Bogdanov-Takens bifurcation

Apart from the occurrence of Hopf bifurcation discussed so far, codimension 2 bifurcation
such as Bogdanov—Takens bifurcation is also possible in system (1.4). In order to discuss
codimension 2 bifurcation, in addition to taking B as a bifurcation parameter, we need another
parameter. It is easy to see that T;(a;, ) depends on (B, a1 6, b) and D;(aq,B) on (B, b, a1,
ap 0). More precisely, &1 depends on 6 and b, a; on 6. For convenience, we choose x; and
B as bifurcation parameters. In this section, we investigate the Bogdanov-Takens bifurcation
at the nontrivial steady-state solution e = (u*,v*)T of (1.4) under the condition (H1) and the
following assumption

(H4) Ti(a1,B) =0, Di(a1,B) =0, Tj(a, B) # 0, Dj(a1, B) # 0 for j # i.

That is, the Bogdanov-Takens bifurcation is a bifurcation in a two-parameter family of system
(1.4) at which e = (u*,v*)T has a zero eigenvalue of geometric multiplicity one and algebraic
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multiplicity two. Assume that ay > b+ (dy +da)A; and b6 > dz/\l? + b(dy — d1)A;, then the
only choice of (a1, B) satisfying assumption (H4) is (a, p*), where

ay =diA; + \/b(dl +dy)A; + b6+ b2, B = m—b _6(/6\11 + dz)/\i.
1

Clearly, if j # i, we have T;(«], *) # 0. Furthermore,

A.
Dj((XT,ﬁ*) = <1 - /\:) <bd1/\]’ + bO — dl)t]'\/b(dl + dz)/\i + bo + b2>

Hence, it is easy to see that Dj(aj, B*) # 0 for all j # i if \/b(dy + d2)A; + b6 + b2 # b+ %.
Therefore, we have the following result:
Theorem 7.1. Under the assumption (H1), if a > b and \/b(dy +da)A; +b0 + b2 # b+ #ij and

b6 > dyA? + b(dy — dq)A;, then near (a1, B) = (af, B*) system (1.4) has a Bogdanov-Takens singu-
larity at the positive constant steady-state solution e = (u*,v*)T .

Under assumptions (H1) and (H4), £, - has exactly a zero eigenvalue of geometric mul-
tiplicity one and algebraic multiplicity two. Let IP be the subspace of L,; - associated with
zero eigenvalues. Let ® = (¢1,¢2) = (c19;,c29;) be a basis for P, and ¥ = (¢1,9)" =
(d19;, d2¢;)" be the basis for the dual space P* in X, such that (y;, ¢s) = &js, where Jj; is the
Kronecker delta. Obviously,

M(0,a7,B",Ai)es =0  and M(0,a7, B, Ai)ex = ¢y,
MT,a;, 5, A)da =0 and  MT(0,a],*, A;)dy = dy,

—di A *«\ 1 1 T
C1 = <1/ w) 7 C = <01_) ’
(4% (1%

d, = (1, O)T, d, = ((dz + 5*9))&1‘ + b, —Oéz)T.
Thus, (¥, ®) = Id; and ® = B®, where

where

and

0 1
B = [ o ] |

We adopt the framework of [11], we rewrite system (1.4) as

au

i L(aq, B, U)U + F(ag, B, U), (7.1)
where

u(a u ¢ > d1Au — aju — apv
TUT ) Thsu T an
P((Xl,‘B, U) =

0
0 <b — ]_—J,—u2> — le(l + 92)Au — X3U — (dz + :BH)AU + b'U

We decompose X = X + X5, with X¢ £ {z®|z € R?}, X° & {U € X|(¥,U) = 0}. For any
U = (u,0)T € X, there exist z € R and y = (y1,y2) € X® such that U = e + ®z +y. Then
system (7.1) is reduced to the following system in (z,y) coordinates:

{g.; = Bz+ (Y,Fle+®z+y,a1,B)), (7.2)

% = L(a1, B)y + H(z1,22,y),
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where
H(z1,2z2,y) = Fle+ ®z+y,a1,B) — (¥, Fle+ Pz +y, a1, B)).

According to [11], the normal form of Bogdanov-Takens bifurcation under conditions (H1)
and (H4) is given by

le .
5, — 42,
ddzt (7.3)
cTtZ = Cio(a1, B)z1 + Cor (w1, B)z2 + Cao (a7, )21 + Cui(af, B*) 2122,
where
Cio(ag, B) = (¢, ﬁ,,q(Plle + £ﬁ¢15>

(
[(d2+ B*0)Ai + b) (w1 — a7) + [b(1 + 6*) Az + 6(af — diAi)A] (B — B7),

Co1 (a1, B) = (Y2, Lo, p201 + LypaP) + (Y1, Lo, prar + Lp(¢1)B) = a1 — a5 — 0A;(B — B7),
(
(1

Coo(ag, B*) = (2, 052((191,4’1))
Cua(ag, B7) & (1, ¢1)) + (P2, &% (1, P2)).

For convenience, we denote

G _ (d2+,5*9)/\1+b b(1+92)0¢2/\i+9(1xf —dl/\i))\i
1 :yy

It is easy to see that detG > 0. Therefore, we have the following conclusion.

Theorem 7.2. Under assumptions (H1) and (H4), if a > b and CyCy1 # O, then system (7.1)
undergoes a Bogdanov-Takens bifurcation. More precisely, if Co0C11 < 0, then, in the (Ci, Co1)
bifurcation diagram, the Hopf bifurcation curve I'y and the homoclinic bifurcation curve Iy lie in the
region 28. Both the homoclinic loop and the periodic orbit are unstable, where

W = {(Ci0, Co1)| C10 > 0 and Cp1 < 0}

I = {(lxl,ﬁ) Cgl(txl,ﬁ) = %Cm(()&l,ﬁ) + h.o.t, Cm(oq,,B) > 0}
20

rz = {(061,[5) ‘ Cm(le,ﬁ) = 5\/C10(0€1,‘B)C10(1X1,ﬁ) + h.O.t, ClO(“lr,B) > 0}

and 6 is a continuous and differentiable function satisfying 5(0) = %.

8 Conclusions and numerical simulations

In this paper, we have shown that all solutions of system (1.4) exist globally and are uniformly
bounded if B satisfies (2.4). But we don’t know whether the solution of system (1.4) can
blow up in a finite time or exists globally if (2.4) does not hold. This is a problem filled
with challenge. Next, this paper presents the existence of the non-constant positive steady
states of system (1.4). In view of Theorems 4.5 and 4.6, we see that system (1.4) has a non-
constant positive steady state if either the diffusion coefficient d is small or the cross-diffusion
coefficient B is large. This implies the predator and prey species may coexist in the interacting
habit nonuniformly if the predator disperses quickly from a high density of prey to a low
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density one, or the prey move slowly from a higher to a lower concentration region. Our
theoretical analysis shows that the cross-diffusion phenomenon has the potential to play an
important role in the coexistence information. From the biological point of view, our analysis
gives a theoretical support for studying coexistence phenomena of reaction-diffusion systems
with cross-diffusion.

Sections 6 and 7 show that system (1.4) is capable of producing much more abundant
dynamics than the corresponding ODEs. For example, system (1.4) may have multiple bi-
furcation under certain conditions, and both Hopf bifurcation and homoclinic bifurcation are
possible. According to Section 7, we know that the ODEs associated with (1.4) (i.e., with
dy = do = B = 0) cannot show Bogdanov-Takens singularity, but system (1.4) can show
Bogdanov-Takens singularity (see Theorem 7.1); this indicates that diffusion plays a funda-
mental role in producing a rich dynamics and even Bogdanov-Takens bifurcation phenomena.
Meanwhile, the existence and properties of the spatially nonhomogeneous Hopf bifurcation
of system (1.4) (i.e., A; # Ag) are established in Theorem 6.1, and Corollary 6.2 is devoted to
spatially homogeneous Hopf bifurcation of system (1.4) (i.e., A; = Ag).

Finally, we present some numerical simulations to support and supplement our analytic
results given in the previous sections. For the spatially homogeneous model (1.4), it follows

from Corollary 6.2 that e is locally asymptotically stable if a > b, b < 9((%:912) and one of
conditions (A1)—(A3) is satisfied, and is unstable if 6 > 1 and b > 6((;:912). In addition,

when b passes through 9(9127+_912) from the left of %, e will lose its stability and a family of

periodic solutions bifurcate from the interior equilibrium e. It also follows from Corollary 6.2
that the direction of Hopf bifurcation is forward and the bifurcating periodic solutions are
asymptotically stable if 2 — 302 + 60* — 6° < 0. For system (1.4) with Q) = (0,27) and initial
values u(x,t) = cos® £ and v(x,t) = cos? £, if we fix 6§ = 2.4, then the critical point 9(91;1612) =
3.4084 and 2 — 362 + 60* — 0° = —7.3174 < 0. Next, we can choose the following three sets of

parameter values, which satisfy conditions (A1)-(A3) respectively:

(P1) dy=3,dy=1,8=03;
(P2) dy=3,dy=1,8=1;
(P3) dy =3,d, =5, B = 0.5.

Obviously, if the values of a2 and b are fixed, the mathematical phenomena described by
the above three sets of parameters are quite similar. Without loss of generality, we illustrate
our analytical results by numerical simulations only under the condition (P1). If 4 = 5.55 and
b = 3.15 < 3.4084, then the positive constant solution e is locally asymptotically stable (see
Figure 8.1). Choose a = 5.81, b = 3.41 > 3.4084, then we see that a limit cycle arises out of
Hopf bifurcation around e (see Figure 8.2). Lemma 5.2 tells us the positive constant solution
e is globally asymptotically stable if

a>b2b(a+c)<1 and p<?2 b?llizf)%)'

Here, for system (1.4) with Q) = (0,271), we choose d; =dy =1,a =15,b = 0.15 B = 2.38,

and initial values u(x,t) = cos?%, v(x,t) = cos?%, thenc = a = 15, < 2 bélizgg) =
2.3809 and 2b(a + c¢) = 0.9. Thus, as depicted in Figure 8.3, the positive constant solution e
is globally asymptotically stable. Nevertheless, we do not know whether the conclusion of

Lemma 5.2 holds true if the value b does not satisfy 2b(a + ¢) < 1. Therefore, we just find
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a sufficient condition ensuring the global asymptotical stability of the positive steady-state
solution e. However, when a > b, we can get the critical value b, of the parameter b by fixing
the value of 6. It follows from Corollary 6.2 that the positive steady-state solution e is locally
asymptotically stable if b < b, and will lose its stability when b passes b, from the left of b,.

u
mo o om ow s o o

Figure 8.1: The solutions of model (1.4) tends to a positive steady state with
parameters b = 3.15 < 3.4084 and a = 5.55.

u
®o o o e o= oo o

S (T
Figure 8.2: The solutions of model (1.4) with b = 3.41 > 3.4084 and a = 5.81
tends to a positive spatially homogeneous time-periodic orbit.

Figure 8.3: The positive steady-state solution e = (1.35,0.4234) of model (1.4)
with parameters a = 1.5 b = 0.15 and = 2.38 is globally asymptotically stable
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