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Abstract. In this paper, we consider the following Kirchhoff Dirichlet problem with
singular attractive term

— (a+b/ Vu|2dx> Au=u""4+Af(u) inQ,
Q
u=20 on 0(),

where Q) is a smooth bounded domain in RN (N > 3), the parameters a,b,A,y > 0
and f(u) is asymptotically linear reaction. In particular, we investigate both the strong
singular case (y > 1) and the weak singular case (0 < ¢y < 1) employing different
techniques to reflect the distinct nature of each scenario. In the first case, ground state
solutions are obtained via a direct minimizing methods, while in the latter case we
combine variational theory with perturbation methods to prove the existence of ground
state solutions for above Kirchhoff problem.
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1 Introduction

Considering the following Kirchhoff Dirichlet problem

— (a+b/ ]Vu]zdx> Au= f(x,u) inQ,
0
u=20 on dQ),

(1.1)

where Q) is a smooth bounded domain in RN (N > 3), the parameters 4,b > 0 and f : Q) x
R — R is a continuous function. The equation (1.1) was first introduced by Kirchhoff [13] as
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an extension of the classical D’Alembert’s wave equations for free vibration of elastic strings.
It is worth mentioning that fundamental analysis approach was introduced by Lions in the
pioneer work [21]. After then, the existence results for above equations have been widely
investigated, we refer the reader to [5,6,9-12,14,18,19,23-26,30,31] and the references therein.

Very recently, there are some papers on the Kirchhoff Dirichlet problem involving singu-
larity, see [15,16,20,22,27,28] and the references therein. For example, in [28], Wang and Yan
consider a class of Kirchhoff Dirichlet problem with singularity and nonlinearity in a bounded
domain:

— <a—|—b/ |Vu\2dx> Au:f(ux)—yup in Q,
Q
u=20 on 0},

wherel < p <2*—-1,2" = %, Q) is a smooth bounded domain in RN (N > 3), the function
f(x) e LZ(Q) is positive, and a, b, u are real numbers. They using the approximation method,
a unique positive solution is obtained.

In particular, in [20,22], the following Kirchhoff Dirichlet problem with singularity and
Sobolev subcritical perturbation is considered:

- (a+b/ |Vu|2dx> Au:u"’+i in Q,
o) uv
u=20 on 0(),

where 0 < p < 5,0 < 7 < 1, and existence of solutions was obtained via using variational
methods. Later, Lei, Liao and Tang [16] extended main results in [20,22] from Sobolev sub-
critical case to Sobolev critical case (p = 5):

- <a+b/ |Vu]2dx> Au:uS+i in O,
O uv
u=20 on d(),

where Q is a smooth bounded domain in R3, and A is a real parameter, v € (0,1) is a
constant. Such problem may occur in various branches of mathematical physics. The authors
obtain two positive solutions via the variational and perturbation methods. Moreover, in [15],
Lei and Liao studied the multiplicity of solutions for above Kirchhoff Dirichlet problem with
more general nonlinearity f(x,u), instead of power term u”. In addition, many scholars are
also interested in the p-Laplacian type Kirchhoff equation with critical reactions [3,17].

To the best of our knowledge, for strong singular case v > 1, the existence results of
ground state solution has not been studied up to now. The study of ground state solutions
was started in the seminal work of Berestycki and Lions [4] and Coleman, Glazer and Martin
[8]. In the calculus of variations, the ground state solution is the function that minimizes a
given energy functional. Thus in this paper we study the ground state solutions of Kirchhoff
Dirichlet problem involving singular and asymptotically linear terms:

- <a—|—b/ |Vu|2dx> Au=u""+Af(u) inQ,
0

u=20 on 0Q),

(1.2)

where Q) is a smooth bounded domain in RN(N > 3), the parameters a,b,A,y > 0. The
continuous function f : R — R, R" = [0, +00) satisfies
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(f1) lims—eo @ =6, for some 6 € (0, +o0);

(f2) the function s — @ is non-increasing in (0, o).

The function u(x) is called a weak solution of (1.2) if 0 < u(x) € H}(Q) and for all
@ € H}(Q) it holds

b2/VVd—A/ d—/*’yd:o.
(@t bull) [ VaVgdr 2 [ faygdx— [ uTpdx

Define the function G(t) as follows:

e for0 <y <1,G(t) = )" b eR;

1-y 7
Int, t>0, P10 1>,
e fory=1,G(t) = n and fory >1,G(t)={ 177
+oo, t=0; +oo, t=
Let

_ ), tz0 ot
folt) = {f(O), ‘<0, and F(t) _/0 fo(s)ds.

Denote by 6, the first eigenvalue of (—A, H}(Q))) [29] and set

. a(51
Me=5 (1.3)

Now the main results can be described as follows.

Theorem 1.1. Assume that v > 1, the conditions (f1)-(f2) hold and

D= {u c Hé(Q):/QG(]u\)deIR} + Q.

Then for every A € (0, A.), there exists a positive ground state solution u, of (1.2). Moreover, u, is a
global minimizer of the action functional 1), where

) = Sl + Gl = A [ Fdx— [ G(luljax.

Theorem 1.2. Assume that 0 < vy < 1 and the conditions (f1)—(f2) hold. Then for every A € (0, ),
there exists a positive ground state solution ii, of (1.2). Moreover, i, is a global minimizer of I.

Remark 1.3. (i) The set D in Theorem 1.1 is not closed as usual, see [1]. (ii) Theorems 1.1
extend main results in [15] from weak singular case 0 < 7y < 1 to strong singular case ¢ > 1.
Moreover, following the ideas in [1,2], the methods in Theorem 1.2 to obtain global minimizer
are more direct.

Notations: Throughout this paper, we make use of the following notations:

e The space H}(Q) is equipped with the norm |[u[|* = [, |Vu[?dx, the norm in L¥(Q) is
denoted by | - |,;

o If A is a measurable set in RN, we denote by |A| the Lebesgue measure of A;

* C,C1,Cy,GCs,..., denote different positive constants ;
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* Denote by d the distance function to the boundary;
e ut =max{0,u}, u_ = max{0, —u}.

The remainder of this paper is organized as follows. In Section 2, we consider the strong
singular case and give the proof of Theorem 1.1. We consider the weak singular case and give
the proof of Theorem 1.2 in Section 3.

2 The strong singular case: v > 1
Since we are interested in positive solutions, we introduce the set

t={ueD:u>0ae inQ}.

Now we show that inf,cp I) (1) = inf,cp+ Iy (). In fact, it is easy to see that inf,ep I} (u) <
inf,cp+ Iy (u). On the other hand, we have

() = 2 ul* + fuuu‘* A [ Faydx— [ G(lu)ax

-2 24 4 _ —
= 2l + 2 —A [ pOudx A/>O w)dx — [ G(|ul)dx
> ?||u|\2+Enun‘*—A/()F(\M)dx—/ﬂcuu\)dx

:L\(’MD > inf I/\(u), YueD.
ueD+
Hence, inf,cp I (u) = inf,cp+ Iy (u). This implies that a global minimum for I, (u) exists if
and only if there exists v € DT, such that I,(v) = inf,cp+ I} (u).

Now, we are in position to state the following lemma, which provides the existence of a
global minimizer of I (u) for every A € (0, A,).

Lemma 2.1. Assume A € (0, Ay). Then, there exists uy € D™, such that

IA(MA> = inf L\(Ll).

ueDt

Proof. Take € > 0, satisfies ( ) < 1. From (f1)-(f2), for Ve > 0, there exist Cy, Cy, such that

<f(s) <(0+e)s+C, Vs>0, 2.1)
F(s) < 0+¢

IN

s24+Cos, Vs >0. (2.2)

N‘U)N )

By (2.2), Sobolev embedding and Poincaré inequality, it follows that

a 0+e
L) > 2l 4+ 2l - A < 2+C2u> dx— | G(jul)dx

a 9+£ ull?
e I el 23)
2 01 o)

a AlB+¢
5 (-2 1 HZ Sl = Gsllull = [ G(luax, vueD*.
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Now, we consider the following two cases:
Case i: v = 1. By the inequality In|u| < |u|, (2.3) and Sobolev embedding, we deduce that

a A0+ e
= 5 (1= 05D i+ Gl - ol = | njuas

a /\(9 +s) 2, 4

> 2 _ _

> 5 (1= 20 a2+ Gl — ol f Jules
a A 9+s

> 5 (1= 20 o+ Gl - il

which implies that I, (u) is coercive in D*. Let {u,} C D' be a minimizing sequence, such

that I, (uy) — inf,cp+ I) (1) as n — co. Therefore, we may assume that u, € H}(Q)), such that

u, — uy in H(Q),
u, —uy inLP(Q), pe€(0,6), (2.4)

U, — u, a.e.in Q.

Since {u,} C D" one has u, > 0 a.e. in (), thus u;, > 0 a.e. in (). Moreover, since u, — u,
in L'(Q) there exists & € L1(Q) such that |u,| < ha.e. in Q. So, In |u,| < |u,| < hae. in Q,
applying the Reverse Fatou’s lemma, we have

—oo < limsup [ In|uy|dx < [ limsupln |u,|dx = / In |uy|dx. (2.5)

n—sco QO noeo Q

Note that if uy, = 0 in a set of positive measure A, then [, In|u,|dx = fQ\A In|u,|dx +
J4In|uy|dx — —co, because In |u, | = —oo in A, it contradicts (2.5). Therefore, we obtain u, >
0 in ). Next, we show that the sequence { [ G(|u,|)dx} = { [, In|u,|dx} is bounded, if not,
we should have — [, In [u,|dx — +00, then liminf,, , Iy (11,) = +co, which is a contradiction

with inf,ep+ I) (u) = liminf, o Iy (4,) € R. This shows that { [, G(|u,|)dx} = { [ In |u,|dx}
is bounded. Then, we have u, € D' and

inf I (u) = limianA(un)

ueD+
a 24 4
EHMAH HMAH )\/ (1 )dx — limsup [ In |u|dx
n—oo
a

Slall+ =2 [ By — [ nfualdx = 1) 2 inf L)

Thus, I)L(I/l)\) = inf I)\(M).
ueD+
Case ii: v > 1. From (2.3), we have

a A0+ ¢ 1 _
0 2 5 (1= 205D gt Jlt - ol - L [ 1ol
Y JO

a AG
2 (1= 20 e ¢ Gl -, v e D7,

which implies that I, (u) is coercive in D*. Let {u,} C D" be a minimizing sequence, such
that Iy (uy) — inf,cp+ I)(u) as n — oo. Therefore, we may assume that 0 < u, € H}(Q),
such that (2.4) hold. Similar with Case i, we have u) > 0 and the sequence { [, G(|u,|)dx} =
{ Jq [un|'~7dx} is bounded. By Fatou’s lemma, one has

|un|1 7dx</hmsup

n—o0 1—

1
]z = 7/ |1 dx,
- Q

—oo < limsup 1

n—roo Q 1
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which implies that u, € D" and

inf I)(u) = linlianA(un)

ueD+t
>a||uA||2+b||uA||4—)\/ F(uy)dx — limsup 1 /|un|1_7dx
> S+ Gl = A [ Fludx = [ a0
-2 4 Q aoal—7v
=1 > inf I .
Alun) > ulefll)+ A(u)
Thus, I)L(M)L) = infu€D+ L\(M). ]

Proof of Theorem 1.1. Let u, be as in Lemma 2.1, we prove that u, is a solution of Eq. (1.2). For
arbitrary ¢ > 0 and ¢ € H}(Q), ¢ > 0in Q, to show that u, +ep € DT, we divide the proof
into two cases.

Case 1. v = 1. Since In(u) < u for all u > 0, and u, € D' C D, then

—oo</ln(u/\) g/ln(uA+£¢) g/(u/\+e¢) < 400,
Q Q Q

that is, uy +ep € DT.

Case 2. v > 1. Since y > 1,u) +¢ep > u, > 0, then

/ lup + eg|1 " 7dx g/ lup |1 Tdx < +oo,
0 0

that is, uy +ep € D*.
Thus, for v > 1, we have

L\(Ll/\—l—ﬁ(f)) > IA(MA>. (2.6)

It follows from (2.6) that

5 la -+ &gl = Junl?) = A [ (Fur + e = F(un) ) o
+ 3+ el = Jall) — [ (Glur +29) — Glun))ax 2 0

Dividing by &€ > 0 and passing to the limit as ¢ — 0T in (2.7), it gives
a /Q Vu Vdx + b||uy | /Q VuVedx — A /Qf(uA)gbdx — /Q u, "pdx > 0. (2.8)

Suppose for any t > 0, tuy € DT. Define ¢ € C'((0,+o0),R) by 9(t) = I,(tu,). Obviously, ¥
has a global minimum at t = 1, and so

0= /(1) = allur |+ bllur* = A [ flurymadx — [ u} ax 29)
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Set ¥(x) = (up(x) +ep(x))™, V¢ € HY(Q), e > 0. From (2.8) and (2.9), it follows that
0< a/ VuAV‘I’dx—i—bHuAHZ/ VuAV‘Fdx—/\/ f(uA)‘Fdx—/ i, T¥dx
Q Q QO Q

— +(P>0(a+b|\uAHz)VuAV(u;LJr&]))dx
U)TEQ=

—A f(uA)(uA%—s(,b)dx—/ u), " (up +eg)dx

uy+e¢p>0 up+ep=>0

= [ @+ bl P Tun T (un + ) = Af (102) (02 + 2¢) — 1, (2 + )

— +S¢<O[(’1 +b|lur ) VurV (up + ep) — Af (up) (up + ep) —u " (up +ep)ldx  (2.10)

<) +e [ @+ blunlP)Vur Ve —Af(n) — ;" ¢ldx
—s/uﬁg(p@(a+b|\u;\Hz)Vu;\V<pdx

= ¢ [ [(@bllunl) Vaer V= Af (02) = puy " glex = e(a+ bua ) |

ur+ep

Vu)\Vedx.
<0
Since the measure of the domain of integration |{u) + ¢¢ < 0}| — 0 as e — 07, it follows that

lim Vu,Vedx = 0.

e—=0" Juy+ep<0

Therefore, dividing by ¢ > 0 and passing to the limit as ¢ — 07 in (2.10), one sees that

0< (a+bHuAHZ)/wagbdx—A/Qf(uA)wx—/Qu;%pdx.

By the arbitrariness of ¢, this inequality also holds for —¢, i.e.

(a—|—bHuA||2)/QVu;Lngdx—/\/Qf(u;\)cpdx—/()uX%bdx:O,

for every ¢ € H}(Q), which implies that u, is a solution of Eq. (1.2). O

3 The weak singular case: 0 < ¢ < 1

Lemma 3.1. If u € H}(Q) is a global minimum of I, for some positive A, then
(a1) u>0ae. in Q)

(a2) u 7@ €L, Vo e HNQ).

Proof. (a1) Since u is a global minimum of I, for t € [0,1], one has

0 < I,\(u—FtM;) —I/\(M)
:a/ ww,dx+b||u||2/ VuVidz + S|+ btfu_ ||
@) Q

b b
gt P+ b8P [ Vuu_dx+ P |

Flut i ) —FQ) 1 [ (et )= — ()
_A/Q t dx = 1—7/0 t dx.
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Notice that
/Q F(uttu) —F(u), _ /KO F(A—tu) —F(u) _f(o)/ udx >0, (3.2)

t t u<0

/Q ((u+ tu)*)lt7 @) (3.3)

Combine (3.1), (3.2) and (3.3), we have
a b b
0 < —(a+bllul®)lu|*+ Stlu|1* + bl {|* + Sllae]*[lae—[|* = DEfuu||* + 7[>

Ast — 0T, we obtain ||u_||?> < 0, which implies that u > 0 a.e. in Q.

Now we assume that there exists a set A C ) of positive measure such that u = 0 for
every x € A. Thus we can choose a positive function ¢ € Cé(()) such that for t € [0,1], we
have (u(x) +te(x))1™7 > u(x)!7 a.e. in Q. Notice that

[ ([ ) e,
0 t o\ Ja t
1—y _ ,1—9
>/ (u+to) u dx:t_y/ o' Tdx.
A A

t

From (3.1), one has
0< IA(u+f§0t)—1A(u)
<a [ VuVod+blul [ VuVodx-+ Ztlgl?+ btlo|*

b 20112 200 112 b 3 34
+2tlulllgl + b gl | Tuvgdx + 18 p]

—/\/ F<u+t¢)_F<u)dx— ! l‘_v/ @' Tdx.
0 v A

t 1-—
Ast — 0T, we obtain
a b
gl + bllpll + Selul2llR + b lpl? | Vuvpds

+3Plglp - [ PO ZE W 4 s o [ fupg,

and .
L [ s
1—o A ¢
we know the right-hand of (3.4) goes to —co, which is a contradiction. Thus, u > 0 a.e. in Q).
(a2) If ¢ € H}(Q)) and ¢, is a sequence in [0, 1], define

[(n(x) + tngo(x))ﬂl—“r _ u(x)1—7

hy(x) = :

, ae.x € (), n € N.

In order to prove (a2), it is enough to take ¢ € H}(Q)) with ¢ > 0. Fix a decreasing sequence
t, C [0,1] with lim,,_, ;o £, = 0, it follows that

(tn(x) + tn ()77 —u(x)177
t

hy(x) = , (3.5)
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are measurable non-negative functions and t, C [0,1] with limy,_, 4 cof, (x) = (1 — ) u(x) T@(x)
for almost x € Q). By Fatou’s lemma, one has

_ — imi
(1—1) /Qu pdx < l%ng\of th(x)dx. (3.6)
From (3.5) and (3.6), we complete the proof of (a3). O

As above, we are going to construct a minimum of I, under our assumptions. Set
C,={ucCi):ux)>0 Vxec},
has a non-empty interior given by

al
on

Lemma 3.2. Assume that (f1)—(f2) hold and let A, be as in (1.3). Then, for any A € (0, A.), there
exists iy € H(Q) with the following properties

int(Ch) = {u eCr:u(x) >0Vxe Q, —(x) <0, Vx € aQ}.

(b1) iy > cud(x) in Q) for some ¢, > 0 (independent of A);
(b2) Ir(ir) = inf, ey o) Ia(u);
(bs) @, ¢ € L1,V ¢ € H{(Q).

Proof. Choose a sequence {¢,} C [0,1] with lim, , €, = 0. We consider the perturbed
problem

— <a+b/Q ]Vu|2dx> Au=Af(u)+(u+e,)7 inQ, 37)

u=20 on dQ),

which have variational structure. Indeed, if G,, : R — R is defined as

(t+€n)177 t>0
Gu(t) = { T

€, t+ 7= t<0,

then G, (t) = (t" +¢,) 7 for every t € R. The functional I,, : H}(Q)) — R

a b
L) = 3ul+ Zlul = A [ Fadx— [ Gu(wax

is well defined, sequentially weakly lower semi-continuous, coercive and Gateaux differen-
tiable in H}(Q). In particular,

I (u)(g) = (a+b||u||2)/QVuV(pdx—A/Qf(u)q)dx—/Q(uJ“+£n)_7¢dx, Yu € Hi(Q).

Therefore critical point of I, turn out to be weak solution of (3.7). Let u, € H}(Q) such that
Ly(uy) = infueH&(Q) I,(u). From Lemma 3.1, u,, > 0 a.e. in Q) and is not zero, by the maximum
principle, u, € int(C ). First, we prove that there exists a positive constant c, (independent
and A), such that u,(x) > c,d(x) for every x € Q). Consider the semilinear problem

—Au=1 inQ,
u=0 onodQ),
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and denote by 1 its unique solution. By [7], we know that there exists a constant C such that
ii(x) > Cd(x), for every x € Q). Fix some positive number f, such that W%'lﬂ) < 1. Then
Bil is a subsolution of (3.7). Indeed, if ¢ € Hé(Q), ¢ > 0, then

(a+bl1pal) [ V(B0)Vodx—A [ f(B)gdx— [ (Bi+e.) Tgdx
< o+ 082 [ podx— [ (Bl +eu) i
= [ 1Ba+bB21]%) = (Bl +e0) pdx < 0.

We have u, is a supersolution of (3.7). Since the map t — /\@ + M

(0, 4+o0), then, u,, > Bii, hence, we obtain

is decreasing in

Uy > cyud(x). (3.8)

Since uy, is a critical point of I,;, one has
(a+b|luq?) /Q Vu,Vedx = /\/Qf(un)(pdx + /Q(un +e,) Tpdx, (3.9)
for every ¢ € H}(Q). Taking the test function ¢ = uy, by (f1), we obtain that

(@ + B[ |2 [un |2 = )\/Qf(un)undx+/0(un+sn)_7undx
< /\/ (0u? —|—C5un)dx—|—/ uy Tdx
Q (@]

AO .
< (Tlllunll2 +ACs [ | + Crllun|l 7.

If ||| — 4o0,as n — +oo, from above inequality, we have 0 < b < 0, which is a contradic-
tion. Thus, u, is bounded in Hé (Q)). Therefore, there exist a subsequence (still denoted by u,)
and uy € H} such that

u, — up in HY(QY),

u, = up inLF(Q), pe€(0,6), (3.10)

U, — up a.e.in Q.

Now we prove the result with iy = u.
(b1) It follows from (3.8). In particular, ug > 0 a.e. in )

(bp) From (3.10), we have
|uo|* < liminf ||u,||%,
n—oo

/ F(uy,) dx—>/ (uo)d

G (1 )dx -1 _de.
-0

Thus we can deduce that I A(uo) < liminf, e In(un). Since u, is a global minimum of I,,, we
have
L(un) < Li(|u]), Yu € H(Q). (3.11)



Singular and asymptotic linear effects in a Kirchhoff problem 11

By passing to the limit as n — +oo, it gives

a b 1 _
Lo(ful) = Gl G0l = A [ Pl = = [ (] +e)'7ax

) ) ) (3.12)
AT R AT / _7/ 1=y 7. _
< Gl gl = [ Fuydx = = [l = 1(Jul),
and
a
() = Gl + Fhull = [ Fds—a [ B
—1i/(u )= "de—li/ (u_)'7dx
7 i (3.13)
< Sl Gl = [ o= = [ ()t
LATEN 1 Jo(u) " 7dx
< = — _ = =
< Sl Flal* = [ Fodx=ag(0) [ udx— 9052~ ).

By putting together (3.11), (3.12) and (3.13), we obtain that

I (up) < liﬂi(gfln(un) < li’ﬂglfln(|un|) < Li(Jul) < Iy(u).

(b3) Since uy is a global minimum of I, from Lemma 3.1-(a2), we obtain that i, "¢ € L1,V ¢ €
H}(Q). O

Proof of the Theorem 1.2. Choose ¢ € H}(Q) NL*(Q)), from (3.11) we get

van—>/v Vodx,
/Quq)x | ViV dx

| fupax = [ fluo)pax,

(un+en) T = uy e ae inQ.
By (3.8), one has

|Gt +20) "ol < x| < ¢ 7d(x) 7@l € LY(Q).
By the Lebesgue dominated convergence theorem, we have
/Q(un +en) Tpdx — /Q uy T pdx.

Thus, according to (3.9), we deduce that

(a+b||u0||2)/ VuOVq)dx:A/ f(ug)q)dx+/ uy " pdx. (3.14)
0 0 Ja
Let 0 < ¢ € H{(Q) and fix ¢ > 0, taking the test function ¢, = Tiep € H}(Q) N L®(Q), we
have v
2 ¢ _ ¢ - ?P
(a + bluo| )/Qwo(Hw)zdx )L/Qf(uo)l_i_gq)dx+/0uo e
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By the Lebesgue dominated convergence theorem and Lemma 3.2, as ¢ — 0T, we obtain
Ve
Vug——"—=dx — / VuoVedx,
/Q "1 +eg)? o Ve

U —
/0”0 1+€q)dx—>/0u0 pdx,

/Qf(ug)lfsq)dx%/nf(uo)q)dx,

which imply equality (3.14). Therefore, the result of theorem 1.2 follows at once, by recalling
that for any ¢ € H}(Q), ¢ = ¢ — ¢_. O
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